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Using McGraw-Hill Ryerson Calculus & Advanced Functions, Solutions

McGraw-Hill Ryerson Calculus & Advanced Functions, Solutions provides complete model
solutions to the following:

for each numbered section of McGraw-Hill Ryerson Calculus & Advanced Functions,

- every odd numbered question in the Practise

- all questions in the Apply, Solve, Communicate

Solutions are also included for all questions in these sections:
- Review

- Chapter Check

- Problem Solving: Using the Strategies

Note that solutions to the Achievement Check questions are provided in McGraw-Hill Ryerson
Calculus & Advanced Functions, Teacher’s Resource.

Teachers will find the completeness of the McGraw-Hill Ryerson Calculus & Advanced
Functions, Solutions helpful in planning students’ assignments. Depending on their level of
ability, the time available, and local curriculum constraints, students will probably only be able to
work on a selection of the questions presented in the McGraw-Hill Ryerson Calculus & Advanced
Functions student text. A review of the solutions provides a valuable tool in deciding which
problems might be better choices in any particular situation. The solutions will also be helpful in
deciding which questions might be suitable for extra practice of a particular skill.

In mathematics, for all but the most routine of practice questions, multiple solutions exist. The
methods used in McGraw-Hill Ryerson Calculus & Advanced Functions, Solutions are generally
modelled after the examples presented in the student text. Although only one solution is presented
per question, teachers and students are encouraged to develop as many different solutions as
possible. An example of such a question is Page 30, Question 7, parts b) and c). The approximate
values can be found by substitution as shown or by using the Value operation on the graphing
calculator. Discussion and comparison of different methods can be highly rewarding. It leads to a
deeper understanding of the concepts involved in solving the problem and to a greater

appreciation of the many connections among topics.

Occasionally different approaches are used. This is done deliberately to enrich and extend the
reader’s insight or to emphasize a particular concept. In such cases, the foundations of the
approach are supplied. Also, in a few situations, a symbol that might be new to the students is
introduced. For example in Chapter 3 the dot symbol is used for multiplication. When a graphing
calculator is used, there are often multiple ways of obtaining the required solution. The solutions
provided here sometimes use different operations than the one shown in the book. This will help
to broaden students’ skills with the calculator.

There are numerous complex numerical expressions that are evaluated in a single step. The
solutions are developed with the understanding that the reader has access to a scientific
calculator, and one has been used to achieve the result. Despite access to calculators, numerous
problems offer irresistible challenges to develop their solution in a manner that avoids the need
for one, through the order in which algebraic simplifications are performed. Such challenges
should be encouraged.
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There are a number of situations, particularly in the solutions to Practise questions, where the
reader may sense a repetition in the style of presentation. The solutions were developed with an
understanding that a solution may, from time to time, be viewed in isolation and as such might
require the full treatment.

The entire body of McGraw-Hill Ryerson Calculus & Advanced Functions, Solutions was created
on a home computer in Te,tures. Graphics for the solutions were created with the help of a variety
of graphing software, spreadsheets, and graphing calculator output captured to the computer.
Some of the traditional elements of the accompanying graphic support are missing in favour of

the rapid capabilities provided by the electronic tools. Since many students will be working with
such tools in their future careers, discussion of the features and interpretation of these various
graphs and tables is encouraged and will provide a very worthwhile learning experience. Some
solutions include a reference to a web site from which data was obtained. Due to the dynamic
nature of the Internet, it cannot be guaranteed that these sites are still operational.



CHAPTER 1
1.1

Practise

Functions and Models

Functions and Their Use in Modelling

Section 1.1 Page 18 Question 1

a) x €[-2,2] «——@ ' . : o
-2 -1 0 1 2
b) x € [4,13] « O @ —
-8 -4 0 4 8 1213 16
c) x € (—4,-1) < I @ : 3 I »
-5 -4 -3 -2 -1 0
d) x €(0,4) < o o >
0 1 2 3 7
e) x € (—00,2) < : o>
-2 -1 0 1 2
f) x € (—1, 00) < o
1 0 1 2 3 >
g X € (o0, —1] < ' o
-5 -4 -3 -2 -1
h) x € [0, o) —@ : : : :
0 1 2 3 4 >
Section 1.1 Page 18 Question 3
a)  f(-x)=2-x)’ b  g(-x)=(-x)’-4 0 h(=x)=1-(-x)
= —2x3 =-x"—4 =1=x2
=—-f(x) # g(x) or —g(x) = h(x)
f(x) =2x3 is odd. g(x) = —x* — 4 is neither even nor odd. h(x) = 1 — x? is even.
87 ] ]
6- 6- 6-
y4- y4- y4-
2 2 2
4-3-2 1;34 3 4
2
—4 -
-6
-8
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Section 1.1 Page 19 Question 5

3
a) f(=x) = —|—x| b) g(—x) =|—x| +1 ) h(=x) = |2(=x)’ |
= — x| =|x|+1 =|2x3|
= f(x) = g(x) = h(x)
The function f(x) = — |x| is even. The function g(x) = |x| + 1 iseven. ~ The function A(x) = |2X3 | is even.
47, 6j | ] “‘
3] ] ‘\ 51 //
] ] | b |
v24 ; I
E | \ o o
R W— | o
4 3 2 401 2 3 g 1 \ 1
1 X ] ‘
-1 y 1/
" N N A
1 171 2 73 44 3 2 4071 23
] ] X ] X
-3 1 1
_4—: _2,: _25
Section 1.1 Page 19 Question 7
1
a) Use f(x) = -
) 1 1 1
1
i == ii -3) = iii =)=
i) O =5 i) f(=3) 3 ) f (3> Bk
_1 _! 1
9
=9
1 1 1 1 k 1
iv) f <—> =— V) f <E> =2 vi) f< ) = 3
G (%) k) (k)
_ -1 1
=— T - —
10 “ T+r
=10 =k (k)
=0

b) Use f(x) = %

w
|
w

i) @) =7

~
S
W =
N———
1l
| [wr—
Wl—

N = o |wi= =
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Section 1.1 Page 19 Question 9
Verbally: Answers will vary.

Visual representation with a scatter plot:

GRAPHING CALCULATOR

L L O = B R |

Section 1.1 Page 19 Question 11

a) The calculator suggests y = —0.75x + 11.46 as the

line of best fit.
GRAPHING CALCULATOR

M= - PERERERERERE BN +1L.

W= Hzizizl

Apply, Solve, Communicate

Section 1.1 Page 20 Question 13
Consider the function /(x), where

h(x) = f(x)g(x)
If f(x) and g(x) are odd functions, then

h(=x) = f(=x)g(=x)
= —f(x)[-g(x)]
= f(x)g(x)
= h(x)

The product of two odd functions is an even function.

—_
I ==
ol e
<
L
N
\
/N
—
+| =
x~
N————
|
—
' i
X
=~

w
|
T
|

I~

»
~
| —_—
—_
Il
LR fe
~‘+
+|=
~T
x~

Algebraic representation using linear regression:

GRAPHING CALCULATOR

=124 95909090808+ =25 _

J=iizye.611 .

The graphing calculator suggests the function
f(x) = 134.9690x — 258 290.

b) y(12) =2.375
¢) Wheny =0, x = 15.136.

GRAPHING CALCULATOR

Y12

L ararararG
solueihy.m. 150
. 15. 135

Section 1.1 Page 20 Question 14

Consider the function /(x), where

h(x) = S
g(x)

If f(x) and g(x) are even functions, then

J(=x)

g(—x)
_/®
S g
= h(x)

h(—x) =

The quotient of two even functions is an even function.

1.1 Functions and Their Use in Modelling MHR 3



Section 1.1 Page 20 Question 15 Section 1.1 Page 20 Question 16

The product of an odd function and an even function is a) Since y = f(x)isodd, f(—x) = —f(x) for all x in
an odd function. Consider /(x), where the domain of f. Given that O is in the domain of
f, we have f(=0) = —f(0) = f(0) = —f(0) =

h(x) = f(x)g(x) 2f0)=0= f(0)=0.

b) An odd function for which f(0) # 0is f(x) = li—l

If f(x) is odd and g(x) is even, then
h(=x) = f(=x)g(-x)

= —f(0)g(x)
= —h(x)

Section 1.1 Page 20 Question 17

a) Let V be the value, in dollars, of the computer equipment after ¢ years. From the given information, the points
9000 — 18 000

4-0

(t,V) = (0,18 000) and (z, V') = (4,9000) are on the linear function. The slope of the line is m =
or —2250. The linear model can be defined by the function V' (¢) = 18 000 — 2250z.

b) V(6) = 18 000 — 2250(6) or $4500
¢) The domain of the function in the model is ¢ € [0, 8]. (After €) GRAPHING CALCULATOR
8 years the equipment is worthless.) Yi=-zzCol+1B000
d) The slope represents the annual depreciation of the com-
puter equipment.
f) Since the function is given to be linear, its slope does not
change.

Section 1.1 Page 20 Question 18
a) b) The line of best fitis y = 0.72x — 1301.26.

GRAPHING CALCULATOR GRAPHING CALCULATOR

Yi=-1z0i.26+.7Eh

W=i98E | w=i 4@ . . W=499E | w=13C.4Y )

h del h lati h 145 940 i GRAPHING CALCULATOR
©) ;ll"lee mo 2eOls(;lggests the population reaches in Wy ?ALE D
e on was 0 145, 94
d) The model suggests the population was 0 in 1807. No. =
e) The model suggests the population will reach 1 000 000
in the year 3196. Answers will vary.
f) No. Explanations will vary.

b
3196, 194444

4 MHR Chapter 1



Section 1.1 Page 20 Question 19

a) b) The line of best fitis y = 5.11x — 9922.23.
GRAPHING CALCULATOR GRAPHING CALCULATOR
T=C.i1d+ =002z 22
J=zPZ.B . ; n=1997 . Jr=gHeE Y .
GRAPHING CALCULATOR
¢) The model suggests the population will reach 348 870
d) The model suggests the population was 0 in 1941. 1 0y b E'E"él ,
e) The model suggests the population will reach 1 000 000 =ollle i gé i %2?95 4
Explanations will vary. s
b B g Z06E )

2137 . 422781

Section 1.1 Page 20 Question 20

a) b) The line of best fit is y = 0.009x — 40.15.

GRAPHING CALCULATOR GRAPHING CALCULATOR

= 008E-40.1E

a=HO00n ¥=z189.BE

¢) Estimates will vary. The model suggests annual pet
expenses of approximately $319.85.

d) Estimates will vary. The model suggests an annual SRARHING CARCHRATOR

income of approximately $48 905.56 results in an- "1 CAEEERE
nual pet expenses of $400. 219.85
e) The model predicts pet expenses of approximately soluecyy—4868. x. 4
$62 959.85. Explanations will vary. FEEE D
f) The model suggests an annual income of $ — 40.15. 42905, 30006
Explanations will vary. Y1 CYEEEEBEE )

g) No. Explanations will vary. 0 B23039. 85

1.1 Functions and Their Use in Modelling MHR 5



Section 1.1 Page 20 Question 21

a) GRAPHING CALCULATOR b) Answers will vary. Using the quadratic regression
feature of the calculator yields an approximation of
d = 0.008s> + 0.002s + 0.059.
GRAPHING CALCULATOR
=007 9662002 H "2+ 00
¢) As speed increases the slope of the curve increases. == .'|'=.EE..H.3 3'5 .

d) Answers will vary. This curve is steeper, and its
slope increases more quickly.

Section 1.1 Page 20 Question 22
a) A scatter plot of the data appears below. b) The ExpReg feature of the calculator approximates
the data with V" = 954.19(1.12)".

GRAPHING CALCULATOR

=08y 1 900EYY L EEEL . L0

GRAPHING CALCULATOR

W=1BBBE.BZZ7

¢) The slope increases with time. GRAPHING CALCULATOR
d) The model predicts the value of the investment after N C1ED)

10 years to be approximately $2978.09. 29784821149
|

Section 1.1 Page 20 Question 23
All constant functions are even functions. The constant function f(x) = 0 is both even and odd.

Section 1.1 Page 20 Question 24

The sum of an odd function and an even function can be neither odd nor even, unless one of the functions is y = 0.
Let f(x) be even and g(x) be odd, and let A(x) = f(x) + g(x).

If h(x) is even, then If h(x) is odd, then
h(=x) = h(x) h(=x) = —h(x)
f(=x) +g(=x) = f(x) + g(x) f(=x) +g(=x) = = f(x) — g(x)
f(x) —g(x) = f(x)+g(x) F(x)—gx) =—=f(x)—g(x)
2g(x) =0 2f(x) =0
g(x)=0 fx)=0

6 MHR Chapter 1



Section 1.1 Page 20 Question 25

Yes; only the function f(x) = 0. If a function f(x) is both even and odd, then

f(=x)=f(x)
f(=x) =—=f(x)
Thus,
f(x)=—f(x)
2f(x)=0
f(x)=0

Section 1.1 Page 20 Question 26

a) A possible domain is x € [0, 100). Explanations
may vary.

¢) The calculator confirms that an estimate of 80% of
pollutant can be removed for $50 000.

GRAPHING CALCULATOR

ﬁalueiV1—SE:H:EB
=E

d) Since an attempt to evaluate C(100) results in division
by zero, the model suggests that no amount of money

will remove all the pollutant.

b) Define y; =

25¢/%
V100 — x

percent given appear in the table below as $14 434,
$25 000, $43 301 and $248 750.

. The costs of removal for the

GRAPHING CALCULATOR

GRAPHING CALCULATOR

YA=ZEL ORI CL00-H1

“W=z4B.7YGBE

1.1 Functions and Their Use in Modelling MHR 7



1.2 Lies My Graphing Calculator Tells Me

Apply, Solve, Communicate

Section 1.2 Page 28 Question 1

a) The equations of the two vertical asymptotes are
x = =3 and x = 2. There are no x-intercepts. The

. 1
y-1ntercept 1S 5

GRAPHING CALCULATOR

=1 AL+ 0=

-
B

=-.1666667

. . +1
¢) Factoring gives y = m The equa-
5
tions of the two vertical asymptotes are x = —5

2
and x = 3 Setting y = 0 yields an x-intercept of

1
—1. Setting x = 0 yields a y-intercept of 10

GRAPHING CALCULATOR

M=h+10 I aRE+L1R-100

e
:

n=.bbbbbbh?

Section 1.2 Page 28 Question 2
a) y = —2x? — 2x — 0.6 has no x-intercepts.

GRAPHING CALCULATOR

V1= -gniz-gi-0.6

8 MHR Chapter 1

1
(x+4)(x-2)
of the two vertical asymptotes are x = —4 and x = 2.

There are no x-intercepts. The y-intercept is —0.125

or !
g

b) Factoring gives y = The equations

GRAPHING CALCULATOR

TI=LA A+ YR =200

J

-

n=n

d) Factoring the numerator and denominator gives

-5 4
y= % The equations of the two
vertical asymptotes are x = —5 and x = 6. The

2
x-intercepts are —4 and 5. The y-intercept is 3

GRAPHING CALCULATOR

L B e LR b e R

=

Y=.nBEE666T

b) The Zero operation of the graphing calculator re-

veals x-intercepts of approximately 0.731 and 1.149.

GRAPHING CALCULATOR




¢) y = x> +2x> — 5x + 2.3 has an x-intercept of
approximately —3.578.

GRAPHING CALCULATOR

Zepat * *
n=-z.E77ZBB Y=:cE-1i:

Section 1.2 Page 28 Question 3
a) The Intersect operation suggests a point of inter-
section at (1, 2). Substitution confirms this result.

GRAPHING CALCULATOR

ckion "\I.
aaaE Y=g

d) The Zero operation of the graphing calculator re-
veals an x-intercept of approximately 3.582. Zoom-
ing in on the interval around x = 0.459 several times
reveals no point of intersection of the function with
the x-axis.

GRAPHING CALCULATOR

,-ﬂ'____){____—-___h\

Haxirur
n=4E01671: Y=-.004B618

b) Zooming in on the interval around x = 0.5 reveals
that the curves do not intersect.

GRAPHING CALCULATOR

¢) Zooming in on the interval around x = —2 reveals that the curves intersect twice in this neighbourhood. The
coordinates are (—2, —2) and approximately (—2.1401, —2.5406). The calculator identifies the third point of inter-
section with the approximate coordinates (5.1401, 77.541).

GRAPHING CALCULATOR

"=

Interseckion
we s ANONEE Y-z EHOENY

GRAPHING CALCULATOR

Interseckion
n="g A Y=-z

d) Zooming in on the interval around x = —1 reveals that the curves do not intersect.

GRAPHING CALCULATOR

IS

n=-1.1r7/021s Y=-1.45161:

1.2 Lies My Graphing Calculator Tells Me MHR 9



Section 1.2 Page 28 Question 4
a) To avoid division by zero, x — 2 # 0, so the domain is x € R, x # 2. Therangeisy € R, y # 0.

GRAPHING CALCULATOR

GRAPHING CALCULATOR

GRAPHING CALCULATOR

=1 00+103

n=-.900000

-3
¢) The function can be rewritten as y = ——————. To avoid division by zero, (x +2)(x — 3) # 0, so the domain
(x+2)(x-3)

isx € R, x #—-2,3. Therange is y € (—o0,0) or y € [0.48, +0).

GRAPHING CALCULATOR GRAPHING CALCULATOR

[

Miniraurn |
a=Eaannny”

" [ TEY ) L — ]

>

d) To avoid a negative radicand, 9 — x* > 0, so x € [—\/§ , \/§] . To avoid division by zero, a further restriction limits

5
the domain to x € (=3, v3). The range is y € [§ +oo>.

GRAPHING CALCULATOR GRAPHING CALCULATOR

Hinimom
M= -5.611E -6 |v=1.5EEEEEF

10 MHR Chapter 1



Section 1.2 Page 28 Question 5

a) b) Answers may vary.

¢) It will not work in any window. In the window
given in part a), it will work for y = cos(2x) and

y = cos(96x).

GRAPHING CALCULATOR

=5inc8ER]

Section 1.2 Page 28 Question 6

For each of these solutions, use the Zoom menu until the segment of the graph appears linear.
a) Answers may vary. b) Answers may vary.

GRAPHING CALCULATOR GRAPHING CALCULATOR

L Bt L =R =001

n=Z HOYEERE  YSP . FHOYYEE n=Z.arsEEre 1Y=n B0y

¢) Answers may vary. d) Answers may vary.

GRAPHING CALCULATOR GRAPHING CALCULATOR

M=EAT(E=H"Y)

n=c.lrozizl Y=eoPizrul ¥=1.666BBB7

Section 1.2 Page 28 Question 7
In the window x € [-94,94], y € [-62, 62], the graph In the window x € [-9.4,9.4], y € [-6.2,6.2], the
appears linear as |x| — oo. vertical asymptotes of x = 2 and x = 3 are revealed.

GRAPHING CALCULATOR GRAPHING CALCULATOR

=R E=ERz=n+E0 =5

e

v= Bz y=

1.2 Lies My Graphing Calculator Tells Me MHR 11



In the window x € [—1.7,7.7], y € [—40, 140], the
part of the function between the vertical asymptotes is
highlighted.

GRAPHING CALCULATOR

Wirraura %] | =

n=g MzEEEE IVSPL.EEeRBE

Section 1.2 Page 28 Question 8

a) The graphing of a function is due in part to the cal-

culator sampling elements within the domain from

1
Xmin to Xmax. The function y = T is un-
X —1.
defined at x = 1.73. To graph the function prop-
erly, one sample must fall exactly at 1.73 so the
discontinuity in the graph can be detected. Trans-

lating the ZDecimal window to the right 1.73 units

b) The graphing of a function is due in part to the cal-

culator sampling elements within the domain from

. . 1 .
Xmin to Xmax. The function y = T 263d is un-

defined at x = 2.684. To graph the function prop-
erly, one sample must fall exactly at 2.684 so the
discontinuity in the graph can be detected. Translat-
ing the ZDecimal window to the right 2.684 units

results in a correct graph. Thus, use the window
x € [-2.97,6.43], y e [-3.1,3.1]

results in a correct graph. Thus, use the window
x € [-2.016,7.384], y € [-3.1,3.1]

GRAPHING CALCULATOR

=1A0H-1.720

GRAPHING CALCULATOR

Section 1.2 Page 28 Question 9
The domain is restricted to 2.68 — x> > 0 or x> < 2.68. Thus, |x| < v2.68, or |x| < 1.6371.

The Minimum operation of the calculator helps approximate the range: y € [0.6108, c0).

GRAPHING CALCULATOR

EglueﬂE.EE—HzaHa
1.637E7YESS

GRAPHING CALCULATOR

Hiniraur [
n=0 r=.a10BY472C

12 MHR Chapter 1



Review of Key Concepts
1.1 Functions and Their Use in Modelling

Section Review Page 30 Question 1

a)
X y
-2 0
-1 0.5
1 3
3 1.5
b) Domain: x € [-5, c0)
Section Review Page 30 Question 2 14
a) b)
X y
-6 54]-6+3|=8 E
-5 5+4]-5+3|=7 ii/ f(x)=5+Ix+3l
—4 5+]-4+3=6 6
-3 541-3+3=5 -
-2 5+]-2+3] =6 2
-1 S+|-1+3|=7 -12-10 8 6 —4 -2 fzé 46
0 54+0+3]=8 L4

¢) The function can be described as the sum of 5 and
the distance from x to —3 on a number line.
Section Review Page 30 Question 3

a) x < 0is written as x € (—oo, 0].
b) —4 < x is written as x € (—4, +o0).
¢) =5 < x < 5is written as x € [-5, 5].

Section Review Page 30 Question 4

a) For all but x = £2, f(x) = f(—x). f(x) is neither even nor odd.
b) For each x-value, g(x) = —g(—x). g(x) is an odd function.
¢) For each x-value, h(x) = h(—x). h(x) is an even function.

Section Review Page 30  Question 5

a) f(=x) = (=x)* + (=x) b) g(=x) = | (=x)* = 3|
=x2—x = | x2 =3 |
# f(x)or —f(x) = g(x)
f(x) is neither even nor odd. g(x) is an even function.
©) h(=x) = 5(=x) d) r(=x) = (=x)* = |=x|
= —5x =x?—|x]
= —h(x) = r(x)
h(x) is an odd function. r(x) is an even function.

Review of Key Concepts MHR 13



3

¢ S(=x) = —— ) 1(-x) = ((=x)°)

I =- (")’
= —1(x)

t(x) is an odd function.

s(x) is an odd function.

Section Review Page 30 Question 6
Consider the function /(x), where

h(x) = f(x)g(x)
If f(x) and g(x) are even functions, then (1) becomes,

h(=x) = f(—x)g(—x)
= f(x)g(x)
= h(x)

The product of two even functions is an even function.

Section Review Page 30  Question 7
a) The calculator suggests d = —1.14¢ + 26.57 as the line of best fit. b) d(14) = —1.14(14) + 26.57

GRAPHING CALCULATOR =10.61

M=-1.1zEEE01E ISR +26. -

c¢) d(23) =—-1.14(23) + 26.57
=0.35

- Mo
¥=1B.Z4BBET

Section Review Page 30 Question 8
The QuadReg feature suggests the model y = 0.09x? + 0.08x + 0.03.

GRAPHING CALCULATOR

o SR L1 Tcdcded (e o I el 1

Y=E.01E71E0

14 MHR Review of Key Concepts



Section Review Page 31 Question 9

a) The calculator suggests P = 1231.4t—2 417 986.2 b) P(1995) = 38 656 800. This result is higher than

as the line of best fit, where P is the number of the actual value.
passengers, in thousands, and 7 is the year. ¢) The model suggests that the number of passengers
will reach 50 000 000 in 2004. No. Answers will

GRAPHING CALCULATOR vary.

b Beich B e b [

GRAPHING CALCULATOR

Y1 019932

A58, 8

salwe i —SEEEA, X
HEA

a

2
2884, 211829

o
n=188y | . VSEFHEEN

Section Review Page 31 Question 10
a) ¢) The QuadReg feature suggests the model

F =0.001 565% —0.192 68s + 16.043 16.

GRAPHING CALCULATOR

GRAPHING CALCULATOR

Y= 001 CEEZZEOYOE T E+ -

b) The data suggest the best fuel economy of 10.1 L/100 km
is achieved at 60 km/h.

d) The curve would be higher, and the slope would be steeper. The lowest point might change.

e) Translation of the curve downward would yield reduced fuel consumption for the same speeds.

Section Review Page 31 Question 11

a) To avoid division by zero, x + 1 # 0. The domain is x € R, x # —1.

b) To avoid division by zero, 3 — x # 0. The domain is x € ‘R, x # 3.

¢) To avoid a negative radicand, x + 1 > 0. The domain is x € [—1, +0o0).

d) To avoid a negative radicand and division by zero, 3 — x > 0. The domain is x € (—o0, 3).

e) To avoid a negative radicand, |x| — 1 > 0. The domain is x € (—oo, —1] or x € [1, +00).

f) x2 + 3 > 0 for all real numbers. The domain is x € R.

g) The denominator can be written as (x — 1)2. To avoid division by zero, (x — 1)? # 0. The domainis x € R, x # 1.

h) The denominator can be written as (x + 3)(x — 2). To avoid division by zero, (x + 3)(x — 2) # 0. The domain is
x €R, x#-3,2.

1.2 Lies My Graphing Calculator Tells Me

Section Review Page 31 Question 12

Answers will vary.

Section Review Page 31 Question 13

Answers will vary.

Review of Key Concepts MHR 15



Chapter Test
Section Chapter Test Page 32 Question 1

a) For f(x) = x2, b) For f(x) =1 —x3,
i) f(h=120r1 i f()=1-130r0
i) f(=1) = (=12 or 1 i) f(=1) = 1= (=1)® or2
iii) £(2) = (22 or 4 iii) £(2) = 1—-(2)3 or -7

2 3
. 1 1 1 . 1 1 7
lV)f <§> = <5> OI'Z lV)f <§> =1- <§> Org
Section Chapter Test Page 32 Question 2
a) —4 < x < 10is written x € (—4,10). b) x < 5is written x € (—o0, 5]. ¢) 0 < xis written x € [0, +00).

Section Chapter Test Page 32 Question 3

a) Since the graph of the function is rotationally symmetric with respect to the origin, the function is odd.
b) Since the graph of the function is symmetric with respect to neither the origin nor the y-axis, the function is neither
odd nor even.

¢) Since the graph of the function is symmetric with respect to the y-axis, the function is even.

Section Chapter Test Page 32 Question 4
For each x-value, since f(x) # f(—x) and f(x) # —f(—x), f(x) is neither even nor odd.

For each x-value, g(x) = g(—x). g(x) is an even function.
For each x-value, h(x) = —h(—x). h(x) is an odd function.

Section Chapter Test Page 32 Question 5

a) 67 b) The slope has large positive values, decreases to 0 at x = 0,
] and then increases to large positive values.
4’; N ¢) The function is rotationally symmetric with respect to the
2 1 y=x"3 origin (odd).
] d) y=x"hasa sharper turn on (—1, 1), and is steeper outside
‘ ‘ ‘ ] ‘ ‘ ‘ this interval.
-6 -4 201 2x4 6
2-
-4
—6-

Section Chapter Test Page 32 Question 6

a) The calculator suggests the model V' = 0.674r + 2.904. b) V(7)) =7.624
c) V(14) =12.343

GRAPHING CALCULATOR

Y=.6r4irBeyeeEE +2. 30k

GRAPHING CALCULATOR

Yoy

. B23602169
Yol

12, 34284988

Y=H.8719%87
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Section Chapter Test Page 32 Question 7
a)

GRAPHING CALCULATOR

Y=19:2090909: P EF RN E0F L

T=1.7zE5H491

GRAPHING CALCULATOR

Y1062
4798644 3
soluvecy—=1.=:.252

22,3837 338

b) Answers may vary. The PwrReg feature of the calculator suggests the model P = 0.193/%%7 where P is the
period in seconds and [ is the length of the pendulum in centimetres.

¢) P(6)=0.479

d) The Solve feature of the calculator suggests a / = 25.586 cm would yield a period of 1 s.
e) Shortening the pendulum reduces the period; the clock takes less time for each “tick”.

Section Chapter Test Page 33 Question 8

a) To avoid division by 0, x> — 1 # 0. The domain of f(x)is x € R, x # %1.
b) To avoid a negative radicand and division by 0, x + 3 > 0. The domain of f(x) is x € (=3, +o0).
¢) The denominator can be written as (x — 3)(x + 1). To avoid division by 0, (x —3)(x + 1) # 0. The domain of f(x)

isxeR, x #-1,3.

d) Since x> 4+ x + 1 > 0 for all real numbers, the domain of f(x) is R.

Section Chapter Test Page 33 Question 9
a) f(=x) = (= + (=0)*
=x? + x*
= f(x)

f(x) is an even function.

c) h(—=x) = =7(=x)
=Tx
= —h(x)

h(x) is an odd function.

e) S(—x) = —_—

= s(x)
s(x) is an even function.

Section Chapter Test Page 33 Question 10

a) Answers will vary. x € [-70,70] and y € [-3, 4]

GRAPHING CALCULATOR

=0 001z +1 40

b) g(=x) =[(=x) - 1|
=|-x-1
=[x+ 1]
# g(x) or —g(x)

g(x) is neither even nor odd.

d) r(=x) = (=x)" + |=x]
=—x + |x]
# r(x)or —r(x)

r(x) is neither even nor odd.

b) x € [-5,6] and y € [-5000, 7000]
GRAPHING CALCULATOR

=100 +5incED

F Y =Ennn anaz -

Chapter Test MHR
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Challenge Problems

Section Challenge Problems Page 34 Question 1
Let x be the number of hits the player has made to this point in the season.

