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Preface

There are several good current probability books — Billingsley (1995), Durrett
(1991), Port (1994), Fristedt and Gray (1997), and I still have great affection
for the books I was weaned on — Breiman (1992), Chung (1974), Feller (1968,
1971) and even Log¢ve (1977). The books by Neveu (1965, 1975) are educational
and models of good organization. So why publish another? Many of the exist-
ing books are encyclopedic in scope and seem intended as reference works, with
navigation problems for the beginner. Some neglect to teach any measure theory,
assuming students have already learned all the foundations elsewhere. Most are
written by mathematicians and have the built in bias that the reader is assumed to
be a mathematician who is coming to the material for its beauty. Most books do
not clearly indicate a one-semester syllabus which will offer the essentials.

I and my students have consequently found difficulties using currently avail-
able probability texts. There is a large market for measure theoretic probability by
students whose primary focus is not mathematics for its own sake. Rather, such
students are motivated by examples and problems in statistics, engineering, biol-
ogy and finance to study probability with the expectation that it will be useful to
them in their research work. Sometimes it is not clear where their work will take
them, but it is obvious they need a deep understanding of advanced probability in
order to read the literature, understand current methodology, and prove that the
new technique or method they are dreaming up is superior to standard practice.

So the clientele for an advanced or measure theoretic probability course that is
primarily motivated by applications outnumbers the clientele deeply embedded in
pure mathematics. Thus, I have tried to show links to statistics and operations re-
search. The pace is quick and disciplined. The course is designed for one semester
with an overstuffed curriculum that leaves little time for interesting excursions or



xii Preface

personal favorites. A successful book needs to cover the basics clearly. Equally
important, the exposition must be efficient, allowing for time to cover the next
important topic.

Chapters 1, 2 and 3 cover enough measure theory to give a student access to
advanced material. Independence is covered carefully in Chapter 4 and expecta-
tion and Lebesgue integration in Chapter 5. There is some attention to comparing
the Lebesgue vs the Riemann integral, which is usually an area that concerns stu-
dents. Chapter 6 surveys and compares different modes of convergence and must
be carefully studied since limit theorems are a central topic in classical probability
and form the core results. This chapter naturally leads into laws of large numbers
(Chapter 7), convergence in distribution, and the central limit theorem (Chapters 8
and 9). Chapter 10 offers a careful discussion of conditional expectation and mar-
tingales, including a short survey of the relevance of martingales to mathematical
finance.

Suggested syllabi: If you have one semester, you have the following options:
You could cover Chapters 1-8 plus 9, or Chapters 1-8 plus 10. You would have
to move along at unacceptable speed to cover both Chapters 9 and 10. If you have
two quarters, do Chapters 1-10. If you have two semesters, you could do Chapters
1-10, and then do the random walk Chapter 7 and the Brownian Motion Chapter
6 from Resnick (1992), or continue with stochastic calculus from one of many
fine sources.

Exercises are included and students should be encouraged or even forced to do
many of them.

Harry is on vacation.

Acknowledgements. Cornell University continues to provide a fine, stimulating
environment. NSF and NSA have provided research support which, among other
things, provides good computing equipment. I am pleased that AMS-TjEXand
LATEX merged into AMS-LATEX, which is a marvelous tool for writers. Rachel,
who has grown into a terrific adult, no longer needs to share her mechanical pen-
cils with me. Nathan has stopped attacking my manuscripts with a hole puncher
and gives ample evidence of the fine adult he will soon be. Minna is the ideal
companion on the random path of life. Ann Kostant of Birkhauser continues to be
a pleasure to deal with.

Sidney I. Resnick
School of Operations Research and Industrial Engineering
Cornell University



1

Sets and Events

1.1 Introduction

The core classical theorems in probability and statistics are the following:

e The law of large numbers (LLN): Suppose {X,,n > 1} are independent,

identically distributed (iid) random variables with common mean E(X,) =
p. The LLN says the sample average is approximately equal to the mean,

so that
1 N
- E X( — M.
n
1=1

An immediate concern ts what does the convergence arrow “—” mean?
This result has far-reaching consequences since, if

¥ = I 1, ifevent A occurs,
'~ 1 0, otherwise
then the average } .., Xi/n is the relative frequency of occurrence of A in
n repetitions of the experiment and 4 = P(A). The LLN justifies the fre-
quency interpretation of probabilities and much statistical estimation theory
where it underlies the notion of consistency of an estimator.

Central limit theorem (CLT): The central limit theorem assures us that sam-
ple averages when centered and scaled to have mean 0 and variance 1 have
a distribution that is approximately normal. If {(X,,n > 1} are iid with
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common mean E (X,) = u and variance Var(X,) = o2, then
"X — x  o-ulf2
P[Z"1—' il 5x]——>N(x) :=/ ¢ du.
o/n -0 V27

This result is arguably the most important and most frequently applied re-
sult of probability and statistics. How is this result and its variants proved?

e Martingale convergence theorems and optional stopping: A martingale is
a stochastic process {X,,n > 0} used to model a fair sequence of gam-
bles (or, as we say today, investments). The conditional expectation of your
wealth X4 after the next gamble or investment given the past equals the
current wealth X,. The martingale results on convergence and optimal stop-
ping underlie the modern theory of stochastic processes and are essential
tools in application areas such as mathematical finance. What are the basic
results and why do they have such far reaching applicability?

Historical references to the CLT and LLN can be found in such texts as Breiman
(1968), Chapter I; Feller, volume I (1968) (see the background on coin tossing and
the de Moivre-Laplace CLT); Billingsley (1995), Chapter 1; Port (1994), Chapter
17.

1.2 Basic Set Theory

Here we review some basic set theory which is necessary before we can proceed
to carve a path through classical probability theory. We start by listing some basic
notation.

o $2: An abstr-ct set representing the sample space of some experiment. The
points of 2 correspond to the outcomes of an experiment (possibly only a
thought experiment) that we want to consider.

o P(R2): The power set of 2, that is, the set of all subsets of 2

e Subsets A, B, ... of 2 which will usually be written with roman letters
at the beginning of the alphabet. Most (but maybe not all) subsets will be
thought of as events, that is, collections of simple events (points of €2).

The necessity of restricting the class of subsets which will have probabili-
ties assigned to them to something perhaps smaller than P(2) is one of the
sophistications of modern probability which separates it from a treatment
of discrete sample spaces.

e Collections of subsets A, B, ... which will usually be written by calligraphic
letters from the beginning of the alphabet.

e An individual element of 2: w € S2.
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e The empty set @, not to be confused with the Greek letter ¢.

P(S2) has the structure of a Boolean algebra. This is an abstract way of saying that
the usual set operations perform in the usual way. We will proceed using naive set
theory rather than by axioms. The set operations which you should know and will
be commonly used are listed next. These are often used to manipulate sets in a
way that parallels the construction of complex events from simple ones.

1. Complementation: The complement of a subset A C Q is

A= {w:w ¢ A)

2. Intersection over arbiutrary index sets: Suppose T is some index set and for
eacht € T we are given A, C Q. We define

(A :=lw:weA, VieT}
teT

The collection of subsets {A,, ¢t € T} is pairwise disjoint if whenevert,t’ €
T,butr # 1’ we have

Al ﬂA,' = 0.

A synonym for pairwise disjoint is mutually disjoint. Notation: When we
have a small number of subsets, perhaps two, we write for the intersection
of subsets A and B

AB=ANB,

using a “multiplication” notation as shorthand.

3. Union over arbitrary index s ts: As above, let T be an index set and suppose
A; C Q. Define the union as

UA, ={w:we A, forsome teT).
teT

When sets Ay, A2, ... re mutually disjoint, we sometimes write

Ay +Ar+...

or even 2:1 A; to indicate U2, A;, the union of mutually disjoint sets.
4. Set difference Given two sets A, B, the part that is in A but not in B 1s
A\ B := AB*.
This is most often used when B C A; that is, when AB = B.

5. Symmetric difference: If A, B are two subsets, the points that are in one but
not in both are called the symmetric difference

AAB=(A\B)VU(B\A).
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You may wonder why we are interested in arbitrary index sets. Sometimes the
natural indexing of sets can be rather exotic. Here is one example. Consider the
space USC4 ([0, 00)), the space of non-negative upper semi-continuous functions
with domain [0, 00). For f € USC, ([0, o)), define the hypograph hypo( f) by

hypo(f) = {(s.x) : 0 <x < f(s)},

so that hypo( f) is the portion of the plane between the horizontal axis and the
graph of f. Thus we have a family of sets indexed by the upper semi-continuous
functions, which is a somewhat more exotic index set than the usual subsets of
the integers or real line.

The previous list described common ways of constructing new sets from old.
Now we list ways sets can be compared. Here are some simple relations between
sets.

1. Containment: A is a subset of B, written AC BorB D A,iff AB=Aor
equivalently iff € A implies w € B.

2. Equality: Two subsets A, B are equal, written A = B, iff A C B and
BCA. Thismeansw € Aiffw € B

Example 1.2.1 Here are two simple examples of set equality on the real line for
you to verify.

() Uzs0.n/(n + 1)) = [0. D).
(i) MN52,(0.1/n) = 0. O
Here are some straightforward properties of set containment that are easy to

verify:

A CA,
ACBand BC CimpliesA CC,
ACCand BC CimpliessAUB CC,
A D Cand B D C implies AB O C,
A C Biff B C A*

Here is a list of simple connections between the set operations:
1. Complementiation:

(A=A, O=Q, Q=20

2. Commuativity of set union and intersection:

AUB=BUA, ANB=BNA.
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Note as a consequence of the definitions, we have

AUA=A, ANA=A,
AU =A, ANG=0H
AUQR=02, ANQ=A,
AUA=Q, ANA°=4{.

3. Associativity of union and intersection:

(AUB)UC=AUBUC), (ANBYNC=ANBNC).

4. De Morgan’s laws, a relation between union, intersection and complemen-
tation: Suppose as usual that 7T is an index set and A, C 2. Then we have

Jan =4, (Ao = Jup.

tef rel reT tel

The two De Morgan’s laws given are equivalent.

5. Distributivity laws providing connections between union and intersection:

Bn(UA,) = | JBan,

teT teT
BU (ﬂ A,) = [JBUA).
teT teT

1.2.1 Indicator functions

There is a very nice and useful duality between sets and functions which empha-
sizes the algebraic properties of sets. It has a powerful expression when we see
later that taking the expectation of a random variable is theoretically equivalent to
computing the probability of an event. If A C 2, we define the indicator function
of A as

1 N ifw €A *

1 =
Al) 0, ifwe A"
This definition quickly yields the simple properties:
14 <1piff AC B,

and
lAC =1- lA.
Note here that we use the convention that for two functions f, g with domain
and range R, we have
f<giff f(v) <g(w)forallw e Q

and

f=giff<gandg< f.
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1.3 Limits of Sets

The definition of convergence concepts for random variables rests on manipula-
tions of sequences of events which require limits of sets. Let A, C 2. We define

[0, @) [0, @)
inf Ay := ﬂ Ak, SupAg:= U A
k=n k=n

kzn k>n
(o s e o)
liminfA, = |_J (1) A
n=o0 n=1k=n
oo OO
limsup A, = ﬂ U Ag.
n— 00 n=1k=n

The limit of a sequence of sets is defined as follows: If for some sequence {B,} of
subsets

limsup B, = liminf B, = B,
n— 00 n—>00

then B is called the limit of B,, and we write lim,_,oc B, = B or B, — B. It will
be demonstrated soon that

liminfA, = lim (iank)

n—oo n—»00 \ k>n

and

limsupA, = lim (supAk).

n— 00 n—>00 \ kr>n

To make sure you understand the definitions, you should check the following
example as an exercise.

Example 1.3.1 Check

lj'rgigf[o. n/(n+ 1)) = limsup[0, n/(n + 1)) = [0, 1). O

n—0o0
We can now give an interpretation of lim inf,,_, oo A, and limsup,,_, ., An.

Lemma 1.3.1 Let {A,} be a sequence of subsets of 2.
(a) For lim sup we have the interpretation

n—>oo

(o)
limsup A, = [w : Z 14,(w) = oo]
n=1
={w:w€Ank,k= 1,2...}
for some subsequence ny, depending on w. Consequently, we write

limsup A, = [An i.0. ]

n—00
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where i.o. stands for infinitely often.
(b) For lim inf we have the interpretation

lim Lng,, ={w : w € A, for all n except a finite number }
n—
={w: ) _lag(w) < 00)
n
={w: w € A,, Vn > no(w)}.

Proof. (a) If
(o SN o
w € limsupA, = ﬂ U Ag,

n—00 n=1k=n

then for every n, w € Ug>, A and so for all n, there exists some k, > n such that
w € Ayg,, and therefore

o)
D 14,0 2 ) 1a,, (@) = o0,
]=l n

which implies

o0
w € w:ZlA,,(w)=oo];
n=1

thus 0o
limsup A, C {w: Z 14, (@) = o0}.

Conversely, if
o0
wef{w:) 1a,(w) = o0},
)=1

then there exists k, — 00 such that w € Ay, and therefore for all n, w € U iznfA;
so that w € lim sup,,_, ., An. By defininition

o0
{w: Z lA’(w) = 00} C limsup A,.
j=1

n—oo

This proves the set inclusion in both directions and shows equality.
The proof of (b) is similar. ]

The properties of lim sup and lim inf are analogous to what we expect with real
numbers. The link is through the indicator functions and will be made explicit
shortly. Here are two simple connections:

1. The relationship between lim sup and lim inf is

liminfA, C limsup A,

n— 00 n—00
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since

{w:we Ay, foralln > np(w)} C {w: w € A, infinitely often}

= limsup A,,.
n—o00

2. Connections via de Morgan’s laws:

(liminf A,)¢ = limsup A},
n—00 n— 00

since applying de Morgan’s laws twice yields

(G0 (0

n=1k>n

For a sequence of random variables {X,,n > 0}, suppose we need to show
Xn — X almost surely. As we will see, this means that we need to show

Plw : nl_i’ngoX,,(w) = Xo(w)} = 1.

We will show later that a criterion for this is that forall e > 0
P{[IX, — Xo| > €] i.0.} =0.

That is, with A, = [|X,, — Xo| > €], we need to check

P (lim sup A,,) =0.

n— oo

1.4 Monotone Sequences

A sequence of sets {A,} is monotone non-decreasing if Ay C A2 C ---. The
sequence {A,} is monotone non-increasing if A} D Az D Aj3---. To indicate a
monotone sequence we will use the notation A, ” or A, 1 for non-decreasing
sets and A, \, or A, | for non-increasing sets. For a monotone sequence of sets,

the limit always exists.

Proposition 1.4.1 Suppose {A,} is a monotone sequence of subsets.

(]) IfAn /, Ihen limn_pw An = U;'“;]An.
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(2) IfAn \, then limn_pm An = n;”_;lAn.

Consequently, since for any sequences B,,, we have

inf By /', sup By \,,

k>n k>n

it follows that

liminf B, = lim (inf Bk) , limsup B, = lim (sup Bk) .

n—00 n—oC \ k>n n—oo n—00 \ f>p

Proof. (1) We need to show
o0
liminf A, = limsup A, = |_J An.
n=1

n—>00 n—00

Since A; C A4,

and therefore

liminf A, = G (ﬂ Ak) = G Ap. (1.1)

n=1 \k>n n=1
Likewise
o0
limsupA, = ﬂ UAk C UAk
n—00 n=1k>n k>1
= lilrgiong,, (from (1.1))
C limsupA,.
n—o0

Thus equality prevails and

limsup A, C U Ag C limsup A, ;

n—00 k>l n—00

therefore
o0

limsup A, = Ag.
n—00 k=1
This coupled with (1.1) yields (1).
The proof of (2) is similar. a
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Example 1.4.1 As an easy exercise, check that you believe that
nl_l’ngo[O, 1—-1/n]=10,1)
lim [0,1—1/n) =[0,1)
n—00
nl_l’rgo[O, 1+1/n}=[0,1]

1im [0, 1+ 1/m) = [0, 1]. o

Here are relations that provide additional parallels between sets and functions
and further illustrate the algebraic properties of sets. As usual let {A,} be a se-
quence of subsets of Q.

1. We have
Linf,4 A, = ;1}12 1a,, lsup,,4 An =SUpP1a4,.

n>k

2. The following inequality holds:
lu,4, < Z 14,
n

and if the sequence {A,} is mutually disjoint, then equality holds.

3. We have

Limsup,_. . A, = limsupla,. liiminf,_,.. 4, = lim inflg, .
n— 00 n—=00

4. Symmetric difference satisfies the relation

1aaB = 14 + 15 (mod 2) .

Note (3) follows from (1) since

liim SUP, o0 An ™ linf,,al SUPg>, Ak

and from (1) this is
inf e

Again using (1) we get

inf sup 1,4, = limsup1l,,,
n21y>p k—00

from the definition of the lim sup of a sequence of numbers.

To prove (1), we must prove two functions are equal. But Linf,»4 An(w) = 1iff
© € infy>k Ap = (Npoy An iffw € A, foralln > kiff 14, (w) = 1foralln > k
iff inf,>4 14, () = 1. m]
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1.5 Set Operations and Closure

In order to think about what it means for a class to be closed under certain set
operations, let us first consider some typical set operations. Suppose C C P(S2)
is a collection of subsets of 2.

(1) Arbitrary union: Let T be any arbitrary index set and assume for each
t € T that A, € C. The word arbitrary here reminds us that T is not nec-
essarily finite, countable or a subset of the real line. The arbitrary union

1S
UA,.

teT

(2) Countable union: Let A,,n > 1 be any sequence of subsets in C. The
countable union is
o0
LJ4;.
1=1

(3) Finite union: Let Ay, ..., A, be any finite collection of subsets in C. The
finite union is .
LJAj.
J=1

(4) Arbitrary intersection: As in (1) the arbitrary intersection is

(A

teT

(5) Countable intersection: As in (2), the countable intersection is
(o)
(A,
j=1
(6) Finite intersection: As in (3), the finite intersection is
n
(A
j=1

(7) Complementation: If A € C, then A€ is the set of points not in A.

(8) Monotone limits: If {A, } is a monotone sequence of sets in C, the monotone
limit
lim A,
n—0o0

%s U';";l.A j in case {A,} is non-decreasing and is ﬂj’ilA j if {An} is non-
increasing.
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Definition 1.5.1 (Closure.) Let C be a collection of subsets of Q. C is closed
under one of the set operations 1-8 listed above if the set obtained by performing
the set operation on sets in C yields a set in C.

For example, C is closed under (3) if for any finite collection Ay, ... , A, of
sets in C, U;'=1Aj e C.

Example 1.5.1 1. Suppose Q2 = R, and

C = finite intervals
= {(a,b],—00 <a <b < o0}.

C is not closed under finite unions since (1,2] U (36, 37] is not a finite
interval. C is closed under finite intersections since (a,b] N (¢, d] = (a v
¢, d Ab). Here we use the notation a vb = max{a, b} and a Ab = min{a, b).

2. Suppose 2 = R and C consists of the open subsets of R. Then C is not
closed under complementation since the complement of an open set is not
open.

Why do we need the notion of closure? A probability model has an event space.
This is the class of subsets of €2 to which we know how to assign probabilities.
In general, we cannot assign probabilities to all subsets, so we need to distinguish
a class of subsets that have assigned probabilities. The subsets of this class are
called events. We combine and manipulate events to make more complex events
via set operations. We need to be sure we can still assign probabilities to the re-
sults of the set operations. We do this by postulating that allowable set operations
applied to events yield events; that is, we require that certain set operations do not
carry events outside the event space. This is the idea behind closure.

Definition 1.5.2 A field is a non-empty class of subsets of 2 closed under finite
union, finite intersection and complements. A synonym for field is algebra.

A minimal set of postulates for .A to be a field is
(i) Qe A.
(ii) A € A implies A€ € A.
(iii) A, B € Aimplies AU B € A.
Note if Ay, Az, A3 € A, then from (lii)

AjUAUA3= (A1 UA))UA3€e A
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and similarly if Ay,...,Ap € A, then U/_JA; € A Alsoif A; € A, i =
1,....n,thenN’_ A, € Asince

Ai € A implies Afe A (from (i)
Afe A implies | JAfeA (from (iii))
1=1

JAf  implies (UA,-‘) €A (from(ii)
1=1

i=1
and finally
n ¢ n
1 1
by de Morgan’s laws so A is closed under finite intersections.

Definition 1.5.3 A o-field B is a non-empty class of subsets of 2 closed under
countable union, countable intersection and complements. A synonym for o -field
is o-algebra.

A mimimal set of postulates for B to be a o-field is
(i) QeB.
(i) B € Bimplies B¢ € B.
(iii) B, € B,i > 1implies U, B; € B.

As in the case of the postulates for a field, if B; € B, fori > 1, then[ )2, B, € B.

In probability theory, the event space is a o-field. This allows us enough flexi-
bility constructing new-events from old ones (closure) but not so much flexibility
that we have trouble assigning probabilities to the elements of the o -field.

1.5.1 Examples

The definitions are amplified by some examples of fields and o -fields.

(1) The power set. Let B = P(2), the power set of 2 so that P() is the
class of all subsets of €2. This is obviously a o-field since it satisfies all closure
postulates.

(2) The trivial o-field. Let B = {@, 2}. This is also a o-field since it is easy to
verify the postulates hold.

(3) The countable/co-countable o-field. Let Q2 = R, and
B={A CR:Aiscountable }U{A C R : A€ is countable },

so B consists of the subsets of R that are either countable or have countable com-
plements. B is a o-field since
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(i) 2 € B (since Q€ = @ is countable).
(i1) A € Bimplies A€ € B.
(i) A, € Bimplies N2 A; € B.
To check this last statement, there are 2 cases. Either
(a) atleast one A, is countable so that N2, A; is countable and hence in B, or

(b) no A; is countable, which means A; is countable for every i. So U2 Af is
countable and therefore

o0 oo
UJuapr=N4ies.
i=1 i=1

Note two points for this example:

o If A = (—00,0], then A€ = (0, 00) and neither A nor A€ is countable
which means A ¢ B. So B # P().

e B is not closed under arbitrary unions. For example, for each t < 0, the
singleton set {t} € B, since it is countable. But A = U, <o{t} = (—00, 0] ¢
B.

(4) A field that is not a o-field. Let Q@ = (0, 1] and suppose A consists of
the empty set @ and all finite unions of disjoint intervals of the form (a, a’], 0 <
a < a’ < 1. Atypical set in A is of the form U | (a,, a/] where the intervals are
disjoint. We assert that A is a field. To see this, observe the following.

(i) Q= (0,1] € A.

(ii) A is closed under complements: For example, consider the union repre-
sented by dark lines

o
—

FIGURE 1.1

which has complement.

O N
—

FIGURE 1.2

which is a disjoint union.
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(iii) A is closed under finite intersections. (By the de Morgan laws, verifica-
tion of this assertion is equivalent to showing closure under finite unions.)
Closure under finite intersections is true because

(@, a'lNn (B, b’ )= (avVvb,a’ Ab].

Note that A is NOT a o -field. The set

© 1]U(1+1 1+ ! + 1]
2 2 2272 22 3
U(1+1+1+1 l+1+1+1+1]U
2 22 23 2472 " 22 " 23 " 24 D5
is a countable union of members of A but is not in A. O

1.6 The o-field Generated by a Given Class C

It is a sad fact that o-fields cannot always be constructed by a countable set of
operations on simple sets. Sometimes only abstraction works. The exception to
the sad fact is if €2 is finite, in which case construction and enumeration work.
However, in general, the motto of the budding measure theorist is “induction not
construction”.

We now discuss how to guarantee a desired o -field exists.

Let O be one of the 8 set operations listed starting on page 11. For example, O
could be “countable union”. Let {C;, ¢ € T} be an indexed family of subsets such
that for each ¢, C, is closed under O. Then

C = ") C: is closed under O. (1.2)

teT

(This is NOT true for | ,.7 C;.) Observe that the intersection can be with respect
to an arbitrary index set. This will be used when we discuss the minimal o -field
generated by a class.

Here is a sample verification of (1.2) when O is countable union: Suppose for
i > 1that B, € C. Thenforanyi > 1, B, € C, for allt € T. Due to the fact that
C: is closed under O, we conclude U2 B; € C; forall t € T. Since Ur2,Bi € G
forall t, U2, B, € NerC;. Thus NyerC; is closed under O.

Applying the principle in (1.2) using the set operations of complementation and
countable union, we get the following result.

Corollary 1.6.1 The intersection of o -fields is a o -field.

Definition 1.6.1 Let C be a collection of subsets of 2. The o-field generated by
C, denoted o (C), is a o-field satisfying

(@) c(C)DC
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(b) If B’ is some other o-field containing C, then B’ D o (C).

Another name for o (C) is the minimal o-field over C. Part (b) of the definition
makes the name minimal apt.
The next result shows why a o-field containing a given class exists.

Proposition 1.6.1 Given a class C of subsets of S2, there is a unique minimal
o -field containing C.

Proof. Let
R = {B: Bisao-field, B D C}

be the set of all o-fields containing C. Then R # @ since P(2) € R. Let

W=ﬂa

BeR

Since each class B € R is a o-field, so is B* by Corollary 1.6.1. Since B € R
implies B D C, we have B* D C. We claim B* = o (C). We checked B* D C and,
for minimality, note that if B’ is a o-field such that B’ D C, then B’ € R and hence
B-cB. O

Note this is abstract and completely non-constructive. If 2 is finite, we can
construct o (C) but otherwise explicit construction is usually hopeless.

In a probability model, we start with C, a restricted class of sets to which we
know how to assign probabilities. For example, if 2 = (0, 1], we could take

C={@a,b),0<a<bx<1)

and
P((a, b)) =b —a.

Manipulations involving a countable collection of set operations may take us out-
side C but not outside o (C). Measure theory stresses that if we know how to assign
probabilities to C, we know (in principle) how to assign probabilities to o (C).

1.7 Borel Sets on the Real Line

Suppose 2 = R and let
C={(@.b),—00 <a <b < o}

Define
B(R) := o(C)

and call B(IR) the Borel subsets of R. Thus the Borel subsets of R are elements of
the o -field generated by intervals that are open on the left and closed on the right.
A fact which is dull to prove, but which you nonetheless need to know, is that
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there are many equivalent ways of generating the Borel sets and the following are
all valid descriptions of Borel sets:
BR) =o((a,b)., —00 <a < b < 00)

=o([a,b), -0 <a <b <)

=o([a,b],—00 <a <b < 00)

=0 ((—-00,x],x € R)

= o (open subsets of R).
Thus we can generate the Borel sets with any kind of interval: open, closed, semi-

open, finite, semi-infinite, etc.
Here is a sample proof for two of the equivalences. Let

CO = {(a,b), —00 < a < b < o)
be the open intervals and let
Cc)={(@a,b),—o00 <a <b <o)
be the semi-open intervals open on the left. We will show
o (CY) =a(CY).

Observe (a,b) = (J52,(a, b — 1/n]. Now (a,b — 1/n] € ¢ c o(C'Y, for
all n implies | Jo2,(a, b — 1/n] € o(C)). So (a, b) € o(C'Y) which implies that
CY c o(C')). Now o (C')) is a o-field containing C* and hence contains the
minimal o -field over CO, that is, o (CO) c o (C‘)).

Conversely, (a,b] = N22(a,b + 1/n). Now (a,b + 1/n) € cO c oCc)
so that N% (a,b + 1/n) € o(CV) which implies (a, b] € o(C") and hence
C!! c o(CY). This implies o (C')) C o(CV).

From the two inclusions, we conclude

O'(C(]) — 0(c())

as desired.
Here is a sample proof of the fact that

B(R) = o (open sets in R).

We need the result from real analysis that if O C R is open, O = Uj’il 1, where
I are open, disjoint intervals. This makes it relatively easy to show that

o(opensets ) = a(C()).

If O is an open set, then we can write

(e &)
O = Ulj.
J=1
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We have I, € CV) c o(CV) sothat O = UR,Ij € o (CV) and hence any open
set belongs to o (C1?), which implies that

o(opensets) C o(CO).

Conversely, CO) is contained in the class of open sets and therefore o (CV) C
o ( open sets ).

Remark. If E is a metric space, it is usual to define B(E), the o-field on E, to be
the o-field generated by the open subsets of E. Then B(E), is called the Borel
o -field. Examples of metric spaces E that are useful to consider are

e IR, the real numbers,
e R4, d-dimensional Euclidean space,
e R, sequence space; that is, the space of all real sequences.

e ([0, 00), the space of continuous functions on [0, 00).

1.8 Comparing Borel Sets

We have seen that the Borel subsets of R is the o-field generated by the intervals
of R. A natural definition of Borel sets on (0, 1], denoted B((0, 1)) is to take
C(0, 1] to be the subintervals of (0, 1] and to define

B((0, 1]) := o (C(0, 1]).

If a Borel set A € B(R) has the property A C (0, 1], we would hope A €
B((0, 1]). The next result assures us this is true.

Theorem 1.8.1 Let Qo C Q2

(1) If B is a o-field of subsets of 2, then By := {AQp : A € B} isao-
field of subsets of Q. (Notation: Bo =: B N Q. We hope to verify B((0, 1]) =
B(R) N (0, 1].)

(2) Suppose C is a class of subsets of Q2 and B = o (C). Set

CNQ=:Co={A: A €(C).
Then
0(Co) =0 (C)N
in Q.
In symbols (2) can be expressed as

oc(CNQRY) =0c(C)NQ
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so that specializing to the Borel sets on the real line we get

B(0, 1] = BR) N (0, 1].

Proof. (1) We proceed in a series of steps to verify the postulates defining a o-
field.

(i) First, observe that Qg € By since 220 = g and Q2 € B.

(i) Next, we have that if B = AQ2p € By, then
Qo\ B =Q0\AQ = Q(R\ A) € By
since 2\ A € B.
(iii) Finally, if for n > 1 we have B, = A,S2g, and A, € B, then

oo o0 oo
L Bx = An2% = (| An) N2 € Bo
n=1

n=1 n=1

since | J, An € B.

(2) Now we show g (Cp) = o (C) N ©p. We do this in two steps.
Step 1: We have that

Co:=CNQyCca(C)Ny

and since (i) assures us that o (C) N g is a o-field, it contains the minimal o -field
generated by Cp, and thus we conclude that

o(Co) C o (C) N Q.
Step 2: We show the reverse inclusion. Define
G:={ACQ:AQy € o(Cp)l-

We hope to show G D o (C).
First of all, G D C, since if A € C then AQ2y € Cp C g (Cp). Secondly, observe
that G is a o-field since

(i) 2 € G since Qg = 2o € g (Cp))-
(i) If A € G then A° = Q \ A and we have
AN Qo= (R\A)Q0 = Q\AQp.

Since A € G, we have Ay € o(Cp) which implies Q¢ \ A2g € o(Cp), so
we conclude A€ € G.
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(iii) If A, € G, forn > 1, then
o0 o0
(JAam ngo = | ] 4n0.
n=1 n=1

Since A,Q0 € o ((y), it is also true that Un2 1AnS2% € o(Cp) and thus
U A, €G.

So G is a o-field and G O C and therefore G D o (C). From the definition of G,
if A €o(C),then A € G and so AQq € o (Cp). This means

o (C)N Qg C a(Co)

as required. ]

Corollary 1.8.1 If Qg € o(C), then
oc(Co) ={A:A CQp, A €oc(0)).
Proof. We have that

0(Co) =0c(C)NQy={AQ: A € d(C))
={B: B € o(C), B C Q)

if Qg € o(C). O

This shows how Borel sets on (0, 1] compare with those on R.

1.9 Exercises

1. Suppose 2 = {0, 1} and C = {{0}}. Enumerate R, the class of all o-fields
containing C.

2. Suppose 2 = {0, 1, 2} and C = {{0}}. Enumerate R, the class of all o -fields
containing C and give o (C).

3. Let A,, A, B,, B be subsets of Q2. Show

limsupA, U B, = limsup A, U limsup B,,.

n—0o0 n—oo n—0oo

If A, — A and B,, — B, is it true that
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4. Suppose
A,,={E:meN}, neN,
n

where N are non-negative integers. What is

liminf A, and limsup A,?
n—00 n— 00

5. Let f,, f be real functions on $2. Show

o0

o0 OO 1
(@: fa@) A f@) =[] Ulo:1f2@ - f@] 27}
k=1 N=1n=N

6. Suppose a, > 0, b, > 1 and

lim a, =0, lim b, =1.

n—00 n—oo
Define
Ap={x:a, <x < b,}.
Find
limsup A, and liminf A,.
n—00 n—00
7. Let

I={(x,y): x| =1, |yl =1}
be the square with sides of length 2. Let I, be the square pinned at (0, 0)
rotated through an angle 277 n6. Describe lim sup,,_, oo /n and liminf,,, o I,
when
(a) 6 =1/8,
(b) 6 is rational.

(c) 6 isirrational. (Hint: A theorem of Weyl asserts that {¢2™"°, n > 1} is
dense in the unit circle when 6 is irrational.)

8. Let
BcQ, Cc
and define
A = B, ifnisodd,
e | C, ifniseven.
What is

liminf A,, and limsup A,?
n—00 n— 00

9. Check that
AAB = A°AB°€.
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10.

11.

12.

13.

14.

15.

16.
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Check that

A, = A
iff

14, = 14
pointwise.

Let 0 < a, < 00 be a sequence of numbers. Prove that

sup[0,a,) = [O,supa,)
n>1 n>1
n n
sup[0, —— 0, su .
,,2‘1’[ vl 7L sup 1)

Let Q@ = {1,2,3,4,5, 6} and let C = {{2, 4}, {6}}. What is the field gener-
ated by C and what is the o-field?

Suppose 2 = UerCy, wl)gre CsNC, =Pforalls,t € T ands # 1.
Suppose F is a o-field on Q2 = {C,, ¢ € T}. Show

f:={A=UC,:ZGf}
teA
is a o-field and show that

f:XH UC,

teA
is a 1-1 mapping from Fto F.

Suppose that A, are fields satisfying A, C A,+1. Show that U, A, is a
field. (But see also the next problem.)

Check that the union of a countable collection of o-fields Bj, j > 1 need
not be a o-field even if Bj C Bj41. Yet, a countable union of o-fields
whether monotone or not is a field.

Hint: Try setting 2 equal to the set of positive integers and set

Ci=({12,...,j}, B, =0(C)).

In fact, if B;, i = 1, 2 are two o-fields, B; U B> need not be a o-field.
Suppose A is a class of subsets of €2 such that

e Qe A
e A € Aimplies A€ € A.

e A is closed under finite disjoint unions.
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18.

19.

20.

21.

22,

23.
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Show A does not have to be a field.

Hint: Try Q = {1, 2, 3, 4} and let A be the field generated by two point
subsets of 2.

Prove
liminfA, = {w: lim 14, (w) = 1}.
n—»00 n—00

Suppose A is a class of sets containing 2 and satisfying
A,B € Fimplies A\ B = AB® € F.
Show A is a field.

For sets A, B show
14up =14 Vv 1,
and

lane =14 A 135.

Suppose C is a non-empty class of subsets of Q2. Let .A(C) be the minimal
field over C. Show that A(C) consists of sets of the form

m n
UMNay.
1=1)=1

where for each i, j either A;; € C or Afj € C and where the m sets

n'}'z 1Ay, 1 < i < m, are disjoint. Thus, we can explicitly represent the
sets in A(C) even though this is impossible for the o-field over C.

Suppose A is a field and suppose also that 4 has the property that it is
closed under countable disjoint unions. Show A is a o -field.

Let €2 be a non-empty set and let C be all one point subsets. Show that

o(C) = {A C Q: A is countable }U{A C Q: A€ is countable }.

(a) Suppose on R that 7, | z. Show

(_ws tn] ‘l' (_ws t]-
(b) Suppose
1t 1<t

Show
(_wa tn] T (_wa t)-
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24.

25.

26.

27.

28.

29.

30.
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Let Q2 = N, the integers. Define
A={A CN:Aor A€ is finite.)
Show A is a field, but not a o -field.

Suppose Q = {¢2™ 0 < 6 < 1} is the unit circle. Let .4 be the collection
of arcs on the unit circle with rational endpoints. Show A is a field but not
a o-field.

(a) Suppose C is a finite partition of 2; that is

k
C={An...., A, Q=) A, AAj=0,i#]j.

1=1

Show that the minimal algebra (synonym: field) A(C) generated by C is the
class of unions of subfamilies of C; that is

AC) ={UsA, : I C{1,...,k)).

(This includes the empty set.)
(b) What is the o-field generated by the partition A;, ..., A,?
(c)If A1, A,, ... is a countable partition of €2, what is the induced o -field?

(d) If A is a field of subsets of 2, we say A € Aisanatom of A;if A # 0
andif @ # B C A and B € A, then B = A. (So A cannot be split into
smaller sets that are nonempty and still in .A.) Example: If 2 = R and A
is the field generated by intervals with integer endpoints of the form (a, b]
(a, b are integers) what are the atoms?

As a converse to (a), prove that if A is a finite field of subsets of €2, then the
atoms of A constitute a finite partition of €2 that generates .A.

Show that B(R) is countably generated; that is, show the Borel sets are
generated by a countable class C.

Show that the periodic sets of R form a o-field; that is, let B be the class
of sets A with the property that x € A implies x = n € A for all natural
numbers n. Then show B is a o -field.

Suppose C is a class of subsets of R with the property that A € C implies
A€ is a countable union of elements of C. For instance, the finite intervals
in R have this property.

Show that o (C) is the smallest class containing C which is closed under the
formation of countable unions and intersections.

Let B; be o -fields of subsets of €2 fori = 1, 2. Show that the o -field B; v B3
defined to be the smallest o -field containing both B; and B; is generated
by sets of the form By} N B; where B; € B, fori =1, 2.
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32,

33.

34.

35.

36.
37.
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Suppose €2 is uncountable and let G be the o -field consisting of sets A such
that either A is countable or A€ is countable. Show G is NOT countably
generated. (Hint: If G were countably generated, it would be generated by
a countable collection of one point sets. )

In fact, if G is the o-field of subsets of 2 consisting of the countable and
co-countable sets, G is countably generated iff €2 is countable.

Suppose B;, B, are o-fields of subsets of 2 such that B} C B and B is
countably generated. Show by example that it is not necessarily true that B,
is countably generated.

The extended real line. Let R = R U {—00} U {00} be the extended or
closed real line with the points —oc and oo added. The Borel sets B(IR)
is the o-field generated by the sets [—o0,x], x € R, where [—00,x] =
{—oo}U(—00, x]. Show B(R) is also generated by the following collections
of sets:

(i) [-o0,x),x € R,
(i) (x, 00}, x € R,
(i1) all finite intervals and {—oc} and {oc}.

Now think of R = [—o0, c0] as homeomorphic in the topological sense to
[—1, 1] under the transformation

x
1—|x|

X >

from [—1, 1] to [—o0, o0]. (This transformation is designed to stretch the
finite interval onto the infinite interval.) Consider the usual topology on
[—1, 1] and map it onto a topology on [—o0, oo]. This defines a collection
of open sets on [—o0, 00] and these open sets can be used to generate a
Borel o-field. How does this o-field compare with B(Il-k) described above?

Suppose B is a o-field of subsets of 2 and suppose A ¢ B. Show that
o (B U {A}), the smallest o-field containing both B and A consists of sets
of the form

ABUAB’, A,A  eB.

A o-field cannot be countably infinite. Its cardinality is either finite or that
of the continuum.

Let Q2 ={f,a,n, g}, andC = {{f, a, n}, {a, n}}. Find o (C).

Suppose 2 = Z, the natural numbers. Define for integer k
kZ = {kz :z € Z).

Find B(C) when C is
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(i) {3Z}.

(i) (3Z,4Z).

(iii) {3Z,4Z, 5Z).
(iv) {3Z,4Z,5Z, 6Z).

Let Q = R, the space of all sequences of the form

w=(x1,X2,...) **

where x, € R. Let o be a permutation of 1, ..., n; that is, o is a 1-1 and
onto map of {1,...,n} — {1,..., n}. If w is the sequence defined in (**),
define o w to be the new sequence

(Uw) — xO'(j)9 ifj Sns
= Xj, if j >n.

A finite permutation is of the form o for some n; that is, it juggles a finite
initial segment of all positive integers. A set A C 2 is permutable if

A=0cA:={ow:we A}
for all finite permutations o.

(i) Let B,, n > 1 be a segence of subsets of R. Show that
n
{w=(x1,x2,...): Zx,- € B, 1.0.}
=1

and .
{w=(x1,x2,...): \/x,- € B, 1.0.}
i=1

are permutable.
(i) Show the permutable sets form a o-field.

For a subset A C N of non-negative integers, write card(A) for the number
of elements in A. A set A C (N) has asymptotic density d if

card(AN{1,2,...,n}))
m

n— 00 n

=d.

Let A be the collection of subsets that have an asymptotic density. Is A a
field? Is it a o-field?

Hint: A is closed under complements and finite disjoint unions but is not
closed under finite intersections. For example, let A be the set of odd inte-
gers in (227, 22"+2] and B be the set of all even integers in [227+1, 221+2)
Then A, B € Abut AB ¢ A.
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Show that B((0, 1]) is generated by the following countable collection: For
an integer r,

{lkr™", (k+Dr™),0<k <r,n=1,2,....}.

A monotone class M is a non-empty collection of subsets of 2 closed
under monotone limits; that is, if A, ,” and A, € M, then lim,, 0 Ay =
UnA, € Mandif A, \, and A, € M, then lim,,o Ay, = N,A,, € M.
Show that a o-field is a field that is also a monotone class and conversely,
a field that is a monotone class is a o -field.

Assume P is a r-system (that is, P is closed under finite intersections) and
M is a monotone class. (Cf. Exercise 41.) Show P C M does not imply
o(P) c M.

Symmetric differences. For subsets A, B, C, D show
laap =14+ 1p (mod?2),

and hence

(a) (AAB)AC = AA(BAC),

(b) (AAB)A(BAC) = (AAC),

(©) (AAB)A(CAD) = (AAC)A(BAD),
(d) AAB =Ciff A = BAC,

(e) AAB = CAD iff AAC = BAD.

Let A be a field of subsets of €2 and define
A={ACQ:3A, € Aand A, — A).

Show A C A and A is a field.
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Probability Spaces

This chapter discusses the basic properties of probability spaces, and in particular,
probability measures. It also introduces the important ideas of set induction.

2.1 Basic Definitions and Properties

A probability space is a triple (2, B, P) where

e {2 is the sample space corresponding to outcomes of some (perhaps hypo-
thetical) experiment.

e B is the o-algebra of subsets of 2. These subsets are called events.

e P is a probability measure; that is, P is a function with domain B and range
[0, 1] such that

(i) P(A) > Oforall A € B.

(ii) P is o-additive: If {A,, n > 1} are events in B that are disjoint, then

P(|JAn) =) PAn.
n=1 n=]

(i) P(Q) = 1.

Here are some simple consequences of the definition of a probability measure
P.
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1. We have
P(A) =1- P(A)

since from (iii)
1=P(Q)=P(AUA) = P(A) + P(A°),
the last step following from (ii).

2. We have
P®@ =0

since P(@) = P(Q)=1-P(Q)=1-1.
3. For events A, B we have
P(AUB)=PA+ PB - P(AB). (2.1)
To see this note
P(A) =P(AB“) + P(AB)
P(B) =P(BA®) + P(AB)

and therefore

P(AUB) =P(ABUBA°UAB)
=P(ABS) + P(BA) + P(AB)
=P(A) — P(AB) + P(B) — P(AB) + P(AB)
—P(A) + P(B) — P(AB).

4. The inclusion—exclusion formula: If Ay, ..., A, are events, then
n n
Pl JA) = Y P@A)- ) PA))
j=1 j=1 1<i<j<n

+ Z P(A;jAjAg) —---

1<i<j<k<n

(—1)"P(A1 - An)- 2.2)

We may prove (2.2) by induction using (2.1) for n = 2. The terms on the
right side of (2.2) alternate in sign and give inequalities called Bonferroni
inequalities when we neglect remainders. Here are two examples:

j=1 j=1
n n

P (U A,) >Y PAj— ) P(AA)).
j=1 j=1 I<i<)<n
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5. The monotonicity property: The measure P is non-decreasing: For events
AB

If A C B then P(A) < P(B),

since

P(B) = P(A) + P(B\ A) > P(A).

6. Subadditivity: The measure P is o-subadditive: For events A, n > 1,

P (G A,,> <3 P4,
n=1 n=1

To verify this we write
oo
U An = A1+ ASA2 + A3ASAS + -
n=1

and since P is o-additive,

oo
P(| An) =P(A1) + P(A5A2) + P(A3ATAS) +---

n=1

<P(A1)+ P(A2)+ P(A3)+ ---
by the non-decreasing property of P.

7. Continuity: The measure P is continuous for monotone sequences in the
sense that

(i) If A, + A, where A, € B, then P(A,) 1 P(A).
(i) If A, | A, where A, € B, then P(A,) | P(A).

To prove (i), assume
AICA)CA3C---CA, C---
and define
By=A1,B=A\Ay,... ,Bh=A,\Ap—1,....

Then {B,} is a disjoint sequence of events and

Us=4. |JB=UA=

n oo
=1 i=1 t
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By o -additivity

PA)=P(_JB)=) P(B)= lim 1) P(B)
=1 =1

=1

="l_i)r2o 0 P(U B;) = "l_l’lgo 1+ P(A,).

=1
To prove (ii), note if A, | A, then AS 1 A€ and by part (i)
P(AS) =1-P(A,) + P(AS) =1— P(A)

so that PA, | PA.

. More continuity and Fatou’s lemma: Suppose A, € B, forn > 1.

(i) Fatou Lemma: We have the following inequalities
P(liminfA,) < liminfP(A,)
n—-oo n—=>0oo
< limsup P(A,) < P(limsup A,).

- n—0oC n—0oC
(i) If A, — A, then P(A,) — P(A).
Proof of 8. (ii) follows from (i) since, if A, — A, then

limsupA, =liminfA, = A.
n—00 n—00

Suppose (i) is true. Then we get
P(A) = P(liminfA,) <liminf P(A,)
n—oo n—oo
< limsup P(A,) < P(limsupA,) = P(A),

n—0oo n—00

so equality pertains throughout.

Now consider the proof of (i): We have

P(liminf A,) =P(lim 1 ([] Ax))

k>n
= lim 1 P([") Ap)
n—o00 Q

(from the monotone continuity property 7)

<liminf P(A,)
n—oo
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since P(Nk>nAk) < P(A,). Likewise

P(limsup Ap) = P(lim | (U Ax))

n—00

k>n
= lim | P(|l ) Ax)
i, v P

(from continuity property 7)

> limsup P(A,).

n—00
completing the proof. O

Example 2.1.1 Let Q = R, and suppose P is a probability measure on R. Define
F(x) by

F(x) = P((—o00,x]), x€R. (2.3)
Then
(i) F is right continuous,
(i) F is monotone non-decreasing,
(iii) F has limits at 00
F(0):=1lm F(x) =1
xt100
F(—o0):= lim F(x)=0.
xl—-00
Definition 2.1.1 A function F : R — [0, 1] satisfying (i), (ii), (iii) is called a
(probability) distribution function. We abbreviate distribution function by df.
Thus, starting from P, we get F from (2.3). In practice we need to go in the

other direction: we start with a known df and wish to construct a probability space
(2, B, P) such that (2.3) holds.

Proof of (i), (ii), (iii). For (ii), note that if x < y, then
(_009 x] C (_009 y]
so by monotonicity of P

F(x) = P((—00,x]) < P((—=00,y]) < F(y).
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Now consider (iii). We have

F(o0) = JrliTn<1>o F(x,) (for any sequence x, 1 00)
= lim 4 P((—o00, x,])
Xnto0

= P( liTm + (—00, xn]) (from property 7)
Xn 100
= P(_J(~00, xx]) = P((~00, 00))

=P(R) = P(Q) = 1.
Likewise,
F(—o0) = lim F(x,) = lim | P((—00,x,])
Xpd—00 Xnl—00

= P( lim (—o0,x,])  (from property 7)

x"l_w

=P(( (=00, xs]) = P®) = 0.

For the proof of (i), we may show F is right continuous as follows: Let x,, | x.
We need to prove F(x,) | F(x). This is immediate from the continuity property
7 of P and

(=00, xp] { (—00, x]. O

Example 2.1.2 (Coincidences) The inclusion-exclusion formula (2.2) can be
used to compute the probability of a coincidence. Suppose the integers 1,2, ...,n
are randomly permuted. What is the probability that there is an integer left un-
changed by the permutation?

To formalize the question, we construct a probability space. Let Q be the set of
all permutations of 1, 2, ..., n so that

Q={(x1,-..,xp):x, €{1,....,n}i=1,...,nx; #x;}.

Thus €2 is the set of outcomes from the experiment of sampling n times without
replacement from the population 1, ..., n. We let B = P(2) be the power set of
€2 and define for (x1,...,x,) € Q

1
P((xl»---,xn)= '9
n:

and for B € B )
P(B) = —'#elements in B.
n!

Fori = 1,...,n, let A, be the set of all elements of 2 with { in the ith spot.
Thus, for instance,

Al ={(1,x2,...,xp) : (1, x2,...,x,) € Q},
AZ ={(x1»2»---,xn) : (x192v ---,xn) € Q}'



2.2 More on Closure 35

and so on. We need to compute P(U}'=1A,-). From the inclusion-exclusion formula
(2.2) we have

P(UA.)=iP(A.-)— Y PAAD+ ) P(AiAAR)
i=l1 i=l1

1<i<j<n I<i<j<k<n

— .. (—-1)"P(A1A2...Ap).

To compute P(A;), we fix integer i in the ith spot and count the number of ways
to distribute n — 1 objects in n — 1 spots, which is (n — 1)! and then divide by n!.
To compute P(A;A; we fix i and j and count the number of ways to distribute
n — 2 integers into n — 2 spots, and so on. Thus

n L (n=1)! n\ (n —2)! n\ (n — 3)! .1
P(,LJIA')"" n! _(2) n! +(3) i D

1 1 a1
=1—E+§_“'(_1) prt
Taking into account the expansion of e* for x = —1 we see that for large n, the

probability of a coincidence is approximately

P(U A)~1-—e1' 20632
l=l D

2.2 More on Closure

A o-field is a collection of subsets of €2 satisfying certain closure properties,
namely closure under complementation and countable union. We will have need
of collections of sets satisfying different closure axioms. We define a structure G
to be a collection of subsets of €2 satisfying certain specified closure axioms. Here
are some other structures. Some have been discussed, some will be discussed and
some are listed but will not be discussed or used here.

o field

e o-field

e semialgebra
e semiring

e ring

e o-Ting

e monotone class (closed under monotone limits)
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o m-system (P is a m-system, if it is closed under finite intersections: A, B €
PimpliessANB € P).

e A-system (synonyms: o -additive class, Dynkin class); this will be used ex-
tensively as the basis of our most widely used induction technique.

Fix a structure in mind. Call it S. As with o -algebras, we can make the follow-
ing definition.

Definition 2.2.1 The minimal structure S generated by a class C is a non-empty
structure satisfying

(i) SDOC,
(ii) If S’ is some other structure containing C, then S’ O S.
Denote the minimal structure by S(C).

Proposition 2.2.1 The minimal structure S exists and is unique.

As we did with generating a minimal o -field, let
R ={G:Gisastructure ,G D C}

and
S(C) = Ngen§.

2.2.1 Dynkin’s theorem

Dynkin’s theorem is a remarkably flexible device for performing set inductions
which is ideally suited to probability theory.

A class of subsets £ of 2 is a called a A-system if it satisfies either the new
postulates A1, A, A3 or the old postulates A7, A5, A] given in the following table.

A-system postulates
old new
M | Qel M | Qel
M, |ALBeEL,ACB=B\AeLl |X [AeL=A€L
Ay [AntAnel=2UA el A3 | n#Em,ApAp, =0,
Ape L= UyAp e L.

The old postulates are equivalent to the new ones. Here we only check that
old implies new. Suppose Ay, A5, A] are true. Then A is true. Since Q € L, if
A€ L,then A C Qandby A}, Q\ A = A€ € L, which shows that A, is true. If
A, B € L are disjoint, we showthat AUB € L. NowQ\A e Land BC Q\ A
(since w € B implies w ¢ A which means w € A€ = Q \ A) so by A}, we have
(2\ A)\ B = A°B¢ € L and by A we have (A°B°) = AU B € L which s
A3 for finitely many sets. Now if A, € £ are mutually disjoint for j = 1,2,...,
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define B, = U]_,Aj. Then B, € L by the prior argument for 2 sets and by A
we have U, B, = lim,,o 1 B, € L. Since U,B,, = U,A, we have U,A, € L
which is A3. ]

Remark. It is clear that a o-field is always a A-system since the new postulates
obviously hold.

Recall that a r-system is a class of sets closed under finite intersections; that
is, P is a w-system if whenever A, B € P we have AB € P.

We are now in a position to state Dynkin’s theorem.

Theorem 2.2.2 (Dynkin’s theorem) (a) If P is a m-system and L is a A-system
such that P C L, then o (P) C L.

(b) If P is a 7 -system
o (P) = L(P),
that is, the minimal o -field over P equals the minimal A-system over P.

Note (b) follows from (a). To see this assume (a) is true. Since P € L(P), we
have from (a) that o (P) C L(P). On the other hand, o (P), being a o-field, is a
A-system containing P and hence contains the minimal A-system over P, so that
o(P) O L(P).

Before the proof of (a), here is a significant application of Dynkin’s theorem.

Proposition 2.2.3 Let P, P, be two probability measures on (2, B). The class
L:={A € B: P(A) = P,(A)}

Is a A-system.

Proof of Proposition 2.2.3. We show the new postulates hold:

(A1) Q € Lssince P(R) = Py(2) = 1.

(A2) A € Limplies A€ € L, since A € £ means P;(A) = P,(A), from which

Pi(A) =1— Pi(A) =1 — P2(A) = Py(A°).

(A3) If {A;} is a mutually disjoint sequence of events in £, then P1(A;) =
P>(Aj) for all j, and hence

P JAp =) Pap =7 PAp =P JAp
J J J J

so that

UAj e L.
j
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Corollary 2.2.1 If Py, P, are two probability measures on (2, B) and if P is a
w-system such that
VAeP: Pi(A) = Py(A),

then
VB eo(P): Pi(B)= P)B).

Proof of Corollary 2.2.1. We have
L ={A € B: Pi(A) = P,(A)})
is a A-system. But £ O P and hence by Dynkin’s theorem £ D o (P). O

Corollary 2.2.2 Let 2 = R. Let P;, P, be two probability measures on (R, B(R))
such that their distribution functions are equal:

Vx e R: Fi(x) = Py((—00, x]) = F2(x) = Py((—00, x])-

Then
P] = P2

on B(R).

So a probability measure on R is uniquely determined by its distribution func-
tion.

Proof of Corollary 2.2.2. Let
P = {(—00,x] : x € R}.
Then P is a w-system since
(=00, x]N (—00, y] = (—00,x Ay] € P.

Furthermore o (P) = B(R) since the Borel sets can be generated by the semi-
infinite intervals (see Section 1.7). So Fj(x) = Fy(x) for all x € R, means P; =
P> on P and hence P; = P> on o (P) = B(R). O

2.2.2 Proof of Dynkin’s theorem

Recall that we only need to prove: If P is a w-system and £ is a A-system then
P c L implies o (P) C L.
We begin by proving the following proposition.

Proposition 2.2.4 If a class C is both a w-system and a A-system, then it is a
o-field.

Proof of Proposition 2.2.4. First we show C is a field: We check the field postu-
lates.
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(i) © € Csince C is a A-system.
(ii) A € C implies A€ € C since C is a A-system.
(iii) If Aj € C,for j=1,... ,n,then|_,A; € Csince C is a r-system.

Knowing that C is a field, in order to show that it is a o-field we need to show
thatif A, € C, for j > 1, then U72 A, € C. Since

and U’;=1A ; € C (since C is a field) it suffices to show C is closed under monotone
non-decreasing limits. This follows from the old postulate A7. m]

We can now prove Dynkin’s theorem.

Proof of Dynkin’s Theorem 2.2.2. It suffices to show L£(P) is a w-system since
L(P) is both a w-system and a A-system, and thus by Proposition 2.2.4 also a
o-field. This means that

L>LMP)DP.
Since L(P) is a o-field containing P,
L(P) D o(P)
from which
L > L(P) > o(P),
and therefore we get the desired conclusion that
LD o(P).

We now concentrate on showing that £L(P) is a w-system. Fix a set A € B and
relative to this A, define

Ga ={B € B: AB € L(P))}.

We proceed in a series of steps.

[A] If A € L(P), we claim that G, is a A-system.

To prove [A] we check the new A-system postulates.

(i) We have
Qe Gy

since AQ = A € L(P) by assumption.
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[B]

[B]

[€]

[C]

2.3
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(ii) Suppose B € Ga. We have that B°A = A \ AB. But B € G4 means
AB € L(P) and since by assumption A € L(P), we have A \ AB =
B°A € L(P) since A-systems are closed under proper differences.
Since B¢A € L(P), it follows that B¢ € G4 by definition.

(iif) Suppose {B;} is a mutually disjoint sequence and B; € G4. Then

(o.¢] (oo
anJBp =45,
1=1 j=1

is a disjoint union of sets in £(P), and hence in L(P).

Next, we claim that if A € P, then L(P) C G4.

To prove this claim, observe that since A € P C L(P), we have from [A]
that G4 is a A-system.

For B € P, we have AB € P since by assumption A € P and P is a
n-system. So if B € P, then AB € P C L(P) implies B € G4; that is

P CGa. (2.4)

Since G4 is a A-system, G4 D L(P).

We may rephrase [B] using the definition of G4 to get the following state-
ment. If A € P, and B € L(P), then AB € L(P). (So we are making
progress toward our goal of showing £(P) is a w-system.)

We now claim that if A € L(P), then L(P) C Ga.

To prove [C): If B € P and A € L(P), then from [B’] (interchange the
roles of the sets A and B) we have AB € L(P). So when A € L(P),

P CGa.

From [A], G4 is a A-system so L(P) C Ga.

To finish, we rephrase [C]: If A € L(P), then for any B € L(P), B € G,.
This says that

AB € L(P)

as desired. O

Two Constructions

Here we give two simple examples of how to construct probability spaces. These
examples will be familiar from earlier probability studies and from Example 2.1.2,
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but can now be viewed from a more mature perspective. The task of constructing
more general probability models will be considered in the next Section 2.4

(i) Discrete models: Suppose 2 = {wy, w2, ...} is countable. For each i, asso-
ciate to w; the number p; where

o0
Vi >1, p, >0and Zp,-:l.
i=1

Define B = P(QQ), and for A € B, set

P(A)= ) p.

w €A
Then we have the following properties of P:
(i) P(A) >0forall A € B.
(i) P(=Y2,p =1
(iii) P is o-additive: If A, j > 1 are mutually disjoint subsets, then

P(QA,-)= 2. =) b

w, €EVJA, Jj weEA,

=Y P(A)).
J

Note this last step is justified because the series, being positive, can be
added in any order.

This gives the general construction of probabilities when €2 is countable. Next
comes a time honored specific example of countable state space model.

(if) Coin tossing N times: What is an appropriate probability space for the ex-
periment “toss a weighted coin N times”? Set

Q=1{0,1}" ={(w1,...,0N) :@w; =0o0r 1}.
Forp>0,9 >0, p+q =1, define

pZ]N=l w, qN—Z]NEI w, #l'S #O'S

P(w.....on) = =p q .

Construct a probability measure P as in (i) above: Let B = P(2) and for A C
define

P(A)= ) Po.

wWEA
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As in (i) above, this gives a probability model provided )", .o p» = 1. Note the
product form

N
Py, ...ox) = pw,ql—w,
i=1
SO
n
>op= ) [lrg™
! Wy.ee. ON =1
N-1
— Z l_[ pw:ql"‘wl Splq0+p0qlz== 1.

W) ON_1 1=1

1 O

2.4 Constructions of Probability Spaces

The previous section described how to construct a probability space when the
sample space £2 is countable. A more complex case but very useful in applications
is when Q is uncountable, for example, when Q = R, R*, R, and so on. For
these and similar cases, how do we construct a probability space which will have
given desirable properties? For instance, consider the following questions.

(i) Given a distribution function F(x), let 2 = R. How do we construct a
probability measure P on B(R) such that the distribution function corre-
sponding to P is F:

P((—00,x]) = F(x).

(i) How do you construct a probability space containing an iid sequence of
random variables or a sequence of random variables with given finite di-
mensional distributions.

A simple case of this question: How do we build a model of an infinite
sequence of coin tosses so we can answer questions such as:

(a) What is the probability that heads occurs infinitely often in an infinite
sequence of coin tosses; that is, how do we compute

P[ heads occurs i.o. ]?

(b) How do we compute the probability that ultimately the excess of
heads over tails is at least 17?

(c) In a gambling game where a coin is tossed repeatedly and a heads
results in a gain of one dollar and a tail results in a loss of one dollar,
what is the probability that starting with a fortune of x, ruin eventually
occurs; that is, eventually my stake is wiped out?



2.4 Constructions of Probability Spaces 43

For these and similar questions, we need uncountable spaces. For the coin toss-
ing problems we need the sample space

Q ={0, jN
={(w1, w2,...) 1w, € {0,1}, i > 1}.

2.4.1 General Construction of a Probability Model

The general method is to start with a sample space €2 and a restricted, simple class
of subsets S of 2 to which the assignment of probabilities is obvious or natural.
Then this assignment of probabilities is extended to o (S). For example, if 2 = R,
the real line, and we are given a distribution function F, we could take S to be

S={@a,b]: -0 <a<b<x}
and then define P on S to be
P((a, b)) = F(b) — F(a).

The problem is to extend the definition of P from S to B(R), the Borel sets.
For what follows, recall the notational convention that Z;’=1 A; means a dis-
joint union; that is, that Ay, ..., A, are mutually disjoint and

> A=A

i= i=

The following definitions help clarify language and proceedings. Given two
structures Gy, G» of subsets of € such that G; C G, and two set functions

P :Gi—[0,1], i=1,2,

we say P is an extension of P (or P) extends to P,) if P, restricted to G equals
P,. This is written
Plg, = P

and means P;(A;) = Py(A;) for all A1 € G;. A set function P with structure G
as domain and range [0, 1],

P:Gw—[0,1],

is additive if for any n > 1 and any disjoint Ay, ..., A, € G such that Z:-’=1 A; €
G we have

P()_Ai) =) P(A). (2.5)

Call P o-additive if the index n can be replaced by o0; that is, (2.5) holds for
mutually disjoint {A,,n > 1} withAj € G, j > 1and 332, Aj €G.
We now define a primitive structure called a semialgebra.
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Definition 2.4.1 A class S of subsets of S is a semialgebra if the following pos-
tulates hold:

(i) 2,2 € S.
(ii) S isa m-system; that is, it is closed under finite intersections.

(iii) If A € S, then there exist some finite n and disjoint sets Cq, ..., C,, with
each C; € Ssuchthat A°=3""_, C;.

The plan is to start with a probability measure on the primitive structure S,
show there is a unique extension to A(S), the algebra (field) generated by S
(first extension theorem) and then show there is a unique extension from .A(S)
to 0 (A(S)) = 0 (S), the o-field generated by S (second extension theorem).

Before proceeding, here are standard examples of semialgebras.

Examples:

(a) Let Q = R, and suppose S consists of intervals including @, the empty
set:

S1={(a,b]: —00<a <b < x)

If Iy, I, € Sy, then I1 I is an interval and in S; and if I € Sy, then I€ is a
union of disjoint intervals.

FIGURE 2.1 Intervals
(b) Let
Q=R ={(x),....50):x; €R,i=1,... k)
Sk = all rectangles (including @, the empty set ).
Note that we call A a rectangle if it is of the form

A=L x---xI

where I, € S is aninterval, j = 1, ..., k as in item (a) above. Obviously
@, 2 are rectangles and intersections of rectangles are rectangles. When
k = 2 and A is a rectangle, the picture of A€ appears in Figure 2.2, showing
A€ can be written as a disjoint union of rectangles.
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FIGURE 2.2 Rectangles

For general k, let

k
A=1 x---xlk,=ﬂ{(x1,....xk):x, € I}
1=1

so that

k ¢ k
A = (ﬂ{(xl,...,xk) 1 X, € l,}) = U{(xl,...,xk) :x; € IF).
1=1 =1

Since I; € Sy, wehave IS = I/ + 1", where I, I € S) are intervals.
Consider
Di={Uyx - xUg:Uy=Igor I ot I, a=1,...,k}.
WhenUy =1y, a=1,... ,k,thenU; x... x Uy = A. So
A€ = Z Uy x--- x Ug.

Uy x xUpeD
Not all Ug=l1y, a=1,....k

This shows that Sy is a semialgebra. m]

Starting with a semialgebra S, we first discuss the structure of A(S), the small-
est algebra or field containing S.

Lemma 2.4.1 (The field generated by a semialgebra) Suppose S is a semial-
gebra of subsets of 2. Then

AS) =) _S, : 1 finite, {S;, i € I} disjoint, S, € S}, (2.6)
1€l
is the family of all sums of finite families of mutually disjoint subsets of Q2 in S.
Proof. Let A be the collection on the right side of (2.6). It is clear that A D S (take

I to be a singleton set) and we claim A is a field. We check the field postulates in
Definition 1.5.2, Chapter 1 on page 12:
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(i) Q € Asince Q € S.

(iif) If 3 ;7 Si and }_ ¢, S are two members of A, then

(Zs)N(Es)- T ssea

i€l JjeJ (.j)elxJ

since {S; S; , (i, J) € I x J} is a finite, disjoint collection of members of the
m-system S.

(ii) To check closure under complementation, let ) ;, S; € A and observe

(Z s,-)c =[S

iel 1e]

But from the axioms defining a semialgebra, S; € S implies

for a finite index set J; and disjoint sets {S;;, j € J;} in S. Now observe
that N;¢s S¢ € A by the previously proven (iii).

So A is a field, A D S and hence A D .A(S). Since also

ZS, € A implies ZS,- € A(S),

rel 1el
we get A C A(S) and thus, as desired, A = A(S). 0

It is now relatively easy to extend a probability measure from S to A(S).

Theorem 2.4.1 (First Extension Theorem) Suppose S is a semialgebra of sub-
setsof Qand P : S — [0, 1] is o -additive on S and satisfies P(2) = 1. There is
a unique extension P’ of P to A(S), defined by

P'Q SH)=)_ P (2.7)

el el

which is a probability measure on A(S);, that is P'(2) = 1 and P’ is o-additive
on A(S).

Proof. We must first check that (2.7) defines P’ unambiguously and to do this,
suppose A € A(S) has two distinct representations

A=) "§=)Sj

1€l jeJ
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We need to verify that

Y P(S) =) _P(S)) (2.8)

i€l J€J

so that P’ has a unique value at A. Confirming (2.8) is easy since §; C A and

therefore
Y PGS)=) PSiA=)Y PSNY S)

1€l 1€l tel J€J
- P s
i€l jeJ

and using the fact that §; = )_ jeJ S, S;- € S and P is additive on S, we get the
above equal to

1€l jeJ jeJ 1€l

Reversing the logic, this equals
-3 P
jeJ

as required.
Now we check that P’ is o-additive on .A(S). Thus suppose fori > 1,

A= Z Sij € A(S), S, €S,
Jj€h

and {A,, i > 1} are mutually disjoint and

o0
A= ZA, e A(S).

1=1

Since A € A(S), A also has a representation

Azzsk, Sk €S, keKk,
kekK

where K is a finite index set. From the definition of P’, we have

P'(A) = Z P(Si).
keK

Write

= SiA = ZSkA _ZZsks,,

1=1 j€J,
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Now S;S;j € Sand Y 2, Z]-EJ, SkSi; = Sk € S, and since P is o-additive on
S, we have

o0 oo
Y PS)=) D DY P&S)=)_> D P&S,).

keK keK i=1 jeJ, i=1 jeJ, keK

Again observe
Z SkS,'j = AS,'J = §jj € S
keK

and by additivity of P on S

DX P&SH =D PGSy,

i=1 jeJ, keK 1=1 jeJ,

and continuing in the same way, we get this equal to

=2 _PQ_Sj)=) PA)

i=1 J€J, 1=1

as desired.
Finally, it is clear that P has a unique extension from S to A(S), since if Pl’
and P, are two additive extensions, then for any

A=) SieAOS)
iel
we have
P'(A) = ) P(S)) = P5(A).

1€l
O

Now we know how to extend a probability measure from S to A(S). The next
step is to extend the probability measure from the algebra to the o-algebra.

Theorem 2.4.2 (Second Extension Theorem) A probability measure P defined
on a field A of subsets has a unique extension to a probability measure on o (A),
the o -field generated by A.

Combining the First and Second Extension Theorems 2.4.1 and 2.4.2 yields the
final result.

Theorem 2.4.3 (Combo Extension Theorem) Suppose S is a semialgebra of sub-
sets of 2 and that P is a o-additive set function mapping S into [0, 1] such that
P(2) = 1. There is a unique probability measure on o (S) that extends P.

The ease with which this result can be applied depends largely on how easily
one can check that a set function P defined on S is o -additive (as opposed to just
being additive). Sometimes some sort of compactness argument is needed.

The proof of the Second Extension Theorem 2.4.2 is somewhat longer than the
proof of the First Extension Theorem and is deferred to the next Subsection 2.4.2.
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2.4.2 Proof of the Second Extension Theorem

We now prove the Second Extension Theorem. We start with a field A and a
probability measure P on A so that P(2) = 1, and for all A € A, P(A) = 0 and
for {A,} disjoint, A; € A, Y2 A; € A, we have P(3_ 2, Ai) =Y o, P(A).
The proof is broken into 3 parts. In Part I, we extend P to a set function I1 on
a class G D A. In Part I we extend I to a set function IT* on a class D D o (A)
and in Part III we restrict I1* to o (A) yielding the desired extension.
PART 1. We begin by defining the class G:

oo
G:={l Ja,:4,€4
=1
={lim 1 B,: B, € A, B, C By41, Vn}.
n—00

So G is the class of unions of countable collections of sets in .4, or equivalently,
since A is a field, G is the class of non-decreasing limits of elements of .A.

We also define a set function IT : G — [0, 1] via the following definition: If
G =limyo00 1 By € G, where B, € A, define

M(G) = tim 1 P(By). 2.9)

Since P is o-additive on A, P is monotone on .4, so the monotone convergence
indicated in (2.9) is justified. Call the sequence { B, } the approximating sequence
to G. To verify that I1 is well defined, we need to check that if G has two approx-
imating sequences {B,} and {B, },

G = lim 1 B,= lim % B,
n—00 n— 00
then
lim 1 P(B,) = lim 1 P(B,).
n— 00 n—00

This is verified in the next lemma whose proof is typical of this sort of uniqueness
proof in that some sort of merging of two approximating sequences takes place.

Lemma 2.4.2 If {B,} and {B,} are two non-decreasing sequences of sets in A
and

then
lim 4 P(By) < lim ¢ P(B,’,).
n—»00

n— 00

Proof. For fixed m

lim 1 BB, = B, (2.10)

n—0C
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Since also
BB, C B,

and P is continuous with respect to monotonely converging sequences as a con-
sequence of being o-additive (see Item 7 on page 31), we have

lim 4 P(B.) > lim 4 P(BnB,) = P(Bm),
n—00o n— oo

where the last equality results from (2.10) and P being continuous. The inequality
holds for all m, so we conclude that

lim 4 P(B,) > lim % P(Bp)
n—00 m—»00
as desired. ]

Now we list some properties of IT and G:

Property 1. We have

Peg, N@W =0,
Qeg, TI(Q)=1,

and forG € G
0<TI(G) <1. (2.11)
More generally, we have A C G and
Mg =P;

that is, [T(A) = P(A), for A € A.

The first statements are clear since, for example, if we set B, = 2 for all

n, then
ABB,,=QTQ,

and
MQR) = ,,1.1120 + P =1

and a similar argument holds for @. The statement (2.11) follows from 0 <
P(B,) < 1 for approximating sets {B,} in .A. To show I1(A) = P(A) for
A, € A, take the approximating sequence to be identically equal to A.

Property 2. If G, € G fori = 1, 2 then
Gi1UGe g, GinNnGae€eg,
and

I1(G1 UG2) + (G NG2) = T(Gy) + T(G2). (2.12)
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This implies IT is additive on G.

To see this, pick approximating sets Bp1, B,2 € A such that B,, 1 G, for
i = 1,2 asn — oo and then, since A is a field, it follows that

A>3 By UBy t G1UG,,
AanlanZTclnGZ,

showing that G; U G2 and G| N G are in G. Further
P(Bnl U BnZ) + P(Bnl N By2) = P(Bnl) + P(BnZ), (2-13)
from (2.1) on page 30. If we let n — 00 in (2.13), we get (2.12).

Property 3. I1 is monotone on G: If G; € G,i = 1,2 and G; C G>, then
[1(G1) < I(G3). This follows directly from Lemma 2.4.2.

Property 4. If G, € Gand G, 1 G, then G € G and
IN(G) = lim I(G,).
n— 00

So G is closed under non-decreasing limits and I1 is sequentially mono-
tonely continuous. Combining this with Property 2, we get that if
{A;,i > 1} is a disjoint sequence of sets in G, ) 2, A, € G and

n(i/‘i) =“(,,1_i.“éo ) Zn:A:) = nl_ljgo 1 n(zn:A:)
1=1 1=1 1=1

="]_i_’rr01o 0 Zn:l’l(A,-) = io:P(Ai)-
=1 1=1

So Il is o-additive on G.

For each n, G, has an approximating sequence B,, , € .A such that

lim 4 Bpnp = Ghn. (2.14)

m—00

Define D,y = U]_; Bm.n- Since A is closed under finite unions, D,, € A.
We show

lim 4 D, =G, (2.15)

m—»00

and if (2.15) is true, then G has a monotone approximating sequence of sets
in A, and hence G € G.

To show (2.15), we first verify { D,,} is monotone:

m m
Dm = U Bm.n - U Bm+1.n
n=1 n=1
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(from (2.14))

m+1
C U Bm+l.n = Dm+l-

n=1

Now we show {D,,} has the correct limit. If n < m, we have from the
definition of Dy, and (2.14)

m m
Bn.n C Dpy = UBm.j C UG; =Gm;
1=1 1=1

that is,
Byn C Dy C Gy (2.16)
Taking limits on m, we have for any n > 1,
Gp= lim *By,C lim +D,C lim 4G,=G
m-—>00 m-—>00 m-—>00

and now taking limits on n yields

G=1lm +G,C lim 4D,C lim 1G,=G (2.17)

n—»00 m-—>00 m-=—>00

which shows D,,, 1 G and proves G € G. Furthermore, from the definition
of I1, we know T1(G) = lim;y 00 1 [1(D,).

It remains to show I1(G,) 1 I1(G). From Property 2, all sets appearing in
(2.16) are in G and from monotonicity property 3, we get

M(Bm,n) < (D) < TG ).
Let m — 00 and since G, = limpy—,o0 1 Bm,n We get
MGy < lim 1t (D) < lim 1 T(G.m)
m-—00 m—00
which is true for all n. Thus letting n — oo gives
lim ¢ I1(Gp) < lim I1(Dy) < lim 9 I1(Gp),
n—00 m-—00 m-—>00

and therefore
lim ¢ I(G,) = lim T[1(D,,).
n—»00 m-—» 00

The desired result follows from recalling

lim I1(D,,) = MN(G).
m-—090
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This extends P on A to a o-additive set function [T on G. 0

PART 2. We next extend I to a set function IT* on the power set P(£2) and
finally show the restriction of IT* to a certain subclass D of P(2) can yield the

desired extension of P.
We define IT* : P(2) — [0, 1] by

VAeP(Q): IN*A) =inf{l1(G):AcGeg} (2.18)

so [1*(A) is the least upper bound of values of I on sets G € G containing A.
We now consider properties of IT*:

Property 1. We have on G:
M*|g =TI (2.19)

and 0 < [M*(A) < 1for any A € P(Q2).
It is clear that if A € G, then

Ae{G:ACG €g)

and hence the infimum in (2.18) is achieved at A.

In particular, from (2.19) we get
nm)=nN=1, M@ =nw =0.

Property 2. We have for A1, A2 € P(Q)
MM*(A; UA2) + TT*(A1 N A) < IT* (A1) + [T*(A2) (2.20)
and taking A1 = A, A2 = A€ in (2.20) we get
1 =MNM*") < N*A) + M*(A9), (2.21)

where we used the fact that [1*(2) = 1.

To verify (2.20), fix € > 0 and find G, € G such that G; D A,, and for
i=1,2, .
*(A;) + 5 2 TG

Adding over i = 1, 2 yields
M*(Ay) + [MT*(A2) + € = TI(G)) + T1(G2).
By Property 2 for I (see (2.12)), the right side equals
=I(G1 UG2) + II(G1 NG?).

Since G1UG, D AjUA,, G1NG2 D A N A3, we get from the definition
of IT* that the above is bounded below by

> [1*(A; UA2) + [T*"(A; N A)).
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Property 3. IT* is monotone on P(£2). This follows from the fact that I'T is mono-
tone on G.

Property 4. T1* is sequentially monotone continuous on P(S) in the sense that
if A, 1 A, then [1*(A,) 1 [T*(A).

To prove this, fix € > 0. for each n > 1, find G,, € G such that G, D A,
and

M*(A,) + zi > T1(G.,). (2.22)

Define G, = U, _ G . Since G is closed under finite unions, G, € G and
{G,} is obviously non-decreasing. We claim for all n > 1,

M*(An) +€ ) 277 > TI(G)). (2.23)

=1

We prove the claim by induction. For n = 1, the claim follows from (2.22)
and the fact that G| = G1. Make the induction hypothesis that (2.23) holds
for n and we verify (2.23) for n + 1. We have

Ap CGn,CG,and Ay C Apy1 C Gy
and therefore A, C G,, and A, C Gp41, SO
AnCG,NGut1 €G. (2.29)
Thus

N(G,,,) =N(G, UGpny1)
=n(G;,) + I-I(Gn+1) - n(G:, N Gn+1)

from (2.12) for I'1 on G and using the induction hypothesis, (2.22) and the
monotonicity of IT*, we get the upper bound

< (IT"(A,.) +e }52"’) + (M Anen) + 23)

1=1
— M*(An)
n+1
=€ Y 27" + MM*(An+1)

1=1
which is (2.23) with n replaced by n + 1.

Let n — o0 in (2.23). Recalling IT* is monotone on P(£2), IT is monotone
on G and G is closed under non-decreasing limits, we get

oo

Jim 1 0*(An) + € 2 lim 1 1(G,) =1 JG).

j=1
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Since

o0
A=nl—i>ngoTA"CLJIGi€g’
l=

we conclude
lim 1 M*(A,) > [T*(A).
n—00
For a reverse inequality, note that monotonicity gives

M*(An) < MM*(A)

and thus

lim ¢ I'I*(A,,) < MM*(A).
n—o00 O

PART 3. We now retract I'1* to a certain subclass D of P(£2) and show IT*|p is
the desired extension.
We define
D:={D e P(Q): N*(D) + NN*(D°) = 1.}

Lemma 2.4.3 The class D has the following properties:
1. Dis a o-field.
2. IT*|p is a probability measure on (2, D).

Proof. We first show D is a field. Obviously 2 € D since [T*(2) = 1 and
IM*(@) = 0. To see D is closed under complementation is easy: If D € D, then

n*(D) + M*(D°) =1

and the same holds for D€.
Next, we show D is closed under finite unions and finite intersections. If D, D; €

D, then from (2.20)

M*(D; U D7) + N*(Dy N Dy) <I*(Dy) + M*(D37) (2.25)
[M*((Dy U Dy)°) + M*((D1 N D2)€) <N1*(D§) + M*(DY). (2.26)

Add the two inequalities (2.25) and (2.26) to get

1*(D; U D)+ 1T*((Dy U D)°)
+ (DN D) +M*(D1ND)S) <2 (2.27)

where we used D; € D, i = 1, 2 on the right side. From (2.21), the left side of
(2.27) is > 2, so equality prevails in (2.27). Again using (2.21), we see

1*(D; U D7) + NM*((D U Dy)°) =1
M*(D; N D3) + IM*((D1 N Dy)°) =1.
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Thus D1UD,, DiND; € D and D is a field. Also, equality must prevail in (2.25)
and (2.26) (else it would fail in (2.27)). This shows that I1* is finitely additive on
D.