X
s 0.289
x = 0.289(322) (1)
Let y be the number of hits remaining to achieve a batting average of .300.
x+y
~ 7 _ 2
322 +53 0-300 @
Substitute (1) into (2).
0.289(322) +y
—F— =03
375
y = 0.3(375) — 0.289(322)
=194

20
The batter must have 20 hits to achieve a batting average of .300. This equates to a batting average of 33 or 0.377 for
the rest of the season.

Section Challenge Problems Page 34 Question 2

Let x be the date in the top left corner of the 3 by 3 square. Expressions for the remaining
dates appear in the respective cells of the diagram. Let T be the total of the dates.

X X+1 |x+2

T X+7 | x+8 | x+9

X+x+D+x+2)+x+D+x+8)+(x+9)+(x+14) + (x +15) + (x + 16)
=9x+72
=9(x + 8)

X+14|x +15/x+16

Section Challenge Problems Page 34 Question 3

Let T be the equivalent temperature on both scales.

T-32 T-0
212-32 " 100-0

100T — 3200 = 180T
—80T = 3200
T = —40

—40° is an equivalent temperature on both scales.

Section Challenge Problems Page 34 Question 4

The amount of tape remaining on the reel is proportional to the area, A, of tape showing. Let r be the distance from
the centre to the outer edge of the reel of tape.

Aremaining 3 Arcmaining 1 Arcmaining 1
a) Acriginal B 4 b) Acriginal B 2 ©) Acriginal B 4
nr? - n(2* 3 mr? —(2)* 1 mr? - (2 1
(62 —z(2? 4 (62— (22 2 (62— (22 4
ar’ —4x 3 ar? —4xr 1 ar?—4xr 1
36z—4r 4 36z -4z 2 36z—4r 4 @
ar*—4zr 3 ar?—4zr 1 ar?—4zr 1
2z 4 RNz 2 2z 4
art —Ag = 24x ar’ —4x = 161 art —4x =8x
rt =287 art =20x art =127
r=i2\/7 r=i2\/§ r=i2\/§
Since r > 0, r = 24/7. Since r > 0, r = 2+/5. Since r > 0, r = 24/3.
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Section Challenge Problems Page 34 Question 5

Double the first number, triple the second number, and add the two resulting numbers together.

Section Challenge Problems Page 34 Question 6

(Wa+x+vVa—-x)=@+x)+@—x)+2vVa—xva+x 107
= 2a+2va—xVatx 8 pequa)
= 2a+ Ve — ) T
Since x € (0, al, Va2 — x2 < \/a2, thus, Y saansarax)
(¢EI§+VE:®2<2(w+V;> %
<2ata) o8 e B0 E 4y 8 o
<4a _4;
< (2vay’ M 51
Take the square root of both sides of (1). —8é
Vat+x++va-x<2va 10
Section Challenge Problems Page 34 Question 7
The graph can be developed by applying a sequence of transformations.
i) Graph the function f(x) = |x|. ii) Reflect the graph in the x-axis: g(x) = — |x].
207 20+
y10- y10-
f(x)=IxI g(x)=-Ix

-10-

—20-

iii) Translate upward 10 units: A(x) = 10 — |x]|.

20
woé h(x)=10-Ix
-%f////zﬁo 0; g@x\\\\ié
—10%
—2o£

-10-

—20-

iv) Apply the absolute value transformation: y = |10 — |x]||.

20+
y1of y=10-Ix|
—20 -0 0 19 20
—10%
—2o£
Challenge Problems MHR 19



Section Challenge Problems Page 34 Question 8

Rewrite the relation as |y| = 15 —|x — 3| —|x — 7|. Use the definition
of absolute value to reconstruct the relation as a piecewise set.

15—k =3 =x=7  :y20
'y"{—<15—|x—3|—|x—7|> y<o @
x—3 ;x>3
|x_3|_{3—x x <3 )
x—=7 ;x>7
|x_7|_{7—x x <7 )

Assemble the pieces within the respective regions defined by the in-
tersections of the intervals. The results are summarized in the table
below.

Interval y<?o0 y=>0
y=0@B-x)+7-x)-15 y=15-GB-x)—(7T-x)
(=00,3)
=-2x—-5 =2x+5
(3.7) y=x-=-3)+7-x)-15 y=15-(x-3)-(7-x)
y=x-=-3)+(x-7)—-15 y=15-(x-3)—-(x-=7)
[7. 00)
=2x—25 =-2x+25

Section Challenge Problems Page 34 Question 9

The calculator assists in determining the roots of the numerator and denominator. The roots of x> + 1.11x% — 1.4872
are —1.32, —1 and 1.21. The roots of x? + 0.11x — 1.5972 are —1.32 and 1.21. These results define holes in

3 2
+ 1.11x" — 1.4872 . . .
=2 X at x = —1.32 and x — 1.21. For the holes to appear visually, window settings must en-

x2+0.11x — 1.5972 ) ) ) ) )
sure that these domain values are sampled. Since both values are multiples of 0.11, suitable window settings for

the domain would be [-47(0.11),47(0.11)] or [-5.17,5.17]. To reflect proportionality, the range should be set to
[-31(0.11),31(0.11)] or [-3.41, 3.41]. The holes are depicted in the thick graphs below.

GRAPHING CALCULATOR GRAPHING CALCULATOR

=inF+l 1in=-1.48720-1.- Y=ihF+l 1ikz-1. 48701 -

20 MHR Chapter 1



Using the Strategies

Section Problem Solving Page 37 Question 1

Once the female captain is identified, there are 3 remaining females from which 2 must be chosen. There are 3 ways
this can satisfied. From the four males, 3 must be chosen. There are 4 possible combinations for the male members.

As a result there are 4 x 3 or 12 possible combinations of members that could represent the school.

Section Problem Solving Page 37 Question 2

Fill the 5-L container and empty it into the 9-L container; then fill the 5-L container again and pour water into the 9-L
container to fill it. There is now 1 L of water in the 5-L container. Empty the 9-L container, pour the 1 L of water from
the 5-L container into the 9-L container, refill the 5-L container and pour it into the 9-L container. There are now 6 L
of water in the 9-L container.

Section Problem Solving Page 37 Question 3

Juan and Sue cross in 2 min; Sue returns in 2 min; Alicia and Larry cross in 8 min; Juan returns in 1 min; Juan and
Sue cross in 2 min. The total time to cross is 15 min. Hint: Alicia and Larry must cross together, and someone must
be on the opposite side to return the flashlight.

Section Problem Solving Page 37 Question 4

From each vertex of convex n-gon, n — 3 diagonals can be drawn to non-adjacent vertices. Since each diagonal must

n(n —

3
be counted only once, a convex n-gon has ) diagonals. Let the number of sides in the polygons be x and y

respectively. Solve the following system of equations.

x+y=11
y=11-x (1)
X(x—3)+y(y—3) — 14
2 2
x*=3x+y*—3y=28 (2)

Substitute (1) into (2).
x?=3x+ (11 =x)*>=3(11 —x) =28
x?—=3x+121 - 22x +x* =33 +3x =28
2x2 —22x+60 =0
x> =11x+30=0
(x=5x-6)=0

x=50r6

the convex polygons that satisfy the requirements are a pentagon and a hexagon.

Section Problem Solving Page 37 Question 5

a) The top vertex of each pyramid meets at the centre
of the cube with each face of the cube being a base
of the pyramid.

b) The dimensions are 20 cm by 20 cm by 10 cm.

Problem Solving-Using the Strategies MHR 21



Section Problem Solving Page 37 Question 6
Yes. The following table gives the first month in the year offering a Friday the 13th.

January 1st First month (not a leap year) First month (leap year)
Sunday Friday January 13 Friday January 13
Monday Friday April 13 Friday September 13
Tuesday Friday September 13 Friday June 13
Wednesday Friday June 13 Friday March 13
Thursday Friday February 13 Friday February 13
Friday Friday August 13 Friday May 13
Saturday Friday May 13 Friday October 13

Section Problem Solving Page 37 Question 7

Let r be the length of the diagonal of the inner square. The X
radius of the circle is then r. Determine the side length of
the square.
x? 4+ x2 = (2r)?
2x% = 4r? T
x2 = 2r2 P r r \a\\
Construct OP such that OP L XY. In AXOP, 0 X |
L /
OP \ /
in/OXP = — /
sin OX — —
OP Y Z
oX=——
sin ZOXP Q
o
 sin30°
=2r
tan /OXP = @
PX
OP
X=——"
tan ZOXP
o
" tan30°

Var

Since XQ = XO + OQ, the height of AXYZ is 2r + r or 3r. Since QY = PX = v/3r, the ratio of the areas can be
determined.

Atriangle _ (V3r)(3r)

Asquare 2r?

_3v3
2

3v3
The ratio of the area of the triangle to the area of the square is \Tf
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CHAPTER 2

Polynomials

2.2 Dividing a Polynomial by a Polynomial

Practise

Section 2.2 Page 51 Question 1

a) x+ 5
x+3)x2+8x+15
X2 +3x
S5x + 15
S5x+15
0
Restriction: x # —3
¢) y+ 3
y—ai =y on
y -4y
o 3y-12
3y—12
0

Restriction: y # 4

Section 2.2 Page 51 Question 3

a) x+ 3

2x+5)2x? + 11x + 15
2x% + 5x

6x + 15

6x + 15

0

Restriction: x # )

d) 2t—3
20+ 1)412 — 41 -3
482 + 2t
-6t -3
—6t—3
0

1
Restriction: t # =)

b) a— 2
a—5)a®—7a+10
a* —5a
—2a+ 10
—2a+ 10

Restriction: a # 5

d) t— 2
1+2)2+0t— 4
£+ 2t
2t 4
22— 4
0

Restriction: t # -2

b) y+3
3y—1)3y2+8y-3
3y’ -y
9y -3
9y -3
0

1
Restriction: y # 3

e) 2r— 17

3r —2)6r% — 257 + 14
6r> — 4r

21 + 14

=21r+14

0

2
Restriction: r # 3

2.2 Dividing a Polynomial by a Polynomial MHR

c) r—=6
5r — 1)5r2 -31r+6
5¢—
-30r +6
-30r +6
0

1
Restriction: r # 3

f) 2x+3

5x + 3)10x2 +21x+9
10x* + 6x

I15x+9

15x+9

0

- 3
Restriction: x # -3



g) 2x+ 5
4x —3)8x? + 14x + 15

8x? — 6x
20x + 15
20x — 15

30

3
Restriction: x # 7

Section 2.2 Page 51 Question 5

a) 2x> 4+ 3
x—1)2x3—2x2+3x—3
2x3 — 2x?
3x-3
3x-3
0

Restriction: x # 1

19) 2m? -3
2m + 1)4m3 +2m? —6m—3
4m® + 2m?
—6m—3
—6m — 3
0

1
Restriction: m # ~3

e) 2d +3
5d* +0d +2)10d> + 15d* + 4d + 6
104> + 0d* +4d

154> +6
154> +6
0

Restriction: none
g) 4s + 1
35 +0s—5)125 + 352 =205 — 5
125° + 05> — 20s

357 -5
3s° -5
0
1
Restriction: s # :I:?

24 MHR Chapter 2

b) 322+ 5
z+2)3z3+6z2+5z+ 10
373 + 677

5z+10
5z+10
0

Restriction: z # -2

d) 3 - 4
2n — 3)6n3 -2 —-8n+12
6n° — 9n?
—8n+ 12
—8n+ 12
0

3
Restriction: n # 3
f) 4x -3
2x* 4+ 0x + 1)8x% — 6x2 + 4x — 3
8x> + 0x? + 4x

—6x> -3
—6x2 -3
0

Restriction: none
h) 3t—4
72+ 0 — 2)2185 — 2812 — 6t + 8
218 + 0 — 6t

—28¢% +38
—28¢ +8
0
14
Restriction: ¢ # :I:g



Section 2.2 Page 52 Question 7

Since multiplication is commutative, the divisor and quotient are interchangeable.
a) dividend: 255; divisor: 11; quotient: 23; remainder: 2

b) dividend: 8y + 6y* — 4y — 5; divisor: 4y + 3; quotient: 2y* — 1; remainder: —2
¢) dividend: x? + x + 3; divisor: x; quotient: x + 1; remainder: 3

Apply, Solve, Communicate
Section 2.2 Page 52 Question 9

a) i) 24+ x+1 ii) X2 +2x+4 iiii) x> 4+3x+ 9
x—1)x3+0x240x—1 x—2)x3+0x24+0x -8 x—3)x3+0x2 + 0x — 27
= x? x> = 2x? x> —3x2
x>+ 0x 2x% + 0x 3x% + Ox
xX— x 2x% — dx 3x% — 9x
x—1 4x — 8 9x — 27
x—1 4x -8 9x — 27
0 0 0

Restriction: x # 1

Restriction: x # 2

Restriction: x # 3

b) X Hx+1=1°0+1'x) + 12(1)
x2 4+ 2x +4 =2°%x%) +2'(x) + 2%(1); The coefficients are a geometric sequence.
x? 4+ 3x +9 =3%x?) + 31 (x) + 3%(1)
©) 24 4x+16 X2+ Sx+ 25
x—4)x3+0x2+ Ox — 64 x—5)x3+0x2+ Ox — 125
x3 — 4x? x3 = 5x?
4x* + Ox 5%+ Ox
4x% — 16x 5x% — 25x
16x — 64 25x — 125
16x — 64 25x — 125
0 0

Restriction: x # 4

Section 2.2 Page 52 Question 10

Restriction: x # 5

a) AP X+ x+1 b) 2 44’ + 8x+16
x—1 )x5+0x4+0x3+0x2+0x—1 x—2)x5+0x4+0x3+0x2+ Ox —32
x> — x* x> —2x*
x*+0x° 2x* + 0x°
xt— X 2x* — 4x?
x® 4 0x? 4x +0x2
x— X2 4x® — 8x?
x* 4 0x 8x2 + Ox
XX = x 8x* — 16x
—x -1 16x — 32
x—1 16x — 32
0 0
Thus, Thus,

F-Dxx-D=x*+x+x>+x+1

for x # 1.

(x*=32)+(x=2) = x* +2x> +4x> +8x + 16

for x # 2.

2.2 Dividing a Polynomial by a Polynomial MHR
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Section 2.2 Page 52 Question 11

a) 3x+2
2x> +0x + 1 )6x% +4x2 + 4x + 3
6x> + 0x? + 3x
4x* + x+3
452 +0x +2
x+1
Thus, (6x° +4x> +4x +3) = 2x + 1) = 3x + 2 + x2+11forx€5R.
b) xy+_3
3y +0y+1)3y3 -9y + 0y — 3
3 +0y*+ y
—9y* — y-3
-9y? + 0y -3
-y
Thus, 3> =9y =3) = 3y* + 1) = y—3— —2_fory e R.
32+ 1
©) t+ 2
20+ 0t —4 )20 + 412 — 41 — 19
263 + 0 — 4t
42 +0t - 19
47 +0t— 8
~11
Thus,(2t3+4t2—4t—19)+(2t2—4)=t+2—2t2_4fort7$:i:\/§.
d) 3¢ -2

2d* +0d —3)6d* +0d> — 13d> + d+4
6d* +0d® — 9d”

—4d*+ d+4
— 4d> +0d + 6
d-2
d-2 6
Thus, (6d* — 13d* +d +4) + 2d* —=3) =3d* -2 + 3 ford#:l:g.

Section 2.2 Page 52 Question 12

a) The value of the remainder depends on the value of the variable.
b) The value of the remainder depends on the value of the variable.

¢) The value of the remainder does not depend on the value of the variable, because the remainder is constant.
d) The value of the remainder depends of the value of the variable.
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Section 2.2 Page 52 Question 13

a) x— 4
x+3)x2— x— k
x4 3x
—4x - k
—4x—12
—k+12

Set the remainder equal to 0 and solve for k.

—-k+12=0
—k=-12
k=12

x + 3 divides x> — x — k evenly if k = 12.

<) 4x+13

x—1)4x>+9x+ k
4x* — 4x

13x+ k

13x — 13

k+13

Set the remainder equal to 3 and solve for k.

k+13=3
k=-10

x — 1 divides 4x2 + 9x + k with a remainder of 3 if
k =-10.

Section 2.2 Page 52 Question 14

b) 3y +2

2y—1)6y2+ y—k
6y* — 3y
.

4y -2
—k+2

Set the remainder equal to 0 and solve for k.

-k+2=0
—k==-2
k=2

2y — lisafactorof 6y +y — k if k = 2.

d) x24+3x+1
2x+1)2x +7x>+5x — k
2x° 4+ x?

6x> + 5x

6x> + 3x
2x —k
2x+1
k-1

Set the remainder equal to —5 and solve for k.

—k—1=-5
—k=-4
k=4

2x + 1 divides 2x3 + 7x? + 5x — k with a remainder of
—5ifk =4.

1 2A
The area of the triangle is given by A = Ebh’ where h is the height and b is the base. Thus, b = W

A =6x>—5x—4and

h=3x-4

Thus,

b= 2(6x> —5x — 4)

3x—4

_20Bx-4H2x+1)

The base of the triangle is represented by 4x + 2.

3x—4
=22x+1)

=4x+2
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Section 2.2 Page 52 Question 15

The area of the trapezoid is given by A = %h(a + b), where h is the height and a and b are the bases. Thus, h = %.
A=12y"—11y+2
a=5y-3
b=3y+1
Thus,
_ 2(12y* — 11y +2)
T By-3)+@y+1)
_206y=2¢@y-1
8y -2
_20y=2¢@y-1
2(4y -1
=3y-2
The height of the trapezoid is represented by 3y — 2.
Section 2.2 Page 52 Question 16
. S5x?+14x-3 . .
The expression ——————— is defined for all real numbers except x = —3. The expression 5x — 1 is defined for all

+3
real numbers.

Section 2.2 Page 53 Question 17

The amount, A, of the investment, P, after » months can be expressed as A = P(1 +i)", where i is the interest rate per
period, expressed as a decimal.

a) Determine the amount for P = 500, i = 0.01, and n = 10.

A(10) = 500(1 + 0.01)!°
=552.31

After 10 months, the investment is worth approximately $552.21.
b) Determine the amount for P = 500, i = 0.01, and n = 25.

A(10) = 500(1 + 0.01)%
= 641.22

After 25 months, the investment is worth approximately $641.22.
¢) Determine the amount for P = 500, i = 0.01, and n = 12(10) or 120.

A(120) = 500(1 +0.01)!%°
= 1650.19

After 10 years, the investment is worth approximately $1650.19.
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Section 2.2 Page 53 Question 18
a) At the end of the 22nd month, Selena withdraws $211.37 and the account is exhausted.

Month Principal Interest Savings  Withdrawal Balance
1 $10,000.00  $100.00  $10,100.00 $500.00  $9,600.00
2 $9,600.00 $96.00 $9,696.00 $500.00  $9,196.00
3 $9,196.00 $91.96 $9,287.96 $500.00  $8,787.96
4 $8,787.96 $87.88 $8,875.84 $500.00  $8,375.84
5 $8,375.84 $83.76 $8,459.60 $500.00  $7,959.60
6 $7,959.60 $79.60 $8,039.19 $500.00  $7,539.19
7 $7,539.19 $75.39 $7,614.59 $500.00  $7,114.59
8 $7,114.59 $71.15 $7,185.73 $500.00  $6,685.73
9 $6,685.73 $66.86 $6,752.59 $500.00  $6,252.59
10 $6,252.59 $62.53 $6,315.11 $500.00  $5,815.11
1 $5,815.11 $58.15 $5,873.27 $500.00  $5,373.27
12 $5,373.27 $53.73 $5,427.00 $500.00  $4,927.00
13 $4,927.00 $49.27 $4,976.27 $500.00  $4,476.27
14 $4,476.27 $44.76 $4,521.03 $500.00  $4,021.03
15 $4,021.03 $40.21 $4,061.24 $500.00  $3,561.24
16 $3,561.24 $35.61 $3,596.85 $500.00  $3,096.85
17 $3,096.85 $30.97 $3,127.82 $500.00  $2,627.82
18 $2,627.82 $26.28 $2,654.10 $500.00  $2,154.10
19 $2,154.10 $21.54 $2,175.64 $500.00  $1,675.64
20 $1,675.64 $16.76 $1,692.40 $500.00  $1,192.40
21 $1,192.40 $11.92 $1,204.32 $500.00 $704.32
22 $704.32 $7.04 $711.37 $500.00 $211.37

b)
Selena's GIC
$12,000.00
$10,000.00 T*&
*e
% $8,000.00 AN
= $6,000.00 >,
m *e
$4,000.00 .,
$2,000.00 LA .
$0.00 °
0 5 10 15 20 25
Time (months)

¢) The x-intercept (Time in months) lies somewhere between 22.4 and 22.5. This defines the time when the balance
in the account is $0.
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Section 2.2 Page 53 Question 19

. X1 (x=Dx+1) i -1 _ x-DE*+x+1D

A1) x—1 x—1 x—1 x—1
=x+1, x#1 =x+x+1, x#1
=1 x-DEP+x2+x+1 ) X=1 x-D*+x3+x>+x+1)
iii) = iv) =
x—1 x—1 x—1 x—1
=x3+x2+x+1,x7é1 :x4+x3+x2+x+1,x;£1

b) x”—l_(x—l)(x”_l+x”‘2+...+x2+x+1)

x—1 x—1
=x"T " X x+ ] x# ]

¢) Answers may vary.

Section 2.2 Page 53 Question 20

a) This is a geometric series with a common ratio of x.
k+1

. . o LooxTT =
b) Since the series 1+ x + x% + x> + ... + x* results when simplifying the quotient —~_1 the formula for the sum
xk+1 -1
of the geometric series with 1 as the first term and x as the common ratio is ~_1 x # 1.
x f—

¢) i) At the end of 1 month, the total value of the investment is .S} = 1.
ii) At the end of 2 months, the total value of the investment is S, = 1 4+ (1 + 7).

1 3.1
iii) At the end of 3 months, the total value of the investment is S5 = 1 + (1 +r) + (1 + r)? or %
) —
. _ 5 i (T+rk =1
iv) At the end of k months, the total valueis S, =1+ 1 +r)+ (1 +r)°"+...+ (1 +r) " or ———.

d) Use k = 120 and r = 0.01. g
A4k
-Gl
(140.01)120 — |
0.01
_1.0n0 ]
h 0.01
= 230.038 69

Sk

S120 =

The total value of the investment is approximately $230.04.
e) Each of the 1000 dollars accumulates in the same manner as the $1 in part d). The total value of this investment is
$1000 x 230.038 69 or $230 038.69.

Section 2.2 Page 53 Question 21
a) No. When dividing a polynomial by a linear polynomial, the remainder will be a constant (lesser degree).
b) No. Yes. When dividing a polynomial by a quadratic polynomial, the remainder can be either a linear polynomial

or a constant (lesser degree).
¢) The division of polynomials is considered complete when the degree of the remainder is less than the degree of the

divisor.

Section 2.2 Page 53 Question 22

. (1.002)° — 1
a) Every three months, Mario transfers $150 x ~—oo0m $450.90.
N . (1.013)% — 1
b) At the end of seven years, the total value of Mario’s GIC is $450.90 x o003 or $15 112.18.
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2.3 The Remainder Theorem

Practise

Section 2.3 Page 59 Question 1

a) P(x)=2x*>-3x-2 b) P(x)=2x*>-3x-2
P(1) =2(1)* = 3(1) -2 P(0) = 2(0)* — 3(0) — 2
=2-3-2 =0-0-2
=-3 =-2
19) P(x)=2x*>-3x-2 d) P(x) =2x*>=3x-2
P(2) =2(2)*-3(2) -2 P(-2) =2(-2)* = 3(-2) -2
=8-6-2 =8+6-2
=0 =12

Section 2.3 Page 59 Question 3

a) P(x) =x*—-5x-3 b) P(x) =2x>+x-10
P(2)=2"-5(2)-3 P(2) =22 +2-10
=4-10-3 =8+2-10
=-9 =0
The remainder is —9. The remainder is 0.
©) P(x)=x>+2x>—8x+1 d) P(x)=x>=3x*+5x-2
PQ2)=2*+212)-8(2)+1 PQ2)=2>-312)%+52)-2
=8+8—-16+1 =8—-124+10-2
=1 =4

The remainder is 1.

e) P(x) =2x> +3x> - 9x — 10

PQ2) =22 +3(2)>-92)-10

=16+12-18-10
=0

The remainder is 0.
Section 2.3 Page 59 Question 5
a) P(x):x2+2x+4
PQ)=(Q2)+22) +4
=4+4+4
=12
The remainder is 12.

¢) P(x)=x>+2x*=3x+1

P()=1+2(1)>-3(1)+1

=1+2-3+1
=1

The remainder is 1.

The remainder is 4.

f) P(x) =3x>—12x +2
PQ2) =32 -122)+2
=24-24+2
=2

The remainder is 2.

b) P(n)=4n*+7n->5
P(-3)=4(-3)*+7(-3)-5
=36-21-5

=10

The remainder is 10.

d Px)=x"+6x>-3x>—x+38

P-1) =D +6(-1)>=3(-1)> - (-1 +38

=-14+6-3+1+38
=11

The remainderis 11.
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e) P(w) =2w> + 3w? = 5w +2
P(-3) =2(=3)° +3(-3)* = 5(=3) + 2
=-54+27+15+2
=-10

The remainder is —10.

g) Px)=x"+x*+3
P(—4) = (-4’ + (-4)* +3
=-64+16+3
= —45

The remainder is —45.
i) P(m)=m*—2m> + m> + 12m -6
PQ)=2*=202)+2*+12(2) -6
=16-16+4+24—-6
=22

The remainder is 22.

k) P(y) =2y =3y* + 1
P3)=203)*-303)*+1
=162-27+1
=136

The remainder is 136.

m) P(x) =3x% - \/Ex +3
P(-V2) =3(-V2 - V2(-V2) +3
=6+2+3
=11

The remainder is 11.

Section 2.3 Page 59 Question 7

a) P(x) = kx*+3x+1
P(-2)=3
k(=22 +3(-2)+1=3
4k -5=3
4k =8
k=2
©) Px)=x*+4x*—x+k
P(1)=3
P+41)Y’ -1+k=3
k=-1
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f) P(y)=y -8
P(-2) =(-2)*-8

=-8-8
=-16
The remainder is —16.
h) Px)=1-x°
PH=1-1°
=1-1
=0
The remainder is 0.
j) P()=2-3t+1+¢

P4)=2-34)+4*+4°
=2-12+16+64
=70

The remainder is 70.

) Px)=2-x4+x>—-x—x*

P(=2)=2-(-2)+ (-2 = (-2’ - (-2)*
=2+2+4+8-16
=0

The remainder is 0.

n) P(r)y=2r" —4r* -9
P(V3) = 2(V/3)* —4(V/3)* - 9
=18-12-9
=-3

The remainder is —3.

b) P(x) =x>+ x>+ kx — 17
PQ2)=3
22422 4+k(2)-17=3
2k —5=3
2k =8
k=4
d) Px)=x>+ kx> +x+2
P(-1)=3
DY+ k(-1 +(-1)+2=3
k=3



Section 2.3 Page 59 Question 9

P(x)=px> = x> +gx -2
P(1)=0

p(1)? =12+q(1)-2=0
p—14+g-2=0

p(=2° = (-2 +4q(-2)-2=-18

—8p—4-—

Subtract (1) from (2).

Substitute (3) into (1).

A check by substitution confirms p = 1 and g = 2.

Apply, Solve, Communicate

Section 2.3 Page 59 Question 11
Let P(x) = 2x> + 4x% — kx + 5.

P(=3) =2(=3)’ +4(-3)> = k(-3) +5

=-54+36+3k+5
=3k—13 (1)
Let O(y) = 6y° —=3y> + 2y + 7.
3 2
1 1 1 1
o(3)=5(3) -2(3) +2(5)+
3 3
=Z_Z41+47
2 4+ +
=8 2)

Equate (1) and (2).
3k—-13 =8

3k =21
k=17

ptqg=3 (1)
P(-2)=-18
2q—2=-18
8p+2¢g=12
4p+q=06 (2)
3p=3
p=1 3
l+g=3
q=2
Section 2.3 Page 60 Question 12
P(x)=kx’ =3x*+5x-8 (1)
PQ2)=22
k(2)> =32 +5(2) -8 =22
8k —12+10-8=22
8k =32
k=4 )

Substitute (2) into (1).
P(x) =4x’ =3x>+5x -8
Determine the remainder of P(x) when divided by x + 1.
P(-1) =4(-1)* =3(-1)> +5(-1) -8
=—4-3-5-8
=-20

The remainder is —20.
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Section 2.3 Page 60 Question 13

a) A(h) = K +0.5h
A(3)-(3)+50)
2 2 2\2
_» .7
4 4
56
T4
=14

The remainder is 147
b) When the height is ok the area is 14.

Section 2.3 Page 60 Question 15

a) h(d) = 0.0003d* + 2
h(500) = 0.0003(500)* + 2
=77

The remainder is 77.

b) h(d) = 0.0003d* + 2
h(—500) = 0.0003(—500)> + 2
=77

The remainder is 77.
¢) The results are equal.

Section 2.3 Page 60 Question 14

a) P(n) =6n* —5n+38
2
1 1 1
Pl-=)=6(-=) -5(-=
(-3)=s(-3) -3(-z) +s
_6+5+16
T4 2 2
3 5+16
22 2
=12

The remainder is 12.

d) At 500 m either side of the centre point, the cable is 77 m above the roadway.

Section 2.3 Page 60 Question 16
a) —-0.017d 4+ 0.45
d—50)—-0.017d> + 1.3d+25
—0.017d*> 4+ 0.85d

045d+ 2.5
0.45d - 22.5
25

b) When the horizontal distance is 50 m, the height is 25 m.

Section 2.3 Page 60 Question 17
a)
0.5t +3
1—2)0.52+2t+0
0.5 — t
3t+0
3t—6
6

O(t) = 0.5t + 3, R = 6. Q(?) is the average number of tickets
issued between 2 h and time ¢. R is the number of tickets
issued in the first 2 h.
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h
100
80
60
40
20
‘ d
-400 -200 200 400
) —-0.017d — 0.06

d —80)-0.017d2 + 1.3d+2.5
—-0.017d> + 1.36d

—-0.06d + 2.5

—0.06d — 4.8

-2.3

d) Since the hammer cannot have a negative height,
it must have landed closer than 80 m from the
thrower.

b) Answers will vary.

¢) The formula is impossible. It would require
issuing a negative number of tickets in each
of the last 3 h.



Section 2.3 Page 60 Question 18
a) Answers will vary.
b)
0.1r+10.5
1—5)0.1 + 10t + 25
0.1# — 0.5
10.5¢+ 25
10.5¢ = 52.5
77.5

O@) = 0.1t + 10.5, R = 77.5. Q(¢) represents the
average number of trees sold from December 5 to

day ¢. R is the number of trees sold by December 5.

No. The demand for trees falls sharply after December 24.

Section 2.3 Page 60 Question 20

c)

P(x)=x2+5x+7

Section 2.3 Page 60 Question 19

S = f(=2)
P4+6(1)2+k(1)—4=(-2>+6(-2)+k(-2)—4
14+6+k=-8+24—-2k
3k=9
k=3

Section 2.3 Page 60 Question 21
a) x—ais afactor of bx*>+cx+d and ba®+ca+d = 0.

P(—k) =3 b) P(x)=bx*+cx+d
(=k)? +5(-k)+7=3 P(a)=0
K2 _5k+7=3 b(a)* +c(a)+d =0
k2_5k+4=0 baz+ca+d:0
(k= 1)(k=4) =0 oo ZCEVE —dhd
k=1lor4 2b
Section 2.3 Page 60 Question 22
a) Quotient: —Q(x); Remainder: R.
b) Answers will vary.
x> 4+2x+3
—  — =x+3+
x—1 x—1
x24+2x+3 6
—_—— =—x-3+4
—x+1 —x+1
c) P(x) = (x = b)O(x) + R
P(x) R
x—b _Q(x)+x—b
P(x) R
x—b <Q(x)+x—b>
P(x) R
b—x o)+ b—x

Section 2.3 Page 61 Question 23
Answers will vary.

a) Px)=(x+1)(x-3)—4 b) O(x) = (x*+x+ D(x+2)+3 ¢ Rx)=x2x-1)+1
=x>-2x-7 =X +2xX2+ x4+ 2x+x+2+3 =2x* - x*+1
Check. =x>+3x2+3x+5 Check.
4 3
P3) =GB+ 1)(3-3) -4 Check. R(l) =2<l> _ (l) +1
=4 O(-2) = (=2 +3(-2)* +3(-2) +5 2 2 2

=3

-8+ 12—

= 00| —
0| —

2.3 The Remainder Theorem MHR 35



Section 2.3 Page 61 Question 24

a) x? -1 b) x+2
x>+ 0x+1)x* +0x3 +0x2 + 0x — 1 x?+0x+1)x3 +2x2 +5x+ 1
x4+0x° + X2 x4+ 0x%+ x
—x* +0x -1 2x* +4x + 1
—x% 4+ 0x — 1 2x% + 0x +2
0 4x —1
Quotient: x% — 1; Remainder: 0 Quotient: x + 2; Remainder: 4x — 1
)
x° +x* +x? +1

x2+0x—1)xS+0x7+0x6+0x5+0x4+0x3+0x2+0x—1
x+0x" — x5

x® 4 0x° + 0x*

x4+0x° — x*

x* 4 0x* + 0x?

X0 — X?

x>+ 0x —1
x>+ 0x—1
0
Quotient: x° + x* + x2 + 1; Remainder: 0; Restriction: x # +1
d)
2x -3

xz—x+0)2x3—5x2+6x—7
2x3 = 2x% + Ox

—3x*+6x—-7
—3x2+3x+0
3x -7

Quotient: 2x — 3; Remainder: 3x — 7; Restriction: x # 0, 1

Section 2.3 Page 61 Question 25

The remainder upon division of P(x) by x> + a can be found by replacing x> with —a wherever it occurs in P(x). The
remainder upon division of P(x) by x> 4+ bx can be found by replacing x> with —bx wherever it occurs in P(x). The
conjectures can be justified using the division statements P(x) = Q(x)(x*+a)+R(x) and P(x) = Q(x)(x*>+bx)+R(x).
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2.4 The Factor Theorem

Practise

Section 2.4 Page 68 Question 1

a) P(x)=x=3x*+4x -2
P()=1=3(1)2+4(1) -2
=1-3+4-2
=0

Since P(1) =0, x — 1 is a factor of P(x).

c) P(x)=3x-x-3
P(1)=3(1 - (1)-3
=3-1-3
= -1

Since P(1) # 0, x — 1 is not a factor of P(x).

Section 2.4 Page 68 Question 3

a) P(x)=x>+2x>+2x + 1
P = (-1’ +2(-D)*+2(-D) +1
=—142-2+1
=0

Since P(—1) =0, x + 1 is a factor of P(x).

©) P(m)=m’=3m> +m—3
P(3)=3*-33)?%+3-3
=27-27+3-3
=0

Since P(3) = 0, m — 3 is a factor of P(m).

e) P(x) =4x*—9x -9
P3)=4(3)*-93)-9
=36-27-9
=0

Since P(3) = 0, x — 3 is a factor of P(x).

g) P(y) =2y’ -5y*+2y+1
P(H) =21 =5(1)* +2(1) + 1
=2-5+2+1
=0

Since P(1) =0, y — 1 is a factor of P(y).

b) P(x)=2x—x*=3x-2
P(H=2(1)"-1>=3(1) =2
=2-1-3-2
=—4

Since P(1) # 0, x — 1 is not a factor of P(x).

d) P(x) =2x> +4x*> —5x — 1
P =2(1)° +4(1)*=5(1) -1
=2+4-5-1
=0

Since P(1) =0, x — 1 is a factor of P(x).

b) P(x)=x>-3x>+4x -4
PQ2)=2"-32)°+4Q2)-4
=8—-12+8-4
=0

Since P(2) = 0, x — 2 is a factor of P(x).

d) P(x) =x>+7x*+17x + 15
P(=3) = (=3 + 7(=3)> + 17(=3) + 15
=-27+63-51+15
=0

Since P(—3) = 0, x + 3 is a factor of P(x).

f) P(x) = 6x> = 11x — 17
P(-1)=6(-1)> = 11(-1) = 17
=6+11-17
=0

Since P(—1) =0, x + 1 is a factor of P(x).
h) P(x)=x>—6x—4
P(-2) = (-2)* —6(-2) -4
=-8+12-4
=0

Since P(—2) = 0, x + 2 is a factor of P(x).
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Section 2.4 Page 68 Question 5

a) P(x)=2x3+x2+2x+1 b) P(x):2x3—3x2—2x+3
3 2 3 2
1 1 1 1 3 3 3 3
Pl—=)=2(-= —= 2(-—= 1 Pl{=)=2(=) =-3(=) -2(=
(2)-2() +(5) =2(=)- (3)-2(3) = (3) ()=
1 1 27 27
=—+-—-1+1 =——-—-3+3
+ + R
. 1 . . 3 .
Since P <—§> =0, 2x + 1 is a factor of P(x). Since P <§> =0, 2x — 3 is a factor of P(x).
©) P(y)=3y* +8y* +3y -2 d) P(n) =6n° —7n* + 1
3 2 3 2
1 1 1 1 1 1 1
Pl=)= - - -]1-2 Pl-=)= — ) =7 -= 1
(3)-2() +(5) +:3) (55)-o(5) 7(55) +
1 8 2 7
=—+-+1-2 =——-=+1
5 5" 579"
:0 =
. 1 . . 1 .
Since P <§> =0, 3y — 1is a factor of P(y). Since P <—§> =0, 3n+ 1 is a factor of P(n).
e) P(x) = 8x* —2x -1 f) P(x) =3x* = x* = 3x + 1
2 3 2
1 1 1 1 1 1 1
Pl=-)= -] =2(=)-1 P(=-)= -] -l=) =-3(= 1
(3)-+() (3) (5)-2() -(5) = (5)~
=2-1-1 1 1
=——=—=—1+1
= 9 9
=0
1
SinceP(—):O, 2x — 1 is a factor of P(x). 1
2 SinceP<§>=0, 3x — 1 is a factor of P(x).
Section 2.4 Page 68 Question 7
1 3
a) The possible roots are +1, :I:E, +3, :I:E.
P(x) =2x* = 9x? + 10x - 3 1 2 9 10 -3
_ 3 2
P(1) =2(1)°’=9(1)"+10(1) -3 o 7 3
=2-9+10-3
=0 2 -7 3 0

Since P(1) = 0, x — 1 is one factor of P(x). Synthetic division yields another factor of 2x> — 7x + 3.

P(x) = (x— 1)(2x* - 7x+3)
=(x—-D2x=1(x=3)

S0,2x* —9x? + 10x — 3 = (x — N(2x — 1)(x = 3).
3
b) The possible roots are +1, :I:E, +—, 43, =, +-.

4 24
P(y) =4y’ =7y -3 14 073
_ 3
P(-1) =4(-1)* =7(-1) -3 4 4 3
=—447-3
=0 4 -4 3 0
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Since P(—1) =0, y + 1 is one factor of P(y). Synthetic division yields another factor of 4y* — 4y — 3.

P(y)=(y+ D@y’ —4y-3)
=(y+DQRy+DHQ2y-3)

So,4y* =7y —3=(y+ 1)y + H(2y - 3).
¢) The possible roots are +1, :I:g, +2, :l:g, +3, +6.

P(x) =3x —4x* - 17x + 6 2| 3 4 17 6
P(=2) =3(=2)° = 4(-2)* = 17(-2) + 6
=-24-164+34+6 6 20 6
=0

3 -10 3 0

Since P(—2) =0, x + 2 is one factor of P(x). Synthetic division yields another factor of 3x% — 10x + 3.

P(x) = (x +2)(3x> — 10x + 3)
=(x+2)Bx—1D(x-23)

S0, 3x* —4x? = 17x + 6 = (x + 2)(3x — 1)(x — 3).
d) The possible roots are +1, :I:g, +2, :l:g, +4, :l:g, +8, :l:g.

P(x) =3x> = 2x* — 12x + 8

PQ2)=32)>° -2 -122) +8
=24-8-24+38 6 8 -8
=0

Since P(2) = 0, x — 2 is one factor of P(x). Synthetic division yields another factor of 3x? 4+ 4x — 4.

P(x) = (x =2)(3x> + 4x — 4)
=(x-2)Bx—-2)(x+2)

S0, 3x% —2x? — 12x + 8 = (x — 2)(3x — 2)(x + 2).
e) The possible roots are 1, :I:E, +2, 43, :I:E, +4,+6, £12.

P(x) =2x> + 13x2 + 23x + 12 1 5 13 23 12
P(-1) =2(-1)*+13(-1)* +23(-1) + 12
=2+13-23+12 2 -1 -12
=0

2 11 12 0

Since P(—1) = 0, x + 1 is one factor of P(x). Synthetic division yields another factor of 2x? + 11x + 12.

P(x)=(x+1DQ2xX>+11x +12)
=x+D2x+3)(x+4)

S0, 2x3 + 13x2 4+ 23x 4+ 12 = (x + D2x +3)(x + 4).
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1 5
f) The possible roots are +1, :I:E, +2, %5, :I:E, +10.

P(x)=2x*=3x>+3x-10 2 2 3 3 -10
PQ2) =212 =322 +3(2) =10
2)=22) 2 2) 4 2 10
=16-12+6—-10
=0 2 1 5 0

Since P(2) = 0, x — 2 is one factor of P(x). Synthetic division yields another factor of 2x2 4+ x+5.
P(x)=(x-2)2x>+x+5)

2x% 4 x + 5 cannot be factored. So, 2x> 4+ 13x? +23x + 12 = (x = 2)(2x*> + x + 5).

, 1 1 1 3 5 55 1
g) The possible roots are il’iz’ig’ig’i3’i§’i5’i§’i§’ig’i15’ij
P(x) = 6x> —11x> = 26x + 15 3 6 -11 -26 15
P3) =6(3)° - 11(3)* = 26(3) + 15
(3) =6(3) (3) 3+ 18 21 -15
=162-99-78+15
=0 6 7 -5 0

Since P(3) = 0, x — 3 is one factor of P(x). Synthetic division yields another factor of 6x> 4+ 7x — 5.

P(x) = (x = 3)(6x> +7x —5)
=x-3)2x—-1)Bx+5)

So, 6x3 — 11x? = 26x + 15 = (x = 3)(2x — )(3x + 9).
1 1
h) The possible roots are £1, iE’ :I:Z, +2.

P(y) =4y’ +8y* -y -2 20 4 8 1 2
(Y 4 ROV ()

P(=2) = 4(=2)% + 8(=2)% — (=2) = 2 s 0 o
=324+ 432422
-0 4 0 -1 0

Since P(—2) = 0, y + 2 is one factor of P(y). Synthetic division yields another factor of 4y* — 1.

P(y)=(+2)#* - 1)

=0+2)2y-D2y+1)
S0, 4y +8y? —y—2=(y+2)2y — D2y + 1).
i) The coefficients suggest a factor by grouping strategy.

P(x)=4x> +3x> —4x -3
=x*(4x+3) — 1(4x +3)
= @dx+3)(x*-1)
=U@x+3)x-Dx+1)

1 1 1 5.5 5
j) Th ibl t 1], =, =, =, 5, £, =, +—.
J) The possible roots are >ty e >ty e

P(w) = 6w + 16w* — 21w+ 5

()40 ()4 (9)

2 16

=24+ 2745
9" 9

=0
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Since P <%> =0, 3w — 1 is one factor of P(w). Long division yields another factor of 2w?> 4+ 6w — 5. Since
b* — 4ac = 76, which is not a perfect square, 2w? + 6w — 5 cannot be factored further.
So, 6w3 4+ 16w? — 21w + 5 = 3w — )(2w? 4+ 6w — 5).

Apply, Solve, Communicate

Section 2.4 Page 68 Question 8

For this solution, the model A(7) = 3¢> 4 2¢ defines the total amount of forest cut down after ¢ years.
a) AQ2) =3(2)* +2(2) or 16. A(2) is the number of millions of hectares of forest cut down in 2002.

b) AGS) - A2) = 3(5)* +2(5) — [3(2)* +2(2]
=85-16
= 69

A(5) — A(2) is the number of millions of hectares of forest cut down between 2002 and 2005.

AG5) - AQ) 357 +2(5) - [3(2)” +2(2]

© 5-2 3
_85-16
3
_8
I
=23
A(5) - A2
M is the average area of forest cut down between 2002 and 2005.
A(t) — A2
d) M is the average area of forest cut down between 2002 and 2000 + ¢.

t—2
e) Answers may vary.

Section 2.4 Page 68 Question 9
)= fb) _ fx)=-fB)

a) i) f(X)—f(b)=f2(X)—2f(3) i) ~—b x—3
=x" -3 _(x=3)(x+3)
=x>-9 B x—-3
= (x=3)(x+3) =x+3, x#3
b)) /()= f(B) = f() = f@) i) fD-J0 _ R
_ 2 2 x—>b X —
_x2i§x_i_;2 +202) - 1) G h-2)
=X Fox—1- T x—2
=x>+2x—38 =x+4, x#2
= (x+4)(x-2)
©) i) Fx) = f(b) = f(x) = f(=1)

=20 +4x> =5x =T - 2D +4(-1)>=5(-1)=7)
=2x3 +4x> —5x -7
=(x+D2x*+2x-=7)

ii) fO -/ _ f&x) - f(=1)
x—b x—(=1)
C(x+ D@x*+2x-17)
h x+1

=2x°+2x -7, x#1
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Section 2.4 Page 68 Question 10

o L9 _ o+ RO ) 10 _ oy 4 RO
x=b xb_ b x—>b x—>b
9 ot = =0 £(x) = Q(x)(x = b) + R(x)

R(x) = f(x) = Q(x)(x — b)
R(b) = f(b) — Q(b)(b - b)

= f()
b
The division statement can be rewritten as f(x?) =0((x)+ Ll
x - x—
d) Yes; reasons will vary. The numerator is always divisible by the denominator, x — b.
- f(b
e) f(x)—;:() defines the slope of the line from the point (b, £ (b)) to the point (x, f(x)).
x —

Section 2.4 Page 69 Question 11
For this solution, the model M (t) = 5¢> + 2¢> + 10t defines the total emissions after ¢ years.

a) M) =56 + 26 + 10¢
M4) =54)° +2(4)* +10(4)
=320+32+40
=392

The mass of emissions in the year 2004 is 392 million tonnes.

b) M(7) = M(#) =5(7)° +2(7)* + 10(7) = [5(4)° + 2(4)* + 10(4)]
= 1715+ 98 + 70 — 392
= 1491

The total mass of emissions from 2004 to 2007 is 1491 million tonnes.

M(7) - M#) _ 1491

© 7-4 3
=497
The average mass of emissions from 2004 to 2007 is 497 million tonnes per year.
M) — M(1
d) % represents the average mass emitted over the period from 2001 to 2000 + ¢, where t > 1.

Section 2.4 Page 69 Question 12
a) P(x)=x*+4x> = 7x* —=34x - 24
P(=1) = (=)* +4(=1)> = 7(=1)* = 34(=1) — 24
=1-4-7+34-24
=0
x + 1 is one factor of P(x). Synthetic division yields another factor of x> + 3x% — 10x — 24.
O0(x) = x> +3x* - 10x — 24
0(-2) = (-2) +3(=2)* - 10(-2) — 24
=-8+4+12+20-24
=0
x + 2 is also a factor of P(x). Synthetic division yields another factor of x> + x — 12. Summarizing,
P(x) = (x+ 1DO(x)
=x+Dx+2)%+x—12)
=(x+DE+2)(x+4)(x-3)

So, x4 +4x3 — 7x? = 34x — 24 = (x + 1)(x + 2)(x + 4)(x — 3).
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b) The expression can be factored using a strategy similar to a). Factoring by grouping can also be employed.

P(x) = x° + 3x* =5 — 15x% + 4x + 12
=x*(x+3) = 5x%(x+3) +4(x +3)
=(x+3)*=5x2+4)
=(x+3)x*=D(x*-4)
=(x4+3)x+ Dx—D(x+2)(x=2)

So, X0 4+3x* =5x3 — 15x2 +4x + 12 = (x + 3)(x + D(x = D(x +2)(x = 2).

¢) Factor by grouping. d) Factor by grouping.

P(x) =8x> +4x> = 2x -1 P(x) = 8x> — 12x* = 2x + 3
=4x’Q2x+ 1= 12x+ 1) =4x*(2x —=3) = 1(2x = 3)
=2x+ D@Ex>-1) =(2x-3)4x*-1)
=2x+ D2x+ DHR2x—1) =(2x=3)2x+ DH2x—1)

=Q2x+1)*2x-1)
So, 8x —12x2—2x+3 = 2x—-3)2x+ 1) (2x—1).

So, 8x3 +4x2 —2x—1=(2x+ D*2x - 1).
Section 2.4 Page 69 Question 13

P(x) = x* +6x° + 11x* + 6x
= x(x* + 6x> + l1x + 6)

= x0(x)

o1 =D +6(-1)*+11(-1)+6
=-146-11+6
=0

To this point, x and x + 1 are factors of P(x). Synthetic division of Q(x) by x + 1 reveals

P(x) = xQ(x)
=x(x+ 1)(x*+5x + 6)
=x(x+ D(x+2)(x+3)

So, x* + 6x + 11x% + 6x = x(x + 1)(x + 2)(x + 3). The expression is the product of four consecutive integers.

Section 2.4 Page 69 Question 14

a) P(x)=4x*-3x-2x>+kx—-9 b) P(x) = kx> — 10x*> +2x +3
P3)=0 P(3)=0
43)* =33 -23)? +k(3)-9=0 k(3)} —103)*+23)+3=0
324-81-1843k-9=0 27k —90+9=0
3k = -216 27k = 81
k=-72 k=3

Section 2.4 Page 69 Question 15

a) P(2) =0 < x —2is a factor.
P(—4) =0 & x +4is a factor.

1
P <—§> =0 < 3x + 1is a factor.

b) No. A third-degree polynomial can have at most three factors.
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Section 2.4 Page 69 Question 16
P(x) = 6x> + mx* + nx — 5
P(-1)=0
6(-1)7° +m(=1)*+n(-1)-5=0
—-6+m—-n—-5=0
m—n=11 D
P(1) = —4
6(1)° + m(1)> +n(1)—5=—4
6+m+n—-5=—-4

m+n=-5 2)
Add (1) and (2).
2m =6
m=3 3
Substitute (3) into (2).
3+n=-5
n=-8

A check by substitution confirms m = 3 and n = —8.

Section 2.4 Page 69 Question 17
Factor by grouping.

P(x) = x> — ax? + bx* — abx + ¢x — ac

= xz(x—a)+bx(x—a)+c(x—a)

= (x—a)(x2+bx+c)

Thus, x — a is a factor of x> — ax? + bx? — abx + ¢x — ac.

Section 2.4 Page 69 Question 18

a) i) P(x)=x—1
PH=1-1
=0

x — 1 is a factor of x> — 1. Synthetic division reveals
another factor of x> + x + 1.

C-l=Gx-DE*+x+1)

jii) P(x)=x=27
P3)=3-27
=0

x — 3 is a factor of x*> — 27. Synthetic division reveals
another factor of x> + 3x + 9.

X =27=(x-3)(x*+3x+9)
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ii) Px)=x"+1
P =(-1)P+1
=0

x + 1 is a factor of x> + 1. Synthetic division reveals
another factor of x> — x + 1.

PHl=x+DE*=—x+1)

iv) P(x) = x* + 64
P(—4) = (-4)’ + 64
=0

x + 4 is a factor of x* + 64. Synthetic division reveals
another factor of x*> — 4x + 16.

x> 464 = (x +4)(x* —4x + 16)



V) P(x)=8x>-1 vi) P(x) =64x° + 1

r(3)-+(y - ()2

=1-1 =—-1+1

= 0 =
2x — 1 is a factor of 8x> — 1. Synthetic division reveals 4x+1 is a factor of 64x>+ 1. Synthetic division reveals
another factor of 4x? 4+ 2x + 1. another factor of 16x? — 4x + 1.
8x—1=(2x—DAx*>+2x+1) 64x> +1 = (4x + D(16x> —4x + 1)

b) The expressions have the same signs. x + y is a factor of x> + y3. The other factor is x> — xy + y°.

¢) The expressions have the same signs. x — y is a factor of x> — y3. The other factor is x> + xy + y°.

d) P(x) = 8x% + 125
= (2%)° +(5)°
= (2x + 5)((2x)* = (2x)(5) + (5)%)
= (2x + 5)(4x* — 10x + 25)

O(x) = 27x> — 64
= (%) - @)’
= (3x — 4)((3%)* + B3x)@) + (4)?)
= (Bx —4)(9x% + 12x + 16)

e) P(x) = x5 +)°
= () + Y
= (7 + )6 -y + b

f) Answers may vary. x — y is not a factor of x*" + y¥; x + y is a factor of x*" + y>" if and only if n is odd.
g) Answers may vary. x — y is a factor of x> — y*'; x + y is a factor of x*" — y3" if and only if # is even.

Section 2.4 Page 69 Question 19

a) Both x + 1 and x — 1 are factors of x!%0 — 1. b) P(x)=x"+1
P(-1)=(-1)"+1
100 =-1+1
P =)™ -1 ~0
=(1)_1 x + 1 is a factor of x* + 1.
B P(H =MD" +1
¢) Let P(x) = x" — 1. Since P(1) = 0, x — 1 is a =1+1
factor of every polynomial of the form x" — 1. =2
d) Let P(x) = x" + 1. Since P(—1) = 0 for all odd
n, x + 1 is a factor of every polynomial of the form Since P(1) # 0, x — 1 is not a factor of x*° + 1.

x" + 1, where n is odd.
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Section 2.4 Page 69 Question 20

V(r) = gn(ﬂ +9r2 4+ 27r +27)
V(-3) = gzr((—3)3 +9(=3)? +27(=3) + 27)

4
= 37(=27+81 -81+27)
=0

Since V' (=3) = 0, r + 3 is a factor of V'(r). Synthetic division of V() by r + 3 reveals another factor of > + 6r + 9.

V() = %ﬂ(r +3)r*+6r+9)

= gn(r +3)(r +3)(r+3)
= gﬂ(r +3)°
The radius of the larger sphere is r + 3.
Section 2.4 Page 70 Question 21
a) i) P(x) = x* +y* ii) P(x) = x* = y*
P(=y) = (=p)* +y* P(=y) = (=)' =y
=y + =yt =y
=2y* =0
X + y is not a factor of x* + y*. X + y is a factor of x* — y*.
P(y) =+t P(y) ==y
=2y* =0
x — y is not a factor of x* + y*. x — y is a factor of x* — y*.
jii) P(x)=x"+y° iv) P(x) =x -y
P=y) ==y’ +) P=y) ==y’ =y
N . S
=0 = -2y’
x + y is a factor of x° + y°. x + y is not a factor of x> — y°.
P(y)=y +y P(y)=y -y
=2y’ =0
x — y is a not factor of x> + y°. x — y is a factor of x° — y°.
V) P(x) = x4+ vi) P(x) = x5 =y
P(=y) = (=»)°+)° P(=y) = (=»)° =)°
=040 = 0 S
=2y =0
x + y is not a factor of x® + y°. x + y is a factor of x® — y°.
P(y) = y°+)° P(y) =y°—)°
=2y =0
x — y is not a factor of x® + y°. x — y is a factor of x® — y°.
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vii) P(x)=x"+y’ viii) P(x)=x"—y’

P(=y) = (=) +y’ P(-y) = (=) =y’
=y 4y S
=0 =-2y’
x + yis a factor of x” + y”. x + y is not a factor of x7 — y7.
PGy =y +) PGy =y =y
=2y’ =0
x — y is a not factor of x7 + y’. x — yis a factor of x” — y’.

b) x + yis a factor of x" + y" if nis odd.
x — y is a factor of x" — y" if nis odd.
x + y and x — y are factors of x" — y" if n is even.
Neither x + y nor x — y is a factor of x" + y" if n is even.

¢) Since x® — y® is of the form x” — y", where n is even, both x + y and x — y are factors.
d) Since x'! + y!! is of the form x" 4 y", where 7 is odd, only x + y is a factor.
Section 2.4 Page 70 Question 22

If there is more than one zero, there must be three zeros. Since they are all integers, the factors must be of the form
x —m or m — x, where m is an integer. When these factors are multiplied, a must be +1.

Section 2.4 Page 70 Question 23

a) P(x) = ax> +bx*> +ex+d
P(1)=0
a(* +b(1)? +c(1)+d=0
a+b+c+d=0

If x — 1 is a factor of P(x),a+b+c+d=0.

b)i) Since3+5—-6—-2=0, x — 1 is a factor of 3x> + 5x% — 6x — 2.
ii) Since2—-9—1—8 #0, x — 1 is not a factor of 2x> — 9x? — x — 8.
iii) Since =5+ 4+ 1 =0, x — 1 is a factor of —=5x> + 4x + 1.

Section 2.4 Page 70 Question 24

x + y is a factor of P(x) if and only if P(—y) = 0.

P(x) =X = 1) = YA +x) +x7 +)?
P(=y) = (=)’ = D) =y A+ =) + (=) + )
=y’ 0* =D -y A+y)+y +)’
=y =y =y =y + P+

=0
Section 2.4 Page 70 Question 25
a) 3x2—1—%=i2(3x4—x2—2) b) 2x* —xy —3y* = (2x = 3y)(x +»)
X X

= i2(3x2 +2)(x*-1)
X

= %(3x2 +2)(x = D(x+1)
X
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11 6
c) P(x):)€3—6x+———3
X  x

1
= < (- 6x* + 11x* - 6)
X
1
= () = 6(x*)” + 11(x*) - 6)
X
Since P(1) = 0, x> — 1 is a factor of P(x). Use synthetic division.

Hﬂ=£ﬂf—D«ff—ﬂﬁHﬁ)

= %(x —Dx+DE*=3)(x*-2)
X

2 x3

d) PO =15-23% 49 - T
y y A

1
= —3(15y3 —23xy* +9x%y — x%)
K
Since P(x) = 0, y — x is a factor of P(y). Use synthetic division.