Now it remains to show that D is a o -field and I1* is o-additive on D. Since D
is a field, to show it is a o-field, it suffices by Exercise 41 of Chapter 1 to show
that D is a monotone class. Since D is closed under complementation, it is enough
to show that D, € D, D, 1 D implies D € D. However, D, 1+ D implies, since
IT* is monotone and sequentially monotone continuous, that

o0
lim 1 M*(Dy) = *(|_J Da) = M*(D).
n—00 =1

Also, forany m > 1,

o0 o0
(| ba)9) = 0*([") D) < M*(DE)
n=1 n=1

and therefore, from (2.21)

oo oo
1< (| Dn) + I« D)) < lim (D) + 0*(D)  (228)
n=1 n=1

and letting m — oo, we get using D, € D
1< lim 0*(D,)+ lim M*(DE)
n—0o0 m—=—>00
= lim (IMT*(Dn) + M*(DY)) = 1,

n—00

and so equality prevails in (2.28). Thus, D, ¢+ D and D, € D imply D € D and
D is both an algebra and a monotone class and hence is a o-algebra.

Finally, we show IT*|p is o-additive. If {D,} is a sequence of disjoint sets in
D, then because IT* is continuous with respect to non-decreasing sequences and
Dis a field

o0 n
M*()_ D) =M*(lim > D)
1=1 i=1

n
— 3 * -
= lim, "Q_ Do)

and because I1* is finitely additive on D, this is

n o0
= lim ) T1*(D,) = ) M*(Dy),
SR =1
as desired.
Since D is a o-field and D D A, D D o(A). The restriction IT*|, (4 is the
desired extension of P on A to a probability measure on o (A). The extension

from A to o (A) must be unique because of Corollary 2.2.1 to Dynkin’s theorem.
O
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2.5 Measure Constructions

In this section we give two related constructions of probability spaces. The first
discussion shows how to construct Lebesgue measure on (0, 1] and the second
shows how to construct a probability on R with given distribution function F.

2.5.1 Lebesgue Measure on (0, 1]
Suppose

Q = (0, 1],
B =B((0, 1)),
S={a,b]:0<a<b<x<l)]

Define on S the function A : S — [0, 1] by
A@)=0, Ma,bl=b-a.

With a view to applying Extension Theorem 2.4.3, note that A(A) > 0. To show
that A has unique extension we need to show that A is o-additive.
We first show that A is finitely additive on S. Let (a, b] € S and suppose

k
(a,b] = | J(a,, b,
=1

where the intervals on the right side are disjoint. Assuming the intervals have been
indexed conveniently, we have

ay=a,bp=b,bj=a,41, i =1.... ,k—1.

L o
—

) 3
02 b2=a3 R ¢ bk

—_~
[ =)

FIGURE 2.3 Abutting Intervals
Then A(a, b] = b — a and

k k
Z)‘(au bx] = Z(bx - a;)
1=1 =1

=by—a1+by—ay+---+br—a
=bk—-a1 =b-—a.

This shows A is finitely additive.
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We now show A is o-additive. Care must be taken since this involves an infinite
number of sets and in fact a compactness argument is employed to cope with the

infinities.
Let

o0
(av b] = U(al’ bl]
=1
and we first prove that

o0
b-a<) (b —a)
1=1

Pick € < b — a and observe

[a+e, b]cU(a,,b +2)-

(2.29)

(2.30)

The set on the left side of (2.30) is compact and the right side of (2.30) gives an
open cover, so that by compactness, there is a finite subcover. Thus there exists

some integer N such that

[a + ¢, b]CU(a,,b +2,)

=1

It suffices to prove

ad £
b—a—egZ(b,-—-a,-+2—')
1

since then we would have

b-a—¢ 5i(b —a+2) < Z(b ~a) +e;
1

that is,
o0
b—a<) (b —a)+2e.
1
Since ¢ can be arbitrarily small

(o @]
b—a<) (bi—a)
1

as desired.

(2.31)

(2.32)

(2.33)

(2.34)
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Rephrasing relations (2.31) and (2.32) slightly, we need to prove that
N
[a.b] C | Jai. bi) (2.35)
1
implies
N
b—a <) (bi—a). (2.36)
1

We prove this by induction. First note that the assertion that (2.35) implies
(2.36) is true for N = 1. Now we make the induction hypothesis that whenever
relation (2.35) holds for N — 1, it follows that relation (2.36) holds for N — 1. We
now must show that (2.35) implies (2.36) for N.

Suppose ay = v‘lv a;, and

ay < b < by, (2.37)

with similar argument if (2.37) fails. Suppose relation (2.35) holds. We consider
two cases:

ay a b by
FIGURE 2.4 Case 1
qa aN b bN

FIGURE 2.5 Case 2

CASE 1: Suppose ay < a Then

N
b—a<by—ay SZ(bi—ai)-
1

CASE 2: Suppose ay > a. Then if (2.35) holds
N-1
[a.an] C | (@.b)

1

so by the induction hypothesis

N-1
ay—a <) (bi—a)
1=1
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SO

b—a=b—-—ay+ay —a

N-1
<b—ay+ ) (b —a;)
i=1
N-—1
<by —an + Z(bl -a,)
=1

N
= Z(bi — a;)
1=1

which is relation (2.36). This verifies (2.29).
We now obtain a reverse inequality complimentary to (2.29). We claim that if

(a,b] = Y2, (a,, bi], then for every n,
Ma,b) =b—a =) M@ b]) =) (b —a). (2.38)

1=1 1=1

This is easily verified since we know A is finitely additive on S. For any n,
U_,(a;, b,] is a finite union of disjoint intervals and so is

n m
[a,b]\ | @i, bi]=: | ] 1,.
1=1 =1
So by finite additivity

m

A(a, b)) =r(_J@, b1u | ] 1),
1=1 =1

J

which by finite additivity is

=il((ai,b,]) + il(lj)
1=1 j=1
> ill((ai,bx]).
Let n — 00 to achieve
A((a, b)) = ilk((an b,]).

This plus (2.29) shows A is o-additive on S. O
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2.5.2 Construction of a Probability Measure on R with Given
Distribution Function F (x)

Given Lebesgue measure A constructed in Section 2.5.1 and a distribution func-
tion F (x), we construct a probability measure on R, PF, such that

Pp((—00, x]) = F(x).

Define the left continuous inverse of F as

F (y)=inf{s: F(s)>y}, O<y<]1 (2.39)
A
F(x)
. :
: »
F(y) x
FIGURE 2.6

and define
A(y) :={s: F(s) > y}.

Here are the important properties of A(y).

(a) The set A(y) is closed. If s, € A(y), and s, | s, then by right continuity
y = F(sa) 1 F(9),
so F(s) > yands € A(y). Ifs, 1 sand s, € A(y), then
y < F(sp) t F(s—) < F(s)
and y < F(s) implies s € A(y).

(b) Since A(y) closed,
infA(y) € A(y);

that is,
F(FT() >y.
(c) Consequently,
Fo()>tiffy > F(t)

or equivalently
FT(y) <tiffy < F(1).
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The last property is proved as follows. If t < F*(y) = infA(y), then ¢t ¢
A(y), sothat F(t) < y. Conversely, if F*(y) <t,thent € A(y) and F(t) > y.
Now define for A C R

EFr(A) ={x € (0,1]: FT(x) € A}.
If A is a Borel subset of (R), then ££(A) is a Borel subset of (0, 1].
Lemma 2.5.1 If A € B(R), then £r(A) € B((0.1)).
Proof. Define
G ={A CR:&r(A) € B((0, 1]}
G contains finite intervals of the form (a, b] C R since from Property (c) of F <
Er((a,b]) ={x € (0,1]: F~ (x) € (a, b]}
={xe€(0,1]:a < FT(x) <b)
={x € (0,1} : F(a) < x < F(b)}
= (F(a), F(b)] € B((0, 1]).
Also G is a o-field since we easily verify the o-field postulates:

(i) We have
Reg

since £r (R) = (0, 1].
(11) We have that A € G implies A€ € G since
EF(A°) = {x € (0,1]: F*(x) € A°)
={x € (0,1] : F"(x) € A)® = (§r(A))".

(iii) G is closed under countable unions since if A, € G, then

tr( A = Jtr(an)

UA,, €gq.

So G contains intervals and G is a o-field and therefore
G D B(intervals ) = B(R). 0
We now can make our definition of Pr. We define
Pr(A) = A(EF (A)),

where A is Lebesgue measure on (0, 1]. It is easy to check that Pg is a probability
measure. To compute its distribution function and check that it is F, note that

Pr(—00,x] = A(éF(—00,x]) = A{y € (0,1] : F(y) < x}
=My € (0,1]:y < F(x)}
= A((0, F(x)]) = F(x). |

and therefore
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2.6 Exercises

1.

Let $2 be a non-empty set. Let Fg be the collection of all subsets such that
either A or A€ is finite.

(a) Show that Fy is a field.
Define for E € Fg the set function P by
0, if E is finite,

PE) = [ 1, if E€ is finite.
(b) If Q2 is countably infinite, show P is finitely additive but not o -additive.
(c) If  is uncountable, show P is o-additive on Fy.
Hint: Use Exercise 20 of Chapter 1.
Let A be the smallest field over the 7r-system P. Use the inclusion-exclusion

formula (2.2) to show that probability measures agreeing on P must agree
also on A.

. Let (2, B, P) be a probability space. Show for events B, C A, the follow-

ing generalization of subadditivity:

P(U,A,) — P(UiB,) < ) (P(A;) — P(B)).

. Review Exercise 34 in Chapter 1 to see how to extend a o -field. Suppose P

is a probability measure on a o-field B and suppose A ¢ B. Let
Bl==U(B,A)

and show that P has an extension to a probability measure P; on B. (Do
this without appealing directly to the Combo Extension Theorem 2.4.3.)

. Let P be a probability measure on B(R). For any B € B(R) and any € > 0,

there exists a finite union of intervals A such that
P(AAB) < e.
Hint: Define
G : = {B € B(R) : Ve > 0, there exists a finite union of intervals
A¢ such that P(AAB) < €)}.
Say events Ay, Ay, ... are almost disjoint if
P(AiNA;))=0, i4#]j.

Show for such events

o0 (o)
P Jap=) P@&).
=1 =1
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7. Coupon collecting. Suppose there are N different types of coupons avail-

able when buying cereal; each box contains one coupon and the collector
is seeking to collect one of each in order to win a prize. After buying n
boxes, what is the probability p, that the collector has at least one of each
type? (Consider sampling with replacement from a population of N dis-
tinct elements. The sample size is n > N. Use inclusion—exclusion formula

2.2).)

. We know that P = P, on B if Py = P, on C, provided that C generates B

and is a r-system. Show this last property cannot be omitted. For example,
consider 2 = {a, b. c, d} with

Py({a}) = Pi({d}) = P2({b}) = P2({c})) = %
and 1
Pi({b}) = Pi({c})) = P2({a}) = P,({d}) = 3

Set
C = {{a, b}, {d, ¢}, {a, c}, {b, d}}.

. Background: Call two sets A1, A2 € B equivalent if P(A1AA3) = 0. For

a set A € B, define the equivalence class
A* = (B e B: P(BAA) = 0).
This decomposes B into equivalences classes. Write
P*(A*) = P(A), VA eA”

In practice we drop #s; that is identify the equivalence classes with the
members.

An atom in a probability space (2, B, P) is defined as (the equivalence
class of) a set A € Bsuchthat P(A) > 0,and if B C A and B € B, then
P(B) = 0, or P(A \ B) = 0. Furthermore the probability space is called
non-atomic if there are no atoms; that is, A € B and P(A) > 0 imply that
there exists a B € Bsuchthat B C A and 0 < P(B) < P(A).

(a) If @ = R, and P is determined by a distribution function F (x), show
that the atoms are {x : F(x) — F(x-=) > 0}.

(b) If (2, B, P) = ((0, 1], B((0, 1]), A), where A is Lebesgue measure,
then the probability space is non-atomic.

(c) Show that two distinct atoms have intersection which is the empty set.
(The sets A, B are distinct means P(AAB) > 0. The exercise then
requires showing P(ABA@) = 0.)
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(d) A probability space contains at most countably many atoms. (Hint:
What is the maximum number of atoms that the space can contain
that have probability at least 1/n?

(e) If a probability space (2, B, P) contains no atoms, then for every
a € (0, 1] there exists at least one set A € B such that P(A) = a.
(One way of doing this uses Zorn’s lemma.)

(f) For every probability space (2, B, P) and any € > 0, there exists
a finite partition of Q2 by B sets, each of whose elements either has
probability < € or is an atom with probability > €.

(g) Metric space: On the set of equivalence classes, define
d(A%, A%) = P(A10A))

where A; € A¥ fori = 1, 2. Show d is a metric on the set of equiva-
lence classes. Verify

|P(A1) — P(A2)| < P(A18A2)

so that P¥ is uniformly continuous on the set of equivalence classes.
P is o-additive is equivalent to

B> A, | @implies d(A¥, 0*) > 0.

Two events A, B on the probability space (S2, B, P) are equivalent (see
Exercise 9) if
P(ANB)= P(A) v P(B).

Suppose {B,, n > 1} are events with P(B,) = 1 for all n. Show
o0
P(ﬂ B,) = 1.
n=1

Suppose C is a class of subsets of €2 and suppose B C 2 satisfies B € o (C).
Show that there exists a countable class Cg C C such that B € o (Cp).

Hint: Define
G :={B C 2 : 3 countable Cp C C such that B € o(Cp)}.

Show that G is a o-field that contains C.

If {Bx} are events such that

n
Z P(By) > n—1,
k=1

then .
P([)Bx) > 0.
k=1
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15.

16.

17.

18.

19.
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If F is a distribution function, then F has at most countably many discon-
tinuities.

If S; and S; are two semialgebras of subsets of €2, show that the class
8132 ={A1A2: A} € Sy, A € Sz}

is again a semialgebra of subsets of 2. The field (o-field) generated by
8515, is identical with that generated by S; U S,.

Suppose B is a o-field of subsets of $2 and suppose Q : B [0, 1] is a set
function satisfying

(a) Q is finitely additive on B.
(b) 0 < Q(A) <1forall A € Band Q(R2) = 1.
(c) If A, € Baredisjointand ) 2, A; = , then "2, Q(A,) = 1.

Show Q is a probability measure; that is, show Q is o -additive.

For a distribution function F (x), define

F™(y) =inf{t : F(t) > y)
F"(y) =inf{t : F(t) > y}.

We know F;*"(y) is left-continuous. Show F,*~(y) is right continuous and
show

Mu e (0,1]: F;7(u) # F, ()} =0,

where, as usual, A is Lebesgue measure. Does it matter which inverse we
use?

Let A, B, C be disjoint events in a probability space with
P(A)=.6, P(B)=.3, P(C)=.1
Calculate the probabilities of every event in o (A, B, C).

Completion. Let (2, B, P) be a probability space. Call a set N null if
N € Band P(N) = 0. Call a set B C 2 negligible if there exists a null
set N such that B C N. Notice that for B to be negligible, it is not required
that B be measurable. Denote the set of all negligible subsets by . Call B
complete (with respect to P) if every negligible set is null.

What if B is not complete? Define
B*:={AUM:AeB,MeN)}

(a) Show B* is a o -field.
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(b) If A, e Band M; € N fori = 1,2 and
AfUM, = A UM,,

then P(A1) = P(A)).
(c) Define P* : B* — [0, 1] by

P*(AUM)=P(A), AeB, MeN.

Show P* is an extension of P to B*.

(d IfBCcQandA, €eB,i=1,2and A; C B C Aand P(A2\ A}) =
0, then show B € B*.

(e) Show B is complete. Thus every o-field has a completion.

(f) Suppose Q2 = R and B = B(R). Let px > 0, >, px = 1. Let {ax)} be
drly sequence in R. Define P by

P{a))=pr. P(A)=) p, A€B.

ay€A

What is the completion of B?

(g) Say that the probability space (€2, B, P) has a complete extension
(2, B, Py) if B C B; and Pi|g = P. The previous problem (c)
showed that every probability space has a complete extension. How-
ever, this extension may not be unique. Suppose that (2, 33, P») is
a second complete extension of (S2, B, P). Show P, and P, may not
agree on B N B,. (It should be enough to suppose 2 has a small
number of points.)

(h) Is there a minimal extension?

In (0, 1], let B be the class of sets that either (a) are of the first category
or (b) have complement of the first category. Show that B is a o-field. For
A € B, define P(A) to be 0 in case (a) and 1 in case (b). Is P o-additive?

Let A be a field of subsets of 2 and let i be a finitely additive probability
measure on .A. (This requires ©(2) = 1.)

(a) If A> A, | 0, show u(A,) 1 0.
(b) (Harder.)If A > A, — 0, show u(A,) — 0.

Suppose F(x) is a continuous distribution function on R. Show F is uni-
formly continuous.

Multidimensional distribution functions. For a, b, x € B(R*) write
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a<biffa; <b,i=1,...,k;
(—o0,x] = {u € B(R¥) : u < x}
(a,b]={ueB(R"):a<u5b}.

Let P be a probability measure on B(R¥) and define for x € R¥
F(x) = P((—o0, X]).

Let Sy be the semialgebra of k-dimensional rectangles in R¥.

(a) If a < b, show the rectangle I} := (a, b] can be written as
Ik =(=00, b]\ (00, (@1, bz. ..., b)]U

(—o0, (by,as,..., by )JU---U(—o0, (by, by, ..., ak)])
(2.40)

where the union is indexed by the vertices of the rectangle other than
b.

(b) Show
B(R*) = o ((—00, x], x € R).

(c) Check that {(—oo, X], x € R¥} is a 7r-system.
(d) Show P is determined by F (x), x € R¥.

(e) Show F satisfies the following properties:
MIlfx, > 00,i =1,...,k,then F(x) > 1.
(2) If forsome: € {1,...,k} x, > —00, then F(x) — 0.
(3) For S¢ > Iy = (a, b}, use the inclusion-exclusion formula (2.2) to

show
P(Iy) = Ay F.

The symbol on the right is explained as follows. Let V be the vertices
of Iy so that
V={(x,...,xi):x,=a,0rh, i =1,...,k).

Define forx € V

+1, ifcard{i : x; = a;} is even.

sgn(x) =
gn(x) [—1, if card{i : x, = a;} is odd.
Then

ApF = Z sgn(x) F (x).
xeV
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(f) Show F is continuous from above:

lim F(x) = F(a).

a<xl)a

(g) Call F : R* > [0, 1] a multivariate distribution function if properties
(1), (2) hold as well as F is continuous from above and A, F >
0. Show any multivariate distribution function determines a unique
probability measure P on (R¥, B(R¥)). (Use the extension theorem.)

24. Suppose A; is the uniform distribution on the unit square [0, 1] defined by
its distribution function

22([0,61] x [0, 62]) = 6,62, (61, 62) € [0, 1]%.

(a) Prove that A, assigns 0 probability to the boundary of [0, 1]2.
(b) Calculate
2
22{(61,62) € [0,1]%: 6, A6y > 5}.

(c) Calculate

22{(61,62) € [0,1]%: 6, A6 < x,6, A6 < y).
25. In the game of bridge 52 distinguishable cards constituting 4 equal suits are

distributed at random among 4 players. What is the probability that at least
one player has a complete suit?

26. If Ay, ..., A, are events, define

S3= Y P(AiAjA))

I<i<j<k<n

and so on.

(a) Show the probability (1 < m < n)

p(m) = P[)_ 14, = m]
=1
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of exactly m of the events occurring is

m+1 m+2
p(im) =Sy, — ( )Sm+l + ( )Sm+2
m m

T (;)S”' 2.41)

Verify that the inclusion-exclusion formula (2.2) is a special case of
(2.41).

(b) Referring to Example 2.1.2, compute the probability of exactly m co-
incidences.

27. Regular measures. Consider the probability space (Rk, B(Rk), P). A Borel
set A is regular if

P(A) =inf{P(G) : G D A, G open,}
and

P(A) =sup{P(F): F C A, F closed.}

P is regular if all Borel sets are regular. Define C to be the collection of
regular sets.

(2) Show R* € C, @ e C.
(b) Show C is closed under complements and countable unions.
(c) Let F(R¥) be the closed subsets of R¥. Show

FRY cC.

(d) Show B(R¥) c C; that is, show regularity.
(e) For any Borel set A

P(A) =sup{P(K): K C A, K compact.}
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Random Variables, Elements,
and Measurable Maps

In this chapter, we will precisely define a random variable. A random variable is
a real valued function with domain €2 which has an extra property called measur-
ability that allows us to make probability statements about the random variables.

Random variables are convenient tools that allow us to focus on properties of
interest about the experiment being modelled. The 2 may be rich but we may
want to focus on one part of the description. For example, suppose

Q = {0, 1}"

= {(w1,... )ty =00r1, i=1,...,n}

We may imagine this as the sample space for n repeated trials where the outcome
is 1 (success) or O (failure) at each trial. One example of a random variable that
summarizes information and allows us to focus on an aspect of the experiment of
interest is the total number of successes

X((w1,..- op)) =w1+ -+ wy.

We now proceed to the general discussion.

3.1 Inverse Maps

Suppose Q and Q' are two sets. Frequently Q' = R. Suppose

X: Q-
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meaning X is a function with domain Q and range Q’. Then X determines a

function
X 1:P) P

defined by
X NA)={weQ: X(w)eA)

for A’ ¢ Q. X1 preserves complementation, union and intersections as the
following properties show. For A’ C Q', A; C €', and T an arbitrary index set,
the following are true.

(i) We have
X 'd=0 Xx12)=q.

(i1) Set inverses preserve complements:
X1 = x~Aa”
so that
XY@ \A)=9\x1A).

(111) Set inverses preserve unions and intersections:

x1Jan=Jx @,

teT teT
and
x((Yan=[)x""A).
teT teT
QI
Q
»

s

FIGURE 3.1 Inverses

Here is a sample proof of these properties. We verify (ii). We have w €
X"1A")ff X(w) € (A)Fiff X(w) ¢ Aiffw ¢ X~1(A) iff w € (X~1(AN))".

O
Notation: If C' C P(') is a class of subsets of ', define

X ¢ ={x"C):C' eC).
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Proposition 3.1.1 If B' is a o-field of subsets of ', then X~ (B') is a o-field of
subsets of Q.

Proof. We verify the postulates for a o -field.
(i) Since Q' € B’, we have
x(@)=ex (B
by Property (i) of the inverse map.
(i) If A’ € B', then (A") € B, and so if X~1(A") € X~1(B'), we have
XA = XA e X7I(B)
where we used Property (ii) of the inverse map.

(iii) If X~1(B.) € X~1(B8'), then

Ux @y =x"1JBn e x'(B)
since UB,’, e B. 0

A related but slightly deeper result comes next.

Proposition 3.1.2 IfC’ is a class of subsets of Q' then
X)) =01,

that is, the inverse image of the o-field generated by C' in Q' is the same as the
o -field generated in 2 by the inverse images.

Proof. From the previous Proposition 3.1.1, X (o (C")) is a o-field, and
X TeCnox7(Ch,
since o (C’) D C’ and hence by minimality
X 1@ 2 oxX71(CY).
Conversely, define
F :={(B eP(Q): X '(B) e a(X~1(C)).
Then F' is a o-field since

(i) Q' € F,since X~ 1(Q) = Q € o (X~ (C)).
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(ii) A’ € F' implies (A")¢ € F' since
XA =X 1A ec(x7I(CY)
if X~1(A") e a(X~1(C')).
(iii) B, € F' implies U, B, € F' since
X~ (UnB,) =UnX71(By) € a(X71(C))
if X~1(B)) € o(X~1(C")).
By definition
X VF)cox 1CY).
Also
CcF
since X~1(C') C o (X~1(C")). Since F' is a o-field,
ocC)CcF
and thus by (3.1) and (3.2)
X lol)cX {(F)coX™ (Y.
This suffices.

3.2 Measurable Maps, Random Elements, Induced

Probability Measures

(3.1)

(3.2)

A pair (S2, B) consisting of a set and a o-field of subsets is called a measurable
space. (It is ready to have a measure assigned to it.) If (2, B) and (2, B’) are

two measurable spaces, then a map
X: Q-

is called measurable if
X\ cB.

X is also called a random element of Q2'. We will use the notation that

X e B/B

or
X :(R,B)— (£, B).
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A special case occurs when (', B') = (R, B(R)). In this case, X is called a
random variable.
Let (2, B, P) be a probability space and suppose

X: (B - (2,B)
is measurable. Define for A’ C Q'
[XeA]:=X"1A) ={w: X(w) € A').
Define the set function P o X~! on B’ by
Pox1(A)=Px1(A").

P o X! is a probability on (', B') called the induced probability or the distri-
bution of X. To verify it is a probability measure on I3’, we note

(@ PoX 1 (Q)=P(Q)=1.
(b) PoX~1(A") >0, forall A’ € B'.

(c) If{A;,, n = 1} are disjoint,
Pox (| Jay =P Jx ')
=Y PX7'(A))

=) PoXx7(4})

since {X~1(A/)}n>1 are disjoint in B.
Usually we write
PoX1(A") = P[X € A'}.

If X is a random variable then P o X! is the measure induced on R by the
distribution function

PoX !(—o00,x] = P[X < x].

Thus when X is a random element of I3', we can make probability statements
about X, since X ~1(B’) € B and the probability measure P knows how to assign
probabilities to elements of B. The concept of measurability is logically necessary
in order to be able to assign probabilities to sets determined by random elements.

Example. Consider the experiment of tossing two die and let

Q={(@,j):1<i,j<6}
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Define
X: Q- {2,3,...,12) =
by
X(@j)=i+j.
Then
X Hdh=[X=41={(1,3),3, 1, 2.2} CQ
and

X1{2,3) =X e (2.3} = {(1. 1), (1. 2), 2, 1)}

The distribution of X is the probability measure on Q' specified by
PoX '(ih=PlX=i], ie®.
For example,

1

Pl[X =2 =—
[ ] 36
P[X—3]—2
1736
3
P[X =4) =—,
[ ] 36
and so on. 0

The definition of measurability makes it seem like we have to check X ~1(A”) €
B for every A’ € B’; that is
x\B)csB.

In fact, it usually suffices to check that X! is well behaved on a smaller class
than B’

Proposition 3.2.1 (Test for measurability) Suppose
X: Q- Q

where (2, B), and (', B') are two measurable spaces. Suppose C’ generates B';
that is
B =a(C).

Then X is measurable iff
xChcB

Remark. We do not have to check that
X ey cB,

which is what using the definition would require.
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Corollary 3.2.1 (Special case of random variables) The real valued function
X: QR
is a random variable iff
X '(—o0,AD=[X<A)eB, VrieR.
Proof of Proposition 3.2.1. If
x~1(¢) c B,

then by minimality
o(X~1(C) c B.

However, we get
X loCH=x"1B)=0X"1(C")) C B,

which is the definition of measurability. 0O

Proof of Corollary 3.2.1. This follows directly from

o ((—00, A}, A € R) = B(R).

3.2.1 Composition

Verification that a map is measurable is sometimes made easy by decomposing the
map into the composition of two (or more) maps. If each map in the composition
is measurable, then the composition is measurable.

Proposition 3.2.2 (Composition) Let X1, X2 be two measurable maps

X1:(Q1,B1) — (22, B8y),
X2:(2.8) — (3, B83)

where (S, B,), i = 1, 2, 3 are measurable spaces. Define

X20X1 !Ql > Q3

X0 X1(w1) = X2(X1(w1)), w1 € Q).

Then
X2 oX, € 31/33.
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X,0X,

FIGURE 3.2

Proof. It is elementary to check that
X20X1)7' = X7 (X5 ()
as maps from P(23) — P(£2;). The reason is that for any B3 C Q3
(X20 X1)™!(B3) ={w1 : X2 0 X1(w1) € B3}
= {w1 : X1(w1) € X5 (B3))
={w1 : 01 € X7 (X5 (B3))).
If B3 € Bs, then
(X20X1)"'(B3) = X7 (X' (B3)) € By,
since Xz_l(B3) € B,. Thus
X20X71(Bs) C By,

as required. 0O

3.2.2 Random Elements of Metric Spaces

The most common use of the name random elements is when the range is a metric

space.
Let (S, d) be a metric space with metricd so thatd : § x S — R satisfies

(i) d(x,y) =0, forx,ye€S.
(i) d(x,y)=0iffx =y, foranyx,y€S.
(iii) d(x,y) =d(y,x), foranyx,y €S.
(iv) d(x,z) <d(x,y)+d(y,z), foranyx,y,z€S.

Let O be the class of open subsets of S. Define the Borel o-field S to be the
smallest o-field generated by the open sets

S =o(0).
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If
X:(Q,B)— (S,5)

that is, X € B/S, then call X a random element of S. Here are some noteworthy
examples of random elements.

1. Suppose S = R and d(x, y) = |x — y|. Then a random element X of § is
called a random variable.

2. Suppose S = R¥ and

k

dx,y)= D Ix —nl*

1

Then a random element X of S is called a random vector. We write X =
(X1,...,X%).

3. Suppose S = R, and the metric d is defined by
o0 k
_ Ixi — yil
d(x’y)=22 k( Zlk yl ).
k=1 1+Z] le —.Vil

Then a random element X of S is called a random sequence. We write
X=(X1X2...)

4. Let S = CJ[0, 0o) be the set of all real valued continuous functions with
domain [0, 00). Define

x(:) = yOllm = sup |x(1) — y(@)|

O<t<m

and

e = 3o (=t
’ 1+||x—)’||m .

m=1
A random element X of S is called a random (continuous) function.

5. Let (E, £) be a measurable space where E is a nice metric space and £ are
the Borel sets, that is the sets in the o-field generated by the open sets. Let
S = M, (E) be the set of all measures on ([, £€) which satisfy the property
that if © € M, (E), then u(K) < oo if K is a compact subset of E. Such
measures which are finite on compacta are called Radon measures. There
is a standard metric for E called the vague metric. A random element X of
S is called a random measure.

A special case is where M, (E) is cut down to the space M,(E) of non-
negative integer valued measures. In this case the random element X is
called a stochastic point process.
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3.2.3 Measurability and Continuity

The idea of distance (measured by a metric) leads naturally to the notion of conti-
nuity. A method, which is frequently easy for showing a function from one metric
space to another is measurable, is to show the function is continuous.

Proposition 3.2.3 Suppose (S;, d,), i = 1, 2 are two metric spaces. Let the Borel
o -fields (generated by open sets) be S;, i =1, 2. If

X: Sl - Sz
is continuous, then X is measurable:
X € S] / Sz.

Proof. Let O, be the class of open subsets of S;, i = 1, 2. If X is continuous,
then inverse images of open sets are open, which means that

X102 c 01 Co(O) =S
So X € &1/8; by Proposition 3.2.1. m]
Corollary 3.2.2 If X = (X4, ..., Xk) is a random vector, and

g:RE- R, geB®RY/B®R),

then from Proposition 3.2.2, g(X) is a random variable. In particular, if g is con-
tinuous, then g is measurable and the result holds.

Some examples of the sort of g’s to which this result could apply:

k
g8(X1y .., Xk) = Zx,, (component sum)
1=1

]
[~
=
~
>

(component average)

I
<» —

x;, (component extreme)

L]
I
—

i
—~
Ra:

(component product)

L]
I
—

X

N

H
M~

,  (component sum of squares) .

L]
Il
Dk

Another interesting example of g is the projection map

g=m :RE R
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defined by

(X1, - -y XE) = Xy
Then n; is continuous and if X = (X}, ..., X&) is a random vector, ; (X) = X;
is a random variable fori = 1,...,k.

This observation leads in a simple way to an important fact about random vec-
tors: A random vector is nothing more than a vector of random variables.

Proposition 3.2.4 X = (X}, ..., Xx) is a random vector, that is a measurable
map from (2, B) +— (R*, B(R¥)), iff X; is a random variable for each i =
1,... .,k

Proof. If X is a random vector, then X; = m, o X is measurable since it is the
composition of two measurable functions X and the continuous function x,.
The converse is easily proved if we know that

B(R*) = 0 (0) = o(RECTS)

where RECTS is the class of open rectangles. We assume this fact is at our dis-
posal. Suppose X1, ... , X are random variables. Write

B=I5Lx...x1I

for a rectangle whose sides are the intervals Iy, ... , Ix. Then
k
X'B) =) X;'Up.
1=1

Since X; is a random variable, X 1(1,) € B, so X~!(B) € B and
X~!(RECTS) c B

so X! is measurable. O

The corresponding basic fact about random sequences, stated next, is proved in
an analogous manner to the proof of the basic fact about random vectors. It says
that X is a random sequence iff each component is a random variable.

Proposition 3.2.5 X = (X1, X2, ...) is a random sequence iff for each i =
1,2,... the ith component X, is a random variable. Furthermore, X is a random
sequence iff (X1, ... , Xk) is a random vector, for any k.

3.2.4 Measurability and Limits
Limits applied to sequences of measurable functions are measurable.

Proposition 3.2.6 Ler X1, X2, ... be random variables defined on (2, B). Then

(i) VnX, and Ay X, are random variables.
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(ii) liminf,, o X, and limsup,_, ., X, are random variables.
(iti) Iflim,_, o X, (w) exists for all w, then lim,_, o0 X, is a random variable.
(iv) The set on which {X,} has a limit is measurable; that is

{w: lim X, (w) exists } € B.

Proof. (i) We have

[\ Xn < x]=(\[Xa < x] € B,

since for each n,
[Xn <x]eB.

Similarly

[\ Xn > x] = )[X» > x] € B.

This suffices by Corollary 3.2.1.
(ii) We have that
liminf X,, = sup inf X}.
n—o0 nzl kzn

By (i) infx>n X is a random variable and hence so is sup,, ., (infk>n Xk).
(iii) If lim,, _, oo X, (w) exists for all w, then

lim X, (w) = limsup X, (w)
n—00 n— oo

is a random variable by (ii).
(iv) Let Q be the set of all rational real numbers so that Q is countable. We have

{w : lim X, (w) exists } = {w : liminf X,,(w) < limsup X, ()}

= liminfX, <r < limsupX,,]

n—00
’,EQ n—00

- C
—_ liminf X,, < r]ﬂ [limsupX,, < r] €B

L n—00

"EQ n—00
since
[liminfX, <r]e B
n—00
and

[limsupX, <r] € B.

n—0oo
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3.3 o -Fields Generated by Maps

Let X : (2, B) = (R, B(R)) be a random variable. The o-algebra generated by
X, denoted o (X), is defined as

o (X) = X" 1(B®R)). (3.3)
Another equivalent description of o (X) is
o(X) = {[X € A]. A € BR)}.

This is the o -algebra generated by information about X, which is a way of isolat-
ing that information in the probability space that pertains to X. More generally,

suppose
X:(Q,B) - (2, 8).

Then we define
o(X) = X" 1(B). (3.4)

If F C Bis asub -o-field of B, we say X is measurable with respect to F, written
X e F ifo(X)CF.
If for each ¢ in some index set T

X : (2, B) — (2, B),
then we denote by

o(X,teT)=\/o(Xy)

the smallest o -algebra containing all o (X;).
Extreme example: Let X (w) = 17 for all w. Then
o(X) ={[X € B], B € B(R)}
=00, Q) = {0, Q).

Less extreme example: Suppose X = 14 for some A € B. Note X has range
{0, 1}. Then

x7'qop =4, x'{(1h=A
and therefore
o(X)=1{0,Q,A, A°).
To verify this last assertion, call

{0,2,A, A°} = RHS
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and
o(X)= LHS.

Then RHS is a o-field and is certainly contained in LHS. We need to show that
for any B € B(R),

[l € Bl € RHS.
There are four cases to consider: (i) 1 € B,0 ¢ B; (ii)1 € B,0 € B; (iii) 0 € B,
1¢ B;(iv)0 ¢ B,1 ¢ B. For example, in case (i) we find

[laeB]=A
and the other cases are handled similarly.

Useful example: Simple function. A random variable is simple if it has a finite
range. Suppose the range of X is {ay, ..., ax}, where the a’s are distinct. Then
define

Ai =X"'({ai)) = [X = a,].

Then {A,, i =1,...,k} partitions 2, meaning

k
AiNA;j =0, i # ], ZA,:Q.

=1
We may represent X as
k

X = Za,-l,q,,

1=1

and
o(X) =0(Ayq,...,Ay) = ZA,- 1 c{1,....,k}.

In stochastic process theory, we frequently keep track of potential information
that can be revealed to us by observing the evolution of a stochastic process by
an increasing family of o-fields. If {X,,n > 1} is a (discrete time) stochastic
process, we may define

B, :=0(X1,....Xy), n>1.

Thus, B, C B,+1 and we think of B, as the information potentially available at
time n. This is a way of cataloguing what information is contained in the prob-
ability model. Properties of the stochastic process are sometimes expressed in
terms of {B,,n > 1}. For instance, one formulation of the Markov property is
that the conditional distribution of X, 4+ given B, is the same as the conditional
distribution of X 41 given X ,,. (See Chapter 10.)

We end this chapter with the following comment on the o-field generated by a
random variable.
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Proposition 3.3.1 Suppose X is a random variable and C is a class of subsets of
R such that

Then
o(X)=o0(X € B], Be().
Proof. We have

o(X e B,BeC)=0(X"!(B),B €C)
=o(X71(C) =X"1(a(C))
= X" Y B(R)) = o (X).

A special case of this result is

o(X)=0(X <A),2 eR).

3.4 Exercises

1. In the measurable space (€2, B), show A € Biff 14 € B.

2. Let (2, B, P) = ((O, 1]. B((0. 1)), A) where A is Lebesgue measure. De-
fine

X1(w) =0, Vwe R,
X2(w) =1{172)(w),
X3(w) = 1g(w)

where Q C (0, 1] are the rational numbers in (0, 1]. Note
PX1=X2=X3=0]=1

and give
o(Xi), i=12,3.

3. Suppose
f:R¥ R, and f € BRY*)/B(R).

Let X1, ..., X be random variables on (2, B). Then

f(X1,...,Xx) eo(Xy, ... Xi).

4. Suppose X : 2 > R has a countable range R. Show X € B/B(R) iff

X Yx}eB, VxeR.
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If
F(x) = P[X <x]

is continuous in x, show that Y = F(X) is measurable and that Y has a
uniform distribution

PlY <y]=y, 0<y<Ll

If X is a random variable satisfying P[|X| < o0o] = 1, then show that for
any € > 0, there exists a bounded random variable Y such that

P[X #Y] <e.
(A random variable Y is bounded if for all
[Y(w)l <K
for some constant K independent of w.)
If X is a random variable, so is | X|. The converse may be false.
Let X and Y be random variables and let A € B. Prove that the function

Z(w) = X (w), ffweA,
Y(w), ifwe A€

is a random variable.

Suppose that {B,,n > 1} is a countable partition of Q and define B =
o (B, n > 1). Show a function X : Q > (—00, oc] is B-measurable iff X

is of the form
(o o)
X - Z C 18. ’
i=1

for constants {c,}. (What is 3?)

Circular Lebesgue measure. Define C := {¢Z"*? : 6 € (0, 1]} to be the
unit circle in the complex plane. Define

T:(0.1]1> C, T()=e*®,
Specify a o-field B(C)) of subsets of C by
B(C) :={A c C : T~1(A) € B((0, 1]).

(Why is this a o-field?) Define a probability measure u on B(C) by u =
A o T~! and call this measure u circular Lebesgue measure.

(a) Identify the complex plane with RZ. Show
B(C) = BR*)) NnC.
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(b) Show that B(C) is generated by arcs of C.

(c) Show u is invariant with respect to rotations. This means, if Sg, :

C 1+ Cvia
27”9) — 82711(9-}-90)

Se, (€
thenu=puo So_ol.

(d) If you did not define i as the induced image of Lebesgue measure on
the unit interval, how could you define it by means of the extension
theorems?

Let (2, B, P) be ([0, 1], B([O, 1]), A) where A is Lebesgue measure on
[0, 1]. Define the process {X;,0 <t < 1} by

0, ifr# w,

Y@= fr=w

Show that each X, is a random variable. What is the o-field generated by

Show that a monotone real function is measurable.

(a) If X is a random variable, then o (X) is a countably generated o-field.

(b) Conversely, if B is any countably generated o-field, show
B =o0(X)
for some random variable X.

A real function f on the line is upper semi-continuous (usc) at x, if, for
each e, there is a é such that |[x — y| < § implies that

fO) < f(x) +e.

Check that if f is everywhere usc, then it is measurable. (Hint: What kind
of setis {x : f(x) <t}?)

Suppose —00 < a < b < 00. Show that the indicator function 1(g,5)(x)
can be approximated by bounded and continuous functions; that is, show
that there exist a sequence of continuous functions 0 < f, < 1 such that
fn = 1(a.b) pointwise.

Hint: Approximate the rectangle of height 1 and base (a, b] by a trapezoid
of height 1 with base (a, b + n~!] whose top line extends from a + n~! to
b.

Suppose B is a o -field of subsets of R. Show B(R) C B iff every real valued
continuous function is measurable with respect to B and therefore B(R) is
the smallest o-field with respect to which all the continuous functions are
measurable.
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Functions are often defined in pieces (for example, let f(x) be x3 or x~1 as
x > 0 or x < 0), and the following shows that the function is measurable
if the pieces are.

Consider measurable spaces (2, B) and (', B')andamap T : Q > Q.
Let Ay, A, ... be a countable covering of 2 by B sets. Consider the o-
field B, = {A: A C A,,A € B} in A, and the restriction T, of T to A,,.
Show that T is measurable B/B' iff T,, is measurable B, /B’ for each n.

Coupling. If X and Y are random variables on (2, B), show

sup |P[X € A] — P[Y € A]| < P[X #Y].
AeB

Suppose T : (21, By) — (S22, B2) is a measurable mapping and X is a
random variable on 2;. Show X € o (T) iff there is a random variable Y’
on (€22, B>) such that

X(w) =Y (T (1)), Vo € Q.

Suppose {X,,t > 0} is a continuous time stochastic process on the proba-
bility space (S2, B, P) whose paths are continuous. We can understand this
to mean that foreacht > 0, X, : Q — R is a random variable and, for
each w € €, the function t —» X,(w) is continuous; that is a member of
C[0, 00). Let T : Q > [0, 00) be a random variable and define the process
stopped at 7 as the function X, : Q — [0, 00) defined by

Xi(w) = Xrw)(w), e Q.

Prove X, is a random variable.

Dyadic expansions and Lebesgue measure. Let S = {0, 1} and
S® = {(x1,x2,...):x, €S,i=1,2,...}

be sequences consisting of 0’s and 1’s. Define B(S) = P(S) and define
B(S%°) to be the smallest o-field of subsets of S containing all sets of the

form
{ir) x {i2} x -+ x {ix}) x S

fork =1,2,... and iy, i2, ..., ix some string of 0’s and 1’s.

Forx € [0, 1], let
x = (dr(x), k > 1)

be the non-terminating dyadic expansion (dx(0) = 0 and dy(x) = O
or 1.) Define U : [0, 1] — S* by

Ux) = (di(x),d2(x),...).
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Define V : §*° [0, 1] by (x = (i1, i2,...))
o0 in

Show U € B([0, 1])/B(S®) and V € B(S*°)/B([0, 1)).

Suppose {X,,, n > 1} are random variables on the probability space (£2, B, P)
and define the induced random walk by

n
S6=0, Sp=) Xi,nx=1
i=1
Let
t:=inf{n > 0:S, > 0}

be the first upgoing ladder time. Prove t is a random variable. Assume we
know 1(w) < 00 for all w € 2. Prove S; is a random variable.

Suppose {X1, - . ., X} are random variables on the probability space (€2, B, P)
such that
P[Ties]:=P{ | ) [Xxi=X,]}=0.
i#]
1<i.j<n

Define the relative rank R, of X, among {X,,..., X} tobe

> i=1 l{x,2x,) on[Ties],
17, on [ Ties ] .

n"'_"

Prove R, is a random variable.

Suppose (81, S1) is a measurable space and suppose T : §; — Sz is a
mapping into another space S,. For an index set I', suppose

hy, :S2>R, yerl

and define
g = U(hys y € r)

to be the o-field of subsets of S; generated by the real valued family
{h,,y € T}, that is, generated by {h;l(B), y € I', B € B(R)}. Show
T € $,/G iff h, o T is a random variable on (S, S1).

Egorov’s theorem: Suppose X,,, X are real valued random variables de-
fined on the probability space (2, B, P). Suppose for all w € A € B, we
have X, (w) = X (w). Show for every € > 0, there exists a set A¢ such that
P(A¢) < € and

sup | X(w) — Xp(w)| >0 (n— 00).
weA\A¢
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Thus, convergence is uniform off a small set.
Hints:

(a) Define
BY =[\/ 1X(@) - X,(@)I N A.
i>n
(b) Show B® | Basn - .
(c) There exists {ny} such that P(B,(,’:)) <€ /2" .
(d) Set B = Uy B so that P(B) < e.

26. Review Exercise 12 of Chapter 2. Suppose C is a class of subsets of 2 such
that, for a real function X defined on 2, we have X € B(C). Show there
exists a countable subclass C* C C such that X is measurable C*.
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Independence

Independence is a basic property of events and random variables in a probabil-
ity model. Its intuitive appeal stems from the easily envisioned property that the
occurrence or non-occurrence of an event has no effect on our estimate of the
probability that an independent event will or will not occur. Despite the intuitive
appeal, it is important to recognize that independence is a technical concept with
a technical definition which must be checked with respect to a specific probability
model. There are examples of dependent events which intuition insists must be in-
dependent, and examples of events which intuition insists cannot be independent
but still satisfy the definition. One really must check the technical definition to be
sure.

4.1 Basic Definitions

We give a series of definitions of independence in increasingly sophisticated cir-
cumstances.

Definition 4.1.1 (Independence for two events) Suppose (2, B, P) is a fixed
probability space. Events A, B € B are independent if

P(AB) = P(A)P(B).

Definition 4.1.2 (Independence of a finite number of events) The events
A1, ..., Ay (n = 2) are independent if

P((A) =[P, forallfinite] C{1,...,n). (4.1)

iel 1€l
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(Note that (4.1) represents

equations.)

Equation (4.1) can be rephrased as follows: The events Ay, ... , A, are inde-
pendent if
n
P(BiNBy---NB,) =[] P(B) (4.2)
=1
where foreachi =1, ... ,n,

B; equals A; or .

Definition 4.1.3 (Independent classes) Let C; C B,i = 1,...,n. The classes
Ci are independent, if for any choice A;, ... ,A,, withA; €C,i=1,...,n,we
have the events Ay, ... , A, independent events (according to Definition 4.1.2).

Here is a basic criterion for proving independence of o-fields.

Theorem 4.1.1 (Basic Criterion) If for eachi = 1,...,n, C, is a non-empty
class of events satisfying

1. C; is a m-system,
2. C,, i =1,...,nareindependent,

then
o(C1),...,0(Cy)

are independent.

Proof. We begin by proving the result for n = 2. Fix A, € C,. Let
L={AeB: P(AAy) = P(A)P(A2)}).

Then we claim that £ is a A-system. We verify the postulates.

(a) We have Q2 € L since
P(QA;) = P(A3) = P(Q)P(A3).

(b) If A € L, then A€ € L since

P(A°A3) = P\ A)A2) = P(A2\ AAY)
= P(A2) — P(AA2) = P(A2) - P(A)P(A2)
= P(A2)(1 — P(A)) = P(A°)P(A)3).
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(c) If B, € L are disjoint (n > 1), then Y22 | B, € L since

P((| BnA2) = P(|BnA2) =) _ P(B,A2)

n=1 =1 n=1

OOn 1%
= Y P(B.)P(A2) = P(| ] Bn) P(A2).
n=1

n=1

Also £ D C;, so £ D o(C;) by Dynkin’s theorem 2.2.2 in Chapter 2. Thus
o (C1), C2 are independent.

Now extend this argument to show o (C;), 0(C2) are independent. Also, we
may use induction to extend the argument for n = 2 to general n. 0O

We next define independence of an arbitrary collection of classes of events.

Definition 4.1.4 (Arbitrary number of independent classes) Let T be an arbi-
trary index set. The classes C;,t € T are independent families if for each finite
1,1 CcT,C,t €I isindependent.

Corollary 4.1.1 If {C;,,t € T} are non-empty m-systems that are independent,
then {c (C,), t € T} are independent.

The proof follows from the Basic Criterion Theorem 4.1.1.

4.2 Independent Random Variables

We now turn to the definition of independent random variables and some criteria
for independence of random variables.

Definition 4.2.1 (Independent random variables) {X,,t € T} is an indepen-
dent family of random variables if {g (X,), ¢ € T} are independent o -fields.

The random variables are independent if their induced o -fields are independent.
The information provided by any individual random variable should not affect
behavior of other random variables in the family. Since

CT(IA) = {¢1 Q,A, AC}’

we have 14,,..., 14, independent iff Ay, ... , A, are independent.

We now give a criterion for independence of random variables in terms of dis-
tribution functions. For a family of random variables {X,,¢ € T} indexed by a
set T, the finite dimensional distribution functions are the family of multivariate
distribution functions

Fy(xe,t €J) = P[X; <x;.t €J] (4.3)

for all finite subsets J C T.
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Theorem 4.2.1 (Factorization Criterion) A family of random variables
{X:.t € T} indexed by a set T, is independent iff for all finite J] C T

FiGxted)=]]P[X, <x], Vx eR. (4.4)

telJ

Proof. Because of Definition 4.1.4, it suffices to show for a finite index set J that
{X., t € J}is independent iff (4.4) holds. Define

C = {[X: < x],x e R}.
Then
(i) C, is a wr-system since
(X < x]()IX: <yl =[X: < x A Y]
and
(ii) o(C) = o (Xy).

Now (4.4) says {C;,t € J} is an independent family and therefore by the Basic
Criterion 4.1.1, {0 (C;) = 0(X,).t € J} are independent. O

Corollary 4.2.1 The finite collection of random variables X, ... , Xy is inde-
pendent iff

k
P[X) <x1,..., X ﬁxk]=nP[X; < xi},
i=1

forallx; e R,i=1,...,k.

For the next result, we define a random variable to be discrete if it has a count-
able range.

Corollary 4.2.2 The discrete random variables X, . .. , X with countable range
R are independent iff
k
PXi =xi,i=1,... . k] =[] P[X: = xi]. (4.5)
i=1

forallxie R,i=1,... k.

Proof. If X, ..., X, is an independent family, then o (X,),i = 1, ... , k is inde-
pendent. Since
[Xi =x,] € 0(X;)

we have [X; = x;],i = 1,..., k are independent events and (4.5) follows.
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Conversely, suppose (4.5) holds. Definez < xtomeanz, < x,,i =1,... k.
Then

PIX; <xii=1,....kl= Y PX, =z.,i=1,...,k

2<Xx
z,€R
1=1.....k

=y ]']P[X = zi]

2<x =1
z7,€R
1=1,....k

k
Z Z P[X1=Z]]HP[X,'=Z,]
i=2

Z225X2,.00 2k <Xk 21 <X
Z€Ri=2,....k 1eR

k
Z P[X; 5x1]nP[X.- = zj]
1=2

228X 0eee 2| Xk

z,€Ra=2.... .k

n PlX; < x]).

4.3 'Two Examples of Independence

This section provides two interesting examples of unexpected independence:

e Ranks and records.

e Dyadic expansions of uniform random numbers.

4.3.1 Records, Ranks, Renyi Theorem

Let {X,,n > 1} be iid with common continuous distribution function F (x). The
continuity of F implies

P[X; = X;] =0, (4.6)

so that if we define
[Ties] = | JIx: = x;],
1#)
then
P[Ties} =0

Call X,, a record of the sequence if

n—1
Xn > VX",
=1



96 4. Independence

and define
A, =[X, isarecord ].

A result due to Renyi says that the events {A j, j > 1} are independent and
PAj)=1/j, j=2.

This is a special case of a result about relative ranks.
Let R, be the relative rank of X,, among Xy, ..., X,, where

n
R, = Z lpx,>x,]-
J=1

So

R, = 1iffX, isarecord,
= 2iff X, is the second largest of X1, ..., X,,

and so on.

Theorem 4.3.1 (Renyi Theorem) Assume {X,,n > 1} are iid with common,
continuous distribution function F (x).
(a) The sequence of random variables {R,,n > 1} is independent and

1
P[R, =k] = —,
(R =kl = -
fork=1,...,n.
(b) The sequence of events {A,, n > 1} is independent and
1
P(An) = —.
n
Proof. (b) comes from (a) since A, = [R, = 1].
(a) These are n! orderings of X, ..., X,. (For a given w, one such ordering is
X1(w) < --- < Xp(w). Another possible ordering is X2(w) < ... < Xp(w) <
X1(w), and so on.) By symmetry, since X, ... , X, are identically distributed and

independent, all possible orderings have the same probability %, so for example,

1
P[X2 < X3 <--- <X, <X1]=—'.
n!

Each realization of R;, ... , R, uniquely determines an ordering: For example,
if n = 3, suppose R;(w) = 1, R2(w) = 1, and R3(w) = 1. This tells us that

X1(w) < X3(w) < X3(w),
and if Ry(w) = 1, Ry(w) = 2, and R3(w) = 3, then this tells us
X3(w) < X2(w) < X1 (w).
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Each realization of R, ..., R, has the same probability as a particular order-
ing of X, ... ,X,. Hence

1
P[Riy=ry,... ,Ry=rp] = —

n!’
forr;ef{l,...,i},i=1,...,n.
Note that
P[Rn =rn] == Z P[Rl——-rl,...,Rn_l=rn—l’Rn=rn]
Fleeee -1
= 3 1
Fleeee =1 n!

Since r; ranges over i values, the number of terms in the sum is
1-2.3....-n—=1=0m -1

Thus

- 1! 1
(n ) =-, n=1,2,....
n

P[Rn =I’,,]= n'

Therefore

1
P[Rl - rl,...,Rn=rn]=F

= P[Ri=n]--- P[Rn = ra]. .

Postscript: If {X,,n > 1} is iid with common continuous distribution F(x),
why is the probability of ties zero? We have

P[Ties] = P(|_JIx, = X;]
>

and by subadditivity, this probability is bounded above by

Y PX, = X;].
1#£j

Thus it suffices to show that
P[X); =X2]=0.

Note the set containment: For every n,

k-1 k
<X11 X2<—

_.2"'

Xi=x21c I

k=-00

2'!
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By monotonicity and subadditivity

X k-1 k k-1 k
P[X,=X2] < ZP[ on <Xl_':2:s o <X2—':27]
k=—00
e k—1 k \?
k=—00
Write

Fla,b] = F(b) — F(a)

and the above (4.7) is equal to

o0 k-1 k k-1 k
Z plu '2n F( n ’—27]

=—00
—1 k. & —1 k
<
- —oon}:i)f:oo ] Z F(
k=-—00
—1 k
< max
—00<k <00
k-1 k
= F
—oonlz;zx<oo (i n tond

Since F is continuous on R, because F is a also a probability distribution, F is
uniformly continuous on R. (See Exercise 22 in Chapter 2.) Thus given any € > 0,
for n > ng(e) and all k, we have

k-1 k
F(— 5] = F(—) - <
Thus for any £ > 0,
P[X1=X3] <, (4.8)

and since ¢ is arbitrary, the probability in (4.8) must be 0.

4.3.2 Dyadic Expansions of Uniform Random Numbers

Here we consider
(R, B, P) = ((0, 1], B((0, 1]), A),

where A is Lebesgue measure. We write @ € (0, 1] using its dyadic expansion

o0 dn
0=) T2 - h@h@dw -,

n=1
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where each d, (w) is either 0 or 1.

We write 1 as
__12 _
T 1-1/2

oC
0.11111---=z:2"l 1,
n=1

and if a number such as % has two possible expansions, we agree to use the non-
terminating one. Thus, even though 1/2 has two expansions

1 —io: L _ 01111
2 n=22"

and

1 1

0 ... =.1000---,
5 =5+0+0+

by our convention, we use the first expansion.

Fact 1. Each d, is a random variable. Since d,, is discrete with possible values
0, 1, it suffices to check

[d, =0] € B((0,1}), [d, =1]€ B((O,1)),

for any n > 1. In fact, since [d, = 0] = [d, = 1], it suffices to check [d, = 1] €
B((0, 1)).

To verify this, we start gently by considering a relatively easy case as a warm-
up. Forn =1,

[d = 1] = (.1000---,.1111---] = (%, 1] € B((0, 1)).

The left endpoint is open because of the convention that we take the non-terminat-
ing expansion. Note P[d) = 1] = P[d1 =0] = 1/2.

After understanding this warmup, we proceed to the general case. For any
n>?2

[dn = 1]
= U (uquz...up—11000..., uquz...up—11111.-.]

(u1.u2,....up—1)€{0,1}7 !

(4.9)

= disjoint union of 2" intervals € B((0, 1).

For example

[d2 = 1] = %, %] U (%, 1].
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Fact 2. We may also use (4.9) to compute the mass function of d,. We have
Pld, = 1]
= > P((uruz...up—11000- - , ujuz ... Uup_q1111.-.])

(uy,u2.. un-|)€{0 -1

Al IORIE T
—=n- l[jz:

—n+1

The factor 2"~ ! results from the number of intervals whose length we must sum.
We thus conclude that

Pld, = 0] = P[d, = 1] = % (4.10)

Fact 3. The sequence {d,,n > 1} is iid. The previous fact proved in (4.10) that
{dn} is identically distributed and thus we only have to prove {d,} is independent.
For this, it suffices to pick n > 1 and prove {di, ..., d,} is independent.

For (u,,...,u,) € {0, 1}*, we have

n
n[d,- =u;} = (.uuz2...u,000..., ujuz...u,111...}.
Again, the left end of the interval is open due to our convention decreeing that we

take non-terminating expansions when a number has two expansions. Since the
probability of an interval is its length, we get

P(é[d,- = u;]) =i Z

—n+1 t—l
2—(n+1) 1
= - % = T

= ﬁ P[d; = u;]
i=1

where the last step used (4.10). So the joint mass function of dy, ..., d, factors
into a product of individual mass functions and we have proved independence of
the finite collection, and hence of {d,,,n > 1}.

4.4 More on Independence: Groupings

It is possible to group independent events or random variables according to dis-
joint subsets of the index set to achieve independent groupings. This is a useful
property of independence.
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Lemma 4.4.1 (Grouping Lemma) Let {BB,;,t € T} be an independent family of
o-fields. Let S be an index set and suppose for s € S that Ts C T and {Ts, s € S}
is pairwise disjoint. Now define

Br, = \/ B

teT;

Then
{BT,r S € S}

is an independent family of o -fields.

Remember that VleT, B, is the smallest o-field containing all the B,’s.
Before discussing the proof, we consider two examples. For these and other
purposes, it is convenient to write

XY

when X and Y are independent random variables. Similarly, we write By || B,
when the two o -fields By and B; are independent.

(a) Let {X,,n > 1} be independent random variables. Then

X, j<n) I oXj,j>n),
n n-+k
DX 1L ) X
i=1 i=n+1
n n+k
xi 1V x.
1=1 J=n+1

(b) Let {A,} be independent events. Then U,I,V=1 Aj and U‘]’i N+1 Aj are inde-
pendent.

Proof. Without loss of generality we may suppose S is finite. Define

Cr, .= { ﬂ By : Bq € By, K C T, K is finite.}

ackK

Then Cy, is a w-system for each s, and {Cr,,s € S} are independent classes. So
by the Basic Criterion 4.1.1 we are done, provided you believe

o(Cr,) = Br,.
Certainly it is the case that
Cr, C By,
and hence

o(Cr,) C Br,.
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Also,
Cr, DBy, YaeT;
(we can take K = {a}) and hence
o(Cr,) DBy, VaeT;.
It follows that
o(Cr,) D U By,

a€T;

and hence

o(Cr,) Do (UBO,) =: \/ Ba.

aeT; aeT; O

4.5 Independence, Zero-One Laws, Borel-Cantelli
Lemma

There are several common zero-one laws which identify the possible range of a
random variable to be trivial. There are also several zero-one laws which provide
the basis for all proofs of almost sure convergence. We take these up in turn.

4.5.1 Borel-Cantelli Lemma

The Borel-Cantelli Lemma is very simple but still is the basic tool for proving
almost sure convergence.

Proposition 4.5.1 (Borel-Cantelli Lemma.) Let {A,} be any events. If
Z P(Ap) < 00,
n

then
P([Apio.]) = P(limsupA,) =0.
n—>»o0
Proof. We have
P([Ani0.]) = P( lim U Aj)
jzn
- ,,1_1."30 P(,-LJ, Aj) (continuity of P)

o0
< limsu P(A;) (subadditivity)
P J y
n—0o0 j=n

-0,
since }_,, P(An) < 0o implies Z;’in P(Aj) » 0,asn - oo. O
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Example 4.5.1 Suppose {X,;, n > 1} are Bernoulli random variables with
P[Xp=1)=pp=1- P[X, =0].

Note we have not supposed {X,} independent and certainly not identically dis-
tributed. We assert that

P[ lim X, =0] =1, (4.11)
if
Y pn < 0. 4.12)
n

To verify that (4.12) is sufficient for (4.11), observe that if
Y =) P[X,=1] <0,
n n

then by the Borel-Cantelli Lemma
P([X, =1}i.0.) =0.
Taking complements, we find

1 = P(limsup[X, = 1) = P(liminf[X, = 0]) = 1.

n— 00

Since with probability 1, the two valued functions {X,} are zero from some point
on, with probability 1 the variables must converge to zero. m]

4.5.2 Borel Zero-One Law

The Borel-Cantelli Lemma does not require independence. The next result does.

Proposition 4.5.2 (Borel Zero-One Law) If {A,} is a sequence of independent
events, then

0, iﬁ. Zn P(An) < wy
1’ iﬁlZn P(An) = 0.

Proof. From the Borel-Cantelli Lemma, if

P([An i.0]) = [

P(Ap) < o0,
2

then
P([Apio.]) =0.
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Conversely, suppose ), P(A,) = 0o. Then

P([Api.0.]) = P(limsup A,)

n—0o0

=1— P(liminf A%)
n—00
—_ 1 — : ¢
=1-PClim (14D
k>n

- I c
=1 "l_l’ngoP(nAk)
k>n
m
=1- lim P(lim | ()A§)

n—0o m—00
=n

m
—1_ kK : ¢
=1- it P ()41

m

where the last equality resulted from independence. It suffices to show
m

lim lim (1—-P(Ax)) =0.

n—->oom—>00
k=n

To prove (4.13), we use the inequality

X

l-x<e™, 0<x<l.

To verify (4.14), note for 0 < x < 1 that
o0 X
og(1l — x) 2 o zX

so exponentiating both sides yields

or

Now for (4.13). We have

m m
lim l_[(l—P(Ak)) < lim e~ FAD
m—r0oQ m—00
k=n k=n
= lim e~ Zi-nP(AW
m—>00

(4.13)

(4.14)
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since ) _, P(Ap) = oo. This is true for all n, and so

lim lim ]'](1 — P(Ay)) =0.
k=n

n—00 m-—» 00

O
Example 4.5.1 (continued) Suppose {X,,n > 1} are independent in addition to
being Bernoulli, with

PlXy=1])= px =1—- P[X; =0].
Then we assert that

P[X, — 0] =1iff ) py < 0.
n

To verify this assertion, we merely need to observe that

P{[Xn =1]i0.} =0

Y P[Xp=1]=)_ pn < 0.

Example 4.5.2 (Behavior of exponential random variables) We assume that
{En, n > 1} are iid unit exponential random variables; that is,

iff

P[E, >x]=¢e¢7*, x>0.
Then

Pllimsup E,/log, = 1] = 1. (4.15)
n—o0
This result is sometimes considered surprising. There is a (mistaken) tendency
to think of iid sequences as somehow roughly constant, and therefore the division
by logn should send the ratio to 0. However, every so often, the sequence {E,}
spits out a large value and the growth of these large values approximately matches
that of {logn,n > 1}.
To prove (4.15), we need the following simple fact: If {B;} are any events
satisfying P(By) = 1, then P(["), Bx) = 1. See Exercise 11 of Chapter 2.

Proof of (4.15). For any w € 2,

li Ep(w)
im sup =

1
n—»oo logn

means

(a) Ve > 0, Elgg(—? < 1 + ¢, for all large n,
and
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(b) Ve > 0, %—é‘;—’l > 1 — ¢, for infinitely many n.
Note (a) says that for any ¢, there is no subsequential limit bigger than 1 + ¢ and
(b) says that for any ¢, there is always some subsequential limit bounded below
by1l—e.

We have the following set equality: Let x | 0 and observe

Ep
li =1
[ lnnlscgp logn ]

= imatngs =2+t N i > 2 -aier @0

To prove that the event on the left side of (4.16) has probability 1, it suffices to
prove every braced event on the right side of (4.16) has probability 1. For fixed &

> Pl > 1-ad

oan Zn: P[E, > (1 — &) logn]

= Zexp[—(l — &) logn}

1
Z 1—& =00
n n

So the Borel Zero-One Law 4.5.2 implies

l[@‘) I—Gk]lo ]=1

Likewise

ZP[——- >14¢] = Zexp{—(l + &) log n}

logn
= E : <00
- nl+€k ’

SO

E
P(limsup[ - >1+ek])=0
n—oo | logn

implies

E E ¢
P{liminf[ L §1+ek]]=1—Pllimsup[ z _<_1+ek] ]=1.
n—oo | logn n—oo | logn
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4.5.3 Kolmogorov Zero-One Law

Let {X,} be a sequence of random variables and define
Fr=0Xn+1, Xn42,--2)y n=1,2,....
The tail o-field T is defined as
T= Ofr’r = nl—l>n<;o J 0(Xn, Xnt1,...)-

These are events which depend on the tail of the {X,} sequence. If A € T, we
will call A a tail event and similarly a random variable measurable with respect
to 7 is called a tail random variable.

We now give some examples of tail events and random variables.

1. Observe that o
{w: ZX n(w) converges } € 7.

n=1}

To see this note that, for any m, the sum Z;’;l X (w) converges if and only
if Y oo Xn(w) converges. So

o0
[Z X, converges ] = [ Z X, converges ] € F,,.
n

n=m+1}

This holds for all m and after intersecting over m.
2. We have

limsup X, € T,

n—»00
liminfX, €T,
n-—0oQ
{w: lim Xp(w)exists} € 7.
n—>00

This is true since the lim sup of the sequence {X;, X3, ...} is the same as
the lim sup of the sequence {X,;, Xpm+1, - - - } for all m.

3. LetS, =X1+---+ Xp,. Then

{w: lim o) _ 0] €T
n—o0 n

since for any m,

Sn(@) _ i Yo Xi(w)

7=m +1 X, (0))

lim = lim
n—0o0 n n—»00 n n—00 n
and so for any m,
. Sp(w
lim ) € F,,.

n—00 n
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Call a o-field, all of whose events have probability 0 or 1 almost trivial. One
example of an almost trivial o -field is the o -field {@, 2}. Kolmogorov’s Zero-One
Law characterizes tail events and random variables of independent sequences as
almost trivial.

Theorem 4.5.3 (Kolmogorov Zero-One Law) If {X,} are independent random
variables with tail o-field T, then A € T implies P(A) = 0 or 1 so that the tail
o-field T is almost trivial.

Before proving Theorem 4.5.3, we consider some implications. To help us do
this, we need the following lemma which provides further information on almost
trivial o -fields.

Lemma 4.5.1 (Almost trivial o-fields) Let G be an almost trivial o -field and let
X be a random variable measurable with respect to G. Then there exists ¢ such
that P[X =c] = 1.

Proof of Lemma 4.5.1. Let
F(x) = P[X <x].
Then F is non-decreasing and since [X < x] € 0(X) C G,
F(x)=0o0rl

for each x € R. Let
¢ = sup{x : F(x) = 0}.

The distribution function must have a jump of size 1 at ¢ and thus

P[X =c]=1. 0

With this in mind, we can consider some consequences of the Kolmogorov
Zero-One Law.

Corollary 4.5.1 (Corollaries of the Kolmogorov Zero-One Law) Let (X, } be in-
dependent random variables. Then the following are true.

(a) The event
[ Z X, converges]
n
has probability 0 or 1.

(b) The random variables limsup,,_, ., Xn and liminf,_, o X, are constant
with probability 1.

(c) The event
{w: Su(w)/n — 0}

has probability 0 or 1.
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We now commence the proof of Theorem 4.5.3.

109

Proof of the Kolmogorov Zero-One Law. Suppose A € 7. We show A is inde-

pendent of itself so that
P(A) = P(ANA) = P(A)P(A)

and thus P(A) = (P(A))2. Therefore P(A)=0orl.
To show A is independent of itself, we define

o0
Fn=0X1,...,.Xn) = \/o(X}),
j=1

so that F, 4 and

o0 o0
Foo =0(X1,X2,...) = \[o(Xj) = \/ Fo.
j=1 n=1

Note that

A GTC]:,,, =0’(X,,+1,X,,+2,...) CO’(X],Xz,...)=.7:oo.

Now for all n, we have
AeF,

sosince F,, || F,, we have
Al Fn

for all n, and therefore

A A

(4.17)

LetCy = {A}, and C; = | J,, F». Then C, is a 7-system, i = 1, 2,C1 || Czand

therefore the Basic Criterion 4.1.1 implies

o(C1) ={¢.Q, A AYand 0 (Cy) = \/ F = Foo

are independent. Now
A eo(Cy)

and

AG\/.’F,, =foo

by (4.17). Thus A is independent of A.
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4.6 Exercises

1. Let By, ..., B, be independent events. Show
n n
P( JB)=1-]]a - PB)).
=1 1=1

2. What is the minimum number of points a sample space must contain in
order that there exist n independent events B, ... , B,, none of which has
probability zero or one?

3. If {A,, n > 1} is an independent sequence of events, show

P([) Ax) =] ] P(An).
n=1

n=1

4. Suppose (S2, B, P) is the uniform probability space; that is, ([0, 1], B, 1)
where A is the uniform probability distribution. Define

X(w) = w.

(a) Does there exist a bounded random variable that is both independent of
X and not constant almost surely?

(b) Define Y = X (1 — X). Construct a random variable Z such that Z and
Y are independent.

5. Suppose X is a random variable.

(a) X is independent of itself if and only if there is some constant ¢ such that
P[ X =c]=1

(b) If there exists a measurable

g : (R, B(R)) — (R, B(R)),

such that X and g(X) are independent, then prove there exists ¢ € R such
that
Plg(X)=c]=1.

6. Let {Xk, k > 1} be iid random variables with common continuous distribu-
tion F. Let v be a permutation of 1, ... , n. Show

d
(Xl9 e ,Xn) = (XN(1)9 e ,Xn(n))

d e e e
where = means the two vectors have the same joint distribution.

7. If A, B, C are independent events, show directly that both AUB and A\ B
are independent of C.
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If X and Y are independent random variables and f, g are measurable and
real valued, why are f(X) and g(Y) independent? (No calculation is nec-
essary.)

. Suppose {A,} are independent events satisfying P(A,) < 1, for all n. Show

P(| JAn) =1iff P(Asi0.) =1.

n=1
Give an example to show that the condition P(A,) < 1 cannot be dropped.

Suppose {X,;, n > 1} are independent random variables. Show

Plsup X, <oo] =1
n

iff
ZP[X,, > M] < oo, for some M.
n

Use the Borel-Cantelli Lemma to prove that given any sequence of random
variables {X,,n > 1} whose range is the real line, there exist constants
cn — 00 such that
. X
P[lim —= =0]=1.

n—+00 Cp,

Give a careful description of how you choose c,,.

For use with the Borel Zero-One Law, the following is useful: Suppose
we have two non-negative sequences {a,} and {b,} satisfying a, ~ b, as
n — o0; that is, 2

n

by

Za,, < o0 iff Zb,, < 0.
n n

Let {X,,n > 1} be iid with P[X; = 1] = p =1 — P[X; = 0]. What is
the probability that the pattern 1,0,1 appears infinitely often?

Hint: Let

Show

A = [Xk = 1, Xik41 = 0, Xy42 = 1]
and consider A, A4, A7,....
In a sequence of independent Bernoulli random variables {X,, n > 1} with
P[X,=1]=p=1-P[X, =0],

let A, be the event that a run of n consecutive 1’s occurs between the 2"
and 2"*1st trial. If p > 1/2, then there is probability 1 that infinitely many
A, occur.
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Hint: Prove something like

P(An) >1—=(1—pH2 /% 51— P /21

15. (a) A finite family B;,i € I of o-algebras is independent iff for every
choice of positive B;—measurable random variable Y;, i € I, we have

E(J[v:)=[]Ewo.

1€l 1el

(One direction is immediate. For the opposite direction, prove the result
first for positive simple functions and then extend.)

(b) If {B,,t € T} is an arbitrary independent family of o-algebras in
(2, B, P), the family {B,, t € T} is again independent if B, D B,, (t € T).
Deduce from this that { f;(X,),t € T} is a family of independent random
variables if the family {X,, ¢t € T} is independent and the f, are measurable.
In order for the family {X,.t € T} of random variables to be independent,
it is necessary and sufficient that

¢ ([ 00) =TTz i
J J
for every finite family { f;, j € J} of bounded measurable functions.

16. The probability of convergence of a sequence of independent random vari-
ables is equal to 0 or 1. If the sequence {X,} is iid, and not constant with
probability 1, then

P[X, converges ] = 0.

17. Review Example 4.5.2

(a) Suppose {X,,n > 1} are iid random variables and suppose {a,} is a
sequence of constants. Show

0, iff ¥, P[X; > a,] < o0,

P{[Xn >an] 10}= 1, iff Zn P[X] >a,,]=oo.

(b) Suppose {X,,n > 1} are iid N(0,1) random variables. Show

X
P[lim sup Xl =+2]=1.

n—soo ./logn

Hint: Review, or look up Mill’s Ratio which says

im P >x]_
x—=00 n(x)/x

]

where n(x) is the standard normal density.
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(c) Suppose {X,,n > 1} are iid and Poisson distributed with parameter

A. Prove
n n

A
—e* < P[X; >n] < —,
n! n!

and therefore

X
P[limsup T =1]=1.
n—oo loglogn

If the event A is independent of the m—system P and A € o (P), then P(A)

is eitherOor 1.

Give a simple example to show that 2 random variables may be independent
according to one probability measure but dependent with respect to another.
Counterexamples and examples:

a) Let Q2 = {1, 2, 3, 4} with each point carrying probability 1/4. Let A} =
{1,2}, A2 = (1,3}, A3 = {1, 4}. Then any two of A, A2, A3 are inde-
pendent, but A;, A,, A3 are not independent.

b) Let {A;,1 < i < 5} be a measurable partition of 2 such that P(A;) =
P(A2) = P(A3) = 15/64, P(A;) = 1/64, P(As) = 18/64. Define
B=A1UA4,C =AUA4, D= A3z U Ay4. Check that

P(BCD) = P(B)P(C)P(D)

but that B, C, D are not independent.

c) Let X, X2 be independent random variables each assuming only the
values +1 and —1 with probability 1/2. Are X, X2, X1 X7 pairwise inde-
pendent? Are X, X2, X1X2 an independent collection?

Suppose {A,} is a sequence of events.

(a) If P(A,) — 1asn — 00, prove there exists a subsequence {ny} tend-
ing to infinity such that P(NxA,,) > 0. (Hint: Use Borel-Cantelli.)

(b) Show the following is false: Given € > 0 such that P(A,) > ¢, it
follows that there exists a subsequence {ny} tending to infinity such
that P(NxA,,) > 0.

Suppose {A,} are independent events such that

i (P(A,,) A - P(A,,)) = 0.

n=1
Show P is non-atomic.

Suppose {A,} are independent events.
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24.
25.

26.

27.
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(a) If for each k
o0 n—1
> P[] A = oo,
n=k i=k

show
P(limsupA,) = 1.

n—00

(b) What is the relevance to the Borel Zero-One Law?

(c) Is it enough to assume
00 n-1
Y " P(Anl[) AD) = 00?
n=1 =1

(d) Show
P(limsupA,) =1

n—0Q
iff
o0
Y P(AA,) =0
n=1
for all events A such that P(A) > 0.
If P(A,) > € > 0,then P(A,i.0.) > €.

Use Renyi’s theorem to prove that if {X,, n > 1} is iid with common con-
tinuous distribution

P{[X, = \"/X,-] 0. =1.
=1

(Barndorff-Nielson) Suppose {E,} is a sequence of events such that

lim_P(E,) =0, XH:P(E,,E,,.H) < 0.

Prove
P(E,1.0.) =0.

Hint: Decompose UT_, E ; form > n.

If {X,,n > 1} are independent random variables, show that the radius of
convergence of the power series Y oo ; X,2" is a constant (possibly infinite)
with probability one.

Hint: The radius of convergence of Y o , ¢,2" is given by

R™! =lim sup [cq|1/".

n—00
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28. Show {X,,n > 1} are independent if
o(X1, ... Xn-1) || o(Xy)
are independent for each n > 2.

29. Let
Q={1,....r}"={(x1,....xn):xi €{1,...,r},i=1,...,n}

and assume an assignment of probabilities such that each point of Q is
equally likely. Define the coordinate random variables

Xi((x1y ..., xpy))=x;, 1=1,...,n.
Prove that the random variables X1, ..., X, are independent.
30. Refer to Subsection 4.3.2.
(a) Define
A = {[d2; = 0]i.0.}, B ={[da41 =1]i.0.}.

Show A || B.
(b) Define

I, (w) := length of the run of 0’s starting at d,, (w),
. k > 1’ if dn (w) - 09 sy dn-}-k-—l(w) = 09 dn+k(w) = 19
o, if dy (@) = 1.

Show

Pll, =k] = (%)"“, P[l,>r]= (%)’. (4.18)

(c) Show {[I, = 0], n > 1} are independent events.
(d) Show P({[l, = 0] i.o. } = 1. (Use the Borel Zero-One Law.)

(e) The events {[l, = 1],n > 1} are not independent but the events
{[I2» = 1], n = 1} are, and therefore prove

P{[l, =1]i0. } =1

so that
P{[l, =1}i0. } = 1.
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31.

32.

4. Independence

() Let log, n be the logarithm to the base 2 of n. Show

In
P[lim su <1]=1. 4.19
[ n—»oop logon — ] (4.19)

Hint: Show
ZP[I,, > (1+¢€)logyn] < o0
n

and use Borel-Cantelli. Then replace € by ¢ | 0.

(g) Show
In
P[limsu >1]=1.
[ n—)oop logzn - ]
Combine this with (4.19).
Hint: Setr, = log, nanddefinengbyn; = 1,ny = 14ry, ..., ng41 =
ng +ry, sothat ngyy — ng = rp,. Then

[ny = rn,) € Bldi,ng <i < ngyy)

and hence {[l,, > rp, ], k = 1} are independent events. Use the Borel
Zero-One Law to show

P{lla, = rp]i0.} =1
and hence
P{ll, = ry]i0.}=1.
Suppose {B,, n > 1} is a sequence of events such that for some § > 0
P(Bp) 246 >0,
for all n > 1. Show limsup,_, ., B, # @. Use this to help show with

minimum calculation that in an infinite sequence of independent Bernoulli
trials, there is an infinite number of successes with probability one.

The Renyi representation. Suppose E}, ..., E, are iid exponentially dis-
tributed random variables with parameter A > 0 so that

PEi<x]=1-¢e*, x>0.
Let
El.n < E2.n <-.--=< En.n
be the order statistics. Prove the n spacings

EynExn—FEin,...,Enn—Ep_12

are independent exponentially distributed random variables where E 1., —
Ey n has parameter (n — k)A. Thus
d E1 E;

(El.n < EZ.n <---< En.n) = (_a ' -
n n-1

.., Ep).

Intuitively, this results from the forgetfulness property of the exponential
distribution.
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Integration and Expectation

One of the more fundamental concepts of probability theory and mathematical
statistics is the expectation of a random variable. The expectation represents a
central value of the random variable and has a measure theory counterpart in the
theory of integration.