1
Hw=;u—wawﬁww+ﬁ>

1
= — (= 0Gy -0y - x)
y
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1 -6 11 -6
1 5 6
1 -5 6 0
15 -23x 9x2 -x8
15x -8x2 x3
15 -8x x2 0



2.5 Roots of Polynomial Equations

Practise

Section 2.5 Page 79 Question 1

a) x+Dx-4dHx+5=0
x=-1,4, or =5

c) x(x+3)(x—=-8)=0
x=0, =3, or8

Section 2.5 Page 79 Question 3

a) P(x)=0
X +3x*—x-3=0
(x+3)-1(x+3)=0
x+3)x*-1) =0
x=-=-3, -1, orl
Check.
P(=3)= (-3’ +3(-3)’ - (-3) -3
=-27+27+3-3
=0
P(=1) = (=1’ +3(-1* = (1) - 3
=-143+1-3
=0
P()=1>+3(1)*-1-3
=143-1-3
=0

The solutions are —3, —1, and 1.

©) PO = +20-Tt+4
P(H=1+2(1)>-7(1) +4
=1+2-7+4
=0

t — 1 is a factor of P(#). Synthetic division reveals the
factor 1> + 3t — 4.

P(t)=0

t-DE*+3t-4)=0

t-DE+dHE-1)=0

t=1or —4
Check.
P(—4) = (—4)* + 2(=4)> = 7(—4) + 4

=—64+32+28+4

=0

The solutions are —4 and 1.

b) x=2)(x=7NDx+6)=0
x=2,7, or —6

d) (x+6)(x=3)2=0
x = —6 or 3 (double)

b) P(x)=0
P =3x2—4x+12=0
X} (x-3)—4(x—-3)=0
(x=3)(x*=4)=0
x =342
Check.
P(3)=3*-33)-43)+ 12
=27-27-12+12

=0
P(=2) = (=2’ =3(=2)> —4(=2) + 12
=-8—-12+8+12
=0
PQ2)=2-32)2-42)+ 12
=8—-12-8+12
=0

The solutions are 3 and +2.

d) P(y)=0
Yy —3y* —16y+48=0
Y(y-3)-16(y-3)=0
y=3)0*-16)=0
y=3+4
Check.
P3)=3%-33)2-16(3) +48
=27-27—-48+48
=0
P(—4) = (=4)° = 3(—=4)> — 16(—4) + 48
= —64 — 48 4+ 64 + 48
=0
P(4) =4 -3(4)> - 16(4) + 48
= 64 — 48 — 64 + 48
=0

The solutions are 3 and +4.
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e) Pa)=d—4d* +a+6
PQ2)=2"-4022+2+6
=8-16+8
=0

a — 2 is a factor of P(a). Synthetic division reveals the
factor a> — 2a — 3.
P(a)=0
(a=2)d*=2a-3)=0
(@a=2)(a-3)(a+1)=0

a=2,3 or —1
Check.
P3)=3"-43)>+3+6
=27-36+9
=0
P(-1)=(-1)P®-4-D*-1+6

=-1-4-1+6
=0

The solutions are 2, 3, and —1.

Section 2.5 Page 79 Question 5

a) P(x)=0
2x3—3x2=2x=0
x(2x* =3x-2)=0
x2x+1)(x-2)=0

x=0, —%, or?2
Check.
P(0) = 2(0)° = 3(0)% = 2(0)
=0
3 2
()= (=)
2 2 2 2
1 3

=3 37!

PQ2) =212 -32)?2-22)
=16-12—-4
=0

1
The solutions are 0, X and 2.
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f) P(x)=x>—4x*-3x+18
P(=2) = (-2) —4(=2)> = 3(=2) + 18
=-8—-16+6+18
=0

x + 2 is a factor of P(x). Synthetic division reveals the
factor x> — 6x + 9.
P(x)=0
(x+2)(x>*=6x+9) =0
(x+2)(x=3)7°=0
x = =2, 3 (double)

Check.
P(3)=3-4(3)>-33)+18
=27-36-9+18
=0

The solutions are —2 and 3 (double).

b) P(x)=0
3x = 10x*> +3x =0
x(3x?—10x+3)=0
xBx—-1)(x-3)=0

x =0, % or3
Check.
P(0) = 3(0)> — 10(0)* + 3(0)
=0
1 1\’ 1\2 1
r(5)=3(5) ~0(3) +2(3)
1 10
=59 *!
=0
P(3) =3(3)’ - 103)* +3(3)
=81-90+9
=0

1
The solutions are 0, 3 and 3.



) P(z) =0

9z -4z =0
29z —4)=0
z(3z+2)(3z-2)=0
2
z=0, -3 or 3

P(0) = 9(0)° — 4(0)

2
The solutions are 0, —3 and 3

Section 2.5 Page 79 Question 7

a) i) P(x)=0
X —8x=0

x(x>—-8)=0

x=0

x> -8=0

x> =8

x=d:2\/§

The roots are 0, :|:2\/§.
ii) The roots are 0 and +2v2 = +2.83.

d) P(x)=0
16x° +8x*+x =0
x(16x> +8x+1)=0
x(4x+1)*=0

1
x =0, ~2 (double)

Check.
P(0) = 16(0)> + 8(0)* + (0)
=0
1 1\’ 1\* 1
p(-3)=10(-3) +5(5) + ()
16 8 1
" T64 16 4
=0

1
The solutions are 0 and — 1 (double).

b) i) P(x)=x>—10x+3
P3)=3-103) +3
=27-30+3
=0

x — 3 is a factor of P(x). Synthetic division reveals an-
other factor of x> + 3x — 1. Use the quadratic formula to
determine the remaining roots.

—3+4/32—4(1)(-1)
*E 2(1)
-3++13
= T

-3+413

2
ii) The roots are 3 and approximately 0.30 and —3.30.

The roots are 3,
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P(x)=x>—6x>+6x+38
P(4) =4 —6(4)>+6(4)+8
=64-96+24+8

=0

c) i)

x — 4 is a factor of P(x). Synthetic division reveals
another factor of x>—2x—2. Use the quadratic formula
to determine the remaining roots.

‘e —(=2) £ V(=2 = 4(1)(-2)
B 2(1)

2+4/12
2
2+£243

2
1+/3

The roots are 4, 1 + \/5
ii) The roots are 4 and approximately 2.73 and —0.73.

e) i)

P(v)=v’+5/7%-18
P(=3) = (-3)° +5(-3)* - 18
=-27+45-18

=0

v+ 3 is a factor P(v). Synthetic division reveals another
factor of v?> + 2v — 6. Use the quadratic formula to de-
termine the remaining roots.

~2+1/22 - 4(1)(=6)
B 2(1)
—2++/28
2
—24+2V7

2
=-1+7

The roots are =3, —1 + \/7
ii) The roots are —3 and approximately 1.65 and —3.65.

Section 2.5 Page 79 Question 9
a) The roots are —4.31, —1, and 0.81.

di) Px)=x>+3x*-15x-25
P(=5) = (=5)° + 3(=5)> = 15(=5) = 25
=—125+75+4+75-25

=0

x + 5 is a factor of P(x). Synthetic division reveals an-
other factor of x> — 2x — 5. Use the quadratic formula to
determine the remaining roots.

_ =(=2) £V (=2)? —4(1)(=5)
B 2(1)
2+ 24

2
1+6

The roots are —5, 1 + \/g
ii) The roots are —5 and approximately 3.45 and —1.45.

i) Px)=x(x+4)(x+1) -4
=x>4+5x° +4x -4

(=2 +5(=2° +4(-2) -4

=-8+20-8-4

=0

P(=2)

x + 2 is a factor of P(x). Synthetic division reveals an-
other factor of x? + 3x — 2. Use the quadratic formula to
determine the remaining roots.

3 VFAD
*e 2(1)

=3 V1T
B 2

-3+ V17

The roots are —2,

ii) The roots are —2 and approximately 0.56 and —3.56.

v

[ 2eFa
Y=-1E-11 =-1

e
=-4.z:117=H

o , Ao , i

e o L
n=.0117=768 IY=0
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b) The roots are —4, —1.69, and 1.19.

L

N

—Y

X

gk
=-1.68B6141

=i

A
]'-,\:

el L
n=1.18614%7

W

¢) The rootis —1.

el

=-Y4 Y=
LT ol

we-i =i

d) The roots are —1.09, 1.57, and 3.51.

_{

GE0Y meLs ?:ﬂU

-] [
n=1.57100%:

o] )
n=z.kiyizpl

Y=1E-1:z

e) The roots are +1.32.

4
Y

n=-1.z1a074 1Y=0

\

o]
n=1.z1607Y

¥=0

f) The roots are —0.75, 1.16, and 4.59.

N

o]
n=-PELEEEL =0

o]
n=1.1CE917:

¥=0

-]
n=y. ElEeL Y

¥=0
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g) The roots are —2.65, —1, 0.27, and 1.38.

[ —

| Y D B I s Y P I P

[ o vl

o] I o] I o] o I
n=-Z.eki08z 1Y=0 n=- ¥=0 n=.2PZEB0EE 1Y=0

2k I
n=1.z772028 Y20

h) The roots are —3.58, —0.79, and 0.88.

= M M M 1 [ A M M k']

o] ) ’\F)“I o] o) \F)r
355'1'1!:!3 ¥=0 n=".734008E 1Y=0 n=.B78411i44 I¥=0

Apply, Solve, Communicate
Section 2.5 Page 79 Question 11

— X cm. Let V' (x) be the
volume of the box, in cubic centimetres, in terms of the height, x, x € (0, 30). Determine the volume of the box.

From the diagram, the dimensions of the box are determined to be x by 60 — 2x by

FESRF=B0RE+B00E-H000

V(x) = x(60 — 2x) <

60 —2x > GRAPHING CALCULATOR

x(30 — x)(60 — 2x)
= 2x> — 120x* + 1800x (1)

Determine x for a volume of 8000 cm?.

V(x) = 8000
2x% — 120x? + 1800x = 8000
x> = 60x? + 900x — 4000 = 0 (2)

Polynomials (1) and (2) appear in the adjacent graphic. The Zero operation of the graphing calculator reveals that 10
is the only root of x> — 60x? + 900x — 4000 in the interval (0, 30). The value of x is 10 cm.
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Section 2.5 Page 80 Question 12

a) Let the point P be the general point on the function f(x) = 4/4 — x2. The base radius of the cone can be expressed

as r = /4 — x2. The height of the cone can be expressed as h = x + 2.

Vr h) = %nrzh
V(V4—x2,x+2> = %7[<V4—x2)2(x+2)
V(x) = %n(4—x2)(x+2)

b) The cone remains inscribed in the sphere and both |~

the radius and height of the sphere remain non- |
negative over the domain x € [-2, 2]. \

©) V(x)=0
%;:(4 —x)(x+2)=0
%E(Z—x)(x+2)2 =0 v
x =42

For the roots x = £2, the volume of the cone is zero.

Section 2.5 Page 80 Question 13

a) The base radius of the cone can be expressed as r = /100 — x2. The height of the cone can be expressed as

h=x+10. |
V(r h) = §7rr2h
1 2
v (\/100 — 2 x+ 10) =37 (\/100 _ x2> (x + 10)
1
V(x) = §n(loo —x?)(x +10)
GRAPHING CALCULATOR
b) V(x) = 1000

1
§n(loo — x?)(x + 10) = 1000

1
g7r(100x + 1000 — x*> = 10x?) = 1000 = 0
x =6.49

For the volume to be 1000 m?, x = 6.49 m. The radius

of the cone is r = 1/ 100 — 6.492 or 7.61 m. The height
ish =104+ 6.49 or 16.49 m.

¢) The dimensions of the pyramid are x by x by x +2.
Let V' be the volume.

V = 1000
1
g>c2(x+ 2) = 1000
1
§(x3 +2x%) = 1000 = 0
x = 13.79

For the volume to be 1000 m?, the side lengths of EEEE.?HEEB? V=i

the base should be 13.79 m. The height should be
15.79 m.

2.5 Roots of Polynomial Equations MHR

GRAPHING CALCULATOR

55



Section 2.5 Page 80 Question 14

P(x) = 3P(0)
x>+ x% = 2x+ 10 = 3(10)
X +x2-2x-20=0 (1)

Setting the Float operation of the graphing calculator to
0 and using the Zero operation reveals the solution to (1).

GRAPHING CALCULATOR

City council will pass the bylaw 3 years from now.

Section 2.5 Page 80 Question 16

1 1

Th ibl 1, +-, -, .
a) The possible zeros are > EEg

P(x) = 8x° — 12x> +6x — 1
3 2
1 1 1 1
Pl=)=8|=) —-12( = 6(=)-1
(3)-2() -2 (z) +o(3)
=1-3+3-1
=0
2x — 1 is a factor P(x). Division reveals another
factor of 4x> — 4x 4+ 1. This is a perfect square
trinomial.
P(x)=0
8x® —12x* +6x—1=0
Qx—-1D@x*—4x+1)=0
2x-1D2x-1)?*=0

1 1
The roots are 3 3 and,z.
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Section 2.5 Page 80 Question 15

P(x) = 0.001
—x* = 5x% = 3x + 12 = 0.001
—x? —5x2 = 3x+11.999 =0 (1)

The Zero operation reveals the solution to (1).

GRAPHING CALCULATOR

[

o] ) .1:".

n=1.17zz7E1L Y¥=n0

The population of fish declines to 1000 after 1.1723
decades, or about 12 years.

b) The possible zeros are

ililililili lil il
27737757767 1007157730

P(x) =30x% + 19x% — 1

1 1\’ 1\?
p(2)= - 19(2) -1
6 19

=g+g—1

=0

5x —11is a factor of P(x). Division reveals another
factor of 6x% + 5x + 1.
P(x)=0
30x* +19x* = 1=0
5x — D(6x*+5x+1)=0
Gx-D2x+1)Bx+1)=0

1

1
Th t -, —=, and — =.
€ Toofs are =, —7, an 3



; 1 1 1 3
¢) Factor by grouping. d) The possible zeros are +1, +—, ié_l’ +—,£3, :I:E,
:|:3 :|:3 +9 :I:9 :I:9 :I:9 +27 :I:27 :i:27 :I:27
Py) =0 R e N R e R R
12y° —4y* =27y +9=0 X
4’y —1)=93y-1)=0 P(a) = 8a +273
3 3
By- DA -9 =0 p<_§> =g<_§) +27
By-D2y-3)2y+3)=0 i
1 3
y=—-or = =0

3 2

1 3 2a+ 3 is a factor of P(a). Division reveals another
The roots are 3 ii' factor of 4a® — 6a + 9. Use the quadratic formula
to determine the remaining roots.

_ (=0 £ V(=62 -4(H9)

2(4)
_6+£v-108
=

_ 6£6iV3

=—

_ 3£3iV3

=0
3 3+3iV3
The roots are -y T

3 2
e) %-%:0 f) x3—137x+x=—3
33 —2x =0 4x° = 13x* +4x+12=0
x(3x>=2) =0 P(x) =4x® —13x* + 4x + 12
x=0 11 3 3
3x2-2=0 The possible zeros are +1, :I:E, :I:Z, +2, 43, :I:E, :I:Z, +4, +6, +£12.
3x2=2
222 P(2) =4(2)° = 13(2)* +4(2) + 12
3 =32-524+8+12
X = :I:\/—§ =0
V3
V6 x — 2 is a factor of P(x). Synthetic division reveals another factor of
=+= 4x2 = 5x — 6.

P(x)=0
+V6 45— 13x* +4x+12=0

The roots are 0, N
(x =2)4x*=5x—-6) =0
(x=2)(x=2)4x+3)=0

3
The roots are 2 (double) and — vk
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1 1 1
2 l--==-5 h)

x x3 x?

2 1

x—2 x-1 %

¥ -xt=1-x 2-D-1x=2)=x(x=-2)(x-1)

¥-x’+x-1=0

Px-D+1x-1)=0
x-D*+1) =0

x=1
x2=-1
x =i

The roots are 1, i, and —i.

The roots are 0 and

Section 2.5 Page 80 Question 17

a) P(x) = x> + kx* — 10x — 24
P(-2)=0
(=2)° + k(-2)> —=10(-2)-24 =0
—84+4k+20-24=0
4k =12
k=3

x+2is afactor of P(x) = x> +3x%—10x—24. Synthetic
division reveals another factor of x% + x — 12.

(x+2)(x*+x—-12)=0
x+2)(x+4)(x-3)=0
x=-2,-4, or3

The roots are —2, —4, and 3.

Section 2.5 Page 81 Question 18

a) X —4x*+kx=0
x(x>—4x+k)=0

x=0

x> —4x+k=0

For two equal roots, determine the zeros of the discriminant.

(- —4()(k) =0
16 —4k =0
k=4

x> — 4x? 4+ 4x = 0 has two equal roots.
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2x —2—x42=x>=3x>+2x

x*=3x*4+x=0

x(x*=3x+1)=0

x=0
—(=3) £ V(=32 - 4()(1)
2(1)

_3%V5
)
3+45
TR
b) P(x) =3x> +4x> + kx -2
P(-2)=0

3(=2)° +4(=2)*=2k-2=0
—24+416-2k—-2=0

—2k =10

k=-5

x + 2 is a factor of P(x) = 3x3 4+ 4x> — 5x — 2. Syn-
thetic division reveals another factor of 3x? — 2x — 1.
Factoring reveals the remaining factors.

(x+2)3x>=2x-1)=0
(x+2)Bx+D(x-1)=0

1
=22 orl
X 3 or

The roots are —2, —%, and 1.

b) X —4x?+4x=0
x(x2—4x+4)=0
x(x=2)2=0

x =0and2



Section 2.5 Page 81 Question 19

Let the three consecutive integers be x — 1, x, and x + 1.

(x = D) (x+ 1) = =504
x(x?=1)+504 =0
X —x+504=0

Let P(x) = x> — x + 504.

P(—8) = (-8)° — (—8) + 504
=512+ 8 4504

=0

One root is —8. The polynomial can be expressed as P(x) = (x + 8)(x> — 8x + 63). Use of the quadratic formula on
x> — 8x + 63, yields no further integer roots. The consecutive integers are —9, —8, and —7.

Section 2.5 Page 81 Question 20

a) P(x)=0
=4+ xP+6x=0

x(x* —4x* +x+6) =0

x=0

-4’ +x+6=0

Let O(x) = x> —4x? + x + 6.

02)=2"-4(22+2+6
=8-164+2+6
=0

x — 2 is a factor of Q(x). Synthetic division reveals
another factor of x> — 2x — 3.

P(x)=0

x0(x)=0

x(x=2)(x*=2x=3)=0

x(x=2)(x=3)(x+1)=0
x=-1,0,2, or3

The roots are —1, 0, 2, and 3.

b) P(x)=x*+2x> = 7x* —8x + 12
P =1"+2(1)) =7(1) - 8(1) + 12
=14+2-7-8+12
=0

x — 1 is a factor of P(x). Synthetic division reveals
another factor of Q(x) = x> + 3x? — 4x — 12. Factor

O(x) by grouping.
P(x)=0
(x=1D0(x) =0
(x=D[x*(x+3)—4(x+3)]1=0
(x—Dx+3)x*-4)=0
x=Dx+3)(x-2)(x+2)=0
x=1,-3,2, or —2

The roots are —3, —2, 1, and 2.
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) P =1 =211 +12t+ 36
P(3) =3*-23)°-113)* + 12(3) + 36
=81 —54—99 +36+ 36
=0

t — 3 is a factor of P(¢). Synthetic division reveals
another factor of Q(f) = 2 + 12 — 8t — 12.

0(3)=3+3*-8(3)-12
=27+9-24-12
=0
t — 3 is a factor of Q(#). Synthetic division reveals
another factor of 12 + 4t + 4.
Pt =0
(t=3)t=3)FP +4t+4)=0
t-321+2)*=0
t=3o0r -2

The roots are —2 and 3.

e) P(x)=x*=x*=10x>+ 10x + 12
P(2)=2*-22-10(2)> + 10(2) + 12
=16-8—-40+20+ 12
=0

x — 2 is a factor of P(x). Synthetic division reveals
another factor of Q(x) = x> + x> — 8x — 6.

0(x) =x*+x>-8x-6
0(-3) = (-3)*+ (-3)* = 8(-3) - 6
=-274+9+24-6
=0

x + 3 is a factor of Q(x). Synthetic division reveals
another factor of R(x) = x>—2x—2. Use the quadratic
formula to determine the roots of R(x).

R(x)=0
= —(=2) £ V(=22 = 4(1)(-2)
2(1)
_2xV12
)
2+2v3

2
1+3

The roots are 2, =3, 1 + \/5
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d

P(x)=0

X —4x>+3=0
x2=3)x*-1)=0

The roots are £1 and + \/5

x}=3=0
X ==
x*-1=0
x = =1
P(x)=0
x*-1=0
P-DE*+1)=0
x!-1=0
X2 =1

x = =+1
x*+1=0
x> =-1

X = =i

The roots are +1, +i.

3



g) P(x)=2x*+5x3+3x>—x—-1
P(=1) =2(-D* +5(-1)’ +3(-1)* = (-1) - 1
=2-5+3+1-1
=0

x + 1 is a factor of P(x). Synthetic division reveals
another factor of Q(x) = 2x> + 3x% — 1.

O(x)=2x"+3x* -1
O(-1) =2(-1)* +3(-1)* -1
-2+3-1
=0

x + 1 is a factor of Q(x). Synthetic division reveals
another factor of R(x) = 2x* + x — 1. Factor R(x) to
obtain the remaining roots.

R(x)=0

2352 +x—-1=0
Cx—Dx+1=0
1

=-or -1
X 201'

1
The roots are —1 and 5

Section 2.5 Page 81 Question 21

P(y)=4y* -8y =3y +5y+2

P(1) =4(D)* =8(1)* =3(1)> +5(1)+2
=4-8-3+5+2
=0

h)

y — 1 is a factor of P(y). Synthetic division reveals
another factor of Q(y) = 4y° —4y> — 7y — 2.

0 =4y’ —4y* =Ty -2
0(2) =4(2)° —4(2)* - 7(2) -2
=32-16-14-2
=0
y — 2 is a factor of P(y). Synthetic division reveals

another factor of R(y) = 4y*> + 4y + 1. Factor R(y) to
obtain the remaining roots.

R(y)=0

4y’ +4y+1=0
Qy+1)?>=0

1

)

The roots are 1,2, and — %

Let V' (x) be the volume of the solid, in cubic centimetres.

V(ix)=(x—-1Dx-=-2)(x+3)
=(x-D*+x-6)

= x3
Given a volume of 42 cm?, we can solve for x.
V(x)
X —Tx+6
x> —7x-36
Let P(x) = x> — 7x — 36.
P4)
P(x)

Thus, x = 4 is the only real root of P(x) = 0. From x

-7x+6

=42
=42
=0

=43 -7(4)-36
=64 -28-36

=0
=(x—-4)x*+4x+9)

= 4, the dimensions of the solid are 2 cm by 3 cm by 7 cm.
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Section 2.5 Page 81 Question 22

Let V' (x) be the volume of the box, in cubic centimetres.

V(x) = (x)(x)(x +12)
=x*(x +12)

= x>+ 12x°
Given a volume of 135 cm?, we can solve for x.

V(x) =135
x*+12x% = 135
X+ 12x* - 135=0
Let P(x) = x> + 12x* — 135.
P(3)=3"+12(3)° - 135
=27+108 - 135
=0
Thus, x = 3 is the only positive root of P(x) = 0. From x = 3, the dimensions of the toothpaste box are 3 cm by 3 cm
by 15 cm.

Section 2.5 Page 81 Question 23
Let & be the height of the box, in centimetres. Let V' (h) be the volume of the box, in cubic centimetres.

V(h) = (h)(h + 15)(h + 20)
= h(h® + 35h + 300)
= h® +35h%> + 300h

Given a volume of 2500 cm?, we can solve for 4.

V (h) = 2500
1 + 35h% + 300h = 2500
1 + 35h* + 300h — 2500 = 0
Let P(h) = h* + 35h* + 300h — 2500.
P(5) = 5° +35(5)% + 300(5) — 2500
=0

Thus, & = 5 is the only real root of P(h) = 0. The dimensions of the CD-ROM box are 5 cm by 20 cm by 25 cm.
Section 2.5 Page 81 Question 24

Let x be the uniform amount by which each dimension is increased. Let V' (x) be the volume of the box, in cubic

centimetres.
V(x)=(x+5(x+10)(x + 10)

= (x + 5)(x* + 20x + 100)
= x> + 25x% + 200x + 500

Given a volume of 1008 cm?, the value of x can be determined.

V(x) = 1008
x* +25x% + 200x + 500 = 1008
x> +25x% +200x — 508 = 0
Let P(x) = x> + 25x% 4+ 200x — 508.
P(2) = 2° +25(2)% + 200(2) — 508
= 8 + 100 + 400 — 508
=0

Thus, x = 2 is aroot of P(x) = 0. From x = 2, the dimensions of the new prism are 7 cm by 12 cm by 12 cm.
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Section 2.5 Page 81 Question 25

Let h be the height of the building, in metres. The length can be expressed as 3. The width is also 3k4. Let V' (h) be

the volume of the building, in cubic metres.

V(h) = (h)(3h)(3h)
=953

Given a volume of 0.009 x 10° or 9 000 000 m?>, we can solve for .

V (h) = 9 000 000
9h* = 9 000 000
h* =1 000 000

h =100

From h = 100, the dimensions of the building are 100 m by 300 m by 300 m.

Section 2.5 Page 81 Question 26

Let d be the depth of the sandbox, in metres. The width can be expressed as 12d. The length can be expressed as

12d + 1. Let V' (d) be the volume of the sandbox, in cubic metres.

Vd) =3
d(12d)(12d + 1) = 3
144d° + 12d* -3 =0

484° +4d*—1=0

Let P(d) = 484> + 4d* — 1.

-1

-2l

i
=0

P(d) = (4d — 1)(12d* + 4d + 1)

1 1
Thus, d = I is the only real root of P. From d = 7 the dimensions are 0.25 m by 3 m by 4 m if the bottom is included.

Let C be the cost of the sandbox.

C=2[2< >(3)+2< >(4)+3(4)]

3
=2(>+2+12

=31

3
If the bottom of the sandbox is required, the total cost is $31. For no bottom, C = 2 <§ +

Section 2.5 Page 81 Question 27

Factor by grouping.
X +3x* 5% — 15x* +4x+12=0

xx+3)=5x*(x+3) +4(x+3)=0
(x+3)(x*=5x>+4)=0

X+ -H*P-1)=0
(x+3)(x=2)(x+2)(x - D(x+1)=0

x=-3,2-21-1

The roots of P(x) are —3, -2, —1,1, and 2.

2> or $7.
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Section 2.5 Page 81 Question 28

Answers may vary. For a real root of 7, the equation must have a linear factor of x — 7. An additional quadratic factor
with a discriminant less than zero will provide the two imaginary roots. For example,

P(x)=0
x=DE*+x+1)=0
X —6xr—6x—7=0

The cubic equation x> — 6x> — 6x — 7 = 0 has a real root of 7 and two imaginary roots.
Section 2.5 Page 81 Question 29

a) Zeros of 5,2, and —3 require factors of x—5, x—2, and 40y
x + 3. Stretching the function in a vertical direction
generates a family of cubic equations with the same
roots.

b) Answers will vary. For example, the coefficient of x*
may be specified; the y-intercept may be specified.

X
-10 -5 V 10
10

20
30
40

Section 2.5 Page 81 Question 30

Yes. It has three real roots; some may have multiplicity greater than one.

Section 2.5 Page 81 Question 31

a) Zeros of V5, —+/5, and —1 require factors of x — V5, x + v/5, and x + 1 respectively.

P(x) = (x— V35)(x + V5)(x + 1)
=(x>=35(kx+1)

=x+x*-5x-5

Since P(0) = —5, the cubic function P(x) = x> 4+ x> — 5x — 5 fulfills the requirements.
b) Stretching the cubic function vertically by a factor of 2 will, among other effects, double the y-intercept.

O(x) =2P(x)
=2(x*+ x> =5x = 5)
=2x>+2x2 = 10x - 10

The cubic function Q(x) = 2x3 +2x? — 10x — 10 has x-intercepts of v/5, —v/5, and —1. It has a y-intercept of —10.
Section 2.5 Page 81 Question 32

a) Never true. Imaginary roots always come in conjugate pairs.

b) Always true. n-th degree polynomials always have n roots when real and imaginary roots are considered.
¢) Sometimes true if the graph of the quartic does not intersect the x-axis as in the case of x* + 1 = 0.

d) Sometimes true. For example, (x — 1)(x — V5)(x + V5) = 0.

e) Sometimes true. For example, (x — V2)* =0.

f) Never true. Imaginary roots occur in conjugate pairs and an imaginary number never equals its conjugate.

Section 2.5 Page 82 Question 33

a) No. If the polynomial has real coefficients, complex roots always occur in conjugate pairs.
b) No. If the polynomial has real coefficients, complex roots always occur in conjugate pairs.
¢) If the polynomial has real coefficients, there will always be an even number of complex roots.
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Section 2.5 Page 82 Question 34

a) If a polynomial has exactly one real root, then » must be odd. This allows for the possibility of an even number of
complex roots.

b) If a polynomial has exactly two real roots, then » must be even. This allows for the possibility of an even number
of complex roots.

Section 2.5 Page 82 Question 35

a) No. Complex roots always occur in conjugate pairs as in a + bi, a, b € R.
b) Yes. The other complex rootis 1 —i.
¢) Yes. The other complex roots are the complex conjugates of the given roots, 1 — i and 3 — 2i.

Section 2.5 Page 82 Question 36
Complex roots always occur in conjugate pairs as in a + bi, a, b € R.
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2.6 Polynomial Functions and Inequalities

Practise

Section 2.6 Page 92 Question 1

Estimates to the nearest tenth may vary for local minima and maxima.

a) Domain: R. Range: R. Local maximum: (1.4, 0.4). Local minimum: (2.6, —0.4). y-int.: —6.

b) Domain: R. Range: R. Local maximum: (2, 6). Local minimum: (0, 2). y-int.: 2.

¢) Domain: R. Range: y > —9. Local maximum: (—0.5, 1.8). Local minima: (-2.3, =9) and (1.2, —9). y-int.: O.
d) Domain: R. Range: y < 8.9. Local maxima: (—0.3, 6) and (3.9, 8.9). Local minimum: (1.8, =9.9). y-int.: 5.

Section 2.6 Page 93 Question 3

a) i) Zeros: —2,0 (double) , 2 b) i) Zeros: 0 (double)
ii) Domain: R; Range: y > —4 ii) Domain: R; Range: y > 0
iii) y-intercept: 0 iii) y-intercept: 0
iv) Local maximum: (0, 0); Local minima: (+1.4, —4) iv) Local maximum: none; Local minimum (0, 0)
v) Symmetry: even v) Symmetry: even
vi) The left-most y-values are positive. The right-most ~ vi) The left-most y-values are positive. The right-
y-values are positive. most y-values are positive.
f)=x*(x*~4) y=x*(x"+4)
4+ 67
3 5
f(x)2 41
1 y3-
— ‘ ‘ S 21
-4 -3 -2 — 1 3 4 ]
14 1
24 T R ERERETRERRE
] ~4 3 -2 101 1 2 3 4
-3 -1
e o
¢) i) Zeros: —0.6,0,3.6 d) i) Zeros: —1
ii) Domain: R; Range: R ii) Domain: R; Range: R
iii) y-intercept: 0 iii) y-intercept: 4
iv) Local maximum: (—-0.3,0.3) iv) Local maximum: none; Local minimum: none
Local minimum: (2.3, —8.3) v) Symmetry: none
v) Symmetry: none vi) The left-most y-values are negative. The right-
vi) The left-most y-values are negative. The right-most most y-values are positive.

y-values are positive.

y=x3—3x2—2x k(x)=x3+3x+4
8,
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e)i) Zeros: —1.6,1.6
ii) Domain: R; Range: y < 6
iii) y-intercept: 6
iv) Local maximum: (0, 6); Local minimum: none
v) Symmetry: even
vi) The left-most y-values are negative. The right-most
y-values are negative.

y=—x*+6
87

g) i) Zeros: —1 (double), 4

ii) Domain: R; Range: R

iii) y-intercept: —4

iv) Local maximum: (-1, 0);
Local minimum: (2.3, —18.5)

v) Symmetry: none

vi) The left-most y-values are negative. The right-most
y-values are positive.

) =x-4Hx+Dx+1)
20

f(x)10

f)i) Zeros: 0,1.6
ii) Domain: R; Range: R
iii) y-intercept: 0
iv) Local maximum: (1.2, 3.3);
Local minimum: (0, 0)
v) Symmetry: none
vi) The left-most y-values are positive. The right-
most y-values are negative.

f(x) = =x" +4x?

h) i) Zeros: 2,4,6

ii) Domain: R; Range: R

iii) y-intercept: 48

iv) Local maximum: (5.2,3.1);
Local minimum: (2.8, —=3.1)

v) Symmetry: none

vi) The left-most y-values are positive. The right-
most y-values are negative.

f) =-(x=2)(x—4)(x - 6)

60\
40
f(x) 1
20+
2 2— 4 yx 6. 8 10
—20-
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i)i) Zeros: —=2,0,1,3
ii) Domain: R; Range: y > -9
iii) y-intercept: O
iv) Local maximum: (0.5, 1.6);
Local minima: (—1.3, —-9) and (2.3, -9)
v) Symmetry: none

vi) The left-most y-values are positive. The right-most

y-values are positive.

f(x)=x(x=-3)(x+2)(x—-1)
104

Section 2.6 Page 93 Question 5

a) The roots of the equation (x — 3)(x + 2) = 0 are
x = 3 and x = —2. An interval chart yields the
solution -2 < x < 3.

-2 3
Intervals - ~-2) (-2,3) @3 )
Test values -3 0 4
Sign + 0 - 0 +
4—9—6—}
-2 3

¢) The graphing calculator yields —2 < x < 5 as the
solution to the inequality x> — 3x < 10.

GRAPHING CALCULATOR
H1=HE-3HEL0 |
-
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j) i) Zeros: =3 (double), 0, 1

ii) Domain: R; Range: y < 3.1

iii) y-intercept: 0

iv) Local maxima: (=3, 0), (0.6,3.1);
Local minimum: (—1.3, —8.6)

v) Symmetry: none

vi) The left-most y-values are negative. The right-
most y-values are negative.

f(x)=—x(x—-D(x+3)(x+3)

b) The roots of the equation, (2x — 1)(2x +3) = O are
1
x=z and x = ~5 An interval chart yields the

luti 3 <x< !
solution — = < x < —.
2 2
-3/2 1/2
Intervals ) (- -312)  (-3/2,112) (1/2, )'
Test values -2 0 1
Sign + 0 - 0o +
. ® *—
-3/2 1/2

1
d) The graphing calculator yields x < 5 orx >3 as
the solution to the inequality 2x> — 7x + 3 > 0.

GRAPHING CALCULATOR
HIZHE-P D
:::.




e) The roots of the equation, x(x — 2)(x —2) = 0
are x = 0 and x = 2. An interval chart yields the
solution x > 0.

0 2
Intervals (- ,0) 0,2) @2 )
Test values -2 1 3
Sign - 0 + 0 +
< O >
0

g) The calculator yields x < -5 or -1 < x < O or
x > 2 as the solution to x(x —2)(x+1)(x+5) > 0.

GRAPHING CALCULATOR

3
i) The calculator yields ) <x<O0orx>?2asthe

solution to the inequality 2x* — x* > 6x.

GRAPHING CALCULATOR

32 0 2

f) The roots of the equation, (2x—1)(x+1)(x—2) =0

are x = 5 x = —1, and x = 2. An interval chart

1
yields the solution x < —1 or 3 <x<2.

-1 1/2 2
Intervals ‘(- - (11/2) (122) (2 )V
Test values -2 0 1 3
Sign - 0 + 0 — 0+
@ @
< -1 1/2 2

h) The calculator yields —1 < x < 1 or x > 2 as the

solution to the inequality x* — 2x?> — x > 2.
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Section 2.6 Page 93 Question 7
a) The zeros of y = x> — 5 are x £+ 2.24.

GRAPHING CALCULATOR

-] )
n=Z.2xa0al

The solution to x> — 5 > 0is x < —2.24 or x > 2.24.

¢) The zeros of y = 2x? + 6x + 3 are x = —2.37 and
x = —-0.63.

GRAPHING CALCULATOR

g
n= e ea0EE Y=o

The solution to 2x*> + 6x +3 > 0is x < —2.37 or
x > —0.63.

e) The zeros of y = x* — 6x% 4+ 10x — 4 are x = 0.59,
x =2and x = 3.41.

GRAPHING CALCULATOR

1

eF 0
=.EBE7/HEYY Y=0

Z
i

The solutions to x> — 6x2 + 10x — 4 < 0 are x < 0.59
or2<x<34l1.
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b) The zeros of y = 2x* — x — 2 are x = —0.78 and
x = 1.28.

GRAPHING CALCULATOR

e o]
n=-.7EOFFEN

The solution to 2x2 — x —2 > 0is x < —0.78 or
x > 1.28.

d) The zeros of y = x> + 4 is x = —1.59.

GRAPHING CALCULATOR

CeFn
fn="1.EBFH01 Y=0

The solution to x> +4 > 0is x > —1.59.

f) The zeros of y = 3x3 +8x2—x—2are x = =2.70,
x = —-0.48, and x = 0.51.

GRAPHING CALCULATOR

EEF& . . -
FEND Romany veo

The solutions to 3x> + 8x2 — x < 2 are x < —2.70 and
—-0.48 < x < 0.51.



g) The zeros of y = x*+2x3 —4x? —6x+3are x = =241, x = =173, x = 0.41, and x = 1.73.

GRAPHING CALCULATOR

L L .l{-:l| L ' \/II
-] o
L

=" qibziy IY=0

The solutions to x* + 2x> —4x2 —6x < -3 are =241 < x < —1.73and 0.41 < x < 1.73.
Apply, Solve, Communicate

Section 2.6 Page 93 Question 8

a) f(x)<g(x) <= x<-23o0rx>13

b) f(x)>g(x) = x<-1llorl.l1<x<39
¢) f(x)>2gx) = -1<x<05

d f(x) <gx) = 2<x<-060rx>0.5

Section 2.6 Page 94 Question 9

a) The graph of A(x) = x> —6x? +4x+20 appears below. b) From the graph it appears that over the interval
0 < x <5, h(x) has a local maximum in the neigh-
bourhood of x = 0.4 and a local minimum in the
neighbourhood of x = 3.6. The vertical distance,
d, can be given as

24§

22

20

18-

13@ d = h(0.4) — h(3.6)
h(X)12,§ = 17408

10 Lo . .
] The vertical distance is approximately 17.4 m.

Section 2.6 Page 94 Question 10

a) From V (r, h) = znr*h and h = 2r we obtain b) V = 2xr?
V(. h) = 2r*h 1007
— 2 1
V(r) = ar-(2r) 80
= 27[7‘3 ]
601
The volume of the cylinder can be expressed as V]
V(r) = 2xr. 1
¢) The domain is r > 0 and the range is V' > 0. 40?
20
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Section 2.6 Page 94 Question 11

a) Each cube has six faces. There are four hidden faces. Therefore there are 3 x 6 — 4 or 14 exposed faces. Each
exposed face has an area of x” square units. The surface area of the object can be expressed as A(x) = 14x°.
The solid is composed of three cubes, each with a volume of x> cubic units. The total volume of the solid can be

b)

c)

d)

expressed as V' (x) = 3x> cubic units.

A(x) = V(%)
14x* = 3x3
3x3—14x2 =0
x*Bx—-14)=0
14
=0,0, or —
X or 3

Since x > 0, the surface area and volume will have the same
numerical value if x = —.
The three roots from part b) yield the two test intervals,

0<x< 14 and x > —. Using x = 1 in the first test inter-
val we find A(1) = 14 and V(1) = 3. Thus, A(x) > V(x)
in the interval 0 < x < —. Using x = 5 in the second
test interval gives A(5) = 350 and V' (5) = 375, therefore
A(x) < V(x) in the interval x > 13—4

The x-intercepts of the graph of A(x) — V' (x) are the values
for which the surface area and volume have the same numer-
ical value. The domain over which A(x) — V' (x) > 0 is the
set of values for which the numerical value for surface area
is greater than that for the volume. The domain over which

A(x)—V(x) < Ois the set of values for which the numerical
value for surface area is less than that for the volume.

Section 2.6 Page 95 Question 12

a)
c)
d)

72

Answers may vary: 0 < t < 40. b)
The rate is approximately 110 Im at 25°C.

Fireflies produce light energy at the greatest rate at ap-
proximately 27°C.

MHR Chapter 2

600 *
500 *
400 *
300 *
200 *

100

120 L(t)=10+0.3"t+0.4*t"2—-0.01*t"3

111.5]
100 1

80 /
L60 /

wl

20/

20 { 30 40 50



Section 2.6 Page 95 Question 13

a) The volume, V'(x), is the area of the equilateral
triangle times the length.

Vix) = z <@> X X

2\ 2
VA
T4
The volume of the triangular prism can be given by
3
V(x) = §x3.
b) The domain of V' (x) is restricted to x > O.
d
3
V) = %(5)3
= 54.13
The volume is approximately 54.1 cm?.
e)
V(x) =20
3
%ﬁ =20
i 80v3
-3
L 1[80v3
V3
=359

The edge length is approximately 3.6 cm.
Section 2.6 Page 95 Question 14

a) A graph of the function V'(x) = (x + 3)(x + 1)(x — 1) can
be used to solve the inequality V' (x) > 0. The solution is
—3<x<—-lorx>1.

b) Since all edge lengths must be positive, the edge length x—1
requires x > 1.

¢) The condition —3 < x < —1 is discarded because it would
result in negative values for two of the dimensions.

Section 2.6 Page 95 Question 15
Answers may vary.

c)
120 4 |
100 1 /
80 /
V60 1 /
54.1 V(x) = —x
40 /
/
20
,,//
0 3 4 6 7 8
X
1004
80
60
Vi
40 /
/
20 7] //

_21/ /f3 ) _‘10

-20-

a) A parabola opening upward with roots at —1 and 2 can be defined by the equation y = (x+1)(x—2). The interval of
the domain over which the parabola lies on or below the x-axis can be defined by the inequality (x+1)(x —2) < 0.

1
b) A parabola opening upward with roots at —— and 4 can be defined by the equation y = (2x+1)(x—4). The interval

of the domain over which the parabola lies above the x-axis can be defined by the inequality (2x + 1)(x —4) > 0.

Section 2.6 Page 95 Question 16

Answers will vary.
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Section 2.6 Page 95 Question 17

5007 g(x)=x"2+6x-7

x> 4+4x-5>0 /
x+5)x-1)>0 400 /
x<-=Sorx>1 (1) \ /
x> 4+6x-7<0 \ 3007 :
x+7Nx-1)<0 200
-7<x<1 )
100
Comparison of (1) and (2) leads to the solution f(X)=x"2+4x=5
Tsx<os 20 -10 O 10 20

X

Section 2.6 Page 95  Question 18

X 4+x>=20x<0

x(x>+x-20)<0

x(x+5)x-4)<0
x<-50or0<x<4

The graphing calculator reveals a zero of x = —6.43 for the function g(x) = x* + 4x? — 11x + 30.

1000 4g(x)=x"3+4x"2—11x+30 GRAPHING CALCULATOR

—

ZeFn [
w=EMENENS IY=-1.2E-11

Comparison of the intervals leads to the solution x < —6.43.

74 MHR Chapter 2



Section 2.6 Page 95 Question 19
a) Determine r in terms of A.

3Qrr)+4h=6

3zr+2h =3
3-2h

r =
3

ey

-2
The radius is r = 33—h Determine S.
T

S = 2(zr?) + 2xrh
=2zr(r+ h)
Substitute (1) into (2).

3-2h\ (3-2h
S(h)=27r( - >< = +h>

2(3 - 2h)? L 2hB =2
74 3
18 — 244 + 8h? 4
=——————— +2h— I
74 3
_ 18 —24h +8h?

O

@)

4
The surface area is .S +2h — ghz.

Determine V.

V(r, h) = nr*h
Substitute (1) in (3).

2
V (h) =n<3_2h> h
3r

h(3 — 2h)?

9
_ 9h - 1212 + 413
B 9

3)

3)

Oh — 12h% + 4K3
On ’

The volume is V' =

"//
t\
"// /
t\
// /
\.
b) r>0.1
3-2h
>0.1
3z
3—-2h>03x
—2h>-3+03x
h<15-0.15x

The height restriction is 2 < 1.5 — 0.15z.
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Review of Key Concepts

2.2 Dividing a Polynomial by a Polynomial

Section Review Page 107 Question 3

a) x+ 8
x+2)x2+10x + 16
x* +2x
8x + 16
8x+ 16
0
Restriction: x # —2
d) x*—2x+3
x+3)x*+ x2=3x-9
x° 4 3x?
—2x? —3x
—2x% — 6x
3x -9
3x4+9
—-18

Restriction: x # —3

Section Review Page 107 Question 4

a) Let w be the width of the business card.

_ area
v= length
_ 28x% — 15x +2
v =Ty

_ (Ix=2)(@4x—-1)

Tx—2
=4x -1

b) VP 42y +2 ) 2m—1
y—1))3 +y2+0y -2 2m+3)4m? + 4m — 1
V=2 4m* + 6m
2y + 0y —2m—1
2y2 _2y —2m—3
2y -2 2
2y =2 .. 3
Restriction: —-=
0 estriction: m # >
Restriction: y # 1
e) 3y-2
Y40y +2)3y3 -2y +12y - 9
3y° +0y* + 6y
-2y + 6y—-9
-2y*+ Oy—4
6y —5
Restriction: none
b) w(x) =4x—1

w(13) = 4(13) — 1

=51

The width is 51 mm. The length is 7(13) — 2 or 89 mm.

2
Restriction: x # 7- The width is 4x — 1.

Section Review Page 107 Question 5

a) xP— x—1
x+3)x+2x2—4x -3
x +3x2

— x*—4x

— x> —3x
- x-3
- x=3
0

Restriction: x # —3
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b) x}— 3x-5
2x—1)2x3 = 7x* = Tx+5
2x3 = x?
—6x2 — TIx
—6x* + 3x
—10x+5
—10x+5
0

1
Restriction: x # 3

3

c) X — 3x+1
3x —4)3x* —4x3 — 9x2 + 15x — 4
3x* —4x3
—9x% 4+ 15x
—9x% 4+ 12x
3x —4
3x—4
0

4
Restriction: x # 3



2.3 The Remainder Theorem

Section Review Page 107 Question 6

a) P(x)=x*+5x-38 b) P(m)=3m*>+Tm+1 ¢) POy =y -57-3y+1
PQ2)=2>+52)-38 P(-3)=3(-3)*+7(-3)+1 P(-1) = (=1 =5(-1)>=3(-) +1
=4+10-8 =27-21+1 =—1-5+3+1
=6 =7 =-2

The remainder is 6.

d) P(x) =2x* +5x + 11

2
1 1 1
p(5>_2<§> +5<§>+11
1 5
=—+Z+411
2Fa*
=3+11

=14

The remainder is 14.

Section Review Page 107 Question 7

a) P(x)=x>—4x>+kx -2 b)

P(1) = -1
P =41 +k(1)-2=-1
l—-4+k-2=-1

k=4

The remainder is —1 when k = 4.

Section Review Page 107 Question 8

a) Answers will vary.
b) 0.5t + 25

t—10)0.512 +20r + 50
0.5¢> — 5t

25t+ 50

25t — 250

300

Restriction: ¢ # 10. Q(t) = 0.5¢ + 25.
R = 300. QO(¢) is the average sales be-
tween the 10th day after release and the
tth day after release. R is the total sales
10 days after release.

¢) Answers will vary.

The remainder is 7.

The remainder is —2.

e) P(y) =8y’ + 12y —4y+5
3 2
3 3 3 3
pl-2)=8(-=2 12(-2) -4(-=
=-274+27+6+5
=11

The remainder is 11.

P(x) =x*=3x* —6x+k
P(-2)=-1
(-2} =3(=2)* —=6(-2) + k= -1
8-124124+k=-1
k=17

The remainder is —1 when k = 7.

d C(1) = 5000
0.51% + 201 4+ 50 = 5000

0.51* + 20t — 4950 = 0

1> 4+ 40t — 9900 = 0

GRAPHING CALCULATOR

No. The book becomes a bestseller on the 82nd day.
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Section Review Page 108 Question 9

P(x)=3x"-2x>+x+k
P2)=0
32 =2(2)*+2+k =0
24-8+4+2+k=0
18+k=0
k=-18

a)

P(x) = 4x> + kx — 15
P(-5)=10
4(=5)* + k(=5)-15=10
100 — 5k — 15 = 10

c)

-5k+85=10
Sk =175
k=15

2.4 The Factor Theorem
Section Review Page 108 Question 10

a) P(x)=x>-2x>-5x+6
P(H=1=2(1)*=51)+6
=1-2-5+6
=0
Since P(1) = 0, x — 1 is a factor of
x> —2x2 —5x+6.
¢) P =2n"-n’—4n+3
3 2
3 3 3 3
Pl-=)=2(-2) = (-2) -4(-=
(-3)=2(3) = (53) ~+(-3)
27 9
=-— _246+3
2 4++
=-94+6+3

3
Since P <—§> =0, 2n + 3 is a factor of

213 —n? —4n+3.
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b)

P(x) =8x> +6x> +2x+k

3
P(-2)=-1
(-5) =
3
+2<—§>+k_—ﬁ

27
—27+7—3+k=—15

-——+k=-15
2+

3
k==
2

b) P(y) = y* +4y° —9y* — 16y + 20

P(=2) = (-2)* + 4(=2)° = 9(-2)* — 16(=2) + 20
=16-32—-36+32+20
=0

Since P(—2) =0, y + 2 is a factor of
y*+4y® =9y — 16y + 20.

P(z) =32 +17>+18z-38

(3= () ()

d)

+—+6-8

S O -

1
Since P <§> =0, 3z — 1 is a factor of

322+ 172+ 18z 8.



Section Review Page 108 Question 11

— 3 2
a) P(x)=x"—x>—5x—3 b) P(x)=x +35x +3x2—4
=27-9-15-3 =-64+80-12-4
=0 =0

x — 3 is a factor of P(x). Synthetic division of P(x) by

2 _
x — 3 reveals another factor of x? + 2x + 1. X + 4 reveals another factor of x* +x — 1.

KBS +3x—d=x+DHP+x-1)
P(x)=(x=3)(x*+2x+1)

x=x?=5x-3=(x-3)(x+1)°

x +4 is a factor of P(x). Synthetic division of P(x) by

¢) Factor by grouping. d) P(x) =3x> +13x* - 16
P(1) = 3(1)° + 13(1)* - 16
P(x) =2x>—x* = 2x+1 (1) =3 (1)
=3+13-16
=x*2x-1)-12x-1) _o
=2x=-DE*=1)
=0C2x—-Dx-Dx+1) x — 1 is a factor of P(x). Synthetic division of P(x) by

x — 1 reveals another factor of 3x2 + 16x + 16.
263 —x2=2x+1=0Cx—-D(x—-Dx+1)

P(x) = (x — D(3x* + 16x + 16)
3x3 +13x2 =16 = (x — D(x +4)(3x + 4)

Section Review Page 108 Question 12
Answers may vary. Since V' (4) = 0, one possible dimension is x + 4. Division reveals the other two dimensions.

V=2x-x*-22x-24 41 2 -1 -2 -24
= (x —4)(2x* +Tx +6)
=(x-4Hx+2)2x+3)

8 28 24
2 7 6 O

Possible dimensions are x — 4, x + 2, and 2x + 3.

2.5 Roots of Polynomial Equations
Section Review Page 108 Question 13

a) y =9y
y3 -9y =0
y»* =9=0
yy=-3)(»+3)=0
y=0or £3
Check y = 0. Check y = -3. Check y = 3.
L.S. =0 L.S. = (-3)° L.S.=(3)®
=0 =27 =27
R.S. = 9(0) R.S. = 9(-3) R.S. =9(3)
=0 =-27 =27
=L.S. =L.S. =L.S.

The solutions are 0 and +3.
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b) P(n)=n*=-3n-2
P(-1)= (=1 =3(-1)=2
=-14+3-2
=0

n+ 1 is a factor of P(n). Synthetic division by n + 1 reveals another factor of n> — n — 2.

P(n)=n"—3n-2
=+ D> -n=2)
=n+1Dn+1)(n-2)
=+ 1)*(n-2)

Check n = 2.

LS.=2°-3(2)-2
=8-6-2
=0
=R.S.

The solutions are —1 and 2.

¢) 3w+ 11w = 2w’ + 6
2w —3w? —1lw+6=0
Let P(w) =2w> — 3w? — 11w + 6.
P(3)=23)*-33)*-113)+6
=54-27-33+6
=0

w — 3 is a factor of P(w). Synthetic division reveals another factor of 2w? 4+ 3w — 2.
Pw) =2w> =3w? = 11lw+6
=(w—-3)2w* + 3w —2)
=w=3)C2w—-1w+2)
1
Check w = 5 Check w = —2.

L.S. = 3(=2)%> + 11(=2)

1\? 1
LS.=3( - (= — 17 _
S 3<2> + <2> =12-22

_3. =-10

D) RS. =2(-2)%+6

_2 =-16+6

AT =-10
RS.=2<%> +6 =L.S.

1

=-+6

4+

25

T4

=L.S.

1
The solutions are 3, ok and —2.
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d) 3x3 -2 =8x-7x
5x°=Tx+2=0
Let P(x) = 5x3 — Tx + 2.
P =5(1)7°=7(1)+2
=5-7+2
=0
x — 1 is a factor of P(x). Synthetic division reveals another factor of 5x” + 5x — 2.
(x—-DGX2+5x-2)=0
x—1=0
x=1
5x* +5x-2=0
‘e —=(5) £V(5)* = 4(5)(-2)

2(5)
=565
10
=5 + V65 —5- 65
Check x = T—O\ﬁ Check x = 0
3
—5+v65\’ -5 - V65
=3(—— | - LS.=3(—) -2
L.S.—3< L ) > ( -
21V65 — 265 _ —21/65 — 265
- 50 - 50
RS, _g (3 V6 ’ (=546 R, = —21V65 — 265
e 10 10 s 50
_ 21V65 - 265 = e
B 50
=L.S.
Section Review Page 108 Question 14
a) Px)=x>=3x>+x+1
P(H=1=31)2+1+1
=1-3+1+1

=0

x — 1 is a factor of P(x). Synthetic division reveals another factor of x> — 2x — 1. Use the quadratic formula to

determine the other roots.
—b+ Vb% —4ac
X=———
2a

—(=2) £ /(=2 = 4(1)(-1)
2(1)

2+4/8
2
2+£242

2
1+2

The exact roots are 1, 1 £ /2.
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b) 4y =19y = 6
P(y)=4y’ =19y -6
P(=2) = 4(=2)> =19(-=2) -6
=-32+38-6
=0

y 4 2 is a factor of P(y). Synthetic division reveals another factor of 4y*> — 8y — 3. Use the quadratic formula to

determine the other roots.
—b+\/b?—4dac
2a
—(=8) £ V(=82 —4(4)(-3)
2(4)

8+ 4112
8

8 +4v7
8

2+47
2

2+ 47

The exact roots are —2, >

¢) Factor by grouping.
¥ +x*+16x+16=0

Xx+D+16(x+1)=0
(x+D(*>+16)=0

x+1=0
x=-1
2 —
x“+16=0
x> =-16
x=+V-16
= 44
The exact roots are —1, +4i.
d) m> —m* =2m+ 12

m —m?=2m—-12=0
Pm)=m’—m>=2m—12
P3)=3"-32-23)-12

=27-9-6-12
=0

m — 3 is a factor of P(m). Synthetic division reveals another factor of m> 4+ 2m + 4. Use the quadratic formula to

determine the other roots.
—b+ Vb? —4ac
2a

—2++/22-4(1)4)
2(1)
—2++/-12
2
—242iV3

2
——1+iV/3

The exact roots are 3, —1 £ i \/g
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Section Review Page 108 Question 15

Let d be the depth of the cereal box in centimetres. The width can be expressed as 4d. The height can be expressed as
4d + 5.

V(d) = 2500
d(4d)(4d + 5) = 2500
164> + 204% = 2500
16d° + 20d*> — 2500 = 0
4d® +5d* - 625 =0 (1)

Let P(d) = 4d® + 5d* — 625. Try d = 5.

P(5) = 4(5)° +5(5)% — 625
=0

d — 5 is a factor of P(d). Synthetic division reveals another factor of 44> + 25d + 125. Use the quadratic formula to

determine the other roots.
=25 +£4/252 — 4(4)(125)
= @
-25+v-1375
=—s
d =5 is the only real root, so the dimensions are 5 cm by 20 cm by 25 cm.

Section Review Page 108 Question 16

a) Answers will vary.
b) No; an exponential function has no zeros.
¢) i) No; an exponential function has no zeros.

2.6 Polynomial Functions and Inequations

Section Review Page 108 Question 17

a) f(x)=x(x+4)(x—4) b) f(x) =x(x—D(x+ D(x-2)
30 ¢ |
RN ‘\ ] J‘
/N 204 . 6 J
() | | |
10- (x) 41 |
L N M 2]
: 104 \ | |1
1\ / ‘ SN W A
_20—: \\\ / —4 -2 \9 N2 x 4
E 2
-301 ]
i) Domain: R; Range: R i) Domain: R; Range: y > —1
ii) y-intercept: 0 ii) y-intercept: 0
iii) Zeros: —4,0,4 iii) Zeros: —1,0,1,2
iv) f(x) > 0: (—4,0) and (4, 0); iv) f(x) > 0: (—o0,—1), (0, 1), and (2, o0);
f(x) <0: (—o0, —4] and [0, 4] f(x)<0:[-1,0] and [1,2]
v) Symmetry: odd v) Symmetry: none
vi) The left-most y-values are negative. The right-most vi) The left-most y-values are positive. The right-most
y-values are positive. y-values are positive.
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©) f(x)=(x—2)(x+2)(x+4) d) f&) =—(x+2)(x=3)(x=5)

20 | 60
15 1
] | \ 40i
()10 |t ]
//’”“\ 5’ 207,
e R T - LN
1 \ 1/ \
104 | lzoj /
\\\ ] \
-1 5% / ]
~ —40-
i) Domain: R; Range: R i) Domain: R; Range: R
ii) y-intercept: —16 ii) y-intercept: —30
iii) Zeros: —4,-2,2 iii) Zeros: -2,3,5
iv) f(x) > 0: (-4, -2) and (2, c0); iv) f(x) > 0: (—o0,—2) and (3, 5);
f(x) £0: (—oo,—4] and [-2, 2] f(x) <0:[-2,3] and [5, c0)
v) Symmetry: none v) Symmetry: none
vi) The left-most y-values are negative. The right-most vi) The left-most y-values are positive. The right-most
y-values are positive. y-values are negative.
e) f(x)=—-x(x-3)(x+D(x+4)
60
40|
N\ ] /\
R
. 207
B 5 4
| _40- \

i) Domain: R; Range: y < 36

ii) y-intercept: 0

iii) Zeros: —4,-1,0,3

iv) f(x) > 0: (-4, —1) and (0, 3);
f(x) <0: (—o0, —4], [-1,0], and [3, o)

v) Symmetry: none

vi) The left-most y-values are negative. The right-
most y-values are negative.
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Section Review Page 108 Question 18

a) f(x) =x*(x*-9)

b) f(x)=x*(x~=5)

20+
\‘ 20
| ]
\
\ )10 f(x)10
| i
R N M AN GG
H10- -0\ /
]\ \ /
\\ //, 1 \\ ’/, \x,,/ //
% —20 \J —20-

i) Domain: R; Range: y > —20.3
ii) y-intercept: 0
iii) Zeros: —3, 0 (double), 3

iv) Local maximum: (0, 0);

i) Domain: R; Range: R
ii) y-intercept: 0
iii) Zeros: 0 (double) , 5
iv) Local maximum: (0, 0);

Local minima: (—2.1, —20.3) and (2.1, —20.3) Local minimum: (3.3, —18.5)

v) Symmetry: even

vi) The left-most y-values are positive.

y-values are positive.