5.1 Preparation for Integration

5.1.1 Simple Functions

Many integration results are proved by first showing they hold true for simple
functions and then extending the result to more general functions. Recall that a
function on the probability space (2, B, P)

X: Q- R

is simple if it has a finite range. Henceforth, assume that a simple function is
B/B(R) measurable. Such a function can always be written in the form

k
X)) =) aila (o),
i=1

where a, € Rand A; € Band Ay, ..., A; are disjoint and ZLI A =Q.
Recall

BX)=BAi,i=1,...0=1{Jai:Tcq,... ,k}].

tel
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Let £ be the set of all simple functions on Q. We have the following important
properties of £.
1. £ is a vector space. This means the following two properties hold.
(@) If X = ZLI ajla, € &, thenaX = ZLI aa;ls, € €.
®) X =3YF ai1s andY = Y7 bj1p and X, Y € &, then
X+Y =) (ai +bj)lans,
i)
and {A;B;,1<i <k, 1< j<m}isapartitionof 2. So X+Y € €£.
2. If X,Y € £, then XY € £ since

XY = Zaible,nBI.
L)

3.IfX,Ye&, thenXVY, XAY €£&, since, for instance,

X\/Y=) aivb,las,
1.}

5.1.2 Measurability and Simple Functions

The following result shows that any measurable function can be approximated by
a simple function. It is the reason why it is often the case that an integration result
about random varables is proven first for simple functions.

Theorem 5.1.1 (Measurability Theorem) Suppose X (w) > 0, for all w. Then
X € B/B(R) iff there exist simple functions X, € € and

0<X,1tX.

Proof. If X, € £, then X,, € B/B(R), and if X = lim,,o 1 X,, then X €
B/B(R) since taking limits preserves measurability.
Conversely, suppose 0 < X € B/B(R). Define

n2" k—l
X, = Z( 5 ) lllt—z_nl$X<§kn'] + nlix>n)-

Because X' € B/B(R), it follows that X,, € £. Also X, < X,41 and if X (w) <
00, then for all large enough n

X (@) = Xn(@)] < 21 > 0.

If X (w) = 00, then X, (w) =n — o0. O



5.2 Expectation and Integration 119

Note if
M = sup | X (w)| < 00,

weN

then
sup |X (@) = Xn(w)| — 0.

we

5.2 Expectation and Integration

This section takes up the definition of expectation, or in measure theory terms, the
Lebesgue-Stieltjes integral. Suppose (2, B, P) is a probability space and

X:(R,B)~ R, BR)

where (R = [—00, 0] so X might have oo in its range. We will define the
expectation of X, written E(X) or
f XdP
Q

f X (w)P(dw),
Q

or

as the Lebesgue-Stieltjes integral of X with respect to P. We will do this in stages,
the first stage being to define the integral for simple functions.

5.2.1 Expectation of Simple Functions

Suppose X is a simple random variable of the form

X = iail,\,,
1=1

where |a,| < 00, and ZL] A, = Q. Define for X € £ the expectation as

k
EX) = fXdP =: ) a,PA,. (5.1)
=1

Note this definition coincides with your knowledge of discrete probability from
more elementary courses. For a simple function (which includes all random vari-
ables on finite probabilty spaces) the expectation is computed by taking a possible
value, multiplying by the probability of the possible value and then summing over
all possible values.

We now discuss the properties arising from this definition (5.1).
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1. We have that
E(Q1) =1, and E(14) = P(A).

This follows since 1 = 1 so E(1) = P(2) = 1 and
14=1-144+0-14,

SO
E(14) = 1P(A) + 0P(A°).

2. If X >0and X € £ then E(X) > 0.
To verify this, note that if X > 0, then

k
X = Za,-l,q,, anda; > 0,
=1
and therefore E(X) = Y_*_, a, P(A,) > 0.
3. The expectation operator E is linear in the sense that if X, Y € £, then
E(aX + BY) =aE(X)+ BE(Y)

fora, B € R.
To check this, suppose

k m
X=Za,'l,q,, Y=ij131.
=1 i=

and then
aX +BY =) (aai + Bbj)1a,5,,
1,j

so that
E(@X + BY) =) (ca, + Bbj)P(A,B))
i

=Y «a; P(A;B; )+Zﬁb P(A;Bj)

j=1  i=1

1]
k m
Z Z (A,Bj) + B Zb, ZP(A,-B,-)
k

=) a P(A)+ﬂZb P(B;)

1 j=
=aE(X)+ BE(Y).

~



5.2 Expectation and Integration 121

4. The expectation operator E is monotone on £ in the sense that if X < Y
and X,Y € &, then E(X) < E(Y).

To prove this, we observe that we have Y — X > 0andY — X € £. So
E(Y — X) = 0 from property 2, and thus

EX)=EY -X+X)=EY -X)+EX)=EX
since E(Y — X) > 0.
5. If X,, X € € and either X, 1 X or X, | X, then
E(Xn) t E(X)or E(Xp) { E(X).
Suppose X, € &, and X,, | 0. We prove E(X,) | 0. As a consequence
of being simple, X; has a finite range. We may suppose without loss of

generality that
sup Xj(w) = K < o0.

weN
Since {X,} is non-increasing, we get that

0<Xp<K

for all n. Thus for any € > 0,
0 <Xn = Xnlix,>e) + Xnlix, <e)
<K1x,>e) + €1lx,<e).
and therefore by the monotonicity property 4,
0 <E(Xp) <KP[X, > €]+ €P[X, <¢€]
<KP[X, > €] + €.

Since X,, | 0, we have, asn — 00,

[Xn > €]l 0,

and by continuity of P
P[X,>€]l0.

So E(Xp) > E(Xp41) and
limsup E(X,) <e.

n—00
Since € is arbitrary, E(X,) | 0.
IfX, !l X,thenX, — X |} 0, so

E(Xn) —EX)=EX,—-X)10

from the previous step.
IfX, + X,thenX — X, § 0and

E(X) - E(Xn) =E(X —Xn) !0.
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5.2.2 Extension of the Definition

We now extend the definition of the integral beyond simple functions. The pro-
gram is to define expectation for all positive random variables and then for all
integrable random variables. The term integrable will be explained later.

It is convenient and useful to assume our random variables take values in the
extended real line R (cf. Exercise 33). In stochastic modeling, for instance, we
often deal with waiting times for an event to happen or return times to a state or
set. If the event never occurs, it is natural to say the waiting time is infinite. If the
process never returns to a state or set, it is natural to say the return time is infinite.

Let £ be the non-negative valued simple functions, and define

£+ ={X20:X:(R,B)~ (R BR))

to be non-negative, measurable functions with domain Q. If X € &, and
P[X = o0] > 0, define E(X) = o0.
Otherwise by the measurability theorem (Theorem 5.1.1, page 118), we may
find X,, € £, such that
0<X,?tX.

We call {X,} the approximating sequence to X. The sequence {E(X,)} is non-
decreasing by monotonicity of expectations applied to £,.. Since limits of mono-
tone sequences always exist, we conclude that lim,_, o E (X ) exists. We define

E(X) := lim E(X,). (5.2)
n—00
This extends expectation from & to £
The next result discusses this definition further.

Proposition 5.2.1 (Well definition) E is well defined on £, since if X, € &,
andY, €& and Xy 1 X, Yt X, then

lim E(X,;) = lim E(Y,).
n— oo n—»00

Proof. Because of the symmetric roles of X, and Y, it suffices to prove the
following assertion. If X,,, Y,, € £, and both sequences {X,} and {Y,} are non-
decreasing, then the assumption

nl_l’rréo 1+ Xp < mleoo 1t Ym (5.3)
implies
nl—lbrgo t E(Xp) < mli»moo t E(Ym). (54)

To prove (5.4), note that as m — oo
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since

lim Y, > lim X,, > X,.
m-—>00 m—>0Q0

So from monotonicity of expectations on £,

E(Xp) = lim 1 E(Xy AYm) < lim E(¥Ym).

This is true for all n, so let n — 00 to obtain
lim 1 E(X,) < lim 1 E(Y,).
n—oo n—oo

This proves (5.4). m]

5.2.3 Basic Properties of Expectation

We now list some properties of the expectation operator applied to random vari-
ablesin &,.

1. We have
0<E(X) <00,

andif X,Y € £, and X <Y, then E(X) < E(Y).
The proof is contained in (5.4).

2. E islinear: Fora > 0and 8 > 0,

E(aX + BY) = aE(X) + BE(Y).

To check this, suppose X, 1 X, Y, t Yand X,,,Y, € £;.Forc > 0
E(cX)= lim F(cX,)
n—0C
= lim cE(X,) (linearityoné&,)
n—0oC
=cE(X).
We also have
EX+Y)= lim E(X,+Y,)
n— 00
nlirréo (E(Xn)+ E(Yn)) (linearity on £4)

=FEX)+ E(Y).

3. Monotone Convergence Theorem (MCT). If

0<X,1X, (5.5)
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then
E(Xn) t E(X),

or equivalently,

E ( lim 1 X,,) = lim 1 E(X,).

n— 00

We now focus on proving this version of the Monotone Convergence Theorem,
which allows the interchange of limits and expectations.

Proof of MCT. Suppose we are given X,,, X € £, satisfying (5.5). We may find
simple functions Y e &+, to act as approximations to X, such that

Y’;n) T Xn, m — 0OQ.
We need to find a sequence of simple functions {Z,,} approximating X
Zm T X9

which can be expressed in terms of the approximations to {X,}. So define

=\/ .

n<m

Note that {Z,,} is non-decreasing since

(n) : Y™
Zm < \/Ym+l (Smce Yrsln) - m+l)

n<m

Next observe that forn < m,
A) YD <Y <\ jam¥al) = Zm;
(B) Z V]<ij=Xm’

since Y(’ )< Xx j» which is monotone in j and so

©) Y < Zm < Xn.

By taking limits on m in (C), we conclude that for all n

X, = lim Y(") < lim Z,, < lim X,,.

m~»00 m~—»00 m~» 00

So
X=IlmX,< lm Z, < hm Xm=X.

n—oo m—»0C

Therefore



5.2 Expectation and Integration 125

(D) X =limys00 Xpn =limpy 00 Zm
and it follows that {Z,,} is a simple function approximation to X.

(E) Now because expectation is monotone on &,
E(X,) = mlimoo + E (Y,f,")) (expectation definition)
< lim 1t E(Zn) (from (C))
m-=— 00
< lim 4 E(X;) (from (C)) .
m-—00

However Z,, € €4 and {Z,,} is a simple function approximation to X. Therefore,
we get from the definition of expectation on £ and (D)

EX)=E(lim ¢t Z,)= lim t E(Zn).
m—0oo m-—00
So (E) implies for all n that
E(Xp) < E(X) < lim 1 E(Xm),
m—»0Q

and taking the limit on n

lim E(X,) < E(X) < lim E(Xpn),

n—og¢ m->00

hence the desired equality follows. ]

We now further extend the definition of E(X) beyond £;. For a random vari-
able X, define

Xt=Xv0, X =(-X)VO. (5.6)

Thus

Xt =X, ifX >0(andthen X~ =0),

X~ = -X, if X <0(and then Xt = 0).
Therefore

xX* >0,
and
X=X+ X~

and

X e B/B(R) iff both X* € B/B(R).

Call X quasi-integrable if at least one of E(Xt), E(X ™) is finite. In this case,
define

EX)=EXH -EWX).
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If E(X*) and E (X ) are both finite, call X integrable. This is the case iff E|X| <
00. The set of integrable random variables is denoted by L or L1(P) if the prob-
ability measure needs to be emphasized. So

L1(P) = {random variables X : E|X| < o0}.

If E(XT) < oo but E(X~) = oo then E(X) = —o0. If E(X*) = o0 but
E(X") <oo,then E(X) = 0. If E(X?) = 00 and EX~ = o9, then F(X) does
not exist.

Example 5.2.1 (Heavy Tails) We will see that when the distribution function of
a random variable X has a density f(x). The expectation, provided it exists, can
be computed by the familiar formula

E(X) = fxf(x)dx.

If
-2 )
x4, ifx>1,
X)) =
) {O, otherwise,
then E (X) exists and F (X) = o0.
On the other hand, if
11,1-2  :
) sxTE ifx > 1,
x) =
) [O, otherwise ,
then

EXt)Y=EX™) = oo,

and E (X) does not exist. The same conclusion would hold if f were the Cauchy
density

1
f(x)=-——7t(1+x2), x € R. -

We now list some properties of the expectation operator E.
1. If X is integrable, then P[X = +00] = 0.
For example, if P[X = 00] > 0, then E(X*) = 00 and X is not integrable.

2. If F(X) exists,
E(cX) = cE(X).

If either

EXt) <ooand E(Y) < oo,
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or

E(X7)<oocand E(Y ™) < 00,
then X + Y is quasi-integrable and
E(X+Y)=EX)+ E().

To see this, observe that )
X +Y| €&,

and since
I X +Y| <|X|+1Y],

we have from monotonicity of expectation on £, that
E|IX+Y| < E(X|+ 1Y) = E|X|+ E|Y| < o0,

the last equality following from linearity on E£;.Hence X +Y € L.
Next, we have

X+ -(X+Y)y =X+Y=Xr-X"+Y -V, (5.7)
SO
LHS =X+t + X +Y =X +Y)" +Xt +Yt = RHS.

The advantage of this over (5.7) is that both LHS and RHS are sums of positive
random variables. Since expectation is linear on £, we have

E(LHS)=EX + Y)Y+ E(X) — +E(Y) -
=—E(RHS)=EX+Y)"+EXH+EXY™H.

Rearranging we get
EX+Y)t-EX+Y) =EXH)-EX)+EXYT)-E®X"),
or equivalently,

E(X+Y)=EWX)+ E(Y). O

3. If X >0,then E(X) >0since X =X+t IfX,Y eL;,and X <Y, then

E(X) < E(Y).

This is readily seen. We have E(Y — X) > Osince Y — X > 0, and thus by
property (2) from this list,

E(Y-X)=EXY)-FEX)=0.
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4. Suppose {X,} is a sequence of random variables such that X, € L, for
some n. If either
Xnt X

or
Xn lX,

then according to the type of monotonicity
E(Xn) t E(X)

or
E(Xn) | E(X).

To see this in the case X, 1 X, note X7 { X~ so E(X~) < o0o. Then
0<Xy=Xn+X; <X,+X] t X+X].

From the MCT given in equation (5.5)
O<EX,+X)TEX+X,).

From property 2 we have
E(Xn + X7) = E(Xn) + EXY).

Since E(X™) < 00 and E(X) < 0o, we also have

EX + X7) = E(X) + E(XY),

and thus
lim E(X,) = E(X).
n—»00

If X, | X, proceed similarly by considering — X, + X f
5. Modulus Inequality. If X € L,
|E(X)| < E(1X]).
This has an easy proof. We have
|EX)| =|E(X*) - E(X7)| < EXT)+EX™) = E(X)).

6. Variance and Covariance. Suppose X2 € L1, which we write as X € L.
Recall that we define

Var(X) :=E(X — E(X))?,
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and because of linearity of expectation, this is equal to

2
=EX?) - (EX))".
For random variables X, Y € L,, write

Cov(X,Y) =E (X — E(X)(Y — E(Y))),
and again because of linearity of expectation, this is equal to

=EXY) - EWX)E(Y).

Note that if X =Y, then Cov(X, Y) = Var(X). We will prove in Example
592 thatif X || Y and X,Y € L, then E(XY) = E(X)E(Y) and
consequently Cov(X,Y) = 0.

The covariance is a bilinear function in the sense that if X;,..., Xx and

Yy, ..., Y; are L, random variables, then for constants aj, ..., ax, and
bi,..., b

k l l
Cov(D aX,, ) bjY,) =) > aibjCov(X,.Y,).  (58)
=1 1=1

i=1 =1

S

This also follows from linearity of expectations as follows. Without loss of
generality, we may suppose that E(X,) = E(Y;) =0fori =1,...,k, j =
1,...,1. Then

TN
Nagha
RS

k l l
Cov() "a,Xi, ) b,Y,)=E X, Zb,Y,)
1=1 1=1 j=1

a,-bjE(X,-Y,)

M-
M...

-
I
—
S
I
—t

I
M~
M~.

a,b,Cov(X;, Yj).

-~
i
b
)
ll
-

A special case of this formula is used for computing the variance of a sum
of L, random variables Xy, ..., X,,. We have

n n n n n
Var(}_Xi) =Cov(}_X,, Y _X,) =) > Cov(X,,Xj).
1=1 i=1 1=1 1=1 j=1

Split the index set

(L J):1<i,j<n}={G0):1<i<nfU{Gj):i#j}
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and we get

Var(Z":X,-) =Z":COV(X,', X)+2 Z: Cov(X;, Xj)

im] = I<i<j<n
n
=) Var(Xi)+2 ) Cov(Xi, X)) (5.9)
i=1 1<i<j<n

If Cov(X;, X ;) =0fori 5 j, thatis, if X1,..., Xn are uncorrelated, then

Var(Z":X,-) = Z": Var(X;). (5.10)

1=1 i=1

In particular, this is true when X, ..., X, are independent.

. Markov Inequality. Suppose X € L. Forany A > 0

PlIX] = A) < ATTEQXD.

This proof is also simple. Note

-1, < 2 <M
U211 =307 g en = 2

Take expectations through the inequalities.
Chebychev Inequality. We have
P(IX = E(X)| = A] < Var(X)/A%,

assuming E|X| < oo and Var(X) < oo.
This follows from the Markov Inequality. We have

P{IX — E(X)|? > A?]
< AT2E(X - E(X)?,

PlIX — E(X)] 2 4]

where the last inequality is an application of the Markov Inequality.

Weak Law Large Numbers (WLLN). This is one way to express the fact
that the sample average of an iid sequence approximates the mean. Let
{Xn,n = 1} be iid with finitec mean and variance and suppose E(X,) = u
and Var(X,) = 02 < 0o. Then for any € > 0,

N -1 - - _
lim P[ln Y X, —ul>el=0.
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To see this, just use Chebychev and (5.10):

-1 - -2 ?=1Xi
n ZX,'—[L >€] < € “Var| —=————
=1

P[ "

Yo©_,Var(X,) nVar(X;)
n2e2 T nZe?

2
_ 0_(1)_,0,
€2 \n 0

5.3 Limits and Integrals

This section presents a sequence of results which describe how expectation and
limits interact. Under certain circumstances we are allowed to interchange expec-
tation and limits. In this section we will learn when this is safe.

Theorem 5.3.1 (Monotone Convergence Theorem (MCT)) If
0<X,1t X

then
0 < E(X,) t E(X).

This was proved in the previous subsection 5.2.3. See 3 page 123.

Corollary 5.3.1 (Series Version of MCT) If £; > 0 are non-negative random
variables for n > 1, then

o0

E(Z&j)= E(gj),
1=1 j=1

so that the expectation and infinite sum can be interchanged.

To see this, just write
E() &) =E(lim » &)
1=1 1=1
=lim tEQ)_&)  (MCD)
=1
= lim 1 % E())
j=1

00
= ZE({:])
j=1
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Theorem 5.3.2 (Fatou Lemma) If X, > 0, then
E(liminf X,;,) < liminf E (X},).
n— 00 n— 00
More generally, if there exists Z € Ly and X,, > Z, then
E(liminf X,;,) <liminf E (X,,).
n—o0 n— 00

Proof of Fatou. If X,, > 0, then

o0
E(liminfX,) = E(lim ¢ (/\Xk)

n—>o0
k=n

n—00

= lim 1 E ( A\ Xk) (from MCT 5.3.1)

k=n
< liminf E(X,).

n—00

For the case where we assume X, > Z, we have X,, — Z > 0 and

E(iminf(X, — Z) < liminfE(X, — Z)
n—0o n—00

SO
E(liminfX,,) — E(Z) < liminf E(X,) — E(Z).
n—00 n—00
The result follows by cancelling £ (Z) from both sides of the last relation. 0

Corollary 5.3.2 (More Fatou) If X,, < Z where Z € L, then

E(limsup X,;) > limsup E(X,,).

n—00 n—0o0

Proof. This follows quickly from the previous Fatou Lemma 5.3.2. If X, < Z,
then —X,, > —Z € L, and the Fatou Lemma 5.3.2 gives

E(liminf(—X,)) <liminf E(—X,),
n— 00 n—0o0

so that
E(—liminf(—X,)) > —liminf(—E X,).
n—00 n—0oo
The proof i1s completed by using the relation
— liminf — = limsup.
(|

Canonical Example. This example is typical of what can go wrong when limits
and integrals are interchanged without any dominating condition. Usually some-
thing very nasty happens on a small set and the degree of nastiness overpowers
the degree of smallness.
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Let
(K2, B, P) = ([0, 1), B([0, 1)), »)

where, as usual, A is Lebesgue measure. Define
Xp= nzl(o,l/,,).

For any w € [0, 1],
1(0']/,,)(0)) - Os

SO
X, — 0.
However )
E(X,,)=n2-—=n—> 00,
n
SO
E(liminfX,) =0 < liminf(EX,) = 00
n—oo n—0o0
and
E(limsupX,) =0, limsupE(X,) = 00.
n—o0 n—0o
So the second part of the Fatou Lemma given in Corollary 5.3.2 fails. So obviously
we cannot hope for Corollary 5.3.2 to hold without any restriction. 0O
Theorem 5.3.3 (Dominated Convergence Theorem (DCT)) If
X,—> X,

and there exists a dominating random variable Z € L such that
|Xn I 5 Z [}

then
E(X,) - EX).

Proof of DCT. This is an easy consequence of the Fatou Lemma. We have
and —Z € L; as well as Z € Lj. So both parts of Fatou’s lemma apply:
E(X) =FE (liminf X,;)
n—0oo
<lim Lgf E(X,) (Fatou Lemma 5.3.2)
n—»
<limsup E(X,) (since inf < sup)

n—»oo

<E(limsup X,,) (Corollary 5.3.2)

n— 00

=E(X).

Thus all inequalities are equality. 0
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5.4 Indefinite Integrals

Indefinite integrals allow for integration over only part of the Q-space. They are
simply defined in terms of indicator functions.

Definition 54.1 If X € L, we define
f XdP :=E(X1,)
A

and call 4 XdP the integral of X over A. Call X the integrand.

Suppose X > 0. For positive integrands, the integral has the following proper-
ties:

(1) We have
Os/XdPsE(X).
A

This is a direct consequence of the monotonicity property of expectations.

(2) We have
/ XdP =0
A

P(AN[X > 0]) =0.

iff

This proof of this important result is assigned in Exercise 6 at the end of the
chapter.

(3) If {A,,n > 1} is a sequence of disjoint events

(o)

XdP = XdP. (5.11)
UnAn nz=; Ap

To prove (5.11), observe

XdP =E(X1y,a,)
UnAp

=EQ_X1a,)
n=1

o0
= (Z E(X1,4,) (from Corollary 5.3.1)

n=1

o0
- Z XdP.
n=194n
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4) If
A1 C Ay,

then

XdP < XdP.
Ay A

(5) Suppose X € L; and {A,} is a monotone sequence of events. If

An /' A’
then
f XdP/'fXdP
" A
while if
An \l As
then

/ XdP\/XdP.
n A

Property (4) is proved using the monotonicity property of expectations and
Property (5) is a direct consequence of the MCT 5.3.1. 0O

5.5 The Transformation Theorem and Densities

Suppose we are given two measurable spaces (€2, B) and (2, B’), and
T:(Q,B)~ (,8)

is a measurable map. P is a probability measure on B. Define P’ := PoT 1 to
be the probability measure on B’ given by

P'(A)=P(T1(A)), A eB.
Theorem 5.5.1 (Transformation Theorem) Suppose
X (,B)~ (R, B(R)

is a random variable with domain Q'. (Then X' o T : Q — R is also a random

variable by composition.)
(i) If X' = 0, then

/ X (T ()Pdw)= | X' (o)P'(do), (5.12)
Q Q

where P’ = P o T\, Equation (5.12) can also be expressed as

E(X'oT)=E'(X"), (5.13)
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where E' is the expectation operator computed with respect to P’
(ii) We have

X' e L{(P) iff X oT € L (P)
in which case

/ X (T(@)Pdw)= | X'(&)P'(do). (5.14)
T-1(A") A’

Proof. (i) Typical of many integration proofs, we proceed in a series of steps,
starting with X as an indicator function, proceeding to X as a simple function and
concluding with X being general.

(a) Suppose

X' =14, A €eB.
Note
X'(T () = 14(T (w)) = 17-1 4 (w),
SO
/Q X'(T (@))P(dw) = Left side of (5.12)
= [ 1eT@yP@w)

= /Q 17-1(41) (@) P(dw)
=P(T~1(A") = P'(A")
=f}mmﬁwﬂ
= Right side (5.12).

(b) Let X’ be simple:

k
X’= Za;lA"
1=1
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so that

k
f X' (Tw)P(dw) = f Y a1, (T (@) P(dw)
Q2 Q2 =1 '

k
=Za,’f IT-x(A:)(w)P(dw)
i=1 Q

'P(T™1(A)))

{P'(A])

k
3 a
1=1
k
3 a
i=1
k
=/ Za;IA;(w')P'(dw').
=1

(c) Let X’ > 0 be measurable. There exists a sequence of simple functions
{X}}, such that
X, 1X.
Then it is also true that
X :, oT 42X oT

and

Left side (5.12) =f X' (Tw)P(dw)
Q

= lim 4 | X/ (Tw)Pdw) (MCT)
Q

n—00

= lim ¢ | X, (o")P'(do) (from Step (b))
Q’

n— 00

=] X'()P'(do) (from MCT).
Q'

The proof of (ii) is similar. To get (5.14) we replace X” in (5.12) by X'14.. O

5.5.1 Expectation is Always an Integral on R
Let X be a random variable on the probability space (€2, B, P). Recall that the

distribution of X is the measure

F:=PoXx™!
on (R, B(R)) defined by (A € B(R)):
F(A)=PoX 1(A) = P[X € A].
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The distribution function of X is
F(x) := F((—o00,x]) = P[X <x].

Note that the letter “F” is used in two ways. Usually, there will be no confusion.
Here is an excellent example of the use of the Transformation Theorem which
allows us to compute the abstract integral

E(X) =/ XdP
Q
as

EX) = / xF(dx),
R

which is an integral on R.

Corollary 5.5.1 (i) If X is an integrable random variable with distribution F,
then

EX) = / xF(dx).
R

(ii) Suppose
X:(Q,B)— (E &)

is a random element of E with distribution F = P o X! and suppose
g: (E, &)~ (Ry, BR4))

is a non-negative measurable function. The expectation of g(X) is

E(g(X))=/Qg(X(w))P(dw)=/ Eg(x)F(dx).
X€

Proof. (i) For ease of applying the Transformation Theorem, we make the follow-
ing notational identifications:

X : (2, B) ~(R, BR),
X' :(@,8) =R, BR) » R, B[R)),
X'(x) =x,
T =X
P =PoX'=F.

According to the conclusion of the Transformation Theorem, we get the equation

fX'(T(w))P(dw)=/ X' ()P (do)
Q Q

and with the identifications listed above, the equation becomes

/X(w)P(dw)=/xF(dx).
Q R
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(i1) We proceed in stages using the usual progression: start with an indicator
function, proceed to simple functions and graduate to general non-negative func-
tions. Here are the stages in more detail.

(a) If A € £ and g(x) = 14(x), then (i) is true. This follows from F = PoX !,
(b) Check (i) holds for g simple.
(c) Finish with an application of the MCT. 0

The concluding message: Instead of computing expectations on the abstract
space €2, you can always compute them on R using F, the distribution of X.

5.5.2 Densities

Let X : (2, B) > (R¥, B(R¥)) be arandom vector on (2, BB, P) with distribution
F. We say X or F is absolutely continuous (AC) if there exists a non-negative
function

f : ®R*. BRN) » Ry, B(Ry))

such that

F(A) = / f (x)dx,
A

where dx stands for Lebesgue measure and the integral is a Lebesgue-Stieltjes
integral.

Proposition 5.5.2 Let g : (R¥, B(R%)) > (R4, B(R.)) be a non-negative mea-
surable function. Suppose X is a random vector with distribution F. If F is AC
with density f, we have for the expectation of g(X)

Eg(X) = /l;g(x)f(x)dx-

Proof. Repeat (), (b), (c) of the proof of Corollary 5.5.1 (ii) for the case where
there is a density. 0O

5.6 The Riemann vs Lebesgue Integral

Every probability student is first taught to compute expectations using densities
and Riemann integrals. How does this the Riemann integral compare with the
Lebesgue integral?

Suppose (—00 < a < b < o¢) and let f be real valued on (a, b]. Generally
speaking, if f is Riemann integrable on (a, b], then f is Lebesgue integrable on
(a, b] and the two integrals are equal. The precise statement is next.

Theorem 5.6.1 (Riemann and Lebesgue) Suppose f : (a, b] — R and
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(a) f is B((a, b])/B(R) measurable,
(b) f is Riemann-integrable on (a, b).
Let A be Lebesgue measure on (a, b). Then
(i) f € Li([a,b), X). In fact f is bounded.
(i)) The Riemann integral of f equals the Lebesgue integral.

Proof. If f is Riemann integrable, then from analysis we know that f is bounded

on (a, b] (and also continuous almost everywhere on (a, b]). For an interval I,
define

frUy=swp fe), fAI) = inf f).

xel
Chop up (a, b] into n subintervals Il("), oo, I where
b—
1" = (@a+2=2,
b—a 2(b—a
n n
-b
I = k-2 p
Define

falx) = ZfV(I,‘"’)l,;n,(x),
1=1

-

S

S
|

Z fA(I;n))lltn) (x)
J=1 !

so that f,, in are simple (and hence measurable) and

£, <[ < fa (5.15)
Define
= s fa@OMdx) =Y fYAMHAA™)
a, j=1

gp=| f,00Mdx)=Y" FAUAA)
a ]=1
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where A(I](")) — (b — a)/n. Let

b
1 =/ f(x)dx

be the Riemann integral of f. I has upper Riemann approximating sum on and
lower Riemann approximating sum g,,. Since f is Riemann-integrable, given ¢,
there exists ng = ng(€) such that n > ng implies

=& \/ 1 —g,l <€ (5-16)

Because of (5.15) and monotonicity of expectations

g,,:/ fdAs/ fdx < fudA = G,
(@b " (a.b] (a.b)

and from (5.16

SO
I —€< fdr <1 +¢;
(a.b]
that is,
| fdx—1| <e.
(a.b)
This completes the proof. 0O

We need the next lemma in order to discuss the subsequent example.

Lemma 5.6.1 (Integral Comparison Lemma) Suppose X and X ' are random
variables on the probability space (S, B, P) and suppose X € L.

(a) If

P X =X'1=1,
then
X' € Lyand E(X) = E(X').
(b) We have
PIXx=X']1=1
iff

/XdP=[X'dP, VA € B.
A A

The condition “for all A € B” can be replaced by “for all A € P” where P is a
7t -system generating B.
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Proof. Part (a) basically follows from Exercise 6. Here, we restrict ourselves to
commenting on why if X € L; and P[X = X'] = 1, it follows that X' € L;.
Write N = [X # X’] so that P(N) = 0 and then

E(X')) = E(Xyxi=ixp + E(X11N)
< E|X]) +0 < oo,
where we have applied Exercise 6. A modification of this argument shows £ (X) =
EX").

Now consider (b) which uses the following result also following from Exercise
6:

If X >0, then E(X) = 0implies P[X =0] =1, (5.17)
or equivalently
if X > 0, then P[X > 0] > O implies £(X) > 0. (5.18)

Suppose for all A € B that

fXdP=/X'dP.
A A

To get a contradiction suppose P[X # X'] > 0. So either P[X > X'] > Oor
P[X <X']>0.If P[X > X'] >0, thenset A =[X > X']and (X—X')14 > 0,
and P[(X — X")14 > 0] > P(A) > 0. So from (5.18 we have

E((X — X')1,) > O;

/X—fX'>O,
A A

a contradiction. So P(A) = 0.
Conversely, if P[X = X'] =1, thenset N = [X # X'] and forany A € B

fXdP=f XdP+/ XdP
A ANN ANN¢

=0+f X'dP=/X'dP,
ANN¢ A

with the O resulting from Exercise 6. O

that 1s,

Example 5.6.1 For this example we set 2 = [0, 1], and P = A = Lebesgue
measure. Let X (s) = 1Q(s) where Q are the rational real numbers. Note that

MQ) = MUreQlrh = ) Ar) =0
reQ
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so that
MX=0D=1=1(0,1]\ Q.

Therefore from the Integral Comparison Lemma 10.1 E(X) = E(0) = 0 since
A[X = 0] = 1. Note also that X is not Riemann-integrable, since for every n,

and thus the upper and lower Riemann approximating sums do not converge to
each other. We conclude that the Riemann integral does not exist but the Lebesgue
integral does and is equal to 0.

For a function to be Riemann-integrable, it is necessary and sufficient that the
function be bounded and continuous almost everywhere. However,

{w € [0, 1] : 1Q(-) is discontinuous at w} = {w € [0, 1]} = [0, 1]
and thus

Mw : 1Q(-) is continuous at w} = 0.

5.7 Product Spaces, Independence, Fubini Theorem

This section shows how to build independence into a model and is also important
for understanding concepts such as Markov dependence.
Let 21, 22 be two sets. Define the product space

Q1 % Q2 = {(w1,2) 1w, € Qi,i =1,2)
and define the coordinate or projection maps by (i = 1. 2)
T (w1, @2) = @,

so that
JT, :Q] XQZHQ‘.

If A C ) x Q3 define
Ay, = {w2:(w1,w2) € A} C Q0
Ay, = {w1: (w1, w2) € A} C Q.

A, is called the section of A at w,.
Here are some basic properties of set sections.
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(i) If A C Q1 x Q2, then (A%)g, = (Aw,)".

(i) If, for an index set T, we have Aq C Q1 % 3, foralla € T, then

40w = Aowr:  (VA)ar = [ )Ac)ey-

Now suppose we have a function X with domain ©2; x 2, and range equal to
some set S. It does no harm to think of S as a metric space. Define the section of
the function X as

Xy (@2) = X (w1, w2)

SO
le . Qz - S.

We think of w; as fixed and the section is a function of varying w;. Call X, the
section of X at wy.
Basic properties of sections of functions are the following:

(1) Aa)w, = 14,
(i) If S = R* for some k > 1 and if for i = 1, 2 we have
X, N Q] X QZ > 81

then
(Xl + XZ)w; = (Xl)wl + (XZ)w1 .

(iii) Suppose S is a metric space, X, : 21 x 2 +— § and lim,_, o X, exists.
Then

lim (Xn)w, = lim (Xn)ew,-
n—00 n—00

A rectangle in 21 x 23 is a subset of 21 x €2, of the form A; x A where
A, C Q;, fori = 1,2. Wecall A, and Aj the sides of the rectangle. The rectangle
is empty if at least one of the sides is empty.

Suppose (£2;, B;) are two measurable spaces (i = 1, 2). A rectangle is called
measurable if it is of the form Ay x A; where A; € B;, fori =1, 2.

An important fact: The class of measurable rectangles is a semi-algebra which
we call RECT. To verify this, we need to check the postulates defining a semi-
algebra. (See definition 2.4.1, page 44.)

(i) 9, Q € RECT

(i) RECTis aw-class: If A; x A2, A} x A} € RECT, then (A; x A2) N(A] X
A'z) = AlA'l X A;)_A'z € RECT.
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(iii)) RECT is closed under complementation. Suppose A x Az € RECT. Then
Q1 x Q2\ Ay x A2 =(1 \ A1) X A2 + A1 x (22\ A2)
+ A x AS.

We now define a o -field on 2) x €25 to be the smallest o -field containing RECT.
We denote this o-field B; x B; and call it the product o-field. Thus

B; x By := o (RECT). (5.19)
Note if Q; = Q2 = R, this defines
By xBy=0(A1 X A2: A, e BR), i =1,2).

There are other ways of generating the product o -field on R2. If CY is the class of
semi-open intervals (open on the left, closed on the right), an induction argument
gives

B xBy=0({lh xL:1,eCY, j=1,2).

Lemma 5.7.1 (Sectioning Sets) Sections of measurable sets are measurable. If
A € By x By, then for all w1 € Q,

Awl € Bz.
Proof. We proceed by set induction. Define
Coy ={A CQ xQ: A, € Bl

If A e RECT and A = A; x Az where A, € B;, then

Ay, = {w2:(w1 xw) €A x Ay}
_ AzEBz, ifw1 € A
- @, if w; ¢ A;.

Thus Ay, € Cy,, implying that
RECT cC,,.

Also C,, is a A-system. In order to verify this, we check the A-system postu-
lates.

(i) We have

since 2; x > € RECT.

(ii) If A € C,, then A € Cy, since (A€)y, = (Ay,)° and A € C,, implies
Aw, € Bz and hence (A,,)¢ € B,. This necessitates (A)y,, € Co,.
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c) If A, € C,,, forn > 1 with {A,} disjoint, then (A,),, € B2 implies
Zn (An)wl € Bz- But

Y Anay = Q_An)e € B2
n=1 n=1

and hence

oC
Y An €Ca,.
n=1

Now we know that C,, is a A-system. Further we know that
Cwy O RECT
which implies by Dynkin’s theorem 2.2.2 that
Cwy D 0(RECT) = B; x B;. 0

There is a companion result to Lemma 5.7.1 about sections of measurable func-
tions.

Corollary 5.7.1 Sections of measurable function are measurable. That is, if
X: (2 x Q2,81 xBy) > (§,85)

then
Xu, € By

Proof. Since X is By x B,/S measurable, we have for A € S that
(@1, 02) : X (0, w2) € A} = X7!(A) € By x By,
and hence by the previous results
XY (A))e, € B
However

(X~ (A))w, =02 : X (01, w2) € A)
={w2 : Xy, (@2) € A} = (X)) "1 (A),

which says X, is B2/S measurable. O
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5.8 Probability Measures on Product Spaces

We now consider how to construct probability measures on the product space
(21 X Q2, By x By). In particular, we will see how to constuct independent random
variables.

Transition Functions. Call a function
K(w1,A2) : 21 x By — [0, 1]
a transition function if
(i) for each w;, K (wy, ) is a probability measure on B;, and
(ii) for each Az € B,, K (-, A2) is B1/B([0, 1)) measurable.

Transition functions are used to define discrete time Markov processes where
K (w1, A2) represents the conditional probability that, starting from wy, the next
movement of the system results in a state in A;. Here our interest in transi-
tion functions comes from the connection with measures on product spaces and
Fubini’s theorem.

Theorem 5.8.1 Ler Py be a probability measure on B,, and suppose
K : Q) x By~ [0,1])
is a transition function. Then K and P), uniquely determine a probability on
By x B3 via the formula
P(A; x A2) = | K(wy, A2)Pi(dwy), (5.20)
Ay
forall Ay x Ay € RECT.

The measure P given in (5.20) is specified on the semialgebra RECT and we
need to verify that the conditions of the Combo Extension Theorem 2.4.3 on
page 48 are applicable so that P can be extended to o (RECT) = B x B,.

We verify that P is o-additive on RECT and apply the Combo Extension The-
orem 2.4.3. Let

(A" x A n > 1)

be disjoint elements of RECT whose union is in RECT. We show

o0 o0
PO AY x A7) =5 Pl x AD).

n=1 n=1

Note if Y, Ag") X Ag") = A X A», then

14, (w1)1a,(w2) = 14,x4, (w1, w2) = Z lA:n)XA;n) (w1, w2)
n

= Z lA(ln)(wl)lA;n) (w2)-
n
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Now making use of the series form of the monotone convergence theorem we
have the following string of equalities:

P(A1 x A7) = fg 14, (@)K (@1, A2) P (dw1)
1

/ [ 1.4, (1)14,(2)K (w1, dw2)]Pr(dw)
/S; [-/S; Z lA(n)(wl)lA(n)(coz)K(w] dw?)] P (dw)
1

=.£2 Z[/ m(wl)l m(wz)K(wl dw2)]P1(dw1)
1

n

= Z/ lA(n) (0)1)[/ lA(n) (02)K (w1, dwz)]Pl (dw1)
n Y& 1 Q2 2

-y fg 1ym @K (@1, ATV Py (dr)
n 1

- Z -L(n) K (w1, AS) Py (dwy)
n 1

=> P@AY x AD).
n O

Special case. Suppose for some probability measure P, on B; that K (wg, A2) =
P,(A3) . Then the probability measure P, defined in the previous result on B x B,
is

P(A1 x A2) = P1(A1)P2(A2).

We denote this P by P; x P> and call P product measure. Define o-fields in
Q] X Qz by

= {A; xQ2: A € By}
{21 x Ay : Ay € B3]

A
I

With respect to the product measure P = P; x P,, we have Bf | B;_" since

P(A; x 22N x Az) = P(A1 X A2) = P1(A1)P2(A2)
=P(A] x Q2)P(21 x Aj).

Suppose X; : (R, B;i) — (R, B(R)) is a random variable on , fori = 1, 2.
Define on 21 x €5 the new functions

X{(o1, @2) = X1(@1), Xj(w1,@2) = X2(w2).
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With respect to P = Py x P;, the variables X f and X’ ’2’ are independent since

P[X] < x. X5 <yl = P x Py({(w1, @2) : X1(@1) < X, X2(@2) < y))
= P x Py({or : X1(@1) = x} X {w2 : X2(w2) < y})
= P({X1(e1) = xPPr({w2 : X2(w2) < y})
= P({(w1, 2) : X] (@1, @2) < x})
P({(w1, @2) : X5(@1,@2) < y))
= P[X] < x]P[X} <y].

The point of these remarks is that independence is automatically built into the
model by construction when using product measure. Quantities depending on dis-
joint components can be asserted to be independent without proof. We can extend
these constructions from two factors to d > 2 factors and define product measure
P, x --- x Py. Having independence built into the model is a big economy since

otherwise a large number of conditions (of order 2¢) would have to be checked.
See Definition 4.1.2 on page 91 and the following discussion.

5.9 Fubini’s theorem

Fubini’s theorem is a basic result which allows interchange of the order of inte-
gration in multiple integrals. We first present a somewhat more general and ba-

sic result that uses transition kernels. We continue to work on the product space
(Q] X Qz, Bl X Bz)

Theorem 5.9.1 Let Py be a probability measure on (S2,, By) and suppose K
Q) x Bz — [0, 1] is a transition kernel. Define P on (S2) x 22, By x B3) by

P(A; x A2) =[A K (w1, A2)Py(dwy). (5.21)
1

Assume
X : (1 x Q3, By x By) —» (R, B(R))

and furthermore suppose X > 0 (X is integrable). Then
Y = [ K do)Xu @)
2

has the properties
(a) Y is well defined.
(b) Y € By.
(c) Y=0 (Y e€L(P)),
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and furthermore
[ xap= [RLTAE [ 1] Ko dwnXe, @1Prcdon.
Q1 x82 Q Q J
(5.22)
Proof. For fixed w;, we have X, (w?) is B2-measurable so Y is well defined. It

is not hard to show that Y is B; measurable and we skip this and we proceed to
show (5.22) under the assumption X > 0. Define

LHS :=/ XdP
Q1 xS

and
RHS :=/ Y(wl)Pl(dwl).
Q)
We begin by supposing
X = 14,x4,
where
Ay X A € RECT.
Then
LHS =/ dP = P(A; X Aj)
Al)(Az

and

RHS = f ([ K dw)1a, @14, (@)]P(dwr)
Q JQ2

=/ K (w1, A2)Pi(dw1) = P(A; X A2).
Ay
So (5.22) holds for indicators of measurable rectangles. Let

C = {A € By x By : (5.22) holds for X = 14},

and we know RECT C C.
We claim that C is a A-system. We check the postulates.

(i) €1 x 2 € Csince 2 X Q2 € RECT.
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(ii) If A € C then for X = 14¢, we have LHS = P(A€) =1 — P(A) so that

LHS

1= [ [ K dopia, @ Prden)
= //K(wl.dwz)(l — 14, (w2)) Py (dwy)
= f/K(wl,dwz)l(Awl)f(wz)Pl(dwz)

- f f K (@1, dw) 14, (@2) Pi (dw)
RHS.

So A€ € C.

(iii) If A, € C, and {A,, n = 1} are disjoint events, then

[ iz adP=PCA) =3 P
1X3e2 n n

= Z//K(‘“l'dwz)lm,.)w, (w2) Py(dewy)

because A, € C; applying monotone convergence we get

=//K(w1,dwz)zlm,,)wl (w2) Py (dwn)

= [ [ k(@1 deoniap., @ Pridan
RHS,

soy ,Ap €C.
We have thus verified that C is a A-system. Furthermore,
C O RECT,
which implies
C D o(RECT) = B; x Bs.

We may therefore conclude that for any A € By x By, if X = 1, then (5.22) holds
for this X.

Now express (5.22) as LHS(X) =RHS(X). Both LHS(X) and RHS(X) are
linear in X so (5.22) holds for simple functions of the form

X =

k
a,lA,, A; € B] X Bz.

=1
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For arbitrary X > 0, there exists a sequence of simple X,,, such that X,, 1 X. We
have

LHS (X,) = RHS (X,),
and by monotone convergence
LHS (X,) 1+ LHS (X).

Also, we get for RHS, by applying monotone convergence twice, that
im 1 RHS ) = tim [ [ K@i, don)(Ka)un )] Pr(den)
n—0o00 n—0o Ql QZ

= [ [lim Tjs‘z K (w2, dw2)(Xn)w, (w2)]P1(dw))
2

Ql n—0o

=/s.2 lim (Xp)w, (@2)K (01, dw2)]Pi(dw))
1

Qz n—00

_ / [| K@i, dwp)Xe, (@)]Pi(der)
Q JQ

= RHS (X). 0

We can now give the result, called Fubini’s theorem, which justifies interchange
of the order of integration.

Theorem 5.9.2 (Fubini Theorem) Let P = P, x P, be product measure. If X is
B; x B, measurable and is either non-negative or integrable with respect to P,
then

/ XdP = / [ f Xo, (@2) P2(de2)]P1 (dwr)
Q]XQZ Ql Qz

- f ([ Xen(w1)Prdon)Pa(den).
Qy J

Proof. Let K (w1, A2) = P>(A2). Then P; and K determine P = P; x P; on
B; x B; and

/ XdP
Q;xQ

f[ K (w1, dwn) Xy, (@2)] P (dwy)
Q, Jo,

- f ([ Padwr)Xo (@D]Pidw).
Q; J
Also let
K (w2, A1) = Pi(A1)

be a transition function with

K : Q x By — [0,1].
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Then K and P; also determine P = P; x P; and

/ XdP = f ([ Rwz don)Xu,(@)]Pa(dwr)
Q x07 Qo JQ

- f ([ Pudon) X)) Padewy).
Q, Jo, =

We now give some simple examples of the use of Fubini’s theorem.

Example 5.9.1 (Occupation times) Let {X (s, w),t € [0, 1]} be a continuous
time stochastic process indexed by [0, 1] on the probability space (€2, B, P) sat-
isfying

(a) The process X (-) has state space R.
(b) The process X is two-dimensional measurable; that is,
X :([0,1] x , B([0,1]) x B) — B(R)
so that for A € B(R)
X~ U(A) = {(t,w) : X(t, w) € A} € B([0, 1)) x B.

Fix aset A € B(IR). We ask for the occupation time of X in A during timest € A,
for A € B([0, 1]). Since A € B(R),

1A : (R, B(R)) — ({0, 1}, {, {0, 1}, {0}, {1}D)
is measurable and therefore
1A(X (s, ) = ([0, 1] x Q. B([0, 1]) x B) ~ ({0, 1}, B({0, 1)) .

Define the random measure
x(A, w) :=/ 1A (X (s, w))ds
A

and call it the occupation time in A during times ¢ € A.

We have
Ex(A,w):/ [/ lA(X(s,w))ds]dP,
QLJA

which by Fubini’s theorem is the same as

=/ [/ lA(X(s,w))dP]ds
A Q

= / P[X(s) € A]ds.
A

Thus expected occupation times can be computed by integrating the probability
the process is in the set. O
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Example §.9.2 Let X, > 0,i = 1, 2 be two independent random variables. Then
E(X1X?2) = E(X1)E(X?).

To prove this using Fubini’s theorem 5.9.2, let X = (X, X3), and let g(x;, x2) =
x1x2. Note P o X~ ! = F; x F, where F; is the distribution of X;. This follows

since

PoX1(A; x A2) = P[(X1,X2) € A; x Aj]
P[X, € A1, X7 € Aj]
P[X: € A1]P[X: € A7]
F1(A1)F2(A2)

Fi1 x Fo(A1 X A2).

SoPoXland F x agree on RECT and hence on B(RECT) = B; x B,.
From Corollary 5.5.1 we have

EX1X2=EgX) = f _ 8X)Po X~V (dx)
R+

= /!;2 gd(F1 x F?)

=/ xz[/ x1F1(dx1))F2(dx2) (Fubini)
Ry
= E(X1) /szz(dxz) = E(X1)E(X2).
g

Example 5.9.3 (Convolution) Suppose X1, X3 are two independent random vari-
ables with distributions Fj, F>. The distribution function of the random variable
X1 + X3 is given by the convolution Fy * F, of the distribution functions. For
xelR

PX1+ X2 <x]=:F1 xF(x) = / Fi(x —u)F>(du) = / Fa(x — u)Fy(du).
R R

To see this, proceed as in the previous example. Let X = (X, X2) which has
distribution F; x F> and set

g(x1,X2) = 1, pyeR2usv<x) 1, %2),  (x1,x2) € R%.
((.v) <x)

From Corollary 5.5.1

P[X, + X2 < x] =Eg(X) = fR gd(F1 x F).
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Iterating the multiple integral a la Fubini, we have

=/ L/ 1{(u.v)em2;u+v_<_x}(xl,xZ)Fl(dxl)] F>(dx3)
R L/R

=/ / LveRw<x—xz) (X1) F1 (dxl)] Fy(dx2)
R L/R

=fRF1(x — x2) F2(dx3).

5.10 Exercises

1. Consider the triangle with vertices (-1, 0), (1, 0), (0, 1) and suppose (X, X2)
is a random vector uniformly distributed on this triangle. Compute
E(X + X3).

2. Argue without a computation that if X € L, and ¢ € R, then Var(c) = 0
and Var(X 4+ c¢) = Var(X).

3. Refer to Renyi’s theorem 4.3.1 in Chapter 4. Let
L,:=inf{j > 1:X; is arecord.}
Check E(Ly) = o0.

4. Let (X,Y) be uniformly distributed on the discrete points (-1, 0), (1, 0),
(0, 1), (0, —1). Verify X, Y are not independent but E(XY) = E(X)E(Y).

5. (a) If F is a continuous distribution function, prove that

/ F(x)F(dx) = l
R 2

Thus show that if X';, X5 are iid with common distribution F, then

1
P[X] 5X2]= 5

and E(F (X)) = 1/2. (One solution method relies on Fubini’s theo-
rem.)

(b) If F is not continuous

11
4= P =al,
2+2; (X1 = a]

where the sum is over the atoms of F.

E(F(X1) =
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(c) If X, Y are random variables with distribution functions F (x), G(x)
which have no common discontinuities, then

E(F(Y))+ EGX)) =1.

Interpret the sum of expectations on the left as a probability.
(d) Even if F and G have common jumps, if X || Y then

E(F(Y)) + E(GX)) =1+ P[X =Y].

6. Suppose X € L and A and A,, are events.

(a) Show

f XdP — (.
[IX1>n)

(b) Show that if P(A,) > 0, then

XdP — 0.
A,

Hint: Decompose

|X|dP = f |X|dP + f 1X|d P
Ap An[lX|<M] An[IX|>M]

for large M.
(c) Show
/ |X|dP = 0iff P(AN[|X]| > 0]) =0.
A

(d) If X € L2, show Var(X) = 0 implies P[X = E(X)] = 1so that X is
equal to a constant with probability 1.

(e) Suppose that (2, B, P) is a probability space and A, € B, i = 1, 2.
Define the distance d : B x B+ R by

d(A1,A2) = P(A1AA)).

Check the following continuity result: If A,,, A € B and

d(A,,A) - 0
then
/ XdP—->/XdP
An A
so that the map
AI-—)/XdP
A

1S continuous.
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Suppose X,, n > 1 and X are uniformly bounded random variables; i.e.
there exists a constant K such that

X1 \/ 1X < K.
If X,, > X as n — oo, show by means of dominated convergence that

E\X, — X| > 0.

Suppose X, X,,n > 1 are random variables on the space (2, B, P) and
assume

sup | X, (w)| < o0;
we
n>1

that is, the sequence {X,} is uniformly bounded.
(a) Show if in addition

sup | X (w) — Xp(w)| = 0, n— oo,

weN

then E(X,) —» E(X).

(b) Use Egorov’s theorem (Exercise 25, page 90 of Chapter 3) to prove:
If {X,} is uniformly bounded and X, — X, then E(X,;) —» E(X).
(Obviously, this follows from dominated convergence as in Exercise 7
above; the point is to use Egorov’s theorem and not dominated con-
vergence.)

Use Fubini’s theorem to show for a distribution function F (x)

/(F(x +a) — F(x))dx =a,
R

where “dx” can be interpreted as Lebesgue measure.

For X > 0, let

Show
E(X;) 1 E(X).

If X,Y are independent random variables and E(X) exists, then for all
B € B(R), we have

/ XdP = E(X)P[Y € B].
[Y €B]
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12. Suppose X is an uncountable set and let B be the o -field of countable and
co-countable (complements are countable) sets. Show that the diagonal

DIAG := {(x,x): x e X} ¢ Bx B

is not in the product o-field. However, every section of DIAG is measur-
able. (Although sections of measurable sets are measurable, the converse is
thus not true.)

Hints:
e Show that
BxB=DB({{x} xX,X x {x},x € x}).

so that the product o-field is generated by horizontal and vertical
lines.

e Review Exercise 12 in Chapter 2.

e Proceed by contradiction. Suppose DIAG € B x B. Then there exists
countable S C X such that

DIAG € B({{x} x X, X x {x},x € s}) =:6.

e Define
P :={{s},s € S, §)

and observe this is a partition of X’ and that
(A xAx: A €P; i=1,2)
is a partition of X x X and that
G=B(A1 xA2: AN €P,i=1,2).

Show elements of G can be written as unions of sets A j X A
e Show it is impossible for DIAG € G.

13. Suppose the probability space is the Lebesgue interval
(2 = [0, 1], B([0,1]), A)

and define

Show X, — 0 and E(X,) — 0 even though the condition of domination
in the Dominated Convergence Theorem fails.
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Suppose X || Y and h : R? > [0, 00) is measurable. Define
g(x) = E(h(x,Y))

and show
E(g(X)) = E(h(X.Y)).

Suppose X is a non-negative random variable satisfying
P0<X <o0]=1.
Show

1
i E _1 >n =y,
@ limn (X (X ]) 0

n—00

) _ 1
(b) lim n 1E (3(-1[,{),,_1,) = 0.
(a) Suppose —00 < a < b < 00. Show that the indicator function 14 p}(x)
can be approximated by bounded and continuous functions; that is, show
that there exist a sequence of continuous functions 0 < f, < 1 such that
fn = 1(a.b) pointwise.

Hint: Approximate the rectangle of height 1 and base (a, b] by a trapezoid
of height 1 with base (a, b + n~!] whose top line extends froma + n~! to
b.

(b) Show that two random variables X'; and X5 are independent iff for every
pair f;, f2 of positive bounded continuous functions, we have

E(fi(X1) f2(X2)) = E fi(X1)E f2(X?2).

(c) Suppose for each n, that the pair &, and 5, are independent random
variables and that pointwise

€n = Eoor  Nn —> Noo-
Show that the pair £, and 7 are independent so that independence is

preserved by taking limits.

Integration by parts. Suppose F and G are two distribution functions with
no common points of discontinuity in an interval (a, b]. Show

f G(x)F(dx)
(a.b]

= F(b)G(b) — F(a)G(a) — / F(x)G (dx).
(a.b}
The formula can fail if F and G have common discontinuities. If F and G
are absolutely continuous with densities f and g, try to prove the formula
by differentiating with respect to the upper limit of integration. (Why can
you differentiate?)
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19.

20.

S. Integration and Expectation

Suppose (2, B, P) = ((0, 1], B((0, 1]), A) where A is Lebesgue measure
on (0, 1]. Let A x A be product measure on (0, 1] x (0, 1]. Suppose that
A C (0,1] x (0, 1] is a rectangle whose sides are NOT parallel to the axes.
Show that

A X A(A) = area of A.

Define ($2;, B;, i), fori = 1,2 as follows: Let 1) be Lebesgue measure
and p; counting measure so that ;£2(A) is the number of elements of A. Let

2 =(0,1), B; = Borel subsets of (0, 1),
Q; =(0,1), B> = All subsets of (0, 1).

Define
1, ifx=y,
foe.y) = [O, otherwise.
(a) Compute
/ [ f&,y)ua(dy)lpui(dx)
) JS
and

/ [ f fx, y)p1(dx)]u2(dy).
Q2 J

(b) Are the two integrals equal? Are the measures o -finite?

For a random variable X with distribution F, define the moment generating
function ¢ (1) by
¢() = E@).

(a) Prove that
P(L) = / ™ F(dx).
R

Let
A={\€R:¢p() <o)

and set

Aoo = Sup A.
(b) Prove for A in the interior of A that ¢ (A) > 0 and that ¢ (A) is continuous
on A. (This requires use of the dominated convergence theorem.)

(c) Give an example where (i) Aoc € A and (ii) Aoc ¢ A. (Something like
gamma distributions should suffice to yield the needed examples.)

Define the measure F; by

e)..x
FA(1)=flmF(dx), A€ A.
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(d) If F has a density f, verify F has a density fi. What is f;? (Note that
the family { fy, A € A} is an exponential family of densities.)

(e) If F(I) = 0, show F)(I) = 0 as well for I a finite interval and A € A.

21. Suppose { pk, k > 0} is a probability mass function on {0, 1, ...} and define
the generating function

Prove using dominated convergence that
—P(s) Zpkksk I, 0ss=<1,

that is, prove differentiation and summation can be interchanged.

22. (a) For X, a positive random variable, use Fubini to prove
E(X) =f P[X > t]d:.
[0.00)
(b) Check also that for any a > 0,

E(X%) =af[0 )x""lP[X > x)dx.
x0

(c) If X > Ois arandom variable such that forsome § > 0and0 < 8 < 1
P[X > né8] < (const)B",

then E(X“) < oc.

(d) If X > 0 is a random variable such that for some § > 0, E(X 8) < 00,
then

lim x°P[X > x] =

X=—>00
(e) Suppose X > 0 has a heavy-tailed distribution given by

const

PIX > ] = xlogx’

x> 17.

Show E(X) = oo but yet x P[X > x] = 0 as x — o0.
() If E(X?) < oo, then forany n > 0

xl_l’ngoxP[IXl > nJx] =
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23.

24.

25.
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Verify that the product o -algebra is the smallest o -algebra making the co-
ordinate mappings i, 12 measurable.

Suppose X, X3 are iid random variables with common N (0, 1) distribu-
tion. Define

X
Yn = —1—1—
2 T1X2|
Use Fubini’s theorem to verify that
E(Y,)=0.
Note that as n — 00,
X
Y, > Y : = <1
| X2l

and that the expectation of Y does not exist, so this is one case where ran-
dom variables converge but means do not.

In cases where expectations are not guaranteed to exist, the following is a
proposal for defining a central value. Suppose F(x) is a strictly increasing
and continuous distribution function. For example F could be the standard
normal distribution function. Define

g:R— (=11
by
g(x) = 2(F(x) — %)-
For a random variable X, define ¢ : R > (—1, 1) by
¢ (¥) = E(g(X — ). (*)

The central value of X with respect to g, denoted y (X), is defined as the
solution of

¢(y) =0.

(a) Show ¢ (y) is a continuous function of y.
(b) Show

y—00
Iim ¢(y)=1.
y—=>—-xx
(c) Show ¢ (y) is non-increasing.
(d) Show y (X), the solution of

¢(y)=0
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is unique.
Show y (X) has some of the properties of expectation, namely the follow-
ing.

(e) Foranyc e R
y( X +c¢)=y(X)+c.

(f) Now suppose g in (*)is g : R > (—m/2, /2) defined by
g(x) := arctan(x),
so that g(—x) = —g(x). Show
Y(—=X) = —y(X).

Suppose {X,, n > 1} is a sequence of (not necessarily independent) Bernoulli
random variables with

P[X, =1]= ps =1 — P[X, = 0].

Show that ) 5, pn < oo implies Y 5o, E(Xn) < o0 and therefore that
P[X, — 0] = 1. (Compare with Example 4.5.1 in Chapter 4.)

Rapid variation. A distribution tail 1 — F (x) is called rapidly varying if

lim 1 - F(tx) __Joo, ifl<x <1,

10 1—-F(@) |0, ifx>1.
Verify that if F is normal or gamma, then the distribution tail is rapidly
varying.

If X > 0is arandom variable with distribution tail which is rapidly varying,
then X possesses all positive moments: for any m > 0 we have E(X") <
0.

Let {X,,n > 1} be a sequence of random variables. Show

o0
E (V |X,,|) < 00
n=1
iff there exists a random variable 0 < Y € L such that

Pl X, <Y]=1, Vn>1.

Suppose X, is a sequence of random variables such that

1 1
P[X,=+n’] = 53 PXn=0]=1-—.

Show that using Borel-Cantelli that P[lim,_. o X, = 0] = 1. Compute
lim E(X,).Isit 0? If not, why does the Lebesgue Dominated Convergence

n—o0
Theorem fail?
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30. Pratt’s lemma. The following variant of dominated convergence and Fatou
is useful: Let X,, Y,, X,Y be random variables on the probability space
(2, B, P) such that

(i) O S Xn S Yn’
iHXn—>X, Y,—>Y,
(iii) E(Y,) = E().

Prove E(X,) — E(X). Show the Dominated Convergence Theorem fol-
lows.

31. If X is a random variable, call m a median of X if

1
ESP[XZm]. P[X <m>

| =

(a) Show the median always exists.

(b) Is the median always unique?

(c) If I is an interval such that P[X € I] > 1/2,showm € I.
(d) When the variance exists, show

Im — E(X)| < V/2Var(X).

(e) If m is a median of X € L show
E(X-m|))<E(X—al), VaeR.
Thus the median minimizes L prediction.
(® If X € L,, show that for u = E(X)
E(1X-u?)<E(1X-aP), YaeR.

Thus the mean minimizes L, prediction.

(g) Suppose Xi,X2,...,X,, Xn41 are Ly random variables. Find the

A —
best linear predictor X, based on X1y, ..., X, of X,41; that is, find
the linear function ) ;_, o, X, such that

n
E ((Z o X; — X,.+1)2)
1=1
is minimized.

32. (a) Suppose X has possible values +1, +2 and that X assumed each of
these 4 values with equal probability 1/4. Define Y = X?2. Despite this
functional relationship, show X and Y are uncorrelated; that is, show

Cov(X,Y)=0.
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35.

36.

37.
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(b) Suppose U, V are independent. Define
X=U+V, Y+U-V.

Show X, Y are uncorrelated.

(c) Toss two dice. Let X be the sum of the faces and Y be the difference.
Are X, Y independent? Are they uncorrelated?

Suppose X, Y are two L, random variables such that (X, Y) and (—X,Y)
have the same joint distributions. Show that X and Y are uncorrelated.

Suppose {X,,, n > 1} are iid with E(X,) = 0, Var(X,) = 1. Compute
Cov(Sp, Sm), n <m,
where S, = X1 +---+ X,
Suppose X,Y € L;.
(a) Show

E(Y)—E(X):f(P[X <x <Y]-P[Y <x < X])dx.
2

(b) The expected length of the random interval (X, Y] is the integral with
respect to x of P[x € (X,Y]], the probability the random interval
COVETS X.

Beppo Levi Theorem. Suppose for n > 1 that X,, € L; are random vari-
ables such that
sup E(X,) < oo.

n>1

Show that if X, 4 X,then X € L; and

E(X,) » E(X).

Mean Approximation Lemma. Suppose that X € L{(S2, B, P). For any
€ > 0, there exists an integrable simple random variable X such that

E(X — X.]) <e.

Hint: Consider Xt and X~ separately.
Furthermore, if A is a field such that o (A) = B, then X, can be taken to

be of the form )
Xe = ZC: 1a,.
1=1

where A; € Afori = 1,..., k. Hint: Review Exercise 5 from Chapter 2.
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38. Use the Fatou Lemma to show the following: If 0 < X,, — X andsup,, E(X,) =
K <oo,then E(X) <Kand X € L;.

39. A Poisson process {N(A,w), A € B(R?) on R? with mean measure U is
defined to have the following properties:

(a) w is a measure such that if A is a bounded measurable set, u(A) < oc.

(b) For any set A € B(R2), the random variable N(A) is Poisson dis-
tributed with parameter u(A):

—u(A) (A)k .
PNy =k =] —® —+ ifud) <oo,
0, if w(A) = oo.
c) For Ay, Ay, ..., Ax disjoint regions, the counting random variables
(©) ) g g

N(Ay), ..., N(Ag) are independent.

Define for a point process the Laplace functional L as follows: L maps
non-negative measurable functions f : R > [0, 00) into [0, 00) via the
formula

L(p =EGexpl= [ foON@x)
=/ exp{—f f(xX)N (dx, w)}P(dw).
Q R?

Show for the Poisson process above that

L(f) = e~ Ja1=e7/min)

Hint: Start with f an indicator function and remember how to compute
the generating function or Laplace transform of a Poisson random vari-
able. Then go from indicator variables to simple variables to general non-
negative f via monotone convergence.

40. (a) Suppose n is a N (i, 0%) random variable satisfying E (exp{n}) = 1.
Show u = —02/2.

(b) Suppose (£, n) are jointly normal. If €* and e” are uncorrelated, then so
are £ and n.



6

Convergence Concepts

Much of classical probability theory and its applications to statistics concerns
limit theorems; that is, the asymptotic behavior of a sequence of random vari-
ables. The sequence could consist of sample averages, cumulative sums, extremes,
sample quantiles, sample correlations, and so on. Whereas probability theory dis-
cusses limit theorems, the theory of statistics is concerned with large sample prop-
erties of statistics, where a statistic is just a function of the sample.

There are several different notions of convergence and these are discussed next
in some detail.

6.1 Almost Sure Convergence

Suppose we are given a probability space (S2, B, P). We say that a statement
about random elements holds almost surely (abbreviated a.s.) if there exists an
event N € B with P(N) = 0 such that the statement holds if w € N€. Synonyms
for almost surely include almost everywhere (abbreviated a.e.), almost certainly
(abbreviated a.c.). Alternatively, we may say that the statement holds for a.a.
(almost all) w. The set N appearing in the definition is sometimes called the ex-
ception set.
Here are several examples of statements that hold a.s.:

e Let X, X’ be two random variables. Then X = X’ a.s. means

P[X =X']=1;
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that is, there exists an event N € B, such that P(N) = 0 and if w € N€,
then X (w) = X' (w).

e X < X' a.s. means there exists an event N € B, such that P(N) = 0 and if
w € N€ then
X (w) < X'(w).

o If {X,]} is a sequence of random variables, then lim,_, o0 X, exists a.s.
means there exists an event N € B, such that P(N) = 0 and if w € N¢
then

lim X,(w)
n—00
exists. It also means that for a.a. w,

lim sup X, (w) = liminf X, (w).
n— 00 n—»00

We will write lim,_,00 X, = X as.or X, = X as.or X, = x.

o If {X,} is asequence of random variables, then ) _, X, converges a.s. means
there exists an event N € B, such that P(N) = 0, and w € N€ implies
Y, Xn(w) converges.

Most probabilistic properties of random variables are invariant under the rela-
tion almost sure equality. For example, if X = X" as.then X € L, iff X' € L;
and in this case E (X) = E(X').

Here is an example of a sequence of random variables that converges a.s. but
does not converge everywhere. For this example, the exception set N is non-
empty.

Example 6.1.1 We suppose the probability space is the Lebesgue unit interval:
([0, 1], B([O, 1]), A) where A is Lebesgue measure. Define
n, if0<s<i

Anls) = [ 0, ifl<s<l.
We claim that for this example
Xn — Oas.

since if N = {0}, thens € N¢ implies X, (s) — O. It is not true for this example
that X,(s) — O for all s € [0, 1], since X,(0) =n — oc. O

Here is another elementary example of almost sure convergence. This one is
taken from extreme value theory.

Proposition 6.1.1 Let {X,} be iid random variables with common distribution
function F (x). Assume that F (x) < 1, for all x. Set

n
M, =\/ Xi.
1
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Then
M, t oc0a.s.

Proof. Recall
P[M,<x] = P[X;<x,....X, <x]

[]Pixi <x]=F"(0).
1=1

We must prove that there exists N € B, such that P(N) = 0 and, for w € N¢, we
have that

lim M, (w) = o0;
n—»00

that is, for all j, there exists ng(w, j) such thatif n > no(w, j), then M, (w) > j.

Note
Y PM, < jl1=) F'(j) <o
n n
since F(j) < 1. So the Borel-Cantelli Lemma implies
P([M, < jlio.) = P(limsup[M, < j]) =0

n—o0

and if
N;j = limsup[M, < j]

n—o0

we have P(N;) = 0. Note
P .
N; = l},’ﬂ'o%ﬂM" > j],
so forw € NJ‘?, we get M, (w) > j for all large n.
Let N =|J, N, so
P(N) <) P(N)) =0.
J

If o € N€, we have the property that for any j, M,(w) > j for all sufficiently
large n. 0

6.2 Convergence in Probability

Suppose X,,n > 1 and X are random variables. Then {X,} converges in proba-
bility (i.p.) to X, written X, LA X, ifforanye > 0

lim P[|X, —X| > €] =0.
n— 00

Almost sure convergence of {X,} demands that for a.a. @, Xp(w) — X (w) gets
small and stays small. Convergence i.p. is weaker and merely requires that the
probability of the difference X, (w) — X (w) being non-trivial becomes small.

It is possible for a sequence to converge in probability but not almost surely.
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Example 6.2.1 Here is an example of a sequence which converges i.p. to 0 but
does not converge as. to 0. Let (22, B, P) = ([0, 1], B([0, 1]), ») where A is
Lebesgue measure and define {X,} as follows:

X1 = 1j0.1)»
Xa=lpyp K=l
Xe=lyp Xs=lpg, Xe=Ig

and so on.
For any w € [0, 1], X, (w) # 0 since X, (w) = 1 for infinitely many values of

P
n. However X,, — 0. O

We next see that a.s. convergence implies convergence i.p. The previous Exam-
ple 6.2.1 showed the converse false in general.

Theorem 6.2.1 (Convergence a.s. implies convergence i.p.) Suppose that
{Xn,n > 1, X} are random variables on a probability space (, B, P). If

Xpn—> X, as.,
then
X, 5> X.

Proof. If X, — X a.s. then for any ¢,

0=P(IXn — X| > €]i.0.)
= P(limsup[| X, — X| > €])

n—00
= Jim P(|_J(1Xn - X1 > €])

n>N

3,,'_‘."30”“"'"""' > €]. -
Remark. The definition of convergence i.p. and convergence a.s. can be read-
ily extended to random elements of metric spaces. If {X,,n > 1, X} are ran-

dom elements of a metric space S with metric d, then X,, — X a.s. means that
d(X,,X) = Oas.and X, £> X means d(X,, X) 5 0.

6.2.1 Statistical Terminology

In statistical estimation theory, almost sure and in probability convergence have
analogues as strong or weak consistency.

Given a family of probability models (2, B, Py), 6 € ©). Suppose the statis-
tician gets to observe random variables X3, ... , X, defined on 2 and based on
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these observations must decide which is the correct model; that is, which is the
correct value of 6. Statistical estimation means: select the correct model.

For example, suppose Q = R®, B = B(R%®). Let v = (x1,x2,...) and
define X, (w) = x,. For each 8 € R, let Py be product measure on R* which
makes {X,,n > 1} iid with common N (€, 1) distribution. Based on observing
X1,...,Xn, one estimates 6 with an appropriate function of the observations

éﬂ =0‘;!(X1v'°' ,Xn)-

B:,(X 1,--- » Xp) is called a statistic and is also an estimator. When one actually
does the experiment and observes,

X1=x1"-' ,Xn=xn,

then é(xl, ... ,»Xp) is called the estimate. So the estimator is a random element
while the estimate is a number or maybe a vector if 8 is multidimensional.
In this example, the usual choice of estimator is 8, = Y_,_, X,/n. The estima-

tor 8, is weakly consistent if for all 6 € ©
Ps[16, — 0l > €] > 0, n— oc;
that is,
~ P
6n — 6.
This indicates that no matter what the true parameter is or to put it another way, no
matter what the true (but unknown) state of nature is, @ does a good job estimating

the true parameter. 6, is strongly consistent if for all 8 € ©, 6, — 6, Py-a.s.
This is obviously stronger than weak consistency.

6.3 Connections Between a.s. and i.p. Convergence

Here we discuss the basic relations between convergence in probability and almost
sure convergence. These relations have certain ramifications such as extension of
the dominated convergence principle to convergence in probability.

Theorem 6.3.1 (Relations between i.p. and a.s. convergence) Suppose that
{Xn, X, n > 1} are real-valued random variables.

(a) Cauchy criterion: {X,} converges in probability iff {X,} is Cauchy in prob-
ability. Cauchy in proability means

P
X"_Xm—')o, asn,m—)OO.

or more precisely, given any € > 0,8 > 0, there exists ng = ng(€, 8) such
that for all r, s > ng we have

P[IX, — X5| > €] <. (6.1)
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(b) Xn L X iff each subsequence {Xp,} contains a further subsequence
{X i)} which converges almost surely to X.

Proof. (i) We first show that if X,, <> X then {X,,} is Cauchy i.p. For any € > 0,
€ €

[IX,—XS|>e]C[lX,—X|>E]U[lXS—X|>-2-]. (6.2)

To see this, take complements of both sides and it is clear that if
€ €
|Xr — X| < -z-anles—XI =5
then by the triangle inequality
I Xr — Xs| <e.

Thus, taking probabilities and using subadditivity, we get from (6.2)

€ €
PIX; = X;| > €] < P[IX; = X| > -]+ P[X; = X] > ],

If
P1X, — X| > €] <

N O

for n > ng(e, 8), then
Pl|X, — Xs| > €] <3¢

forr,s > nyg.

(ii) Next, we prove the following assertion: If {X,} is Cauchy i.p., then there ex-
ists a subsequence {X, , } such that {X ":} converges almost surely. Call the almost
sure limit X. Then it is also true that also

X, 5 x.
To prove the assertion, define a sequence n; by n; = 1 and
nj=inf(N > nj_1: P[|X, — X;| > 27/] <27/ forall r,s > N}.

(In the definition (6.1) of what it means for a sequence to be Cauchy i.p., we let
€ =& =27/.) Note, by construction n;, > n;_; so that n; — oo. Consequently,
we have

PlIXn,, —Xn,|>277) <27,

and thus
o0

P[|Xp,,, — Xn,| >277] < 0.
=1
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The Borel-Cantelli Lemma implies

P(N) := P{limsup[|X

)00

—Xn,| >277]}=0.

Ny

For w € N°€,
1Xn, ) (@) — Xn (w)] <27/ (6.3)

for all large j and thus {X,, (w)} is a Cauchy sequence of real numbers. The
Cauchy property follows since (6.3) implies for large  that

Y X (@) = X (@) <) 27T =2.271,
jzl )zl

and therefore for any k > [ large, we get

Xy (@) = Xpy (@) <) | Xn,,, (@) — Xn, (@) <2-27".
TEL
Completeness of the real line implies

lim X,,I (w)

indss
exists; that is
w € N implies lim X, (o) exists.
J—o00
This means that {X,, } converges a.s. and we call the limit X

To show X, —’; X note
€ €
P[|X, — X| > €] < P[|X, —X,,Il > §]+P[|X,,I - X| > 5].

Given any 7, pick n; and n so large that the Cauchy i.p. property guarantees

€ n

Since X,,, g '¢ implies X"; —’; X,

€.
P[IX,,I—X|> 5]< 5

for large n ;. This finishes the proof of part (a).
We now focus on the proof of (b): Suppose X, L X. Pick any subsequence

.\ P .. :
{Xn,}. Then it is also true that X,,, — X. From (ii) above, there exists a further
subsequence {Xp,, } converging a.s.
Conversely: Suppose every subsequence has an a.s. convergence subsequence.

To show X, L , we suppose this fails and get a contradiction. If {X,} fails to
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converge in probability, there exists a subsequence {X,,,} andaéd > Oande > 0
such that

P[|X,, — X| > €] = 6.

But every subsequence, such as {X,, } is assumed to have a further subsequence
{Xnyy} Which converges a.s. and hence i.p. But

P[| X, — X| > €] =

contradicts convergence i.p. W]

This result relates convergence in probability to point wise convergence and
thus allows easy connections to continuous maps.

Corollary 63.1 (i) If X» = X and
g:R— 1R
is continuous, then
.S.
g(Xn) =5 g(X).

(ii) If Xp & X and
g:R—»R

is continuous, then
P
g(Xn) — g(X).

Thus, taking a continuous function of a sequence of random variables which con-
verges either almost surely or in probability, preserves the convergence.

Proof. (i) There exists a null event N € B with P(N) = 0, such that if w € N¢,
then
Xn(w) > X (w)

in R, and hence by continuity, if w € N€, then
g(Xn(w)) — g(X (w)).

This is almost sure convergence of {g(X,)}.
(ii) Let {g (X, )} be some subsequence of {g(X)}. It suffices to find an a.s. con-
vergence subsequence {g(Xy,,,)}. But we know {Xp, } has some a.s. convergent

subsequence {Xp,,,, } such that X,,, .. — X almost surely. Thus g(Xy,,,,) e
which finishes the proof. O

. P ..
Thus we see that if X,, — X, it is also true that

P P
Xﬁ — Xz, and arctan X,, — arctan X
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and so on.

Now for the promised connection with Dominated Convergence: The statement
of the Dominated Convergence Theorem holds without change when almost sure
convergence is replaced by convergence i.p.

Corollary 6.3.2 (Lebesgue Dominated Convergence) If X, —’-; X and if there
exists a dominating random variable £ € Ly such that

| Xnl <&,
then
E(X,) = E(X).

Proof. It suffices to show every convergent subsequence of E(X,) converges to
E (X).
Suppose E (X, ) converges. Then since convergence in probability is assumed,

{Xp, )} contains an a.s. convergent subsequence {Xp,, } such that X, 23 X. The
Lebesgue Dominated Convergence Theorem implies

E(Xn,,) = E(X).
So E(Xp,) = E(X). O

We now list several easy results related to convergence in probability.
(1) If X, = X and Y, > Y then
Xo+Y, 5 X +Y.
To see this, just note
(Xa+Ya) = (X + 1) > €] C [Xn = X| > ZJULYa - ¥| > Z]

Take probabilities, use subadditivity and let n — o0.

(2) A multiplicative counterpart to (1): If X, 5 X and Y, 5 Y, then
XnYn > XY.

To see this, observe that given a subsequence {ny}, it suffices to find a fur-
ther subsequence {ng(,)} C {nx} such that

a.s.
Xﬂku)yﬂku) - XY.

. P .
Since X,,, — X, there exists a subsequence {n;(} C {ng} such that

a.s.
X, = X.
k
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. P . .
Since Y, — Y, given the subsequence {n;(}, there exists a further subse-
quence {n;‘m} C {n;} such that
X, Bx v, By
k(1) k(1)
and hence, since the product of two convergent sequences is convergent, we

have
X, Y, 3xv.

"k(:) Ry

Thus every subsequence of {X,Y,} has an a.s. convergent subsequence.

(3) This item is a reminder that Chebychev’s inequality implies the Weak Law

of Large Numbers (WLLN): If {X,,n > 1} are iid with EX, = u and
Var(X,) = o2, then

n
> Xi/m5 p
i=1

(4) Bernstein’s version of the Weierstrass Approximation Theorem. Let f :

[0, 1] = R be continuous and define the Bernstein polynomial of degree n
by

Bp(x) = Zf(f)(n)xk(l -x)"*, o0<x<1
= n\k

Then
Bn(x) = f(x)

uniformly for x € [0, 1]. The proof of pointwise convergence is easy using
the WLLN: Let 61, 62, ... , 8, be iid Bernoulli random variables with

Plé;i =1]=x=1- P[§, =0].

Define S, = ZLI 8; so that S, has a binomial distribution with success
probability p = x and

E(S,) =nx, Var(S,)=nx(1—-x) <n.
Since f is continuous on [0, 1], f is bounded. Thus, since

SnP
—_ X,

n
from the WLLN, we get
Sn, P
f(=2) > f(0)

by continuity of f and by dominated convergence, we get

Sn
Ef(';) - f(x).
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But
§ﬁ —_ - E, n\ & e \n—k _
Ef( - ) = k§=0f(n)(k)x (1 —=x)""" = Bp(x).

We now show convergence is uniform. Since f is continuous on [0, 1], f
is uniformly continuous, so define the modulus of continuity as

w@)= sup |f(x)— fI,
Oxy<l

and uniform continuity means

limw(8) = 0.
810

Define
NfIl =sup{lf(x):0<x <1}

Now we write

Sn
sup |Bn(x) — f(X)I = sup|£(f(7)) — f(x)|

0<x<1
Sn
< supE(If(;') - f(x)l)
Sn
< sup{E(If(;') - f(x)|1[|§’1'1—x|_<_6])
Sn
+ st;pE(lf(7) - f(x)|1[|§’f-—x|>e])]

Sn
<w(e)P[ ]+ 2l fllsup P“T — x| > €]

r(-s;,“)
<w(e)+ 2| fllsup " ( by Chebychev )
X

2 fl sup nx(1—x)

< €
=w(e) + —3 u Y
21 1
=el+ € 4 n
where we have used 1
1—x)=-.
sup x( X) 2

0<x<1

So we conclude

sup |Bn(x) — f(x)] = w(€) + (const) - -

0<x<l1
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and therefore

limsup sup |B,(x) — f(x)]| < w(e).

n—-00 (O<x<1

Since w(e) — 0 as € — 0, the proof is complete. O

6.4 Quantile Estimation

A significant statistical application of convergence in probability is to quantile
estimation.

Let F be a distribution function. For 0 < p < 1, the pth order quantile of
F is F* (p). If F is unknown, we may wish to estimate a quantile. Statistical
tests, reliability standards, insurance premia, dam construction are all based on
estimated quantiles. How can one estimate F*~(p) based on a random sample?

One non-parametric method uses order statistics. Let X, ... , X, be a random
sample from F; thatis, Xy, ..., X, are iid with common distribution function F.
The order statistics of the sample are

(n) (n) n)
Xl SXZ S"'SX,, ’

so that X g") is the minimum of the sample and X, ) is the maximum. Define the
empirical cumulative distribution function (cdf) by

1M
Fn(x) = ; lex,gx]
1

which is the percentage of the sample whose value is no greater than x. Note that
if we think of success at the jth trial as the random variable X, having a value
< x, then

nF, (x) = # successes in n trials

is a binomial random variable with success probability F(x). So
E(nF,(x)) =nF(x), Var(nF,(x)) =nF(x)(1 - F(x))

and the WLLN implies
Fa(x) - F(x)

for each x. In fact, much more is true as we will see when we study the Glivenko-
Cantelli Lemma in the next chapter.
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Thus, F, approximates or estimates F and we hope F,~ estimates F . But

since F, only jumps at the order statistics, we have

F,”(p) =infly : Fa(y) > p}
=inflX : F,(x™) > p)

=inf(X®:L>p)  (since F(x) = 1)
n n

=inf{X§") : j = np}

(n)

where [np] is the first integer > np. We will try X Inp

1 as the quantile estimator.

Theorem 6.4.1 Suppose F is strictly increasing at F* (p) which means that for

alle >0

F(F~(p)t+e€)>p, F(F"(p)—e¢)<p.

Then we have X fﬁ:ﬂ is a weakly consistent quantile estimator,

P
XI(':;?'I — F7 (p).

Proof. We begin with a reminder that
X < yiffnFy(y) > a.
We must prove for all € > 0,

P{IX (o — F(p)l > €] > 0,

which is equivalent to showing that for all € > 0,

P[X{n. > F~(p)+€] >0,

P[X{, < F=(p) —€] - 0.
From (6.5), this in turn is equivalent to showing that for all ¢ > O:
1- P[X}::,] <F (p)+e€]l=1—P[nF(F~(p) +¢€) > [np]]
= P[nFa(F*(p) +€) < [np]] = 0

and

P[nF,(F*(p) —€) > [np]] = 0.

(6.4)

(6.5)

(6.6)

(6.7)
(6.8)

(6.9)

(6.10)
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For (6.10) we have

P[Fn(F*(p) —¢€) > ri:!
= P[Fo(F*(p) —€) — F(F~(p) — €) > anPl - F(F*(p) — )],

(6.11)

where we centered the random variable on the left to have zero mean. Now
[zl . p and by the WLLN

- - P
Fu(F™(p) —€)— F(F™(p)—¢€) > 0.
Also by (6.4), there exists § > 0 such that
d:=p—F(F“(p)—¢)>0.

For all large n,

7Pl _ pre(py -2 2 > 0.
n 2

So the probability in (6.11) is bounded above by
- - )
P|Fa(F™(p) —€) —F(F™(p)—€)| = 5] — 0.

Similarly, we can show the convergence in (6.9). 0O

6.5 L, Convergence

In this section we examine a form of convergence and a notion of distance that is
widely used in statistics and time series analysis. It is based on the L , metric.

Recall the notation X € L , which means E (|X|P) < o00. For random variables
X,Y € L, we define the L , metric by

d(X,Y) = (E|X - Y|P)VP,

This indeed defines a metric but proving this is not completely trivial. (The trian-
gle inequality is the Minkowski Inequality.) This metric is norm induced because

IXllp := (E|X|P)}/P

is a norm on the space L p,.
A sequence {X,} of random variables converges in L , to X, written

L
X, 3 X,
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E(1Xn — X|P) >0

as n — 00.

The most important case is when p = 2, in which case L is a Hilbert space
with the inner product of X, Y defined by the correlation of X, Y. Here are two
simple examples which use the L; metric.

1.

Define {X,} to be a (2nd order, weakly, covariance) stationary process if
E X, =: m independent of n and

Corr(X s, Xn4k) = p(k)

for all n. No distributional structure is specified. The best linear predictor

of X,4+1 based on Xy,...,X, is the linear combination of Xi,..., X,
Wthh achieves minimum mean square error (MSE). Call this predictor
X,,+1 Then X,,+1 is of the form X,,+1 = Y JaiXi and ay, ... ,a, are

chosen so that

n
E(Xps1 = Xpp1)’ = min EQY X — Xn41)”

. Suppose {X,} is an iid sequence of random variables with £ (X,) = u and

Var(X,) = o2. Then

X = ZX:'/" 4 M,
1
since
S 1
E(= — 1)’ = —E(Sp —np)’
n n
1
= —2Var(S,,)
2
no
= — — 0.
nZ

Here are some basic facts about L , convergence.

L
i) L, convergence implies convergence in probability: For p > 0, if X,, = X
p g g P y p

then X, f» X.
This follows readily from Chebychev’s inequality,

E|X, — X|P
PIX, — X1z ) s 2221 0 6.12)
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(ii) Convergence in probability does not imply L , convergence. What can go
wrong is that the nth function in the sequence can be huge on a very small
set.

Here is a simple example. Let the probability space be ([0, 1], B([O, 1]), A)
where A is Lebesgue measure and set

Xn = 2"1(0'%).

Then
1 1
P(IX,l > €] = P((0,-)) = = > 0
n n

but
E (1XalP) = 2"1’;11- — 00.

(iii) L p convergence does not imply almost sure convergence as shown by the
following simple example. Consider the functions {X,} defined on ([0, 1],
B([0, 1]), A) where A is Lebesgue measure.

X1=1
X3=1

[0.31°
[0.41°

Xs=1gap Xe=lpy

and so on. Note that for any p > 0,

1

E(x11P) =5, E(X2/P) = 5

W=t N =

1
E(X3/P) ==,... . E(|X¢|P) = 7

So E(JX,|P) —» 0 and
L
X, -$o0.

Observe that { X, } does not converge almost surely to O. 0O

Deeper and more useful connections between modes of convergence depend on
the notion of uniform integrability (ui) which is discussed next.

6.5.1 Uniform Integrability

Uniform integrability is a property of a family of random variables which says
that the first absolute moments are uniformly bounded and the distribution tails
of the random variables in the family converge to 0 at a uniform rate. We give the
formal definition.
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Definition. A family {X,,¢ € T} of L random variables indexed by T is uni-
formly integrable (abbreviated ui) if

sup E (1X;11jx,1>a)) = sup f X IdP > 0
[1X:l>a]

teT teT

as a — o0; that is,

[1X:l>a]

asa — 0o, uniformlyint € T.
We next give some simple criteria for various families to be uniformly inte-

grable.

(1) If T = {1} consists of one element, then

f | X1|dP — 0
[1X)|>a

as a consequence of X1 € L and Exercise 6 of Chapter S.

(2) Dominated families. If there exists a dominating random variable Y € L,
such that
Xl <Y

for allt € T, then {X,} is ui. To see this we merely need to observe that

sup/ IX,IdPsf Y] > 0, a— oc.
teT J[|X,|>a} [IY [>a]

(3) Finite families. Suppose X, € L, fori = 1,... , n. Then the finite family
{X1,X2,...,Xp} is ui. This follows quickly from the finite family being
dominated by an integrable random variable,

n
IXil <) 1Xjle Ly
1=1
and then applying (2).
(4) More domination. Suppose for eacht € T that X; € L1 and Y; € Ly and
| X¢] < |Yil

Then if {Y;} isui sois {X,} ui.

This is an easy consequence of the definition.
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(5) Crystal Ball Condition. For p > 0, the family {|X,|P} is ui, if

sup E (IX,|P*?) < oo, (6.13)
n

for some § > 0.

For example, suppose {X,} is a sequence of random variables satisfying
E(X,) =0, and Var(X,) = 1 for all n. Then {X}} is ui.

To verify sufficiency of the crystal ball condition, write

supf |Xn|PdP = sup | X,|P-1dP
[|X,,|P>a]

n n —/lla—f}';bl]

= su | Xp|P - 1dP
p'/[.x 6>l] 1

n
a®/P

| X012
p
< sup f XalP 57 d P

<a~®PsupE (1Xn |”+‘s)
n

— 0,

asa — 00. O

We now characterize uniform integrability in terms of uniform absolute conti-
nuity and uniform boundedness of the first absolute moments.

Theorem 6.5.1 Let {X,,t € T} be Ly random variables. This family is ui iff

(A) Uniform absolute continuity: For all € > Q, there exists & = &(€), such that

VA e B: sup/ |X:|dP < € if P(A) < &,
A

teT
and

(B) Uniform bounded first absolute moments:

sup E (|1 X;]) < o0.

teT

Proof. Suppose {X,} is ui. Forany X € Ly anda > 0

leldP = / |X|dP+f | X'|d P
A A[|X|<a] A[lX|>a]

< aP(A) + f |X|dP.
[1X|>a]
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So

sup | |X(|dP < aP(A) + sup f | X,|dP.
teT JA teT J\X,|>a

Insert A = 2 and we get (B). To get (A) pick “a” so large that

supf | X |dP < E.
teT J[IX,|>a] 2
If 5
Py < L2 ¢,
a
then
€ €
su | X |dP < =4+ = =€
rer fA ' 272
which is (A).

Conversely: Suppose (A) and (B) hold. Chebychev’s inequality implies
sup P[|X;| > a] < sup E(|X,|)/a = const/a

teT teT

from (B). Now we apply (A): Given € > 0, there exists £ such that whenever

P(A) < &, we have
f | X, |dP < €
A

for all t € T. Pick “a” large enough so that P[|X,| > a] < &, for all . Then for
all t we get

f |X,|dP < ¢,
[1X:|>a]

which is the ui property. O

Example 6.5.1 Let {X,} be a sequence of random variables with
P[X, =0]=p,P[Xp=n]l=q, p+qg=1.
Find a value of p = p, so that
1=E(Xa)=0-p+ng

and thus

1 _ 1
g=-, p=1--.
Since X,, > 0,
sup E(JXn|) =1

n>1
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but the family in not ui since

1, ifa <n,
f Xpldp = |1 Hasn
[IXnl>a] 0, ifa >n.
This entails

sup f 1X,ldP = 1.
n>1J[|X,|>a] O

6.5.2 Interlude: A Review of Inequalities

We pause in our discussion of L , convergence and uniform integrability to discuss
some standard moment inequalities. We take these up in turn.

1. Schwartz Inequality: Suppose we have two random variables X,Y € L.
Then

|E(XY)| < E(XY]) < VE(X2)E(Y?).

To prove this, note for any ¢ € R that

0 < EX—-1tY)’=EWX% -2EXY)+1?E(Y? (6.14)
= :4q(1)

and that g(-) is differentiable
q'(t) = —2E(X)E(Y) + 2tE(Y?).
Set g’(t) = 0 and solve to get
t = E(XY)/EY?>.
Substitute this value of ¢ into (6.14) which yields

E(XY)

2 —
0 EX’) -25 57

EXY)\% . ,
E(XY)+(E(Y2)) E(Y?).

Multiply through by E (Y?). O
A minor modification of this procedure shows when equality holds. This is
discussed in Problem 9 of Section 6.7

2. Holder’s inequality: Suppose p, g satisfy

1 1
p>lqgqg>1, —+—=1
P q

and that
E(X|P) <00, E(Y}9) < oc.
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Then
|E(XY)| < E(XY|) < (E|\X|P)VP(E|Y|9)1/4.

In terms of norms this says
"XYHI =< "X"p"Y"q

Note Schwartz’s inequality is the special case p = g = 2.

The proof of Holder’s inequality is a convexity argument. First note that
if E(|X|P) = 0, then X = 0 a.s.. Thus, E(JXY|) = 0 and the asserted
inequality holds. Similarly if E(]Y|9) = 0. So suppose the right side of
Holder’s inequality is strictly positive. (This will allow us at the end of the
proof to divide by [IX || p1|Y ll¢-)

Observe fora > 0, b > 0 there exist s, t € R such that
a =exp{p~'s}), b=-explg ). (6.15)

1

Since exp(x} is convex on R and p~! + g~! = 1, we have by convexity

1 1

exp(p~'s + ¢ "1} < p~lexp{s} + g~ exp{s},
or from the definition of s, ¢
ab < p~laP 4+ 7119,

Now replace a by |X|/||X|l, and b by |Y|/|IY || to get

XYl _ _1( | X1 )p _1( Y] )q
IXNpY llg X 1lp 1Y llg

and so, after taking expectations, we get

EQXYD _

— = 2 <plygl=1
xnny, =P T

O

. Minkowski Inequality: For1 < p < 00,assume X,Y € L,. Then X+Y €
L, and
IX+Ylp < IXllp+ 1Ylp.

To see why L, is closed under addition, note

X +Y1P <2(XI1P vIYIP) <2(1XIP + |Y|P) € L.

If p = 1, Minkowski’s inequality is obvious from the ordinary triangle
inequality. So assume 1 < p < o¢ and choose g conjugate to p so that
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1

p~'4+g!'=1andthus p—1= p/q. Now we apply Holder’s inequality.

We have
IX + Y5 =E(X +Y|”) = E (|X + Y||X + Y|P/9)
<E (IXI1X + Y|P/9) + E ()Y |IX + Y|P/9)

and applying Holder’s inequality, we get the bound

<UXNpNX +Y1P90g + IV HpNX + YIP/A Y,
=X, + 1Y) IIX + Y|P/,

=(IXll, + IYI,) (E1X +YIP)T"

=(IXllp + IYN)UX + Y15/

=X, + IYI)IX + Y57

Assuming the last factor is non-zero, we may divide through to get the
result. If the last factor equals zero, both sides of the inequality are zero. O

4. Jensen’s inequality: Suppose u : R +— R is convex and E (]X|) < o0 and
E(Ju(X)|) < oc. Then

E(u(X)) = u(E(X)).

This is more general than the variance inequality Var(X) > 0 implying

E(X?) > (E X)? which is the special case of Jensen'’s inequality for u(x) =

x2.

If u is concave, the inequality reverses.

For the proof of Jensen’s inequality, note that u convex means for each
& € R, there exists a supporting line L through (&, u(¢)) such that graph of
u is above the line. So

u(x) > line L thru (¢, u(§))
and therefore, parameterizing the line, we have
u(x) 2 u(€) +Alx —§)
where A is the slope of L. Let £ = E(X). Then for all x
u(x) = u(E(X)) + A(x — E(X)).

(Note A depends on & = E(X) but does not depend on x.) Now let x = X
and we get

u(X) > u(E(X)) + M(X — E(X)).
Taking expectations

Eu(X) > u(E(X))+ AE(X — EX) = u(E(X)). O
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Example 6.5.2 (An application of Holder’s Inequality) Let0 < o < 8 and set

Then
B —
B

R

~N | -

flogy
s B

Il
™™
Il
—

Set
Z=|X|* Y=1.

With these definitions, we have by Holder’s inequality that

E(ZY)) < (E1ZIDVT(EY ),

that is,
E(X|*) < (E|XI")!V"1 = (E|X|P)~/P,
so that
(E\X|9)V> < (E|X|P)V8,
and

XMl < IX1lp.

We conclude that X € L g implies X € L, provided @ < 8. Furthermore
X1 = (ElxHY*

is non-decreasing in .

Also if
L
Xn 3 X
and p’ < p, then
Ly
Xn o X.

6.6 More on L, Convergence

This section utilizes the definitions and basic properties of L , convergence, uni-
form integrability and the inequalities discussed in the previous section. We begin
with some relatively easy implications of L, convergence. We work up to an
answer to the question: If random variables converge, when do their moments
converge?

Assume the random variables {X, X,,, n > 1} are all defined on (2, B3, P).
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1. A form of Scheffé’s lemma: We have the following equivalence for L con-
vergence: Asn — 00
X, 3 X
iff

sup| | X.dP - / XdP| — 0. (6.16)
AeB JA A

Note that if we replace A by €2 in (6.16) that we get
|E(Xp) —EX)| < E|Xp,—X|—>0

so that first moments converge. This, of course, also follows by the modulus
inequality.

To verify (6.16), suppose first that X, = X. Then we have
sup |f X,,dP—f XdP|
A A A
= supl [ (X, = X0aP)
A A
< sup f 1X, — X|dP
A JA

< le,, - X\|dP
=E(|X, — X]) = 0.

For the converse, suppose (6.16) holds. Then

E|X, — X| =/ (Xn —X)dP +/ (X —X,)dP
[Xn>X] [Xa<X]

=(feo®™ = fron™)
[Xn>X] [Xn>X]
(oan® froen™)
[Xn<X] [Xn=<X]
52sup|fX,,—fX|.
A A A

L
X, 3 X

2. If

then
E(1Xx|?) = E(XIP)
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or equivalently
|.X "p - "X"p

For this verification, write
X=X,+X—-X,

and Minkowski’s inequality implies

IXNp < 1 Xnllp + 1X — Xallp. (6.17)
Interchange the roles of X,, and X in (6.17) to get

IXnllp < IXNp + IX — Xnllp- (6.18)
So combining (6.17)and (6.18) we get

I Xnllp — 1 X1p) < 1X — Xnllp — O, (6.19)

as was to be proved. a

Towards a resolution of the problem of when moments of a sequence of random
variables converge, we present the following result which deals with the case

p=1

Theorem 6.6.1 Suppose for n > 1 that X,, € L. The following statements are
equivalent:

(a) {Xn}is Li-convergent.
(b) {Xn}is Ly-cauchy; that is,
ElXp — Xm| — 0,
asn,m — oQ.

(c) {X,} is uniformly integrable and {X, } converges in probability.
Soif X, S XorXx n f) X and {X,} is ui, then the first moments converge:
|E(Xn) — E(X)| < E(I1Xn — X|) = 0.

Later, we will see that convergence i.p. of {X,} can be replaced by convergence
in distribution to X.

Proof. (a)—(b): L, convergence implies Cauchy convergence because of the tri-
angle inequality.

(b)—(c): Given (b) we first show that {X,} is ui. Given € > 0, there exists N,
such that if m, n > N, then

f 1 Xy — Xn|dP < €/2. (6.20)
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To show { X} is ui, we use Theorem 6.5.1. Forany A € B
/ | Xn|dP 5[ | Xn — XN, + XN, |dP
A A
=< f | XN dP + f | X, — Xy, |dP.
A

For any n > N,

f XaldP < f \Xx,|dP + €/2;
A A
that is,

suple,,ldPSf | XN dP + €/2.
A A

n>N,

and thus

suple,,|dP5 sup f | Xm|dP + €/2.
n A A

MSN‘
If A = Q, we conclude

sup E(|Xn|) < sup E(|Xml|) +€/2 < 00.
n

m<N,

Furthermore, since finite families of L rv’s are ui, {X,;,, m < N¢} is ui and given
€ > 0, there exists § > 0 such that if P(A) < §, then

sup | |XmldP < €/2
m<NJ/A

so we may conclude that whenever P(A) < 4,
sup/ IXnl <€/2+€/2=c¢€.
n JA

Hence {X,} is ui.
To finish the proof that (b) implies (c), we need to check that {X,} converges
in probability. But

Pl Xn — Xm| > €] < E(|Xn — Xml)/e — O

so {X,} is Cauchy i.p. and hence convergent in probability.
(c)—(a): If X,, Lx , then there exists a subsequence {r,} such that

Xn 5 X,
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and so by Fatou’s lemma

E(X]) = E(liminf |X,,]) < liminf E(|X,,]) <sup E(|]X,]) < 00
ng—>00 ng—»00 n

since {X,)} is ui. So X € L. Also, forany € > 0

/lX,,—dePS/ |X,,—X|dP+/ | X, |dP
[IXr—X|<¢] [IXn=X|>¢€]

+/ |X|dP
[IXn—=XI>€]

<e+ A+ B.

Since X, f» X,
Pl Xp~X|>€]—0
and hence B — 0 as n — 00 by Exercise 6 of Chapter S.

To verify A — 0, note that since {X,} is ui, given € > 0, there exists § > 0
such that

supf | Xx|dP < €
k>1JA

if P(A) < 4. Choose n so large that
PlI X, -X|>¢€]<$é

and then A < €. a

Example. Suppose X and X3 are iid N (0, 1) random variables and define Y =
X1/1X2]. The variable Y has a Cauchy distribution with density

1
= —, e R.
f» a1y 7
Define
"l xg
Then
Y,—=>Y

but {Y,} is NOT ui, since E(Y,) = 0 but E|Y| = oo. If {Y,} were ui, then by
Theorem 6.6.1 we would have

EX,) — EX)

but the expectation of Y does not exist.
We give more detail about why E(Y,) = 0. Let F; = F> be standard normal
distributions. Then

EYy) = f/ x—lFl x Fa(dxy, dx3).
R n7 1+ |xz|
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Note that the integrand 1sin L (Fy x F3) since

Thus, from Fubini’s theorem

E(Xn)=/ —_1—[/ xlFl(dxl)] F2(dx2) =0,
Rn~ 4+ |x2| LJR

since the inner integral is zero. O

F1 x F(dx;,dx3) Sn//R |x1|F1 x Fa(dxy, dx3)
2
=nE(|X;]).

n=T+ x| Ile

We give the extension of Theorem 6.6.1 to higher moments.
Theorem 6.6.2 Suppose p > 1 and X, € L p. The following are equivalent.
(a) {Xn)is L, convergent.
(b) {Xn} is L p-cauchy; that is
I Xn — Xmllp = O,
asn,m — oQ.
(c) {|Xn|P} is uniformly integrable and { X} is convergent in probability.

Note that this Theorem states that L ;, is a complete metric space; that is, every
Cauchy sequence has a limit.

Proof. The proof is similar to that of Theorem 6.6.1 and is given briefly.
(a)—(b): Minkowski’s inequality means || X|| , is a norm satisfying the triangle
inequality so

[1.X —Xm"p < I Xn _X"p + | X _Xm"p -0

asn,m — 00.
(b)—>(c): If {X,} is L , Cauchy, then it is Cauchy in probability (see (6.12))

so there exists X such that X, £ X. To show uniform integrability we verify
the conditions of Theorem 6.5.1. Note by (6.19) (with X,, replacing X), we have
{IX»ll p, n = 1} is a Cauchy sequence of real numbers and hence convergent. So
sup, | Xxllp < 00. This also implies that X, the limit in probability of X, is in
L , by Fatou. To finish, note we have

[ X1 < [ 1Xn = X + XniPaP
A A
and applying the 27 inequality of Exercise 3 we get the bound
<2 [ X, = XnlPdP +27 [ XniPaP
A A

_<_2”IIXn—XmII§+2”/ | Xm|PdP.
A
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Given € > (, there exists mg such that n > mg implies
€
/ | Xn|PdP < - +2P / | Xmg|Pd P.
A 2 A

Since Xn, € L, we have 2P fA | Xmo|PdP — 0as P(A) — 0 (see Exercise 6 of
Chapter S). The uniform integrability follows.
(c)—(a): As in Theorem 6.6.1, since {X,} is convergent in probability, there

exists X such that along some subsequence X, L3 X. Since {|X 4P} is ui

o0
E(1X|P) < liminf E(1X,,17) < \/ E(1XAIP) < o0,
k— 00

n=1

so X € L. One may now finish the proof in a manner wholly analogous to the
proof of Theorem 6.6.1. O

6.7 Exercises

1. (a) Let {X,} be a monotone sequence of random variables. If

X, > X
then

X, 53X
(Think subsequences.)

(b) Let {X,} be any sequence of random variables. Show that
Xn -;)' X

iff
sup | Xx — X] 5 0.

k>n

(c) Points are chosen at random on the circumference of the unit circle. Y,
is the arc length of the largest arc not containing any points when n points
are chosen. Show Y,, — 0 a.s.

(d) Let {X,;} be iid with common distribution F (x) which satisfies F (xg) =
1, F(x) < 1 forx < xp with xp < 00. Prove

max{Xi,...,X»} 1 x0

almost surely.
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10.

11.

6. Convergence Concepts

. Let {X,} be iid, EX, = p, Var(X,,) = 0%. Set X = Y ", X;/n. Show

1 ¢ 2 P 2
—Z(X,-—X) — —0°.
nl:l

Suppose X > 0 and Y > 0 are random variables and that p > 0.

(a) Prove
E((X +Y)P) < 27 (E(XP) + E(YP)).

(b) If p > 1, the factor 27 may be replaced by 271,
(c) If 0 < p < 1, the factor 2P may be replaced by 1.

Let {X,,n > 1} be iid, EX, = 0, EX?> = 0% Leta, € R forn > 1. Set
Sn =Y - aiX,. Prove {S,) is L,-convergent iff } 2, a,.2 < 00.

. Suppose {X,} is iid. Show {n~1S,, n > 1} is ui provided X; € L;.

Let {X,) be ui and let X € L. Show {X, — X} is ui.

Let X, be N (0, 02). When is {X,} ui?

. Suppose {X,} and {Y,} are two families of ui random variables defined on

the same probability space. Is {X,, + Y} ui?

When is there equality in the Schwartz Inequality? (Examine the derivation
of the Schwartz Inequality.)

Suppose {X,} is a sequence for which there exists an increasing function
f : [0, c¢) > [0, 00) such that f(x)/x — 00 asx — o0 and

sup E (f(IXn])) < o0.

n>1
Show {X},} is ui.
Specialize to the case where f(x) = xP for p > 1 or f(x) = x(logx)*.
Suppose {X,, n > 1} are iid and define M, = V{_, X.

(a) Check that
P[M, > x] < nP[X; > x].
(b) If E(XP) < o0, then M,,/n'/P 5 0.

(c) If in addition to being iid, the sequence {X,} is non-negative, show
M,/n —P> 0iff nP[X; > n] —» 0,as n — o0.
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(d) Review the definition of rapid variation in Exercise 27 of Chapter 5.
Prove there exists a sequence b(n) — oo such that

M,/b(n) 51, n— oo,

iff 1 — F(x) := P[X; > x] is rapidly varying at o0o. In this case, we

to be the 1 — 1 quantile of F.

n
(e) Now suppose {X,} is an arbitrary sequence of non-negative random
variables. Show that

n
E(Mnlim,s) < ) EXidpxezs)-
k=1

If in addition, {X,} is ui, show E(M,)/n — 0.

12. Let {X,} be a sequence of random variables.

(a) If X, L 0, then for any p > 0

Ianp P
Ll 6.21
1+ X7 (621)
and
| X n|P )
E(A"" Yo 6.22
(1+|X,,|P (622)

(b) If for some p > 0 (6.21) holds, then X,, = 0.
(c) Suppose p > 0. Show X, > 0iff (6.22).

13. Suppose {X,, n > 1} are identically distributed with finite variance. Show
that
nP[|X,) > ev/n] -0

and "
=1 IXll P
—_—

Jn
14. Suppose {X} are independent with

0.

1 1
P[Xy =Kk = r PXe=-1]=1-2

Show ) [, X, — —oo0 almost surely as n — oo0.
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15.

16.

17.

18.

19.

20.

21.

22.

6. Convergence Concepts

Suppose X, > 0 forn > 0 and X, —P> Xo and also E(X,) — E(X)).
Show X,, = Xg in L;. (Hint: Try considering (Xo — X,,)%.)

For any sequence of random variables {X,} set S, = 3 ;_; X,.
(a) Show X, &5 0 implies S, /n 55 0.

L L
(b) Show X,, - 0 implies S,,/n £ 0 for any p > 1.

(c) Show X,, = 0 does NOT imply S,/n = 0. (Try X, = 2" with proba-
bility n~! and = 0 with probability 1 —n~!. Alternatively look at functions
on [0, 1] which are indicators of [i /n, (i + 1)/n].)

(d) Show S, /n o implies X,,/n Lo

In a discrete probability space, convergence in probability is equivalent to
almost sure convergence.

Suppose {X,} is an uncorrelated sequence, meaning
Cov(X,,X,) =0, i#].

If there exists a constant ¢ > 0 such that Var(X,) < c for all n > 1, then
for any @ > 1/2 we have

n

=1 X1 Ly
=

na

0.

If0 < X, < Y, and Y, - 0, check X, — 0.
Suppose E(X?) = 1and E(]X]) > a > 0. Prove for 0 < A < 1 that

P[IX| > xa] = (1 - A)%a>.
Recall the notation d(A, B) = P(AAB) for events A, B. Prove
d(An, A) = 0iff 14, =3 1,.

Suppose {X,, n > 1} are independent non-negative random variables satis-
fying

E(Xp) = pn.  Var(X,) =o,.
Define forn > 1, S, = Z?:l X; and suppose Zf,’il MUn = 00 and 03 <
cut,, for some ¢ > 0 and all n. Show S,,/(E (S,) 5 1.
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23. A classical transform result says the following: Suppose u, > 0 and u, —
u asn — 00. For 0 < s < 1, define the generating function

U(s) = i Ups”.

n=0

Show that
lin:(l —-s)U(s)=u
5F—>

by the following relatively painless method which uses convergence in
probability: Let T (s) be a geometric random variable satisfying

P[T(s) =n)= (1 —s)s".
Then T (s) —» 0o. What is E(ur(s))?

24. Recall a random vector (X,, Y,) (that is, a random element of IRZ) con-
verges in probability to a hmit random vector (X, Y) if

d((Xn, Ya), (X, V) 5 0
where d is the Fuclidean metric on R2.
(a) Prove
Xn, Ya) 5 (X, Y) (6.23)

iff
X, 5 xanay, 5 v.

(b) If f: RZ2 —» R? is continuous (d > 1), (6.23) implies
fXn. Ya) > fX,Y).
(c) If (6.23) holds, then
(Xn + Yn, XaYa) > (X +Y, XY).
25. For random variables X, Y define
p(X.Y) =infl§ > 0: P[IX — Y| > 8} < 5}.

(a) Show p(X,Y) = 0iff P[X = Y] = 1. Form equivalence classes of
random variables which are equal almost surely and show that p is a
metric on the space of such equivalence classes.

(b) This metric metnizes convergence in probability:
X, 5 Xiff (X, X) - 0.
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(c) The metric is complete: Every Cauchy sequence is convergent.
(d) Itis impossible to metrize almost sure convergence.

26. Let the probability space be the Lebesgue interval; that is, the unit interval
with Lebesgue measure.
(a) Define
n
Kn = Togn [ 7
Then {X,} is ui, E(X,) — 0 but there is no integrable Y which dom-
inates {X,}.

(b) Define

v

3.

Xn =nlg p-1y — nly-1 251y,
Then {X,} is not ui but X, 4 Oand E(X,) — 0.
27. Let X be a random variable in L and consider the map
x :[1, 00] = [0, o0]
defined by x(p) = || X|lp. Let
po:=sup{p > 1: || X]l, < o0}.

Show x is continuous on [1, pg). Furthermore on [1, po) the continuous
function p > log || X |l is convex.

28. Suppose u is a continuous and increasing mapping of [0, oo] onto [0, o0].
Let " be its inverse function. Define for x > 0

Ux) = f u(s)ds, V()= f u* (s)ds.
0 0
Show
xy <UXx)+ V(). x,ye€]0,o0]

(Draw some pictures.)

Hence, for two random variables X, Y on the same probability space, XY
is integrable if U(|X|) € Ly and V(JY]) € L,;.

Specialize to the case where u(x) = x?~1, for p > 1.

29. Suppose the probability space is ((0, 1], B((0, 1]), A) where A is Lebesgue
measure. Define the interval

Ap:=[27Pq,27P(q + 1)),

where 2P + g = n is the decomposition of n such that p and g are integers
satisfying p > 0,0 < g < 2P. Show 1,4, Lo but that

limsuply, =1, liminfls, =0.
n—00 n—= o0
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30. The space L : For a random variable X define
| X oo = supf{x : P[|X]| > x] > 0}.
Let L oo be the set of all random variables X for which || X ||ec < ©0.
(a) Show that for a random variable X and1 < p < g < ©©
0<|iXlh <= lIXllp < 1Xllg < IXlco-
(b) For1l < p < g < 00, show
Lo CLyCLpCLy.
(c) Show Holder’s inequality holds in the form

E(XY]) < X1 1Y llco-

(d) Show Minkowski’s inequality holds in the form
IX + Ylloo < lIXlloo + 1Y [loo-

31. Recall the definition of median from Exercise 31 of Chapter 5.

(a) Let {X,, n > 1} be a sequence of random variables such that there exists
a sequence of constants {c,} with the property that

X, —c, > 0.

If m(X,) is a median of X,,, show

X, —mX,) 50

andc, —m(X,) —» 0.
(b) If there exists a random variable X with a unique median such that
X, 5 X, then m(X,) — m(X).

32. For a random variable X, let y (X) be the central value defined in Exercise
25 of Chapter 5. For a sequence of random variables {X,, n > 0}, suppose
there exist a sequence of constants {c,} such that X,, — ¢, — X almost
surely. Show lim,_, o0 X, — ¥ (X,) exists and is finite almost surely, where

y(X,) is the unique root of the equation E(arctan(X — y) = 0. Show
lim,_ 00(c, — Y (X,)) exists and is finite.

33. Suppose {X, .k, 1 < k < n,n > 1} isa triangular array of random variables.
Forn > 1, set
n n
Sn=ZXn.i» Mn=VXn.i-
1=1 1=1

Show that M, <> 0 implies S,/n - .






7

Laws of Large Numbers and Sums
of Independent Random Variables

This chapter deals with the behavior of sums of independent random variables and
with averages of independent random variables. There are various results that say
that averages of independent (and approximately independent) random variables
are approximated by some population quantity such as the mean. Our goal is to
understand these results in detail.

We begin with some remarks on truncation.

7.1 Truncation and Equivalence

We will see that it is easier to deal with random variables that are uniformly
bounded or that have moments. Many techniques rely on these desirable prop-
erties being present. If these properties are not present, a technique called trunca-
tion can induce their presence but then a comparison must be made between the
original random variables and the truncated ones. For instance, we often want to
compare

{Xn} with {Xn1jx,1<n])

where the second sequence is considered the truncated version of the first.
The following is a useful concept, expecially for problems needing almost sure
convergence.

Definition. Two sequences {X,} and {X}} are tail equivalent if

Y PX, # X;] < 0. (7.1)
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When two sequences are tail equivalent, their sums behave asymptotically the
same as shown next.

Proposition 7.1.1 (Equivalence) Suppose the two sequences {X,} and {X, } are
tail equivalent. Then

(1) Y_,(Xn, — X,) converges a.s.

(2) The two series Y_, X, and Y_, X, converge a.s. together or diverge a.s.
together; that is

E X, converges a.s. iff E X, converges a.s.
n n

(3) Ifthere exists a sequence {a,} such that a, 1 0o and if there exists a random
variable X such that

1 1 a.s.
a— X} - X,
n ]_1
then also
1 £ X’ a.s.X
X

J=1
Proof. From the Borel-Cantelli Lemma, we have that (7.1) implies
P([Xn # X:,] 1o.) =0,

or equivalently
P(lim igf[X =X,)=1
n—

So for w € liminf,,oc[Xn = X,] we have that X,(w) = X, (w) from some
index onwards, say for n > N (w). This proves (1).

For (2) note
oo (0
Y Xu(w) =) X, (w).
n=N n=N

For (3) we need only observe that

1 & a.s.
— Y xj-xpSo.
a J J

n ]_l

7.2 A General Weak Law of Large Numbers

Recall that the weak law of large numbers refers to averages of random variables
converging in the sense of convergence in probability. We first present a fairly
general but easily proved result. Before proving the result, we look at several
special cases.



7.2 A General Weak Law of Large Numbers 205

Theorem 7.2.1 (General weak law of large numbers) Suppose {X,,n > 1} are
independent random variables and define S, = 3 7_, X . If

n
@) ) _PlX,l>n]—0, (7.2)
J=1
1 n
@) Y EX21x,1<n) — 0, (7.3)
J=1

then if we define

n
a, = ZE (Xj1[|x,|5n]) ’
J=1

we get

Sn—an P (7.4)

n

One of the virtues of this result is that no assumptions about moments need to
be made. Also, although this result is presented as conditions which are sufficient
for (7.4), the conditions are in fact necessary as well. We will only prove suffi-
ciency, but first we discuss the specialization of this result to the iid case under
progressively weaker conditions.

SPECIAL CASES:
(a) WLLN with variances. Suppose {X,,n > 1} are iid with E(X,) = ¢ and
E(X,z,) < 00. Then as n — o9,

1
-‘Sn _P) M.
n
The proof is simple since Chebychev’s inequality makes it easy to verify (7.2) and
(7.3). For instance (7.2) becomes
nP[|Xy| > n) < nEX1)*/n* > 0
and (7.3) becomes

1 1
;an(X%I[IXﬂEn] < ;{E(X%) — 0.
Finally, we observe, asn — oo

a
—n'l = E(X11x,1<n) = E(X}) = .

(b) Khintchin’s WLLN under the first moment hypothesis. Suppose that
{Xn,n > 1} are iid with E(JX1]) < oo and E (X,) = u. (No assumption is made

about variances.) Then

Sn/n —P) K.
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To prove this by means of Theorem 7.2.1, we show that (7.2) and (7.3) hold.
For (7.3) observe that

nP[|X1| > n] =E(NI[|X1|>n])
<E(X:1l1px,1>np — 0,

since E (| X]) < oc.
Next for (7.3), we use a divide and conquer argument. We have for any ¢ > 0

1 1
;EXflux”sn] =~ (E(Xflnx”seﬁ]) + E(Xlzlleﬁslxnlsnl))

ezn

1
= — + —EmlX1e mcix,1<n)

<€’ + E(|X, 11e /m<ixy))

—)62,

asn — 00, since E(]X;]) < 0o. So applying Theorem 7.2.1 we conclude

Sn —nEX11yxysn) P 0
n

Since
nE (X11px,1<n))
n

- EX))| < E(X111px,15) — O,

the result follows.

(c) Feller’s WLLN without a first moment assumption: Suppose that
{Xn,n > 1} are iid with

xl_l’rrgcxP[lel > x]=0. (7.5)

Then

S P
,—," — E(X11yx,1<n)) = O.

The converse is true although we will not prove it. Note that this result makes no
assumption about a finite first moment.
As before, we show (7.2) and (7.3) hold. The condition (7.2) becomes in the iid

case nP[|X| > n] — 0 which is covered by (7.5). To show (7.3) holds, we need
to write it in terms of

T(x) ;= xP[|X1] > x].
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Let P[X; < x] = F(x) and because of the iid assumption (7.3) becomes

1 1
- f 1X 112 1x,1<nd P = = f x2F(dx)
nJa n Jix:\x|<n)

Ix]
= l f ( 2sds)F (dx)
Ix|<n

n s=0
1 n

== f 2s[ F(dx)]ds (by Fubini)
n Js=0 s<|x|<n

_ %f 25(P[|X;| > s] — P[IX1] > n])ds
0

1 (" 1 ["
= -/ 21(s)ds — —f 2sdsP[|X1| > n]
n Jo nJo

2 n
=;f z(s)ds — nP[IX1| > n] > 0
0 b N

t(n)

since if T(s) — 0 so does its average. D

Proof of Theorem 7.2.1. Define

n
X,; =X, 1px,1sn and S, = ) X,
J=1

Then
n n
Y Plx,, #X,]=)_P[X;|l>n] - 0.
1=1 j=1

So

P[|Sp = S,| > €] < P[Sn # S,]
< P{lJlx,; # X))

j=1

n
<Y PIX); #Xj] -0
j=1

and therefore
, P
Sn—S,, = 0. (7.6)

The variance of a random variable is always bounded above by the second mo-
ment about O since

Var(X) = E(X?) — (E(X))? < E(X?).
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So by Chebychev’s inequality

Si=ES,| .

P -

where that convergence is due to (7.3).
Note a, = ES], = Z';=l EX;1(x,1<n}, and thus

5 0. (1.7)

We therefore get
Sn_an Sn_S”l S",_an P

n n n
where the first difference goes to zero because of (7.6) and the second difference
goes to zero because of (7.7). O

Example: Let F be a symmetric distribution on R and suppose

1-F(x)= xX>e

2xlogx’

Suppose {X,, n > 1} is an iid sequence of random variables with common distri-
bution function F. Note that

o0 o0
EX+=f ¢ dx=f/ Y _ .
e 2xlogx 25y

so because the distribution is symmetric
EXH)=EX )=

and E (X) does not exist. However,

e €

-0

T(x) =xP[|X1] > x]=x - =
xlogx logx

and a, = 0 because F is symmetric, so

X Ey
n
Thus, without a mean existing, the WLLN still holds. When we consider the

strong law of large numbers, we will see that a.s. convergence fails. O
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7.3 Almost Sure Convergence of Sums of
Independent Random Variables

This section considers the basic facts about when sums of independent random
variables converge. We begin with an inequality about tail probabilities of maxima
of sums.

Proposition 7.3.1 (Skorohod’s inequality) Suppose {X,,n > 1} is an indepen-
dent sequence of random variables and suppose a > 0 is fixed. For n > 1, define
Sn =Y 1_1 X1, and set

¢ := sup P[|Sy — Sj| > a].

J<N
Also, suppose ¢ < 1. Then
1
P[sup ISj| > 2a] < ——P[ISn| > a]. (7.8)

There are several similar inequalities which bound the tail probabilities of the
maximum of the partial sums, the most famous of which is Kolmogorov’s inequal-
ity. One advantage of Skorohod’s inequality is that it does not require moment
assumptions.

Note that in the iid case, the constant ¢ somewhat simplifies since we can ex-
press it as

c=\/ PlSjl > a]=\/ PlISv - Sj| > @]

j<N j<N
due to the fact that 4
X1, .... X)) =N, ..., X))

This means that the sums of the variables written in reverse order (Sy — Sj, j =
N,N —1,...,1) have the same distribution as (Sy, ..., Sy).

Proof of Proposition 7.3.1. Define
J :=inf{j : [§;]| > 2a},
with the convention that inf @ = oco. Note that
n
[sup ISjl > 2e]=[J < N]=) [J = j].
Jj<N j=1
where the last union is a union of disjoint sets. Now we write

P[ISy| > a] = P[ISn] > a,J < N]

N
= Y PlISyl>a,J = j]

v

]=1
N
Y PlISy - Sjl <a,J = j]. (7.9)
=1
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To justify this last step, suppose
IS (@) — Sj(w)| < a, and J(w) = j

so that |Sj(w)| > 2e. If it were the case that |Sy (w)| < a, then it would follow
that |Sy (w) — S, (w)| > a which is impossible, so | Sy (w)| > «. We have checked
that

[(ISv = Sjl =, J =] C[ISn| > &, J = ]
which justifies (7.9). Thus,
N
P[ISy| > a] = ) "P[ISy = S)| <. J = j].
=1

It is also true that

N
SN=8,= ) X,€BX41,.-.,XN)

1=j+1
and
[J =j]= [:SE?IS'I <2a,|S;| > 2a] € B(X;...X).
Since
B(Xj+1,---,Xn) || B(Xy...X))
we have

N
P[ISn| > a] = Y _ P[ISy — S,| < ]P[J = j]
J=1

N
> Y (1=c)P[J =] (from the definition of c)
J=1

(1-)P[J < N]
(1

— C)P[sup |S,;| > 2a].
J<N W]

Based on Skorohod’s inequality, we may now present a rather remarkable result
due to Lévy which shows the equivalence of convergence in probability to almost
sure convergence for sums of independent random variables.

Reminder: If {£,)} is a monotone sequence of random variables, then

P
En—> &
implies (and hence is equivalent to)

a.s

En —> &.
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Theorem 7.3.2 (Lévy’s theorem) If {X,,n > 1} is an independent sequence of
random variables,

E X converges i.p. iff E X converges a.s.
n n

This means that if S, =Y ;_, X, then the following are equivalent:
1. {S,} is Cauchy in probability.
2. {S,} converges in probability.
3. {Sn} converges almost surely.
4. {Sn} is almost surely Cauchy.

Proof. Assume {S,} is convergent in probability, so that {S,} is Cauchy in proba-
bility. We show {S,} is almost surely convergent by showing {S,} is almost surely
Cauchy. To show that {S,} is almost surely Cauchy, we need to show

En= sup |Sm —Snl = Oas,
m.n>N
as N — 00. But {§5, N > 1} is a decreasing sequence so from the reminder it
suffices to show &n 5 0as N — o0. Since
En = sup |Sm — Sv +Sn — Sl
m.n>N

< sup |S;m — Sn| + sup |S, — Sn|

m>N n>N

=2 sup |S, — Sn|

n>N
=2sup |Sn+j — Swl,
j=0
it suffices to show that

sup|Sn+; — Sn| > 0. (7.10)
j=0

Foranye > 0,and0 < § < %, the assumption that {S,} is cauchy i.p. implies
that there exists N¢ s such that

€
P[ISm — S| > 5] <9 (7.11)
if m,m’ > N, and hence

P[ISn+j — Sn| > %1 <5, Vj>0, (7.12)
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ifn Z N€,8'
Now write

Plsup |Sy+j — Sn| > €] = P{ lim [ sup |Sy4; — Swn|> €]}
120 N'=00 N> j>0

= lim P[ sup [Sy4;, —Sn| > €] )
N'=oo N> j>0
Now we seek to apply Skorohod’s inequality. Let X| = X4, and

5= %=

1=1 !

XN4i =SN+j — SN

J J
=1

With this notation we have
P[ sup |Sn+; —Snl> €]
N'>j>0

= P[ sup |S;| > ¢€]
N'2j>0

! 1
(l—v,-SN'Pns',-sg > %q) [ISye] > 5e)
1

< —-06<26
=13 <

from the choice of 8. Note that from (7.11)

’ ! 1 1
\/ PUSy. = S)I1> Sl = \/ PlISn+n' — Snajl > €] < 6.
) 2 . 2
JEN J<N

Since § can be chosen arbitrarily small, this proves the result.

O

Lévy’s theorem gives us an easy proof of the Kolmogorov convergence crite-
rion which provides the easiest method of testing when a series of independent
random variables with finite variances converges; namely by checking conver-

gence of the sum of the variances.

Theorem 7.3.3 (Kolmogorov Convergence Criterion) Suppose {X,,n > 1} is

a sequence of independent random variables. If

o0
Z Var(X ) < oo,
j=1

then

o0
Z(X ) — E(X,)) converges almost surely.
J=1
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Proof. Without loss of generality, we may suppose for convenience that E(X ;) =
0. The sum of the variances then becomes

o0
Y EXj < oo
J=1

This implies that {S,} is L2 Cauchy since (in < n)

n
I1Sn = Smll3 = Var(S, —Sm)= ) _ EX} >0,
j=m+1

as m,n — 0o since 3 J E(X f) < 00. So {S,}, being Lo—Cauchy, is also Cauchy
in probability since

n
P[ISy — Sm| > €] < € 72Var(Sy — Sp) = ) _ Var(X;) > 0

j=m
as n,m — oo. By Lévy’s theorem {S,} is almost surely convergent. a

Remark. Since {S,]} is L2 convergent, the first and second moments converge;
that is,

0= E(Z(Xj —-EXj)) > E (Z(X,- - EX,))

j=1

and

n n

o0
Y " Var(Xj) = Var() (Xj — EX,)) - Var()_ X ),
1=1

so we may conclude

E (Z(X,- - EX,)) =0,

1

o0 o0
Var() _X;) =) Var(X,).
j=1 j=1

7.4 Strong Laws of Large Numbers

This section considers the problem of when sums of independent random vari-
ables properly scaled and centered converge almost surely. We will prove that
sample averages converge to mathematical expectations when the sequence is 1id
and a mean exists.

We begin with a number theory result which is traditionally used in the devel-
opment of the theory.
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Lemma 7.4.1 (Kronecker’s lemma) Suppose we have two sequences {xy} and
{an)} such that xx € Rand 0 < a, 1 oc. If

o0

Xk
Z — converges,
k=1 ak

then

n

hmal x =0.
Jim ot 2

Proof. Letr, = Y po, .1 Xk/ax so thatr, — 0 asn — oo. Given € > 0, there
exists Ng = Ng(¢) such that for n > Ny, we have |r,| < €. Now

Xn
— =Ipn-) —Ip
an
SO
Xp =ap(rp—1 —ry), n=1,
and

Zxk = Z(’k—l — ry)ag

k=1

Z a;41 —aj)rj+airg — anry.

Then for n > Np,
n
2 k=1%k

No—-
@j4+1 — (01+1
N, P en-a,

an ]=1 1=No
(21" an n
+ | | + | I
n a’l
const €
= + —(ang+1 — ang + aANy+2 — ANg+-1
an n
+ aNg43 —ang+2 + -+ ap —ap—1) +ry
€(an —an,)
<o(l) + —= 0° + ¢
an
< 2¢ + o(1).
This shows the result. 0

The Kronecker lemma quickly gives the following strong law.

Corollary 7.4.1 Let {X,,,n > 1} be an independent sequence of random vari-
ables satisfying E(X ,2,) < 00. Suppose we have a monotone sequence b, 1 ©<.

If
X
Z Var(-—k) < 00,
k b



7.4 Strong Laws of Large Numbers 215

then
Sn - E(Sn) as.
———————————— _)

bn

Proof. Because the sum of the variances is finite, the Kolmogorov convergence

criterion yields
Z X n = E (X n)
5 converges a.s.
n

n

0.

and the Kronecker Lemma implies

n

Y Xk — E(Xi))/bn — 0
k=1

almost surely. O

7.4.1 Two Examples

This section discusses two interesting results that require knowledge of sums of
independent random variables. The first shows that the number of records in an
iid sequence grows logarithmically and the second discusses explosions in a pure
birth process.

Example 1: Record counts. Suppose {X,,n > 1} is an iid sequence with com-
mon continuous distribution function F. Define

N N
KN = Z 1[)\’, isarecord] = Z 1;
J=1 j=1

where
1, = l[x, is arecord J

So un is the number of records in the first N observations.

Proposition 7.4.1 (Logarithmic growth rate) The number of records in an iid
sequence grows logarithmically and we have the almost sure limit

- 1.

lim
N> log N

Proof of Proposition 7.4.1. We need the following fact taken from analysis: There
is a constant ¢ (Euler’s constant) such that

n
1
10gn—Z—_ - C,
j=11

asn —> 0Q.
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Recall that {1;, j > 1} are independent. The basic facts about {1 j} are that

1 1
Pll;=11=~, EU)=-,
[} ] j J j
1 1 -1
Var(lj) = EQ1))? = (E1,)? = = — — = —
! ! i 2T

This implies that

The Kolmogorov convergence criterion implies that

00 (1] _ E(lj) 00 j = 1
Z( , ) ; 1 ) converges

i=1 log j

and Kronecker’s lemma yields

O‘ﬁ Z;:l(ll_]-l) — 7:1 1]—2’}'=1 j—l — Hn — ’}=1 j—l
logn logn logn ’

Thus

no .- n .1 _
Mn _1=“n_ j=1J +Z,=1J log"_)o.

logn logn logn

This completes the derivation.

Example 2: Explosions in the Pure Birth Process. Next we present a stochastic
processes example where convergence of a series of independent random vari-
ables is a crucial issue and where the necessary and sufficient criterion for con-

vergence can be decided on the basis of first principles.
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Let {Xj, j > 1} be non-negative independent random variables and suppose
P[Xp >x]=e** x>0

where A, > 0, n > 1 are called the birth parameters. Define the birth time process
Sn = Y _,—1 X, and the population size process {X(t),t > 0} of the pure birth
process by

(1, if0<t <SS,
2, ifS; <t <3Sy,

X(')=+3, ifSy) <t <Ss3,°

Next define the event explosion by

[ explosion | = [i Xp < 00]

n=1

= [X (¢) = oo for some finite ¢].

Here is the basic fact about the probability of explosion in the pure birth pro-
cess.

Proposition 7.4.2 For the probability of explosion we have

1, ifY . 21<0,

P[ explosion | = 0. Y A =oo
* nn = :

Recall that we know that P[>, X, < oo] = 0 or 1 by the Kolmogorov Zero-
One Law.

Proof. If ", ;! < oo, then by the series version of the monotone convergence
theorem

00 o0 o0
EQ Xn) =) EXa)=) A" <oo,
n=1 n=1 n=1

andso P[Y_ 72, X, < 00] = 1. (Otherwise, recall that E(}_, X,) = 00.)
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Conversely, suppose P[>, Xn < oo] = 1. Then exp{— Y%, Xn} > Oas.,
which implies that E (exp{— Y, Xn}) > 0. But

o0
0 < E(e—):;,";an) = E(l—l e~ %n)

n=1
~ X
= E(pim [T
N
= lim E (l—l e_x") (by Monotone Convergence)

N
= li E(e % independ
Nl?oo’l;li (e~*") (by indepen ence)

Now

If Y ooy log(l+ A1) < oo, then log(1 + Aahy—-0 implies a-1 — 0. Since

~ log(1 +x)
lim =
x10 X

1,

by L’'Hopital’s rule, we have
log(1 + A~ A;l asn — 00

and thus

o0 o0
Zlog(l + A < ooiff Zk;l < 0.
n=1 n=1
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7.5 The Strong Law of Large Numbers
for IID Sequences

This section proves that the sample mean is almost surely approximated by the
mathematical expectation. We begin with a preparatory lemma.

Lemma 7.5.1 Let {X,,n > 1} be an iid sequence of random variables. The fol-
lowing are equivalent:

(a) E|X1| < o0.
(b) lim,_ o IJ—:ﬂI = 0 almost surely.
(c) For everye >0
o0
Y " P[IX1} = en] < oo.

n=1

Proof. (a) © (c): Observe that:

o0
E(1X1l) =f0 P[1Xi| = x]dx
00 n+1
= Zf P[I1X1] > x)dx
n=0v"

o0
>y PlXi|2n+1]
=0

o0
<Y _PlXi|=n]
n=0
Thus E(1X1]) < o0 iff Y%, P[IX1] = n] < 0o. Set Y = X1 and we get the
following chain of equivalences:

E(X1]) <ooiff E(]Y]) < 00

oo
iff Y P[Y|=n] <o
n=0

o0
iff Y P[|X1] > en] < oo.
n=0

(c) & (b): Given € > (,
Y PlIX\| = €n] =) _ P[IXal = €n] < 00

is equivalent, by the Borel zero-one law, to

{2+ Jio] =
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which is in turn equivalent to

) X
lim sup I——f—l <e€
n—oo N

almost surely. Since limsup,,_, j%l is a tail function, it is a.s. constant. If this

constant is bounded by € for any € > 0, then

X
limsup 1Xnl =0.
n—o00 n

This gives (b) and the converse is similar. O

We are now prepared to consider Kolmogorov’s version of the strong law of
large numbers (SLLN).

Theorem 7.5.1 (Kolmogorov’s SLLN) Let {X,,n > 1} be an iid sequence of
random variables and set S, = Y _;_, X;. There exists ¢ € R such that

X, = Sn/n e

iff E(|JX1]) < oo in which case c = E(X)).
Corollary 7.5.1 If {X,} is iid, then

E(IX1]) < oo implies Xp 53 u = E(X1)

and
2 1 L ey’ a.s
EX] < oo implies Sy := — E (X; —X)2 o0l =: Var(X,).
n
1

Proof of Kolmogorov’s SLLN (a) We show first that

Sn as.
n
implies £ (|X;|) < 00. We have
Xn _ Sn = In-1
n n
_ Sn n— 1 Sn—l
T on n n-1

a.s.
—c—c=0.

Since
X,/n 30,
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Lemma 7.5.1 yields E (] X,]) < oc.

(b) Now we show that E (|X1]) < oo implies S,/n =3 E(X;). To do this, we
use a truncation argument. Define

X:, = Xnlx,1<n)y, n =1
Then

> P[Xn#X,]=)_ P[|Xn| > n] < 00

(since E]X1] < o0) and hence {X,} and {X, } are tail equivalent. Therefore by
Proposition 7.1.1

n
Sa/n = E(X))iff S,/n =" X/n = E(X)).
j=1

So it suffices to consider the truncated sequence.
Next observe that

S| —E(S)) S, —E(Sp)

nE(X,) - Z’;=1 E(X11[|X1|SJ])
n

" E(X1 <
— E(Xl)—z 1 :Xﬂ_]])

n n

J=1

— 0.
This last step follows from the fact that
|E(X1) — E(X11x,1<n)| < EAX2111x,150)) — O,
and hence the Cesaro averages converge. We thus conclude that

/ "X, - E(X
St~ £t %5 0itr 21K T EED g g
n n

To prove the last statement, it is enough by Kronecker’s lemma to prove

’

X
Z Var(—,j) < 0Q.
F J
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However,
X’ E(X’ )2
ZVar(—,’) = Z ar(X ) < Z
J J J
<1
= Z -3 (X11[IX1|<J])
j=11
o0 ] 1
= Z Z -—ZE(Xl ljk—1<1xy1<k))
o0 o0 1
= Z Z—z VE (X 1[k—1<1x,1k))-
= =k
Now

and therefore

provided k > 2. So

Z(Z 2)E(X - 1<ixaizk) <

k=2 =k J

E (IX1 1 jk—1<pxy12k1)

=
il
N
x| N &N

E(1X1 11 fk-1<1x,1k1)

E“qg

x
il
~

= 2E (]X]) < o0.

7.5.1 Two Applications of the SLLN

Now we present two standard applications of the Kolmogorov SLLN to renewal
theory and to the Glivenko—Cantelli Lemma.

Renewal Theory. Suppose {X,,n > 1} is an iid sequence of non-negative
random variables. Assume F(X,) = u and that 0 < i < 00. Then

S
—"a—';y.>0
n
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so that S, =3 00. Let Sp = 0 and define

o)
N(@) := Z: 1[315,].
=0

We call N(t) the number of renewals in [0, ¢]. Then

[N@) <n]=[Sn > 1] (7.13)
and

SNiH-1 St < Sn- (7.14)

Note that since we assume Sg = 0, we have N (¢) > 1. Also observe {N(¢), t > 0}
is non-decreasing in . We need to show N(f) — oo a.s. as t — 00 and because

e P i
of the monotonicity, it suffices to show N(t) — o0. Since for any m

lim P[N(t) <m) = lim P[S, > ] — 0,
1—>00 t—00

we get the desired result that N (¢) % 00. Now define the sets

Sn(w)

A ={w: — u}l,
A ={w: N, w) = 00},

so that
P(A1) = P(A2) =1.

Then A := A1 NAzhas P(A) =1.Forw e A,ast - o0

SN(t.w) (w) N
N, w)

and so
Sni/N() B p,
ast — 00. From (7.14)

t < SN(;) R
N@) — NQ@

and

t _ SNow-1 _ Sv-1 N(@) -1
N@) ~ N@) No-1 N@

- u-1,

so we conclude that ¢/N (t) Py p and thus N(¢)/t — p~ 1. Thus the long run
rate of renewals is u 1. O
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Glivenko—Cantelli Theorem. The Glivenko—Cantelli theorem says that the em-
pirical distribution function is a uniform approximation for the true distribution
function.

Let {X,,n > 1} be i1id random variables with common distribution F. We
imagine F is unknown and on the basis of a sample X1, ..., X, we seek to esti-
mate F. The estimator will be the empirical distribution function (edf) defined by

1 n
Fax,0) = = 3 1x, <x)(@).
j=1

By the SLLN we get that for each fixed x, 13,, (x) > F(x) a.s.as n = 0¢. In fact
the convergence is uniform in x.

Theorem 7.5.2 (Glivenko—Cantelli Theorem) Define

D, :=sup |I?',,(x) — F(x)].
X

Then
D, — Oa.s.

asn — 0OQ.

Proof. Define
xpk:=F“Ww/k), v=1,...,k,

where F*(x) = inf{u : F(u) > x). Recall
F“ ) <tiffu < F(t) (7.15)
and
F(F-W)>u, F(F*“W)-)<u, (7.16)

since forany € > 0 F(F* (u) —€) < u.If x, x < x < Xy4+1.k, then monotonicity
implies

F(xy4) < F(x) < F(xyp14—), Fn(xy) < Fn(x) < Fn(Xv41.4-),
and for such x

Fa(xo k) — F(xv414—) < Fp(x) — F(x)
< Fn(xp414—) — F(xp). (7.17)

Since

Fxy414—) — F(xy,) < _——
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we modify (7.17) to get

Fa(Xy,) — F(xy) — = < Fa(x) — F(x)

x| -

- 1
< Fp(xv41.4—) — Fxu414—) + x (7.18)

Therefore

sup  |Fn(x) — F(x)|
Xe[ka X1 k)

- A 1
< ({Fn(xv i) — F(xo )| V [ Fa(xv41,6=) = F(Xxu414-)) + X’

which is valid forv =1, ... , k — 1, and taking the supremum over v gives

sup  |Fp(x) — F(x)|

XE€[X1k Xk k)

L .
- V F (vk) — Fxp )l V [Fp(xy k=) — F(xy )|

k

RS

We now show that this inequality also holds for x < x4 and x > xg4. If
X > Xk, then F(x) = F,(x) = 1s0 F,(x) — F(x) = 0 and RHS is still an upper

bound. If x < x4, either
(i) F(x) > 13,, (x) in which case

|Fp(x, @) — F(x)| = F(x) — Fa(x, ®)
< F(x) < F(x1.4—)

1
< —
—k
so RHS is still the correct upper bound,
or
(ii) Fn(x) > F(x) in which case

|Fp(x, w) — F(x)| = Fp(x, w) — F(x)
< Fp(x14—, 0) = F(x14=) + F(x1.4=) — F(x)

< |F(x14— @) = F(x16-)| + |F (xie=) = F ()|
and since the last term is bounded by 1/k we have the bound

=t + | Fy (=, ) — F(xpe—)|

< RHS.
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We therefore conclude that
D, < RHS.
The SLLN implies that there exist sets A, k, and A, k, such that
P(Avs) = P(Aux) =1,

and such that
Fn(xv.k) — F(xu), n— o0

and

A 1 &
Fp(xy =) = ; Zl: 1[X,<xp_k] = P[X) <xpi] = F(xvx—)

provided w € A, and Avk respectively. Let
Ay = ﬂ Nk ﬂ ﬂ Avi,
v v

so P(Ax) = 1. Then for w € A

. 1

limsup D, (w) < —.

n—00 k

Forw € nk Ak

lim D,(w) =0,
n—0o0

and P(nk Ak) == 1.

7.6 The Kolmogorov Three Series Theorem

The Kolmogorov three series theorem provides necessary and sufficient condi-
tions for a series of independent random variables to converge. The result is espe-
cially useful when the Kolmogorov convergence criterion may not be applicable,

for example, when existence of variances is not guaranteed.

Theorem 7.6.1 Let {X,,n > 1} be an independent sequence of random vari-
ables. In order for )", X, to converge a.s., it is necessary and sufficient that there

exist ¢ > Q such that
(i) Zn P[|Xn| > ¢] < 00.
(i) 3., Var(Xnl(x,1<c) < 0.

(iti) 3", E(Xnlyx,|<c]) converges.
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If )", Xn converges a.s., then (i), (ii), (iii) hold for any ¢ > 0. Thus if the three
series converge for one value of ¢ > 0, they converge for all ¢ > 0.

In this section, we consider the proof of sufficiency and an example. The proof
of necessity is given in Section 7.6.1.

Proof of Sufficiency. Suppose the three series converge. Define
Xp = Xnljx,i<c)-

Then

Y PlX, # Xa)=)_ P[IXn| > ] <

by (i) so {X,,} and {X,} are tail equivalent. Thus }_, X, converges almost surely
iff ), X, converges almost surely.
From (1)

Y Var(X;) < oo,
n

so by the Kolmogorov convergence criterion

Z(X ; —EWX ; )) converges a.s.

n
But (iii) implies
Z E (X, ) converges
n

and thus ) ; X; converges, as desired. O

Remark 7.6.1 In the exercises there awaits an interesting fact for you to ver-
ify. When the independent random variables in the three series theorem are non-
negative, it is only necessary to check convergence of two series; the third series
involving the truncated variances is redundant.

Example. Heavy tailed time series models: It is increasingly common to en-
counter data sets which must be modeled by heavy-tailed times series. Many time
series are defined by means of recursions; for example, pth order autoregressions
are defined as

1 4
Xn=) ¢iXn_i+Zn, n=0,1,... (7.19)
i=1

where {Z,} is an iid sequence. When does there exist a stationary process {X,}
satisfying (7.19)? It is usually possible to iterate the recursion and guess that the
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solution is some infinite series. Provided the infinite series converges, it is rela-
tively simple to show that this infinite sum satisfies the recursion. For instance,
(7.19) for the case p =1 is

Xn =¢Xn—l + Zn = ¢(¢Xn—2 + Zn—l) + Zn
=¢2Xn—2 +Z,+ ¢Zn—1-

Continuing the iteration backward we get

m—1
Xn =¢an—m + Z¢'Z,,_,.
‘—0

This leads to the suspicion that "2, @' Z,—; is a solution to (7.19) when p =
1. Of course, this depends on Y o, ¢'Z,_, being an almost surely convergent
series.

Showing the infinite sum converges can sometimes be tricky, especially when
there is little information about existence of moments which is usually the case
with heavy-tailed time series. Kolmogorov’s three series theorem helps in this
regard.

Suppose a time series is defined by

00
Xn=) pZn_y, n=0,1,... (7.20)
=0
where {pn} is a sequence of real constants and {Z,} is an iid sequence with Pareto
tails satisfying
F(x) := P[|Z,] > x] ~ kx™%, x — oo, (7.21)

for some o > 0, and k > 0. (Tail conditions somewhat more general than (7.21)
such as regular variation could easily be assumed at the expense of slightly ex-
tra labor in the verifications to follow.) A sufficient condition for existence of a
process satisfying (7.20) is that

o0
Y 1piZjl < o0, (7.22)
j=1

almost surely. Condition (7.22) is often verified under the condition

Y lpjlP <00, 0<8<anl, (7.23)
J

(cf. Brockwell and Davis (1991)) especially when (7.21) is replaced by a condi-
tion of regular variation.
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We now prove that (7.23) is sufficient for (7.22) and by Remark 7.6.1 we need
to verify that (7.23) implies convergence of the two series

o0 o0

Y Plip,Zjl > 1] =)_F(1/Ipjl) < oo, (7.24)
o0 o0

Y E(1pjZ,11(p,z,1<1)) = )_ lojlm(1/1p;) < o0, (7.25)
j=1 j=1

where
m(t) := E(1Zi|1yzy1n)-
Verifying (7.24) is relatively easy since, as j — 00, we have

Pllp;Zj| > 1] ~ klp,|*
which is summable due to (7.23). To verify (7.25), we observe that by Fubini’s

theorem
m(t) =f xF(dx) =f [f du] F(dx)
0 x=0 LJu=0

t 4 4
= f [ f F(dx)] du = f Fu)du — tF(t)
u=0 x=u 0

t
< f F(u)du. (7.26)
0
From (7.21), given 6 > 0, there exists xo such that x > xo implies
F(x) <(1+60)kx™ =:k1x~°. (7.27)
Thus from (7.26)
X0 ! [{
m(t) < f +f <c+k f u%du, t> xp. (7.28)
0 X0 X0

Now fora > 1, E(|Z1]) < 00 so that
Y "lejlm(c/lpil) < )10 1E(1Z1]) < oo
J J

by (7.23). For @ = 1, we find from (7.28) that
m(t) <c +kylogt, t>xg

for positive constants ¢’, k2. Now choose n > 0 so small that 1 — n > 4, and for
another constant ¢” > 0

14 1
Y lojimec/loh <" 3 lojl +k2 Y lojllog (_)
J J J

lojl
<" lojl+k3 ) 1ol <00
J J
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where we have used (7.23) and

14n ’
9’

x'llogxsx_ xX>x.

Finally fora < 1,t > xg
m(t) < ¢ + k'™

so that

Z lpjlm(1/|p,)) < CZZ |oj] +"4Z 1011 < 00

from (7.23). ]

7.6.1 Necessity of the Kolmogorov Three Series Theorem

We now examine a proof of the necessity of the Kolmogorov three series theo-
rem. Two lemmas pave the way. The first is a partial converse to the Kolmogorov
convergence criterion.

Lemma 7.6.1 Suppose {X,,n > 1} are independent random variables which are
uniformly bounded, so that for some a > 0 and all v € Q we have | X,(vw)| < a.
If Y, (Xn — E(X,)) converges almost surely, then E;’,il Var(X,) < oo.

Proof. Without loss of generality, we suppose E (X,) = O for all n and we prove
the statement: If {X,,, n > 1} are independent, E(X,) =0, |X,| < a,then ", X,
almost surely convergent implies }_,, E (X2) < 0.

Weset S,, = EL] Xi, n > 1and begin by estimating Var(Sy) = ,N=1 EX ,2)
for a positive integer N. To help with this, fix a constant A > 0, and define the
first passage time out of [—A, A]

T:=inf{n > 1:|S,| > A}.

Set T = 00 on the set [V, [S,| < A]. We then have

N

Y E(X}) = E(SY) = E(Si1pe<n) + E(S31[r>n)) (7.29)

1=1

=I+1II.
Note on T > N, we have Vf.v= 11S:| < A, so that in particular, SIZV < A2, Hence,
II <X*P[t > N] < (A + @)*P[t > N]. (7.30)

For I we have

N
I=Y E(S{1=jp.
j=1
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Forj < N
N
ES1=) =EWSj + Y X))1p=j)-
i=j+1
Note
j-1
[t =j1=[\ ISl = A1)l > A € o(Xy, ..., X))
i=l]
while
n
Y. Xi€o X 41h--on XN,
1=5+1
and thus

N

i=j+1

Hence, for j < N,

N N
E(S3 1=y} =E((S,2-+2S, doXi+ () X:)2)1[r=;1)

i=j+1 1=j+1

N
= E(SX1[r=j)) + 2E(S;1r=DE( ) _ Xi)
i=j+1

N
+E( Y X)?P[t=j]
i=j+1

N
= E(S2 o) +0+EC Y Xi)?P[t = j]

1=j+1
N
< E(1S;-1l + 1X,D*1e=j)) + Y E(X)?*P[r = j]
1=j+1
N
< +)?P[r=jl+ ) EX)P[r=jl
1=j+1

Summarizing, we conclude for j < N that

N
E(Sylfz=jp < ((A+a)2+ > E(X.-)Z)P[r=f]. (7.31)
1=j+1
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and defining X,N=N+1 E(X,)? = 0, we find that (7.31) holds for1 < j < N.
Adding over j yields

N
I = E(Sjlpen) < ((A +a)’ + ZE(X,-Z))P[r < N]

i=l1

= ((A +a)® + E(s,%,))P[r < N]. (7.32)

Thus combining (7.30) and (7.32)

N
E(Sy)=) EXh=1+1I

i=1
< (0 +a? + ES))) Pt < N]+ (A +@)?P[x > N)
<(A +@)* + E(S3)P[t < N]

and solving for E (SIZV) yields

(A + a)?

EGW = B> Ay

Let N —» o00. We get

A 2
Z E(Xz) = If[t+—a(10]

which is helpful and gives the desired result only if P[r = oo] > 0. However,
note that we assume )_, X, is almost surely convergent, and hence for almost
all w, we have {S,(w),n > 1} is a bounded sequence of numbers. So Vv, |S,]| is
almost surely a finite random variable, and there exists A > 0 such that

P[r = 0] = P[V|S|<A]>O

n=1

else P[V32,ISn| < oo] = 0, which is a contradiction. This completes the proof
of the lemma. 0O

Lemma 7.6.2 Suppose {X,,n > 1} are independent random variables which are
uniformly bounded in the sense that there exists ¢ > 0 such that | X,(w)| < @
foralln > 1 and w € Q. Then )_, X, convergent almost surely implies that
> . E(Xp) converges.

Proof. The proof uses a technique called symmetrization. Define an independent

sequence {Y,,n > 1} which is independent of {X,,, n > 1} satisfying Y, 4x n-
Let
Zn=Xn—Yn, nZl.
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Then {Z,,n > 1} are independent random variables, E(Z,) = 0, and the distri-
bution of each Z, is symmetric which amounts to the statement that

4

Z, =—2,.

Further,
Var(Z,) = Var(X,) + Var(Y,) = 2Var(X,)

and | Zp| < [Xnl + |Ya| < 2a.

Since {X,,n > 1} 4 {Yn,n > 1} as random elements of R, the convergence
properties of the two sequences are identical and since ), X}, is assumed almost
surely convergent, the same is true of ) _, Y,,. Hence also ) _, Z, is almost surely
convergent. Since {Z,} is also uniformly bounded, we conclude from Lemma
7.6.1 that

Y var(z,) = ): 2Var(X,) < 0.

From the Kolmogorov convergence criterion we get Y o (Xn — E(X»n)) almost
surely convergent. Since we also assume ) _, X, is almost surely convergent, it
can only be the case that ), E(X,) converges. 0O

We now turn to the proof of necessity of the Kolmogorov three series theorem.

Re-statement: Given independent random variables {X,,n > 1} such that
>, Xn converges almost surely, it follows that the following three series converge
for any ¢ > O:

(i >, PllXnl > c],
(ii) 3_, Var(Xnlx,i<c))s
(i) 3, E(Xnl{xa1<c))-
Proof of necessity. Since ) _, X, converges almost surely, we have X, 23 0and

thus
P([|Xn] > c]10.) =0.

By the Borel zero-one law, it follows that

Y P[1X4] > c] < o0. (7.33)

If (7.33) holds, then {X,} and {X,1{x,|<c}} are tail equivalent and one converges
iff the other does. So we get that the uniformly bounded sequence {X,1x,|<c}}
satisfies ) _, Xnlpx,<c) converges almost surely. By Lemma 7.6.2,
3 . E(Xn1x,1<c)) (the series in (iii)) is convergent. Thus the infinite series of
uniformly bounded summands

Z (Xn1[|X,,|5c] - E(anllxnlfcl))

n
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is almost surely convergent and by Lemma 7.6.1

Z Var(X, 1[|X,.|5c]) < 0
n

which is (ii). |

7.7 Exercises

1. Random signs. Does ) _, 1/n converge? Does Y, (—1)"1/n converge? Let
{Xn} be iid with

1
P[Xn = ﬂ:l] = -
2
Does ) _,, Xn/n converge?

2. Let {X,) be iid, EX, = p, Var(X,) = 0. Set X = Y°7_, X,/n. Show
that

1 ¢ 2 P2
—Z(X,—X) 5 o2,
nl:l

3. Occupancy problems. Randomly distribute r balls in n boxes so that the
sample space 2 consists of n” equally likely elements. Write

n

N, = Z 1[ith box is empty]

=1

for the number of empty boxes. Check
. . 1
P[ith box is empty] = (1 — =)"
n

so that E(N,) = n(1 —n~1)". Check that as r/n — ¢

E(N,)/n —> e~¢ (7.34)
No/n 5 e (7.35)

For the second result, compute Var(N,) and show Var(N,/ n?) — 0.

4. Suppose g : [0.1] — R is measurable and Lebesgue integrable. Let
{Un,n > 1} be iid uniform random variables and define X; = g(U,). In
what sense does Y __, X,/n approximate fol g(x)dx? (This offers a way to
approximate the integral by Monte Carlo methods.) How would one guar-
antee a desired degree of precision?
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5. (a) Let {X,,n > 1} beiid, EX, = 0, EX? = 0%. Leta, € Rforn > 1.
Set S, = Y "_, a,X;. Prove {S,} is L,-convergent iff }"i° a? < oo. If

pIra a,2 < 00, then {S,, n = 1} is almost surely convergent.

(b) Suppose {X,, n > 1} are arbitrary random variables such that ), +X,
converges almost surely for all choices 1. Show ), X ,2, < 00 almost
surely. (Hint: Consider Zn B, ()X, (w) where the random variables
{B,,n > 1} are coin tossing or Bernoulli random variables. Apply Fubini
on the space of (1, w).)

(c) Suppose {B,,n > 1} are iid with possible values {1, —1} and

1
P[Bn =ﬂ:1]= 5.

Show for constants a, that

Za,,B,, converges iff Za,z, < O0.
n n

(d) Show Y, B,n~% converges as. iff § > 1/2.

6. Suppose {Xi, k > 1} are independent random variables and suppose. X
has a gamma density fi (x)

xV—1g—x
F(w)

Give necessary and sufficient conditions for Y g ; Xk to converge almost
surely. (Compare with the treatment of sums of exponentially distributed
random variables.)

Je(x) = x>0,y >0.

7. Let {E,} be events.
(a) Verify

n n
2 18 =1y £ ) 1k
k=1 k=1

and then, using the Schwartz inequality, prove that

(ECio; 18))°
E(Z;(':l lEIz)z .

P(Ui= Ex) 2

(b) Deduce from this that if
(i >_, PE, = o0, and

(11) there exists ¢ > 0 such that for all m < n, we have
P(EmEp) < cP(Ep)P(En—m)

then
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(i) P(limsup,_, o, En) > 0.

Thus, we get a partial converse to Borel-Cantelli: if (iii) fails, that is, if
P(limsup,,_, o, En) = 0, and (ii) holds, then (i) fails so that }_, P(E,) <
0.

(c) Let {Y,,n = 1} be 1id positive random variables with common distri-
bution function G and suppose {X,,n > 1} is a sequence of iid positive
random variables with common distribution F. Suppose {X,} and {Y,} are
independent. Prove using Borel-Cantelli that if for alle > 0

f°° G(dy)
—_— <
o 1-—F(ey)

Yn
0,
a4 11\’,‘ -

1=

then asn —» o0

almost surely. Prove the converse using the converse to Borel-Cantelli proved
in (b) above.

The SLLN says that if {X,,, n > 1} are iid with E|X| < 0o, then
S,/n 33 E(Xy).

Show also that .
Sa/n = E(X)).
(Think of uniform integrability.)

Suppose {X,} are iid, E|X| < oo, EX; = 0 and suppose that {c,} is a
bounded sequence of real numbers. Prove

1 n
—Zc,X, — 0a.s.
n i=1

(If necessary, examine the proof of the SLLN.)

(a) Suppose that {X,} are m-dependent in the sense that random variables
more than m apart in the sequence are independent. More precisely, let

Bf = B(Xj,..., X,

and assume that B’fl', cees Bfl’ are independent if k;_y + m < j; fori =
2, ..., . (Independent random variables are O-dependent.) Suppose that the
{X»} have this property and are uniformly bounded and that £EX, = O.
Show that n~1S,, — O as.