) y=—x(x*-4)

v) Symmetry: none
The right-most vi) The left-most y-values are negative. The right-

most y-values are positive.
d) y=(x*=9*-1)

\ 20+ ;
] | 1 ‘
41 \ |
y | // R ‘\ y10 3“
2 / ‘ /] \\ |
1/ // g \\
/ \ \ // ] \\\
‘ , ‘ : ‘ ‘ K _\ . 0] - , ‘4 )
e R R N T i SRS L 2
A2 / | \
/ 4 —1 O 7 \ |
4] \/ | \/
! —20-

i) Domain: R; Range: R

ii) y-intercept: 0

iii) Zeros: —2,0,2

iv) Local maximum: (1.2,3.1);
Local minimum: (—1.2, =3.1)

v) Symmetry: odd

vi) The left-most y-values are positive.
y-values are negative.

i) Domain: R; Range: y > —16

ii) y-intercept: 9

iii) Zeros: —3,-1,1,3

iv) Local maximum: (0, 9);
Local minima: (-2.2, —16), (2.2, —16)

v) Symmetry: even

The right-most vi) The left-most y-values are positive. The right-most

y-values are positive.
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e) f(x)=x*-2

2 1
] 6
6-
f(x) 11 :
(x) f(x) 4
| 2]
K T 0 - ! S S
2 \\1 ] )1( 2 -4 -3 -2 ‘,7/35 \\1 2 3 4
1 \/ —4-
— 6
\ 1 // ]
\_ 1 _ai
ol 8 ]
i) Domain: R; Range: y > -2 i) Domain: R; Range: R
ii) y-intercept: —2 ii) y-intercept: 0
iii) Zeros: —1.2,1.2 iii) Zeros: —3, 0 (double)
iv) Local maximum: none; iv) Local maximum: (0, 0);
Local minimum: (0, —2) Local minimum: (-2, —4)
v) Symmetry: even v) Symmetry: none
vi) The left-most y-values are positive. The right-most vi) The left-most y-values are positive. The right-most
y-values are positive. y-values are negative.
g) y=—x+3x*—x h) y=x>-x*-2x-3
|8 8-
6 6
\ 21 — 2-
NS \\
2 4 0 1 2 \3 4 2 4 0 1 2/ 3 4
_2,; X \ /7_27 X
_4é / _4€ N e !
-6 /-
i) Domain: R; Range: R i) Domain: R; Range: R
ii) y-intercept: 0 ii) y-intercept: —3
iii) Zeros: 0,0.4,2.6 iii) Zeros: 2.4
iv) Local maximum: (1.8,2.1); iv) Local maximum: (0.5, —2.4);
Local minimum: (0.2, —0.1) Local minimum: (1.2, =5.1)
v) Symmetry: none v) Symmetry: none
vi) The left-most y-values are positive. The right-most vi) The left-most y-values are negative. The right-
y-values are negative. most y-values are positive.
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Section Review Page 109 Question 19

a) The roots of the equation x(x +3) = O are x = 0
and x = —3. An interval chart yields the solution
x < —=3orx>0.

-3 0
Intervals - -3) (-3,0) ©, )
Test values -4 -1 1
Sign + 0 - 0 +

¢) The roots of the equation x* + 6x + 9 = 0 are
x = —3 (double). An interval chart yields the so-
lution x = =3.

-3
Intervals : - -3) (-3.) "
Test values ) -5 0 "
Sign ) + 0 + -

b) The roots of the equation (x + 4)(x — 1) = 0 are
x = —4 and x = 1. An interval chart yields the so-
Jution -4 < x < 1.

-4 1
Intervals - 4 (-4,1) )
Test values -5 0 2
Sign + 0 - 0 +

d) The roots of the equation (x+2)(x —2)(x+4) =0
are x = —4, x = —2, and x = 2. An interval chart
yields the solution —4 < x < -2 or x > 2.

4 2 2

v

<
<

Intervals (- 4 (4-2) (22 (@)

A
v

Test values -5 -3 0 3

A
v

Sign - 0 +0 — 0 +

e) The root of the equation x* — 2x> — 5x — 6 = 0 is approximately 3.76. The solution to x> — 2x> — 5x > 6 is

x > 3.76.

GRAPHING CALCULATOR

o] )
n=z.reazci IY=eE-1c

Section Review Page 109 Question 20

a) The solution to x> +x —4 > 0is x < =2.56 or x > 1.56.

GRAPHING CALCULATOR

-] o
n="c. EE1EEE IY=0

GRAPHING CALCULATOR
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b) The inequality can be written as —3x? + x — 7 < 0. The solution is any real number.

GRAPHING CALCULATOR

Y= -zhz+i-7 E

¢) The inequality can be written as x*> — 3x> + 1 > 0. The solution is —0.53 < x < 0.65 or x > 2.88.

A A T

o] L o] L o] ) L
n=-.Lzz0EER V=0 n=.eEEP0zEY  Y=0 n=Z.BP8zER: Y=-iE-i:z

d) The inequality can be written as x* — x> — 2 < 0. The solution is —1.41 < x < 1.41.

GRAPHING CALCULATOR GRAPHING CALCULATOR

- .

ZRko ]
n=-"1.41421Y n=1l.M14z18

Section Review Page 109 Question 21

The Intersect operation of the graphing calculator reveals that the blood sugar levels lie outside the normal range
over the intervals ¢t € (0.82, 1.96) and 7 € (6.93, 8].

L

Inttrstctnﬁn Inkerseckion Inkerseckion
=.BiBBzE41 Y=:z.E w=i.8ErAzEY Yo E W=B.9:xz0598 Y=zE
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Chapter Test
Section Chapter Test Page 111 Question 1

a) f(x) =x(x=2)(x+3) b) f(x)=—-(x+Dkx-Dkx-3)
107 s‘ 107
/N | ]
i f0x),
(x) 1 X
ivE E
s 23 / o2 N
4 43 2 400 1 5 3 4 2 1 0 /1 2 3 4
-2\ /X 27 X
D Vel
-6 -6
-8- -8-
-10- -10-
i) Domain: R; Range: R i) Domain: R; Range: R
ii) 3 distinct zeros: —3,0,2 ii) 3 distinct zeros: —1,1,3
iii) At all the x-intercepts, the curve crosses the x-axis.  iii) At all the x-intercepts, the curve crosses the x-axis.
iv) Turning points: 1 maximum, 1 minimum iv) Turning points: 1 minimum, 1 maximum
v) The left-most y-values are negative. The right-most v) The left-most y-values are positive. The right-most
y-values are positive. y-values are negative.
vi) Symmetry: none vi) Symmetry: none
¢) f(x)=x(x+2)(x—2)(x+4) d) f(x)=x>4+x>-20x =x(x+35)(x —4)
\‘ 20+ \ 50+ |
| ] | : |
\ 3 /N 404 ‘
\ * | [\ and
‘ f(x)10- | \ 304
| aS I Y
\ /] J 0
‘\ /" “‘ (5 ]
i 1 r | : 1 J
42 00 ex 4
A R e W T
-104 \ | -109 \
\\\ J"/‘ ] \\v»'/‘ ;‘J —20% \
, | AN
-20- “ -30- -
i) Domain: R; Range: y > —16 i) Domain: R; Range: R
ii) 4 distinct zeros: —4,-2,0,2 ii) 3 distinct zeros: —5,0,4
iii) At all the x-intercepts, the curve crosses the x-axis. iii) Atall the x-intercepts, the curve crosses the x-axis.
iv) Turning points: minimum, maximum, minimum iv) Turning points: 1 maximum, 1 minimum
v) The left-most y-values are positive. The right-most vi) The left-most y-values are negative. The right-
y-values are positive. most y-values are positive.
vi) Symmetry: none v) Symmetry: none
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e) f(x)=—x*+3x" +4

=—(x*-3x? - 4) /N N
=—(x"+ D(x* - 4) Nl |
= -+ D(x—2)(x+2) S

2

25
i) Domain: R; Range: y < T

ii) 2 distinct zeros: =2, 2 3 b {0 1 x 2 3
iii) At all the x-intercepts, the curve crosses the x-axis. | 1 |

iv) Turning points: maximum, minimum, maximum _2?
vi) The left-most y-values are negative. The right-most ] ‘
y-values are negative. ‘ —4 \
v) Symmetry: even !
Section Chapter Test Page 111 Question 2
a) x*+3x+1 b) y—1
X =2)x3+ x?=5x+2 2y2+0y+1)2y3—2y2+ y+0
3 2
X —2x 2 +0y* + y
3 LT T
3"2 —ox —2)% +0y +0
3x“ — 6x _2y2+0y_1
x+2 1
x—=2
4 Restriction: none
Restriction: x # 2
) 3x2— S5x+ 2 Section Chapter Test Page 111 Question 3
2x+3)6xj— xz—11x+10 e 3
6";9"2 3x% —4x = 5)6x° — 17x2 + 2x + 15
—10x° — 11
T 6x’ — 8x> — 10x
—10x" — 15x 5
- —9x° 4+ 12x + 15
4x + 10 952 + 12 15
4x+6 X oext 0
4
The height of the box is 2x — 3.
Restriction: x # ~3
Section Chapter Test Page 111 Question 4
a) O(p)=p +4p’ ~2p+5 b) P =4y +y —12y-5
—5) = (=5)> +4(=5)> = 2(-5) + 5 1 1’ 1\’ 1
0(=5) = (=5)° + 4(=5)> = 2(=5) P(__>:4<__>+<__> _12<__>_5
=—125+100+10+5 4 4 4 4
=-10 R S
=16 + 6 +3-5
When p® 4+4p> —2p+5 is divided by p+5, the remainder =-2

is —10.
When 4y° 4+ y? — 12y — 5 is divided by 4y + 1, the
remainder is —2.
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Section Chapter Test Page 111 Question 5

Add (1) and (2).

P(x) = 3x% + mx* + nx + 2
P(2)=-8
32° +m(2)* +n2)+2 = -8
24 +4m+2n+2 = -8

Substitute (3) into (1).

The values are m = —4 and n = —9.

Section Chapter Test Page 111 Question 6

a) P(x)=x"=5x>—x+5
P(5)=5-55)Y-5+5
=125-125
=0

Since P(5) = 0, x — 5 is a factor of P(x).

Section Chapter Test Page 111 Question 7

a) P(x) = x> +2x> = 21x + 18
P(1)=1°+2(1)*> -21(1) + 18
=1+2-21+18
=0

x — 1 is a factor of P(x). Synthetic division reveals
another factor of x% + 3x — 18.

P(x) = (x — 1)(x*> +3x — 18)
=(x—-Dx+6)(x—-3)

X +2x2=21x+18=(x = D(x+6)(x = 3)

dm+2n = =34
2m+n=-17 (1)
P(-3) = —88
3(=3)° + m(=3)* + n(-3) +2 = —88
—81+9m—3n+2=—88
9m —3n=-9
3m—n=-3 2)
5m= =20
=4 3)

b) P =3n+n>-38n+24

()2 () (3) >

Since P <§> =0, 3n — 2 is a factor of P(n).

b) P(x) =3x> —10x> - 9x + 4
P(-1) =3(=1° = 10(-1)> = 9(-1) + 4
=-3-10+9+4
=0

x + 1 is a factor of P(x). Synthetic division reveals
another factor of 3x% — 13x + 4.

P(x) = (x+DBx* = 13x +4)
=(x+1DBx=1)(x—-4)

3x3—10x2 = 9x +4 = (x+ DBx = D(x = 4)
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Section Chapter Test Page 111 Question 8

The possible factorsare x £ 1, x+5,2x £ 1,2x £ 5,3x+ 1,3x £5,6x+1,6x+5

Section Chapter Test Page 111 Question 9
a) Factor by grouping.

vy =3yP=4y—12
Y =3y —4y+12=0
Y(y=3)-4(p-3)=0
=3 -4 =0

y—=3=0

y=3 (H
Y —4=0

y =4

y==2 (2)

The roots are 3, 2, and —2.

¢) x> +4x*+9x+10=0
P(x) = x> +4x> +9x + 10
P(-2) = (=2’ +4(-2)> +9(-2) + 10
=-8+16—18+10
=0

x + 2 is a factor of P(x). Synthetic division reveals another
factor of x?+2x+35. Use the quadratic formula to determine
the remaining roots.

_ —b+ Vb% —4ac
= 2a

_ =244/22-4(1)(5)

B 2(1)

_ —2+V-16

==

=24

2

=—-1£2i

The roots are —2 and —1 + 2i.
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b) m? —5m=5m* -1

m —5m*> —5m+1=0
P(m)=m® =5m*> —5m+1
P(-1) = (=1)* =5(=1)>=5(-1)+ 1
=-1-5+4+5+1
=0

m+1 is a factor of P(m). Synthetic division reveals an-
other factor of m> — 6m + 1. Use the quadratic formula
to determine the remaining roots.

_ —=bx Vb —4ac
"= 2a
_ —(=6) £ 1/(=6)> — 4(1)(1)

2(1)

_6+v32
)
_6+£4V2
)

=3+2V2

The roots are —1 and 3 & 2v/2.

d) 3y°-28)y?=8-33y
P(y) =3y> - 28y +33y -8
P(1) =3(1)* - 28(1)> +33(1) — 8
=3-28+33-8
=0

y — 1 is a factor of P(y). Synthetic division reveals
another factor of 3y? — 25y + 8.

P(y)=0
(y— DBy =25y +8)=0
@-DBy-DH(»-8=0

1
=1,-or8
y 3or

The roots are 1 and % and 8.



Section Chapter Test Page 111 Question 10

Let & be the height of the box, in centimetres. The
width and length are 25 — 24 cubic centimetres and
32 — 2h cubic centimetres respectively. Let V' be the

GRAPHING CALCULATOR

volume of the bOX, in cubic centimetres. L T ey e LT i T UL | b ] o
V = 1575
h(25 —2h)(32 — 2h) = 1575
(25 — 2h)(32 — 2h) — 1575 = 0 )

The graphing calculator reveals the root of (1). The
side lengths of the squares should be 3.5 cm, since
h<S5.

Section Chapter Test Page 111 Question 11

a) The roots of the equation, x>—x—6 = O are x = —2 b) -} +13x< 12
and x = 3. An interval chart yields the solution X +13x—-12<0

< — > 3.
x<—-2o0rx>3 X —13x+12>0

2 3 (x= D2 +x-12) >0
< > x-Dx+4Hx-3)>0
Intervals - -2) (-2,3) 3)
< > The roots of the equation, (x — 1)(x + 4)(x —3) = 0
Test values ) -4 0 4 . are x = 1, x = —4, and x = 3. An interval chart yields
. D " the solution, —4 < x < 1 or x > 3.
Sign + 0 - 0 +
-4 1 3
Intervals ) -4 41) @3 @G) :
Test values -5 0 2 4
Sign -0+ 0 — 0 +

Section Chapter Test Page 111 Question 12
a) The graphing calculator reveals the solution —2.19 < x < 3.19.

GRAPHING CALCULATOR GRAPHING CALCULATOR

Y=hz-H-7=0 | Y=hz-H-7=0 |

b) The graphing calculator suggests all real numbers GRAPHING CALCULATOR
as the solution. Yi=zHz-yux -3

2
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Section Chapter Test Page 111 Question 16

a) A1) = 500
47% + 512 + 10 = 500
43 + 52 =490 = 0

The graphing calculator suggests that 500 000 ha of
farmland will be paved over after 4.6 years.

GRAPHING CALCULATOR

2eF
H=Y4 BT V=0
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b) A(t) > 2000
41% + 5¢2 + 10 > 2000
413 + 5 = 1990 > 0

The graphing calculator suggests that 2 000 000 ha of
farmland will be paved over after 7.5 years.

GRAPHING CALCULATOR

'!'1="IH"‘3+5H1-1E|E|IIIEIII
-—




Challenge Problems
Section Challenge Problems Page 113 Question 1

f0) =5

3 1
f)=370) -3

3

1
=30 -3 M

3

1
fQ) =35/ -3

3/(3 1 1
=z(§<5>‘§ 3

3\° 5
=(§> (5)-3 @

3 1
fB)=5/Q -3

3073\ 51 1
=z<<§> <5)‘z>‘5

3\’ 19
=<§> (5)—§ (3

Section Challenge Problems Page 113 Question 2

f(x)=3x2—2ax+b
fl@=>
3a* -2 +b=b
=0
a=0 (D

fb)=a
30> —2ab+b=a (2)

Substitute (1) into (2).
30 +b=0
b(Bb+1)=0

1
b=—§,a7ﬁb

1
b=0-=
a—+ 3

Section Challenge Problems Page 113 Question 4
Let 4 be the height of the point.

h=x*+y"+4x -6y

The sequence suggested by (1), (2), and (3) leads to
the following generalization.

f@)=<§)(®—3n_y

2
= (;)n(S)—;+l
=<%>n(5—1)+1
()

Section Challenge Problems Page 113 Question 3

Let s and / be the lengths of the shorter and longer
sides of the rectangle, respectively. From the given in-
formation, the length of the diagonal can be expressed

/ /
ass+1— 3 ors + 5 Use the Pythagorean theorem.

2
4]
S2+12= <S+§>

8sl  16/%
2 2 2

[ = _ _
ST+ N o 5 + 5

2512 = 40sl + 161°
91> —40sl =0
1(91 —40s) = 0
9] —40s =0, [ #0

The ratio of the shorter side to the longer side is 9 : 40.

= (X +4x+4)—4+(0*-6y+9) -9
=(x+2)%+(»-3)>-13 (1)

The lowest possible value of (1) is —13 at (=2, 3).
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Section Challenge Problems Page 113 Question 5

. . . . . 10c¢
If ¢ is the number of clicks counted in s seconds, the speed, v, of the train will be — metres per second. Convert v to
s

kilometres per hour.

10¢  Tow
S
& 3600

s 1000
10c 36

s 10

From (1), it is evident that v = c if the passenger counts clicks for 36 s.

Section Challenge Problems Page 113 Question 6

a) G+i(-4—-i)=-16—-4i—4i— i? Determine the square roots of 5 + 3i.
=-16-8i+1 .
=—15-8i X=y=s M
2xy =3
The square roots of —15 + 8i are 4 + i and —4 — i. )= i ?)
b) Let z = x + yi be the square root of the complex Substitute (2) in (1). 2x

number a + bi.

3\2
2_(2) =5
- (x)

(x+yi)2=a+bi

9
(xz—y2)+(2xy)i=a+bi xz—ﬁ=5
Comparison yields a system of equations. Ax* — 9 = 202
2 2 _
roy=a 4x* —20x* =9 =0
2xy=b 5 20+ 400 + 144
X
8
Given a and b, the solution to this system can be deter- 20 + V544
mined. = — =
5
_ 5+ V34 230
2
x = +2.327 (3)
Substitute (3) in (2).
3
Y= ST A
2 (£2.327)
= 40.645

The square roots of 5 + 3i are £(2.327 + 0.645i).
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Section Challenge Problems Page 113 Question 7

Let x be the uniform thickness of the shielding, in me-
tres. Let V' be the volume of the shielding.

V(x) = 2x+ D2x +2)2x +4) — (H()(4)
=42x+ D(x+D(x+2)-8
=402x+ (> +3x+2) -8
=402 +Tx* +7x+2) -8
= 8x> + 28x? + 28x

The volume of the shielding is 8x3 + 28x? + 28x m’.
Determine x to the nearest centimetre.

V(x)=3
8x” +28x> +28x =3
8x” +28x* +28x =3 =0
The graphing calculator suggests the thickness of the
shielding is approximately 10 cm.

Section Challenge Problems Page 113 Question 8
P(x)=x>+6x-2

P (Vi iB) = (Vi-Va) +o(Vi-3) >

=4-3V3243V16-2+6V4—-6v2-2

— 6V4+6V2+6V4—6v2

=0

Cardan suggests comparing the cubic form x* + mx = n with
x> +3stx = 53 — 13, solving for s and ¢, and expressing one root
as s — 1. Rewrite x> + 9x — 6 = 0 as x> + 9x = 6. Find s and ¢

such that
3st=9
$—1r=6
3
s = -
t
27,
t_3_t =6
+6r=27=0
E+91*-3)=0
£+9=0 P -3=0
t=-v9 =3
3 3
§ = —— S=—1
93 33
__3 =33
33 =19

Im

2m

GRAPHING CALCULATOR

0%
"=

0870

GRAPHING CALCULATOR

V=0

o] o)

n=.ZE&74e

GRAPHING CALCULATOR

Yi=h"x+00 -6

n=.BEFEEHEE

¥=-z BOSE -8

One root is given by s —t = —v/3 — (—=v/9) or ¥/9 — ¥/3. It can be shown that for sz > 0, only one real root exists.
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Section Challenge Problems Page 113 Question 9
Let r be the radius of the hemispheres and the cylinder, in metres. Let V' be the volume of the tank.
V(r) = 2000
4
gm3 + zr(10) = 2000

471’ + 30zr* = 6000
7 (4r° +30r*) = 6000 = 0

The graphing calculator offers 5.96 m as the solution to the radius of the tank.
GRAPHING CALCULATOR

“— 10m ——»

Section Challenge Problems Page 113 Question 10
1 1

1
The quadratic regression feature of the graphing calculator models the data as y = ﬁxz + gx ~ 5

GRAPHING CALCULATOR GRAPHING CALCULATOR

yadReg VY= ONER*Z+ ZH+ -
g=gxc+hx+c
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CHAPTER 3  Limits
3.1 From Secants to Tangents

Practise

Section 3.1 Page 127 Question 1
a) i) mpg =4.75

GRAPHING CALCULATOR

11 :H:.-'-\.Ell_.-q_ 11 _:|_I_I_I_I
Done
i%;ﬂ33—¥1i2}}f{3

4. 732

iii) mpq = 3.1525
GRAPHING CALCULATOR

AR N
Dore
CVYq 2. 1= g2
2. 1-2%
F. 1525

v) mpq = 3.001 500 25

GRAPHING CALCULATOR

TR 34" S

Oone
CVaCZ2.BEL =Y 02
ASC2 . ERL=20

S« HA1568825

GRAPHING CALCULATOR

™A g " Y

Darne
CW1 0l S 02ans
rl.5-2%

2.3125

i) mpo = 3.8125
GRAPHING CALCULATOR

N3Gy
Dorne
CVA 02 S1-510200F
L2.S5=20
38125

iv) mpq = 3.015 025

GRAPHING CALCULATOR

11 H.-‘w.EJ_.-d_ 11 _:|_I_I_I_I
Oorne
CVaCZ2. 812510200

SEE EL=20
3. 813825

vi) mpg = 1.75

GRAPHING CALCULATOR

MR gy
Oore
i%;i13—¥1i2}h3i1
1.75

viii) mpg = 2.8525
GRAPHING CALCULATOR

MR "y
Done
DL T B B L T I
Ll.9-22
22525

3.1 From Secants to Tangents MHR 99



ix) mpo = 2.985 025

GRAPHING CALCULATOR

TR 34

Dorne
CV901.990 =Yy 0200
A1 99=20

2. 983823

b) The first five x-values approach 2 from above. The
last five x-values approach 2 from below.

¢) The slope of the tangent to the curve at P(2, 2) ap-
pears to be 3.

d) Y=y =m(x—xp)
y—2=3(x-2)
y=3x—-4

The equation of the tangent is y = 3x — 4.

Apply, Solve, Communicate
Section 3.1 Page 128 Question 3

X) mpg = 2.998 500 25

GRAPHING CALCULATOR

11 :H:.ﬂ-.EII_.-q_ 1] _:|_I_|_I1
Oaorne
CW01.9992 -4y C22

201099920
2. 9550025

e)

A 0 V

xXN
W
EAN

a) The slope of the graph of V' versus ¢ represents the rate, in L/min, at which the water is draining from the tank.

b)
\

3500
3000
2500
2000
1500
1000

500

< \ \ \ \ \ \ \ >
i 5 10 15 20 25 30 35 40!
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Estimates may vary. Draw an approximation to the
tangent at P(20, 1080) and calculate its slope.

_ Ay

™= Ax
1450 — 725
T 15-25
=-725

Draw an approximation to the tangent at R(35,270)
and calculate its slope.

_ Ay

"= Ax
450 -120
T 30-40
=-33



3500
3000
2500 N
2000
1500
1000
500 R

A

U U 2
i 5 10 15 20 25 30 35 40"

d)
\

3500
3000
2500
2000
1500
1000
500 R R o

< S S B E B B R R
i 5 10152025303540t

e) GRAPHING CALCULATOR

=128 2+ Tl 2R+ 2000

The Tangent operation yields a slope of —72 at P as
compared to values of —72.5 and —72 from b) and c).
GRAPHING CALCULATOR

.
w= "FZH+ZEZN HHHH

Determine the slopes of secants NP and PR.

2430 — 1080
T}

= 90

~ 1080 — 270
MR = 0 = 35

= _54

The slope of the tangent at P is approximated by aver-
aging the slopes of the secants NP and PR.

=90+ (=54)
B 2

mp

=-72

Determine the slopes of secants QR and RS.

L 480270
R 30-35
=-42
270 — 120
T35-40

=-30

Mmgs =

The slope of the tangent at R is approximated by aver-
aging the slopes of the secants QR and RS.

—42 + (=30)
My = —————
= -36

Quadratic regression yields the following equation.

V() = 1.2 — 120 + 3000

The Tangent operation yields a slope of —36 at R as
compared to values of —33 and —36 from b) and d).
GRAPHING CALCULATOR

—_

n=3L
M= -TER+1EE0
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f) The Tangent operation gives a slope of —96 at ¢t = 10.
Thus, water is flowing from the tank at a rate of 96 L/min.

Section 3.1 Page 128 Question 4

GRAPHING CALCULATOR

T —
w=-Ban+cHED

a)
A i) Atr =2,
600
450
H | i) Atr =4,
300
1507 iii) Atr =6,
< I I >
v 2 4 t 8
+
b) i) mp = Mmup ;' Mpg i) mg = Mmgq - Mmqc
150 =175 4 225 — 150 300 — 225 + 375 - 300
__2-1 3-2 __4-3 5—-4
2 2
_I5+75 _I5+75
) T2
=175 =175
¢) No. No.

d) Answers will vary.
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Hy — H,
g — Ia
_225-175
T3

=75

HC_HB
mog=——

mp =

fc —1p
375 -225

5-3
=75

Hp — He
mg = —mm

Ip —Ic
_525-375
- 7-=5
=75

mQR + Mgrp

2
525 —-450 450 - 375

iii) mp =

7-6 T 6-5
2

_I5+75

2
=75



Section 3.1 Page 128 Question 5

a) From the intercepts, the slope of the tangent at M
2

can be estimated as T, or ——.

10

K

5

The slope of the secant LM is

72—
of the secant MN is

of the slopes of the two secants is

—0.625.

¢) The results from the table below suggest that the slope of the tangent at M is —0.4.

or —0.25.
-1+ (-0.25)
—_—— or

b) Two points on the function are L(2, 5) and N(8, 1.25).
or —1. The slope

The average

2

Point L1 L2 L3 M N3 N2 N1
10 10 10 10 10 10
(P,V) <4.9, E) <4A99, m) <4.999, m) 5.2) (5.001, m) (5.01, ﬁ) (5.1, ﬁ)
Slope of Secant |= —0.4082 | = —0.4008 = —0.4001 = —0.3999 =-0.3992 |=-0.3922

d) Answers will vary.

Section 3.1 Page 128 Question 6

Let the point M represent the population of the small town at 3 years. The coordinates of M are (3, 10 000). Let L be
a point on N = 500041 + ¢ near M with coordinates (3 + x, 500041 + 3 + x or (3 + x, 5000v4 + x). The slope of

the secant LM can be defined as y =

18000 -
16000 -
14000 -
N2000 -
10000 -
8000 -
6000 -

5000v4 + x — 10 000

GRAPHING CALCULATOR

L approaches M as x approaches zero. From the table above, the slopes of the secants approach 1250. The value 1250
can be interpreted as the rate at which the population is growing with respect to time after 3 years.
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Section 3.1 Page 128 Question 7

Answers will vary.

a) b) Linear regression yields M (h) = 1.017h — 106.457.

GRAPHING CALCULATOR GRAPHING CALCULATOR

=101 EEFERF A -1

. :.' Jei0z. ayoER

¢) The slope of the tangent at x = 200 is approximately 1.017, the slope of the line.
d) The Tangent operation returns a result of approximately 1.017, as expected.

Section 3.1 Page 129 Question 8

a) The slope of the secant, mpq(x), joining P(2, 0) and c) 17
Q(x, f(x)), can be expressed as 0.8
0.6-
Mg (x) = 22— 04-
" B XQ — Xp 0.2+
-0 09312141618 222242628 3
X2 041
- /) (1) ~0.6-
x=2 —0.8-
-1

Use (1) and the calculator to determine the slopes
of the secant PQ.

1.5 1. 1.7 1.8
i) mpo(1.5) = lfg_)z i) mpo(1.6) = lfé _6; iii) mpo(1.7) = lf;_)z iv) mpo(1.8) = lfé_;
=1.732 =-25 = 2.246 =1.710
1.9 2.4 2.3
V) mpo(1.9) = lf ; — )2 Vi) mpo(2.5) = { 22'_5; vid) mpo(2.4) = 2f fl - )2 viid) mpo(2.3) = { ; = ;
= —9.966 =0 =2.165 =2723
2.2 2.1
iX) mpo(2.2) = 2f;—)2 X) mpo(2.1) = ;i _;
= —1.409 =-9972

b) The slopes do not appear to be getting closer to a unique value, from either side of (2, 0).
d) Answers may vary.
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e) To achieve an accurate estimate, values of the x-coordinate of Q must be taken very close to 2. Using (1) and a

calculator, define Y; =

GRAPHING CALCULATOR

. <207r>
sin | —
x
2

. Use the Table feature to display the values on both sides of 2.

GRAPHING CALCULATOR

fn=c
e o Racd Rk £ ok B

The slope of the tangent at P(2, 0) is estimated to be approximately —15.71 or —5z. The Tangent operation confirms

this result.

3.2 Using Limits to Find Tangents

Practise
Section 3.2 Page 137 Question 1

_f®-10)

x—2 b)

a) Mmpq

Section 3.2 Page 137 Question 3

a) i) m:hmw

x—2 x—-2

=1

xl—IE x—-2
. x*—4x+4
=lim —
x—=2 x—2
. (x—2)?
= lim

=2 x—2
= lin%(x—Z), x#2
=2-2
=0

x?—4x+5-1

mp = lim
x—2

The slope of the tangent to f(x) = x> —4x + 5 at (2, 1) is 0.

b) The equation of the tangent at (2, 1) is given by

Y=y =m(x—x1)

y—1=0(x-2)
y—1=0
y=1

d) Answers will vary.

f(x)=f(2)
x—-2
.. . JC+h)=f(2)
ii) m=lim —7>7>———
h—0 h
C Q+h>-42+h+5-1
= lim
h—0 h
. 4+4h+h -8 —4h+4
= lim
h—0 h
2
= limh—
h—0 h
= }11_)1110 h, h#0
=0
c) 1
6,
Y4 y=x"\2—-4x+5
2,
_‘4 _‘2 0 é X‘i é
_2—
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Section 3.2 Page 137 Question 5

For each of the following, let m be the slope of the tangent.

o S =f(Q2)
a) m = lim —————~

x—2 x—2

_ x?+2-6

_x—>2 x—-2

_ i x> -4

_xl—rg x—-2
D (x+2)(x=2)

=lim ———
x—2 x—-2

=lim(x+2), x#2
x—2

=4

The slope of the tangent at (2, 6) is 4.

ORI
C) m=lim ——————=
x—7 x -7

_1im\/x—3—2 Vx =342

=7 x=17 '\/x—3+2
. x—=3-4

lim

=T (x=7) (Vx=3+2)

. x =17

lim

=T (x=7)(Vx=3+2)

= lim x#7

1
=T x =342
1

C VT=342
1

4

1
The slope of the tangent at (7, 2) is T

. )= f)
©) m=lm——=
1
x—2_1'X—2

=1i
xl—Ig x—3 x—=2
. 1-(x-2)
=lim —————
=3 (x=3)(x-2)
= lim 3-x
T X3 (x=3)(x-2)
. -1
_;lcl—rgx—Z’ x#3
_—1
1
=-1

The slope of the tangent at (3, 1) is —1.
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by i S =)
x—1 x—l
x> —6x+9-4

=1

xl—I>r11 x—1

. x?—6x+5
=lim ——
x—1 x—1

. (x=5)(x-1)
=lim ————
x—1 x—1
= lim(x = 5), x # 1
X—
=—4

The slope of the tangent at (1, 4) is —4.

- f2
" i L) =)
x—2 x—=2
1 1
Cfim X2 X
_x—>2 x—2 2x
= lim "
_x—>22x(x—2)
.1
=iy ¥#2
1
T4
Iy, 1
The slope of the tangent at | 2, 3 is s

- fd
0 o S =)
x—1 x—1
1

el e
= lim —
=1 x—1 x2

1—x2

= lim ———

x—)lxz(x—])

. Q4+ -x)
=lim ———=
x—1 xz(x—l)

o =(1+x)
-y "G
=2

1

=-2

The slope of the tangent at (1, 1) is —2.



f(x) - f(D)
m—

2 m=;1c1—>2 x—-2
X
:umm”.l_"
x—=2 x—2 1—x
_ x+2(1 —x)
TR (I -0(x-2)
im - 2TX
=2 (1 —=x)(x—=2)
-l 02
-1
T 1-2

The slope of the tangent at (2, —2) is 1.

Section 3.2 Page 137 Question 7
a) Determine the slope of the tangent, m, at the gen-
eral point (a, a> — 8a + 12).

. f(0) = fla)
m—hm—

xX—a X—a
X2 =8x+12—(a®>=8a+12)

= lim

xX—a X —a

. x?—a*—8x+8a
= lim

xX—a X —a

. (x+a)(x—a)—-8(x—a)
= lim

x—a X—a

=lim(x+a—-28), x#a
X—a

=2a-8

The slope of the tangent at x = a is 2a — 8.

b i SO = 1)
x—1 x—1
1
. /X X
= lim —
=1 x—=1 Vx
. I=wx
=lim ————
xelﬁ(x—])
. 1—vx
= lim
=1 VE(Vx+ DX - D)
. -1
— RaEe D 7
-1
VI +1)
_ 1
2

1
The slope of the tangent at (1, 1) is ~5

i) The slope of the tangent at x = 0 is 2(0) — 8 or —8.
ii) The slope of the tangent at x = 2 is 2(2) — 8 or —4.
iii) The slope of the tangent at x = 4 is 2(4) — 8 or 0.
iv) The slope of the tangent at x = 6 is 2(6) — 8 or 4.
b)

GRAPHING CALCULATOR

T=Ha-Bn+ls '

¥

s

WA
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Apply, Solve, Communicate
Section 3.2 Page 137 Question 8

a) i) Let m be the slope of the tangent. b) i) Let m be the slope of the tangent.
— 72 -
m = lim 29 = /@) m = Tim 2 AC))
x—2 x—-2 x—0 x—0
. ox=2 3_0
= 1 — | X
x1—>n% X — 2 - )l(l_l;r(l) X
=)lc1_121,x752 =}Ci_1;%x2,x#0
=1 —-0

Determine the equation of the tangent at x = 2.
y=f@)=1x-2)
y—2=x-2
y=x

Determine the equation of the tangent at x = 0.
y=f(0)=0(x-0)
y—0=0
y=0
The equation of the tangent is y = x.
ii) Since the equation of the function and the tan-
gent are the same, the requirement that a tangent

touch at only one point is not met. The defini-
tion is incorrect.

Section 3.2 Page 137 Question 9

The equation of the tangentis y = 0.

ii) Since the tangent defined by y = O crosses the
cubic function, f(x) = x>, at (0, 0), the defini-
tion is incorrect.

a) i) Let m be the slope of the tangent. b) i) Let m be the slope of the tangent.
i S =7 3) i §0 —8(=2)
T x=3 x-=3 x—-2 x—(=2)

x*=9-0 X +4x—1-(=5)

= ] m ———- = 11

x—3 x—3 x—=-=2 x+2

. x* =9 . xX2+4x+4

= lim = lim ——

x=3 x—23 xo>=2 x+2
- lim (X + 3)(X - 3) _ Hn (x + 2)2

x=3 x—3 x—==2 x+2

= li 3 3 i -
lim(x +3), x # lim (e +2), x # -2

=6 0

The slope of the tangent at (3, 0) is 6.

The slope of the tangent at (-2, —5) is 0.
ii) Determine the equation of the tangent at (3, 0).

ii) Determine the equation of the tangent at (—2, —5).

Y=y =mlx—x) y=(=5) = 0(x = (~2))
y—0=6(x-3) y+5=0
y=6x—18 y=-5
The equation of the tangent is y = 6x — 18. The equation of the tangent is y = —5.
iii) 207 i) \ 10
\ 1 8
yio | ?23'
\ ] / \\ Ff
\ ’—/
l T \0 ] / T 1 \\ ;’2
—-20 -10 ] / w 20 -12 —-8-p-4-2 /302 46 8
\Vi \
-10/ 4
1 6
] -8
—20° “-10
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¢) i) Let m be the slope of the tangent.

y(x) —y(2)
m=lim —————
x—2 x—2
 4-x*-0
= lim
x—2 x—=2
(P-4
_x—>2 x—-2
. —(x+2)(x-2)
=lim ——=
x—2 x—2
=1in%(—x—2), x #2
=-2-2
=4

The slope of the tangent at (2, 0) is —4.

ii) Determine the equation of the tangent at (2, 0).

y—0=—-4(x-2)
y=-4x+8

The equation of the tangent is y = —4x + 8.
i) 67

d) i) Let m be the slope of the tangent.

g0 -8
m --—-—-—-—-

m_)lc—>2 x—2
i =26
x—2 x—=2
~ fim 28
x—-2 X —2
o (x=2GF+2x+4)
lim
x—2 x—=2
:)1(1_)n5(x2+2x+4), x#2
=12

The slope of the tangent at (2, 6) is 12.
ii) Determine the equation of the tangent at (2, 6).

y—6=12(x—-2)
y—6=12x-24
y=12x—-18

The equation of the tangent is y = 12x — 18.
iii) 81
6

y4-
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e) i) Let m be the slope of the tangent.

)= fQ)
m=lim —————=
x—2 X—Z
_limS—x3—0
_x—>2 x—=2
_ —(x*-8)
_x—>2 x—-2
. —(x=2)(x*+2x+4)
= lim
x—-2 x—=2
= lin%(—x2—2x—4), x#2
=—4-4-4
=-12

The slope of the tangent at (2, 0) is —12.

ii) Determine the equation of the tangent at (2, 0).

y—0=—12(x—2)

y=—12x+24
The equation of the tangent is y = —12x + 24.
iii) \ 30
\ J
\ N
201 \\\
\y 1\
01
i I RN
] \
—-10+ A\
1 W\
] \\
] \
-20- ‘
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f) i) Let m be the slope of the tangent.

RO
m=lim ———=
x—2 x—-2
1
L
=i 1—x
Xl_l;l% x—2
P
=11 .
x=2 x—2 1-—x
I 1+1—-x
=lim ————
x=2 (x —=2)(1 —x)
. 2—-x
=lim-—
x—2 (X—Z)(I—X)
=>lcl—rgx—1’ X712
=1

The slope of the tangent at (2, —1) is 1.
ii) Determine the equation of the tangent at (2, —1).

y=(=D=1(x-2)
y+1l=x-2
y=x-3

The equation of the tangentis y = x — 3.
iii) 49




g) i) Let m be the slope of the tangent. h) i) Let m be the slope of the tangent.

o Y =y h(x) — h(1)
mEm T il
i Vx+2-2 Vx+2+2 1
= lim . =i
T x=2  Yx+2+2 R
= lim x+2-4 =1im(x—l)(x3+x2+x+1)
2 (x=2)(Vx+2+42) x51 x—1
= lim x—2 =limx’+x+x+1, x#1
=2 (x = 2)Vx +2+2 _Z“
. =
= lim L, X#2
=2x+2+12 The slope of the tangent at (1, 1) is 4.
_ 1 ii) Determine the equation of the tangent at (1, 1).
Vi +2
1 y—1l=4(x-1)
4 y—1=4x-4
1 y=4x-3
The slope of the tangent at (2,2) is —.
ii) Determine the equation of the tangent at (2, 2). The equation of the tangent is y = 4x — 3.
iii) 49 [/
1 | a1
y—=2=-(x-2) “\ 37 ‘J’
4 ly24 I
11 \ ] /
y—2=-x-5 1
4 2 NEW)
13 T Ty e
=-x+= -4 32 107 /4 34
Y=3573 =Ey &
R =2y
The equation of the tangent is y = Zx + 5 e
iii) 37: ) _— 48
2-
//
4 2 1 2 4 6 8
_1{
_o
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Section 3.2 Page 138 Question 10
a) Substitution confirms that (1, 1) is on the graph of
the function. Let m be the slope of the tangent.

. )= f(D)
m=lim ————=
x—1 x—1
. 2x?=3x+2-1
=lim—
x—1 x—1
C2x2=3x+1
=1
x—1 x—1
o 2x=-D(x-1)
=lim ——
x—1 x—1
:lin}2x—1, x#1
=1

The slope of the tangent at (1, 1) is 1. Determine
the equation of the tangent at (1, 1).

y—1=1x-1)
y=x—-1+1
y=x

The equation of the tangent is y = x.

¢) Substitution confirms that (2, 3) is on the graph of
the function. Let m be the slope of the tangent.

.o g(x)—g2)
m = lim =¥———~
x—2 x—-2
. %—3 x—1
= lim .
x->2 x—2 x-—1
.o x+1-=-3(x-1
=lim ———=
=2 (x=2)(x-1)
— lim —2x+4
T =) —1)
. —2(x-=12)
=lim ————
x—2 (X—Z)(X—l)
. =2
_}CI—ISx—l’ X712
=-2

The slope of the tangent at (2, 3) is —2. Determine
the equation of the tangent at (2, 3).

y—-3=-2(x-2)
y=-2x+4+3
y=-2x+7

The equation of the tangentis y = —2x + 7.

112 MHR Chapter 3

b) Substitution confirms that (0, 0) is on the graph of
the function. Let m be the slope of the tangent.

o 8(x) —5(0)
m=lim ——
x—0 X — 0
o x2=x=0
= lim
x—0 X
_ x2(1 = x)
- x—0 X
= 1irr(1)[x(1 -x)], x#0
=0

The slope of the tangent at (0, 0) is 0. Determine
the equation of the tangent at (0, 0).

y—0=0(x-0)
y=0

The equation of the tangent is y = 0.

d) Substitution confirms that (0, —1) is on the graph
of the function. Let m be the slope of the tangent.

. f(x) = f(0)
m=lim —————=
x—0 x—=0
- (D)
=lim —
x—0 X
2_
. );4_: +1 x+4
= lim .
x—0 X x+4
x?—4+x+4
=lim—
x—=0 x(x+4)
X2+ x
=lim ————
x—0 x(x +4)
x(x+1)
=lim ———
x=0 x(x +4)
X
=1l 0
xl—r>l;1) x+4 X ?é
1
T4

1
The slope of the tangent at (0, —1) is —. Determine
the equation of the tangent at (0, —1).

1
y= (=)= ;x=0)

122
=-x
Y 4

1

y=Zx—1

1
The equation of the tangent is y = Yl 1.



e) Substitution confirms that (4, 5) is on the graph of
the function. Let m be the slope of the tangent.

_ e S = f4)
m=lim —————
x—4 x—4

Vx2+9-5 Vx2+9+5
x—4 Vx2+9+5

. x24+9-25

= lim
T x =4 (VX2 +9+5)
. xz—16

= lim

= (x—4)(VX2+9+5)

~ lim (x—4(x+4)
= x—4)(VX2+9+5)

4
Slim—" 44

=4h/X2 4945

= lim
x—4

oo

4
The slope of the tangent at (4, 5) is 3 Determine
the equation of the tangent at (4, 5).

y-5= -4
416 25
yEg oSS

4 9
y=35*+3

4 9
The equation of the tangentis y = 3% + 3

1
f) Substitution confirms that | 4, =

2) is on the graph

of the function. Let m be the slope of the tangent.

o SO = f(4)
m = lim ——————~=
x—4 x—4
ET1 2R
lm " —
x—4 x—4 2\/)?
2-vx

24+ 4/x

4—-x

im -
=4 24/x(x —4) 2+ 4/x

—1
=lim—
S X2+ X))

-1
T 202 +2)
1
16

1
The slope of the tangent at <4, 5)

o 2Vx(x =42 + Vx)

£ 4

1
is — e Deter-

1
mine the equation of the tangent at <4, 5) .

1
——=—-—(x-4
U I T
1 N 1 + 1
= ——X - —
Y= AT
1 4 3
R T
. . 1 3
The equation of the tangentis y = TR + T
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Section 3.2 Page 138 Question 11
a) i) The y-coordinate is y(a) or a®>. Let m be the  b)1i) The y-coordinate is f(a) or a®. Let m be the

slope of the tangent. slope of the tangent.
— . x)— f(a
m:]lmM m:llm_f() f(a@)
X—=a X—da xX—a XxX—a
x> — a? 3o
= lim = lim
X=a X —a x—=a X—a
= mnw — lim (x —a)(x* + ax + a?)
X—=a X —a Yoa x—a
= }(il’g(x + a); X 75 a — lim(x2 +ax + 612), X ?é a
X—=a
=a+a

=d+d+d

=2a = 3d’

The slope of the tangent at (a, a?) is 2a.
ii) Determine the slope of the tangent at each
x-coordinate.

The slope of the tangent at (a, a*) is 3a°.
ii) Determine the slope of the tangent at each
x-coordinate.

m_p, = 2(—2)

m_, = 3(=2)%
=4 - 12
m_; = 2(—1) m_y = 3(_1)2
=-2 - 3
my = 2(0) B
", mo = (3)(0>2
m =2 my = 3(1)%
=2 1=
_ =3
myp = 2(2) . 3(2)2
=4 2 =
=12

iii) As x increases, the slope of the function in-
creases linearly. iii) As x increases, the slope of the function de-
creases to 0 at x = 0 and then increases.
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c) i) The y-coordinate is y(a) or a* +2a — 3. Let m
be the slope of the tangent.

_ oY) —y(a)
m=lim ——————
x—a X —a

x> 42x-3—-(a®>+2a-3)

= lim

x—a X —a

o x242x—3-a*-2a+3
= lim

x—a X—a

o xP—d?>+2x-2a
= lim

x—a X —a

. (x—ax+a)+2(x—a)
= lim

x—=a X—a

=lim(x+a+2), x#a

=a+a+?2
=2a+2

The slope of the tangent at (a, a® + 2a — 3) is
2a+2.

ii) Determine the slope of the tangent at each
x-coordinate.

m_p =2(-2)+2
=—442
=-2

m_; =2(-1)+2
=-2+42
=0

mo = 2(0) + 2
=0+2
=2

my=2(1)+2
=242
=4

my =2(2) +2
=4+2
=6

iili) As x increases, the slope of the tangent in-
creases linearly.

d) i) The y-coordinate is g(a) or

6
3 Let m be the slope
a—
of the tangent.

i 8 — 8@
m=lim —————=
x—a X —a
6 6
= Bt = B ) [ Ct)

x—a  X—a (x=3)(a-3)

. 6(a—3)—-6(x—-3)

im

x—a (x —a)(x —3)(a-3)
6a—18 —6x+ 18

=1

R (x—a)(x—=3)a-3)
= lim Ola = x)
" x=a (x—a)(x—3)(a-3)

-6

=lim —————

M ea-y@-» T
B 6

(a—3)?
The slope of the tangent at <a 6 > is — 6
P 5 "a-3 (a-3)2

ii) Determine the slope of the tangent at each x-coordinate.

6
6
25

m_p, =

iii) As x increases, the slope of the tangent decreases as x
approaches 3, and then increases for x > 3.
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e) i) The y-coordinate is y(a) or V/ a? + 1. Let m be the slope

of the tangent.

o y(x) = y(a)
m=Ilim—=
xX—a X—a

_lim\/x2+1—\/a2+l V2414 Va2 41
x—a x-a Va2 +1+ Va2 +1
XX4+1-(@@*+1

= lim
oy —a)(Vx+ 1+ Va2 + 1)
. X2 —(12
= lim
i — gy (V2 + 1+ Va2 + 1)
. (x—a)(x+a)
= lim
o —a)(VxE+ 1+ Va2 + 1)
= lim xra L x#a
2+ 1+ Va4 1)

a+a

B Va+1+Va®+1
2a

2Va? +1
a

a*+1
The slope of the tangent at <a, Va:+ 1) s —2

—
a’ +1
ii) Determine the slope of the tangent at each x-coordinate.

-2
m.p,= ———
V(=22 +1
_ 2
V5
-1
m. | = ———
VD2 +1
-1
V2
0
my = ——
02 +1
=0
1
m = ———
VIZ+1
1
V2
2
my = ———
V22 +1
2
V5

iii) As x increases, the slope of the tangent increases.
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f) i) The y-coordinate is #(a) or

1

. Let m be
a’?+1
the slope of the tangent.

. h(x) = h(a)
m = lim ————
x—a X—a
- m T Em (P D@+
= lim .
xsa  X—a (x2+1D(@+1)
. a+1-x*+1)
= lim
x=a (x — a)(x? + 1)(a®> + 1)

02—X2

= oW D@t

— lim (a—x)(a+x)

x—a (x —a)(x2+ 1)(a® + 1)
= limﬂ

x=a (x2 4+ 1)(a% + 1)
_ —(a+a)
T @+ D@@+1)
_ 2a

(a? +1)2

1
The slope of the tangent at | a, is
P & < a?+1 >

2a

(@+1)?
ii) Determine the slope of the tangent at each
x-coordinate.

22
(=22 +1)?

2(-1)
(=12 + 1)
1
2

2(0)
RO
=0

mgy =

__2D
(12 +1)?
1

2

mp; =

202
(22 +1)?
4

25

mp =

iii) As x increases, the slope of the tangent in-
creases to a maximum of 0.5 at x = —1,
decreases to a minimum of —0.5 at x = 1,
and then approaches 0 as x increases with-
out bound. The slope also approaches 0 as
x decreases without bound.



Section 3.2 Page 138 Question 12
Determine the slope of the tangent m with respect to x at a distance x = a metres.

_ o S - fa)
m=lim ——————=
x—a X —a
5.38 x 10" ( 5.38 x 1019>

X a

= lim
x—a X—a

1 1

= (-5.38 x 10) lim X2 . 2
X—a X —da ax
= (=5.38 x 10"°) lim ——

x—a ax(x — a)

= (-5.38 x 10") im=2, x#a

x—=a ax
1
=(=538x10") [ ——=
e (-3)
5.38 x 10?
T W
Use (1) in each of the following.
a) 5.38 x 101 b) 5.38 x 1019
m= ——— m= ————
(6.77 x 103)2 (6.6 x 109)2
=1.17 x 10° =1.24 x 10°

The slope of the tangent is approximately 1.17 x 10°.

5.38 x 101°

m= ————

(6.5 x 103)2
=1.27 x 10°

c)

The slope of the tangent is approximately 1.27 x 10°.

The slope of the tangent is approximately 1.24 x 10°.

5.38 x 101?
m=————
(6.38 x 109)2
=1.32x 10°

d)

The slope of the tangent is approximately 1.32 x 10°.

Section 3.2 Page 138 Question 13

Let g be the acceleration due to gravity.
_1.32x10°

§= 135000
2938

This result is similar to the average gravitational force of acceleration at the surface of the Earth of 9.8 m/s?.
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Section 3.2 Page 138 Question 14
a) V)= -32+10

GRAPHING CALCULATOR

b) Yes.
¢) The slope of the tangent at t = 0 is 0.
GRAPHING CALCULATOR

Section 3.2 Page 138 Question 15

a) The y-coordinate where x = a is y(a) = 24 + 3a.

Let m be the slope of the tangent.

W)= f@
m=Ilm——=
xX—a X—a

2x% + 3x — (2a* + 3a)

= lim
x—a X —a
o2 =d) +3(x—a)
= lim
xX—a X —a

=1limQ2(x+a)+3), x#a

=2(a+a)+3
=4a+3

The slope of the tangent at x = a is 4a + 3.

Section 3.2 Page 138 Question 16

2) X f(x)
10 1.001 000 45 x 10'°
1 1.010 045 12
0.1 1.104 622 13 x 10710
0.01 2.597 742 46 x 10720
0.001 1.024 x 107%

b) lim(x +0.001)!° = 0
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d) The investor should reinvest at ¢t = 2, where the slope

of the tangent is 0.

V-V Q)
e) m = lim ——————
t—2 t—2
P =324+10-(2°-32)?%+10)
= lim
=2 t— 2
. P=32410-6
=lim —mM8M8M8M—
t—2 =2
P —324+4

m
t—2 t—2
t=2)(*-1t-2)

= lim
t—2 t— 2
=m¥ﬁ—t—2ﬁt¢2
1=
=4-2-2
=0

The slope of the tangent at r = 2 is 0.
f) Answers may vary.

b) The slope of the line y = 14x — 6 is 14.

m= 14
4a+3 =14
da=11
11
=%
11 1\’ 11
(7)=2(5) (%)
187
T8

The tangent to y = 2x? 4 3x is parallel to the line

11 187
y = 14x — 6 at the point <Z —)

8
© X f(x)
0.0001 2.593 742 46 x 1073°
0.000 01 1.104 622 13 x 1073
0.000 001 1.010 045 12 x 107
0.000 000 1 1.001 000 45 x 1073
d) No.

e) Answers may vary.
f) Answers may vary.
g) Answers may vary.



Section 3.2 Page 139 Question 17

a) Let (a, a® + 6a + 9) be the point where the tangent
has a slope of 4. Let m be the slope of the tangent.

m=4
i f(x)=f(a) _
im————= =
x—a X —a
X2 4+6x+9—(a’>+6a+9) _

4

lim 4
x—a X —a
2_ 2 _
limx a’+6(x —a) _4
x—a X —a
. (x—a)(x+a)+6(x—a)
lim =4
x—a X —a

lim(x+a+6)=4, x#a

X—=a

at+a+6=4
2a+6=14
2a = -2
a=-1

The point where the slope of the tangent is 4 is
(=1, (=1)* 4+ 6(=1) + 9) or (—1, 4). Determine the
equation of the tangent using the point-slope for-
mula.

y—=y1=m(x—xp)

y—4=4(x—(-1)

y—4=4x+4

y=4x+8

The equation of the tangent is y = 4x + 8.

b) Let (a, @*) be the points where the tangent has a
slope of 12. Let m be the slope of the tangent.

m=12
i f@ =@ _
x—=a X —a
3_ .3
lim =——% — 12
x—a X —a
lim (x—a)(x2+ax+a2) — 1
xX—a X—a

lim(x* +ax+a*) =12, x#a

X—a

d+ad+d=12

3¢ =12
a* =4
a=4+2

The points where the slope of the tangent is 12
are (2,2%) or (2, 8) and (-2, (=2)*) or (=2, -8).
Determine the equation of the tangent at (2, 8)
using the point-slope formula.

y=y1=m(x—xp)
y—8=12(x-2)
y—8=12x-24
y=12x-16

y = 12x — 16 is the equation of the tangent at
(2, 8). Determine the equation of the tangent at
(=2, —8) using the point-slope formula.

y—=y1=m(x—xp)
y—(=8) =12(x - (-2))

y+8=12x+24

y=12x+16

The equation of the tangent at (-2, —8) is y =
12x + 16.
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Section 3.2 Page 139 Question 18

Determine the zeros of the function.

y=0

X—-x=0

x(x*=1)=0
x=0, =+l )

Determine the slope of the tangent, m, at the general
point (a, @® — a).

_ o SO - fla)
m = lim ————
x—a X—a

X —x—(a®-a)

= lim

X—a X —da

X —-ad-(x—a)
=lim—

x—a X—a

. (x—a)(x®>+ax+d>) - (x—a)
= lim

x—a X —a

=lim(x*+ax+a*—1), x#a

=d+d+a -1
=3d° -1 (2)

The slope of the tangent at x = —1 is 3(=1)?> — 1 or 2.
The equation of the tangent at (—1, 0) is

y—0=2(x-(=1)
y=2x+2 3)

The slope of the tangent at x = 0 is 3(0)> — 1 or —1.
The equation of the tangent at (0, 0) is

y—0=-1(x-0)
y=-x C))

The slope of the tangent at x = 1 is 3(1)?> — 1 or 2. The
equation of the tangent at (1, 0) is

y—-0=2(x-1)
y=2x-2 4
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Section 3.2 Page 139 Question 19

1 1
Let y; = §x2 and y, =1-— Exz. Determine the

x-coordinates of the points of intersection.