Hint: Consider the subsequences X;, X;+m+1, Xi42(m+1), ... forl <i <
m+ 1.
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(b) Suppose that {X,} are iid and each X, has finite range x, ..., x; and
PlX1=xi]=px), i=1,....L

For uy, ..., ux, a k-tuple of the x,’s, let N,(uy, ..., ux) be the frequency
of the k-tuple in the first n + k — 1 trials; that is, the number of m such that
1 <m<nand

Xm=u1y..., Xnsk—1 = Ug-

Show that with probability 1, all asymptotic relative frequencies are what
they should be—that is, with probability 1,

n~ Na(uy, ... ug) = plur) -+ p(u)
for every k and every k-tuple u, ..., ux.

Suppose {X,,n > 1} are iid with a symmetric distribution. Then )_, Xn/n
converges almost surely iff £(|X1]) < oo.

Suppose {X,} is defined iteratively in the following way: Let X have a uni-
form distribution on [0, 1] and for n > 1, X, 4+ has a uniform distribution
on [0, X,]. Show that

1
— log X, converges a.s.
n

and find the almost sure limit.

Use the three series theorem to derive necessary and sufficient conditions
for ), X, to converge a.s. when {X,} are independent and exponentially
distributed.

Suppose {X,, n = 1} are independent, normally distributed with
E(Xn) = ptn, Var(X,) = o}

Show that )" X, converges almost surely iff >, u, converges and
3, 02 < oo.

Prove the three series theorem reduces to a two series theorem when the
random variables are positive. If V;, > 0 are independent, then }_, V,, < 00
a.s. iff for any ¢ > 0, we have

Y P[Vy > c] < oo, ()
n
Y CE(Valpy, <)) < .. (ii)
n
If (X} are iid with E|X;| < 0o, EX] # 0, show that

V:':] | X a_.s).
|Sn]
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Suppose {X,} are independent with
2 1 1
P[Xk=k]=k—2, P[Xk=—l]=l—ﬁ.

Prove
n
Iim
Jim > X
1=1
exists a.s. and find the limit.

Supppse {Xn,n > 1} are iid with E(X,) = 0, and E(X?) = 1. Set §,, =
3", X,. Show
Sn

—_— 0
nl/Zlogn -

almost surely.

Suppose {X,,, n > 1} are non-negative independent random variables. Then
> . Xn < 00 almost surely iff

Xn
ZE < 00
~ 1+ X,

ZE(X,, A1) < 00.

iff

Suppose {X,,n > 1} are independent random variables with E(X,) = 0
for all n. If

ZE (szalllxnlsu + |Xn|1[|x,,|>1]) < 00,
n

then )_, X, converges almost surely.
Hint: We have

0= E(Xp) = E(Xp1x,1<1)) + E(Xnlpx,)>1))-

Suppose {X,(6), n > 1} are iid with common exponential distribution with
mean 8. Then

P ACVLE)
=1

Show for any u : R4+ +— R4 which is bounded and continuous that

oc _ =1yn-1
fo u(y)e-" :’:0_ 1;' n0='dy — u(6).

Show this convergence is uniform on finite 8-intervals. (Compare this with
the Bernstein polynomials of item 6.3 on page 176.)
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22. The WLLN and inversion of Laplace transforms. Let X > 0 be a non-
negative random variable with distribution function F and Laplace trans-
form

F(A) = E(e™™) = f e M F(dx).
[0.00)

Show that F determines F using the weak law of large numbers and the
following steps.

(a) Show

FO@) = f (= D*y*e™™ F(dx).
[0.00)

(b) Suppose {£,(0), n > 1} are iid non-negative random variables with
a Poisson distribution, parameter 8 > 0. Use the weak law of large
numbers to prove

1, ifx >80,

n'_‘.“éoplgs'(e)/" =x]= [0, ifx <0,

and therefore

hhm -
n—->o0c ]!
J]<nx

e,,g(nO)j_ 1, ifx>0,
0, ifx <.

(c) Conclude for any x > 0 which is a point of continuity of F that

1N ...
Z g#—n’F(”(n)—» F(x).

J<nx J:

23. Suppose {X,,n > 1} are iid and uniformly distributed on (—1, 1). What is

E (X%)? Verify
n
Z X,z/n 5
i=1

W m=

so that if we define

n
1Xalln = Q_XHY2,
1=1

then
P 1
"xn"n/‘\/’_l - ‘/;

Now define the n-dimensional annulus

/1 IX|l /1
B, s := R:./=-—8 — + 6).
s:=({xE€ 3 < N < 3 + 6}
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Further define the n-dimensional cube
n

=L = (xeR": \/|xn] < 1.

=1

If A, is n-dimensional Lebesgue measure, show that
2_nAn(Bn.8 n In) B 1.

This gives the curious result that for large n, the cube is well approximated
by the annulus.

Relative stability of sums. Prove the following are equivalent for iid non-
negative random variables {X,,, n > 1}.

(a) There exist constants a, > 0 such that

n
- Z P
anl X' B 1.
i=1

(b) Asn - oo
?:l Xi pP
=i — 0.
i=1 Xi
(c) We have

’ E(X)1[x,<x))
m =
x—oc xP[Xy > x]
(d) We have that the function u(x) := E(X 11x, <x)) is slowly varying;
that is,

pu(tx)
t—00 p(t)
This is equivalent to

1, Vx>0.

U(x)=fo[X1 > s)ds
0

being slowly varying.
(e) In this case, show we may select a, as follows. Set H(x) = x/U (x)
and then set

a, = H* (n)
where H *" is the inverse function of H satisfying H (H * (x)) ~ x.
(f) Now apply this to the St. Petersburg paradox. Let {X,, n > 1} be iid
with
PX;=2¢1=27%, k>1.
What is E(X1)? Set S, = ) _;_; Xi. The goal is to show
Sn P
— 1
(nlogn)/log?2

Proceed as follows:
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i. Check P[X > 2"]1=27",n>1.
ii. Evaluate

2n n 2
f P[X; > slds = Z/ P[X; > s]ds
0 1=1 2-1

to get

So H(x) =x/U(x) ~log2(x/logx) and
a, ~ (nlogn)/log2.

Formulate and prove a generalization of Theorem 7.2.1 applicable to tri-
angular arrays {X,x,1 < k < n;n > 1} where {Xp 4,1 < k < n}is
independent and where n is replaced by a general sequence of constants
{b}. For iid random variables, the conditions should reduce to

nP[|X,.1| > by] = 0, (136)
n
BzE(szz.II[IX,,_”Sb,,]) 0. (7.37)

If S, = Y 7| Xn., the conclusion for the row iid case is

Sn —nE(Xn11)1x, 11<ba]) P
—_

0.
bn

Apply this to the St. Petersburg paradox of Problem 24.

If {Xn,n > 1} is defined as in the St. Petersburg paradox of Problem 24,
show almost surely that

lim sup

= 00,
n—oo nlogon

so that for the partial sums we also have almost surely

lim sup

= OQ.
n—-o00 N logz n

Thus we have another example of a sequence converging in probability but
not almost surely.

More applications of WLLN.
(a) Suppose u(x, y) is continuous on the triangle
TRI:={(x.y):x>0,y>0.x+y =1}
Show that uniformly on TRI

n!

j k J ok n—j—k
L= 1—x — j
Zu(n n)j!k!(n—j—k)!x yd-x-y

— u(x,y).
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(b) Suppose u : [0, 00) — R is continuous with
lim u(x) =: u(o0)
X—=00
existing finite. Show u can be approximated uniformly by linear con-
binations of ¢"*.
Suppose {X,, n = 1} are uncorrelated random variables satisfying
E(XII)=#9 Var(Xn) SC, COV(Xlsz)=0’ i #j'
Show that asn — oo that ), X;/n — u in probability and in L.

Now suppose E(X,) =0and E(X;X;) < p(i—j)fori > jand p(n) - 0

asn — oo. Show Y [_; X, /n L)

Suppose {X,, n > 1} is iid with common distribution described as follows.

Define
1

=, k21,
2kk(k + 1) B
and po = 1 — Y 72, pk- Suppose

Pk

PiXp=2-11=p, k=1

and P[X, = —1] = po. Observe that

o0 L o0 1 1
2 2m=2 (i) -

k=1
and that E(X,) =0.For S, =Y [_, X,, n > 1, prove

Sn P
— = —L
n/log,n

Classical coupon collecting. Suppose {X;,k = 1} is iid and uniformly
distributed on {1, ..., n}. Define

T, = inf{m : (X1, ..., Xm) ={1,...,n})

to be the first time all values are sampled.

The problem name stems from the game of collecting coupons. There are
n different coupons and one samples with replacement repeatedly from the
population {1, ..., n} until all coupons are collected. The random variable
T, is the number of samples necessary to obtain all coupons.

Show

I, P
- 1.
nlogn
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Hints: Define
% (n) = inf{m : card{Xy, ..., X} =k}

to be the number of samples necessary to draw k different coupons. Verify
that 7y(n) = 1 and {7k (n) — ©w—1(n),2 < k < n} are independent and
geometrically distributed. Verify that

n
1
E(Ty=n)_ - ~ nlogn,

=1

n - n
Var(7T,) = n? Z nn—l < n? Zi'z.
i=1 =1

Check
Var(T,/E(T;)) = O.

Suppose {X,, n > 1} are independent Poisson distributed random variables
with E(X,) = A,. Suppose {Sp, = Y _._; X;,,n > 1} and that }_, A, = 00.
Show S, /E(S,) — 1 almost surely.

Suppose {X,,n > 1} are iid with P[X, > x] = e™*, x > 0. Show as
n— oo

n
\/X,/logn - 1,
=1

almost surely. Hint: You already know from Example 4.5.2 of Chapter 4
that

: Xn
lim sup =1,
n—o0o logn

almost surely.
Suppose {X,, j > 1} are independent with

1
P[Xp=n"%=P[X,=—-n"%]= 3"
Use the Kolmogorov convergence criterion to verify that if @« > 1/2, then
Y n X»n converges almost surely. Use the Kolmogorov three series theo-
rem to verify that ¢ > 1/2 is necessary for convergence. Verify that
Y s E(Xg]) < 0iffa > 1.

Let {N,,n > 1} be iid N (0, 1) random variables. Use the Kolmogorov
convergence criterion to verify quickly that 52 ﬁn’l sin(nmt) converges
almost surely.
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Suppose {X,,n > 1} is iid and
E(X]) <00, E(X;)=o0.

Show S, /n — —o00 almost surely. (Try truncation of X, and use the clas-
sical SLLN.)

Suppose {X,,n > 1} is independent and X > 0. If for some § € (0, 1)
there exists x such that for all k

f XidP < SE(Xp),
[Xk>x]

then almost sure convergence of ), X, implies Y n E(Xn) < 00 as well.

Use only the three series theorem to come up with a necessary and suffi-
cient condition for sums of independent exponentially distributed random
variables to converge.

Suppose {X,;, n > 1} are iid with

P[X, =0] = P[X, =2] = %

Show Y72, X,,/3" converges almost surely. The limit has the Cantor dis-
tribution.

If {A,, n > 1} are independent events, show that
1< 1 &
3 14, ==Y PuanSo.
n i=1 n 1=1

Suppose {X,,, n > 1} are independent and set S, = ) ;_, X;. Then S,/n —
0 almost surely iff the following two conditions hold:

() Sp/n 5 0,

(b) Son/2" — 0 almost surely.
Suppose {X,, Y,, n > 1} are independent random variables such that X i
Y, for all n > 1. Suppose further that, for all n > 1, there is a constant K

such that
| Xnl VY| < K.

Then Y_, (X, — Y») converges almost surely iff Y, Var(X,) < oo.

Suppose {X,, n > 1} is an arbitrary sequence of random variables that have
finite means and variances and satisfying

(a) lim,_,  E(X,) = c, for some finite constant ¢, and
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(b) > 5—; Var(X,) < oo.

Show X, — ¢ almost surely. (Hint: Define &, = X, — E(X,) and show
3 n 53 < 0o almost surely. Alternatively, try to proceed using Chebychev’s
inequality.)

If (b) is replaced by the hypothesis Var(X,;) — 0, show X, B

(a) Fix a real number p € (0, 1) and let { B, n > 1} be iid Bernoulli random
variables with

Define Y = Y o2, B,/2". Verify that the series converges. What is the
range of Y? What is the mean and variance of Y? Let Q, be the distribution
of Y. Where does Q, concentrate?

Use the SLLN to show that if p # p’, then Q, and Q, are mutually
singular; that is, there exists a set A such that Q,(A) =1and Q,(A) =0.

(b) Let Fj,(x) be the distribution function corresponding to Q . Show F(x)
is continuous and strictly increasing on [0, 1}, F,(0) = 0, Fp(1) = 1 and
satisfies

(1 — p)Fp(2x), if0 <x <1/2,

Fp(x) =
p(x) 1-p+pFp(2x—-1), ifl/2<x<1.

Let {X,, n > 1} be iid with values in the set § = {1, ..., 17}. Define the
(discrete) density

fo(y) =P[X,=y], yE€S.

Let fi # fo be another probability mass function on S so that for y € S,
we have F;(y) > 0 and Z,es fi(j) = 1. Set

]"'[fl(X) w1
fo(xp)' T

Prove that Z, = 0. (Consider Y,, = log Z,,.)

Suppose {X,;, n > 1} are iid random variables taking values in the alphabet
S ={1, ..., r} with positive probabilities pj, ..., pr. Define

pn(il, ... ip) = P[Xl—llo---’Xn=in]’

and set
xn(@) = pn(X1(w), ..., Xp(w)).

Then x,(w) is the probability that in a new sample of n observations, what
is observed matches the original observations. Show that

1 s :
—;l-logx,,(w) L H:=- Zp, log pi.
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46. Suppose {X,,n > 1} are iid with Cauchy density. Show that
{Sn/n,n > 1} does not converge almost surely but v{'_, X;/n converges
in distribution. To what?
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Convergence in Distribution

This chapter discusses the basic notions of convergence in distribution. Given a
sequence of random variables, when do their distributions converge in a useful
way to a limit?

In statisticians’ language, given a random sample X}, ..., X, the sample mean
X, is CAN; that is, consistent and asymptotically normal. This means that X has
an approximately normal distribution as the sample size grows. What exactly does
this mean?

8.1 Basic Definitions

Recall our notation that df stands for distribution function. For the time being, we

will understand this to correspond to a probability measure on R.
Recall that F is a df if

() 0<Fx)<1;
(ii) F is non-decreasing;
(iii) F(x+) = F(x) Vx € R, where

F(x+) =1lim F(x + ¢€);
€>0

€l0

that is, F is right continuous.
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Also, remember the shorthand notation
F(o0) : = lim F(y)
ytoo

F(—00) : = lim F(y).
yloo

F is a probability distribution function if
F(—-o0) =0, F(4+00) =1.

In this case, F is proper or non-defective.
If F(x) is a df, set

C(F) = {x € R : F is continuous at x}.

A finite interval I with endpoints a < b is called an interval of continuity for F if
botha, b € C(F). We know that

(C(F))¢ = {x : F is discontinuous at x}

is at most countable, since
1
Ap={x:F({x}) =F@x)—-F(x-) > ;}

has at most n elements (otherwise (i) is violated) and therefore

(CF) =|JAn

is at most countable.
For an interval I = (a, b], we write, as usual, F(I) = F(b) — F(a).Ifa,b €
C(F), then F((a, b)) = F((a, b]).

Lemma 8.1.1 A distribution function F(x) is determined on a dense set. Let D
be dense in R. Suppose Fp(-) is defined on D and satisfies the following:

(a) Fp(-) is non-decreasing on D.
(b) 0 < Fp(x) <1, forallx € D.
(c) limxeD.x—++oo Fp(x) =1, limxeD.x—-»—oo Fp(x) =0.

Define for all x € R

F(x) := ;rg Fp(y) = l?m Fp(y). 8.1)
yeD y)euD

Then F is a right continuous probability df. Thus, any two right continuous df’s
agreeing on a dense set will agree everywhere.
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Remark 8.1.1 The proof of Lemma 8.1.1 below shows the following: We let
g : R — R have the property that for all x € R

g(x+) = lim g(y)
ylx

exists. Set h(x) = g(x+). Then A is right continuous.

Proof of Lemma 8.1.1. We check that F, defined by (8.1), is right continuous.
The plan is to fix x € R and show that F is right continuous at x. Given € > 0,
there exists x’ € D, x’ > x such that

F(x)+ € > Fp(x). (8.2)
From the definition of F, for y € (x, x’),
Fp(x') = F(y) (8.3)
so combining inequalities (8.2) and (8.3) yields
F(x)+€ > F(y). Vye@x,x).
Now F is monotone, so let y | x to get
F(x)+e€e>F(x+).
This is true for all small € > 0, solet e | 0and we get
F(x) > F(x+).

Since monotonicity of F implies F(x+) > F(x), we get F(x) = F(x+) as
desired. (]

Four definitions. We now consider four definitions related to weak conver-
gence of probability measures. Let {F,, n > 1} be probability distribution func-
tions and let F be a distribution function which is not necessarily proper.

(1) Vague convergence. The sequence {F,} converges vaguely to F, written
F, - F , iIf for every finite interval of continuity I of F, we have

F,(I) > F(I).
(See Chung (1968), Feller (1971).)

(2) Proper convergence. The sequence {F,} converges properly to F, written
F, — Fif F, > F and F is a proper df; that is F(R) = 1. (See Feller
(1971).)

(3) Weak convergence. The sequence {F,} converges weakly to F, written F, 5
F,if
Fn(x) = F(x),

for all x € C(F). (See Billingsley (1968, 1994).)
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(4) Complete convergence. The sequence {F,} converges completely to F, writ-
ten F, — F, if F, — F and F is proper. (See Logve (1977).)

Example. Define
F,(x) := F(x + (—=1)"n).

Then

For(x)=F(x+2n)—> 1
Fons1(x)=F(x —-(2n+1)) —» 0.

Thus {F, (x)} does not converge for any x. Thus weak convergence fails. However,
for any I = (a, b]

Fo,(a,b] = Fpa(b) — Fop(@a) > 1-1=0
Fany1(a, b] = Fap41(b) — Fopy1(a) > 0-0=0.

So F,,(I) — 0 and vague convergence holds: Fj, = G where G(R) = 0. So the
limit is not proper.

Theorem 8.1.1 (Equivalence of the Four Definitions) If F is proper, then the
four definitions (1), (2), (3), (4) are equivalent.

Proof. If F is proper, then (1) and (2) are the same and also (3) and (4) are the
same.
We check that (4) implies (2). If

Fn(-x) - F(x)9 Vx € C(F),
then
F,(a, b] = F,(b) — F,(a) > F(b) — F(a) = F(a, b]

if (a, b] is an interval of continuity.
Next we show (2) implies (4): Assume

Fa(I) — F(I),
for all intervals of continuity I. Let a, b € C(F). Then
Fn(b) > Fy(a,b] — F(a, b),
SO

lim LréfF,,(b) > F(a,b], Va <b,a € C(F).
n—

Leta | —oo, a € C(F) to get
liminf F,,(b) > F(b).
n—o0
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For the reverse inequality, suppose ! < b < r, l,r € C(F), and [l chosen so small
and r chosen so large that

F((l,r]°) <e.
Then since F,(l,r] = F(,r], we have
Fa(, r]) = F({,r]).
So given € > 0, there exists ng = ng(€) such that n > np implies
Fa((l. 7)) < 2€.
For n > no,

Fn(b) = F,(b) — Fn(l) +Fn(1)
= F,(l. b] + Fu(I)
< Fu(, b] + 2e,

since F,(l) < F,((, b]°). So

limsup F,(b) < F(l,b] + 2¢

n—=oo

< F(b) + 2e.
Since € > 0 is arbitrary

limsup F,(b) < F(b).

n—oo a

Notation: If {F, F,,, n > 1} are probability distributions, write F,, = F to mean
any of the equivalent notions given by (1)—«4). If X, is a random variable with dis-
tribution F, and X is a random variable with distribution F, we write X,, = X to
mean F, = F. This is read “X, converges in distribution to X or “F,, converges
weakly to F.” Notice that unlike almost sure, in probability, or L , convergence,
convergence in distribution says nothing about the behavior of the random vari-
ables themselves and only comments on the behavior of the distribution functions
of the random variables.

Example 8.1.1 Let N be an N (0, 1) random variable so that the distribution func-
tion is symmetric. Define for n > 1

Xn=(=D"N.
Then X, 4 N, so automatically
X,=>N.

But of course {X,} neither converges almost surely nor in probability.
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Remark 8.1.2 Weak limits are unique. If F, = F , and also F; 5 G, then
F = G. There is a simple reason for this. The set (C(F))¢ U (C(G))¢ is countable

SO

INT =C(F)NC(G)
= R\ a countable set

and hence is dense. For x € INT,
Fn(x)—') F(X), Fn(x)—’ G(x)’
so F(x) = G(x) for x € INT, and hence by Lemma 8.1.1, we have F = G.

Here is a simple example of weak convergence.

Example 8.1.2 Let {X,, n > 1} be iid with common unit exponential distribution
P[X, >x]=¢e"*, x>0.
Set My = Vvi_, X, forn > 1. Then
M, —logn =Y, (8.9

where
P[Y <x]=exp{—e™*}, xeR.

To prove (8.4), note that for x € R,

n
P[M, —logn <x] = P(ﬂ[X, < x + logn])
i=l

— (1 _ e—(x+logn))n

=(1- ‘—3;—)" — exp{—e~*}.

8.2 Scheffé’s lemma

Consider the following modes of convergence that are stronger than weak conver-
gence.

(a) F,(A) —» F(A), VA € B(R).
(b)  sup |Fy(A) — F(A)| - 0.
AeB(R)

Definition (a) (and hence (b)) would rule out many circumstances we would
like to fall under weak convergence. Two examples illustrate the point of this
remark.
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Example 8.2.1 (i). Suppose F puts mass 1 at points {1, 2, ..., 2}, If

Fx)=x, 0<x<x1

is the uniform distribution on [0, 1], then for x € (0, 1)

Foix) = kz;x_]_ — x = F(x).

Thus we have weak convergence F, = F. However if Q is the set of rationals in
[0, 1],

F@=1 FQ =0,

so convergence in the sense of (a) fails even though it seems natural that the
discrete uniform distribution should be converging to the continuous uniform dis-
tribution.

(ii) DeMoivre-Laplace central limit theorem: This is a situation similar to what
was observed in (a). Suppose {X,, n > 1} are iid, with

P[Xp,=1]=p=1- P[X, = 0].

Set S, = :'=1 Xi, which has a binomial distribution with parameters n, p. Then
the DeMoivre—Laplace central limit theorem states that

<x]—-> Nx) = /X n(u)du

N / T gy
—00 V21

Sn - np
~npq

P

But if
A= {

5
)

we have

Sn - np
vhPq

Weak convergence, because of its connection to continuous functions (see The-
orem 8.4.1) is more useful than the convergence notions (a) or (b). The conver-
gence definition (b) is called total variation convergence and has connections to
density convergence through Scheffé’s lemma.

P[ e A]=1#N(A)=0.

Lemma 8.2.1 (Scheffé’s lemma) Suppose {F, F,,n > 1} are probability distri-
butions with densities { f, f,,n > 1}. Then

1
sup_|Fa(B) — F(B)| = 5 / o) = F()ldx. 8.5)
BeB(R)
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If fu(x) = f(x) almost everywhere (that is, for all x except a set of Lebesgue
measure 0), then

/ | fax) — FGO)ldx — 0.

and thus F,, — F in total variation (and hence weakly).
Remarks.

o If F, - F and F, and F have densities f,, f, it does not necessarily
follow that f,(x) — f(x). See Exercise 12.

e Although Scheffé’s lemma as presented above looks like it deals with den-
sities with respect to Lebesgue measure, in fact it works with densities with
respect to any measure. This is a very useful observation and sometimes a
density with respect to counting measure is employed to deal with conver-
gence of sums. See, for instance, Exercise 4.

Proof of Scheffé’s lemma. Let B € B(IR). Then

1-1= / fal®¥) = f(x))dx =0,

o
0= L () = fGNx + [ (fatx) = FOa,
which implies
[ ) = onasi =1 [ (o= fenaxl. @)
This leads to
2F.B) — FB)| =21 [ (futo) = ()
= I/B(fn(x) — f(x))dx]| + | Bc(fn(x) — f(x))dx|
< [ 150~ flax + [ 100 = el
= / | fa(x) = f(x)ldx.
To summarize:

1
sup |Fa(B) — F(B)| = 2 / | fa(x) — f(x)ldx.
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If we find some set B for which equality actually holds, then we will have
shown (8.5). Set B = [ f, > f]. Then from (8.6)

2|Fa(B) — F(B)| = | fB ) = £ONdx] +] j; ) = G,

and because the first integrand on the right is non-negative and the second is non-
positive, we have the equality

= [ 1 e+ 1 [ 1200~ sias
- / | falx) = £()Idx.
So equality holds in (8.5).

Now suppose f,(x) — f(x) almost everywhere. So f — f, — 0 a.e., and
therefore (f — f»)T — 0 almost everywhere. Also

f—fmF </
and f is integrable on R with respect to Lebesgue measure. Since
0= /(f(x) — fn(x))dx = /(f(x) — fa(x))Tdx — /(f(x) — fn(x)) " dx,
it follows that
/ | f(x) — fu(x)ldx = /(f(x) — fae)Tdx + /(f(x) — fa(x))"dx
=2 [(f) - o ax

Thus
(f - fn)+ < fel,,

and

(f - fn)+ - 0,

a.e. and dominated convergence implies

/If(x) — fn(x)ldx — 0.

8.2.1 Scheffé’s lemma and Order Statistics

As an example of one use for Scheffé’s lemma, we consider the following limit
result for order statistics.
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Proposition 8.2.1 Suppose {U,,n > 1} are iid U (0, 1) random variables so that
PlUy<x]=x, O0<x<1

and suppose
Uiy U@y < -+ = Ugn)

are the order statistics so that U1 ny = min{Uy, ..., U}, U@.pn) is the second
smallest and U ) is the largest. Assume k = k(n) is a function of n satisfying
k(n) > ococandk/n — 0.asn — oo. Let

Ukny — &

k1_ k1
n(1— 3y

&n =

Then the density of &, converges to a standard normal density and hence by
Scheffé’s lemma

1 2
sup |P[&, € B]—/ e " du|l - 0
BeB(R)I ! B V2nm |

asn — 0Q.

Proof. The distribution of U n) can be obtained from a binomial probability
since for 0 < x < 1, P[Uk.n) < x] is the binomial probability of at least k
successes in n trials when the success probability is x. Differentiating, we get the
density fu(x) of U n to be

G-—Dn-0"

ki=x)"* o0<x<l1.

falx) =

(This density can also be obtained directly by a multimomial argument where
there are 3 cells with proabilities x, dx and (1 —x) and cell frequencies k, 1 and

n — k.) Since
k k1 Vk

—(1=-=)—~—

n nn n

]

as n — o9, the convergence to types Theorem 8.7.1 discussed below assures us
we can replace the square root in the expression for £, by vk/n and thus we
consider the density

By Stirling’s formula (see Exercise 8 of Chapter 9), as n — oo,

n! N N
(k — 1)!(n — k)! \/2_”(%)"-1/2(1 _ f_'_)n-k+1/2'
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Neglecting the factorials in the expression for the density, we have two factors of
the form

k k k k \n-
(I_x ¥ 1la-=- - £x)" k
n n n
k k-1 X k-1 k \n—k X n—k
= (- 1+ — 1--— 1- .
G+ ) a- ) - =)
Thus we get for the density of &,, the following asymptotic expression
X (k-1 X n—k
—0+—=)""(1- )
V2V (n — k)/vVk
It suffices to prove that
X k-1 X
1+ — 1
(1+ 2

— n—k _, o~x*/2
ey U

or equivalently,

(k — 1) log(1 + =

2
x x
+ (n — k) log(1 — - —. 8.7
Observe that, for |t| < 1,
o0 tn
-1 — 1) = —
ogl—0)=) —,
n=1
and therefore
12
8(t) :=| —log(1 —1t) — (¢t + 5”
<i o= T o 8.8
=t | (8.5)
n=3
if |t] < 1/2. So the left side of (8.7) is of the form
x x2 x x?
k-1D—=-=]—-(n—-k + + o(1
AT R My A Tr T
where

o(l) = (k — 1)3(%) + (n — k)5 (
Neglecting o(1), (8.7) simplifies to

X ) o 0
(n —k)/Vk '

X x2 1

——\/—k—'—?(l—z+

e 1) — —x2/2.
k
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8.3 The Baby Skorohod Theorem

Skorohod’s theorem is a conceptual aid which makes certain weak convergence
results easy to prove by continuity arguments. The theorem is true in great gener-
ality. We only consider the result for real valued random variables and hence the
name Baby Skorohod Theorem.

We begin with a brief discussion of the relationship of almost sure convergence
and weak convergence.

Proposition 8.3.1 Suppose {X, X,,, n > 1} are random variables. If
X, 5 x,

then
Xp = X.

Proof. Suppose X, 23 X and let F be the distribution function of X. Set
N - [Xn - X]C

so that P(N) = 0. For any h > 0 and x € C(F), we have the following set
containments:

N°N[X <x —h] C liminf[X, < x] N N°
n—»

C limsup[X, < x]NN°€

n—00

C [X < x]NN€,
and hence, taking probabilities

F(x — h) < P(lim gf[X,, <x))
n—
< lim Ll(l)f P[X, < x] (from Fatou’s lemma)
n—

< limsup P[X, < x]

n—oo

< P(limsup[X, <x]) (from Fatou’s lemma )
n—00

< F(x).
Since x € C(F), leth | 0to get

F(x) <lim f,%fF" (x) < limsup F,(x) < F(x).
n— — .
O The cOnVerse if false: Recall Example 8.1.1.

Despite the fact that convergence in distribution does not imply almost sure
convergence, Skorohod’s theorem provides a partial converse.
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Theorem 8.3.2 (Baby Skorohod Theorem) Suppose {Xn,n > 0} are random
variables defined on the probability space (S2, B, P) such that

Xn = XO.

Then there exist random variables {X¥,n > 0} defined on the Lebesgue proba-
bility space ([0, 1], B([0, 1]), > = Lebesgue measure ) such that for each fixed
n=>0,

Xn £ X%,

and
§aS. L
X, = X,

where a.s. means almost surely with respect to M.

Note that Skorohod’s theorem ignores dependencies in the original {X,} se-
quence. It produces a sequence {X ,‘f} whose one dimensional distributions match
those of the original sequence but makes no attempt to match the finite dimen-
sional distributions.

The proof of Skorohod’s theorem requires the following result.

Lemma 8.3.1 Suppose F, is the distribution function of X, so that F, = Fy. If
t € (0,1)NC(FY),

then
F;=(t) > F; ().

Proof of Lemma 8.3.1. Since C(Fp)€ is at most countable, given € > 0, there
exists x € C(Fgp) such that

Fo (1) —€ <x < Fy (2).

From the definition of the inverse function, x < F;~(¢) implies that F(x) < ¢.
Also, x € C(Fy) implies F,(x) — Fo(x). So for large n, we have F,(x) < t.
Again, using the definition of the inverse function, we get x < F,”(¢). Thus

Foy(t)—e <x <F, ()
for all large n and since € > 0 is arbitrary, we conclude
Fy (1) < l:'rgggf F,~(1). (8.9)

Note that we have not yet used the assumption that ¢ is a continuity point of F;~
and this is used for the reverse inequality.
Whenever ¢ > t, we may find y € C(Fp) such that

Fy()<y<F;y(t)+e.
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This gives
Fo(y) >t >1t.

Since y € C(Fyp), F,(y) — Fo(y) and for large n, F,(y) > t, therefore y >
F,7(t), and thus
Fo () +e>y>F; (1)

for all large n. Moreover, since € > 0 is arbitrary,

limsup F,~(¢t) < Fg~(t").

n—oQ

Let ¢’ | t and use continuity of F;~ at ¢ to conclude that

limsup F,”(t) < Fy (). (8.10)
n—oQ
The two inequalities (8.9) and (8.10) combine to yield the result. O

This lemma only guarantees convergence of F,"~ to F;™ at continuity points of
the limit. However, convergence could take place on more points. For instance, if
F, = Foforalln, F,~ = F;~ and convergence would be everywhere.

Lemma 8.3.1 allows a rapid proof of the Baby Skorohod theorem.

Proof of the Baby Skorohod Theorem. On the sample space [0, 1], define the
random variable U (t) = ¢ so that U is uniformly distributed, since for0 < x <1

MU <x]=A{te[0,1]:U@¢) <x}=A[0,x] = x.
For n > 0 define X* on [0, 1] by
Xt = F-wW).
Thenfory € R
MXn <yl =Me€[0,1]: F,"(0) <y} = A{r € [0,1] : ¢ < Fa(y)} = Fa(y)-

d
So we conclude that X¥# = X,,, for eachn > 0.
Next, we write

Mt € [0,1] :X5(0) > Xg(0))
= Aft € [0,1]: F,7(t) /> Fy (1)},

and using Lemma 8.3.1, this is bounded by

< X{t €[0, 1] : F4~ is not continuous at ¢ }
= A{ a countable set } = 0. O

The next corollary looks tame when restricted to R, but its multidimensional
generalizations have profound consequences. For a map & : R — R, define

Disc(h) = {x : h is not continuous at x } = (C(h))°.
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Corollary 8.3.1 (Continuous Mapping Theorem) Ler {X,,n > 0} be a se-
quence of random variables such that

X, = Xo.
For n > 0, assume F, is the distribution function of X,,. Let h : R — R satisfy
P[X¢ € Disc(h)] = 0.

Then
h(X,) = h(Xo),

and if h is bounded, dominated convergence implies

Eh(X,) = /h(x)F,,(dx) — Fh(x) = /h(x)Fo(dx).

Remark. Disc(h) is always measurable even if & is not.

As a quick example, if X,, = X, then X ,2, - X 3 which is checked by applying

the continuous function (so Disc(h) is empty) h(x) = x2.

Proof. The proof of the corollary uses the Baby Skorohod Theorem which iden-

tifies new random variables X# 2 X,.n >0, with X # defined on [0, 1]. Also
X%y > XB(t) for a.a. r. If X{(¢) € C(h), then h(XE(1)) > h(XE()). Thus,

At € [0, 1] :h(X* (1)) > h(XE(1)))
> Afr € [0, 1] : XE(0) € (Disc(h))€)
= P([Xp € Disc(h)]°) = 1.

So h(X ﬁ) - h(X g) almost surely with respect to A, and since almost sure con-
vergence implies convergence in distribution, we have

h(Xn) £ h(X*) = h(X%) £ h(X0)
so that h(X,) = h(Xp). 0

8.3.1 The Delta Method

The delta method allows us to take a basic convergence, for instance to a limiting
normal distribution, and apply smooth functions and conclude that the functions
are asymptotically normal as well.

In statistical estimation we try to estimate a parameter 6 from a parameter set
© based on a random sample of size n with a statistic

T, =T,(X1,...,Xpn).
This means we have a family of probability models

{(R2, B, Pg), 0 € O},
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and we are trying to choose the correct model. The estimator T, is consistent if

Tnﬁe,

for every 8. The estimator T, is CAN, or consistent and asymptotically normal, if
forall6 € ©
lingo Polon(T, —0) <x]=N(0,1,x),
n—

for some o, — o0.

Suppose we have a CAN estimator of 8, but we need to estimate a smooth
function g(6). For example, in a family of exponential densities,  may represent
the mean but we are interested in the variance §2. We see from the delta method
that g(T,) is also CAN for g(9).

We illustrate the method using the central limit theorem (CLT) to be proved in
the next chapter. Let {X;, j > 1} be iid with E(X,) = u and Var(X,) = a?.
From the CLT we get

Sn—np

o/n

where N (0, 1) is a normal random variable with mean 0 and variance 1. Equiva-
lently, we can express this in terms of X = Y 7_, X;/n as

= N@O, 1),

\/r_z(X—“):N(O,l).

So X is consistent and an asymptotically normal estimator of u. The delta method
asserts that if g(x) has a non-zero derivative g’(u) at u, then

Jn (g(X') —g(p)
og'(n)

) = N(0, 1). (8.11)

So g(X’) is CAN for g(u).

Remark. The proof does not depend on the limiting random variable being N (0, 1)
and would work equally well if N (0, 1) were replaced by any random variable Y.

Proof of (8.11). By the Baby Skorohod Theorem there exist random variables Z#
and N* on the probability space ((0, 1), B((0, 1)), A) such that

¥_
z,’féﬁ( “), N*LN

(o}

and
Z¥F 5 N as ().
Define

Xt =p+oz}/Jn,
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so that X £ X*. Then using the definition of derivative

(g(fr) — g(u)) 4 I (g(u +aZp/\/n) - g(u))
n = n

og' (1) og' (1)
_glutaZh/ym) —gw) oZj
oZ¥/n og'(u)
as () o N* g d
— (#) * 7 = N = Nv
& og'(1)
since 0 Z¥#/./n — 0 almost surely. This completes the proof. 0

Remark. Suppose {X,;, n > 0} is a sequence of random variables such that
Xn = XO.

Suppose further that
h:Re- S,

where S is some nice metric space, for example, S = R2. Then if
P[X¢ € Disc(h)] =0,
Skorohod’s theorem suggests that it should be the case that
h(X,;) = h(X)

in S. But what does weak convergence in S mean? Read on.

8.4 Weak Convergence Equivalences;
Portmanteau Theorem

In this section we discuss several conditions which are equivalent to weak conver-
gence of probability distributions. Some of these are of theoretical use and some
allow easy generalization of the notion of weak convergence to higher dimensions
and even to function spaces. The definition of weak convergence of distribution
functions on R is notable for not allowing easy generalization to more sophis-
ticated spaces. The modern theory of weak convergence of stochastic processes
rests on the equivalences to be discussed next.
We nead the following definition. For A € B(R), let

d(A) = the boundary of A
=A"\ AY = the closure of A minus the interior of A
={x:3y, € A, y, > xand 3z, € A, z, = x}

= points reachable from both outside and inside A.
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Theorem 8.4.1 (Portmanteau Theorem) Let {F,,n > 0} be a family of proper
distributions. The following are equivalent.

(1) F, = F,.

(2) Forall f : R — R which are bounded and continuous,

f fdF, — f fdF.

Equivalently, if X, is a random variable with distribution F, (n > 0), then
for f bounded and continuous

Ef(Xyn) — Ef(Xo).

(3) If A € B(R) satisfies Fo(3(A)) = 0, then
F,(A) —» Fy(A).

Remarks. (i) Item (2) allows for the easy generalization of the notion of weak
convergence of random elements {£,,n > 0} whose range S is a metric space.
The definition is
&n = &0

iff

E(f(&n)) = E(f(é0))
as n — oo for all test functions f : S > R which are bounded and continuous.
(The notion of continuity is natural since S is a metric space.)

(3i) The following clarification is necessary. Portmanteau is not the name of the
inventor of this theorem. A portmanteau is a large leather suitcase that opens into
two hinged compartments. Billingsley (1968) may be the first to call this result
and its generalizations by the name portmanteau theorem. He dates the result back
to 1940 and attributes it to Alexandrov.

Proof. (1) — (2): This follows from Corollary 8.3.1 of the continuous mapping

theorem.
(1) = (3): Let f(x) = 14(x). We claim that

d(A) = Disc(14). (8.12)
To verify (8.12), we proceed with verifications of two set inclusions.
(i) 3(A) C Disc(1,4). This is checked as follows. If x € 3(A), then there exists

Yn €A, andy, — x,
zn € AS, and z, — x.

So
1=1a(yn) =1, 0=14(24) > 0

implies x € Disc(14).
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(ii) Disc(14) C 3(A): This is verified as follows. Let x € Disc(14). Then
there exists x, — x, such that

1a(x,) A 1a(x).
Now there are two cases to consider.

Case (i) 14(x) = 1. Then there exists n’ such that 14(x,) — 0. So for all
large n’, 14(x,y) = 0 and x,, € A€. Thus x,y € A€, and x,y — x.
Also let y, = x € A and then y,, — x,so x € 3(A).

Case (ii) 14(x) = 0. This is handled similarly.

Given A € B(R) such that Fg(3(A)) = 0, we have that Fo({x : x € Disc(14)} =
0 and by the continuous mapping theorem

f lAdF,, = F,,(A) - / lAdF() = Fo(A).

(3) = (1): Letx € C(Fp). We must show F,(x) — F(x). Butif A = (—00, x],
then 3(A) = {x} and Fp(3(A)) = O since Fp({x}) = 0 because x € C(Fp). So

Fn(A) = Fp(x) = Fy(A) = Fo(x).

(Recall, we are using both F, and Fj in two ways, once as a measure and once as
a distribution function.)

(2) = (1). This is the last implication needed to show the equivalence of (1),
(2) and (3). Let a, b € C(F). Given (2), we show F,(a, b] — Fy(a, b].

Define the bounded continuous function g; whose graph is the trapezoid of
height 1 obtained by taking a rectangle of height 1 with base [a. b] and extending
the base symmetrically to [a —k~!, b+ k~'. Then gk | 1{5.5) as k — oo and for
all k,

Fn(asb]=ﬁ1(a.b]dpn S/gden - /gdeO

as n — oo due to (2). Since gx < 1, and gx | 1[4.5] We have

fgdeo l Fo([a, b)) = Fo((a, b}).

We conclude that
limsup Fy,(a, b] < Fo(a, b]-
n—o0
Next, define new functions h; whose graphs are trapezoids of height 1 obtained
by taking a rectangle of height 1 with base [a + k=1, b — k~!] and stretching the
base symmetrically to obtain [a, b]. Then hy 4 1(4.p) and

F(a,b] > f hd Fy — f hid Fo,
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for all k. By monotone convergence

fhdeo 1 Fo((a, b)) = Fo((a, b])

as k — 09, so that
lim Lng" ((a, b]) = Fo((a, b)). 0
n—

Sometimes one of the characterizations of Theorem 8.4.1 is much easier to
verify than the definition.

Example 8.4.1 The discrete uniform distribution is close to the continuous
uniform distribution. Suppose F, has atoms at i/n,1 < i < n of size 1/n. Let
Fyp be the uniform distribution on [0, 1]; that is

Fx)=x, 0<x<1.

Then
FnﬁFO.

To verify this, it is easiest to proceed by showing that integrals of arbitrary
bounded continuous test functions converge. Let f be real valued, bounded and
continuous with domain [0, 1]. Observe that

n
|
[ sar =3 s
i=1
= Riemann approximating sum

- f(x)dx (n = 00)

where Fp is the uniform distribution on [0, 1]. 0O

It is possible to restrict the test functions in the portmanteau theorem to be
uniformly continuous and not just continuous.

Corollary 8.4.1 Let {F,,n > O} be a family of proper distributions. The follow-
ing are equivalent.

(1) F, = Fo.

(2) For all f : R — R which are bounded and uniformly continuous,

fmnﬂfmm

Equivalently, if X,, is a random variable with distribution F,, (n > 0), then
for f bounded and uniformly continuous

Ef(Xn) — Ef(Xo).
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Proof. In the proof of (2) — (1) in the portmanteau theorem, the trapezoid func-
tions are each bounded, continuous, vanish off a compact set, and are hence uni-
formly continuous. This observation suffices. O

8.5 More Relations Among Modes of Convergence

We summarize three relations among the modes of convergence in the next propo-
sition.

Proposition 8.5.1 Let {X, X,,n > 1)} be random variables on the probability
space (S2, B, P).

() If
Xn e:;. X9
then
X, 5 x
(i) If
P
X, —> X,
then
Xp=>X

All the converses are false.

Proof. The statement (i) is just Theorem 6.2.1 of Chapter 6. To verify (ii), suppose

P . ) .
X — X and f is a bounded and continuous function. Then

fXn) D> f(X)
by Corollary 6.3.1 of Chapter 6. Dominated convergence implies
E(f(Xp) —» E(f(X))
(see Corollary 6.3.2 of Chapter 6) so
Xpn=>X

by the portmanteau theorem. 0O

There is one special case where convergence in probability and convergence in
distribution are the same.
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Proposition 8.5.2 Suppose {X,,n > 1} are random variables. If c is a constant
such that

P
Xn_)C,

then
X,=c

and conversely.

Proof. It is always true that convergence in probability implies convergence in
distribution, so we focus on the converse. If

Xn=>c
then
PX, <x] - 0, ffx<c,
1, ifx >c,
and
X,,-l—))c

means P[|X, — c| > €] — 0 which happens iff

P[X, <c—€]—>0and P[X, <c+¢€]—> 1.

8.6 New Convergences from Old

We now present two results that express the following fact. If X, converges in
distribution to X and Y, is close to X,, then Y,, converges in distribution to X as
well.

Theorem 8.6.1 (Slutsky’s theorem) Suppose {X, X,,Y,, &E.,,n > 1} are ran-
dom variables.
(a) If X, = X, and

X, —-Y, 50,

then
Y, = X.

(b) Equivalently, if X, = X, and &, —P> 0, then
Xn+& =X

Proof. It suffices to prove (b). Let f be real valued, bounded and uniformly con-
tinuous. Define the modulus of continuity

ws(f) = sup |f(x)— fO)I.

x—yl<é
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Because f is uniformly continuous,
ws(f)—0, 8§—0. (8.13)

From Corollary 8.4.1 if suffices to show Ef(X, + &,) — Ef(X). To do this,
observe

|Ef(Xn +&n) — Ef(X)|
< |Ef(Xn + &) — Ef(Xn)| + |Ef(Xn) — Ef(X)]
= E|f(Xn + &) — f(Xn)1pga1<6) + 2sup | f () P[1&x] > 8] + o(1)

(since X, = X)

= o(1) + ws(f) + (const) P[|&,] > 8]

The last probability goes to O by assumption. Let § — 0 and use (8.13). 0

Slutsky’s theorem is sometimes called the converging together lemma. Here
is a generalization which is useful for truncation arguments and analyzing time
series models.

Theorem 8.6.2 (Second Converging Together Theorem) Let us suppose that
{Xun, Xu,Yn,X;n > 1, u > 1} are random variables such that for each n,
Y., Xun, u > 1 are defined on a common domain. Assume for each u, as n — o<,

Xun = Xu’

and as u - o©
X, = X.

Suppose further that for all € > (,

lim limsup P[|Xyn — Y| > €] =0.

U—=00 po0

Then we have
Y, => X

asn — OC.

Proof. For any bounded, uniformly continuous function f, we must show
lim Ef(Y,) = Ef(X).
n—>o0
Without loss of generality, we may, for neatness sake, suppose that

sup|f(x)| < 1.

X€ER
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Now write

IEf(Yn) - Ef(X)I =< Elf(Yn) - f(Xun)I + Elf(Xun) - f(Xu)l
+ E|f(Xy) = f(X)]

so that
limsup|E f(Y,) — Ef(X)|
n—oQ
< lim limsupE|f(Y,) — f(Xun)|+0+0
U=00 pooo
< lim lim SUPEIf(Yn) - f(Xun)“[lY,,—X,,,,lse]
U=00 pooo
+ lim limsup E|f(Yn) — f(Xun)I1[1y, —Xunl>e€]
U—=00 p_y00
<sup{|f(x)— f|:lx —yl <€}
+ lim limsup P[|Y, — Xyn| > €]
U=>00 poeo
-0
ase —» (. 0

8.6.1 Example: The Central Limit Theorem for m-dependent
random variables

This section discusses a significant application of the second converging together
theorem which is often used in time series analysis. In the next chapter, we will
state and prove the central limit theorem (CLT) for iid summands: Let {X,,, n > 1}
be iid with 4 = E(X)), 02 = Var(X}). Then with S, = 3", X,, we have partial
sums being asymptotically normally distributed
Sn —'n# . S’l - E(Sn)
on V' Var(S,)
In this section, based on (8.14), we will prove the CLT for stationary, m-dependent
summands.

Call a sequence {X,, n > 1} strictly stationary if, for every k, the joint distri-
bution of

= N(0,1). (8.14)

(X'l+19 L 9X'l+k)

is independent of n for n = 0, 1, .... Call the sequence m-dependent if for any
integer ¢, the o-fields o (X, j <) and o (X, j > t + m + 1) are independent.
Thus, variables which are lagged sufficiently far apart are independent.

The most common example of a stationary m-dependent sequence is the time
series model called the moving average of order m which is defined as follows.
Let {Z,} be iid and define for given constants cy, ..., ¢, the process

m
X;=ZC]'Z;_J', t=0,1,....
i=l
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Theorem 8.6.3 (Hoeffding and Robbins) Suppose {X,,, n > 1} is a strictly sta-
tionary and m-dependent sequence with E(X) = 0 and

Cov(Xy, Xoyn) = E(Xi Xiyp) =2y (h).

Suppose
vm =y (0) + 2‘2 y(j) #0.
j=1
Then
| o

W ;X, = N (0, um), (8.15)

and
nVar(Xp) = vp, (8.16)

where X, = Y., X, /n.

Proof. Part 1: Variance calculation. We have

nVar(X,) = %E(iX,-)z - —E(ZZX X))

=1 j=
=—Zzy(1—z)

11]

= — Z(#(z J)ij—i=kyk)
|Ic|<n

=y ("_'“) (k).

lk|<n

This last step is justified by noting that, for example when k& > 0, i could be
1,2,...,n—kand j = k + i. Thus we conclude that

nVar(X,) = Z (1 - u) v (k).
k|<n n

Recall that y (/) =0if |/| > mandasn — o0

nVar(X,) > Y y (k) = Um. (8.17)

k| <oo

Part 2: The big block-little block method. Pick u > 2m and consider the fol-
lowing diagram.



272 8. Convergence in Distribution

1st 2nd
little little
block block
> >
1 u-m u 2u-m 2u (r-1u ru-m ru n
o P g ———————~ -
1st 2nd rth remainder
big big big
block block block
Let
n
- [3]
u

so that r/n — 1/u and define

51 =Xl+"'+Xu—Ms
E2=Xyt1+ -+ Xoy—m,

'Er = X(r—l)u+l +---+ Xru—m

which are the “big block” sums. Note by stationarity and m-dependence that
&1, ..., & are iid because the little blocks have been removed.

Define
+ .- +§'
X“,,:=§l ﬁ r

_ §1+"'+§r\/z
= ﬁ e

as n — 0o. From the CLT for iid summands, asn — 00

Note

X, = N(O. Varf‘)) = X,

Now observe, that as u — 00
Var(§1) _ Var(}_, 21" Xi) _ —m)ZVar >y Xi
u u u u—m

= (u — m)Var(Xym) - %

= Uy -1=uv,,
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from the variance calculation in Part 1. Thus, as u — o0,

X, = N, Var(&1)

) = N0, vy) =: X,

since a sequence of normal distributions converges weakly if their means (in this
case, all zero) and variances converge.
By the second converging together theorem, it remains to show that

Z?:l Xi

Xun - \/'_1

lim limsup P[

U—00 p_yo0

> €] =0. (8.18)

Fori=1,...,r —1,let
B, ={iu—m+1,...,iu}
be the m integers in the ith little block, and let
B, ={ru—m+1,...,n}

be the integers in the last little block coupled with the remainder due to u not
dividing n exactly. Then we have

=% Y X+ ) Xit+ ) X,

ieB t€B, ieB,

ZT:] Xi

\/'_1 _'Xun

and all sums on the right side are independent by m-dependence. So

Jn

i=l1 1=1

2 X )_l _  y SRS
Var( Xun ) =~ ¢ 1)Var(ZX:)+Var( Z XHl.

Note that

n
h(n):=n—ru+m+1=n—-[;]u+m+1
<n—-C-Dut+m+1
u
=n—n+u+m+1l=u+m+1.

Thus for fixed u, asn — 00,

h(n) J

1 su Var() | . X
_var(z Xi) < p15]5u+m+l (Z,_l 1) 0.
n =1 n

Also, sincer/n —» 1/uasn — o0

1 "’ 1, &
- ((r — DVar() X,-)) ~ ;Var(; Xi) >0

i=1
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as u — oo and we have by Chebychev’s inequality

n
—1 Xi
""’_"—1 . —Xun

Jn

> €]

E?:l X’

lim lim supP[

U=0 psoo

.. 1
< ul_l’ngo llgs;p 6—2Var( T — Xun)
1 m
= ul_l’n;o (;Vﬂr(; X[) + 0)
= 0.
This completes the proof. 0O

8.7 The Convergence to Types Theorem

Many convergence in distribution results in probability and statistics are of the
following form: Given a sequence of random variables {§,,n > 1} anda, > 0
and b, € R, we prove that

En _' bn

ap

=Y,

where Y is a non-degenerate random variable; that is, Y is not a constant a.s. This
allows us to write

En—bn

n

P <x]= P[Y <x]=:G(x),

or by setting y = ayx + by

y — by

n

P& < y] = G( ).
This allows us to approximate the distribution of &, with a location—scale family.
The question arises: In what sense, if any are the normalizing constants a, and
b, unique? If we changed normalizations, could we get something significantly
different?
The answer is contained in the convergence to types theorem. The normaliza-
tions are determined up to an asymptotic equivalence and the limit distribution is
determined up to location and scale.

Example. As a standard example, supppse {Xp, n > 1} are iid with E(X,) = u
and Var(X,) = o2. The Central Limit Theorem states that for each x € R

x  —u?/2

Sp —nu e

o Jn 5x]—>P[Y5x]=_/;mmdu

P[
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so that
y—nu

o/n

where N (x) is the standard normal distribution function.

P[S, < y] = N(

),

Definition. Two distribution functions U (x) and V (x) are of the same type if there
exist constants A > 0 and B € R such that

Vix) =U(Ax + B).

In terms of random variables, if X has distribution U and Y has distribution V/,
then
d X—B

Y = ———,

A
For example, we may speak of the normal type. If Xo ; has N(0, 1, x) as its

distribution and X, o has N (u, 02) as its distribution, then X §.o 4 oXo,1 + M.
Now we state the theorem developed by Gnedenko and Khintchin.

Theorem 8.7.1 (Convergence to Types Theorem) We suppose U(x) and V (x)
are two proper distributions, neither of which is concentrated at a point. Sup-
pose for n > 0 that X, are random variables with distribution function F, and
the U,V are random variables with distribution functions U (x), V (x). We have
constants ap, > 0,a, > 0,b, € R, B, € R.

(a) If
Fn(anx + by) 5 Ux), Fu(anx+ Bn) > V(x) (8.19)
or equivalently

Xn_'bn=>U’ Xn—ﬁn

an Qp

=V, (8.20)

then there exist constants A > 0, and B € R such thatas n — 00

—2 > A>0, — B, (8.21)

and
iU—B
=—

(b) Conversely, if (8.21) holds, then either of the relations in (8.19) implies the
other and (8.22) holds.

Vix)=UAx+B), V (8.22)

Proof. (b) Suppose

G, (x) := Fp(anx + b,) = U(x)
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and

ﬁn _'bn

an

apfa, - A >0, — B.

Then

a -b
Fn(onx + Bn) =Gn(_"x+(ﬂ" "))
an an
Pick x such that x € C(U(A - +B)).
Suppose x > 0. A similar argument works if x < 0. Given € > 0 for large n,

we have

(A—G)X+B-—6SZ—"x+(ﬂ"—b")S(A+e)x+(B+6),

n an

SO

limsup Fy(apx + Bn) < limsup G,((A + €)x + (B + ¢€)).

n—oo n—o0

Therefore, for any z € C(U(-)) withz > (A + €)x + (B + €). we have

lim sup F, (apx + By) < limsup G,(2) = U(2).

n—oco n— 00
Thus
limsup Fp(@nx + By) < inf U(2).
n—00 z>(A+€)x+(B+€)
z2eCU(+))

Since € > 0 is arbitrary,

limsup Fy(apx + Br) < inf U(z) =U(Ax + B)
>Ax+B

n—o0 4
by right continuity of U (). Likewise,
liminf F, (apx + B,) > liminfG,((A — €)x + B —¢)
n—0o0 n—oo

>liminf G, (z) = G (2)
n—oQ
forany 2 < (A — €)x + B — € and z € C(U(")). Since this is true for all € > 0,

liminf Fp(apx + B) = sup U(2) =U(Ax + B),
n—o0 z<Ax+B
zeCU())

since Ax + B € C(U(")).
We now focus on the proof of part (a). Suppose

Fp(@nx + by) = U(x), Fp(apx + Bp) > V().
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Recall from Lemma 8.3.1 that if G, — G, then also G h 5 G* . Thus we have

Fy (Z) —bn Uv(y), yeCU")
Fn“‘(i;) - ﬁn N V‘—(y), y € C(V<—).

Since U (x) and V (x) do not concentrate at one point, we can find y; < y; with
yi €CU)NC(V+), fori = 1,2, such that

-0 < U (30) <U(y2) < 00,

and
—00 < VT (y1) < VT ()2) < 00.

Therefore, fori = 1, 2 we have

F‘— 1 —bn - Fn‘_ 1) = Pn
n (Vi) S U, (»)—B

a" an

- V(). (8.23)

In (8.23) subtract the expressions with i = 1 from the ones with i = 2 to get

F,=(y2) — F,7 (1)
an
F,"(y2) — F,7(»)

ap

—U"(2) -U" (),

->VT01) = VT ).

Now divide the second convergence in the previous line into the first convergence.
The result is

an  UT(2)-U"0n)
LN =

=:A>0.
an V<(y2) = V<)
Also from (8.23)
F - b
n OV =0 Ly,
Gn
Fi o)) =B _F OO0 —Fbn on VoA
an ap a, Y4,
so subtracting yields
ﬁn — bn

- VT)A-U"(n) =B,

an

as desired. So (8.21) holds. By part (b) we get (8.22). (]
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Remarks.
(1) The theorem shows that when

Xn—bn

ap

= U

and U is non-constant, we can always center by choosing b, = F,"(y1)
and we can always scale by choosing a, = F,” (y2) — F,;” (y1). Thus quan-
tiles can always be used to construct the centering and scaling necessary to
produce convergence in distribution.

(2) Consider the following example which shows the importance of assuming
limits are non-degenerate in the convergence to types theorem. Let

Ux) = 0, !ft<c,
1, ift>c.
Then
—o00, Iift =0,
UT@)=infly : U(y) >t} = {c, if0 <t <1,
00, ifr > 1.

8.7.1 Application of Convergence to Types: Limit Distributions
for Extremes

A beautiful example of the use of the convergence to types theorem is the deriva-
tion of the extreme value distributions. These are the possible limit distributions
of centered and scaled maxima of iid random variables.

Here is the problem: Suppose {X,,n > 1} is an iid sequence of random vari-
ables with common distribution F. The extreme observation among the first n
1s

Theorem 8.7.2 Suppose there exist normalizing constants a, > 0 and b, € R
such that

M, —
F"(anx + by) = P[—";ﬁ <x]5 Gx), (8.24)

n

where the limit distribution G is proper and non-degenerate. Then G is the type
of one of the following extreme value distributions:

(i) Po(x) =exp{—x"%}, x>0, a>0,
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. ) exp{—(x)*}, x <0, a>0
(it) Vo(x) = [ 1 x>0,

(iii) A(x) =exp{—e*}, x ek

The statistical significance is the following. The types of the three extreme
value distributions can be united as a one parameter family indexed by a shape
parameter y € R:

Gy(x) =exp{—(1+ yx)_l/”}, 1+yx>0
where we interpret the case of y = 0 as
Go =exp{—e™*}, x€R.

Often in practical contexts the distribution F is unknown and we must estimate
the distribution of M, or a quantile of M,,. For instance, we may wish to design a
dam so that in 10,000 years, the probability that water level will exceed the dam
height is 0.001. If we assume F is unknown but satisfies (8.24) with some G, as
limit, then we may write

P[M, < x] = G (a;'(x — by)),

and now we have a three parameter estimation problem since we must estimate
Y, Qn, by.

Proof. We proceed in a sequence of steps.
Step (i). We claim that there exist two functions a(t) > 0 and B(t), ¢t > O such
that for all ¢ > O,

an

@), b g, (8.25)
Q{ni) Q[m)

and also
G'(x) = G(a(t)x + B(1)). (8.26)
To see this, note that from (8.24), for every ¢ > 0, we have on the one hand
FI")apyx + bj) 5 G(x)
and on the other
Fl"a,x + by) = (F"(apx + b,))"™V" & G (x).

Thus G’ and G are of the same type and the convergence to types theorem is
applicable. Applying it to (8.25) and (8.26) yields the claim.
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Step (ii). We observe that the function a(¢) and B(r) are Lebesgue measurable.
For instance, to prove a(-) is measurable, it suffices (since limits of measurable
functions are measurable) to show that the function

an

! —
afpr]

is measurable for each n. Since a, does not depend on ¢, the previous statement
is true if the function

t — a[nr)

is measurable. Since this function has a countable range {a,, j > 1} it suffices to
show

{t > 0:ap) = aj)
1s measurable. But this set equals
U [lc_ k+1

k:ax=a, n n

),

which, being a union of intervals, is certainly a measurable set.

Step (iii). Facts about the Hamel Equation. We need to use facts about possi-
ble solutions of functional equations called Hamel’s equation and Cauchy’s equa-
tion. If f(x), x > O is finite, measurable and real valued and satisfies the Cauchy
equation

fx+y)=fxX)+ f(y), x>0,y>0,
then f is necessarily of the form
fx)=cx. x>0,

for some ¢ € R. A variant of this is Hamel’s equation. If ¢(x), x > 0 is finite,
measurable, real valued and satisfies Hamel’s equation

¢(xy) =¢(x)p(y), x>0,y >0,

then ¢ is of the form
¢(x) = x°,

for some p € R.
Step (iv). Another useful fact. If F is a non-degenerate distribution function and

F(ax +b) = F(cx +d) Vx € R,

forsome a > 0, and ¢ > O, thena = ¢, and b = d. A proof of this is waiting for
you in the exercises (Exercise 6).
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Step (v). Now we claim that the functions a(-) and B(-) satisfy (¢ > 0, s > 0)

a(ts) = a(t)a(s), (8.27)
B(ts) = a(t)B(s) + B(1) (8.28)
= a(s)B(t) + B(s), (8.29)

the last line following by symmetry.
To verify these assertions we use

G'(x) = G(a(t)x + B(1))
to conclude that

G (a(rs)x + B(ts)) = G¥(x) = (G°(x))'
= (G(a(s)x + B(s))
= G(a()[a(s)x + B(s)] + B(1))
= G (a()a(s)x + a(t)B(s) + B(1)).

Now apply Step (iv).

Step (vi). Now we prove that there exists 6 € R such thata(t) = °.1f0 = 0,
then B(t) = clogt, for some c € R. If 8 # 0, then B(t) = c(1 — t9), for some
ce R

Proof of (vi): Since a(-) satisfies the Hamel equation, a(t) = 19 for some
6 € R.If @ =0, then (t) = 1 and B(¢) satisfies

B(ts) = B(s) + B(1).
So exp{B(-)} satisfies the Hamel equation which implies that
exp{B(n)} =1,

for some ¢ € R and thus B(t) = clogt.
If 6 # 0, then

B(ts) = a(®)B(s) + B(t) = a(s)B(t) + B(s).
Fix so # 1 and we get
a(t)B(so) + B(t) = a(se)B(t) + B(s0),
and solving for B(t) we get

B)(1 — a(se)) = B(so)(1 — a(r)).

Note that 1 — a(sg) # 0. Thus we conclude

ﬂ(t)=( Fiso) )(l—a(t)) =: c(1 - 19).

1 — a(so)
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Step (vii). We conclude that either

(@) G'(x) =G +clogt), (6 =0),
or

(b) G'(x)=G(@%x +c(1-1%), (6+#0).

Now we show that § = 0 corresponds to a limit distribution of type A (x), that
the case & > 0 corresponds to a limit distribution of type ®, and that § < 0
corresponds to W,,.

Consider the case 8§ = 0. Examine the equation in (a): For fixed x, the function
G'(x) is non-increasing in 1. So ¢ < 0, since otherwise the right side of (a) would
not be decreasing. If xg € R such that G (xg) = 1, then

1=G"(x0) =G(xo+clogt), Vt>0,
which implies
Giy)=1, VyekR,
and this contradicts G non-degenerate. If xo € R such that G (xg) = 0, then
0=G'(x0) = G(xg+clogt), Vt>D0,
which implies
G(x)=0, VxelR,

again giving a contradiction. We conclude 0 < G(y) < 1, forall y € R.
In (a), set x = 0 and set G(0) = ¢™*. Then

e '™ =G(clogt).
Sety = clogt, and we get
G(y) = exp{—«ke¥/€} = exp{—e_(%l_log")}

which is the type of A(x). The other cases @ > 0 and 6 < 0 are handled similarly.
(I

8.8 Exercises

1. Let S, have a binomial distribution with parameters n and 6 € [0, 1]. What
CLT does S, satisfy? In statistical terms, 8 := S, /n is an estimator of 6

and
Sn - E (Sn)
A/ Var(S,,)
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is an approximate pivot for the parameter 6. If

6
8(6) = log ('1_—0)

is tpe log—odds ratio, we would use g(é) to estimate g(6). What CLT does
£(6) satisfy? Use the delta method.

2. Suppose {X,,n > 1} is a sequence of random variables satisfying

1
P[Xn=n]=‘—,
n
1
P[X,=0]=1--.
n

(a) Does {X,} converge in probability? If so, to what? Why?
(b) Does {X,} converge in distribution? If so, to what? Why?

(c) Suppose in addition that {X,} is an independent sequence. Does { X}
converge almost surely? What is

limsup X,, and liminf X,
n—00 n—00

almost surely? Explain your answer.

3. Suppose (U, n > 1} are iidd U (0, 1) random variables so that
PlUj<x]=x, 0=<x<1l

(a) Show ]_['}=l U}/ " converges almost surely. What is the limit?

(b) Center and scale the sequence {]_['}=l U;/ ".n > 1} and show the
resulting sequence converges in distribution to a non-degenerate limit.
To which one?

4. (a) Let {X,, n > 0} be positive integer valued random variables. Prove
Xn = XO

iff forevery k > 0
P[X, =k] > P[Xo =k].

(b) Let {X,) be a sequence of random vectors on R such that X, has a
discrete distribution having only points with integer components as possible
values. Let X be another such random vector. Show

X, =X
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iff
Y IP[Xy =x] - P[X=x]| > 0

as n — 00. (Use Scheffé’s lemma.)

(c) For events {A,, n > 0}, prove

14, = 1a, iff P(An) > P(Ao).

(d) Let F,, concentrate all mass at x,, for n > 0. Prove

Fn=>F0iffxn—)xO.

(e) Let X, =1—1/nor 1+ 1/n each with probability 1/2 and suppose
P[X = 1] = 1. Show X,, = X but that the mass function f,(x) of X,
does not converge for any x.

If u,(x),x € R are non-decreasing functions for each n and u,(x) —
up(x) and uq(-) is continuous, then for any —0o <a < b < 00

sup |u,(x) — up(x)| = 0.
x€fa,b]

Thus, convergence of monotone functions to a continuous limit implies lo-
cal uniform convergence.

(b) Suppose F,,n > 0 are proper df’s and F,, = Fy. If Fg is continuous,
show

sup |Fn(x) — Fo(x)| — 0.

X€

For instance, in the central limit theorem, where Fy is the normal distribu-
tion, convergence is always uniform.

(c) Give a simple proof of the Glivenko—Cantelli lemma under the addi-
tional hypothesis that the underlying distribution is continuous.

Let F be a non-degenerate df and suppose fora > 0,¢c > Oand b € R,
d € R, that for all x

F(ax + b) = F(cx + d).

Prove that a = ¢ and b = d. Do this 2 ways:
(1) Considering inverse functions.

(if) Showing it is enough to prove F(Ax + B) = F(x) for all x implies
A =1,and B = 17 (just kidding, B = 0). If Tx = Ax + B then iterate the
relation F(Tx)=F(x) again and again.
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Let {X,,n > 1} be iid with E(X,) = u, Var(X,) = o2 and suppose N is
a N (0, 1) random variable. Show

Jn(X% - u®) = 2uoN (a)
ﬁ(e)?" —eé!) = oet'N. (b)
Suppose X1, ..., X, are iid exponentially distributed with mean 1. Let
Xin<---<Xpn
be the order statistics. Fix an integer / and show
nX;, =Y

where Y; has a gamma (/, 1) distribution.

Try doing this (a) in a straightforward way by brute force and then (b) try
using the Renyi representation for the spacings of order statistics from the
exponential density. See Exercise 32 on page 116.

. Let {X,,, n > 0} be random variables. Show X, = X iff E(g(X,)) —

E (g(Xo)) for all continuous functions g with compact support.
Let X and Y be independent Bernoulli random variables on a probability
space (L2, B, P) with X 2 Y and

P[X=0]=-;—=P[X=1].
Let X,, =Y forn > 1. Show that

Xp=>X

but that X,, does NOT converge in probability to X.
Lévy metric. For two probability distributions F, G, define
d(F,G):=inf{6§ >0:Vx e R, Fx—-8)—-686 <G(x) < F(x + §) + é}.

Show this is a metric on the space of probability distribution functions
which metrizes weak convergence; that is, F,, = Fy iff d(F,, Fg) — O.

Suppose F,, has density

1—cos2nnx, if0<x<1,
fn(x) ==

0, otherwise.

-

Show that F, converges weakly to the uniform distribution on [0, 1] but
that the densities f, do not converge.
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14.

15.

16.

17.
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Suppose {N,,n > 0} is a sequence of normal random variables. Show
N, = Ny iff

E(N,) = E(No) and Var(N,)) — Var(N).

Derive a comparable result for (a) Poisson random variables; (b) exponen-
tial random variables.

Consider the sphere in R” of radius +/n and suppose X, is uniformly dis-
tributed on the surface of this sphere. Show that the first component of X,,
converges in distribution to a standard normal. Hint: If N,,i > 1 are iid
N (0, 1) random variables, show

d n
Xo L (N1, Ny) =t
! ! Z:':lNiz

(Weissman) Suppose Y,,n > 1 are random variables such that there exist
a, > 0,b, € R and

P[Y, < anx + by} —> G(x),
non-degenerate, and foreacht > 0
PlY|nt] < apx + bp] = G,(x),
non-degenerate. Then there exists a(t) > 0, B(¢) € R such that
G(x) =G (a()x +a(t))

and a(r) = 9. 1f 6 = 0, then B(t) = clogt, and if 6 # O, then B(t) =
c(1 —19).

Suppose {X,,n > 1} are iid non-negative random variables and set M, =
Vi_;Xi,n > 1. Show that there exists a sequence a, > 0 such that (x > 0)

lingoP[M,,/a,, <x]=exp{—x"%}, x>0, a>0,
n—»

iff the regular variation condition holds:

. P[X] > tx]
lim =
t—00 P[X] > t]

x7% x>0. (8.30)

In this case, what limit distribution exists for log M, ? For M,%?
Verify (8.30) for the Cauchy density and the Pareto distribution?

If {X,} are iid U (0, 1) random variables, find a non-degenerate limit dis-
tribution for M, = v{_, X, under suitable normalization.
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Give an example of a sequence of discrete distributions that converge weakly
to a limit distribution which possesses a density.

(Second continuous mapping theorem) Suppose that X,, = X and that
forn > 0, xn : R — R are measurable. Define

E := {x : Ix, — x but xp(xx) # xo(x)}-
Suppose E is measurable and P[Xp € E] = 0. Show x,(X,) = xo(Xo)-

Suppose we have independent Bernoulli trials where the probability of suc-
cess in a trial is p. Let v, be the geometrically distributed number of trials
needed to get the first success so that

Plvp>n]=(Q1 - p)"_l, n>1.

Showas p— 0
pvp = E,
where E is a unit exponential random variable.

Sampling with replacement. Let {X,,n > 1} be iid and uniformly dis-
tributed on the set {1, ..., m}. In repeated sampling, let v, be the time of
the first coincidence; that is, the time when we first get a repeated outcome

Uy c=inf{n > 2: X, € {X1,..., Xn=1}}-
Verify that

Plvy > n] = ﬁ(l - l—;l—l>

1=2
Show as m — oo that

Vm//m = v

where P[v > x] = exp{—x?/2}, x > 0.

Sample median; more order statistics. Let U;, ..., U, beiid U (0, 1) ran-
dom variables and consider the order statistics Uy ,, < Uz, < --- < Up.pn.
When n is odd, the middle order statistic is the sample median. Show that

1
2(Un.2n+l - E)V 2n

has a limit distribution. What is it? (Hint: Use Scheffé’s lemma 8.2.1 page
253.)

Suppose {X,,, n > 1} are iid random variables satisfying
E(X,) =, Var(X,) =02

The central limit theorem is assumed known. Set X, = ZL] X,/n. Let
N (0, 1) be a standard normal random variable. Prove
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(i) V/n(X2 - u?) = 2uoN(0,1).
(ii) Jn(e* — e*) = e*N(0, 1).
(iii) /n(log X, — log ) = %N(O, 1), assuming u # O.

Now assume additionally that £ (X ‘1’) < 00 and prove

(v) /7 (log( X1y (Xi — X,)?) —logo?) = L JEQ@HN, 1).

(v) Define the sample variance
2_1y o 12
Sy== > (X — X)),
i=1

Show )
VA(/S2 - o) = = [EXHNQ, D).

What is a limit law for S2?

24. Show that the normal type is closed under convolution. In other words, if
Ni1, N are two independent normally distributed random variables, show
that N + N is also normally distributed. Prove a similar statement for the
Poisson and Cauchy types.

Is a similar statement true for the exponential type?

25. (i) Suppose F is a distribution function and « is a bounded continuous func-
tion on R. Define the convolution transform as

Fxu(t) = f u(t — y)F(dy).
R

Let {F,,n > 0} be a sequence of probability distribution functions. Let
C[—00, 00] be the class of bounded, continuous functions on R with finite
limits existing at +00. Prove that F,, = Fy iff for each u € C[—00, 0],
U, := F, * u converges uniformly to a limit U. In this case, U = Fg * u.

(i1) Suppose X is a random variable and set F,,(x) = P[X/n < x]. Prove
F,, ¥ u — u uniformly.

(iii) Specialize (ii) to the case where F is the standard normal distribu-
tion and verify the approximation lemma: Given any € > 0 and any u €
C[—o00, 00], there exists an infinitely differentiable v € C[—00, 00] such
that

sup lv(x) — u(x)| < e.
X€R

(iv) Suppose that u(x, y) is a function on R? vanishing at the infinities.
Then u can be approximated uniformly by finite linear combinations
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Y« ckgk(x)hi(y) with infinitely differentiable gx, hx. (Hint: Use normal
distributions.)

(v) Suppose F, is discrete with equal atoms at —n, 0, n. What is the vague
limit of F,, as n — 0o? What is the vague limit of F,, * F,,?

(vi) Suppose F, concentrates all mass at 1/n and u(x) = sin(x2). Then
F,, * u converges pointwise but not uniformly. (Is u € C[—00, oo]?

Suppose {X,,, n > 1} are iid random variables with common distribution F
and set S, = Y, X,. Assume that there exista, > 0, bn € R such that

a;lsn_bn =>Y

where Y has a non-degenerate proper distribution. Use the convergence to
types theorem to show that

ap —> 00, an/an-H - 1.
(Symmetrize to remove b,,. You may want to first consider az,/an.)

Suppose {X,,n > 1} are iid and non-negative random variables with com-
mon density f(x) satisfying

A:=1 t 0.
ff'&f()>

Show n A", X, has a limit distribution. (This is extreme value theory, but
for minima not maxima.)

Let x € (0, 1) have binary expansion
oo
dp
X = Z 5’7
n=1
Set
2, ifd, =0,
X) =
Jn ) {1, ifd, = 1.

Then show fol fa(x)dx = 1 so that f, is a density. The sequence fn only
converges on a set of Lebesgue measure 0. If X, is a random variable with
density f, then X,, = U, where U isU (0, 1).

Suppose {X;,t > 0} is a family of random variables parameterized by a
continuous variable ¢ and assume there exist normalizing constants a(f) >
0, b(t) € Rsuchthatast — 00

X, —b@)
—_—

Y,
a(t)
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where Y is non-degenerate. Show the normalizing functions can always
be assumed continuous; that is, there exist continuous functions a(t) >

0, B(t) € R such that

Xl - ﬂ(t) - YI
a(t) ’

where Y’ has a non-degenerate distribution. (Hint: The convergence to types
theorem provides normalizing constants which can be smoothed by integra-
tion.)

Suppose {X,,n > 1} are random variables and there exist normalizing
constants a, > 0, b, € R such that

Xn - bn
Qn

=Y,

where Y is non-degenerate. Assume further that for § > 0

2+8
sup E < 00.
n>1

Show the mean and standard deviation can be used for centering and scal-
ing:

.Xn —'bn
an

Xn - E(Xn) - Y;
/ Var(X,) ’

where Y is non-degenerate.

It is enough for moment generating functions to converge:
E(e}’an-l(xn~bn)) = E(eYY)’

for y € I, an open interval containing 0.

sup E (|1 Xn|**?) < o0,
n

show that
E(Xp,) - E(Xg), Var(X,)— Var(Xy).
(Use Baby Skorohod and uniform integrability.)

Given random variables {X,} such that 0 < X, < 1. Suppose for all x €
©,1)
P[X, <x]—=>1-p.

Show X, = B where B is a Bernoulli random variable with success prob-
ability p.

Verify that a continuous distribution function is always uniformly continu-
ous.
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Suppose {E,, n > 1} are iid unit exponential random variables. Recall from
Example 8.1.2 that

n
\/ E, —logn =Y,
i=1

where Y has a Gumbel distribution.

Let {W,, n > 1} be iid Weibull random variables satisfying
P[W,>x]=¢*, a>0, x>0.

Use the delta method to derive a weak limit theorem for v!_, W,. (Hint: Ex-
press W, as a function of E; which then requires that vi_, W, is a function
of VI_E,.)

Suppose {F,,n > 0} are probability distributions such that F, = Fg. For
t > 0, let u,(-) : R — R be an equicontinuous family of functions that are
uniformly bounded; that is

sup u,(x) <M,

t>0.xeR

for some constant M. Then show

lim f g (¥) F(dx) = f uy (x) Fo(dx),
R R

n—noo
uniformly in ¢.

Suppose F, = Fg and g is continuous and satisfies fR gdF, = 1 for all
n > 0. Define the new measure G,(A) = [, gdF,. Show G, = Go. (You
can either do this directly or use Scheffé’s lemma.)






9

Characteristic Functions and
the Central Limit Theorem

This chapter develops a transform method called characteristic functions for deal-
ing with sums of independent random variables. The basic problem is that the dis-
tribution of a sum of independent random variables is rather complex and hard to
deal with. If X, X are independent random variables with distributions Fi, F,
set

gu, v) = 1(—oco.1)(u + v).

Then using the transformation theorem and Fubini’s theorem (Theorems 5.5.1 and
5.9.2), we get fort € R

P[X, + X2 < 1] = E(g(X1, X2)
= / / gk, x F; (transformation theorem)

= // F] X Fz
{(x.y)eR2:x+y<t)

= / [ / F1(dx)] F2(dy) (Fubini’s theorem)
R J{xeRx<t—y}

= fRFn(t — y)Fa(dy)
=: F1 * F2(1),

where the last line defines the convolution between two distributions on the real
line. Convolution is a fairly complex operation and somewhat difficult to deal
with. Transform methods convert convolution of distributions into products of
transforms and products are easier to handle than convolutions.
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The next section reviews the relation between transforms and the central limit
theorem.

9.1 Review of Moment Generating Functions and the
Central Limit Theorem

The moment generating function (mgf) F () of a random variable X with distri-
bution F exists if

f(t) = Ee'X = / e*F(dx) <oo, Vtel,
R

where I is an interval containing O in its interior. The problem with using the
mgf of a distribution is that it does not always exist. For instance, the mgf of the
Cauchy distribution does not exist and in fact existence of the mgf is equivalent
to the tail of the distribution of X being exponentially bounded:

P[|X| > x] < Ke™, forsome K > 0andc > 0.

(So what do we do if the mgf does not exist?)

The mgf, if it exists, uniquely determines the distribution of X, and we hope
that we can relate convergence in distribution to convergence of the transforms;
that is, we hope X, = X if

Ee*" > Ee'X, wrel,

where I is a neighborhood of 0. This allows us to think about the central limit
theorem in terms of transforms as follows.
Suppose {X,, n > 1} is an iid sequence of random variables satisfying

E(X,) =0, Var(X,) =E(X2) =02
Suppose the mgf of X; exists. Then
Ee'Sn/s/'7 = Eé Y1 XilJn

— EJ1eX/Vn = (Eerxx/ﬁ)"

i=1

= (F(t/v/n))"

and expanding in a Taylor series about 0, we get

tE(X1) N 1202
Jn 2n

=(1+ + junk)”
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where “junk” represents the remainder in the expansion which we will not worry
about now. Hence, as n — 00, if we can neglect “junk” we get

2.2
__)610/2’

which is the mgf of a N (0, o) random variable. Thus we hope that

Sn 2
— = N(0, o).
\/;1-=> 0,0°)

How do we justify all this rigorously? Here is the program.

1.

We first need to replace the mgf by the characteristic function (chf) which
is a more robust transform. It always exists and shares many of the algebraic
advantages of the mgf.

. We need to examine the properties of chf and feel comfortable with this

transform.

We need to understand the connection between moments of the distribution
and expansions of the chf.

We need to prove uniqueness; that is that the chf uniquely determines the
distribution.

. We need a test for weak convergence using chf’s. This is called the conti-

nuity theorem.

We need to prove the CLT for the iid case.

. We need to prove the CLT for independent, non-identically distributed ran-

dom variables.

This is the program. Now for the details.

9.2 Characteristic Functions: Definition and

First Properties

We begin with the definition.

Definition 9.2.1 The characteristic function (chf) of a random variable X with
distribution F is the complex valued function of a real variable ¢ defined by

o) :=Ee'X, teR
= E(cos(tX)) + i E(sin(t X))

=fcos(tx)F(dx)+i/sin(tx)F(dx)-
R R



296 9. Characteristic Functions and the Central Limit Theorem

A big advantage of the chf as a transform is that it always exists:
|E€i'X| < E|e''X| = 1.
Note that
|EQU +iV)|? = |[EU) +iE(V)|* = (EU)? 4 (EV)?
and applying the Schwartz Inequality we get that this is bounded above by
<EWUY»+E(V?) = EU?*+V?
= E|U +iV|%.
We now list some elementary properties of chf’s.
1. The chf ¢(t) is uniformly continuous on R. For any ¢ € R, we have

1t + h) — P ()| = |Ee'“TIX _ EtX)|
— IEellX(eihX _ l)l

5E|e"'x—1| -0

as h | 0 by the dominated convergence theorem. Note that the upper bound
is independent of ¢+ which accounts for the uniform continuity.

2. The chf satisfies |¢(f)| < 1 and ¢(0) = 1.

3. The effect on the chf of scaling and centering of the random variable is
given by
Eeir(aX+b) — ¢(at)e'h’.

4. Let ¢(r) be the complex conjugate of ¢ (t). Then

$(—1) = d(t) = Re(p(t) — ilm(p(1))
= chfof — X.

5. We have that
Re(¢ (1)) = /cos(tx)F(dx)

is an even function, while
Im(¢(t)) = f sin(tx) F (dx)

is an odd function.
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6. The chf ¢ is real iff
x<_x

iff F is a symmetric function. This follows since ¢ is real iff ¢ = ¢ iff
X and —X have the same chf. As we will see (anticipating the uniqueness

theorem), this implies X 4 _x.

7. If X, haschf¢;, i =1,2and X, and X are independent, then the chf of
X1 + X3 is the product ¢ (t)¢,(t) since

Eeir(X1+Xz) — EeirX,eitxz

— EG”XIEGHXZ.

Compare this with the definition of convolution at the beginning of the
chapter.

8. We generalize the previous property in a direction useful for the central
limit theorem by noting that if X, ..., X, are iid with common chf ¢, then

. -1¢ _ _:
Ee”(an Sn—nby) =e unb,,(d,(t/an))n.

9.3 Expansions

The CLT is dependent on good expansions of the chf ¢. These in turn depend on
good expansions of e'* so we first take this up.

9.3.1 Expansion of ¢'*

Start with an integration by parts. For n > 0 we have the following identity:

/X elS(x S)ndS xn+l + i /x( )n+l 1S 4 9.1
- = X —3S S. .
0 n+1 n+1j € ©-1)

Forn = 0, (9.1) gives

S e* —1 x
/ eds = —— =x + if (x — s)e'*ds.
0 0

l

So we have
x -
e =1+ix+ izf (x —s)e'*ds
0

zxz i [ 9
=14+ix+1i [-E-{-E/ (x —5s) e'sds]
0
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(from (9.1) withn = 1)

_1+1x+S—L2 -—— f(x s)3'sds]
2

where the last expression before the vertical dots comes from applying (9.1) with
n = 2. In general, we get forn > 0and x € R,

n s vk n41 X
e = Z (llf') + ! ' / (x — s)"e ds. (9.2)
k=0 . n: 0
Thus
(lx)k |x|n+1
x _
le k; | < = (9.3)

where we have used the fact that |e'*| = 1. Therefore we conclude that chopping
the expansion of e'* after a finite number of terms gives an error bounded by the
modulus of the first neglected term.

Now write (9.1) with n — 1 in place of n and transpose to get

/ (x — n 1 'SdS f (x — S)" e'Sds.

If we multiply through by = 1)' and interchange left and right sides of the equa-
tion, we obtain

* n_is j. i" X _yn—lis g (ix)"
/(;(x—s)e ds_(n_l)!/(;(x s)' e’ds prat

Substitute this in the right side of (9.2) and we get

ix _ - (ix)k n 1 e's (lx)n
-2 h (n—l)'/(x ==

in+1

k=0
and thus
S x% xt xIt 2x
X —_
¢ _,; LRl e o ©4)
Combining (9.3) and (9.4) gives
(ix) Ix|"+t 2|x|n
X _
le Z |_(n+1)'/\ - (9.5)

k=0
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Note that the first term in the minimum gives a better estimate for small x, while
the second term gives a better estimate for large x.

Now suppose that X is a random variable whose first n absolute moments are
finite:

E(XD) <o00,..., E(JX|") < o0.
Then

k k
o -3 CLEOD) g, E(Z 0 x4
k=0 )

X (ti)"
<Ele —,;) T

and applying (9.5) with x replaced by X, we get

@k . lex "+ 2ex|n
— —FEWX . .6
|6) ; o E(X)] < ((n+1)!/\ — (9:6)
Next, suppose all moments exist and that for all r € R
nE X n
lim PEQXTD _ o 9.7)
n— 00 n!
In (9.6), let n — o0 to get
o (i
$() =) —EX".
k=0
A sufficient condition for (9.7) is
00 1.1k k
l1|*E|X|
Z '—k'—'— = EemIXI < 00, (98)

k=0

which holds if
V() = Ee'X <00, Vel

that is, if the mgf exists on all of R. (To check this last statement, note that if
Ee'X < oo for all t, we have

Eel'I Xl — E(el'lxl[x>o]) + E(e_l'lxl[x<0])
S W) + W(=lt]) < oo.

This verifies the assertion.)
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Example 9.3.1 Let X be a random variable with N(0, 1) distribution. For any
tel,

Ee’X _ /-oo etu e—u2/2 du
-0 +/ 27T

= /w 1 exp{—l(uz — 2tu + 1*))du et/
—-00 \/2]1' 2

(from completing the square)
© p—yu-n?
————du
—o0 21
2 o0 2
=¢ /2/ nt,1,u)du = e /2.
—00

Here, n(t, 1, u) represents the normal density with mean ¢ and variance 1 which
integrates to 1. Thus we conclude that for all t € R

Ee'X < o0.

272

We may therefore expand the mgf as well as e’ /< to get

k
ook k 0 2
Ee'X=Z%l=e'2/2=Z(%) /K"

k= ' k=0

that is,

Equating coefficients yields that the

EX?) (3
@n)! = !’

coefficient of 12" =

So we conclude that

(_)n’ E(X2"+1) —_ 0.

2n)!
EX™) = %znT)' 2

Thus, since
o (i)

— X __ k
¢(t) = Ee" —,‘ZO—I'(-!—E(X )s
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we get

00 (2N 2/ o0 -.\2/
p=Y Tl g =y SO Ly

£ (2! ent 2
_ @y S =
1=0 I! - = I!
—e P2, (9.9)

This shows one way of computing the chf of the N(0,1) distribution.

Note that the chf of the normal density has the property that the chf and the
density are the same, apart from multiplicative constants. This is a useful and
unusual feature.

9.4 Moments and Derivatives

When the kth absolute moment of a random variable exists, it can be computed
by taking k-fold derivatives of the chf.

Suppose X is a random variable with finite first absolute moment; that is,
E(|X]) < 0o. Then

¢t +h) — ()

~ E(iXe”X) _ (ei(t+h)X —eitX _ ihXeitX)

h h
_ g (x 1€ 1 ihX)
p .
Apply (9.4) withn = 1 to get
: thX _ 1 —inx
¥l |————1=2Xle L.
Since by (9.3) or (9.5) we have
erX —1—inx  n2x%*  X?
= h— 0
| h = 2
as h | 0, we get by dominated convergence that
t+h)— :
lim (‘N 0 =00 _ pixeix ))
hl0 h
thX :
—1—-ihX
— E l uXx €
(im e h )

= 0.



302 9. Characteristic Functions and the Central Limit Theorem

Thus
¢'(1) = E(iXe''¥). (9.10)
In general, we have that if E (X ¥) < oo,
oM@ = E (X0)ke"Y), VieR (9.11)

and hence
¢(k)(0) — ikE(Xk).

9.5 Two Big Theorems: Uniqueness and Continuity

We seek to prove the central limit theorem. Our program for doing this is to show
that the chf of centered and scaled sums of independent random variables con-
verges as the sample size increases to the chf of the N (0, 1) distribution which we
know from Example 9.3.1 is exp{—t2/2}. To make this method work, we need to
know that the chf uniquely determines the distribution and that when chf’s of dis-
tributions converge, their distributions converge weakly. The goal of this section
is to prove these two facts.

Theorem 9.5.1 (Uniqueness Theorem) The chf of a probability distribution
uniquely determines the probability distribution.

Proof. We use the fact that the chf and density of the normal distribution are the
same apart from multiplicative constants.

Let X be a random variable with distribution F and chf ¢. We show that ¢
determines F. For any distribution G with chf y and any real 8 € R, we have by
applying Fubini’s theorem the Parseval relation

f =96 ()G (dy) = f e-"’Y[ f e"YXF(dx)]Gwy)
R y€eR xeR

= f f - YO F(dx)G(dy)

= / [ f e"x'a)yG(dy)]F(dx) (9.12)
xeRLJyeR

= f y (x — 8)F (dx). (9.13)
xeR

Now let N have a N (0, 1) distribution with density n(x) so that o N has a normal
density with variance o2. Replace G(dy) by this normal density o~ ln(o1y).
After changing variables on the left side and taking account of the form of the
normal chf y given by (9.9) on the right side, we get

/ e~%Y p(ay)n(y)dy = / e~ =012 (47, (9.14)
R

zeR
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Now, integrate both sides of (9.14) over 8 from —o0 to x to get

X X
/ / e™1%Y % (o y)n(y)dyd6 = / / e~ @O 12 (4740,
O0=—00 JR =—00 J2z€eR

and using Fubini’s theorem to reverse the order of integration on the right side
yields

x e—02z—6)/2
= V2T / db |F (dz).
[ER [ f=—00 + 27T ]

In the inner integral on the right side, make the change of variable s = 6 — z to
get

/ / e~'%Y ¢ (oy)n(y)dydé
=-00

-2z -0 52/2
Vx| f < ——ds]Fd
/ =—00 s/—O' S] 2

= +/2ro71 / [ / i n(0. 072, 2)dz)F(dz)
zeR J—-o0
= V210 P[o”IN + X <x].

Divide through by /270 1. Let 0 — 0. Given the chf ¢, we find

im = [ [ e pymiayas
f=—oc
= lim Plo~ IN+X <x]=F), V¥xeCWF), (9.15)

by Slutsky’s theorem 8.6.1 of Chapter 8. So for any x € C(F), ¢ determines F(x)
which is sufficient for proving the result. 0O

A quick corollary gives Fourier inversion.

Corollary 9.5.1 Suppose F is a probability distribution with an integrable chf ¢;
that is, |¢p| € L so that

/ |p (2)|dt < oo.
R
Then F has a bounded continuous density f given by
1 i
= — —iyx )
f& = 5= [ P00y

Proof. Examine (9.15). Note

P[O’_]N + X <x]=: Fs(x)
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has a density f, since o ~!N has a density. From the left side of (9.15),

1
o 0) = —= fR e ¢ (y)n(o~y)dy

il f eV (y)e=o Y gy,
27T R
Note that

|e™ 8 (e 1| < 1p ()l € Ly
andaso — 00

e—10y¢(y)e—a‘2y2/2 - e—10y¢(y).

So by dominated convergence, f,(8) — f(6). Furthermore, for any finite inter-
val /

1 =22
sup fo (6) < — f O)le=® Y gy
éel 27 Jr

1
=< E;kaﬁ(y)ldy < 00.

So as 0 — 00, we have by Slutsky’s theorem 8.6.1 and bounded convergence
F(I)= lim Plo7'N+X eI]= lim /fa(O)dO = f f(6)d6.
o—>00 o—>00 Ji fi

Thus f is the density of F. 0

We now state and prove the continuity theorem which allows the conclusion
of weak convergence of probability distributions from pointwise convergence of
their chf’s.

Theorem 9.5.2 (Continuity Theorem) (i) Easy part: We let {X,,n > 1} be a
sequence of random variables with X, having distribution F, and chf ¢,. If as

n — o0 we have
Xn => XO,

then

dn(t) = ¢Po(t), VtelR.
(ii) Deeper part: Suppose
(a) 1imy,_, o0 Pn(t) exists for all t. Call the limit oo (t).

(b) deo(t) is continuous at 0.
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Then for some distribution function F.,
F, = Fy
and ¢ is the chf of Foo. If poo(0) = 1, then Fe, is proper.

Proof of the easy part (i). If X,, = X, then by the continuous mapping theorem,
we have e''Xn = /X0 and since |¢''*n| < 1, we have by dominated convergence
that

dn(t) = Ee'*n > Ee''X0 = go(1).

The proof of the harder part (ii) is given in the next section.

We close this section with some simple but illustrative examples of the use of
the continuity theorem where we make use of the harder half to prove conver-
gence.

Example 9.5.1 (WLLN) Suppose {X,.n > 1} is iid with common chf ¢(t) and
assume E(|X1|) < coand E(X1) = u. Then

Sn/n 5 Q.

Since convergence in probability to a constant is equivalent to weak conver-
gence to the constant, it suffices to show the chf of S, /n converges to the chf of
u, namely e'#f. We have

Ee'n/m = ¢"(¢/n) = (1 + ”T“ + o(%))". (9.16)

The last equality needs justification, but suppose for the moment it is true; this
would lead to

’

i‘# + 0(1))n — enu
n

¢"(t/n) = (1+

as desired.
To justify the representation in (9.16), note from (9.6) with n = 1 that

2 2
t ot t°1 X1l t
|¢(—)—1—z—ulsE( 3 /\2—IX1I),
n n 2n n

so it suffices to show that

2 2
t°1 X4 t

Bring the factor n inside the expectation. On the one hand

2 2
<l X t
n( X1 /\2;IX1I)52tIX1I€L1,

2n2
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and on the other

2|y, |2 2
| X 1| t t 2 a.s.
2—-1X,l}) < —I1X 0,
n( > A nI 1|)_2n| 1l° =
as n — 00. So by dominated convergence, (9.17) follows as desired. 0

Example 9.5.2 (Poisson approximation to the binomial) Suppose
the random variable S, has binomial mass function so that

n

P[S, = k] = (k

)p"(l -p)"* k=o0,...,n.

If p = p(n) > 0as n — oo in such a way that np — A > 0, then
Sn = PO())

where the limit is a Poisson random variable with parameter ).

To verify this, we first calculate the chf of PO(A). We have

(POO)) o~ € Ak
it _— {
Ee = kz 0e _k!

0O

=e* Z(Ae”)"/k! = e 2"
k=0

— el(e”—l).

Recall we can represent a binomial random variable as a sum of iid Bernoulli
random variables &1, ..., &, where P[§; = 1] = p =1 - P[§ =0]. So

Ee'n =(Eeé"™)" = (1 - p+€'p)
np(e'' — 1))"

n

(1+ pE’ -1)" = (l +

!
M’

The limit is the chf of PO(A) just computed. 0

The final example is a more sophisticated version of Example 9.5.2. In queue-
ing theory, this example is often used to justify an assumption about traffic inputs
being a Poisson process.

Example 9.5.3 Suppose we have a doubly indexed array of random variables
such that foreachn = 1,2, ..., {&€,.4, k = 1} is a sequence of independent (but
not necessarily identically distributed) Bernoulli random variables satisfying

Plépx =1] = pr(n) =1~ P[&p i = 0], (9.18)
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\/ pk(n) =:8(n) > 0, n— oo, (9.19)
1<k<n
Y p) =EQ_ &) > L€ (0,00), n—> 0. (9.20)
k=1 k=1

Then .
Y £k = POW).
k=1

The proof is left to Exercise 13.

9.6 The Selection Theorem, Tightness, and
Prohorov’s theorem

This section collects several important results on subsequential convergence of
probability distributions and culminates with the rest of the proof of the continuity
theorem.

9.6.1 The Selection Theorem

We seek to show that every infinite family of distributions contains a weakly con-
vergent subseqgence. We begin with a lemma.

Lemma 9.6.1 (Diagonalization) Given a sequence {a,, j > 1} of distinct real
numbers and a family {u, (-), n > 1} of real functions from R — R, there exists
a subsequence {un,(-)} converging at each a; for every j. (Note that 00 is an
acceptable limit.)

Proof. The proof uses a diagonalization argument.
There exists a subsequence {n;} such that {u,, (a1)} converges. We call this

{uzl)(.), k > 1} so that {u,(‘l)(al), k > 1} converges.
Now there exists a subsequence k; such that {"2)(“2)’ j > 1} converges. Call

this subfamily of functions u?)(-), j = 1} so that

(2)

(u$?(a1), j = 1} and {uP (a2), j = 1)

are both convergent.

Now continue by induction: Construct a subsequence {ug.")(-), j > 1} for each
n, which converges at a, and is a subsequence of previous sequences so that

@), j=1)
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converges fori = 1, ..., n. Now consider the diagonal sequence of functions
', j > 1}

For any a,
Wi @i),n = i) € W), j = i)
where the sequence on the right is convergent so

(n)

n (@) exists

lim u
n—>»o0

fori=1,2,.... 0
Remark. If |u,(-)] < M for all n, then

lim |uf,")(a,)| <M.
n—>o0

Lemma 9.6.2 If D = {a;} is a countable dense subser of R and if {F,} are df’s
such that
lim F,(a;) exists
n—0oo

for all i, then define
Feolai) = nl—l»ngo Fy(a,).

This determines a df Foc on R and
Fr 5 Foo.
Proof. Extend F,, to R by right continuity: Define for any x,

Foo(x) = liin 1 Feo(a;).

This makes Feo right continuous and monotone. Let x € C(F). Since D is
dense, there exist a,, a, € D such that

/
ai tx, a lx,

and for every k and i
Fi(a;) < Fr(x) < F(a)).

Take the limit on &:

Feo(ai) < liminf Fg(x) < limsup Fi(x) < Fi(a;).
k=00 k—o0

Leta; 1 x and a,' 1 x and use the fact that x € C(F) to get

Foo(x) < liminf Fi(x) < limsup Fi(x) < Fx(x).
k— o0 k—o00 O

We are now in a position to state and prove the Selection Theorem.
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Theorem 9.6.1 (Selection Theorem) Any sequence of probability distributions
{F,} contains a weakly convergent subsequence (but the limit may be defective).

Proof. Let D = {a,} be countable and dense in R. There exists a subsequence
{Fpn, } such that

kl-l.n;o Fni(@j)

exists for all j. Hence {F,,} converges weakly from Lemma 9.6.2. |

9.6.2 Tightness, Relative Compactness, and Prohorov’s theorem

How can we guarantee that subsequential limits of a sequence of distributions will
be non-defective?

Example. Let X,, = n. If F, is the df of X,,, then X, - oo and so F,(x) = 0
for all x.

Probability mass escapes to infinity. Tightness is a concept designed to prevent
this. Let I be a family of non-defective probability df’s.

Definition. I1 is a relatively compact family of distributions if every sequence
of df’s in Il has a subsequence weakly converging to a proper limit; that is, if
{F,.} C II, there exists {nx} and a proper df Fg such that F,, = Fy,.

Definition. IT is tight, if for all € > 0, there exists a compact set K C R such that
F(K)y>1—¢€, VFell;
or equivalently, if for all € > 0, there exists a finite interval I such that
F(IY<e, VF eIl
or equivalently, if for all € > 0, there exists M, such that
F(M)—-F(—M;) <e, VF ell

Most of the mass is contained in a big interval for all the distributions. This pre-
vents mass from slip sliding away to one of the infinities.

Random variables {X,} whose df’s {F,} are tight are called stochastically
bounded. This means, for every € > 0, there exists M, such that

sup P[|X,| > M¢] < e.
n

Prohorov’s theorem shows the equivalence of relative compactness and tight-
ness.

Theorem 9.6.2 (Prohorov’s theorem) The family T1 of probability distributions
is relatively compact iff 11 is tight.
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Proof. Suppose I1 is tight. Let {F,} C I1. By the selection theorem 9.6.1, for

some ng, we have F,, it Foo. We must show F, is proper. Given € > 0, there
exists M such that

sup F, ([-M, M]°) < e.
n

Pick M’ > M such that M’ € C(F). Then
e>1—-F,M)+F,(-M') > 1 - Foo(M') + Foo (—M").

So Fo([-M', M']°) < €, and therefore Foo([—M’, M’]) > 1 — €. Since this is
true for all €, we have Foo (R) = 1.

Conversely, if I1 is not tight, then there exists € > 0, such that for all M, there
exists F € Il such that F([—-M, M]) < 1 — €. So there exist {F,} C IT with
the property that F,,([—n, n]) < 1 — €. There exists a convergent subsequence ny

such that F,,, 5 Foo. Forany a, b € C(Fx),
[a, b] C [—n, n]
for large n, and so

Foo([a, b)) = n’}@w Fp([a. b)) < n}gnw Fo,([—ng,mi]) <1 —e.

So Foc(R) < 1 — € and F is not proper so IT is not relatively compact. m]

Here are common criteria for tightness: Let { X} be random variables with df’s
{Fn}.

1. If there exists r > 0 such that

limsup E(|X,|") < 00

n—00
then {F,} is tight by Chebychev’s inequality.

2. If {X,} and {Y,} are two stochastically bounded sequences, then {X, + Y}
is stochastically bounded. This follows from the inequality

P[|Xn +Yn| > M] < P[|1Xx| > M/2] + P[{Yn] > M/2].

3. If F, concentrates on [a, b] for all n, then {F,} is tight. So for example,
if U, are identically distributed uniform random variables on (0, 1), then
{cnU,} is stochastically bounded if {c,} is bounded.

4. If X, 4 onN, + pn, where N, are identically distributed N (0, 1) random
variables, then { X, } is stochastically bounded if {0, } and {y,} are bounded.
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9.6.3 Proof of the Continuity Theorem

Before proving the rest of the continuity theorem, we discuss a method which
relates distribution tails and chf’s.

Lemma 9.6.3 If F is a distribution with chf ¢, then there exists & € (0, 00) such
that for all x > 0

-1

F([—x,x]%) < axf (1 — Re ¢(2))dt.
0

Proof. Since o
Re ¢ (1) =f costyF (dy),

-0
we have

-1

x x~1 o0
x/ (1 —Re ¢(2))dt = x/ f (1 — costy)F (dy)dt
0 0 —-00

which by Fubini is

00 x~!
xf [/ (1 — cos ty)dt] F (dy)
—-00 =0
(oe) . -1
xf (x'l __sinx y) F(dy)
—00 y
(oe) : -1
=f (1 _ smfl Y) F(dy).
—0C Xy

Since the integrand is non-negative, this is greater than

sinx~}
f 1- =2} Fay)
Iyl>x x~ly

> a'lF([—x,x]c),

-1
sin x
a = inf (1— : y).
Ix=1y[>1 Xy ]

This is what is needed to proceed with the deferred proof of the continuity
theorem.

where

Proof of the Continuity Theorem. Suppose for all 1 € R, we have ¢,(t) —
doo(t) Where ¢ is continuous at 0. Then we assert {F,} is tight. To understand
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why tightness is present, assume M > 0 and apply Lemma 9.6.3:

M—l
limsup F,,([-M, M]°) < limsupaM (1 — Re ¢, (2))dLt.
0

n— 00 n—00

Now ¢, (1) = ¢oo(t) implies that
Re ¢n(t) = Re ¢poo(t), 1—Re ¢,(t) > 1 —Re doo(t),

and since 1 — ¢, is bounded, so is Re (1 — ¢,) = (1 — Re ¢,,). By dominated
convergence,

M-
lim sup F,([—M, M]) < aM f (1 — Re ¢ (1))dt.
0

n—00

Since ¢oo is continuous at 0, lim,—,0 Poo(t) = Poc(0) = lim,_00 Pn(0) = 1 as
t > 0.S01—Repoo(t) > 0ast — 0, and thus for given € > 0 and M
sufficiently large, we have

M1 M—l
aM/ (1 — Re ¢ (2))dt < aM/ edt = ae.
0 0

Hence {F,} is tight. Since {F,} is tight, any two convergent subsequences of {F,}
must converge to the same limit, because if

F, = F, and F,,» = G,
then F and G are proper. So by part (i) of the continuity theorem already proved,
n = OF = oo

and
¢n” - ¢G = ¢(X39

and hence ¢r = ¢¢. By the Uniqueness Theorem 9.5.1, F = G. Thus any two
convergent subsequences converge to the same limit and hence {F,,} converges to
a limit whose chf is ¢o. O

9.7 The Classical CLT for iid Random Variables

We now turn to the proof of the CLT for sums of iid random variables. If {X,} are
iid random variables with finite mean E (X,;) = u and variance Var(X,) = o2,
we will show that as n — o¢
7:1 Xi —nu
o/n

The method will be to show that the chf of the left side converges to the standard
—12]2

= N0, 1).

normal chf e
We begin with a lemma which allows us to compare products.
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Lemma 9.7.1 (Product Comparison) For i = 1,...,n, suppose that a; € C,

b, € C, with |a,| < 1and |b,| < 1. Then

n n n
|na, — nb;| < Z|a, —b,|.
=1 i=1 =1
Proof. For n = 2, we merely have to write

aya; — byby = ay(az — b2) + (ay — by)ba.

Finish by taking absolute values and using the fact that the moduli of a4, and b,

are bounded by 1. For general n, use induction.

O

Theorem 9.7.1 (CLT for iid random variables) Let {X,,n > 1} be iid random
variables with E(X,) = n and Var(X,) = o2 Suppose N is a random variable

with N (0, 1) distribution. If S, = X1 + - - - + X, then
Sn - nl.l

= N.
o/n

Proof. Without loss of generality let E(X,) =0, E(X 2) = 1, (otherwise prove

the result for

. Xi—n
X ==
g
and
EX)=0, EX)*=1)
Let
én(t) = Ee'SVR | ¢(1) = Ee' X1,

Then

bu(t) = (E€' XNy = o2/ /).

Since the first two moments exist, we use (9.6) and expand ¢:

t itE(X1) i%2E(X;)? 12
¢ (ﬁ) + Jn + 2n +of n
12 12
=140—-—+o(—)
2n n

)

where

2 [2.<15ai1?. €1k
lo(t /n)|5£(n3/23!/\ =)

We claim that

e X, |3
Jn3!

no(tz/n) <F (

/\|tX1|2) -0, n- oo.

(9.21)

(9.22)
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To see this, observe that on the one hand

2.1k
e M) s e Ly
and 3 ;
12,61 2 |t X
NE] AtXy|"x) < Nz] - 0,

as n — 00. So by dominated convergence

tXx:)3
E (lfl;' /\ItX1|2) —
no.

Now
n t / 2
t -11-— <nlp(—=)—(1—-— —
(¢ @/v/m)) ( ) | < |¢(f) (1-—
(where we have applied the product comparison Lemma 9.7.1)
= no(tz/n) — 0.
Since
1-— 2 > 1’12
n ]
the chf of the N (0, 1) distribution, the result follows. O

9.8 The Lindeberg—Feller CLT

We now generalize the CLT for iid summands given in Section 9.7 to the case
where the summands are independent but not identically distributed.

Let {X,, n > 1} be independent (but not necessarily identically distributed) and
suppose X has distribution Fy and chf ¢, and that E (Xx) = 0, Var(Xy) = o?.
Define

n
.<>‘,2l =<712 +---+o,,2 = Var(ZX,).
1=1

We say that {X;] satisfies the Lindeberg condition if forallt > 0 asn — oo
we have

.1 n
2 D E (Xf lnxk/s,.|>,1) iz Z fl x2Fy(dx) — 0. (9.23)
n k=1

X|>tsp
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Remarks.

e The Lindeberg condition (9.23) says for each k, most of the mass of Xy
is centered in an interval about the mean (= 0) and this interval is small
relative to s,,.

e The Lindeberg condition (9.23) implies

2

Oy
— 0, . 9.24
rfsa’)l( s,2, - (n — o0) ( )

To see this, note that

2
ofy 1 2
* — _Ewx
sz s? (X1

1 1
= ;'?E(lenxk/snlfll) + ;E(Xfllxkﬁnl“l)

n

1 n
<+ = ZE(Xfllxk/snlxl)
Sn k=1

— 12,

So forany ¢ > 0,

02
li k 2
Im | max <1t
n—0C \ k<n _g’zl

To finish the proof, let ¢ | 0. O
e Condition (9.24) implies

r’?ax PliXkl/sn > €] > 0 (9.25)
<n

by Chebychev’s inequality. This condition (9.25) is called uniform asymp-
totic negligibility (UAN). It is typical in central limit theorems that the
UAN condition holds so that no one summand dominates but each sumand
contributes a small amount to the total.

We now state and prove the sufficiency part of the Lindeberg—Feller central
limit theorem.

Theorem 9.8.1 (Lindeberg—Feller CLT) With the notation given at the begin-
ning of this section, The Lindeberg condition (9.23) implies

Sn = N(0, 1),

Sn

where N (0, 1) is a normal random variable with mean 0 and variance 1.
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Although we shall not prove it, the converse is true in the following sense. If
(i) Vi_,0f/s? — 0and
(i) Sn/v/n = N(0, 1),

then the Lindeberg condition (9.23) holds.

Proof. We proceed in a series of steps.

(1) We begin with a preliminary result. Suppose {Y,,,n > 1} is an iid se-
quence of random variables with common distribution F and chf ¢. Let N be
independent of {Y;} and assume N is Poisson distributed with parameter c. De-
fine x, = ?:1 Y,. We compute the chf of xu as follows: Fort € R,

o0
E(e''XN) = Z E(e'"*V 1{n=k))
k=0

oo
=Y E("®*1n=g)).
k=0

and since N is independent of {Y}, this equals

=Y E(¢"®)P[N =k]
k=0

B Y i
= k!

— €SP — @G-1).

We may also conclude that
RECIGES))

must be a chf.
(2) To show S, /s, = N(0, 1), we need to show that the chf of S, /s, satisfies

G5,15,(1) = [ | #x(t/50) — €772 = chf of N (0, 1). (9.26)
k=1

This follows from the continuity theorem 9.5.2. We claim that (9.26) holds if
n
D ht/sn) — 1) +12/2 >0 (9:27)
k=1

because

lexp{ Y (dk(t/sn) — D} — [ | #elt/sn)] — 0. (9.28)
k=1 k=1
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Thus, assuming (9.28) is true, it will suffice to prove (9.27).
Here is the verification of (9.28). Recall that exp{¢x (¢/sn) — 1} is a chf from
step (1) and hence bounded in modulus by 1. Then

expl) _($x(t/s2) — D} = [ ] du(t/5n)
k=1

k=1

n n
= ([Te*/ " =[] eet/sn)].
k=1 k=1

and applying the product comparison lemma 9.7.1, we have the bound

n
< Y 1PN gy (2 /sn)
k=1

=) 1P 1 — (gt /sn) = DI
k=1

Note that for z € C,

e? _1-z|—|ZF|_Z| z* = lel

1
<2)z)?, if|z| < =,
=22|% itz = 5
< 8lzl, if Izl < > < 5 9:29)
z|, ifJz] < = < =. .
- -2 2
Now for fixed t € R, we apply (9.6) with n = 1 to get the inequalities
2
9ke/sn) =1 =55 of (9.30)
2 n 2
t g
=5 \/ L. (9.31)

Recall (9.24). We conclude from (9.31) that given § > 0, if n is sufficiently large,
thenfork=1,...,n

bk (t/sn) — 1] < (9.32)

N O

Let z; = ¢x(t/sp) — 1 and

lexp(}_(@e(t/sn) — D} — [ ] dut/5n)]
k=1 k=1

n n
<Y le*—1—z| <) bzl
k=1 k=1
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for n large, because V;_,|zx| < /2 for n large, and applying (9.30), we get the
bound

2 &, 12
6— =86—
ST ety

and since § is arbitrary, we have (9.28) as desired. Thus it suffices to prove (9.27).
(3) We now concentrate on proving (9.27). Write

Y (det/sn) — 1) +12/2
k=1
=Y E (e"”‘*/s" 1- z—Xk - 1(” )Zx,f) :
k=1

Let (-) represent what is inside the expectation on the previous line. We get the
decomposition

=Y {EOxussaze) + EOLxi/s,el}
k=1
=1 +1I.

We now show I and 17 are small. For I we have using (9.6) with n = 2:

n
111 <D ENCIgx,/spl<e)
k=1

4 1]|¢
SZE(ﬁs

3

l“Xk/SnISG])

1[IXk/snI<e])

2
— 1[|Xk/5n|5€)
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Now we show why I is small. We have

n
11| < ZE (1 - xe/sai>e))
k=1

t Xy 2
1{1 X4 /sn1>¢]

“ 1

n

(from (9.6) with n = 2)

2 n
t 2
=32 Z_} E (Xk1[|xk/3n|>‘]) >0

by the Lindeberg condition (9.23). This completes the proof of (9.27) and hence
the theorem is proved. m]

We next present a sufficient condition for the Lindeberg condition (9.23) called
the Liapunov condition which is relatively easy to verify.

Corollary 9.8.1 (Liapunov Condition) Let {Xk,k > 1} be an independent se-
quence of random variables satisfying E(Xy) = 0, Var(Xy) = okz < 090, s,% =

> k=1 Okz. If for some § > 0

ZZ:] E|Xk|2+‘s

—- 0,
53+8

then the Lindeberg condition (9.23) holds and hence the CLT.

Remark. A useful special case of the Liapunov condition is when § = 1:

n 3
Yo B

0.
S

Proof. We have

1 n 2 n Xk 2
= Z E\ Xiluxe/sal>n)) = Z E{|—1 -1-1pxe/sal>1)
S k=1 Sn

n k=1
n 2 8
X
< E Ell|l— 1
= £ ( s, s, [Xk/ts,,>l])

g DY E|X;|*+

Xk

— 0.
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Example: Record counts are asymptotically normal. We now to examine the
weak limit behavior of the record count process. Suppose {X,,n > 1} is an iid
sequence of random variables with common continuous distribution F, and define

n
I = 1[Xk isarecord]s Mn = Z 1.
1=1
So pp is the number of records among X7, ..., X,,. We know from Chapter 8 that

asn — o0

Mn a.s.

- 1.
logn
Here we will prove
£n— 282 5 N, D).
ogn

To check this, recall

1 1 1
E(1y) = ;, Var(1x) = Phaiet
Thus
/1 1
2
S, = Var(up) = Z (— - —,_)
n poert k k
1 L |
D WEDW
k=1 k k=1 k
~ logn.
So
5,3, ~ (logn)3/2.
Now

1
Elly —E1Q))P = E|1; — ;P

151 /1)\° 1
=Nn-=P-+(=) (1--
=1+ () (-5)
SRR
_k k3’

and therefore

Yi=1 El — EAQP _ 2 k=1 (% + z’:)

s3 ~  (logn)3/?
logn

" Qogmy2

0.
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So the Liapunov condition is valid and thus

Mn — E(1n)
= N@,1).
v/ Var(up)
Note
Vv Var(u,) ~ s, ~ /logn
and

E(un) —logn _ k=1 § — logn - _Y
Viogn J5ogn Viogn

where y is Euler’s constant. So by the convergence to types theorem

- 0,

pn —logn

Viogn

= N(@, 1).
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321

1. Triangular arrays. Suppose for each n, that {X ,, 1 < k < n} are inde-

pendent and define S,, = Y ;_; Xk.n. Assume E (X} ,) = 0 and Var(S,)

1, and
n
> E (1XenP1gxisa) = 0
k=1

as n — oo for every t > 0. Adapt the proof of the sufficiency part of the

Lindeberg—Feller CLT to show S,, = N(0, 1).

2. Let {X,, n > 0} be a sequence of random variables.

(a) Suppose {X,, n > 0} are Poisson distributed random variables so that

for n > 0 there exist constants A, and

—Anyk
e """ h,
kt

P[X, =k] = k> 0.

Compute the characteristic function and give necessary and sufficient con-

ditions for
Xn => XO'

(b) Suppose the {X,} are each normally distributed and
E(X,) =u, € R, Var(X,) =02
Give necessary and sufficient conditions for

Xn = Xo.
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3. Let {Xk,k > 1} be independent with the range of X} equal to {£1, +k}

and . . !
PXk, =%£1]=-(1 - =), P[Xk=xk]=—.

By simple truncation, prove that S,,/+/n behaves asymptotically in the same

way as if X; = +1 with probability 1/2. Thus the distribution of S, //n

tends to N (0, 1) but
Var(S,/+/n) = 2.

. Let {Uy} be an independent sequence of random variables with Uy uni-

formly distributed on [—ay, ax]-

(a) Show that if there exists M > 0 such that Jag| < M but }_, af = 00,
then the Lindeberg condition and thus the CLT holds.

(b) If Zk af < 09, then the Lindeberg condition does not hold.

. Suppose X, and Y, are independent for each n and

Xn = XO, Yn = Yo.
Prove using characteristic functions that

Xn+Yn=>XO+Y0.

(a) Suppose X, has a uniform distribution on (—n, n). Find the chf of X .
(b) Show lim,,_, 50 ¢ (¢) exists.

(c) Is there a proper, non-degenerate random variable X¢ such that
Xn = Xo?

Why or why not? What does this say about the continuity theorem for char-
acteristic functions?

Suppose {X,, n > 1} are iid with common density

fo) =173, Ix]> 1.

(a) Check that E(X;) = 0 but E(X?) = oo.

(b) Despite the alarming news in (a), we still have

Sn

J/nlogn

= N(©,1).

Hint: Define
Yo = Xulyx,1<m)
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and check Liapunov’s condition for {Y,} for § = 1. Then show

Y P[X, #Y,] < 0.

(c) It turns out that for iid random variables {X,} with E(X,) = 0, the
necessary and sufficient condition for the CLT is that

. U@ax)
lim =1
=00 U(t)

where
U@ = E(Xyxi=).

Check this condition for the example in part (a).

. Probabilistic proof of Stirling’s formula. Suppose {X,} are iid, Poisson
distributed random variables with parameter 1 and as usual suppose S, =
1 Xi. Prove the following:

Sn—n\" ax~ (n—k\ b pnt12emn
o e[ g R

®) (S" "")- - N,

Jn
where N is a N(0,1) random variable.
(c) Show

(S"J_;I_")— is w.i.

d) E [(S"J;_")_] > ENT) = \/%

(€) n!'~2rn"t12e7" 5 0.

. (a) Suppose X is exponentially distributed with density
fx)=e"*, x>0.

What is the chf of X? Is the function

1
1+t

a chf? If so, of what random variable?

(b) Let X be Bernoulli random variable with possible values £1 with prob-
ability 1/2 each. What is the chf of X';?
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(c) Is (cos )17 a chf? Of what random variable?

(d) Is | cos t] a chf? (Try differentiating twice.)

(e)Is | cos t)? a chf?

The modulus of a chf need not be a chf but the modulus square is a chf.

(f) Prove that if X is a random variable with E(|X|) < 0o and with chf ¢,

then 5 (% 1_R
[ wiFan =2 [7 222280
R 0 t

n
Suppose Y is Poisson distributed with parameter s so that
k
P[Ys = k] = e_sz!-.
Compute the chf of Y. Prove
YS )
Js

where N is a N(0, 1) random variable.

= N,

If {X,,n > 1} is iid with E(X,) = 0 and Var(X,) = 1, then S, //n =
N (0, 1). Show this cannot be strengthened to S,/+/n converges in proba-

bility. (If S,/+/7 = X, then Spn/~/2n => X. Subtract.)

Suppose {X,,n > 1} are independent and symmetric random variables so

that
d

Xy = —X;.

If for everyt > 0,as n —» o0
n
ZP[IXkI > tap] > 0
k=1
2 % 2
a;? Y E(X{lyxysian) = 1.
k=1

where a, > 0, then show
Sn/a, = N(0,1).

Here S, = Y [, X..

Hint: Try truncating at level a,: Set
X; = Xj1x,|<ta,)-

Consider S;, and show it is enough for S, /a, = N(0, 1).
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Prove the law of rare events stated in Example 9.5.3.

Assume ¢ () is a chf and G is the distribution of a positive random variable
Y. Show all of the following are chf’s and interpret probabilistically:

(@) fo ¢ut)du,

() fo~ ¢wt)e du,
©) fo° e " Gdu),
@ fo~ ¢ nG(du).

(For example, if X has chf ¢ and U is uniform on (0, 1) and independent
of X, what is the chf of XU?)

(i) Suppose {E,, n > 1} are iid unit exponential random variables so that
P[Ey > x] = €™, x > 0. Show (}_]_; E; — n)/+/n is asymptotically
normal.

(ii) Now suppose X, is a random variable with gamma density
Fx)=e*x"Yr@®, t>0, x>0.
Use characteristic functions to show that
X, =)/t =>N

where N is a N (0, 1) random variable.

(i1i) Show total variation convergence of the distribution of (X, — )/ Jt to
the distribution of N:

X, —t
sup |P[—

€ BB]-P[NeB]|—>0
BeB(R) \/;

as ¢ — 00. (Hint: Use Scheffe; approximate I"(¢) via Stirling’s formula.

(a) Suppose X and Y are iid N (0, 1) random variables. Show

(b) Conversely: Suppose X and Y are independent with common distribu-
tion function F(x) having mean zero and variance 1, and suppose further

that

X+Y
AtYY ddy

Nz

Show that both X and Y have a N (0, 1) distribution. (Use the central limit
theorem.)
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(a) Give an example of a random variable Y such that E(Y) = 0 and
EY? <00, E|Y?Y) = o0,

for all § > 0. (This means finding a probability density.)

(b) Suppose {Y,,n > 1} are iid with EY; = 0, and Ele = 02 < oo.
Suppose the common distribution is the distribution found in (a). Show that
Lindeberg’s condition holds but Liapunov’s condition fails.

Use the central limit theorem to evaluate

1 n
( i / e *x""ldx.
n—1):.Jo

Hint: consider P[S, < x] where S, is a sum of » iid unit exponentially
distributed random variables.

Suppose {e,,n > 1} are independent exponentially distributed random
variables with E (e,) = u,. If

then

D (e —uid/ | Y pi=NEOD).
1=1 j=1

Use the method of the selection theorem to prove the Arzela—Ascoli theo-
rem: Let {u, (x), n > 1} be an equicontinuous sequence of real valued func-
tions defined on R, which is uniformly bounded; that is, sup,, , |u,(x)| < 1.
Then there exists a subsequence {u,’} which is converging locally uni-
formly to continuous limit u.

(a) Suppose {F3, A € A} is a family of probability distributions and suppose
the chf of F; is ¢,. If {¢x, A € A} is equicontinuous, then {F), A € A} is
tight.

(b) If {F,,n > 0} is a sequence of probability distributions such that
Fn, = Fy, then the corresponding chf’s are equicontinuous. By the Arzela—
Ascoli theorem , uniformly bounded equicontinuous functions converge lo-
cally uniformly. Thus weak convergence of {F,} means the chf’s converge
locally uniformly.

A continuous function which is a pointwise limit of chf’s is a chf. (Use the
continuity theorem.)
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A complex valued function ¢(-) of a real variable is called non-negative
definite if for every choice of integer n and reals ¢y, ..., , and complex
numbers ¢y, ..., ¢y, We have

> bt —t)cr & > 0.

r.s=1
Show that every chf is non-negative definite.

(a) Suppose K (-) is a complex valued function on the integers such that
Y oo |K(n)| < 00. Define

f().)— — Z e™"" K (n) (9.33)

n——oo

and show that

K (h) =/ ef* fx)dx, h=0,%1,%2,.... (9.34)

(b) Let {{X,,n = 0, £1, £2, ...} be a zero mean weakly stationary pro-
cess. This means F (X,,) = O for all m and

y(h) = E(XmXm+h)
is independent of m. The function y is called the autocovariance (acf) func-
tion of the process {X,}.

Prove the following: An absolutely summable complex valued function
¥ (*) defined on the integers is the autocovariance function of a weakly sta-
tionary process iff

o0

f(A) = % Z e"'"ly(n) >0, forall A € [—m, 7],

in which case

y (h) =/ e’hxf(x)dx.

(So y(-) is a chf))
Hint: If y(-) is an acf, check that

N
fN (A) Z Irl lSl > O

and fN(A) = f(X) as N — oo. Use (9.34). Conversely, if y(-) is abso-
lutely summable, use (9.34) to write y as a Fourier transform or chf of f.
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Check that this makes y non-negative definite and thus there is a Gaussian
process with this y as its acf.

(c) Suppose
q
Xo=) 6,Zn,
1=0

where {Z,} are iid N (0, 1) random variables. Compute y (h) and f(A).

(d) Suppose {X,} and {Y,} are two uncorrelated processes (which means
E(XmYy) = 0 for all m, n), and that each has absolutely summable acfs.
Compute y (h) and f(A) for {X, + Y,}.

Show the chf of the uniform density on (a, b) is

eub — elta
itb—a)’

If ¢ (r) is the chf of the distribution F and ¢(r)(1 —e'*")/(ith) is integrable
in ¢, show the inversion formula

h=1F(x, x + h] = 1 /oo d () 1-e7 e "% dt
’ T2 Joo ith '

Hint: Let U_j, o be the uniform distribution on (—h, 0). What is the chf of
F x U_p,0? The convolution has a density; what is it? Express this density
using Fourier inversion (Corollary 9.5.1).

Why does the Fourier inversion formula for densities (Corollary 9.5.1) not
apply to the uniform density?

Suppose for each n > 0 that ¢, (¢) is an integrable chf corresponding to a
distribution F,, which by Fourier inversion (Corollary 9.5.1) has a density
fa.-lfasn — 00
o0
[ 140 = a0,

-—00
then show f, — fo uniformly.
Show the chf of F(x) = 1—e™*, x > 0is 1/(1 —ir). If Ey, E> are iid

with this distribution, then the symmetrized variable E1 — E has a bilateral
exponential density. Show that the chf of E; — E; is 1/(1 + £2).

Consider the Cauchy density

f(x)=l( 1 ), x e R.

a \1+4x2

Note that apart from a constant, f(x) is the same as the chf of the bilateral
exponential density. Use this fact to show the chf of the Cauchy density
is ¢p(t) = eIl Verify that the convolution of two Cauchy densities, is a
density of the same type.
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Triangle density. (a) Suppose U, p is the uniform distribution on (a, b).
The distribution U(_j.0) * U(g.1) has a density called the triangle density.
Show the chf of the triangle density is 2(1 — cos ¢)/r2. Verify that this chf
is integrable.

Check that
fx)=Q1- cosx)/(mx?), xeR

is a probability density. Hint: Use (a) and Fourier inversion to show 1 — |x|
is a chf. Set x = 0.

Suppose Uy, ..., Uy are iid U (0, 1) random variables. Use the uniqueness
theorem to show that ), _, U; has density

1 L n
— —1\/ Y.
f(x)_(n_l)! E_( 1) (j)(x E., x>0.
Suppose F is a probability distribution with chf ¢ (¢). Prove for alla > 0

a Sy .
f (F(x +u) — F(x —u))du = l/ lc—;_)sme‘”%(t)dt,
0 T J t

and . ~u o 1
/ S(0)dt = 2/ — "% F@x).
0 J—u -0 X

Suppose X has chf

3sint 3cost

)= —3———3— t#0

(a) Why is X symmetric?

(b) Why is the distribution of X absolutely continuous?

(c) Whyis P[|X]| > 1]=0?

(d) Show E(X?") = 3/(2n + 1)(2n + 3). (Try expanding ¢ (¢).)

The convergence to types theorem could be used to prove that if X, = X
and @, — a and b, — b, then ay, X, + b, = aX + b. Prove this directly
using chf’s.

Suppose {X,,n > 1} are independent random variables and suppose X,
has a N (0O, a,;") distribution. Choose a,,z so that V:'=1U,2 /s;?- 7 0. (Give an
example of this.) Then

Sa/se L N(0, 1)

and hence S,/s, = N(0, 1). Conclusion: sums of independent random
variables can be asymptotically normal even if the Lindeberg condition
fails.
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Let {X,, n > 1} be independent random variables satisfying the Lindeberg
condition so that ) " , X, is asymptotically normal. As usual, set s,? =
Var(zf'z__l X;. Now define random variables {£,, n > 1} to be independent
and independent of {X,} so that the distribution of &, is symmetric about 0
with

1
Plt, = 0] =1 — =,
n

1
P[&, > x] =n—2x_l, x>1.

Does the mean or variance of &, exist?

Prove

> @ +4) = N(0, 1).

1=1 Sn

Thus asymptotic normality is possible even when neither a mean nor a sec-
ond moment exist.

Suppose X is a random variable with the property that X is irrational with
probability 1. (For instance, this holds if X has a continuous distribution
function.) Let F,, be the distribution of nX — [nX], the fractional part of
nX.Proven~!Y " | F, = U, the uniform distribution on [0, 1]. Hint: You
will need the continuity theorem and the following fact: If 8 is irrational,
then the sequence {n6 — [nB], n > 1} is uniformly distributed modulo 1. A
sequence {x,} is uniformly distributed if the sequence contains elements of
[0, 1] such that

1 n
= e, () > A0,
n =1
where A(-) is Lebesgue measure on [0, 1], and for B € B([0, 1)),

€. (B) = 1, ifx € B,
77 o, ifx ¢B.

Between 1871 and 1900, 1,359,670 boys and 1,285,086 girls were born. Is
this data consistent with the hypothesis that boys and girls are equally likely
to be born?

(a) If {X,,, n > 1} are independent and X, has chf ¢,, then if 221 X, is

convergent, ﬂ;’,‘;l ¢ (1) is also convergent in the sense of infinite products.

(b) Interpret and prove probabilistically the trigonometric identity

. 00
sl l—Icos(t/Z").
J n=1

(Think of picking a number at random in (0, 1).)
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Renewal theory. Suppose {X,,n > 1} are iid non-negative random vari-
ables with common mean u and variance o2. Use the central limit theorem
to derive an asymptotic normality result for

N@) =sup{n:S, <t},

namely, ’
—N(t) ¥ = N(0, 1)

Suppose X and Y are iid with mean O and variance 1. If
X+Y | X-Y,
then both X and Y are N (O, 1).

If ¢x, k = 0 are chf’s, then so is Z,fio Pk @« for any probability mass func-
tion {pg, k > 0}.

(a) For n € Z define

1
en(t) = e, te(—mn).

V2n

Show that {e,,n =0, 1, £2, ...} are orthonormal; that is, show

A7 g, _ [1. if k =0,

2n J_n 0, ifk#0.
(b) Suppose X is integer valued with chf ¢. Show
1 [ _
P[X =k]= — f e~ K (1)dt.
21 J_n
(o If X4, ..., X, are iid, integer valued, with common chf ¢ (¢), show

1 nw
P[S, =k] = o ek (p))dt.

-
Suppose {X,, n > 1} are independent random variables, satisfying

E(XX,) =0, Var(X,) =02 < oo.

n
SetsZ =", 02 Assume
(2) Sa/sn = N(O, 1),
(b) on/sn — p.
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Prove X, /sn = N (O, pz). (Hint: Assume as known a theorem of Cramér
and Lévy which says that if X, Y are independent and the sum X + Y is
normally distribute, then each of X and Y is normally distributed.)

Approximating roulette probabilities. The probability of winning $1 in
roulette is 18/38 and the probability of losing $1 is thus 20/38. Let {X,,, n >
1} be the outcomes of successive plays; so each random variable has range
£1 with probabilities 18/38, 20/38. Find an approximation by the central
limit theorem for P[S, > 0], the probability that after n plays, the gambler
is not worse off than when he/she started.

Suppose f(x) is an even probability density so that f(x) = f(—x). Define

[ s, ifx >0,

X

8x) = g(—x), ifx <O.

Why is g a probability density?
If f has chf ¢(¢), how can you express the chf of g in terms of ¢?
Suppose {X,, n = 1} are independent gamma distributed random variables

and that the shape parameter of X, is a,. Give conditions on {«,} which
guarantee that the Lindeberg condition satisfied.
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Martingales

Martingales are a class of stochastic processes which has had profound influence
on the development of probability and stochastic processes. There are few areas
of the subject untouched by martingales. We will survey the theory and appli-
cations of discrete time martingales and end with some recent developments in
mathematical finance. Here is what to expect in this chapter:

e Absolute continuity and the Radon—Nikodym Theorem.

e Conditional expectation.

e Martingale definitions and elementary properties and examples.
e Martingale stopping theorems and applications.

e Martingale convergence theorems and applications.

e The fundamental theorems of mathematical finance.

10.1 Prelude to Conditional Expectation: The
Radon—-Nikodym Theorem

We begin with absolute continuity and relate this to differentiation of measures.
These concepts are necessary for a full appreciation of the mathematics of condi-
tional expectations.

Let (2, B) be a measurable space. Let 1 and A be positive bounded measures
on (2, B). We say that A is absolutely continuous (AC) with respect to u, written
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A << u, if u(A) = 0 implies A(A) = 0. We say that A concentrates on A € B
if A(A€) = 0. We say that A and u are mutually singular, written A L pu, if
there exist events A, B € B, such that AN B = @ and A concentrates on A, u
concentrates on B.

Example. If Ujo,1), U[2.3] are uniform distributions on [0, 1], and [2, 3] respec-
tively, then Ujo,1) L Uj2,3). It is also true that Uo, 1) L U, 2)-

Theorem 10.1.1 (Lebesgue Decomposition) Suppose that u and A are positive
bounded measures on (52, B).

(a) There exists a unique pair of positive, bounded measures Aq, As on B such
that

A=2Ag+ A

where
Ao <<, AgLlpu, Ag LA

(b) There exists a non-negative B-measurable function X with

fXd/.t < o0
such that
la(E)=fXdu, E € B.
E

X is unique up to sets of u measure 0.

We will not prove Theorem 10.1.1 but rather focus on the specialization known
as the Radon—-Nikodym theorem.

Theorem 10.1.2 (Radon—-Nikodym Theorem) Let (S2, B, P) be the probability
space. Suppose v is a positive bounded measure and v << P. Then there exists
an integrable random variable X € B, such that

v(E)=fXdP, VE € B.
E

X is a.s. unique (P) and is written

We also write dv = XdP.

A nice proof of the Radon—-Nikodym theorem is based on the following Hilbert
space result (see, for example, Rudin (1966)).
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Proposition 10.1.3 Let H be a Hilbert space. For x,y € H, denote the inner
product by (x,y). If L : H — R is a continuous linear functional on H, then
there exists a unique y € H such that

L(x)=(x,y), Vx el

Proof. Case 1: If L (x) = 0, Vx, then we may take y = 0 and we are done.
Case 2: Suppose L (x) # 0 and assume, for simplicity that H is real and define

M={xeH:L(x)=0}.

L is linear so M is a subspace. L is continuous so M is closed. Since L is not iden-
tically 0, we have M 3 H. Thus there exists some z' ¢ M and by the projection
theorem (Rudin (1966); Brockwell and Davis (1991))

' = z1 + 23,

wherezy e Mandz, e M L the orthogonal complement of M, and z2 # 0. Then
there exists z € ML, z # 0. Thus, it is also true that z ¢ M and hence L (z) # 0.
Define

_ L(2)
=G (10.1)
so that
L) = L(2)?/(z, 2). (10.2)

Soys#0,yeMtand

L(z) )2 (L (2))?
(2,2) =

(z, 2) (z, 2)

., y) = ( = L(y). (10.3)

from (10.2). Now write

x = (x_ L (x) )’)+ L(x)y=:x1+x”

.y >y, y)
and note
L(x")=L(x)— L&LYy) =L(x)—Lx)=0,
0,y

from (10.3). So x’ € M. Since y € M1 we have (x’, y) = 0, and therefore

(x.y) =", y)=L(x)

from the definition of x”. Thus L (x) = (x, y) as required.
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To show uniqueness of y: Suppose there exists y’ and for all x

L(x) = (x,y) = (x,y).

Then for all x
(x,y—y)=0,
and so
o-y.y-y)=0.
Thusy —y'=0andy = y'. O

Before the proof of the Radon—-Nikodym theorem, we recall the Integral Com-
parison Lemma which is given in slightly expanded form as Lemma 10.1.1. This
is needed for conditional expectations and martingales.

Lemma 10.1.1 (Integral Comparison Lemma) Suppose (2, B, P) is a proba-
bility space with G C B a sub o-field of B. Suppose X € G, Y € G, and that X
and Y are integrable. Then

X =Y asiff YVAeG, [, XdP = [,YdP.

ATV |
IANIV I

Proof of the Radon-Nikodym Theorem. Suppose v << P and define

v(A)
v(S2)

Q(A) =

so Q is a probability measure and Q << P. Set

P* ,
2

which is also a probability measure. Then
H :=Ly(P") = L2(R, B, P7)
is a Hilbert space with inner product
(Y1,Y?) = fY1Y2dP'.

Note that all elements of L2(P*) = L2(S2, B, P*) are B-measurable. On H, de-
fine the functional

L) = fg YdQ, (10.4)

sothat L : Lo(P*) — Ris
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(a) linear,
(b) bounded (and hence continuous).

To check (b) we must show
IL(Y)| < (const)||Y |I2

where
IYlI3 =(,Y) = f Y2dP*.
Q

However,
L(Y)| < [ Y1dQ < f Y1dQ + f Y1dP

=2 f IY|dP* < 2( f Y |2d P*)1/2
(by, for instance, Example 6.5.2 on page 189)

= 2[[Y }l2.

Now, L is continuous and linear on H = L,(P*). Thus from Proposition
10.1.3, there exists Z € L2(P*) such that for allY € Lo(P*")

LY)=({,2) = fYZdP’
—f lYZdP +[ 1YZdQ
—J 2 2
= deQ. (10.5)
Consequently, from the definition (10.4), forall Y € L,(P*)
fY(l — —)dQ f—dP (10.6)
Pick any set A € B and substituting Y = I 4 in (10.5) gives
deQ = Q(A) =/ ZdP*. (10.7)
A

Then we get from (10.7) that

Q(A) fA ZdP* fA ZdP*

O 2’
T P*A)  P*A) T Q(A)/2
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where, to get the right inequality, we applied the fact that 2P* = P + Q > Q.
Therefore, for all A € B

0< [ ZdP* <2P*(A)
A

that is,

OszdP'sfzdP*.
A A

From the Integral Comparison Lemma 10.1.1
0<Z <2, as.(P").

In (10.6) setY = 1jz_7) to get
Z
f 1-2/2)dQ = —dP,
[Z=2] [Z:Z] 2

that is,
0= P[Z =2].

Since Q << P, we have 0 = Q[Z = 2] by the definition of absolute continuity
and hence P*[Z =2]=0.S00 < Z < 2, a.s. (P*).

In (10.6), set
z n
Y = (5) 14, A€ B.

Then Y € L(P*) and, infact,0 <Y < 1a.s. (P or Q or P*). From (10.6),

[(£) (1-2)ae=[ (£) Zar.

Sum both sides over n = 0ton = N to get

[(-(8))e=[2 52 er ws

Note, as N — 00,
1—(Z/2N*! 1, as. P*

and hence a.s. Q. If LHS refers to the left side of (10.8), then dominated conver-
gence implies

LHS — f dQ = Q(A).
A

If RHS refers to the right side of (10.8), then monotone convergence implies

Z/2 Z
RHS dP = | ———dP.
/fA 1-2/2 f,,z—z
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SetX=2Z/2—-Z)andforall A € B

Q(A)=LXdP. 0

In subsequent work we use the notation u|4 for the restriction of the measure u
to the set A. Next we extend the Radon-Nikodym theorem to the case of o-finite
measures. (Recall that a measure u is o-finite if the space 2 can be decomposed

Q= 221 2, where on each piece $2;, u is finite: u(£2;) < ocgo Lebesgue mea-

sure A on (R) is o-finite since A((n,n+1]) =1 <ooand ) ,_,(n,n+1]=R.)
Corollary 10.1.1 If u, v are o-finite measures on (2, B), there exists a measur-
able X € B such that

v(A)=fXd/.t, VA € B,
A

if

V<< U.

Proof. Write Q = Y 2, Q, where u(€2,) < 00, and v(£2;) < oo, for all i. On
€2,, 1 and v are finite and if v << u, then

vl << ulg,

on (£2,, £, N B). Apply the Radon-Nikodym theorem to each £, piece and put
the pieces back together. O

The next corollary is important for the definition of conditional expectation.

Corollary 10.1.2 Suppose Q and P are probability measures on (2, B) such that
Q << P.Let G C B be a sub-o-algebra. Let Qlg, P|g be the restrictions of Q
and P to G. Then in (2, G)

Qlg << P|g
and
d
dg:g is G—measurable.
Proof. Check the proof of the Radon—-Nikodym theorem. In the construction, we
deal with L,(2, G, P*). a

10.2  Definition of Conditional Expectation

This section develops the definition of conditional expectation with respect to a
o-field and explains why the definition makes sense. The mathematics depends
on Radon—-Nikodym differentiation.

Suppose X € L1(S2, B, P) and let G C B be a sub-o-field. Then there exists a
random variable E (X|G), called the conditional expectation of X with respect to
G, such that
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(i) E(X|G) is G-measurable and integrable.

(ii) For all G € G we have

f XdP = f E(X|G)dP.
G G

To test that a random variable is the conditional expectation with respect to
G, one has to check two conditions: (i) the measurability condition and (ii) the
integral condition.

There are (at least) two questions one can ask about this definition.

(a) Why does this definition of conditional expectation make mathematical
sense?

(b) Why does this definition make intuitive sense?

Answer to (a): This is relatively easy given the development of Radon—Nikodym
differentiation. Suppose initially that X > 0. Define

v(A)=fXdP, A €eB.
A

Then v is finite and v << P. So
vlg << Plg.
From the Radon—-Nikodym theorem, the derivative exists and we set

dv|g

E(X|G) = Plg

which by Corollary 10.1.2 is G-measurable, and so forall G € G

dvig

G) =v(G) = —=dP
WIg(G) = v(G) fadmg G

dv|g .
= dP since P = Plgon G
fa dPlg ¢

= f E(X|G)dP
G

which is (ii) of the definition of conditional expectation.
If X € L, is not necessarily non-negative, then

EX*IG) - E(XTIG)

satisfies (1) and (ii) in the definition. O



10.2 Definition of Conditional Expectation 341

Notes.

(1) Definition of conditional probability: Given (L2, B, P), a probability space,
with G a sub-o-field of B, define

P(A|G) = E(1alG), A €B.
Thus P(A|G) is a random variable such that
(a) P(A|G) is G-measurable and integrable.
(b) P(A|G) satisfies

f P(A|G)dP = P(ANG), VG eg.
G
(2) Conditioning on random variables: Suppose {X;, t € T} is a family of ran-
dom variables defined on (€2, B) and indexed by some index set T. Define
G =o0X,,teT)
to be the o-field generated by the process {X,.t € T}. Then define

E(X|X,,t € T) = E(X|G).
Note (1) continues the duality of probability and expectation but seems to place
expectation in a somewhat more basic position, since conditional probability is

defined in terms of conditional expectation. Note (2) saves us from having to
make separate definitions for E (X|X1), E (X|X, X?), etc.

Example 10.2.1 (Countable partitions) Let {A,,n > 1} be a partition of 2 so
that A,NA; =@,i # j,and ), A, = Q. (See Exercise 26 of Chapter 1.) Define

G=0(Ap,n>1)
so that

g={ZA,:JC{1,2,...}}.

1€J

For X € L,(P), define

Ea, (X) = f XPdwlA,) = | XdP/PA,,
Ap

if P(A,) > 0and Ep, (X) = 17 if P(A,) = 0. We claim

@ EXIG)E ) Ep,(X)1a,

n=1

and forany A € B

(b) P(AIG) = ) P(AlAn)1a,.
n=1
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Proof of (a) and (b). We first check (a). Begin by observing

ZEAn(X)lAn € Q

n=1

Now pick A € G and it suffices to show for our proposed form of E (X|G) that

f E(X|G)dP = f (ZEA,,(X)IA,,) dP = / XdP. (10.9)
A A \,o A

Since A € G, A hasthe form A = ) ;; A; forsome J C {1,2,...}. Now we
see if our proposed form of E (X|G) satisfies (10.9). We have

f Y Ep,(X)14,dP
A

n=1
= E Zf EA, (X)1p,dP (form of A)
n>1.1ed Ay
=) ) EaX)P(AiAy)
n>1ied
= E Ea (X)-P(A;) ({An) are disjoint)
1ed
[y XdP
=Y =Z—— . P(A;) (definition of E5(X))
P(A;)
1eJ
= Z XdP = / XdP
1ed Zle.’ A,
- / XdP.
A
This proves (a). We get (b) from (a) by substituting X = 14. O

Interpretation: Consider an experiment with sample space €2. Condition on the
information that “some event in G occurs.” Imagine that at a future time you will
be told which set A, the outcome w falls in (but you will not be told w). At
time 0

Y P(AlAN)1,,

n=1

is the best you can do to evaluate conditional probabilities.
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Example 10.2.2 (Discrete case) Let X be a discrete random variable with pos-
sible values x1, x2,.... Then for A € B

P(AlX) = P(Alo(X))
= PAlo([X =x,],i =1,2,..))

o ¢)
= P(A|X=xl)llx=x|]

=1
where we applied Example 10.2.1(b).

Note that if we attempted to develop conditioning by first starting with a def-
inition for discrete random variables X, how would we extend the definition to
continuous X's? What would be P(A|X = x) if P(X = x) = O for all x? We
could try to define

PA|X =x) = iiir(l)P(AlX € (x —h,x + h))

but
(a) How do we know the limit exists for any x?
(b) How do we know the limit exists for all x?

The approach using Radon—Nikodym derivatives avoids many of these prob-
lems.

Example 10.2.3 (Absolutely continuous case) Let Q = R? and suppose X and
Y are random variables whose joint distribution is absolutely continuous with
density f(x, y) so that for A € B(R?)

P[(X,Y) e A] = /:/A f(x,y)dxdy.

What is P[Y € C|X] for C € B(R)? We use G = o(X). Let

I1(x) :=f f(x,t)dt
R

be the marginal density of X and define and

P (X) = iLfl(‘()::,;)l)ﬂ' if I (x) > 0,
17, if 1(x) = 0.

We claim that
P[Y € C|X] = ¢(X).
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First of all, note by Theorem 5.9.1 page 149 and composition (Proposition 3.2.2,
page 77) that fC f(X, t)dt is o (X)-measurable and hence ¢ (X) is o (X)-measurable.
So it remains to show for any A € o(X) that

f $(X)dP = P([Y € C]N A).
A

Since A € o(X), the form of A is A = [X € A] for some A € B(R). By the
Transformation Theorem 5.5.1, page 135,

[omar= [ ooap= [ swrix e an
A X-1(A) A

and because a density exists for the joint distribution of (X, Y), we get this equal
to

=f¢(x)(/ fx,)dt)dx

A R

=/ ¢(x)1(x)dx+/ ¢ (x)I (x)dx
AN{x:I(x)>0}

AN{x:I (x)=0}

- [ 0 (¥)dx +0
AN{x:I (x)>0}

— / Jo fO.0dt ot
AN{x:I (x)>0) I(x)

=f (/ f(x,t)dt)dx
ANn{x:1(x)>0} JC

=/(/ f(x,1)dt)dx = P[X € A,Y € C]
A JC

as required. O

10.3 Properties of Conditional Expectation

This section itemizes the basic properties of conditional expectation. Many of
these parallel those of ordinary expectation.

(1) Linearity. If X,Y € L, and a, 8 € R, we have

E((aX + BY)|G) = aE(X|G) + BE(Y|G).
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To verify this, observe that the right side is G—measurable and for A € G

f @E(XIG) + BE(YIG))dP =« f E(XIG)dP + B f E(YIG)dP
A A A

=andP+ﬁf YdP
A A

(from the definition of conditional expectation)
= f (X + BY)dP.
A

Q)IfX € G, X € L, then
E(X|G) = X.

We prove this by merely noting that X is G—measurable and

/XdP:fXdP, VA € G.
A A

In particular, for a constant c, ¢ is G-measurable so

E(c|G) = c.

(3) We have
E(X|{¢, 2}) = E(X).

The reason is that E(X) is measurable with respect to the o-field {@, 2} and for
every A € {0, 2} (thatis, A =@ or A = Q)

/E(X)dP=fXdP.
A A

(4) Monotonicity. If X > 0, and X € L, then E (X|G) > 0 almost surely. The
reason is thatforall A € G

fE(XIQ)dP:fXszO:deP.
A A A

The conclusion follows from Lemma 10.1.1. Soif X,Y € L, and X <Y, then
a.s.
E(X|G) < E(Y|9).

Thus conditional expectation is monotone.

(5) Modulus inequality. If X € L,
IE(X|9)] < E4X1|9)
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since

|E(X)|G)] = |[E(XY|G) — E(XTI6)|
<EXYGQ) +EXIG)

and using linearity, we get

= EWX* + X7)IG) = E(1X1|9).

(6) Monotone convergence theorem. If X € L1,0 < X, 1 X, then
E(Xq1G) t E(XIG)

almost surely. Note that {E (X,|G)} is monotone by item (4). Set

Z := lim 1 E(X,|9).

n—»00
ThenZ e Gandfor A € G
/ ZdP = / lim 1 E(X,|G)dP
A A n—»0oo

= lim f E(X,|G)dP
n—00 A

(by the monotone convergence theorem for integrals)

n-—»00

= lim fX,,dP.
A

Again applying the monotone convergence theorem for integrals yields

- / XdP.
A

Since Z € G and
f ZdP =f XdP, VYAeg,
A A
we have by definition that Z = E (X |G) which means
E(X|G) = lim 1 E(X,|G).
n—0o0

(7) Monotone convergence implies the Fatou lemma. We have the conditional
version of Fatou’s lemma: If 0 < X, € L, then

E(liminf X,;|G) < liminf E(X,|%),
n—oQ n—»oo
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while if X, < Z € Ly, then

E (limsup X,,|G) > limsup E (X,,|G).

n—»00 n-—» 00

For the proof of these conditional Fatou statements we note that
E (lim ian,,|g) —E ( lim /\ Xk|g)
n—» 00 "—’wkzn

n—»00

= lim E ( /\ ). ¢ IQ) ( monotone convergence )

< liminf E (X,|G).
n—0oo

(8) Fatou implies dominated convergence. We have the conditional version of
the dominated convergence theorem: If X, € L1, |X,| < Z € Ly and X, —

X o, then
a

E ( lim X,,|g) LS Lim E(Xn|G).
n—00 n—»00

(9) Product rule. Let X,Y be random variables satisfying X,YX € L. If
Y € G, then

E(XY|G) = YE(X|G). (10.10)

Note the right side of (10.10) is G—measurable. Suppose we know that for all
A € G that

fYE(XIQ)dP:/XYdP. (10.11)
A A
Then

fYE(XIQ)dP=f XYdP=f E(XY|G)dP,

A A A

and the result follows from Lemma 10.1.1.
Thus we have to only show (10.11). Start by assuming ¥ = 15, A € G. Then
ANAe€Gand

f YE(X|G)dP = f E(X|G)dP
A

ANA
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S0 (10.11) holds for Y = 15 and hence (10.11) holds for

k
Y = ZC,'IA,
i=1

where A; € G.
Now suppose X, Y are non-negative. There exist Y, 1 Y, and

kn
Yo=Y c"1,m
1=1 '
and
fY,,E(XIQ)dP:/ XY.dP. (10.12)
A A

By monotone convergence, XY, / XY, and
Y.E(X|G) /' YE(X|G).

Letting n — 00 in (10.12) and using monotone convergence yields
f YE(X|G)dP = f XYdP.
A A

If X, Y are not necessarily non-negative, write X = Xt - X~ Y =Y+t -Y~.

(10) Smoothing. If

G1 C G CB,
then for X € L1
E(E(Xlgz)lgl) = E(X|G1) (10.13)
E(E(X|G1)|G2) = E(X|G)). (10.14)

Statement (10.14) follows from item (9) or item (2).
For the verification of (10.13), let A € G;. Then E(X|G;) is Gj—measurable

and
fA E(E(X|G2)IG)dP = fA E(X|G2)dP  (definition)
_ fA XdP (since A € G C Go)
— fA E(X|G)dP  (by definition.)

A special case: G = {0, Q}. Then E(X|{@, 2}) = E(X). So
E(E(X1G2)) = E(E(X1G)I{9, Q}) = E(X|{2, 2)}) = E(X). (10.15)
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To understand why (10.13) and (10.14) are called the smoothing equalities,
recall Example 10.2.1 where G = o (A,,n > 1) and {A,, n > 1} is a countable
partition. Then

E(X|G) = ) Ea,(X)1a,,

n=1
so that FE (X|G)(-) is constant on each set A,,.
If Gi C G, and both are generated by countable partitions {Af,l),n > 1}
and {A,(,Z), n > 1}, then for any Af,l), Af,l) € G2, so there exists an index set
J C{1,2,...}and Af,l) = Zjej Agz). Thus, E (X|G;) is constant on Af,l) but

E (X|G2) may change values as w moves from one element of {A?), jeldJ}to
another. Thus, as a function, E(X|G,) is smoother than E (X|G2).

(11) Projections. Suppose G is a sub o-field of B. Let L2(G) be the square
integrable random variables which are G-measurable. If X € L,(B), then E (X|G)
is the projection of X onto L7(G), a subspace of L2(B). The projection of X onto
L,(G) is the unique element of L 2(G) achieving

inf || X — Z|.
zem s I I

It is computed by solving the prediction equations (Brockwell and Davis, 1991)
for Z € L2(G):

Y, X-2)=0, VY €LyG).
This says that

/Y(X —Z)dP =0, VY € L,(G).
But trying a solution of Z = E (X|G), we get

fY(X —Z)dP =E (Y(X — E(X|9)))

= E(YX) — E(YE(X|G))
=E(YX)—-E(E(YX|G)) (sinceY €@G)
=E(XX)—-EYX)=0.

In time series analysis, E(X|G) is the best predictor of X in L2(G). It is not
often used when ¢ = o(Xy,...,X,) and X = X,4; because of its lack of
linearity and hence its computational difficulty.

(12) Conditioning and independence.
(a) If X € L, then we claim
X || Gimplies E(X|G) = EX. (10.16)

To check this note
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(1) E(X) is measurable G.
(ii) For A € G,
f E(X)dP = E(X)P(A)
A

and
/ XdP = E(X15) = EX)P(A)
A

by independence.

(b) Let ¢ : R/ X R* > R be a bounded Borel function. Suppose also that
X:Qr» R, Y: Q> R, XeGandYis independent of G. Define

fo(x) = E(¢(x,Y)).
Then

E(¢(X,Y)IG) = fo(X). (10.17)

Proof of (10.17). Case 1. Suppose ¢ = 1;, where J € B(R/ x R¥).
Case 1a. Suppose J = K x L, where K € B(R/), and L € B(R*). Then

E@X,Y)IG) = P(X e K,Y € L|9),
and because [X € K] € G, this is
= lixek)P(Y € L|G).
Since Y is independent of G, this is

= lxek}PIY € L] = fig, (X).
Case 1b. Let
C ={J € B(R’ x R¥) : (10.17) holds for ¢ = 1;}.

Then C D RECTS, the measurable rectangles, by Case 1a. We now show C is a
A-system,; that is,

(i) R/** € C, which follows since R/*k ¢ RECTS.
(ii) J € C implies J¢ € C, which follows since
P((X,Y) € J°|G) =1~ P((X,Y) € JIG)
=1- fi,(X) = fi,c(X).

(iii) If A, € C and A, are disjoint, we may (but will not) show that }_ A, € C.
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Thus, C is a A-system, and C D RECTS . Since RECTS is a r—class Dynkin’s
theorem implies that

C O o (RECTS ) = B(R/t¥).

Case 2. We observe that (10.17) holds for for ¢ = Zf=1 cily,.
Case 3. We finish the argument with the usual induction. O

(13) The conditional Jensen'’s inequality. Let ¢ be a convex function, X € L,
and ¢(X) € L. Then almost surely

¢(E(X19)) < E(¢(X)IG).

Proof of Jensen’s inequality. Take the support line at xg; it must lie under the
graph of ¢ so that

@ (x0) + A(xp)(x — xp) < ¢p(x) (10.18)

where A(xp) is the slope of the support line through (xg, ¢(xp)). Replace x¢ by
E(X]G) and x by X so that

¢ (E(X1G9)) + ME(XIGN(X — E(X1G)) < ¢(X). (10.19)

If there are no integrability problems (if!!!), we can take E (-|G) on both sides of
(10.19). This yields for LHS, the left side of (10.19),

E(LHS|G) = ¢(E(X|9)) + E(ME(XIGN(X — E(XIGNIF)
= ¢(E(X|9)) + ME(XIO)E(X — E(X|G)NIG),

and since E ((X — E(X|9))IG) = 0, we have

= ¢(E(X|G9)).
For RHS, the right side of (10.19) we have
E(RHS|G) = E(¢(X)IG)
and thus
¢(E(X1G)) = E(LHS|G) < E(RHS|G) = E(¢(X)IG),

which is the conditional Jensen inequality.
Note that A (x) can be taken to be the right hand derivative

I d(x +h) — ¢(x)
im
hi0 h

and so by convexity is non-decreasing in x. If E(X|G)(w) were bounded as w
varies, then ¢ (E (X|G)) would be bounded and A(E (X'|G)) would also be bounded
and all terms in (10.19) would be integrable and the result would follow.
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Now let

X' = X1 Ex|G)i<n)

and observe

E(X'|G) = E(X1)£x16)1<n)|D)
= 1)< E(X1G)

is bounded, so the discussion of Jensen’s inequality for the case of bounded con-
ditional expectation applies, and

¢ (E(X'I9)) < E(d(X)IG).

Thus, asn — o0

E(¢(X)IG) = E (6(X1Exi6)1<n)|D))
= E (¢ [ex19)12n) + SO (Ex10)1>n)IG)
= 1nEx16)1<n) E (@ (X)IG) + ¢ (0)1(1£(x1G)I>n)
— E(¢(X)IG)

Also, as n — o9,

¢ (E(X'ID)) = ¢([iexi6)1<n) E (X19))
— $(E(X|G))

since ¢ is continuous. o

(14) Conditional expectation is L , norm reducing and hence continuous. For
X € L, define [|[X|lp, = (E|X|P)YP and suppose p > 1. Then

IEXIB)p < IXIlp. (10.20)
L
and conditional expectation is L , continuous: If X, £ x oo, then
L
E(X,|B) = E(Xo|B). (10.21)

Proof of (10.20) and (10.21). The inequality (10.20) holds iff
(EIE(X|B)IP)/P < (E(1X1?))"?,

that is,
E(IE(X|B)|P) < E(|X|P).

From Jensen’s inequality

¢ (E(X|B)) < E(¢(X)|B)
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if ¢ is convex. Since ¢ (x) = |x|? is convex for p > 1, we get

EIEX)IB)IP = E¢(E(X|B))
< E(E@(X)IB)) = E(@(X))
= E(XIP).

To prove (10.21), observe that

IE(XnIB) — E(XoolB)llp = IE((Xn — Xoo) Bl p
< I Xn — Xoo|p, = 0.

where we have applied (10.20). a

10.4 Martingales

Suppose we are given integrable random variables {X,,n > 0} and o-fields
{B,,n > 0} which are sub o-fields of B. Then {(X,, B,),n > O} is a martin-
gale (mg) if

(i) Information accumulates as time progresses in the sense that

B()CB]C32C°"CB.
(ii) X, is adapted in the sense that for each n, X, € By; that is, Xn 1s B,-
measurable.

(iii) For0 <m < n,
E(Xn|Bm) = Xpm.

If in (iii) equality is replaced by >; that is, things are getting better on the average:

a.s.
E(XnlBm) = Xm,

then {X,) is called a submartingale (submg) while if things are getting worse on
the average

a.s.
E(XnlBm) < Xm,

{X.) is called a supermartingale (supermg).
Here are some elementary remarks:

(i) {X.} is martingale if it is both a sub and supermartingale. {X,} is a super-
martingale iff {—X,} is a submartingale.

(i) By Lemma 10.1.1, postulate (iii) holds iff

/X,,=fX,,,, VA € Bp,.
A A

Similarly for the inequality versions of (iii).
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(iii) Postulate (iii) could be replaced by
E(Xn411Bn) = X, Vn >0, (iii’)
by the smoothing equality. For example, assuming (iii’)
E(Xn4218n) = E(E(Xn42|Bn41)1Bp) = E(Xp411Bp) = Xh.
(iv) If {X,} is a martingale, then E (X }) is constant. In the case of a submartin-
gale, the mean increases and for a supermartingale, the mean decreases.
(v) If {(X,, Bp), n = 0} is a (sub, super) martingale, then
{Xn,0(Xoy...,Xn),n = 0}

is also a (sub, super) martingale.

The reason for this is that since X, € B,

and by smoothing

E(Xn+]|0'(X0, MR | Xn)) = E (E(Xn+l|Bn)|X0, ML | Xn)
= EX,|X0,...,Xpn) = Xp.

Why do we need B,? Why not just condition on o (Xo, ..., Xn)? Some-
times it is convenient to carry along auxiliary information.

(vi) Martingale differences. Call {(d;, Bj), j > 0} a (sub, super) martingale
difference sequence or a (sub, super) fair sequence if
() For j >0, Bj C Bj41.
(ii) For j >0, d, € Ly, dj € B;.
(iii) For j > 0
E(dj.H IB]) =0, (fair)
>0, (subfair)
<0, (superfair).

Here are the basic facts about martingale differences:

(a) If {(d}, Bj), j = 0} is (sub, super) fair, then

n

(X =) _dj, B,),n >0}
J1=0

is a (sub, super) martingale.
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(b) Suppose {(X,, By), n > 0} is a (sub, super) martingale. Define
do=Xo—EXo), dj=X;—Xj-1, j=1.
Then {(d,, Bj), j > 0) is a (sub, super) fair sequence.

We now check facts (a) and (b). For (a), we have for instance in the case
that {(d;, Bj), j > 0} is assumed fair that

n+1 n n
E (Zdjlsn) = E(dn+1|Bn) +E (Zdjlsn) =0+ Zdj.
j=0 j=1

J=1

which verifies the martingale property.

For (b), observe that if {X,} is a martingale, then

E((X; —Xj-)IBj-1) = EWXj|Bj-1) = Xj-1=X,-1—Xj1 =0.

(vii) Orthogonality of martingale differences. If {(X, = z'}___o dj, By),n > 0}
is a martingale and E (djz) < 00, j > 0, then {d,} are orthogonal:

Edd; =0, i#].

This is an easy verification: If j > i, then

E(d;d,) = E(E(did;|8,))
— E(d,E(d}|B)) = 0.

A consequence is that

EX)H=EQ d)+2 Y EWd)=EQ_d),
j=1 j=1

O<i<y<n

which is non-decreasing. From this, it seems likely (and turns out to be true)
that {X ,2,} is a sub-martingale.

Historical note: Volume 6 of the Oxford English Dictionary gives the follow-
ing entries for the term martingale and comments it is a word of obscure entymol-

ogy.

e A strap or arrangement of straps fastened at one end to the noseband, bit or
reins and at the other to the girth to prevent a horse from rearing or throwing
back his head.

e A rope for guying down the jib—boom to the dolphin-striker.

e A system in gambling which consists in doubling the stake when losing in
the hope of eventually recouping oneself.
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10.5 Examples of Martingales

Those most skilled in applying the economy and power of martingale theory in
stochastic process modeling are those wizards able to find martingales in surpris-
ing circumstances. It is thus crucial for someone trying to master this subject to
study as many examples as possible of where martingales arise. In this section,
we list some of the common examples.

(1) Martingales and smoothing. Suppose X € Ly and {B,,n > 0} is an in-
creasing family of sub o-fields of B. Define forn > 0

Xp := E(X|B,).

Then
{(Xnv Bn)v n Z O}

is a martingale.
Verification is easy:

E(Xnp1 IBn) = E(E(X|3n+l)|3n)
= E(X|B,) (smoothing)
= X,.

(2) Martingales’s and sums of independent random variables. Suppose that
{Z,,n > 0} is an independent sequence of integrable random variables satisfying
forn > 0,E(Z,) =0.SetXg =0,X, = Y;_,Zi, n > 1, and B, :=
o(Zo,...,Zy). Then {(X,, B,), n > 0} is a martingale since {(Z,, B,),n > 0}
is a fair sequence.

(3) New martingale’s from old, transforms, discrete stochastic integration. Let
{(d,, Bj), j > 0} be martingale differences. Let {U,} be predictable. This means
that U; is measurable with respect to the prior o -field; that is Up € By and

UjGBj_l, j=>1.

To avoid integrability problems, suppose U, € L which means that U; is
bounded. Then {(U;d;, Bj), n > 1} is still a fair sequence since

EWU,dj|Bj—1) =U;E(d;|Bj-1) (since Uj € Bj_1)
=U;j-0=0. (10.22)

We conclude that { (Z'}=0 Ujdj, By),n > 0} is a martingale.

In gambling models, d; might be 1 and U is how much you gamble so that
Uj is a strategy based on previous gambles. In investment models, d; might be
the change in price of a risky asset and U; is the number of shares of the asset
held by the investor. In stochastic integration, the d;-s are increments of Brownian
motion.

The notion of the martingale transform is formalized in the following simple
result.
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Lemma 10.5.1 Suppose {(M,, B,),n € N} is an adapted integrable sequence
so that M,, € B,. Define dy = My, and d, = M, — M,_y, n > 1. Then
{(Mp, By),n € N} is a martingale iff for every bounded predictable sequence
{Up, n € N} we have

N
E() Ud,) =0, VYN >0. (10.23)
n=0

Proof. If {(M,, B,),n € N} is a martingale, then (10.23) follows from (10.22).
Conversely, suppose (10.23) holds. For j > 0,let A € B; and define U, = 0,n #
j+1,and Uj4y = 14,. Then {Up, n € N} is bounded and predictable, and hence
from (10.23) we get

N
0=E()_Undn) = E(U;41dj+1) = E(1a,dj41)

n=1
so that
0=f d1+1dP=f E(dj.HlBj)dP.

AJ AI
Hence, from the Integral Comparison Lemma 10.1.1 we conclude that
E(dj+11B;j) = 0 almost surely. So {(dn, B,),n € N} is a martingale difference
and the result follows. O

(4) Generating functions, Laplace transforms, chf’s etc. Let {Z,, n > 1} be iid
random variables. The construction we are about to describe works for a variety
of transforms; for concreteness we suppose that Z, has range {0, 1,2,...} and
we use the generating function as our typical transform. Define

Byo=1{9,Q?, B,=0Zy,...,2Z,), n>1
and let the generating function of the Z’s be
o(s) = Es?, 0 <s<l1.
Define Mo = 1, fixs € (0,1),setSo =0, S, =Y [, Zi, n > 1 and
s5n
¢"(s)’

Then {(M,,, B,), n = 0} is a martingale. This is a straightforward verification:

M, = n>0.

E (ss"“ |B,,) =E (sz"“ss"lB,,)
= s%E (s%|B,)
= sSE (sz"“) (independence)
= s ¢(s).
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So therefore

Sn+l Sn
E S 1B, ) = S
¢"t1(s) ¢"(s)
which is equivalent to the assertion.

(5) Method of centering by conditional means. Let {£,,n > 1} be an arbitrary
sequence of L random variables. Define

j=0(1,...,§),j>1; Byo= {00}
Then

[((EJ — E(j1B,-1)), Bj)j > 1]
is a fair sequence since

E ((¢j — Ej1B,-1))IBj—1) = Ej1B,-1) — E(§,|1Bj-1) = 0.
So

n

Xo=0, X,=) (& —EEIBj_1)

j=1
is a martingale.

(6) Connections with Markov chains. Suppose {Y,,n > 0} is a Markov Chain
whose state space is the integers with transition probability matrix P = (p;;). Let
f be an eigenvector corresponding to eigenvalue A; that is, in matrix notation

Pf = Af.

In component form, this is

Y pi FG) = AF Q).
J

In terms of expectations, this is
E(fXnt)IYn =i) = Af (i)

or
E(f(Yns1)IYn) = Af(Yn)

and by the Markov property this is
E(f(YntDIYn) = E(f (YasDIYo, ..., Yu) = Af (Yn).

So we conclude that

[(fi}n,"),a(Yo,...,Y,,)),n 30]
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is a martingale.

A special case is the simple branching process. Suppose {px,k > 0} is the
offspring distribution so that p; represents the probability of k offspring per in-
dividual. Let m = }_, kpi be the mean number of offspring per individual. Let
{Z™(@i),n > 0,i > 1} be an iid sequence whose common mass function is the
offspring distribution { px} and define recursively Zo = 1 and

Zyet = ZWAA) +---+2"(2Z,), ifZ,>0,
0, ifZ, =0,
which represents the number in the (n + 1)- generation. Then {Z,} is a Markov
chain and
8oj, ifi =0,
p;‘, ifi > 1,

pij =PlZpp1 = jlZn=i]=

where fori > 1, p;i is the jth component of the i-fold convolution of the se-
quence {p,}. Note fori > 1

o0 o0
Y piji=)_pli=im,
while fori = 0,
oo
Zp;jj =Py -0+0=0=mi.
j=0
With f(j) = j we have Pf = mf. This means that the process

{(Zn/m",0(Z0,...,Z4)),n > 0} (10.24)

is a martingale.

(7) Likelihood ratios. Suppose {Y,,n > 0} are iid random variables and sup-
pose the true density of Y; is fo. (The word “density” can be understood with
respect to some fixed reference measure u.) Let f) be some other probability
density. For simplicity suppose fo(y) > O, for all y. Then forn > 0

n:'=0 fl (Yl)

Xﬂ = n
nx=0 fO(},l)

is a martingale since

IT—o fl(Yx)) fi(Yn+1) )
EXns1lYo0, ..., Yn) = E ([ =2 Yo. ..., Y
(Kne1lYo ) ((n,-=0fo(Y,) Fonen) 10

fi(Yn41) )
=X, E|——|Y0,...,.Ya }.
(fO(Yn+1)I 0
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By independence this becomes

n d
fo(Yn41) o) fo(y)u(dy)

=anf1dﬂ=Xn‘1=Xn

— X.E (fl(Yn+l)) _x f(y)

since f] is a density.

10.6 Connections between Martingales and
Submartingales

This section describes some connections between martingales and submartingales
by means of what is called the Doob decomposition and also some simple results
arising from Jensen’s inequality.

10.6.1 Doob’s Decomposition

The Doob decomposition expresses a submartingale as the sum of a martingale
and an increasing process. This latter phrase has a precise meaning.

Definition. Given a process {U,,n > 0} and o-fields {B,,n > 0}. We call
{Un, n > 0} predictable if Uy € By, and for n > 0, we have

Un+1 € Bn.

Call a process {A,, n > 0} an increasing process if {A,} is predictable and almost
surely

0=Ap<A1<Ar=<---.

Theorem 10.6.1 (Doob Decomposition) Any submartingale
{(Xn, Bn),n > 0}

can be written in a unique way as the sum of a martingale
{(Mp, Byp),n > 0}

and an increasing process {A,, n > 0}; that is

Xn=M,+A,, n=>0.
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Proof. (a) Existence of such a decomposition: Define

dy =Xo, df=X;-EX;|Bj_1), j=1
n

My:=)_db.
j=0

Then {M,} is a martingale since (dj-’} is a fair sequence. Set A, = X, — M,,. Then
Aog=Xo—Mog=X9g—X9=0, and

An+l —Ap = n+l1 — Mn+l _Xn + Mn
= Xpn41 — Xn — (Mn+l - M,;)

#
= Xn+1 — Xn — dn+1

= Xn+l —Xn— Xn+l + E(Xn+l|Bn)
= E(Xn+l an) —-Xn >0

by the submartingale property. Since
n n
Ans1=) (Ajy1— Aj) =) (EX,41|B)) — X;) € By,
urd o

this shows {A,} is predictable and hence increasing.
(b) Uniqueness of the decomposition: Suppose

Xn =M, + Ap,
and that there is also another decomposition

Xo=M, +A,
where (M, } is a martingale and {A; } is an increasing process. Then

A:'=Xn—M’ An=Xn—Mn,

n?

and
A = Ay = Xt = Xn — (M) — M)).

Because {A, } is predictable and {M, } is a martingale,
A:z+l - A:, = E(A:,.H - A:,|Bn) = E(Xn+1 IBn) - Xn -0
and
An+1 —Ap = E(An+l - Anan) = E(Xn+l|Bn) — Xn.
Thus, remembering Ag = Ay = 0,
Ap =A0+(Al _‘AO)+“'+(An _An—l)
=Ag+(A] —Ap)+---+ (A, - A )= A,
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therefore also

n

Mn=Xn—An=Xn—A;=M’- D

We now discuss some simple relations between martingales and submartingales
which arise as applications of Jensen’s inequality.

Proposition 10.6.2 (Relations from Jensen) (a) Lez
{(Xn, Bn),n > 0}

be a martingale and suppose ¢ is a convex function satisfying
E(l¢(Xn)) < oo.

Then
{(¢(X4n), Bp),n > 0}

is a submartingale.
(b) Let {(X,, B,),n > 0} be a submartingale and suppose ¢ is convex and
non-decreasing and E (|¢(X,)|) < 00. Then

{(d)(Xn)’ Bn)9 n Z O}
is submartingale.
Proof. If n < m and ¢ is non-decreasing and the process is a submartingale, then

O (Xn) <P(E(XmiBn)) (submartingale property)
<E(@(Xm)|B,) (Jensen).

The case where the process is a martingale is easier. 0

Example 10.6.1 Let {(X,, B,),n > 0} be martingale. Suppose ¢ is one of the
following functions:

p(x) = x|, x%, xt,x",x va.
Then
(1Xal}, (X2, DG} (X7 (X v a)
are all submartingales, provided they satisfy E (|¢ (X,)]) < 00.

Example 10.6.2 (Doob decomposition of X2) Let {(X,, B,),n > 0} be a mar-
tingale and suppose E (X ,2,) < 0. Then {(X ,% B,).n > 0} is a submartingale.
What is its Doob decomposition?

Recall

di = x2, df:Xf—E(XJZ-IB,_l), anﬁ;)d#,
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from the previous construction in Theorem 10.6.1 and
Aj=X5-M, Apy—An=EX], By - X2

Write X, = }_"_( d; (note the distinction between d; and d;') and because {X,)
is a martingale, {d;} is fair, so that

Xi=Xj1+d)) =X5_| +2X,_1dj +d?

and
EX3Bj-1) = X}_; +2X1E(d;1B,-1) + E@1B, ).

Remembering E(d,|B;-1) = 0 yields
— Y2 2 2 _ 2
An+1 _‘An —_ Xn + E(dn+1|Bn) —Xn —_— E(dn+l|Bn)

and

n
An=) Ed|Bj_)).
1=1

Therefore, the Doob Decomposition of the submartingale {X ,2,} 1s

n n
X2=X2- "E@)Bj_)) +)_E(d?|Bj_1)
J=1 J=1
= My + An.

Note E (dJZIB ;—1) is the conditional variance of the martingale increment. Also,
if {d,} is an independent sequence, then

E(d?|Bj-1) = E(d}) = Var(d?),

and
Var(X,) = Var(4,).

10.7 Stopping Times

LetN=1(0,1,2,...}, N={0,1,2,..., 00} and suppose B, C By41,n € Nis
an increasing family of o -fields.

Definition. A mapping v : Q > N is a stopping time if

[v=nleB,, VYnel.

To fix ideas, imagine a sequence of gambles. Then v is the rule for when to stop
and B, is the information accumulated up to time n. You decide whether or not to
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stop after the nth gamble based on information available up to and including the
nth gamble.

Note v can be +oo. If v is a waiting time for an event and the event never
happens, then it is natural to characterize the waiting time as infinite and hence
Vv = OQ.

Define

Boo = \/ By =0(Byn €N,

neN

so that B is the smallest o -field containing all 3,,, n € N. Then

[v=o00]=[v < 0] = (U[v =n]) =[lv =1 € Bw.

neN neN
Requiring
[v=nleB,, neN
implies

[v=n]€B,,, nGN.

Example: Hitting times. Let {(X,,, B,), n € N} be any adapted process, meaning
B, C Byy1 and X,, € B, forall n € N. For A € B(R), define

v=infln e N: X, € A},
with the convention that inf@ = oco. Then v is a stopping time since for n € N

[v=n]=[Xo¢A,...,Xn_1 ¢ A, X, € A] € B,.

If v is a stopping time, define B,, the o—field of information up to time v as
B,={Be€Bx:VneN, [v=n]NB e B,).

So B, consists of all events that have the property that adding the information
of when v occurred, places the intersection in the appropriate o—field. One can
check that B, is a o-field. By definition B, C By
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BASIC FACTS:
1. If v = k, v is a stopping time and B, = B;.

2. If v is a stopping time and B € B,, then BN [v = oo] € B, and hence
B N[v = n] € B, for n € N. To see this, note

Bn[v=oo]=Bﬂ[v<oo]‘=Bﬂ(U[v=n]) =ﬂB[v;én].
neN neN

Since B € B, C B and [v # n] = [v = n]° € By C B, we have
Bn[\):w]eBm.

3. We have v € By, and v € B,,.

4. v is a stopping time iff [v < n] € By, n e Niff[v > n] € B,, n € N.

We verify this as follows: Observe that

SO
[v=n]=[vsn]—[v=<n-1]

and
[v>n]=[v<n].

5. If B € By, then B € B, iff
BNn[v<n]leB,, VneN.

(Warning: If v is a stopping time, it is false in general that if B € B, then
BN[v>n]eB,.)

6. If {v]} are stopping times, then Vv and Agvy are stopping times.

This follows since

[Vkvk <n]= ﬂ[vk <nleB,, VneN
k

since [vx < n] € B, for every k. Likewise

[Akvk > n] = [\ > n] € Ba.
k

7. If {v} is a monotone family of stopping times, limi—, o0 Vi is a stopping
time, since the limit 1S Vg vk Or AgVk.

8. If v;, i = 1, 2 are stopping times, so is v; + va.
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Example. If v is a stopping time v, = v An is a stopping time (which is bounded),
since both v and n are stopping times.

We now list some facts concerning the comparison of two stopping times v and

’
v L

1. Each of the events [v < V'], [v = V'], [v < V'] belong to B, and B,,.
2. If B € B,, then

BNnv<\V]eB,, BNn[v<Vv]eDBb,.

3. Ifv<v'on Q, then B, C B,.

To verify these facts, we first prove [v < v’] € B,.. We have that
[v<V]N[v=n]=[n <V]N[v=n]e€ B,

since [n < V'] € By, and [v = n] € B,.
Next, we verify that [v = V'] € B,. We have that

[v=VIN[v=n]=[n=V]N[v=n] e B,

and therefore [v < V'] = [v < V']JU[v = V'] € B,. The rest follows by symmetry
or complementation.
Now we prove 2. For any n

Bnv<VNnp =nj=BNv<sa)NV' =n] € By,

since BN[v < n] € B, and [V = n] € B,.
Proof of 3. This follows from the second assertion since [v < V'] = Q. O

10.8 Positive Super Martingales

Suppose {(X,, B,).n = 0} is a positive supermartingale so that X,, > 0, X, € B,
and £(X,+1|B8r) < X,. In this section we consider the following questions.

1. When does lim, .o, X, exist? In what sense does convergence take place if
some form of convergence holds? Since supermartingales tend to decrease,
at least on the average, one expects that under reasonable conditions, super-
martingales bounded below by 0 should converge.

2. Is fairness preserved under random stopping? If {X,} is a martingale, we
know that we have constant mean; that is E(X,) = E(Xg).Is E(X,) =
E (Xo) for some reasonable class of stopping times v?
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When it holds, preservation of the mean under random stopping is quite useful.
However, we can quickly see that preservation of the mean under random stopping
does not always hold. Let {Xo = 0,X, = ) _[_,Yi,n > 1}. be the Bernoulli
random walk so that {Y;,i > 1} are iid and

PlY,=#1]==, i>1.

N[ =

Let
v=inf{n > 1:X, =1}

be the first time the random walks hits 1. Standard Markov chain analysis (for
example, see Resnick, 1994, Chapter 1) asserts that P[v < 00] = 1. But X, =1
so that E(X,) = 1 # E(Xg) = 0 and therefore E(X,) # E(Xg). Thus, for
random stopping to preserve the process mean, we need restrictions either on
{X,} oron v or both.

10.8.1 Operations on Supermartingales

We consider two transformations of supermartingales which yield supermartin-
gales.

Proposition 10.8.1 (Pasting of supermartingales) Fori = 1, 2, let
(XD, By, n > 0)

be positive supermartingales. Let v be a stopping time such that on [v < ©0], we
have XV (w) > X (). Define

XV (w), ifn <v(w)

Xn(w) = X9 (w), ifn > v(w).

Then {(Xn, B,), n = 0} is a new positive supermartingale, called the pasted su-
permartingale.

Remark. The idea is to construct something which tends to decrease. The seg-
ments before and after v tend to decrease. Moving from the first process to the
second at time v causes a decrease as well.

Proof. Write
Xn =XV ljney) + XD 1z},

From this we conclude X, € B,. Also, since each {(X ,(,i), B,), n > 0} is a super-
martingale,

Xn > E (X,(,l.;).lan) 1[n<u] +E (X,(,z_,).lan) 1[nz_u]
=FE

(X8 Lot + X Uz u)IBs ) - (10.25)
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However, X ,(,1) > X ,(,2) on the set [v = n] so

(1) 2
Xps1lin<v) + X, 11 Lnzy)
1 2
= Xy vsns1] + Xy Yymnst) + Xy 1)
> X(l) 1 X(Z) 1 X(Z) 1
= Yn4l [">"+1]+ n+1 ["="+1]+ n+41+[v=n]
= X1 lvsnst) + X Tpzns)
=Xn+1-

From (10.25) X, > E(X,411B,) which is the supermartingale property. O

Our second operation is to freeze the supermartingale after n steps. We show
that if {X,} is a supermartingale (martingale), {X,1,} is still a supermartingale
(martingale). Note that

(Xvan,n 2 0) = (Xo, X1,..., Xy, Xu, Xy, ...).

Proposition 10.8.2 If {((X,, B,),n >0} isa supermartingale (martingale), then
{(Xvan. Br), n > 0} is also a supermartingale (martingale).

Proof. First of all, X ,», € B, since

Xvan = Xul[n>u] + Xn1[u_>_n]
n—1

= Zle[u:J] + Xnljv>n) € By,
1=0

since X, € B, and lfv>n) € By-1. Also, if {(X,,, B,),n € N} is a supermartin-
gale,

n—1
EXvanlBa-1) = Y Xjl[y=j) + 1y2mE (XnlBn—1)
1=0

n—1

=< Zle[v=j] + 1[u_>_n]Xn—l
j=0

= Xul[u<n] + Xn—i 1[u_>_n]

= Xu/\(n—l)-

If {X,} is a martingale, equality prevails throughout, verifying the martingale
property. O
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10.8.2 Upcrossings

Let {x,,n > 0} be a sequence of numbers in R = [—00, 00). Let —c0 < a <
b < 00. Define the crossing times of [a, b] by the sequence {x,} as

vi = inf{n > 0:x, <a}
v2 = inf{n > vy : x, > b}
v3 = inf{n > v : x, < a}

v4 = inf{n > v3 : x, > b}

and so on. It is useful and usual to adopt the convention that inf @ = co. Define

Ba.p = max{p : vzp < o0}

(with the understanding that if vy < oo for all k¥ and we call B, = ©0) the
number of upcrossings of [a, b] by {x,}.

Lemma 10.8.1 (Upcrossings and Convergence) The sequence {xn} is conver-
gent in R iff Ba.p < o0 for all rationala < b in R.

Proof. If liminf,_, oo Xx» < limsup,_, o, X», then there exist rational numbers a <
b such that

liminfx, <a < b < limsupx,.
n—00 n—00

So x, < a for infinitely many n, and x, > b for infinitely many n, and therefore

Ba.b = 0.
Conversely, suppose for some rational a < b, we have B, = o00. Then the
sequence {x,} is below a infinitely often and above b infinitely often so that

liminfx, <a, limsupx,>b
n—00 n—oc

and thus {x,} does not converge. ([

10.8.3 Boundedness Properties

This section considers how to prove the following intuitive fact: A positive super-
martingale tends to decrease but must stay non-negative, so the process should be
bounded. This fact will lead in the next subsection to convergence.

Proposition 10.8.3 Ler {(X,,B,).n > 0} be a positive supermartingale. We
have that

su&X,, < oo a.s. on [Xp < o0]. (10.26)

ne

P(\/ X» > alBy) <a'Xo A1 (10.27)
neN

for all constants a > 0 or for all By-measurable positive random variables a.
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Proof. Consider two supermartingales {(X ,(,i), B,),n > 0},i = 1, 2, defined by
XM =x, and X ,(,2) = a. Define a stopping time
v, = inf{n : X, > a}.
Since
Xf,:) > Xf,f) on [v, < 00],

we may paste the two supermartingales together to get via the Pastings Proposi-
tion 10.8.1 that

{X,,, ifn < v,,
Yp = .
a, ifn>vy,

is a positive supermartingale. Since {(Y,, B,), n > 0} is a supermartingale,

Yo > E(Y,|Bp), n=>0. (10.28)
But we also have
Yn = alpy, <n) (10.29)
and
Yo = Xoljo<v,] + aljo=u,]
= Xol[xg<a] + @l[x¢2a] = X0 A a.
From (10.28)

XoAna = E(Yq]Bo)
> E(alfy,<nlBo) (from (10.29))
= aP[v, < n|By].
Divide by a to get, as n — 00,
P[vs < n|Bo] - P[va < 0|Bo] = P[\/ X, > alBp] <a”'Xo A 1.

neN

This is (10.27). To get (10.26), multiply (10.27) by 1[x,<oo] and integrate:
Elixy<c0)P(\/ Xu = alBo) = P[\/ X, > a, Xo < ]
n n

< El[xo.:oo](a_lXo AD.

Since
lxp<oo)@ 'XoA1) <1

and
1[x0<o0] (a_lXo A l) -0

as a — 00, we apply dominated convergence to get

P[\/X,, = 00, X < 0] = 0.
n

This is (10.26). O
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10.8.4 Convergence of Positive Super Martingales

Positive supermartingales tend to decrease but are bounded below and hence can
be expected to converge. This subsection makes this precise.
Given {X,,} define the upcrossing number B, p by

Ba.b(w) = # upcrossings of [a, b] by {X,(w)};
that is,

Vi(w) = inf{n > 0: X, (w) <a)
v2(w) = inf{n > vi(w) : X, (w) > b)

v3(w) = inf{n > va(w) : Xp(w) < a}

and so on, and
Ba.b(w) = sup{p : vzp(w) < 00}.

Then
(: lim Xy(@)exists) = [] {@:Bap(w) < oo).
n=00 a<b
a.b rational

So lim,—, 00 X exists a.s. iff B4, < 00 ass. for all rational a < b. To analyze
when B; 5 < 00, we need an inequality due to Dubins.

Proposition 10.8.4 (Dubins’ inequality) Ler {(X,, B,), n > 0} be a positive su-
permartingale. Suppose 0 < a < b. Then
a\k
(M) PBas 2 kB < (7) @'XonD, k=1
(2) Ba.p < 00 almost surely.

Proof. We again apply the Pasting Proposition 10.8.1 using the v;’s. Start by
considering the supermartingales

X
D=1, x=2
a
and paste at v;. Note on [v; < 00],
1) 2
X)) =1>x2.
Thus
1, if n < v,

o = ,
Xn/a, lfn 2 v1

is a supermartingale.
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Now compare and paste X ,(,3) = Y" and X ,(,4) = b/a at the stopping time v,.
On [vz < OO]

X b
G _y( __ 2w - — Y@
X, =Y, = -~ > - = X\,
SO
Y@ — ‘{Y;f”. ifn <y
" b/a, ifn>wv
1, ifn <y
= Xp/a, ifvi<n<wv
| b/a, ifn>wv

is a supermartingale. Now compare y? and —'1 .On [v3 < 00),

yo b, bX
v3 a_a a
and so
y® Y,fz), ifn < v
(B A, it

is a supermartingale. Continuing on in this manner we see that for any k, the
following is a supermartingale:

Y, = 1, n-<wy
Xn/a, Vi Sn <
b/a, n<n<uv
‘b? - é’&ﬂ.’ V3 S n <y
.b k-1 x
(2)" 22, va-1<n<vuy
&), wmsn
Note that
X Xo
Also
b k
Y, > (;) n>vxu)- (10.31)

From the definition of supermartingales

Yo = E(Yn|Bo); (10.32)
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that is, from (10.30), (10.31) and (10.32)

Xo

b k
1A—> (—) Plvy < n|By).
a a

This translates to

a

Plva < n|Bo] < (-‘I’;)k (1 A .X_O) .

Let n — 00 to get

Plfa = klBo) = Plus < oollio] < ()’ (1 A -’:—:9) .

Let k — 00 and we see

k X
PlBas = oolBy) = tim () (1 A -;19) ~o.

We conclude B; 5 < 00 almost surely and in fact E(B,.5) < 00 since

E(Bap) = Z: PlBab = k] < Z: (-al;)k < 0.
k=0

k O

Theorem 10.8.5 (Convergence Theorem) If {(X,, B,), n € N} is a positive su-
permartingale, then

lim X, =: X exists almost surely
n—>o0

and
E(leBn)SXna neN

so {(X,,By),n € N—} is a positive supermartingale.

Remark. The last statement says we can add a last variable which preserves the
supermartingale property. This is the closure property to be discussed in the next
subsection and is an essential concept for the stopping theorems.

Proof. Since B, < oo a.s. forall rational a < b, lim,,—, o X, exists almost surely
by Lemma 10.8.1. To prove Xoo can be added to {X,,n € N} while preserving
the supermartingale property, observe for n > p that

E ( /\ X ,,,IBP) < E(X,|Bp) (monotonicity)

m>n

<X, (supermartingale property).

Asn — 00, Am>nXm 1 Xoo, SO by monotone convergence for conditional ex-
pectations, letting n — 00, we get E(Xxo|Bp) < X)p. O
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10.8.5 Closure

If {(Xn, By),n > 0} is positive martingale, then we know it is almost surely
convergent. But when is it also the case that

(2) X» 2 Xoo and
(b) E(XoolBn) = X, so that {(X,, B,), n € N} is a positive martingale?

Even though it 1s true that X, pey Xoo and E(X,u|B,) = X, Ym > n, it is not
necessarily the case that F (X |B,) = X,. Extra conditions are needed.
Consider, for instance, the example of the simple branching process in Section
10.5. (See also the fuller discussion in Subsection 10.9.2 on page 380 to come.)
If {Z,,n > 0} is the process with Zg = 1 and Z,, representing the number of
particles in the nth generation and m = E(Z)) is the mean offspring number per
individual, then {Z,, /m"} is a non-negative martingale so the almost sure limit

exists: W, = Z,/m" = w. However, if m < 1, then extinction is sure so
W = 0 and we do not have E(W|B,)) = Z,/m".
This leads us to the topic of martingale closure.

Definition 10.8.1 (Closed Martingale) A martingale {(X,, B,), n € N} is closed
(on the right) if there exists an integrable random variable Xo, € By such that
foreveryn € N,

Xn = E(Xwol|By). (10.33)
In this case {(X,, B,),n € N} is a martingale.

In what follows, we write L;',' for the random variables & € L , which are non-
negative.
The next result gives a class of examples where closure can be assured.

Proposition 10.8.6 Let p > 1, X € L} and define
X, :=FEX|B,), neN (10.34)
and
Xoo 1= E(X|Bwx)- (10.35)
Then X, — Xoo almost surely and in L , and
{(Xn,By),n € N, (X0, Beo), (X, B)) (10.36)
is a closed martingale.

Remark 10.8.1 (i) For the martingale {(X,, B,),n € N} given in (10.34) and
(10.35), it is also the case that

Xn = E(Xw,Bn)a
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since by smoothing and (10.35)
E(Xoo|Bn) = E (E(X|Boo)|By) = E(X|Bp)

almost surely.
(i1) We can extend Proposition 10.8.6 to cases where the closing random vari-
able is not necessarily non-negative by writing X = X+ — X~

The proof of Proposition 10.8.6 is deferred until we state and discuss Corollary
10.8.1. The proof of Corollary 10.8.1 assumes the validity of Proposition 10.8.6.

Corollary 10.8.1 For p > 1, the class of L , convergent positive martingales is

the class of the form
[ (E(Xan)’ Bn), ne N}

Proof of Corollary 10.8.1 If X € L:,', apply Proposition 10.8.6 to get that
(E(X1B,)} is L p convergent. Conversely, suppose {X,} is a positive martingale
and L , convergent. For n < r, the martingale property asserts

with X € L;j.

E(Xran) = Xn-

L
Now X, -8 Xo asr — oo and E(-|B,) is continuous in the L p-Mmetric (see
(10.21)). Thusasr — o©

X = E(X1Bp) =8 E(XoolBy)

by continuity. Therefore X, = E(X|B,) as asserted. O

Proof of Proposition 10.8.6. We know {(EX|B,), B,),n € N} is a positive
martingale and hence convergent by Theorem 10.8.5. Call the limit X¥_. Since
E(X|B,) € B, C By and E(X|B,) — X* , we have X* € Bo,. We consider
two cases.

CASE 1: Suppose temporarily that P[X < A] = 1 for some A < 00. We need
to show that

Since X < A, we have E(X|By) <Aandforall A € B,asn — o0

f E(X\B,)dP — f x*dp,
A A

by the dominated convergence theorem. Fix m, and let A € B,,. Forn > m, we
have A € B,, C B, and

fE(XlB,,)szfXdP
A A
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by the definition of conditional expectation. Since
E(X|B,) - Xx*,

almost surely, and in L we get

f E(X|B,)dP — f x¥dp.
A A

f xX*dP = f XdP
A A

my(A) = f x¥dpP, my) = f XdP.
A A

Thus

for all A € U,,,B,,.
Define

Then we have two positive measures m; and m satisfying

mi(A) = my(A), VA€ UB,,,.

But Uy, By, is a m-class, so Dynkin’s theorem 2.2.2 implies that

mi(A) = ma(A) VA €o(| JBn) = Bw.

We conclude
f Xx*dp = f XdP = f E(X|Boo)dP = f Xood P
A A A A

and the Integral Comparison Lemma 10.1.1 implies X go = F(X|Bx).

L , convergence is immediate since E (X|B,) < A, for all n, so that dominated
convergence applies.

CASE 2: Now we remove the assumption that X < A. Only assume that 0 <
X €Lp, p>1. Write

X=XAr+X-1*
Since E (-|B,) is L p-norm reducing (see (10.20)) we have
IE(X18n) — E(X|Boo)ll p
< NE((X AN)IBa) — E((X A MIBx)llp + IE((X — 1)TIBa)
+1EX — 1) 1Boo)ll

S HEX AXBp) = E(X AMBoo)llp + 20X — M),
=1 +11.
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Since0 < XAA<A,I > 0byCasel.For//, note as A — o0
X-0Dt-0
and
X-MNt<XxelL,.

The dominated convergence theorem implies that ||(X — A)*|| p—=>0aski — o0
We may conclude that

limsup || E(X|B,) — E(X|Boo)llp < 2I(X — 1) ¥ ||p.

n—>o0

The left side is independent of A, so let A — o0 to get

limsup [|E(X[B,) — E(X|Bo)llp = 0.

n—00
Thus
E(X|B,) <8 E(X|Boo)
and
E(X|B,) 5 x¥,
and therefore X¥ = E(X|Bx). O

10.8.6 Stopping Supermartingales

What happens to the supermartingale property if deterministic indices are re-
placed by stopping times?

Theorem 10.8.7 (Random Stopping) Suppose {(X,, B,),n € N} is a positive

supermartingale and also suppose X, =3 Xoo. Let vy, vy be two stopping times.
Then

X,, > E(X,,|B,,)) a.s. on [v; < va). (10.37)
Some SPECIAL CASES:
(i) If vi =0, then v > 0 and
Xo = E(Xy,|Bp)

and
E(Xo) = E(X,,).
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() If vi < vy pointwise everywhere, then

Xy = E(X,,|By), E(X,) = E(Xy,).

The proof of Theorem 10.8.7 requires the following result.

Lemma 10.8.2 If v is a stopping time and & € L, then
E(£1B,) = ) E(¢1Ba)1{y=n). (10.38)

neN

Proof of Lemma 10.8.2: The right side of (10.38) is B, -measurable and for any
A € B,,

neN neN

=ZfA £dP

neN Nfv=n]

E&|By)1jy=md P = f E(&\|B,)dP
fAZ (1Ba) 1[y=n] Y o (£1B,)

(since AN[v=mn]eB,)

= f £EdP = f E(&|B,)dP.
A A

Finish with an application of Integral Comparison Lemma 10.1.1 or an appeal to
the definition of conditional expectation. O

Proof of Theorem 10.8.7. Since Lemma 10.8.2 gives
E(Xy,|By) = Y E(Xy,1Bn)1{u,=n],

neN
for (10.37) it suffices to prove for n € N that
Xn > E(X,,|Bp) on [n < v2]. (10.39)

Set Y, = Xy,an- Then, first of all, {(Yy, B,), n > 0} is a positive supermartingale
from Proposition 10.8.2 and secondly, from Theorem 10.8.5, it is almost surely
convergent:

Yn 3 Yoo = X,,.

To verify the form of the limit, note that if v2(w) < o0, then for n large, we have
n A va2(w) = va(w). On the other hand, if v2(w) = 00, then

Yn(w) = Xp(w) = Xoo(w) = sz(w)-
Observe also that for n € N, we get from Theorem 10.8.5

Yn > E(Yoo!|By);
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that is,

sz/\n 2 E(sz 'Bn) (1040)

On [v2 > n] (10.40) says X,, > E(X,,|B,) as required. O

For martingales, we will see that it is useful to know when equality holds in
Theorem 10.8.7. Unfortunately, this does not always hold and conditions must
be present to guarantee preservation of the martingale property under random

stopping.

10.9 Examples

We collect some examples in this section.

10.9.1 Gambler’s Ruin

Suppose {Z,} are iid Bernoulli random variables satisfying
1
and let

n
Xo=jo. Xa=) Zi+jo, nx1
£

be the simple random walk starting from jg. Assume 0 < jo < N and we ask:
starting from jop, will the random walk hit 0 or N first?
Define

v=inf{n: X, =0o0r N},
[ ruin ] = [X, = 0],
p = P[X, =0] = P[ruin].

If random stopping preserves the martingale property (to be verified later), then

and since
P[X,=0]=p, P[X,=N]=1-p,
we get
jo=N(1-p)
and ]
p=1-— iq

N
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10.9.2 Branching Processes

Let {Z,,n > 0} be a simple branching process with offspring distribution
{pk,k = 0} sothat {Z,} is a Markov chain with transition probabilities

: . Hoifi> 1,
P(Zns1 = j|Zy = i]= g.i“_o
]9 = Uy

where { p;", J = 0} is the i-fold convolution of the sequence {p,, j > 0}. We can
also represent {Z,} as

Zp1 =ZWW) +---+2"(Z,), (10.41)

where {Z)(m), j > 0, m > 0} are iid with distribution { Pk, k > 0}. Define the
generating functions (0 < s < 1),

oC
fi&) =) psk = E),
k=0

fa(s) = E(s%m),
fos)=s, fi=f

so that from standard branching process theory

Jn41(5) = fu(f(5)) = f(fa(5)).

Finally, set
m = E(Zy) = f'Q1).

We claim that the following elementary facts are true (cf. Resnick, 1994, Sec-
tion 1.4):

(1) The extinction probability q := P[Z,, — 0] = P|[ extinction ] =
P {Us21[Z, = 0]} satisfies f(s) = s and is the minimal solution in [0, 1].
Ifm>1,thenqg < 1whileifm <1,q =1.
(2) Suppose g < 1. Then either Z, — 0 or Z,, > oo0. We define the event
[ explosion ] := [Z,, —» o0]
and we have

1= P[Z, - 0] + P[(Z, — o]

so that
g = P[extinction], 1—g = P[ explosion ].
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We now verify fact (2) using martingale arguments. For n > 0, set B, =
o(Zo, - - -, Zn). We begin by observing that {(g%", B,), n € N} is a positive mar-
tingale. We readily see this using (10.41) and (10.17):

E(szn+l IBn) — E(s):.zé'x Z"(l’)llgn)
= (Bs2"0)" = (o).
Set s = g, and since f(gq) = g, we get
E (¢%+1B,) = g*".

Since {(g%", B,), n € N} is a positive martingale, it converges by Theorem 10.8.5.
So lim,; 00 qz" exists and therefore lim, o0 Z, =: Zo also exists.

Let v = inf{n : Z,, = 0}. Since lim,_, 00 Z, =: Zo, We also have Zyr, = Z,.
From Proposition 10.8.2 {(g%**", B,),n € N} is a positive martingale, which
satisfies

1 Z quAn —_ qzv;

and because a martingale has a constant mean, E (gZv) = E (q%+) = E(q%°) =
q. Applying dominated convergence

q = E@@*) - E(g™),
that is,
g = E(@*) = E(@**1pp=c)) + E(@** 1jv<oo))-
On [v < o0}, Z, = 0 and recall ¢ = P[v < oo] = P[extinction] so
g = E@**1y=c0) +4,
and therefore
E@**1[y=cc)) = 0.

This implies that on [v = 00}, g%~ = 0, and thus Z = 00. So on [v = 00] =
[ non-extinction ], Z, = 00 as claimed in fact (2).

We next recall that {(W, := 2&, B,), n € N} is a non-negative martingale. An
almost sure limit exists, namely,

N

n as.

W, = -> W.

n

3

On the event [ extinction }, Z, — 0, so W(w) = 0 for w € [ extinction ]. Also
E (W) < 1, since by Fatou’s lemma

1.

E
E (W) = E(liminf ﬁ) < liminf (Zn) =
n—o0 mn

n—-oc mn
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Consider the specxal case that ¢ = 1. Then Z,, — 0 almost surely and P[W =
0] = 1. So {W, = —’l} is a positive martingale such that W, - 0 = W. We
have E(W,) =1, but E (W) = 0. So this martingale is NOT closable. There is

no hope that
W, = E(W|B,)
since W = 0. For later reference, note that in this case {Z,,/m",n > 0} is NOT

uniformly integrable since if it were, E(Z,/m") = 1 would imply E(W) = 1,
which is false.

10.9.3 Some Differentiation Theory

Recall the Lebesgue decomposition of two measures and the Radon-Nikodym
theorem of Section 10.1. We are going to consider these results when the o-fields
are allowed to vary.

Suppose Q is a finite measure on B. Let the restriction of Q to a sub o-field G be
denoted Q|¢. Suppose we are given a family of o-fields B,,n € N, By, = Vv, B,
and B, C Bp41. Write the Lebesgue decomposition of Q| with respect to P| B,
as

Qls, = fndPIB, + QI8,(-NN,), neN (10.42)
where P(N,) = 0 forn € N.

Proposition 10.9.1 The family {( f,, B,),n > 0} is a positive supermartingale
and f, 23 foo where fo is given by (10.42) with n = oo

The proof requires the following characterization of the density appearing in
the Lebesgue decomposition.

Lemma 10.9.1 Suppose Q is a finite measure on (2, G) whose Lebesgue decom-
position with respect to the probability measure P is

Q(A)=/XdP+Q(A NN), Aeg,
A

where P(N) = 0. Then X is determined up to P-sets of measure 0 as the largest
G-measurable function such that XdP < Q on G.

Proof of Lemma 10.9.1. We assume the Lebesgue decomposition is known. If Y
is a non-negative G-measurable and integrable function such that YdP < Q on
G, then forany A € G,

/ YdP =/ YdP < Q(AN®)
A ANc

= XdP + Q(ANCN)
ANc

— [ xap-= / XdP.
ANEC A
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Hence by the Integral Comparison Lemma 10.1.1, we have X > Y almost surely.
a

Proof of Proposition 10.9.1. We have from (10.42)

f’l+1dP|B"+] + QlB,H.] (' n N’l+1) = QlB,H.]’

so that

fn+1dP|B,,+1 =< QlB,,.H'

Hence for all A € B,,, we get, by the definition of conditional expectation, that

fA Efos1|Bu)dP = fA forrdP < O(A).

So E (fn+11By) is a function in L (3,) such that for all A € B,

fA E(fos11Bn)dP < Q(A);

that is,
E(fa11Bn)dP|B, < QIB,-

Since f, is the maximal B,-measurable function with this property, we have

E(fn+l|Bn) = fn,

which is the supermartingale property. It therefore follows that lim,_, o f, exists
almost surely. Call the limit f and we show f = f. Since

QlB,, = foodPlB,,,

we have for all A € B,

[ EtiBnar = [ 1P < 0.
A A
Thus, since f, is the maximal I3,-measurable function satisfying

fndPlg, < Qls,.

we have
E(foolBn) < fa-
Let n — 00 and use Proposition 10.8.6 to get

Joo = E(foolBxo) = nl_i’rgoE(foo|Bn) =< "l_l’n;o fn=TF.

We conclude fo, < f. Also, by Fatou’s lemma, for all A € U, B,,,

n—»o0

f fdP = f liminf f,dP < liminf f f.dP < Q(A). (10.43)
A A n—»Q0o0 A
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This statement may be extended to A € By, by Dynkin’s theorem (see, for ex-
ample Corollary 2.2.1 on page 38). Since f € By, and f is the maximal Beo-
measurable function satisfying (10.43), we get f < foo. Therefore f = foo. O

Proposition 10.9.2 Suppose Q|p, << P|g, for all n € N; that is, there exists
fn € L1(2, B, P) such that

Qls, = fndP|B,.

Then (a) the family {(fn, Bn),n € N} is positive martingale and (b) we have
fn = foo almost surely and in Ly iff Q|,, << Plp,.

Proof. (a) Since Q|p, << P|p, foralln € N, for any A € B,

Qls,(A) = fA fndP = Qlg,,, (A)

- [ foprdP = [ E(fus11Ba)dP,
A A

and therefore we have f, = E(fn+1|B,) by Lemma 10.1.1.
(b) Given f, — foo almost surely and in L, we have by Corollary 10.8.1 that

fn = E(foolsn)

For all A € B, and using the definition of conditional expectation and the martin-
gale property, we get

ffoodP=/ E(foclB,,)dP=/ fadP
A A A

= QIB,(A) = Q(A).
So for A € U, B,,

/A food P = Q(A).

Extend this by Dynkin’s theorem to A € By, to get

0(4) = [A food P,

that is,
QlBs. << fodP|B,,-

Conversely, suppose Q|g, << P|g.. Then from the previous proposition

fr 3 foor
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Densities of Q|p, converge and Scheffé’s lemma 8.2.1 on page 253 implies L
convergence:

f|f,. — fldP - 0.

Note that Scheffé’s lemma applies since each f, is a density with the same total
mass

fg f2dP = Q(w). o

Example 10.9.1 We give a special case of the previous Proposition 10.9.2. Sup-
pose 2 = [0, 1), and P is Lebesgue measure. Let

k k+1
B"=0'[[2—",—2"—),,(:0,1,...,2"—1},

so that B, 1 Beo = B([0, 1)).
Let Q be a finite, positive measure on B([0, 1)). Then trivially

Qls, << Pls,,
since if A € B,; and P(A) = 0, then A = @ and Q(A) = 0. What is

dQls, .

fn = dPIB,, :

We claim

2"—1 i i+l
Q([Fo 7 ))
n(x) = E 1,0 a41,(x).

The reason is that for all j

j Jj+1
oL o= [, ., ma.
R P

We also know
f n a_..;. f 001
that is,

QIn(x))

fn(x) = P, (x)

- fOC(w)’

where I,,(x) is the interval containing x and f, satisfies

Q= foodP + Q(- N N).

Since Boo = B([0, 1)), we conclude that Q << P iff f, — f almost surely and
in Ly where f satisfiesdP/dQ = f. ]



386 10. Martingales

10.10 Martingale and Submartingale Convergence

We have already seen some relations between martingales and submartingales,
for instance Doob’s decomposition. This section begins by discussing another
relation between martingales and submartingales called the Krickeberg decompo-
sition. This decomposition is used to extend convergence properties of positive
supermartingales to more general martingale structures.

10.10.1 Krickeberg Decomposition

Krickeberg’s decomposition takes a submartingale and expresses it as the differ-
ence between a positive martingale and a positive supermartingale.

Theorem 10.10.1 (Krickeberg Decomposition) If {(X,, B,),n > 0} is a sub-
martingale such that

sup E(X;F) < oo,
n

then there exists a positive martingale {(M,, B,),n > 0} and a positive super-
martingale {(Yy, B,), n > 0} and

Xn =Mn _Yn.

Proof. If {X,} is a submartingale, then also {X;'} is a submartingale. (See Exam-
ple 10.6.1.) Additionally, {E (X "HB,,), p = n} is monotone non-decreasing in p.
To check this, note that by smoothing,

E(X;11Bs) = E(E(X,,,IBp)IB,) > E(X1B,)

where the last inequality follows from the submartingale property. Monotonicity
in p implies
lim 1t E(X}1B,) =: My
p—> o0
exists.

We claim that {(M,,, B,), n > 0} is a positive martingale. To see this, observe
that

(a) M, € B,, and M,, > 0.
(b) The expectation of My, is finite and constant in n since
EMp) = E(lim 1 E(X}|B,))
p—oo
= lirr(;o + E(E(X ;','|B,,)) (monotone convergence)
p—b

= lim t EX}
p—oo

= sup EX;' < 00,
p=20

since expectations of submartingales increase. Thus E(M,) < oo.
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(c) The martingale property holds since
E(Mp,41 |B,) = E(pleoo 0 E(X;|3n+l)|3n)
— pl_i’moo t E(E(X ;lB,,.,.l)lB,,) (monotone convergence)

— . + _ .
= pllbmoo 1 EX M |Bp) = M,,. (smoothing)

We now show that
{(Y = M’l _X'HB")vn Z 0}

is a positive supermartingale. Obviously, Y, € B,. Why is Y,, > 0? Since M,, =
limpoo 1 E (X |Bp). if we take p = n, we get

M, >EXHB,) =X > X} - X = X,.
To verify the supermartingale property note that

E(Yn+1|Bn) = E(Mn+1|Bn) - E(Xn+1|Bn)
< Mn - Xn = Yn

since E(M,+1|1B,) = M,, and E(X,41|Bn) = X, D

10.10.2 Doob’s (Sub)martingale Convergence Theorem

Krickeberg’s decomposition leads to the Doob submartingale convergence theo-
rem.

Theorem 10.10.2 (Submartingale Convergence) If{(X,, B,), n > 0} isa (sub)-

martingale satisfying
sup E(X}) < o0,

neN
then there exists Xoo € L1 such that

X, 5 Xoo.
Remark. If {X,,} is a martingale

sup E(X}) < oo iff sup E(|X,]) < 00

nelN neN

in which case the martingale is called L,-bounded. To see this equivalence, ob-
serve that if {(X,, B,), n € N} is a martingale then

E(X.)) = E(X;)) + E(X,) = 2E(X;]) — E(Xy)
= 2EX;} — const.
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Proof. From the Krickberg decomposition, there exist a positive martingale {M,,}
and a positive supermartingale {Y,} such that

Xn=M,-Y,.
From Theorem 10.8.5, the following are true:

M, 5 My, Y, Y
EMx|Bp) < M,, E{XY|B,) <Y,

SO
E(Mx) < E(Mp), E(Yo) < E(Yy)

and My and Y are integrable. Hence My, and Yo, are finite almost surely,
Xoo = Moo — Yoo exists, and X,; &> Xoo. O

10.11 Regularity and Closure

We begin this section with two reminders and a recalled fact.
Reminder 1. (See Subsection 10.9.2.) Let {Z,} be a simple branching process
with P(extinction ) = 1 =: q. Thenwith Zg =1, E(Z;) = m

W, =2Z,/m" - Oas.
So the martingale {W, } satisfies
EW,)=14AEW0)=0

so {W,} does NOT converge in L. Also, there does NOT exist a random variable
Woo such that W,, = E(W|B,) and {W, } is NOT uniformly integrable (ui).

Reminder 2. Recall the definition of uniform integrability and its character-
izations from Subsection 6.5.1 of Chapter 6. A family of random variables
{X;,tel}isuiif X, € L forallt € I and

lim supf |X:[dP = 0.
|X:1>b

b—00 4¢y

Review Subsection 6.5.1 for full discussion and characterizations and also re-
view Theorem 6.6.1 on page 191 for the following FACT: If {X,} converges a.s.
and {X,} is ui, then {X,} converges in L.

Here is an example relevant to our development.

Proposition 10.11.1 Ler X € L. Let G vary over all sub o -fields of B. The family
{E(X1G) : G C B} is a ui family of random variables.
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Proof. For any G C B

E(X|G)|dP < f E(1X||G)dP

fllE(XIQ)|>b] [E(1X1|G)>b)

= f |X|d P (definition)
[E(1X1|G)>b]

= f |X|dP
[E(XI|©)>b)n[1X|<K)

| X|d P

)
[EX1|G)>bIN{1X1> K]
<KPIEGXIO) > b1+ [ 1XlaP,
[IX|>K]
and applying Markov’s inequality yields a bound

K
< TE(EQXI|9) + f X|dP
[IX]>K]

K
= —E(X)) +f 1X|d P;
b (XI>K]

that is,

lim sup sup

f E(X|Q)|dP
b—soo G J[IE(XI|G)|>b]

K
< limsup (FEGXD + fllﬂ . |X|dP)

b—o0

= f |X|dP — 0
|X|>K

as K »> oosince X € L. 0

We now characterize ui martingales. Compare this result to Proposition 10.8.6
on page 374.

Proposition 10.11.2 (Uniformly Integrable Martingales) Suppose that
{(Xn, Bp), n > 0} is a martingale. The following are equivalent:

(a) {X,}is Li-convergent.

(b) {Xn}is Li-bounded and the almost sure limit is a closing random variable;
that is,
sup E(|X,]) < oc.
n

There exists a random variable X oo such that X, X oo (guaranteed by
the Martingale Convergence Theorem 10.10.2) which satisfies

X, =EXxlBn), VneNlN.
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(c) The martingale is closed on the right; that is, there exists X € Ly such that

X, =EWX|B,), VneN.

(d) The sequence {X )} is ui.
If any one of (a)-(d) is satisfied, the martingale is called regular or closable.

Proof. (a)—(b). If {X,} is L1-convergent, lim,_, oo E (|X,]) exists, so {E (| X))
is bounded and thus sup, E(|X,|) < co. Hence the martingale is L ;-bounded and

by the martingale convergence theorem 10.10.2, X, =5 Xoo. Since conditional
expectations preserve Ly convergence (cf (10.21)) we have as a consequence of

L .
Xn —iXoothatas] — 00

L
Xn = E(Xj|By) 3 E(XoolBy).

Thus, X o is a closing random variable.
(b)—(c). We must find a closing random variable satisfying (c). The random
variable X' = X serves the purpose and X, € L; since from (b)

E(|Xxl) = E(liminf|X,|) < liminf E(|X,]) < sup E(]Xa]) < o0.
n—00 n—o0 =

neN

(¢)—(d). The family {E (X|B,), n € N} is ui by Proposition 10.11.1.

(d)—(a). If {X,} is ui, sup, E(JX,]) < 0o by the characterization of uniform
integrability , so {X,} is L1-bounded and therefore X, - X a.s. by the mar-
tingale convergence theorem 10.10.2). But uniform integrability and almost sure
convergence imply L convergence. O

10.12 Regularity and Stopping

We now discuss when a stopped martingale retains the martingale characteristics.
We begin with a simple but important case.

Theorem 10.12.1 Let {(X,, B,), n > 0} be a regular martingale.
(a) If v is a stopping time, then X, € L.
(b) If vi and v; are stopping times and vy < vy, then
{(Xy,, By), (X, Byy))
is a two term martingale and
Xy, = E(X,,|By,);
therefore

E(X,,) = E(X.;) = E(Xo).
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For regular martingales, random stopping preserves fairness and for a stopping
time v, we have E(X,) = E(Xg) since we may take v = v and v; = 0.

Proof. The martingale is assumed regular so that we can suppose
Xn = E(Xoo|By),

where X, — X a.s. and in L. Hence when v = 00, we may interpret X, =
Xoo-
For any stopping time v

EX|By) =X, (10.44)
since by Lemma 10.8.2

E(XoolBy) = ) E(XoolB)ljy=n)
ne N
= Z an[v=n] = X,.
ne N

Since Xm € L],

E(IXu]) <E(IE(XoolBw)1) < E(E(1Xool)|Bv)
=E(|Xool) < 00.

Thus Xv € Ll.
If vi < vy, then B,, C B,, and

E(sz |Bv1) = E(E(Xoolez)lel) (by (10'44))
= E(Xoo|B,y) (smoothing)

= Xy,. (by (10.44)). 0

Remark. A criterion for regularity is L ,-boundedness: If {(X,, By),n > 0} is a
martingale and
supE(|X,|P) <00, p>1,
n

then {X,} is ui and hence regular. See (6.13) of Chapter 6 on page 184. The result
is false for p = 1. Take the branching process {(W, = Z,,/m", B,), n € N}. Then
sup,, E(|W,|) = 1, but as noted in Reminder 1 of Section 10.11, {W,} is NOT ui.

Example 10.12.1 (An L ;-bounded martingale) An example of an L ;-bounded
martingale can easily be constructed from the simple branching process martin-
gale W, = Z,/m" withm > 1. Let

oC oC
ol = Var(Zy) = Zkzpk - (kak)2 < 00.
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The martingale {W,} is L, bounded and

Wn — W, almost surely and in L,

and E(W) = 1, Var(W) = —§=—.

Proof. Standard facts arising from solving difference equations (cf. Resnick (1994))
yield

2m"(m" - 1)

Var(Z,) = o 5
ms—m
SO ,
1 |o?m"m" -1 o2(1-31)
Var(W")=m2" [ m2 —m ]= m? —m
and
2 1
o“(1 — —
EW?2 = Var(W,) + (EW,)2 =1+ —(—Z-L)
—— mé—m
1
Form > 1
2
2 (0]
EWs —> 14 o —

Thus, sup,, E( W,,z) < 00, so that {W,} is L2 bounded and

1 = E(W,) - E(W),

ol

E(W) > E(WW?) =1+

m2—m
and

o2

Var(W) =

m2—m’ O

10.13 Stopping Theorems

We now examine more flexible conditions for a stopped martingale to retain mar-
tingale characteristics. In order for this to be the case, either one must impose
conditions on the sequence (such as the ui condition discussed in the last section)
or on the stopping time or both. We begin with a reminder of Proposition 10.8.2 on
page 368 which says that if {(X,, By), n € N} is a martingale and v is a stopping
time, then {(Xyan, By), n € N} is still a martingale.

With this reminder in mind, we call a stopping time v regular for the martingale
{(Xn, Bp).n € N} if {(Xyan, Bn), n > 0} is a regular martingale. The next result
presents necessary and sufficient conditions for a stopping time to be regular.
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Proposition 10.13.1 (Regularity) Ler {(X,, B,),n € N} be a martingale and
suppose v is a stopping time. Then v is regular for {X,} iff the following three
conditions hold.

(i) Xoo := limy_o0 X exists a.s. on [v = o0] which means limp_ 00 Xyan
exists a.s. on 2.

(ii) X, € L. Note from (i) we know X, is defined a.s. on <.
(ili) Xp/\n = E(Xpan)s neN.

Proof. Suppose v is regular. Then {(Y, = X,an, By), n = 0} is a regular martin-
gale. Thus from Proposition 10.11.2 page 389

(i) Y, = Yoo a.s. and in L and on the set [v = 00), Y» = Xyan = X4, and so
lim,_, o X, exists a.s. on [v = 00].

(ii) Yoo € Ly. But Yoo = X,.
(iii) We have E(Yoo|Bn) = Yp; thatis, E(Xy1B,) = Xyan.

Conversely, suppose (i), (i) and (iii) from the statement of the proposition hold.
From (i), we get X, is defined a.s. on Q. From (ii), we learn X, € L; and from
(iii), we get that X, is a closing random variable for the martingale {Xyan}. So
{Xvan) is regular from Proposition 10.11.2. O

Here are two circumstances which guarantee that v is regular.

(i) If v < M a.s,, then v is regular since
{Xv/\nan € N} = {XO’Xls ---leth’ --'}
is ui. To check uniform integrability, note that

| Xvan| < sup [ Xvam!| = sup |Xm| € L1.
m

m<M

Recall from Subsection 6.5.1 that domination by an integrable random vari-
able is sufficient for uniform integrability.

(ii) If {X,) is regular, then any stopping time v is regular. (See Corollary 10.13.1
below.)

The relevance of Proposition 10.13.1 is shown in the next result which yields
the same information as Theorem 10.12.1 but under somewhat weaker, more flex-
ible conditions.

Theorem 10.13.2 If v is regular and vy < vy < v for stopping times vy and v,
then fori = 1,2, X, exists, X,, € L1 and

{(le ’ Bvl )9 (XVZs sz)}
is a two term martingale; that is,

E(szlel) = va
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Note the following conclusion from Theorem 10.13.2. Suppose v is regular,
v; = 0and v = v. Then
E(X,|Bo) = Xo and E(X,) = E(Xo).
Proof of Theorem 10.13.2. Let Y, = X,an- So {(Yn, B,),n € N} is a regular

martingale. For regular martingales, Theorem 10.12.1 implies whenever v; < v
that

Y,, = E(Y,,|B,,).

Butifvi < vy <v,thenY,, = Xy,av = Xy, and Yy, = Xyau, = X,,. O
Corollary 10.13.1 (a) Suppose vy and v, are stopping times and vy < va. If vy is
regular for the martingale {(X,, B,), n > 0}, so is v;.

(b) If {(Xn, Bp), n = 0} is a regular martingale, every stopping time v is regu-
lar.

Proof. (b) Set v = 00. Then
{szl\n} = {XOO/\n} = {Xn}

is regular so vy is regular for {X,}. If we assume (a) is true, we conclude v is also
regular.

(a) In the Theorem 10.13.2, put v; = v to get X,, € L;. It suffices to show
{Xv;An} is ui. We have

f |Xv1/\n|dP =f |leAn|dP
[1XvyAnl>b] (IXv, An|>b.vy <n])

+ / Xy nnld P
[|Xpl Anl>b,vi>n)

=A + B.

Now for B we have

B < f XnldP < f X, ld P
(|1 Xn|>b,vy>n) [|Xn|>b,v2>n)

< f Xy naldP 2250 0,
[|Xv2/\n|>b]

since v regular implies {Xy,An} IS ui.
For the term A we have

b—oc

a= XaldP < [ P30,
[1Xy, 1>b.v1<n] (1Xy, 1>5]

since X,, € L. D

Here is another characterization of a regular stopping time v.
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Theorem 10.13.3 In order for the stopping time v to be regular for the martin-
gale {(Xp, Bn), n > 0), it is necessary and sufficient that

(a) f | X,|dP < o0, (10.45)
[v<oo]
and
(b) {Xn 1[,,>,,], n € N} is ui. (10.46)

Proof. Sufficiency: We show that (a) and (b) imply that {X',,} is ui and therefore
that v is regular. To prove uniform integrability, note that

f XomnldP = / X, P + f X dP
[1XvAn|>b}) [v<n.|X,|>b) [v>n.|X,,|>b]

|Xuvld P

<

/[‘v<oo]ﬂ[|X.,|>b]
+ [ Xallonid P
[lxn|1[v>n]>b]
= A + B.

For A we have that

b—o0

A=/ IXVII[v<oo]dP - 0,
“lel[v<oc]>b]

since Xy1[y<oo) € L1 by (a). For B we have B — 0 as b — oo since {X,1[v>n))
is assumed ui by assumption (b).
Converse: Suppose v is regular. We show that (a) and (b) are necessary.
Necessity of (a):

/ IXuvldP = lim % |X,|dP
[v<oc] n—0oc [v<n]

= lim ¢ | Xvanld P

n—00 [Vfll]

=< SUPE(leAnl) <
n

since {Xyan} is ui.
Necessity of (b): If v is regular, then

| Xn 1[v>n]| < | Xvanl,

and {Xyn} is ui implies that {X,1[y>n)} is ui since a smaller sequence is ui if a
dominating one is ui. (See Subsection 6.5.1.) 0O



396 10. Martingales

Remark 10.13.1 A sufficient condition for (10.45) is that {X,} be an L ;-bounded
martingale. To see this, recall that L j-bounded martingales converge almost surely
so that

Xn 5 Xoo

and X, is thus defined almost everywhere. We claim X, € L, and therefore

Xv1y<oo) € L1. To verify the claim, observe that XA, X v, and so by Fatou’s
lemma

E(X,)=E ("Err;o | Xvanl) < liminf E(|Xvanl)- (10.47)
Also,
E(Xn|Byan) = Xvan, (10.48)

since by Lemma 10.8.2

E(Xn|Buan) = Z E(X,,'Bj)llv,\,,:”

jeN
=Y EXIB)wan=j) + Y E(XnlBj)van=j)
15n J=>n

and since [v A n = j] = @ when j > n, on applying the martingale property to
the first sum, we get

= Zle[w\n=j] = Xvan,
j=n
as claimed in (10.48). Thus
E(1Xvanl) = E1E(Xn|Buan)|
< E (E(1Xn||Buan)) = E(1 X)) (10.49)

From (10.47) and (10.49)
E(Xyv]) < liminf E(|Xyanl) < lim E(|X,])
n—00 n—»00
=sup E(|X,]) < oc.
n
0

Additional remark. If the martingale {X,} is non-negative, then it is automat-
ically L;-bounded since sup, E(|X,]) = sup, E(X,) = E(Xp). Thus (10.45)
holds.

We now apply Theorem 10.13.3 to study the first escape times from a strip.

Corollary 10.13.2 Let {(X,, B,), n = 0} be an L {-bounded martingale.
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(a) For any level a > 0, the escape time v, := inf{n : |X,| > a} is regular. In
particular, this holds if {X,} is a positive martingale.

(b) Forany b < 0 < a, the time v, p, = inf{n : X, > a or X, < b} is regular.

Proof. (a) We apply Theorem 10.13.3. Since {X,} is L-bounded (10.45) is im-
mediate from the previous remark. For (10.46) we need that {X,1,,]} is ui but
since }X,1,>,| < a, uniform integrability is automatic.

(b) We have

Va.b < Vjgivp = inf{n : |Xp| > la| Vv |b]}

and viq|vp| is regular from part (a) so v, p, being dominated by a regular stopping
time, is regular from Corollary 10.13.1. 0

We end this section with an additional regularity criterion.

Proposition 10.13.4 Suppose {(X,, B,), n > 0} is a martingale. Then

(i) visregular for {X,} and

(i) Xn 3 0on [v=00]
is equivalent to
(iii) / |Xv|dP < o0 and
[v<oc]
(iv) / | XnldP — 0.
[v>n]

Proof. Assume (i) and (ii). Then {(Xyan, Bn),n € N} is a regular martingale,
and hence X ,on — X, € L; almost surely and in L and from (ii), X, = O on

[v = o0). Then
o0 > / | XyvldP =/ |X.vld P
Q fv<oo)

since X,, = 0 on [v = o<]. This is (iii). Also

/ XpldP = f Xunnld P — X, 1dP =0
[v>n] [v>n] [v=00]

. Ly .
since Xyan — X, entails

- 0.

sup
A

[A (Xona] — fA X
Thus (i)+(ii) = (iii)+(iv).

Given (ii1) and (iv): Recall from Theorem 10.13.3 that v is regular for {X,,} iff
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(a) f[v(oo] |IXyldP < o0
(b) {Xnlysn) ui
If we show (iv) implies (b), then we get v is regular. Note (iv) implies
L
€n = IXnII[v>n] = 0.

We show this implies {£,} is ui. Observe

LdP < f £.dP E ).
Sup'/[5n>b]§ \/ [6,>D) \/ \/

n n<ng n>ng

Choose ng so large that V, 5., E (£,) < € (since E(&,) — 0, we can do this) and

choose b so large that
V f E,dP <€,
[§n>b)

n<ng

for a total bound of 2e.
So we get (i). Since v is regular, X, is defined on Q and X, € L, (recall
Theorem 10.13.2) and X A, — X, a.s. and in L. But, as before

0= lim E(&,) = lim / | XnldP
n—oo n—oc

[v>n]

= lim IXoanldP = / 1X,|dP.

=% Jly>n) [v=c0)

So Xy 1y=cc = 0 almost surely; that is, X, — 0 on [v = 00]. Hence (ii) holds. O

10.14 Wald’s Identity and Random Walks

This section discusses a martingale approach to some facts about the random
walk. Consider a sequence of iid random variables {Y,,n > 1} which are not
almost surely constant and define the random walk {X,, n > 0} by

n
X0=Ov Xn=ZY'l'9n.>_ls
1

with associated o-fields
Bo=1{98,2}, By=0{1,....Y,)=0(Xp,...,Xn).
Define the cumulant generating function by
¢(u) = log E(exp{uYy}), ue€R.

We recall the following facts about cumulant generating functions.
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1. ¢ is convex.

Let o € [0, 1]. Recall Hélder’s inequality from Subsection 6.5.2: If p > 0,
g>0p~1+g71 =1, then

E(&n) < (EIEI1P)VP(EIn9)1/a,

Set p=1/a,and g = 1/(1 — a) and we have

d(auy + (1 — ax)uz) = logE(ea“lYle(l—O’)uzyl)

o 11—
< log(E(e‘”Y‘)) (E(e"l’yl ))

=apu1) + (1 — a)p(u).

2. The set {u : ¢(u) < oo} =: [ < o0] is an interval containing 0. (This
interval might be [0,0] = {0}, as would be the case if Y; were Cauchy
distributed).

Ifu; <uzand@(u;) <oo, i=1,2,thenfor0 <o <1,
¢(auy + (1 —a)uz) < ag(uy) + (1 —a)¢(u2) < oo.
Soifu; € [¢p <o0),i =1,2, then
[u1,u2) C [¢ < oo].
Note ¢(0) = log E(¢®V') = log1 = 0.

3. If the interior of [¢ < 00] is non-empty, ¢ is analytic there, hence infinitely
differentiable there, and

¢'(u) = E(Yl exp{uY; — ¢(u)}),
SO

¢'(0) = E(Y1).
One may also check that

¢ (0) = Var(Y).

4. On [¢ < o0}, ¢ is strictly convex and ¢’ is strictly increasing.
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10.14.1 The Basic Martingales

Here is a basic connection between martingales and the random walk.

Proposition 10.14.1 For any u € [¢ < 00], define

euX n

Mn(U) = CXP{UX,, - n¢(u)} = W))—"

Then {(M,(u), B,),n € N} is a positive martingale with E(M,(u)) = 1. Also,
M, (u) — O a.s. as n = oo and hence {M,,(u)} is a non-regular martingale.

Proof. The fact that {M, (u)} is a martingale was discussed earlier. See item 4 of

Section 10.5.

Now we check that M,(u) — O almost surely as n — ©0. We have that
u

u € [¢p <oo]Jand 0 € [¢p < oo] implies 5 € [¢ < ©o0], and by strict con-
vexity

1.1 1 1 1
¢w/2) =¢(50+ Ju) < 2¢(0) + o) = 56 W). (10.50)

Also {M,,(lz‘-)} is a positive martingale and L ;-bounded, so there exists a random
vanable Z such that

Ma(5) = expl5Xn = np(5)) > Z < 00

and
M,f(%) = exp{uX, — 2n¢(%)} - 72 < .
Therefore
Mp(u) = exp{uX, — nop(u)}

= exp{uX, — 2n6(3) +n[26(5) — @]}

= (O +0(1) expln[2($ () ~ 56)])

-0
since ¢(%) — 3¢ u) < 0 from (10.50). O

MORE MARTINGALES. From Proposition 10.14.1 we can get many other mar-
tingales. Since ¢ is analytic on [¢ < 00], it is also true that

u +— exp{ux — no(u)}

is analytic. We may expand in a power series to get

ook

explux —ngp@)} =Y %T fi(n, x). (10.51)
k=0 """
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If we expand the left side of (10.51) as a power series in «, the coefficient of u* is
fx(n,x)/k!. As an example of this procedure, we note the first few terms:

fo(n, x) = explux — n@)Hu=o = 1

0
fi(n, x) = ™ exp{ux — n¢ (u)}u=0

u
= exp{ux — npw)}(x — ng’(U))lu=0
=1-(x —nEY})

and

62
fa(n, x) = o5 exp{ux — n¢ (u)}Hu=0

d - ’
= (e "W (x — ng’ W) Hu=0
= ") (—ng” (u)) +
eux—n¢(") (x —_ n¢’(u))2|u=0
=(x— nE(Yl))2 — nVar(Yy).
Each of these coefficients can be used to generate a martingale.

Proposition 10.14.2 For each k > 1,{(fi(n, X»), B,),n > 0} is a martingale.
In particular

k=1, ((fi(n,Xn) = Xn —nEY1) = X, — E(Xp), Bp),n € N}
k=2, {((Xn—EXn)? = Var(X,), B,).n € N}

are martingales.
(If Var(Yy) = o2 and E(Yy) = 0, then {X,z, — no?} is a martingale.)

For the most important cases where k = 1 or k = 2, one can verify directly
the martingale property (see Section 10.5). Thus we do not give a formal proof
of the general result but only give the following heuristic derivation. From the
martingale property of {M,(u)} we have form < n

E(Mn(u)le) = Mpn(u);
that 1s,
E (expluXn — né )} |Byy) = e*Xn=mé@)

so that

o0 uk o0 uk
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Now differentiate inside E ( |B,,) k times and set u = 0. This needs justification
which can be obtained from the Dominated Convergence Theorem. The differen-
tiation yields

E(fk(n,Xn)le) = fk(m,Xm)- D

10.14.2 Regular Stopping Times
We will call the martingale {(M,(u), B,), n € N}, where

M, (u) = exp{uX, — udp(u)} = e"X» J(Ee"Y1)"

the exponential martingale. Recall from Proposition 10.14.1 that if u % 0, and
u € [¢p < oo}, then M, (u) — 0, almost surely. Here is Wald’s Identity for the
exponential martingale.

Proposition 10.14.3 (Wald Identity) Let u € [¢ < oc] and suppose ¢'(u) > 0.
Then fora > 0.

vl =inf{n: X, > a)

is regular for the martingale {(M,(u), B,), n € N}. Consequently, by Corollary
10.13.1, any stopping time v < v} is regular and hence Wald’s identity holds

1= E(Mo(u)) = E(M,)
= fexp{uXu —vo(u)}dP

= f exp{uX, — vp(u)}dP.
[v<oo]

Proof. Recall from Proposition 10.13.4, that for a stopping time v and a martin-
gale {£,}

(i) visregular for {§,} & [ (iii) f[u<oo] |Ey/dP < 00
(ii) &, — Oon[v = 0] (iv) f[m] |ExldP — 0.

Recall from Remark 10.13.1 that (1ii) automatically holds when the martingale is
L 1-bounded which is implied by the martingale being positive.
So we need check that

f M,(u)dP = / e Xn—négp _, 0, (10.52)
(v >n) [vi >n)

For the proof of (10.52) we need the following random walk fact. Let {&;,i > 1}
be 1id, E(&;) = 0. Then

n

limsup ) " & = +oo, (10.53)

n—00 =1
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and so if
n
vg = inf{n : Zé‘,- > a},
1=1

we have vﬁ < 00 a.s. and P[vﬁ > n] — 0. For the proof of (10.53), note that

if E(£1) > O, then almost surely, by the strong law of large numbers ) |_; & ~
nEE) — oo. If E(§) = 0, the result is still true but one must use standard
random walk theory as discussed in, for example, Chung (1974), Feller (1971),
Resnick (1994).

We now verify (10.52). We use a technique called exponential tilting. Suppose
the step random variables Y; have distribution F. On a space (¥, B¥, P¥), define
{Y,#, i > 1} to be iid with distribution F¥ defined by

F¥(dy) = e~ *@ F(dy).

Note F* is a probability distribution since
F*(R) = f e’ W F(dy) = / etn—otgp
R Q

= Ee"M1/e%®™ = 1.
F* is sometimes called the Esscher transform of F. Also
E*(YY) = f yF*dy) = f yer 9 Edyy = 8 _ 4,
R m(u)
where m(u) = E (e*"), and by assumption
E*Y)y=¢'w) 0.

Note the joint distribution of Y¥, ..., Y¥ is

n
Py} edyr, ..., Y} edy) =[] e @ Fy)

=1
=explu)_ yi —np) [ [ F@y). (10.54)
=1 =1

Now in order to verify (10.52), observe

/ ean-n¢(u)dp
[va >n]

explu ) _ yi —np)} [ [ F(dy)
1=1 1=1

j
=P*) Y} <a,j=1,...,n]  (from(10.54))
=1
[

= P#[v:l > n] — 0. D
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Corollary 10.14.1 Let —b <0 < a, u € [¢ < o0] and
Vgp =inf{n : X, > aor X, <-b}.
Then vq p is regular for {M, (u)} and thus satisfies Wald identity.

Proof. Note v, 4 is not defined directly in terms of {M,(«)} and therefore Corol-
lary 10.13.2 is not directly applicable. If ¢'(«) > 0, Proposition 10.14.3 applies,
then vj is regular for {M, (1)}, and hence v, < v} is regular by Corollary
10.13.1. If ¢’ (1) < 0, check the previous Proposition 10.14.3 to convince your-
self that

vy = inf{n : X, < b}

is regular and hence vg p < v, is also regular . O

Example 10.14.1 (Skip free random walks) Suppose the step random variable
Y; has range {1,0, —1, —2, ...} and that P[Y; = 1] > 0. Then the random walk
{X.} with steps {Y;} is skip free positive since it cannot jump over states in the
upward direction.

Let a > 0 be an integer. Because {X,,} is skip free positive,

X+ =aon[v <o)
Note
w -
¢ (u) = log (€"P[Y1 =1]+ Ze_ujplyl = —f])
j=0

so [0,00) C [¢ < o0] and ¢ (oc) = oo. By convexity, there exists u* € [0, 00)
such that

inf ¢u) =¢W*).

u€[0,00)

On the interval [u*, 00), ¢ increases continuously from the minimum ¢ (u*) to
00. Thus for u > u*, we have ¢'(u) > 0.
For u > u™*, Wald’s identity is

1= f exp{uX + — vi¢w))dP
(v <o) g
= f exp{ua — vl ¢(u)}dP,
[va <o<]

so that

f . e WGP — 44, (10.55)
[va <o0]
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This holds for u € [¢ < oc] and in particular it holds for u € [u*, 00).

Consider the following cases.
CASE (1) Suppose ¢'(0) = E(Y7) > 0. Then u* = 0 and since E(Y;) > 0
implies v} < oo almost surely, we have

fe_¢(")”"+dP =e ", u>0.
Setting A = ¢ (u) gives
E(e""’:) = /e'“:dP =9 Ma

In this case, Wald’s identity gives a formula for the Laplace transform of v}.

CASE (11) Suppose E(Y1) = ¢'(0) < 0. Since ¢(0) = 0, convexity requires
¢ (u*) < 0 and there exists a unique ug > u* > 0 such that ¢ (ug) = 0. Thus if
we substitute ug in (10.55) we get

e 0% = f . e~ WV g p = / e’dP = P[v} <o0] < 1.
[va <o0]

[va <o0]

In this case, Wald’s identity gives a formula for P[v} < oo]. D

We now examine the following martingales:

(Xo —nEQYD),n 20}, {(Xp—nE¥1))* - nVar(Yy), n = 0}.

Neither is regular but we can find regular stopping times.
Proposition 10.14.4 Let v be a stopping time which satisifes E (v) < oo. Then

(a) v is regular for {X, — nE (Y1)} assuming E(|Y1]) < oc.

(b) v is regular for {(X, — nE(Y1))? - nVar(Y1)} assuming E(le) < 00.

From (a) we get
E(X,) = E(W)E(M).

From (b) we get
E(X, — vE(Y}))’ = E(v)Var(Yy).

Proof. (a) Since {X,, — nEY,} has mean 0, without loss of generality we can
suppose E (Y1) = 0. If E(v) < 00, then P[v < 00] = 1 and s0 Xyan — X,. We
show, in fact, this convergence is also L and thus {X, »,} is a regular martingale
and v is a regular stopping time.

Note that

0 ifv<n

Xun — Xul =1 _
T D Y = D Yl = D Vil vz,
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so that
o0 o0
Xomn =Xl =1 D Yilpsjl< > 1¥jllpsj) = £
]=n+1 ]=n+l

Note &n41 < &; and

o o]

o0
EE) =EQ_IYjllps) = Y EIYjlipsj)

J

and because [v > j] € B;_; we get by independence that this equals

o0
= ZE(|Y1|)P[v > j] = E()Y1DE (v) < 0.
j=1

Now

o0

Eni1= ) |Yjllpzj) = 0
j=n+1

as n — o0, since the series is zero when n + 1 > v. Furthermore

En+1 < & € L,

and so by the dominated convergence theorem
0« Epy1) = E(IXvAn - Xv')

which means
Ly
X van —> Xy.

(b) Now suppose E(Y}) = 0, E(Y?) < oco. We first check Xony 2 X,.

Note that 1{y>m) € B,—) is predictable so that {Ym1ly>m} is a fair (martingale
difference) sequence and hence orthogonal. Also,

o0

o0
Y Emlpemp?® =Y EY2)P[v > m]
m=1 1

m=

=E(Y}) ) Plv=m]=EY)EW) < cc.

m=1

As in (a), we get using orthogonality, that as n — 0o

o0 o0
EXvan = X)?=E( ) Yilizj®= Y E(¥jli»j)> >0
j=n+l j=n+l
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L
since we already checked that Z;‘le E(Y,, 1‘,2,,,)2 < 00. S0 Xyan =3 Xy.
It follows that X2

Ly s
van —> X Furthermore

X2, — (v AmVar(Yy) 3 X2 — vvar(ry),

since
E\X2,, — (v An)Var(Y)) — (X2 - vVar(y))|
< E(IXEM - Xﬁl) + E(lv A n — v|)Var(¥y)
= 0(1) + Var(Y))E(|v — n|1[v>n))
<o(l)+ var(Yl)E(VI[v>n]) — 0.
Thus {X 3 an — (v A n)VarY,} is regular by Proposition 10.11.2. O

10.14.3 Examples of Integrable Stopping Times

Proposition 10.14.4 has a hypothesis that the stopping time be integrable. In this
subsection, we give sufficient conditions for first passage times and first escape
times from strips to be integrable.

Proposition 10.14.5 Consider the random walk with steps {Y ;}.
(i) If E(Yy) > O, then fora > 0

vi =inf{n: X, >a} €L,.
(ii) If E(Y1) < O, then for b > 0
vy =inf{n: X, < —-b} €L,.
(iii) If E(Y1) #£ 0, and Y, € L,, then
vap=1inf{n: X, >aorX, <-b}€L,.

Proof. Observe that (i) implies (ii) since given (i), we can replace Y; by —Y, to
get (ii). Also (i) and (ii) imply (iii) since

va.bSv:'/\vggv;".
It suffices to show (i) and we now suppose E (Y;) > 0. Then
(Xt — (I An)E(Yy),n >0}

is a zero mean martingale so

0=EXo) - OE(Y1) = E(X,+,, — (vF An)E(VY)),
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which translates to
E(X,+,,) = E)E(v] An). (10.56)

Since
+ +
v, An /vy

we get by the monotone convergence theorem
EWw} An) /# EQW)).

From (10.56), we need aboundon E X+ .

We consider two cases:

CASE 1. Suppose that Y7 is bounded above; that is, suppose there exists ¢ and
Y1 < c with probability 1. On [v} < oc] we have X,+_y<aandY,+ <cso
that

XU: =Xv2'—l+Yv;" Sa-l-C

and
. +
Xv:M <aifn <y;.
In any case
Xv:,\n <a-+c.

Thus (10.56) and E(Y;) > O imply

a+c
>EWrAan) 2 EQWD,
E(T)) ( ) /M E(

sovy € L.

CASE 2. If Y; is not bounded above by ¢, we proceed as follows. Note as
ctoo,YyAact Yyand Y] Ac] < |7l € L. By Dominated Convergence
E(Y1 Ac) - E(Y;) > 0. Thus, there exists ¢ > 0 such that E(Y; Ac) > 0. Then
forn >0

n n
XO:=3 (Yin)<) Yi=:X,
=1 i=1

and
v = inf{n: X9 > a} > v} =inf{n : X, > a).

From Case 1, v:(c)eLl,so v;*eLl. D
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10.14.4 The Simple Random Walk

Suppose {Y,, n > 1} are iid random variables with range {%1} and
1
P[Y1 = 1] = 3"

Then E(Y7) = 0. As usual, define
n
X0=07 Xn—_"ZYu n..>_1’
1=1

and think of X, as your fortune after the nth gamble. For a positive integera > 0,
define
vi =inf{n : X, = a}.

Then P[v} < oo] = 1. This follows either from the standard random walk result
(Resnick, 1994)

lim sup X, = +00,
n—00

or from the following argument. We have v} < oo a.s. iff vi* < 00 a.s. since
if the random walk can reach state 1 in finite time, then it can start afresh and
advance to state 2 with the same probability that governed its transition from 0 to
1. Suppose

p = P[v} = o]

Then
1-—p=P[v;*<oo]
=P[vi"<oo,X1=—1]+P[vi"<oo,X1=1]
1 1
=—-(1-p)Q1- =
> P)X1-p)+ 5

since (1 — p)(1 — p) is the probability the random walk starts from —1, ultimately
hits 0, and then starting from O ultimately hits 1. Therefore

1 , 1
1"P=§(1"P) +5

SO
2-2p=2-2p+p°

and p? = 0 which implies p = 0. Notice that even though P[v} < o0] =1,
E(v}) = oo since otherwise, by Wald’s equation

a=EX,+)= EW)EW]) =0,

a contradiction. 0
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GAMBLER’S RUIN. Starting from 0, the gambling game ends when the ran-
dom walk hits either a or —b. From Theorem 10.13.3, v,  is regular since

f X,, ,IdP < (la] v [b])P[va5 < 09] < 00,
[v,,_b<oo]

and
X 1[u, p>n]l < lal'\/ 1]

so that {X 1y, ,>n]} is ui.
Now regularity of the stopping time allows optimal stopping
0= E(Xo) = E(X,,,) = —bP[v, <v}]+aP[v} <v;]
= —-bP[v, <v}]+a(l- Plv, <viD.

We solve for the probability to get

P[v; < v}]= P[hit — b before hita] = a_'i_Z' (10.57)

We now compute the expected duration of the game E (v, p). Continue to as-
sume P[Y; = 1] = % Recall {X2 —n, n > 0} is a martingale and E (X2 —n) =
0. Also {(Xfa_b,\n — (va.p A n), B,), n € N} is a zero mean martingale so that

0= E(X5 ,an — Wab AN));
that is,
E(XZ, ) = E(vap A1). (10.58)
Asn — 09,

Vab AN T vap

so the monotone convergence theorem implies that
E(va,p An) 1 E(vap).
Also
1X2 ,anl < lal?\/ IB?
and
Xugpnn = Xy
implies by the dominated convergence theorem that

E(XL )= E(X2 ).

Ua.b/\
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From (10.58) and (10.57)

E(vap) = E(X2 )

Va b

(so va.p € L) and is therefore regular by Proposition 10.14.4)
= a’P[X  =a’]+b°PXL, = b
2 a 2, 4
=a?®(l - —) + b*(—
i a+ b) + (a + b)
» b + b%a
a+b a+b

ab(a + b)
——— =ab.
a+b

=a

GAMBLER’S RUIN IN THE ASYMMETRIC CASE. Suppose now that
PY1=1]=p, Ph=-1]=1-p=:¢q
for p # %andO < p < 1. Then foru € R,
Ee'N = e'p+etq
and from Corollary 10.14.1, v, is regular for the martingale

euX n

(e“p + e—uq)n » 1

{Mp(u) = > 0}

and Wald’s identity becomes

euX"a b
1= f M, ,(u)dP = f 4P
[Va p<00] | (eup + e_uQ) a b

To get rid of the denominator, substitute u = logq/p so that

e“p+e'“q=%-p+§--q=q+p=1-

Then with e¥ = q/p we have
1 = E(exp{uXy,,}) = € Pv} < vy ]+e " Plv; <v})
Solving we get

Plv, <v]]= P[exit the strip at — b]
—(1
_ 1-(3)"
ey _ (4ya®
(¥ - ()

411
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10.15 Reversed Martingales

Suppose that {B,, n > 0} is a decreasing family of o-fields; that is, B, D By+;.
Call {(X,, B,)), n > 0} a reversed martingale if X,, € B, and

E(anBn+l) = Xnt1, n=>0.
This says the index set has been reversed. For n < 0, set
B =B_,, X,=X-,..

Then B, C B,, ifn <m < 0and {(X],, B, ), n < 0} is a martingale with index set
{...,—2, —1, 0} with time flowing as usual from left to right. Note this martingale
is closed on the right by X; and forn < 0

E(X}IB.) = X".

So the martingale {(X, B,),n < 0} is ui and as we will see, this implies the
original sequence is convergent a.s. and in L.

Example. Let {£&, k > 1} be iid, L, random variables. For n > 1 define S, =
"_1& and B, = 0(Sn, Snt1,...). Hence B, is a decreasing family. For
1<k <n,B, =0(S &nt1,Enst2, - - - ). Furthermore, by symmetry

E(Elen) = E(flan)’ 1<k=<n.

Adding overk =1, 2,...,n, we get
Sn = E(SnlBn) = ) _ E(&B,) = nE(£11By),
k=1

and thus S
_nn_ = E($ IBn)

which is a reversed martingale sequence and thus uniformly integrable. From The-
orem 10.15.1 below, this sequence is almost surely convergent. The Kolmogorov
0-1 law gives lim,_, o é;,ﬂ is a constant, say c. But this means

1
¢ = —E(Sn) = E(§1)-

Thus, the Reversed Martingale Convergence Theorem 10.15.1 provides a very
short proof of the strong law of large numbers.
Here are the basic convergence properties of reversed martingales.

Theorem 10.15.1 (Reversed Martingale Convergence Theorem) Suppose that
{Byn, n > 0} is a decreasing family of o-fields and suppose

{(Xn, Bn),n = 0}
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is a positive reversed martingale. Set

By = ﬂB,,.

n>0
(i) There exists Xoo € Boo and X S X oo.
(ii) E(Xn|Bxo) = Xoo almost surelly.

(iii) (X} is ui and Xp 2 Xeo.

Proof. Recall X, = X_,, B, = B_,,n < 0 defines a martingale on the index set
{...,—=2,-1,0}. Define

8‘(,"'}, = # downcrossings of [a, b] by Xo, ... , Xn

= # upcrossings of [a, b] by Xp, Xn—1.... . X0
= # upcrossings of [a, b] by X', X", ;... . X}

= VYab -

Now apply Dubins’ inequality 10.8.4 to the positive martingale X’ ,, ..., Xj to
getforn > 1,

Ply, = KIBL,] = P[8,"} = kIB,]
XI
< (%)"(—‘—" A1)
a
a , X
= (E)"(—’l A1)
a
Taking E (-|Boo) on both sides yields

X,
P18, = KlBoo) < (E((ZE A D)1Boo)-

o 1 %a.b = # downcrossings of [a, b] by {Xo, Xi,--.},

and
a Xn a
P(bap = k|Beo) < (E) SUPE((—a- A1)|Bx) < (E) .
n

Thus 8,5 < 00 almost surely for all a < b and therefore lim,_, o0 X, exists
almost surely. Set Xoo = limsup,_, o, Xn so that X exists everywhere, and
Xn = Xoo a.s. Since X,, € By, and {B,} is decreasing, we have for n > p that
Xn€BpsoXe € B, for all p. Thus

Xoo € () Bp = Beo-
p
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Now foralln > 0, X,, = E(X¢|B,) so {X,} is ui by Proposition 10.11.1. Uniform
integrability and almost sure convergence imply L; convergence. (See Theorem
6.6.1 on page 191. This gives (iii).

Also we have

E(Xn|Boo) = E(E(Xn|Bn+1)|Boo) = E(Xn41|Boo)- (10.59)

L
Now let n = o0 and use the fact that X, =3 Xoo implies that the conditional
expectations are L j-convergent. We get from (10.59)

Xoo = E(Xoo|Boxo) = nETTgOE(anBm) = E(Xn|Boo)

for any n > 0. This concludes the proof. 0

These results are easily extended when we drop the assumption of positivity
which was only assumed in order to be able to apply Dubins’ inequality 10.8.4.

Corollary 10.15.1 Suppose {B,} is a decreasing family and X € L. Then
E(X|B,) — E(X|B)

almost surely and in L 1. (The result also holds if {B,} is an increasing family. See
Proposition 10.11.2.)

Proof. Observe that if we define {X,} by X,, := E(X|B,), then this sequence is
a reversed martingale from smoothing. From the previous theorem, we know

Xy = Xoo € Boo

a.s. and in L;. We must identify X . From L ;-convergence we have that for all
A€eB,

/;E(XIB,,)dP—» /;XoodP. (10.60)
Thus for all A € By
/’; E(X|B,)dP = /’; XdP (definition)
= /; E(X|Bx)dP (definition)
- /,; Xood P (from (10.60)).

So by the Integral Comparison Lemma 10.1.1

oo = E(XIBoo)-
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Example 10.15.1 (Dubins and Freedman) Let {X,} be some sequence of ran-
dom elements of a metric space (S, S) defined on the probability space (2, B, P)
and define

B, =0(Xpn, Xnt+1,---)-
Define the tail o-field

T =()Bx.
n

Proposition 10.15.2 7 is a.s. trivial (that is, A € T implies P(A) =0or 1) iff

VYA € B: sup |P(AB) — P(A)P(B)| — 0.
BelB3,

Proof. —. If 7 is a.s. trivial, then
P(A|B,) - P(A|Bx) = P(A|T) = P(A|{9, 2}) = P(A) (10.61)
a.s. and in L. Therefore,

sup |P(AB) — P(A)P(B)| = sup |E(P(ABIB,)) — P(A)E (1)l

BelB, BeB,
= sup |E (1g{P(Al|B,) — P(A)]|

BeB,
< sup E|P(A|B,) - P(A)| >0

Bel3,

from (10.61).
«.If A € T,then A € B, and therefore

P(ANA) = P(A)P(A)
which yields P(A) = (P(A))>. 0

Call a sequence {X,} of random elements of (S, S) mixing if there exists a
probability measure F on S such that forall A € S

P[X, € A] = F(A)
and
P([X, € - ]NA) — F(-)P(A).
So {X,} possesses a form of asymptotic independence.
Corollary 10.15.2 If the tail o-field T of {Xy} is a.s. trivial, and
P[Xn €] F(),

then { X} is mixing.
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10.16 Fundamental Theorems of
Mathematical Finance

This section briefly shows the influence and prominence of martingale theory in
mathematical finance. It is based on the seminal papers by Harrison and Pliska
(1981), Harrison and Krebs (1979) and an account in the book by Lamberton and
Lapeyre (1996).

10.16.1 A Simple Market Model

The probability setup is the following. We have a probability space (2, B, P)
where €2 is finite and B is the set of all subsets. We assume

P({w}) >0, VweQ. (10.62)

We think of w as a state of nature and (10.62) corresponds to the idea that all
investors agree on the possible states of nature but may not agree on probability
forcasts.

There is a finite time horizon 0,1, ..., N and N is the terminal date for eco-
nomic activity under consideration. There is a family of o-fields By C B; C
-+« C By = B. Securities are traded at times 0, 1, ..., N and we think of B, as
the information available to the investor at time n. We assume By = {2, 0).

Investors trade d + 1 assets (d > 1) and the price of the ith asset at time n is
S fori =0,1,..., N. Assets labelled 1, ..., d arerisky and their prices change
randomly. The asset labelled O is a riskless asset with price at time n given by s,
and we assume as a normalization S(()O) = 1. The riskless asset may be thought
of as a money market or savings account or as a bond growing deterministically.
For instance, one model for {S,(,O), 0 < n < N} if there is a constant interest rate
r, is S,(,O) = (1 + r)". We assume each stochastic process {S,(,'), 0 < n < N}
is non-negative and adapted so that 0 < S € B, fori = 0,...,d. Assume
S,(,O) >0,n=0,..., N. We write

{Sn = (S'(10)v S'(gl)v seey S'(:))9 0 S n S N}

for the R4+ -valued price process.

Since the money market account is risk free, we often wish to judge the quality
of our investments in terms of how they compare to the riskfree asset. We can
apply the discount factor §,, = 1 /S,(,O) to our price process and get the discounted
price process

{Sn =8./8?, 0 <n <N}
which may be thought of as the original price process denominated in units of the

current price of the riskless asset. Note that §f,0) = 1.
The change in the prices from period to period is given by the R¢*!-valued

process
d=S0, 4, =S,-S,-1,n=1,...,N
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and the change in the discounted prices is
50=§0, d, =§,, —§,,_1, n=1,...,N.

Note thatd ) = 0forn = 1,...,N.
A TRADING STRATEGY is an Rd *+1_valued stochastic process

{¢ (¢(O)v ¢(l)’.“,¢'(1d)’ 0 <nc< N}

which is predictable, so that for eachi = 0,...,d, we have ¢(') € B, - for
n>1. .

Note that since 2 is finite, each random variable |¢{’|,0 <n <N, 0 <i <d
is bounded. Think of the vector ¢, as the number of shares of each asset held
in the investors portfolio between times n — 1 and n based on information that
was available up to time n — 1. At time n, when new prices S, are announced,
a repositioning of the investor’s portfolio is enacted leading to a position where
@®,.+1 shares of each asset are held. When the prices S, are announced and just
prior to the rebalancing of the portfolio, the value of the portfolio is

d

Va() = (6. Sn) = ¢S = ) _ ¢S,

i=0

The discounted value process is

V(@) = BnVa (D) = (D, Sn).

To summarize: we start with value Vp(¢®) = (¢bg, So). Now Sp is known so
we can rebalance the portfolio with ¢,. The current value (¢, Sg) persists un-
til prices S; are announced. When this announcement is made, the value of the
portfolio is Vi(@) = (¢, S1). Then since S, is known, we rebalance the port-
folio using ¢, and the value is (¢,, S1) until Sz is announced when the value is
(@2, S2) and so on.

A trading strategy ¢ is called self-financing if we have

(6nsSn) = (bpy1>Sn)y 0<n<N-—1. (10.63)

This means that at time n, just after prices S, are announced, the value of the
portfolio is (¢,,, Sp). Then using the new information of the current prices, the
portfolio is rebalanced using ¢, yielding new value (¢,,,, S;). The equality
in (10.63) means that the portfolio adjustment is done without infusing new capital
into the portfolio and without consuming wealth from the portfolio.

Here are some simple characterizations of when a strategy is self-financing.

Lemma 10.16.1 If ¢ is a trading strategy, then the following are equivalent:

(i) ¢ is self-financing.
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(ii) Forl <n<N

Va(@) = Vo(®) + D _(9,.4;). (10.64)
j=1
(iii) Forl <n <N
V(@) = Vo(¢) + ) (,.4)). (10.65)
ji=1

Proof. Observe that the self-financing condition (10.63) is equivalent to

(Dj41,dj+1) = (D115 Sj+1) — (¢}, S)) = Vi1 (@) — V,(¢), (10.66)

which says that for a self-financing strategy, changes in the value function are due
to price moves. Summing (10.66) over j = 0, ..., n gives (10.64). Conversely,
differencing (10.64) yields (10.66) and hence (10.63). Next, in (10.63) multiply
through by the discount factor B, to get (¢,,, Sp) = (Dpt1> S.) or

(¢n+1' dn+l) = (¢n+l' n+l) - (¢nv S ) = n+1 (¢) Vn(¢)- (1067)

Proceed as in (ii). O

Note that since 3;0) =0, for j = 1,..., N we can rewrite (10.65) as

V(@) = Vo(e) + Z Z $a; (10.68)

j=li=

showing that the discounted wealth at n from a self-financing strategy is only
dependent on Vp(¢) and {¢(') | = ,d; j = 1,...,n}. The next result

shows that if a predictable process {(¢(1) ¢;2) ¢(d)) 1 <j < N}andan
initial value Vy € By is given, one may always ﬁnd a umque predictable process

(¢7,0 < j < N} such that ¢ = {(®%, 0", ....¢").0 < j < N}is self-
ﬁnancmg

Lemma 10.16.2 Given {(¢(1) ¢(2) ¢(d)) 1 < j < N}, a predictable pro-
cess, and a non-negative random varmble Vo € By, there exists a unique pre-

dictable process {¢(0) 0 < j < N} such that

o =1, ¢",....6"),0< j =N}

is self-financing with initial value V).
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Proof. Suppose (¢, ..., @y) is a self-financing strategy and that Vj is the initial

wealth. On the one hand, we have (10.68) with Vp replacing Vo(¢) and on the
other hand, we have from the definition that

Vn (¢) =(¢m § )

—¢01 4+ Z pOSH. (10.69)

Now equate (10.69) and (10.68) and solving for ¢(O), we get

¢(0) =Vp + ZZ¢(1)—(') Z¢(:)S(l)

j=li=
1

3
|

d
=V0 + Z¢(l)d(') + Z¢(l) ( (') _ Sf:) ]) _ (’))
j=l1i=1 1=1
L ®) <)
=Vo+ Y Y o4 + Z O (=S5,_1) € By,
j=1:1=1
since ¢,(,'21 € B, fori =1,...,d.

This shows how ¢ ) is determined if the strategy is self-financing, but it also
shows how to pick¢ , given Vg and {(¢('), 1<i<d),n=1,...,N}tomake
the strategy self-financing. 0O

10.16.2 Admissible Strategies and Arbitrage

There is nothing in our definitions that requires ¢ > 0. If ¢(') < 0 for some
i=20,1,...,d,then we are short |¢,, & | shares of the asset. We imagine borrowing
|¢(')| shares to produce capital to invest in the other hot assets. We want to restrict
the risk inherent in short sales.

We call ¢ an admissible strategy if ¢ is self-financing and

Va(@) >0, n=0,...,N.

This is a kind of margin requirement which increases the likelihood of being able
to pay back what was borrowed should it be necessary to do so at any time. Not
only do we require that the initial value Vp(¢) be non-negative, but we require
that the investor never be in a position of debit.

In fair markets in economic equilibrium, we usually assume there are no arbi-
trage opportunities. An arbitrage strategy ¢ is an admissible strategy satisfying

Vo(¢) = 0 and Vy (¢)(wo) > 0,
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for some wy € 2. Equivalently, we require
Vo(¢) = 0and E(Vy(¢)) > 0. (10.70)

Such arbitrage strategies, if they exist, represent riskless stategies which produce
positive expected profit. No initial funds are required, the investor can never come
out behind at time N, and yet the investor can under certain circumstances make a
positive profit. Markets that contain arbitrage opportunities are not consistent with
economic equilibrium. Markets without arbitrage opportunities are called viable.
The next subsection characterizes markets without arbitrage opportunities.

10.16.3 Arbitrage and Martingales

There is a fundamental connection between absence of arbitrage opportunities
and martingales.

Recall the given probability measure is P. For another probability measure P*,
we write P* = P if P « P* and P* < P so that P and P* have the same null
sets.

Theorem 10.16.1 The market is viable iff there exists a probability measure P* =
P such that with respect to P*, {(S,, B,),0 <n < N} isa P*-martingale.

Remark. Since S, is R4*+1_yalued, what does it mean for this quantity to be a
q y

martingale? One simple explanation is to interpret the statement component-wise

so that the theorem statement asserts that for eachi =0,..., N, {(3:,'). B;)),0 <

n < N}is a P*-martingale. B
A measure P* which makes {(S,, B,),0 < n < N} a P*-martingale is called
an equivalent martingale measure or a risk neutral measure.

Proof. Suppose first that P* = P and ((Sp,By),0<n<N}isa P*-martingale.
Then {(d,, B,),0 < n < N} is a P*-martingale difference and thus

E*dj11B) =0, j=0,...,N—-1

From (10.65) we see that {(Va(@),0<n<N}isa P*-martingale transform, and
hence a martingale. Thus

E*(Va(@) = E*(Vo(¢)). 0<n<N. (10.71)

Suppose now that an arbitrage strategy ¢ exists. Then by definition V(¢) = 0
and from (10.71), we get E*(V n(¢)) = 0. Since ¢ is admissible, Vy (¢p) > 0
and this coupled with a zero E*-expectation means Vy (¢) = 0 P*-almost surely,
and thus (since P* = P) also P-almost surely. Since P({w}) > 0 for all w € ,
we have no exception sets and hence Vi (¢) = 0. This contradicts the definition
of an arbitrage strategy, and we thus conclude that they do not exist.

We now consider the converse and for this we need the following lemma.
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Lemma 10.16.3 Suppose there exists a self-financing strategy ¢ which, while
not necessarily admissible, nonetheless satisfies Vo(¢) = 0, Vy(¢) > 0 and
E(Vn(¢)) > 0. Then there exists an arbitrage strategy and the market is not
viable.

Proof of Lemma 10.16.3. If V,,(¢) > 0, n =0, ..., N, then ¢ is admissible and
hence an arbitrage strategy.
Otherwise, there exists

no = sup{k : P[Vik(¢) < 0] > 0},
and since Vi (¢) > Owe have 1 < ng < N — 1 and thus

(@) P[Vno(¢p) < 0] > O, (10.72)
b) Va(¢) =20, nop<n=<N. (10.73)

We now construct a new strategy ¥ = (3. ..., ¥y ). To do this define
eo = (1,0,...,0) e R,
The definition of ¥ is
0, if k < no,

Vg (@) .
l[V"0(¢)<0] (qbk - -—;)(-U,—e()) , 1fk > ng.

]

Y = (10.74)

We observe from its definition that %) is predictable, and in a series of steps we
will show

(i) v is self-financing,
(ii) v is admissible,
(iii) E(Vn(¥)) > O,

and hence 1) is an arbitrage strategy and thus the market is not viable.
We now take up (i), (ii) and (iii) in turn.
STEP (1). To show 1 is self-financing, we need to show

(P> Sk) = (Pr415 Sk) (10.75)

fork =0,..., N —1.First of all, for k + 1 < ng both sides of (10.75) are 0. Now
consider the case k > ng. We have

Vo (@)
V(@) = (g, &) = (I[V,.o(¢)<0](¢k - SO(O? €0)s Sk)

ng

Va (d)) 0
=1[Vn0(¢)<0] ((¢k’ Sk) - SO(O) Sl(( )) (10'76)

no
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and because ¢ is self-financing we get

Vn
= I[Vn0(¢)<0] ((¢k+1' Sk) - ';(Lojb)(eo' Sk))

no

Vo ($)
= (llvno(¢)<01 (¢k+1 - %eo), Sk)

no
= (¢k+1 ’ Sk)’

as required.
The last case to consider is k = ng. In this case (¢, Sx) = 0 and we need to
check that (Y 1, Sk) = 0. This follows:

(¢k+ls Sk) =(¢n0+] ’ Sno)

Vo (D)
= (I[Vno(¢)<0] (¢n0+] - ﬁ)_—e())s Sno)

ng

Vo (®)
=1[V,y () <0] ((cb,,oH, Sny) — %6)_ S;g))

ng

and again using the fact that ¢ is self-financing this is

=1[V,,0(¢)<0] ((¢n0s Sno) - Vno(d))) = Os

since (Pp,, Sng) = Vg (). Thus 1) is self-financing.

STEP (1I). Next we show %) is admissible. First of all, for k < ng we have
Vk(3p) = 0 so we focus on k > ng. For such k we have from (10.76) that
Vi (1) > O since on [V, (@) < 0] the term V,, (qb)S,(‘O) /S,(,?)) < 0. This verifies
the admissibility of ).

STEP (111). Now we finish the verification that 1) is an arbitrage strategy. This
follows directly from (10.76) with N substituted for k£ since Vy(3) > 0 on
[Vno (@) < 0]. So an arbitrage strategy exists and the market is not viable. O

We now return to the proof of the converse of Theorem 10.16.1. Suppose we
have a viable market so no arbitrage strategies exist. We need to find an equivalent
martingale measure. Begin by defining two sets of random variables

Fr=(X:Q-»R: X >0, E(X) > 0}
V :={Vn(¢) : Vo(¢p) =0, ¢ is self-financing and predictable}.

Lemma 10.16.3 implies that I' NV = @. (Otherwise, there would be a strategy ¢
such that Vy (¢p) > 0, E(Vn(¢)) > 0 and V(¢ = 0 and Lemma 10.16.3 would
imply the existence of an arbitrage strategy in violation of our assumption that the
market is viable.)
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We now think of I" and V as subsets of the Euclidean space R, the set of
all functions with domain Q and range R. (For example, if €2 has m elements
w1, . .., Om, We can identify RS with R™.) The set V is a vector space. To see
this, suppose ¢(1) and ¢(2) are two self-financing predictable strategies such
that Vi (¢(i)) € V fori = 1, 2. For real numbers a, b we have

aVn(¢(1)) + bVn(é(2)) = Vn(ad(1) + bp(2))

and

0 = aVp(é(1)) + bVo(¢(2)) = Vo(ad(1) + b$(2))

and aVy (¢(1)) + bVn(¢(2)) is the value function corresponding to the self-
financing predictable strategy a¢(1) + b¢(2); this value function is 0 at time 0.

Thus aVn (¢p(1)) + bVn(¢(2)) € V.
Next define

Ki={Xel:) Xw)=1)

well

so that K C T'. Observe that K is closed in the Euclidean space R®? and is compact
and convex. (If X, Y € K, thenwe have }_ aX(w)+(1—-a)Y (w) = a+l1—a =1
for 0 < o < 1.) Furthermore, since VN T = 0, we have VN K = @.

Now we apply the separating hyperplane theorem. There exists a linear function
X : R®? > R such that

(i) A(X) >0, for X € K,
(ii)) A(X) =0,for X € V.
We represent the linear functional A as the vector
A= (ANw),w € Q)
and rewrite (i) and (ii) as
(i) Y pea AMw)X(w) > 0, for X € K,

(1) Y eq WN(@)(w) = 0, for Vy(¢) € V, so that ¢ is self-financing and
predictable.

From (i) we claim A(w) > O for all w € 2. The reason for the claim, is that if
A(wp) = 0 for some wyp, then X = 1y, satisfies ), .q X (w) = 1s0 X € K but

D M)X (@) = Awo) =0

weN

violates (i).
Define P* by
A(w)

) = e @)
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Then P*(w) > O for all w so that P* = P. It remains to check that P* is that
which we desire: an equivalent martingale measure.
For any Vi () € V), (ii') gives

Y Mo)VN (D)) =

we

so that, since Vp(¢) = 0, we get from (10.65)

N
E*() (¢;.d)) =0, (10.77)

j=1

for any ¢ which is predictable and self-financing.

Now pick 1 < i < d and suppose (¢,(,i), 0 < n < N) is any predictable process.
Using Lemma 10.16.2 with Vy = 0 we know there exists a predictable process
0.0 < n < N) such that

¢* = (@, 0,...,0,¢4,0,...,0,0 < n < N)
is predictable and self-financing. So applying (10.77), we have

0=E* (Z(d’#'—ﬂ) _ E*(ZZd)#(I)d(I))

j=1ll=

=E*(Z $1d)). (10.78)
j=1

Since (10.78) holds for an arbitrary predictable process {¢§i), 0 <j < N},we

conclude from Lemma 10.5.1 that {3\, B,),0 < n < N} is a P*-martingale. O

Corollary 10.16.1 Suppose the market is viable and P* is an equivalent martin-
gale measure making {(S,, B,), 0 < n < N} a P*-martingale. Then

{(Vn(¢)s Bn)s 0 S n S N}

is a P*-martingale for any self-financing strategy ¢.
Proof. If ¢ is self-financing, then by (10.65)
e n —
Va(d) = Vo(d) + ) _(¢,,4))
1=1

so that {(V,(¢), B»),0 < n < N} is a P*-martingale transform and hence a
martingale. |
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10.16.4 Complete Markets

A contingent claim or European option of maturity N is a non-negative By =
B-measurable random variable X. We think of the contingent claim X paying
X (w) > 0 at time N if the state of nature is w. An investor may choose to buy or
sell contingent claims. The seller has to pay the buyer of the option X (w) dollars
at time N. In this section and the next we will see how an investor who sells a
contingent claim can perfectly protect himself or hedge his move by selling the
option at the correct price.
Some examples of contingent claims include the following.

e European call with strike price K. A call on (for example) the first asset
with strike price K is a contingent claim or random variable of the form

X = (S;}) — K)*. If the market moves so that SS) > K, then the holder
of the claim receives the difference. In reality, the call gives the holder the
right (but not the obligation) to buy the asset at price K which can then be

sold for profit (S},” — K)*.

e European put with strike price K. A put on (for example) the first asset
with strike price K is a contingent claim or random variable of the form
X = (K - S,(J))+. The buyer of the option makes a profit if SS) < K.
The holder of the option has the right to sell the asset at price K even if the
market price is lower.

There are many other types of options, some with exotic names: Asian options,
Russian options, American options and passport options are some examples.

A contingent claim X is attainable if there exists an admissible strategy ¢ such
that

X = Vn(d).

The market is complete if every contingent claim is attainable. Completeness will
be shown to yield a simple theory of contingent claim pricing and hedging.

Remark 10.16.1 Suppose the market is viable. Then if X is a contingent claim
such that for a self-financing strategy ¢ we have X = V) (¢), then ¢ is admissible
and hence X is attainable.

In a viable market, if a contingent claim is attainable with a self-financing strat-
egy, this strategy is automatically admissible. To see this, suppose P* is an equiva-
lent martingale measure making {(S,, B,),0 < n < N} a vector martingale. Then
if ¢ is self-financing, Lemma 10.16.1 implies that {(V ,(¢), B,),0 < n < N} is
a P*-martingale. By the martingale property

Va(@ =E*(VN(@)IB,), 0=<n<N.

However, 0 < X = Vn(¢) and hence Vn(¢) > 0 so that V,(¢p) > O for
0 < n < N, and hence ¢ is admissible. O
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Theorem 10.16.2 Suppose the market is viable so an equivalent martingale mea-
sure P* exists. The market is also complete iff there is a unique equivalent mar-
tingale measure.

Proof. Suppose the market is viable and complete. Given a contingent claim X,
there is a strategy ¢ which realizes X in the sense that X = Vj (¢). Thus we get
by applying Lemma 10.16.1 that

X V — n —
S}?’ = :}f??) = Vn(¢p) = V(@) + ;(dn, d)).

Suppose Py, P; are two equivalent martingale measures. Then by Corollary 10.16.1
{(Va(¢), By),0 < n < N}isa P*-martingale (i = 1, 2). So

E;(VN(®) = E} (Vo(¢) = Vo(¢),
since By = {4, 2}. We conclude that

for any non-negative X € By.Let X =1 ASS)) for arbitrary A € By = B and we

get
Ef(14) = P{(A) = P;(A) = E5(1,),

and thus P = Py and the equivalent martingale measures are equal.
Conversely, suppose the market is viable but not complete. Then there exists
a contingent claim 0 < X such that, for no admissible strategy ¢, is it true that

X = Vn ().
Now we employ some elementary L >-theory. Define

N d
= {Up + Z Z¢,‘,’)d,(,') : Uy € By, ¢(1), cens ¢,(,d) are predictable.}
n=11=1
By Lemma 10.16.2 there exists ¢\, 1 < n < N} such that
¢:={@D....,¢{".0 <n <N}

is self-financing. Then with such {¢,(,0)}, since d_f,O) =0, 1<n<N,we have

Uo + Z Z¢"’d"’ = U+ Z(cb,, d,).

n=1 1=

Thus, X /SS» ¢ 'H since if it were, there would be a self-financing (and hence by
Remark 10.16.1 also admissible) strategy such that

N
_ _ V
— = Uo+ Z(¢n’ d,) =VnNn(d) = :(g))'

N n=l1 N
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Since the market is viable, there exists an equivalent martingale measure P*.
All random variables are bounded since 2 is finite. Now consider L2(P*) with
inner product (X,Y) = E*(XY). Then H is a subspace of L3(P*) since it is
clearly a vector space and it is closed in L2(P*). So H # L2(P*) since X /SS» ¢

H means that there exists £ £ 0 with £ € H, the orthogonal complement of H.
Define

IEINY = sup |§(w)]
wesl
and £)
w
P** —_ 1 P* ,
({w]) ( + 2||§||V> (o))
and observe
*ok P*({w}) E*(&)
P = 1 p—] l —_— 1,
:L; (b +§2€(“’) 20NV 20E 1Y

since we claim that E*(§) = 0. To check this last claim, note that 1 € H and
(1, &) = 0 (since &£ € HL) means E*(£1) = E*(£) = 0. Also observe that

<2
21601V~ 2
so that :
1+ > 0.
2110
We conclude that P** is a probability measure and that P** = P* = P. Further-
more, for any predictable process {(¢,(,1), cens ,(,d)), 0 < n < N}, we may add the

predictable component {¢,(,0), 0 < n < N} making the full family self-financing

with Vp = 0. So
Va(@) =) (¢, dn)
n=1

and V y(¢p) € H. Since & € H*, we have

0= (Vn(d), &) = E*(VN()E) = ) VN (D) (@)E(@) P*({w)).

weN

Therefore, using the martingale property and orthogonality,

E*Vn®) =) V@) () (1 I ) P*({w))

P 20E]
_ v
—E*V (&) + E* (_ifl’l-;_fi_’f)

=0+ 0.



428 10. Martingales

Since the predictable process is arbitrary, we apply Lemma 10.5.1 to conclude that
((Sp,Bn).0 < n < N}isa P**-martingale. There is more than one equivalent
martingale measure, a conclusion made possible by supposing the market was not
complete. O

10.16.5 Option Pricing

Suppose X is a contingent claim which is attainable by using admissible strategy
¢ so that X = Vi (¢). We call Vy(¢) the initial price of the contingent claim.

If an investor sells a contingent claim X at time 0 and gains Vp(@) dollars,
the investor can invest the Vg(¢) dollars using strategy ¢ so that at time N, the
investor has Vy (¢) = X dollars. So even if the investor has to pay to the buyer X
dollars at time N, the investor is perfectly hedged.

Can we determine Vp(¢) without knowing ¢? Suppose P* is an equivalent
martingale measure. Then we know { (Va(@d),B,),0<n<N } is a P*-martingale
SO

E*(VN(®) = E*(Vo(¢)) = V(@) = Vo(¢b),

and

E*(X/S)) = Vo(9).

So the price to be paid is E*(X /Sg))). This does not require knowledge of ¢, but
merely knowledge of the contingent claim, the risk free asset and the equivalent
martingale measure.

Furthermore, by the martingale property,

E*(VN@)IB:) = Vu(¢), 0<n<N;

that is,

Va(®) = SOE*(Viv(9)/S1B,) = SO E* (X /S 1By).

This has the interpretation that if an investor sells the contingent claim at time n
(with information B, at his disposal), the appropriate sale price is V,,(¢) dollars
because then there is a strategy ¢ which will make the V, (@) dollars grow to X
dollars by time N and the investor is perfectly hedged. The price V,,(¢) can be
determined as S,(,O)E (X /SS))IB,,), so pricing at time »n does not need knowledge
of ¢ but only knowledge of the P*, X and the risk free asset.

Is there more than one initial price that generates wealth X at time N? Put
another way, is there more than one strategy ¢ whose initial values Vp(¢) are
different but each generates the contingent claim X? Essentially, the answer is
negative, provided the market is viable and complete. See Exercise 56.
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10.17 Exercises

1. (a) If A and u are finite measures on (€2, B) and if 4 < A, then

[ fan= f =

for any p-integrable function f.

(b) If A, 1 and v are finite measures on (S2, B) such that v « u and 4 < A,

then
dv dvdu

dr  dudr’
a.e. A.

(c) If 1 and v are finite measures which are equivalent in the sense that each
is AC with respect to the other, then

dv _ (du\~'
du  \dv
a.e. u,v.

(d) If ug.k =1,2,... and u are finite measures on (2, B) such that

00

D uk(A) = p(A)

1=1

for all A € B, and if the py are AC with respect to a o -finite measure A,
then 4 <« A and

dz,lﬂl_zd#t dz,lﬂt_d#

n—»oo dx T dx’

a.e. A.

Hints: (a) The equation holds for f an indicator function, hence when f is

simple and therefore for all integrable f. (b) Apply (a) with f = dv/dp.
2. Let (€2, B, P) be a probability space and let £ be a positive random variable

with E(¢§) = 1. Define P*(A) = [, £dP. Show

(a) E*(X) = E (X&) for any random variable X > 0.

(b) Prove for any X > 0 that

E(X§IY1,....Yn)

E*(X|Yy,...,Y,) =
! EE|Ys,..., Y,

for any random variables Y3, ..., Y,.
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.IfXelLy,Y € Lo, G C B, then

E(YE(X|G)) = E(XE(Y|5)).

. Suppose Y € L; and X, X, are random vectors such that o (Y, X;) is

independent of o (X3). Show almost surely
E(Y|X,, X2) = E(Y[X)).
(Hint: What is an expression for A € o (X, X>) in terms of X;, X5?

If {N@),t > 0} is a homogeneous Poisson process with rate A, what is
E(NGS)N@)) for0<s < t.

IfU isU(0,1)on (2, B, P) defineY = U(1 — U). For a positive random
variable X, what is E(X|Y).

Suppose X1, X are iid unit exponential random variables. What is

(@) E(X11X1 + X3)?
(b) P[Xy <3|X; +X2]?
(c) E(X1|1X1 A1)?
(d) E(X1|Xq1Vvie)?
Suppose X, Y are random variables with finite second moments such that

for some decreasing function f we have E(X|Y) = f(Y). Show that
Cov(X,Y) <0.

Weak L, convergence. We say X, converges weakly in L; to X iff for
any bounded random variable Y, we have E(X,Y) — E(XY). Show this
implies E (X ,|G) converges weakly in L to E(X|G) for any o-field G C B.

Let X be an integrable random variable defined on the space (€2, B, P) and
suppose G C B is a sub-o -field. Prove that on every non-null atom A of G,
the conditional expectation E (X|G) is constant and

E(Xlg)(w)=f XdP/P(A), weA.
A

Recall that A is a non-null atom of G if P(A) > 0 and A contains no
subsets belonging to G other than @ and €.

Let¢ : R — R. Let X, Y be independent random variables. For each x € R
define
Q@x,A):=P[¢(x,Y) € A].

Show
Pl¢(X,Y) € AlX] = Q(X, A)
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almost surely.

Now assume ¢ is either bounded or non-negative. If h(x := E(¢(x,Y)),
then
E(¢$(X,Y)|X) = h(X),

almost surely.

(@) For0 < X € L) and G C B, show almost surely
oo
EX|G) =f P[X > t|G]d:.
0

(b) Show
P[IX| = 1G] < ¥ E( X 1*|6).

If By C B> C Band E(X?) < 00, then

E (X - EQXIB)?) < E (X - E(XIB))?).

Let {Y,,n > 0} be iid, E(Y,) = 0, E(Y?) = 0 < c0. Set X¢ = 0 and
show from first principles that

n
Xp = (Z Yk)2 — no?
=1

is a martingale.

Suppose {(X,,B,),n > 0} is a martingale which is predictable. Show
Xn = Xo almost surely.

Suppose {(Xn.Bp).n > 0} and {(Y,, B,),n > 0} are submartingales.
Show {(X, Vv Y,.B;),n > 0} is a submartingale and that
{(Xn + Yy, By),n > 0} is as well.

Polya urn. (a) An urn contains b black and r red balls. A ball is drawn at
random. It is replaced and moreover c balls of the color drawn are added.
Let Xo = b/(b + r) and let X, be the proportion of black balls attained
at stage n; that is, just after the nth draw and replacement. Show {X,} is a
martingale.

(b) For this Polya urn model, show X, converges to a limit almost surely
andin L, for p > 1.

Suppose (2, B, P) = ([0, 1), B([0, 1)), ») where A is Lebesgue measure.
Let B, = o ([k27", (k +1)27"), 0 < k < 2"). Suppose f is a Lebesgue
integrable function on [0, 1).

(a) Verify that the conditional expectation E( f|13,) is a step function con-
verging in L to f. Use this to show the Mean Approximation Lemma (see
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Exercise 37 of Chapter 5): If € > 0, there is a continuous function g defined
on [0, 1) such that

f |f(x) — gx)ldx < e.

[0.1)

(b) Now suppose that f is Lipschitz continuous meaning for some K > 0
1f(t)— fS)| <KJt—s|, O0<s<t<l.

Define

(f((k +1)27") = f(k2™™))
falx) = 2-n 1[[kz-".(k+1)2-")] «), xel0D

and show that {( f,, B,),n > 0} is a martingale, that there is a limit fo
such that f, — fo almost surely and in L, and

b
f(b)—f(a)=f foo(s)ds, O0<a<b<l.

Supppose {(X,, B,), n > 0} is a martingale such that for all » > 0 we have
Xn+1/Xn € Ly. Prove E(X,+1/Xn) = 1 and show for any n > 1 that
Xn+1/Xn and X,/ X,,—1 are uncorrelated.

(a) Suppose {X,, n > 0} are non-negative random variables with the prop-
erty that X, = 0 implies X,, = Oforallm > n. Define D = U2 ;[ X, = 0]
and assume

P[D|Xo, ..., Xn] = 6(x) > 0 almost surely on [X, < x].

Prove
P{DU[Ilim X, =o0]} =1.
n—00

(b) For a simple branching process {Z,, n > 0} with offspring distribution
{px} satisfying p; < 1, show

P[nlj’ngol,. =0oroo] =1.

Consider a Markov chain {X,,n > 0} on the state space {0,..., NV} and
having transition probabilities

()G (-3

Show {X,} and

are martingales.
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Consider a Markov chain {X,,n > 0} on the state space {0, 1, ...} with
transition probabilities

L
j!
and pog = 1. Show {X, } is a martingale and that

pi}= * jZO,lZO

PV oXn = x|Xo=i] <i/x.

Consider a game of repeatedly tossing a fair coin where the result & at
round k has P[&§ = 1] = P[& = —1] = 1/2. Suppose a player stakes
one unit in the first round and doubles the stake each time he loses and
returns to the unit stake each time he wins. Assume the player has unlimited
funds. Let X, be the players net gain after the nth round. Show {X,} is a
martingale.

Suppose {(X,, B,), n > 0} is a positive supermartingale and v is a stopping
time satisfying X,, > X, on [0 < v < o0]. Show

{X(v—l)/\na ifv>1,

M, =
" 0, ifv=0

is a new positve supermartingale. In particular, this applies to the stopping
time v, = inf{n > 0 : X, > a} and the induced sequence {M, ]} satisfies
0<M, <a.

The Haar functions on [0, 1] are defined by

1, if0<t <1/2,
-1, ifl/2<t<1,

on/2 if0 <t <2t

Hy(t) =1, H(1) = [

Hong1(t) = =272, jf2-0+D) <y <277,
0, otherwise,
(-1 .
Hony j(t) =Honyq(t — ]2,, ), j=1,...,2".

Plot the first 5 functions.
Let f be measurable with domain [0, 1] and satisfying fo1 | f (s)lds. Define

1
Ax :=/(; f(@)YH(t)de.

Let Z be a uniform random variable on [0, 1]. Show

f(Z) = lim Zaka(Z)
k=1
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almost surely and
1 n
lim f | f(s) — arHi(s)|ds = 0.
n—0o0 0 k;l

Hints: Define B, = o(H,(Z),i < n), and show that E(f(Z)|B,) =
Y i—1akHk(Z). Check that EH;(Z)Hi(Z) = O fori # k.

Let {Y,} be random variables with E (]Y,|) < oc. Suppose forn > 0
E(Yn+l|Y0’ ceey Yn) =a, + bnYn’
where b, # 0. Let

Yy —an
bn

In+1(2) = ap + byz, l':-—{.-l(y) =

and set
La®) =050 G) )
(functional composition). Show for any k that

{(Xn =kL,(Yn),0(Yo,...,Ys),n >0}

is a martingale.

Special cases include

(a) The Polya urn.

(b) The simple branching process.

(c) Supppse Yp is uniformly distributed on [0, 1]; given Y,, we suppose
Y,+1 is uniform on [Y,, 1]. Then X,, = 2"(1 —Y,) is a martingale.

If v is a stopping time with respect to {B,,n > 0}, show that a random
variable & is B,-measurable iff £1[y,=n) € B, forn € N.

Suppose that {Y,,n > 1} are independent, positive random variables with
EX,) =1.PutX,=]]_ Y.

i=1
(a) Show {X,} is an integrable martingale which converges a.s. to an inte-
grable X.

(b) Suppose specifically that Y, assumes the values 1/2 and 3/2 with prob-
ability 1/2 each. Show that P[X = 0] = 1. This gives an example where

E (ﬂ Y.-) #[1Ew.
i=1 i=1

for independent, positive random variables. Show, however, that

E (ﬁY.) < ﬁE(Y.-)
i=1 i=l1

always holds.
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If {X,} is a martingale and it is bounded either above or below, then it is
L 1-bounded.

Let X,,, n > 0 be a Markov chain with countable state space which we can
take to be the integers and transition matrix P = (p,;). A function ¢ on the
state space is called excessive or superharmonic if

o) = D piy(j).
J

Show using martingale theory that ¢ (X,;) converges with probability 1 if ¢
is bounded and excessive. Deduce from this that if the chain is irreducible
and persistent, then ¢ must be constant.

Use martingale theory to prove the Kolmogorov convergence criterion: Sup-
pose {Y,} is independent, EY, = 0, EY? < co. Then,if }_; EYZ < 00, we
have ), Yi converges almost surely. Extend this result to the case where
{Yn} is a martingale difference sequence.

Let {Zg = 1, Zy, Z5, ...} be a branching process with immigration. This
process evolves in such a way that

Zn+l = Z'(zl) + ¢t + Z'(lzn) + 1n+1

where the {Z,(,'),i > 1} are iid discrete integer valued random variables,
each with the offspring distribution {p,} and also independent of Z,,. Also
{I;, j = 1} are iid with an immigration distribution (concentrating on the
non-negative integers) and I,y is independent of Z,, for each n. Suppose
EZy=m > landthat EI, = A > 0.

(a) What is E(Z,41|Z,)?

(b) Use a martingale argument to prove that Z,,/m" converges a.s. to a finite
random variable.

Let {X,,n > 1} be independent, £|X,|P < oo for all n with p > 1. Prove
n
f(m)=E|) (X, — E(X)IP
i=1

is non-decreasing in n.

Let {Y,} be independent with

1 1
PlY,=2¥]=~, P[Yj=-2¥]="_.
2 2
Define Xo =0,X, =) ;_,Y,,n>1andv = inf{n : X, > 0}. Then v is
not regular for {X,} even though
E6¥ <00, 0<6 <2,

which implies Ev" < oo forn > 1. (Check that EX,, = 00.)
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Let {£,} be non-negative random variables satisfying

E(Enlsla KRR gn—l) =< 6n—1 +§n—1

where 8, > O are constants and ) , §, < 0o. Show &, — &£ as.and & is
finite a.s.

Let v be a stopping time relative to the increasing sequence {B,, n € N} of
sub-o -fields of B in the probability space (2, B, P). For all n € N, denote
by ¢(n), the smallest integer p such that [v = n] € B,. Show that ¢(v) is
a stopping time dominated by v.

Let {X,,n € N}, {B,,n € N}, and {Y,,, n € N} be 3 adapted sequences of
finite positive random variables defined on the same probability space such
that

EXps1lBr) <A+ B)X,+Y,, neN.

This relation expresses the fact that {X,} is almost a supermartingale. Show
that the limit lim, —, o0 X,; €xists and is finite a.s. on the event

A=[) Bn<0,) ¥, <o)
n n
(Hint: Consider the sequence {U,, n € N} defined by

Up=X,- Y Y,

m<n

where
X, =X, /Q+B1) ...+ Bn-1), Y, =Ya/QA+B1)...(0 + Bn-1),

and also the stopping times

ve=min{n: Y Ypu/(A+B1)...(1+ Bm-1) > a).

m<n
Then observe that (@ + Uy an, n € N} is a finite positive supermartingale.)

Suppose {£,, n > 0} is a sequence adapted to {B,, n > 0}; that is, &, € B,.
Suppose the crystal ball condition E (sup,>q |6:]) < 0o holds and that v is
an almost surely finite stopping time. Define

v*:=inf{n > 0: &, > E(&1B)}.

Show v* is an almost surely finite stopping time such that v* < v and that
foranyn >0
&, < E(E,+|By), on[v* > n].
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Suppose {(X,, B,), n > 0} is a positive supermartingale and v is a stopping
time. Define
X:, = EXvanlBr), n=0.

Show {(X,, By), n > 0} is again a positive supermartingale. (Use the past-
ing lemma or proceed from first principles.)

Let {X, =) ,_, Y:, n > 0} be a sequence of partial sums of a sequence of
mean O independent integrable random variables. Show that if the martin-
gale converges almost surely and if its limit is integrable, then the martin-
gale is regular. Thus for this particular type of martingale, L ;-boundedness,
sup, E(|X,|) < oo, implies regularity.

(Hint: First show that E(Xs, — X,|B,) is constant if B, = o (Y),...,Y,)
and X oo = lim,_, 00 X, almost surely.)

An integrable martingale {X,,, n > 0} cannot converge in L, without also
converging almost surely. On the other hand, an integrable martingale may
converge in probability while being almost surely divergent.

Let {Y,,, n > 1} be a sequence of independent random variables each taking
the values +1 with probability 1/2. Let B, = o (Y}, ..., Yy),n > 0 and let
B,, € B, be a sequence of events adapted to {3,, n > 0} such that

lirgo P(B,) =0 and P[limsup B,] = 1.
n—

n—00

Then the formulas
Xo=0, Xnu =Xn(1+Yn+l)+lB,,Yn+l’ n >0,
define an integrable martingale such that

lirrcgo P[X,=0]=1, P[{X,]converges]=0.

n—

(Note that P[X, 41 # 0] < (1/2)P[X, # 0] + P(B,) and that on the set
[{X .} converges], the limit lim,_, o 1p, exists.)

Suppose {(X,, B,),n > 0} is an L;-bounded martingale. If there exists
an integrable random variable Y such that X,, < E(Y|B,) then X, <
E(Xoo|B,) for all n > 0 where Xoo = lim,_, o X, almost surely.

(a) Suppose {&,,n > 0} are iid and g : R — R, satisfies E(g(§¢)) = 1.
Show X, := [];_ &(&) is a positive martingale converging to 0 provided
Plgo)=1) # 1.

(b) Define {X,} inductively as follows: Xg = 1 and X,, is uniformly dis-
tributed on (0, X,,—1) for n > 1. Show {2"X,;, n > 0} is a martingale which
is almost surely convergent to 0.
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Consider a random walk on the integer lattice of the positive quadrant in
two dimensions. If at any step the process is at (m, n), it moves at the next
step to (m+1, n) or (m, n+1) with probability 1/2 each. Start the process at
(0, 0). Let I" be any curve connecting neighboring lattice points extending
from the y-axis to the x-axis in the first quadrant. Show E (Y;) = E(Y>),
where Y1. Y2 denote the number of steps to the right and up respectively
before hitting the boundary I'. (Note (Y1, Y2) is the hitting point on the
boundary.)

(a) Suppose that E(|X|]) < oo and E(JY]) < o0 and that
E(Y|X) = X and E(X|Y) =Y. Show X =Y almost surely.

Hint: Consider
f (Y — X)dP.
[Y>c,X <c]

(b) If the sequence {X,, —00 < n < 00} is a martingale in both forward
time and reverse time, then for any m # n, we have X, = X,, almost
surely.

Suppose {B,,n > 0} is a sequence of events with B, € B,. What is the
Doob decomposition of X, = Y "7_,1p,?

U-statistics. Let {&,, n > 1} be iid and suppose ¢ : R™ +— R is a symmetric
function of m variables satisfying

E(l¢(&1. .- .. Em)]) < 00.
Define (U, n, n = m} by
Unni= Y. ¢(§.,.....§.m)/(")
1<ij<--<im<n m
and set B, := o (Up.n, j = n}.

Some special cases of interest are

m=1, ¢x)=nx,

m=2, ¢(x1,x)=(x; —x2)%/2.

(a) Show {U,,.,, n = m} is a reversed martingale.

(b) Prove
lim Up n = E(¢(1, ..., &m)),

almost surely and in L;.

Let {(Xs,Bn).n > 0} be a submartingale such that vV,>0X, < oo. If
E(sup; d) < oo, then{X,} is almost surely convergent.
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Ballot problem. In voting, r votes are cast for the incumbent, s votes for
the rival. Votes are cast successively in random order with s > r. The
probability that the winner was ahead at every stage of the voting is (s —
r)/(s +r).

More generally, suppose {Xj, 1 < j < n} are non-negative integer valued,
integrable and iid random variables. Set S; = ) /_, X;. Then

S
P[Sj<j,1<j=<n|S)=01- 7")*.

Hint: Look at S, < n and consider {S,/j}.

Two genetics models. Let {X,,n > 0} be a Markov chain on the state
space {0, 1, ..., M} with transition matrix {p;;,0 < i, j < M}. For the
following two models, compute

Y := P|[ absorbtion at M| Xy = i]

and show y; is the same for either model.
(a) Wright model:

M\ (i} i \M~/
e — 1 — — ,
b (1)(M)( M)
fori=0,...,M; j=0,...,M.
(b) Moran model: Define
iM—-i) .
Pi:T’ l=0,...,M

and set

pij =pi, Jj=i—1,i+1,i#0o0rM,
po; =b0j, pmj = dMmj,
pij =0, otherwise.

(a) Suppose {(X,, B,),n > 0} is a positive supermartingale and v is a
stopping time. Show

E(Xo) > E(le[v<oo])-

(b) Suppose X, represents an insurance company’s assets at the start of
year n and suppose we have the recursion X,4+1 = X, + b — Y, where
b is a positive constant representing influx of premiums per year and Y,,
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52.

53.

54.

10. Martingales
the claims in year n, has N (u, o2) distribution where u < b. Assume that
{Yn, n > 1} are iid and that Xy = 1. Define the event

(0.8

[Ruin] = |_J[XA < 0].

n=1

Show
P[Ruin] < e~2(-#/ o

(Hint: Check that {exp{—2(b — n)o~2X,,n > 0} is a supermartingale.
Save come computation by noting what is the moment generating function
of a normal density.)

Suppose B, 1 Boo and {Y,,, n € N} is a sequence of random variables such
that Y, & Y.

(@) If |Y,| < Z € L, then show almost surely that

E(Yn|By) = E(YoolBco).

®)If Yy 23 Yoo, then in L,

E(Yn1Bn) = E (Yool Boo).

(c) Backwards analogue: Suppose now that B,, | B_ and |Y,| < Z € L,
and Y, — Y_oo almost surely. Show

E(Ya|By) = E(Y_00lB-co)
almost surely.

A potential is a non-negative supermartingale {(X,, B,), n > 0} such that
E(X,) — 0. Suppose the Doob decomposition (see Theorem 10.6.1) is
Xn = Mn - An. ShOW

Xn = E(Aoolsn) - An-

Suppose f is a bounded continuous function on R and X is a random vari-
able with distribution F. Assume for all x € R

fx) = fm f(x + y)Fdy) = E(f(x + X)).

Show using martingale theory that f(x + s) = f(x) for each s in the
support of F. In particular, if F has a density bounded away from O, then
f is constant. (Hint: Let {X,} be iid with common distribuion F and define
an appropriate martingale.)



55.

56.

10.17 Exercises 44]

Suppose {X,, j > 1} are iid with common distribution F and let F,, be the
empirical distribution based on X7y, ..., X,,. Show

Y, := sup |[F(x) — F(x)|

X€ER

is a reversed submartingale.
Hint: Consider first {I?,,(x) — F(x),n > 1}, then take absolute values, and
then take the supremum over a countable set.)

Refer to Subsection 10.16.5. A price system is a mapping IT from the set of
all contingent claims X’ to [0, oc) such that

NX)=0iff X =0, VXedX,
M@X +bX') = all(X) + bII(X"),

foralla > 0, b > 0, X, X’ € X. The price system I is consistent with
the market model if

M(Vn (#)) = T1(Vo(9)),
for all admissible strategies ¢.

(i) If P* is an equivalent martingale measure, show
M(X) := E*X/SY), VX eX,

defines a price system that is consistent.

(ii) If IT is a consistent price system, show that P* defined by
P*(A) = TI(SP14), VA €B,

is an equivalent martingale measure.

(iii) If the market is complete, there is a unique initial price for a contingent
claim.






References

[BD91]

[Bil68]

[Bi195]

[Bre92]

[Chu74]

[Dur91]

[Fel68]

[Fel71]

[FG97]

P. J. Brockwell and R. A. Davis. Time Series: Theory and Methods
(Second Edition). Springer: NY, 1991.

Patrick Billingsley. Convergence of Probability Measures. John Wiley
& Sons Inc., New York, 1968.

Patrick Billingsley. Probability and Measure (Third Edition). John Wi-
ley & Sons Inc., New York, 1995.

Leo Breiman. Probability. SIAM: PA, 1992.

Kai Lai Chung. A Course in Probability Theory. Academic Press,
New York-London, second edition, 1974. Probability and Mathemat-
ical Statistics, Vol. 21.

R. Durrett. Probability: Theory and Examples. Brooks Cole:CA, 1991.

William Feller. An Introduction to Probability Theory and its Applica-
tions. Vol. I. John Wiley & Sons Inc., New York, third edition, 1968.

William Feller. An Introduction to Probability Theory and its Appli-
cations. Vol. Il. John Wiley & Sons Inc., New York, second edition,
1971.

Bert Fristedt and Lawrence Gray. A Modern Approach to Probability
Theory. Probability and its Applications. Birkhiduser Boston, Boston,
MA, 1997.



444 References

[HK79]

[HP81]

[LL96]

[Loe77]
[Nev65]

[Nev75]

[Por94]

[Res92]

[Rud74]

J. Michael Harrison and David M. Kreps. Martingales and arbitrage
in multiperiod securities markets. J. Econom. Theory, 20(3):381-408,
1979.

J. Michael Harrison and Stanley R. Pliska. Martingales and stochastic
integrals in the theory of continuous trading. StocProc, 11:215-260,
1981.

Damien Lamberton and Bernard Lapeyre. Introduction to Stochastic
Calculus Applied to Finance. Chapman & Hall, London, 1996. Trans-
lated from the 1991 French original by Nicolas Rabeau and Frangois
Mantion.

M. Loéve. Probability Theory One (4th Ed). Springer: NY, 1977.

Jacques Neveu. Mathematical foundations of the calculus of probabil-
ity. Holden-Day Inc., San Francisco, Calif., 1965. Translated by Amiel
Feinstein.

J. Neveu. Discrete-Parameter Martingales. North-Holland Publishing
Co., Amsterdam, revised edition, 1975. Translated from the French by
T. P. Speed, North-Holland Mathematical Library, Vol. 10.

Sidney C. Port. Theoretical Probability for Applications. Wiley Series
in Probability and Mathematical Statistics: Probability and Mathemat-
ical Statistics. John Wiley & Sons Inc., New York, 1994. A Wiley-
Interscience Publication.

Sidney 1. Resnick. Adventures in Stochastic Processes. Birkhiuser:
Boston, MA, 1992.

Walter Rudin. Real and Complex Analysis. McGraw-Hill Book Co.,
New York, second edition, 1974.



Index

A-system, 36
Ly, 126
L,, 181
L,,180
convergence, 189
convergence, 180
and convergence in probabil-
ity, 181
metric, 180
norm, 180
L, 201
A-system, 36
new postulates, 36
old postulates, 36
m-system, 36, 37
o -additive class, 36
o-algebra, 13, 29
o-field, 13, 20, 22-24
almost trivial, 108
complete, 66
countably generated, 24
generated by a map, 83
generated by continuous func-
tions, 87
minimal, 15

permutable, 26
product, 145
tail, 107

absolute continuity, 333
adapted process, 364
additive, 43
admissible strategy, 419
algebra, 12
almost all, 167
almost certainly, 167
almost everywhere, 167
almost sure convergence, 167
and continuous maps, 174
and convergence in probability,
170, 171
not metrizable, 200
almost surely, 167
almost trivial o -field, 108
arbitrage, 419
arbitrage strategy, 419
Arzela—Ascoli theorem, 326
asymptotic density, 26
atom, 24, 64
of algebra, 24



446 Index

of probability space, 64
autocovariance function, 327
autoregression, 227

baby Skorohod theorem, 258, 259,
261, 262
ballot problem, 439
Beppo Levi theorem, 165
Bernoulli random variable, 103, 163, -
176, 285
Bernstein polynomial, 176, 238
big block-little block method, 271
binomial distribution, 176, 282
birth process, 216
Bonferroni inequalities, 30
Borel sets, 16
comparing, 18
extended, 25
metric space, 18
open sets, 18
ways to generate, 17
Borel zero-one law, 103, 115, 219
Borel-Cantelli Lemma, 102, 163, 204
partial converse, 236
branching process
immigration, 435
bridge, 69

Cantor distribution, 244

Cauchy criterion, 171

Cauchy density, 126, 193, 286

Cauchy equation, 280

Cauchy in probability, 211

central limit theorem, 1, 253, 270,

282-284, 287,294, 302, 313

DeMoivre-Laplace, 253
Liapunov condition, 319
Lindeberg condition, 314
Lindeberg-Feller, 314
m-dependence, 270
proof, 312

central value, 162, 201

characteristic function, 293, 295
bilateral exponential density, 328
cauchy density, 328

continuity theorem, 304
derivatives and moments, 301
elementary properties, 296
expansions, 297
exponential density, 328
normal density, 299
selection theorem, 307, 309
triangle density, 329
uniform density, 328
uniqueness theorem, 302
Chebychev inequality, 130, 131, 176,
181, 185, 315
chf, 295
circular Lebesgue measure, 86
closure, 11, 12, 35, 373, 374, 388
coincidences, 34
comparison lemma, 141
complement, 3
complete convergence, 250
complete market, 425, 441
option pricing, 441
completion, 66
o -field, 66
composition, 77
conditional expectation, 2, 339
countable partitions, 341
definition, 340
densities, 344
discrete case, 343
existence, 340
independence, 349
properties, 344
dominated convergence, 347
Fatou lemma, 346
Jensen inequality, 351
linearity, 344
modulus inequality, 345
monotone convergence, 346
monotonicity, 345
norm reducing, 352
product rule, 347
projections, 349
smoothing, 348
Radon-Nikodym derivative, 340
conditional probability, 341



conditional variance, 363
consistency, 1
containment, 4
contingent claim, 425
attainable, 425
continuity, 31, 32
measurability, 80
measures, 31, 32
continuity theorem, 304, 326, 330
proof, 311
continuous functions, 79, 159
continuous mapping theorem, 261,
287
second, 287
continuous maps, 174
continuous paths, 88
convergence
L, 180
almost sure, 167
complete, 250
in distribution, 247, 251
in probability, 169
proper, 249
vague, 249
weak, 249, 251
convergence in distribution, 247, 251
convergence in probability
and almost sure convergence, 170,
171
and continuous maps, 174
and dominated convergence, 175
Cauchy criterion, 171
metrizable, 199
subsequence criterion, 172
convergence to types theorem, 274,
275, 279, 289, 290, 321,
329
converging together theorem
first, 268
second, 269, 273
convolution, 154, 293
convolution transform, 288
coordinate map, 143, 162
correlation, 181
coupon collecting, 242

Index 447

covariance, 128
crystal ball condition
and uniform integrability, 184

De Morgan’s laws, 5
delta method, 261, 288
DeMoivre—Laplace central limit the-
orem, 253
density, 135, 139
Bernoulli, 323
Cauchy, 126, 286, 288, 328
exponential, 285, 287, 288, 323
extreme value, 279
gamma, 160, 163, 285, 325
normal, 162, 163, 284, 287, 288,
299
Pareto, 286
Poisson, 288, 321
triangle, 329
uniform, 286, 287, 289, 322
diagonalization, 307
discounted price process, 416
discrete uniform distribution, 266
distribution
measure, 137
distribution function, 33, 38, 42, 61,
66, 138, 159, 247
inverse, 61, 66
non-defective, 248
proper, 248
dominated convergence, 133, 157, 158,
160, 161, 163, 164, 175
and convergence in probability,
175
dominated family
and uniform integrability, 183
dominating random variable, 132, 133
Doob decomposition, 360, 362
Doob martingale convergence theo-
rem, 387
Dubins’ inequality, 371
dyadic expansion, 88, 95, 98, 115
Lebesgue measure, 88
Dynkin class, 36
Dynkin’s Theorem, 3638, 93



448 Index

Dynkin’s theorem, 146

Egorov theorem, 90
Egorov Theorem, 157
empirical distribution function, 224
equicontinuous sequence, 326
equivalence class, 64
equivalent events, 64
equivalent martingale measure, 420,
441
unique, 426
estimate, 171
estimation, 170, 171
quantile, 178
estimator, 171, 282
strongly consistent, 171
weakly consistent, 171
Euler’s constant, 321
European call, 425
European option, 425
European put, 425
event, 2, 29
tail, 107
exception set, 167
expectation, 117, 119
basic properties, 123
extension, 122
linear, 123
simple function, 119
exponential random variable, 105
exponential tilting, 403
extended real line, 25
extension, 43
extension theorem, 46, 48, 49
combo, 48
first, 46
second, 48, 49
extreme value distribution, 278, 279
extreme value theory, 168, 197, 278,
286, 289

factorization criterion, 94
fair sequence, 354

Fatou lemma, 32, 132, 164, 166
expectation, 132, 133

measures, 32
field, 12, 22, 24, 63
finance
admissible strategy, 419
arbitrage, 419, 420
arbitrage strategy, 419
complete market, 425
contingent claim, 425
attainable, 425
discounted price process, 416
European call, 425
European put, 425
first fundamental theorem, 420
market model, 416
martingale, 416
option pricing, 428
price system, 441
risk neutral measure, 420
second fundamental theorem, 426
trading strategy, 417
viable market, 420
finite dimensional distribution func-
tions, 93
and independence, 93
first category set, 67
first converging together theorem, 268
Fourier inversion, 303, 328, 329
Fubini theorem, 143, 147
Fubini Theorem, 149, 152, 153
Fubini theorem, 154, 155, 157
Fubini Theorem, 162
Fubini theorem, 235, 293
function
monotone, 87
upper semi-continuous, 87

gambler’s ruin, 410, 411
gamma density, 160

generating function, 161
Glivenko—Cantelli lemma, 284
Glivenko—Cantelli theorem, 224
groupings, 100

Gumbel distribution, 279

Haar function, 433



Hamel equation, 280

heavy tail, 126

heavy tailed time series models, 227
hedged security, 425

Hilbert space, 181, 334

hypograph, 4

Holder inequality, 186, 189, 201

inclusion-exclusion formula, 30, 35,
63, 64, 68, 70
coincidences, 34
increasing process, 360
independence, 91, 130, 143, 155
arbitrary number of classes, 93
basic criterion, 92
classes, 92
groupings, 100
groupings lemma, 101
many events, 91
random variables, 93
discrete, 94
factorization criterion, 94
two events, 91
indicator function, 5
induced probability, 75
inequalities, 186
Chebycheyv, 130, 131, 176, 181,
185
Dubins, 371
Holder, 186, 189, 201
Jensen, 188
Markov, 130
Minkowski, 187, 201
modulus, 128
Schwartz, 186, 187, 196
Skorohod, 209, 210
inner product, 181
integral comparison lemma, 336
integrand, 134
integration, 117, 119
intersection, 3
interval of continuity, 248, 250
inverse, 61, 71
distribution function, 61, 66
map, 71

Index 449

inversion formula, 328
Jensen inequality, 188

Kolmogorov convergence criterion,
212, 243, 435

Kolmogorov zero-one law, 107, 108,
217

Kronecker lemma, 214

ladder time, 89
Laplace transform
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Lebesgue decomposition, 334, 382
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arbitrage, 420
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examples, 374
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complete market, 426
convergence, 387
convergence theorem, 2
definition, 353
differentiation, 382
Doob decomposition, 360, 362
entymology, 355
examples, 356
branching process, 359, 380
differentiation, 382, 385
finance, 416
gambler’s ruin, 379, 410, 411
gambling, 356
generating functions, 357
likelihood ratio, 359
Markov chains, 358
random walk, 398, 400, 401,
409
smoothing , 356
sums, 356
transforms, 356
finance, 416
Krickeberg decomposition, 386

mean approximation lemma, 431

optimal stopping, 2
random walk
regular, 402
regular, 390
reversed, 412
convergence, 412
examples, 412
mixing, 415
SLLN, 412
stopped, 377, 379, 392
stopping time
integrable, 407
regular, 402
submartingale, 360, 362

transform, 356
uniformly integrable, 389
viable market, 420
Wald identity, 398
martingale difference, 354
orthogonality, 355
mathematical finance, 416
mean, 164
minimizes L 7 prediction., 164
mean approximation lemma, 165, 431
mean square error, 181
measurable, 74, 118, 144, 162
composition, 77
continuity, 80
limits, 81
test, 76
measurable map, 74
measurable space, 74
measures
absolutely continuous, 334
Lebesgue decomposition, 334
mutually singular, 334
median, 164, 201
exists, 164
minimizes L prediction, 164
metric space, 65, 78
mgf, 294
minimal structure, 36
Minkowski inequality, 187, 191, 201
mixing, 415
tail o-field, 415
modulus inequality, 128
moment generating function, 160, 294,
299
central limit theorem, 294
monotone class, 35
monotone convergence theorem, 123,
131, 152
series version, 131
monotone function, 87
monotone sequence of events, 8
and indicator functions, 10
monotonicity, 31
events, 135
expectation, 121, 127, 128, 134
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measures, 31
Monte Carlo method, 234
mutually singular, 245

negligible set, 66

non-atomic, 64

non-defective, 248
non-negative definite, 327, 328
non-parametric estimation, 178
normal density, 162, 193, 299
normal random variable, 112
null set, 66

occupancy problem, 234
occupation time, 153

option pricing, 428

order statistics, 116, 178, 285, 287
orthonormal, 331

pairwise disjoint, 3
Pareto distribution, 286
pivot, 283
point process, 79
Poisson random variable, 113
Polya urn, 431
portmanteau theorem, 263, 264
potential, 440
power set, 2
Pratt Lemma, 164
predictable, 356
prediction, 164
Lq,164
L,, 164
best linear, 164
predictor, 181
price system, 441
probability measure, 29, 66
additive, 43
construction, 57
measure with given df, 61
Lebesgue measure, 57
extension, 43
probability space, 29
coin tossing, 41
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construction, 40
discrete, 41
general, 43

discrete, 41

product, 145, 147
o-field, 145
product comparison lemma, 313
product space, 143
Prohorov theorem, 309
projection, 335
projection map, 80, 143
proper, 248
proper convergence, 249
pure birth process, 216

quantile, 178, 279
quantile estimation, 178
weakly consistent, 179

Radon-Nikodym derivative, 333
random element, 74, 78
random function, 79
random measure, 79
random permutation, 34
random sequence, 79
random signs, 234
random variable, 71, 75, 79, 93

Bernoulli, 176

bounded, 86

discrete, 94

exponential, 105

normal, 112

Poisson, 113

tail, 107

tail equivalent, 203, 204
random vector, 79
random walk, 89, 398

simple, 409

skip free, 404
rank, 95
rapid variation, 163, 197
record, 95, 215, 320

counts, 215, 320

asymptotic normality, 320

rectangle, 144
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Borel set, 70

measure, 70
regular variation, 286
regularity, 388, 393

criteria, 391

stopping, 390
relative compactness, 309
relative rank, 89, 96
relative stability

sums, 240
renewal theory, 222, 331
Renyi, 96
Renyi representation, 116, 285
Renyi theorem, 95, 96, 114, 155
Riemann integral, 139
risk neutral measure, 420
riskless asset, 416

sample mean, 247
sample median, 287
sampling with replacement, 287
sampling without replacement, 34
Scheffé lemma, 190, 253, 284, 287
and L convergence, 190
Schwartz inequality, 186, 187, 196
second continuous mapping theorem,
287
second converging together theorem,
269, 273
section
function, 144, 146
set, 143, 145
selection theorem, 307, 309, 326
self-financing, 417
characterization, 417
semi-continuous function, 4, 87
semialgebra, 35, 43, 66, 144
field generated by, 45
intervals, 44
rectangles, 44
separating hyperplane theorem, 423
set difference, 3
set operations, 11
simple function, 84, 117-119, 136

expectation, 119
Skorohod inequality, 209, 210
Skorohod theorem, 258, 259, 261, 262
Slutsky theorem, 268
spacings, 116, 285
St. Petersburg paradox, 240, 241
stationary process, 181
statistic, 171
Stirling formula, 323
CLT proof, 323
stochastic process, 88
stopped process, 88
stopping theorems, 392
stopping time, 363
comparison, 366
definition, 363
hitting time, 364
integrable, 407
preservation of process mean,
367
properties, 365
regular, 392
characterization, 394
criteria, 393, 394, 397
strong law of large numbers, 208, 213,
219, 220
Kolmogorov, 220
strongly consistent, 171
structure, 35
minimal, 36
subadditivity
measures, 31
submartingale, 386
subsequence criterion, 172
sums of independent random vari-
ables, 209
supermartingale, 366
Lebesgue decomposition, 382
positive, 366, 367
bounded, 369
convergence, 371, 373
operations, 367
pasting, 367
stopped, 368
upcrossings, 369
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symmetric difference, 3
symmetrization, 232, 289

tail o -field, 107
tail equivalence, 203, 204
tail event, 107
tail random variable, 107
three series theorem, 226, 237, 243,
244
ties, 89, 95, 97
tightness, 309
criteria, 310
trading strategy, 417
self-financing, 417
characterization, 417
transformation theorem, 135, 138, 293
transition functicn, 147
truncation, 203
type, 275

U-statistic, 438
UAN, 315
uncorrelated, 130, 155, 165
uniform absolute continuity
and uniform integrability, 184
uniform asymptotic negligibility, 315
uniform continuity, 67
uniform distribution, 266
uniform integrability, 182, 388
criteria, 183
uniform random number, 95, 98
dyadic expansion, 98
uniformly bounded, 157
union, 3
uniqueness theorem, 302
upcrossings, 369
convergence, 369
upper semi-continuous, 4

vague convergence, 249
variance, 128, 155
vector space, 118
viable market, 420

Wald identity, 398, 405
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weak L, convergence, 430
weak convergence, 249, 251
equivalences, 263
metric, 285
weak law of large numbers, 204
applications, 239, 241
weakly consistent, 171
quantile estimation, 179
weakly stationary process, 327
Weierstrass approximation theorem
Bernstein version, 176

zero-one law, 102
Borel, 103, 219
Borel-Cantelli Lemma, 102
Kolmogorov, 107, 108, 217
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