Yyi=xn
1 1
zxz =1- zxz
x? =
x ==l
1
==
y) =3
1
1) =—>
. . . 1 1
The points of intersection are | —1, 5 and | 1, 5 )
Let m; be the slope of the tangent to y; at x = a.
_ g S = f(a)
mp = lim —————
x=a  X—a
1.2 _ 1.2
X" —3a
= lim 2—2
x=a  X—a
. (x+a)(x—a)
= lim ————
x—a 2(x—a)
= lim X+ a’ x#a
_a+ta
)
=a

The slopes of the tangents to y; at x = =+l are
m; = =1, respectively. Let m, be the slope of the
tangent to y, at x = a.

)= @
my = lim ———————=
x—a X—a

= lim

xX—a X—a
. —(x*—d?)
= lim —————=
x=a 2(x —a)
— lim —(x+a)(x—a)
T x5a 2(x — a)
=lim—x+a,x76a
_ a+ta

2

=—a

The slopes of the tangents to y, at x = =1 are
my = FI1, respectively. At the point of intersection
where x = —1, since m; x my = (=1)(1) or —1, the
tangents are perpendicular. At the point of intersection
where x = 1, since m; x my = (1)(—1) or —1, the
tangents are perpendicular.



Section 3.2 Page 139 Question 20

a) Determine the rate of change of E with respect to x at a distance x = a metres.

i S0 = 1@
X—a X—a

_4x107 _ [ 4x10V7
. RY a
= lim
xX—=a X—a
i1 ax
= (-4 x 10"7) lim =—= . —
X—a X —a ax

= (=4 x 10"7) lim ——=

x—a ax(x — a)

= (=4 x 10"7) lim L x#a

x—a gax
1
= (-4 x 10"7) (—;>
4 x 10V
i (D

Determine the radius of the orbit of the satellite.
a =2(6.38 x 10°) + 6.38 x 10°
=1.914 x 10’ (2)
Substitute (2) in (1).
4 x 10"
T 1914 x 107)2
= 1092

The force of gravity on the satellite is approximately 1092 N.

b) Result (1) suggests that a increases, the force of gravity decreases. At infinite distances from Earth the gravity
becomes infinitesimally small, but it would never be zero.

3.3 The Limit of a Function

Practise
Section 3.3 Page 153 Question 1
a) lim f(x)=3 b) lim f(x) = 4~ ¢) lim /(x) =0

d) The lin}1 f(x) does not exist because neither the left-hand limit nor the right-hand limit exists at x = 4.
e) lim f(x) = 0.5
x—6

Section 3.3 Page 153 Question 3

a) lim g(x) =12 b) limg(x) = 1 0 lim g(x) = -3*
d) g(2) does not exist because there is a hole at x = 2.

e) lim g(x) = -3* f) limg(x) = -3 g) lim f(x) =6
h) g(5)=6

i) xlirg g(x)=12" J) )ICI_I)I; g(x) does not exist because XIL? g(x) # XILIg g(x).
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Section 3.3 Page 153 Question 5

2 lim 10 = lim 2 "
=-2
b) lin]l+ f(x) = lin]1+(x -3) )
B
=2 < {%{/ <
¢) Since xlg{l_ fx) = XIE{E fx) =-2, Jl(l_r)r% fx) =-2. -
v

Section 3.3 Page 154 Question 7

a) lim A(x) = lim (x + 2)
x—=0~ x—=0~
=0+2
=2
b) 1ir(r)1+ h(x) = 1ir(r)1+(—x -2)
=0-2
=-2

¢) Since lirg h(x) # linol h(x), lim0 h(x) does not exist.
x—0~ x—0t x—

Section 3.3 Page 153 Question 9

. 4t
a) xll,%l+ Vx=0 b) Since 1i1121+ V4 = 2x does not exist, lin; V4 = 2x does not exist.
4 67
] 5-
3
1 4+
y27 y=vx 31 y=+v4-2x
- 2
= T T—
17 \
] \
R R T TEETO T
lim |x — 4] = 0*
0 Jim =41 =0 i
d 1. —4 = O+ ]
) ﬂﬂh | 10+
¢) Since lim |x — 4| = lim |x 4], lim|x — 4| = 0. 8
\il y=Ix-4
4"
2-

L R S AR
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x . =X
f) 1 u = lim —
x-0" X x-0" X
= lim -1
x—0~
=-1
. x| LoX
g) lim — = lim —
x->0t X x—0t X
= lim 1
x—0*
=1
) . Ix N b )
h) Since lim u # lim u, lim u does not exist.
x—=0" X x—=0t X x-0 X

Section 3.3 Page 154 Question 11

a) lim 520 i & DE=3)
x=3 X =3 x—3 x—3
= lin%(x+3), x#3
=6
0 lim x> —6x+8 ~ lim (x=2)(x—-4)
x—4 x—4 T xo4 x—4
= lin}(x—Z), x#4
=2
) lim 2x2 +7x+3 ~ lim Cx+ D(x+3)
x=>-3  x2—-9  x=-3 (x=3)(x+3)
2x+1
= lin S A
_—6+1
- -6

3
6

) lim 5x2—3x -2 — lim (x—=1D(Bx+2)
& My 7x+d S x-DGx-2)
Sx+2
=li 1
xl—r>1}3x—4’ x#
=-7

27
y 17
] =m
] x
) 40 )1 5
g ]
o
x—=2
lim —= = lim ——————
b 24 e (x+2)(x-2)
=1 } 2
x1—>2x+2 X?é
1
T4
2 2
d)limL= imL
x=-2x2=3x—=10 x=-2(x—=5)(x+2)
=xlin_12x_5,xaé4,x7é—2
1
7
f limxz+2x—24_im(x+6)(x—4)
xod X2 —6x+8 x4 (x —2)(x —4)
. x+6
_>1<1—I>Izltx—2’x7é4
10
)
=5
X =8 (x=2)(x*+2x+4)
h) lim =
x=2x2 -4 (X - 2)()(7 + 2)
x2+2x+4
= lim ——————, 2
xl_l;l% x+2 X#
12
T4
=3
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x=-3 x-3 oo x3+8 - (x+2)(x2 =2x +4)

i lim —— =1 j =
RO el v B N polim "y = m, x+2
— 1i 2 _ _
=irr§ — 9,x7$3 _Xllrzlz(x 2x+4), x #-2
B tox+ —4+444
=579+9 =12
1
27
11 1 _ 1
ox—4 (VX +2)(VX-2) 1 lim X3 i x_3 3%
k) )1(1_1;1;{ x_z_)lcl_IH Vx=2 ) x]—rgx—?) xl—>n%x—3 X
. 3—-x
=limvx+2 x#4 = lim ——~
tim # D3 -3)
=V4+2 i —_1
=4 N )lcl—IE 3x X # 3
!
9
Apply, Solve, Communicate
Section 3.3 Page 154 Question 12
a) lim [f(x) +8(0)] = f(=2) +8(=2) b) Ilim [f(x)g()] = f(=2)g(-2)
=34+(-1) =3(-1)
¢) The limit does not exist as it leads to the square root of a negative number.
. _ () _ f(0) p  1im 5 - 80
d) llg(l) [f(x) —g(x)] = f(0) —g(0) e) )lcl_f)r(l) 20 - 20) =0 f(x) _ f(0)
=1 "2 1
=2
g) The limit does not exist since lir‘r&_ f(x) # lir‘r‘l+ f(x) (ump discontinuity).
h) The limit does not exist since lirri f(x) does not exist.
i .
i) fim £ _ 0 ' i) lim £ _ o £
=i g(x)  lim g(x) ! =1 76~ Tim /()
3 0
e 6

Section 3.3 Page 155 Question 13
a) The polynomial 3x + 1 is continuous over its domain. Since lin%(3x + 1) =7 # 8, f is discontinuous at x = 2.

b) Since x + 2, x + 2, and 2x + 4 are polynomials, they are continuous over their domains. f is continuous at x = 0
since liI(I)l_(X +2) = 1ir})1+(x2 +2) =2. fis discontinuous at x = 3 since lirgl_(x2 +2)=11and lir§1+(2x +4) = 10.

¢) x, —x>, and —x are continuous over all real numbers. Since lim x = —1 and lim —-x? =1, f is discontinuous
x——1- x——1%

at x = —1. Since lim —x3

x—=1- x—1
d) Since x2 — 1, x>+ 2x + 1, and x® — 2x + 1 are polynomials, they are continuous over their domains. Since
lin} (x* = 1) =0*and lim (x®>+2x+ 1) = 0%, f is continuous at x = —1. Since linl1 (x*+2x+1)=4" and
x—>-=1= x—=1-

x——1*

= —1 and lim+ —x = —1, f is continuous at x = 1.

lim (x? — 2x + 1) = 0%, £ is discontinuous at x = 1.

x—1*
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Section 3.3 Page 155 Question 14

a)
1400 o e
o—e
1200 oo
o—e
1000 oo
C®) soo
600
400
200
<i 60 80 100 120
A(m?)

Section 3.3 Page 155 Question 15

a) A
3 1
ce) |
2 [e] °
o———e
lo—— o
b 100 200 300 400 500
v m(g)

Section 3.3 Page 155 Question 16
a) A
2801

24071
Ce 2007 o——o
© 160+ o——o

120+ o—o

) i T ]\- T \2 T \3 . T 4\- T
t (min)
b) lim C(?) is not defined for a € N because, at each

value, the function has a jump discontinuity.

b) i)Al_i>Iﬁr(1)_ C(A) =800
ii) Al_i)rélg)+ C(A) =900
iii) ji_)n‘}o C(A) does not exist.
iv) Al_i)r7r(1)_ C(A) =900
V) AE%+ C(A) = 1000

vi) lim C(A) does not exist.
A-70

¢) Answers may vary.

b) 1)m1)1%107 C(m)=0.94
ii) lim C(m) =1.55
m—100+
iii) lirlr%)0 C(m) does not exist.
iv) ml}golm C(m) =1.55
v) lim C(m)=2.05
m—200+

vi) lim C(m) does not exist.
m—200

¢) Answers may vary.

Section 3.3 Page 155 Question 17
A

A

0.10.20304050607080910X
X (km)

v

The discontinuities are at x = 0.25 + n(0.1) where n,
is a whole number.
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Section 3.3 Page 155 Question 18

Section 3.3 Page 155 Question 19

B a @ 10 =22R0 - ry k20
14 + o > b) | 4
121 141
o—e
C@)8; o 10 1
4 6 4+
2 € 4 1 \\\\X?I(R)
< I e 21 T
121314151617 9 10
v

t (h) <—I % g T A T \6 T é T 1\0 R %

b) The discontinuities of C(¢) are att = 1,2, and 3.

Section 3.3 Page 155 Question 20

a) lim f(x) = lim 0
x—»% x—>%
=0

Section 3.3 Page 155 Question 21

a) lim

A3 \64x2 xS
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x> -3 . l x> -3
= lim

c) 1)R11_1)1217 I(R)=0
ii) lim I(R)=7"
R—-2+
iii) 72)=0
iv) Since Rll_)néli I(R) # Rh_)lrzl+ I1(R), Il{l_r}lz I(R) does
not exist.
b) lir% f(x) = lirrl10
x— %

=0

3-V6+x? 34+ V6+x2
(x2 = 3) <3+ \/6+x2>
= lim
o3 9_(6+x2)

(-3 (3+V6+x)

= lim

xo/3 3—x2

= lim —<3+\/6+x2), x#3
e

=_<3+ 6+<ﬁ)2>
(54

= -(3+3)

= -6



x—38

b)

()’ -2

VT —=x-=2
lim —— =
x=3 ] — /4 —x

c)

lim = lim
x—8 f -2 x—8 \?/f -2

(6/2—2)({/;+2€/§+4>
Ix—2
=lin§(\3/;+2\‘7§+4); x#8

= lim
x—8

= V64 +2V8+4
—4+4+4
=12
VIi—x-2 14+vF—x Vi—x+2

B | T-vVi—x 1+vd—x vVi-x+2

i (7T-x-4)(1+v4-Xx)

=3 (1= (4=-x) (VI-x+2)
B-x)(1+Vd-x)

Xﬂ(x—3)(m+2)

- (1 +v4 - x)
=lim— = ; x#3
=3 VT —x+2
_=(1+1)
242
1
T2
Section 3.3 Page 155 Question 22
1+ 1
Answers may vary. For example, f(x) = i and g(x) = ——.
X X
Section 3.3 Page 155 Question 23
For simplicity, let x = 2% As x — 1, so, too, does z — 1.
p VRSV
im = lim
x=lyfx—1 z=1 \3/5_1
i 2 -1
= lim
=172 -1
i G- DE A+ 24D
=1 (z=D(z+1)
2
. T+ z+1
= lim —————, 1
zl—r>rl1 z+1 27
_l+1+1
o1+
3
T2
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Section 3.3 Page 155 Question 24

O <

3 -2 -1 1 2 3 X

The function f(x), is continuous over all real numbers.

Section 3.3 Page 155 Question 25

Both (cx — 1)? and ¢®x? — 1 are continuous over all real numbers. Check at x = 2.

f@Q =727 -1
=4cr -1
lim f(x) = lim (cx D’
=Q2c-1)°
lim f(x) = lim @x* =1
=4’ -1

For lirr% f(x) to exist,
X—

Qe-1)P° =4 -1
8¢ —4? +2c—1=4c% -1
8¢ —8c2+2¢=0
cdct —4e+1)=0
cRc—=1%=0
1

=0 =
€=v3

1
The function f(x) is continuous over all real numbers if c = 0 or ¢ = 7
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3.4 Rates of Change

Apply, Solve, Communicate

Section 3.4 Page 168 Question 1

) locity = 2
a) average velocity = —
Al

33 +h)?*-8—-[3(3)>-8]
B 3+h-3
3(9 4 6h + h?) =27
h
27 + 18k + 3h* — 27

h
18+3h, h#0

The average velocity over the interval ¢ € [3,3 + h] is
18 + 3h.

Section 3.4 Page 168 Question 2
a) The average velocity over the interval ¢ € [a, a+ h]

flath - fla)

can be expressed as ,

Section 3.4 Page 168 Question 3

a) i) s(2) = =22 +312) + 1
=-8+6+1
=1 o)
s(1) = =2(1)* +3(1) + 1
=-2+3+1
=2 2)
On the interval ¢t € [1, 2],
average velocity = w 3)
Substitute (1) and (2) into (3).
-1-2
T
=-3

Over ¢t € [1, 2], the average velocity is —3 m/s.

b) Since
fla+h) - f(a)
h

v(a) = lim
h—0

fB+h)-f03)
h

Substitute the result from a) into (1).

= lim(18 + 3h), h #0
=18

= i

ey

The instantaneous velocity at t = 3 is 18.

b) The instantaneous velocity at ¢t = a can be ex-
pressed as,

instantaneous velocity = lim average velocity
h—0

i fa+ = @
=lim—— =
h—0 h

ii) s(1.5) = =2(1.5)> +3(1.5) + 1
=—45+45+1
=1 (1)
s() = =2(1)*+3(1) + 1

=-2+3+1

=2 )
On the interval ¢ € [1, 1.5],

1.5) —s(1
average velocity = % 3)

Substitute (1) and (2) into (3).

o 1=-2

T 05

=-2

Over ¢t € [1, 1.5], the average velocity is —2 m/s.
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jii) s(1.1) = =2(1.1D* +3(1.1) + 1
=-242+33+1
=1.88 (1)
s(D) = =2(1)*+3(1) + 1
=-24+3+1
=2 2)
On the interval t € [1,1.1],
average velocity = w 3)
Substitute (1) and (2) into (3).
1.88 -2
=51
=-12

Overt € [1, 1.1], the average velocity is —1.2 m/s.

V) s(1.01) = =2(1.01)> + 3(1.01) + 1
=—-2.0402 +3.03 + 1
=1.9898 (1
s(1) = =2(1)*+3(1) + 1
=-243+1
=2 2)

On the interval 7 € [1, 1.01],
s(1.01) — s(1)

locity = —————
average velocity ToI =1 3)
Substitute (1) and (2) into (3).

_ 1.9898 —2

~ 001

=-1.02

Over ¢ € [1, 1.01], the average velocity is —1.02 m/s.
Section 3.4 Page 168 Question 4

a) i) y(3) = 40(3) — 4.9(3)*
=120-44.1
=759 D
y(2) = 40(2) — 4.9(2)*
=80-19.6
= 60.4 2)
On the interval ¢ € [2, 3],
average velocity = w 3)
Substitute (1) and (2) into (3).
75.9 - 60.4
- 1
=155

Over ¢ € [2, 3], the average velocity is 15.5 m/s.
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iv) 5(1.05) = —2(1.05)% + 3(1.05) + 1
=-2205+3.15+1
=1.945

s(1) = =2(1)* +3(1) + 1
=—2+3+1
=2
On the interval ¢ € [1, 1.05],

$(1.05) — s(1)

T 105-1

Substitute (1) and (2) into (3).

19452

0.05
=-1.1

average velocity =

Over t € [1, 1.05], the average velocity is —1.1 m/s

b) V(1)z}gnos(lm)—s(l)

h
. =2—4h—-2R+3+3h+1-=-2
= lim
h—0 h
. —h=2hr?
= lim
h—0 h
=lim—1—2h
h—0

The instantaneous velocity at t = 1 is —1 m/s.

ii) y(2.5) = 40(2.5) — 4.9(2.5)*
= 100 — 30.625
= 69.375
¥(2) = 40(2) - 4.9(2)
=80-19.6
=604
On the interval ¢ € [2,2.5],
average velocity = M
25-2
Substitute (1) and (2) into (3).
69.375 — 60.4
R
=17.95

Over ¢t € [2,2.5], the average velocity is 17.95 m/s.

)

2

3)

ey

@)

3)



jii) y(2.1) = 40(2.1) — 4.9(2.1)* iv) y(2.05) = 40(2.05) — 4.9(2.05)>

=84 —21.609 =82 -20.59225
= 62.391 1) =61.407 75 (1)
y(2) = 40(2) — 4.9(2)* ¥(2) = 40(2) — 4.9(2)
=80-19.6 =80-19.6
= 60.4 2) =604 2)
On the interval ¢ € [2,2.1], On the interval ¢ € [2,2.05],
1) - 2.05) — y(2
average velocity = % 3) average velocity = % 3)
Substitute (1) and (2) into (3). Substitute (1) and (2) into (3).
_ 62391 -60.4 _ 6140775 - 60.4
- 0.1 - 0.05
=1991 =20.155
Over t € [2,2.1], the average velocity is 19.91 m/s. Over t € [2,2.05], the average velocity is 20.155 m/s.
v) »(2.01) = 40(2.01) — 4.9(2.01) b)v(1) = fim 22 FM = Y@
= 5041979649 - 4002 +:) 492+ h)* - 60.4
= 60.603 51 (1) = }lin% .h -
— 2
¥(2) = 40(2) —492) _ o 804408 = 19.6— 19.6h — 4,95 = 60.4
=80-19.6 = m h
=60.4 2) _ iy 2040 — 491
On the interval, f € [2,2.01], T hs0 h
2.01) —y(2 =1im(20.4 —4.9h), h #0
average velocity = y20D) = y@) 3) h=0 #
201-2 —204
Substitute (1) and (2) into (3).
— 60.603 51 —60.4 The instantaneous velocity at ¢t = 2 is 20.4 m/s.
0.01
= 20.351
Over ¢t € [2,2.01], the average velocity is 20.351 m/s.
Section 3.4 Page 168 Question 5
a) i) s(4)=-42+6(4)+5 ii) s(3)=-32+6(3)+5
=-16+24+5 =-9+18+5
=13 (1) =14 (1)
5(2) = =22 +6(2) +5 s(2) = =22 +6(2) +5
=—-44+12+5 =—44+12+5
=13 ) =13 (2)
On the interval ¢t € [2, 4], On the interval ¢ € [2, 3],
4)—s(2 3)—s(2
average velocity = % 3) average velocity = % (3)
Substitute (1) and (2) into (3). Substitute (1) and (2) into (3).
_13-13 1413
2 1
Over t € [2, 4], the average velocity is O m/s. Overt € [2, 3], the average velocity is 1 m/s.
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a) iii) $(2.5) = =252 +6(2.5) + 5
=—-625+15+5
=13.75

s2)=-22+6(2)+5
=—-4+12+5
=13
On the interval ¢ € [2,2.5],
average velocity = w
25-2
Substitute (1) and (2) into (3).
13.75-13
-7 05
=15

Over t € [2,2.5], the average velocity is 1.5 m/s.

s2+h)—s(2)

@ = iy S

= lim

ey

2

3)

—Q+h)> +6Q2+h) +5= (=22 +6(2) +5)

h—0 h

A —4h—R+12+6h+4-12
= lim

h—=0 h

h—=0 h
= lim(~h+2), h#0

=2

The instantaneous velocity at t = 2 is 2 m/s.

Section 3.4 Page 169 Question 6

5(5) = s(3)
5-3

52 _ 32
2

a) i) average velocity =

Over ¢t € [3, 5], the average velocity is 8 m/s.

5(3.5) —s(3)
35-3
3.5%-32
0.5
12.25-9

0.5
=6.5

iii) average velocity =

Over t € [3, 3.5], the average velocity is 6.5 m/s.
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iv)

s2.1) = -2.1246(2.1)+5
—441+12.6+5
13.19 (1)
s2)=-22+6(2)+5
=—4+12+5
=13 )

On the interval, t € [2,2.1],

$(2.1) = 5(2)

average velocity = 13

3)

Substitute (1) and (2) into (3).

_13.19-13

0.1
=19

Over t € [2,2.1], the average velocity is 1.9 m/s.

c)

s()y=—1>+6t+5

2 4 618 1012 t

v

d) The tangent appears in the graph above as
the line with arrows at either end.

5(4) —s(3)

average velocity = 13

Over ¢t € [3, 4], the average velocity is 7 m/s.

iv)

s(3.1) = 5(3)
31-3

31232
0.1

9.61-9

0.1
=6.1

average velocity

Over t € [3, 3.1], the average velocity is 6.1 m/s.



s(3+h)—s(3) c)

b) v(3) = 111_1)1(1) h R “A
. B+hn?r-3? 241
= lim ————
h—=0 h 221
. 9+6h+h -9 20+
=lim ———
h—-0 h 18+
6h + h? |
= lim +h 16
=0 h 141
= }ll_rg(6 +h), h#0 12!
=6 10
8,,
The instantaneous velocity at t = 3 is 6 m/s. 61 J
d) The tangent appears in the diagram as the line with arrows 4l | 11
at either end. / s(hh=t
e) Answers may vary. 27 Vi
f) Answers may vary. <+ 5 4 6 & 10
Yy

Section 3.4 Page 169 Question 7 The velocity at time 7 = 1is 0.8(1)+5 or 5.8 m/s.

s(a+h) —s(a) The velocity at time 7 = 2 is 0.8(2)+5 or 6.6 m/s.
h
_ i 04@+ W) +5(a+h) — (044’ + 5a)
- h—0 h
0.4 (a* +2ah + (h)*) + 5a + 5h — 0.4a* — 5a
= lim
h—0 h
. 0.4a> + 0.8ah + 0.4h* 4+ 5h — 0.44>
- h—0 h
. h(0.8a+5+0.4h)
= lim
h—0 h
=1im(0.8a +5+0.4h), h # 0

=0.8a+5

v(a) = },ir%
The velocity at time t = 31s 0.8(3)+5 or 7.4 m/s.

The velocity of the car at time ¢ = a is 0.8a+5 metres per second.

Section 3.4 Page 169 Question 8

For the following solutions, let T[a,b] represent the average rate of change of temperature over the closed interval from

t=atot=b.

T(50) — T'(30) T(40) — T'(30)

. T — . T —
a) i) [30.50] 50-30 ii) (30,401 1030
_53-65 _57-65
20 10
=12 =08
© 20 10
= -0.06 = -0.08
The average rate of change of temperature with respect The average rate of change of temperature with respect
to time is —0.06 °C/min. to time is —0.08 °C/min.
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T(30) — T(10)
30 - 10
6.5—12
20
-55
20
=-0.275

iii) Tri030) =

The average rate of change of temperature with respect
to time is —0.275 °C/min.

b) Answers may vary.

instantaneous rate of change = 35-10
5= 50-10
= -0.1625

Using the approximate endpoints on the tangent (10, 10)
and (50, 3.5), the instantaneous rate of change of T at
t = 30 is approximately —0.16°C/min.

Section 3.4 Page 169 Question 9

T(30) — T(20)
30 — 20
6.5—8.3
10
18
T 10
=-0.18

iv) T030) =

The average rate of change of temperature with respect
to time is —0.18 °C/min.

*(50,3.5)

i 10 20 30 40 50t

For the following solutions, let T[u,b] represent the average rate of change of temperature over the closed interval from

t=atot=>. T6) - T2)
a) i) Too=—"F¢—75—
9.0-50
4
40
4
=1.0

The average rate of change of temperature with respect
to time is 1.0 °C/h.

iii) Tnﬂ=zg%j?2
_713-50
==
23
T2
=115

The average rate of change of temperature with respect
to time is 1.15 °C/h.
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ii) Tmm=zg%i?9
_50-35
==
15
S 2
=0.75

The average rate of change of temperature with respect
to time is 0.75 °C/h.



b) Answers may vary.

. 7-35
Instantaneous rate of change =

=0.58

Using the approximate endpoints of the tangent (0, 3.5)
and (6, 7), the instantaneous rate of change of T" att = 2
is approximately 0.58°C/h.

T(22) - T(18)
22— 18
14-64

4
-5.0

T4
=-125

c) i) T1822]

The average rate of change of temperature with respect
to time is —1.25°C/h.

T(18) — T(16)
18— 16
6.4—8.7

2
-23

T2
=-1.15

iii) Ti6,18) =

The average rate of change of temperature with respect
to time is —1.15°C/h.

Section 3.4 Page 169 Question 10
a)

GRAPHINGCALCULATOR

Litfa=1972

Tt
14+

12+
10+

Tr\:-houoo

I U ST T U
v4 8 12 16 20 24 t

T(20) — T(18)
20— 18
4.0-64

2
-24

T2
=-12

T1820] =

ii)

The average rate of change of temperature with respect
to time is —1.2°C/h.

d) Answers may vary.

Instantaneous rate of change = 37-8
#2016
=-1.075

Using the approximate endpoints of the tangent (16, 8)
and (20, 3.7), the instantaneous rate of change of T at
t = 18 is approximately —1.08°C/h.

GRAPHING CALCULATOR

b) For the following solutions, let N[a,b] represent the average rate of change in the number of outlets over the closed

interval fromt = atot = b.

N(1991) — N(1984)
1991 — 1984

_ 500 — 200

B 7

=43

i)  Nrioga 1991 =

The average rate of change in the number of outlets is
approximately 43 outlets per year.

N(1997) — N(1991)
1997 — 1991
1500 — 500

6
167

N1991,1997] =

ii)

The average rate of change in the number of outlets is
approximately 167 outlets per year.
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N(1991) — N(1989)
1991 — 1989

500 — 400

- 2

100

T2

=50

iii) Ny1989,1991] =

The average rate of change in the number of outlets is
50 outlets per year.

¢) The quadratic regression feature yields an approx-
imate equation of,

N(t) = 5.625¢% — 22 290t + 22 080 000

GRAPHING CALCULATOR

T1=E.B24970792aBNA T L+ -

n=1881 L R L

Section 3.4 Page 170 Question 11

N(1993) — 0(1991)
1993 — 1991
700 — 500
2
200
2
100

iv) N1991,1993] =

The average rate of change in the number of outlets is
100 outlets per year.

d) Using the regression function determined in part
c), the Tangent operation yields an instantaneous

rate of change of 108 outlets per year as compared

43 + 50+ 100 + 167
+o0+ + or 90 outlets

the average of
per year from part b).

GRAPHING CALCULATOR

i
ABRER+ "Z14EET.IFE

a) For the following solutions, let ?[a,b] represent the average rate of change in the population over the closed interval

fromt=atot =b.

P(1996) — P(1994)

i) Pr1994,1996] = 1996 — 1994
_ 423 800 — 416 500
B 2
7300
T2
= 3650

The average rate of growth of the population is 3650
people per year.

P(1998) — P(1996)

iii) Pi1996.19981 = 1998 — 1996
436200 — 423 800
B 2
12400
)
= 6200

The average rate of growth of the population is 6200
people per year.
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P(1996) — P(1995)

ii) Pp199s.199] = 1996 — 1995
_ 423 800 — 420 100
B 1
= 3700

The average rate of growth of the population is 3700
people per year.

P(1997) — P(1996)
1997 — 1996
429800 — 423 800

h 1

iv) P1996,1997] =

= 6000

The average rate of growth of the population is 6000
people per year.



b) The points on the tangent drawn at P(1996, 423 800) are P(t)
Q(1994, 415 000) and R(1998, 433 000). The slope, m, 450000
of the tangent at P can be estimated as follows.

440 000
. 433000 — 415 000 430 000
1998 — 1994
_ 1800 420 000
4
— 4500 410 000

400 000

The instantaneous growth rate in 1996 was 4500 people

per year. 1992 1994 1996 1998 2000 [

¢) The Tangent operation yields an instantaneous growth d) Averaging the results from part a) yields a growth
rate of approximately 4550 people per year in 1996. rate of 4887.5 people per year.

GRAPHING CALCULATOR

Section 3.4 Page 170 Question 12

3) -y (2
a) Average rate of change = %
4 _ 4
1
_8-12
T 6
_ =4
6
2
-3
.2
The average rate of change over x € [2, 3] is -3

4 4

Ay X 3
m — = lim
Ax—0 Ax x=3 x—3
— lim 12 — 4x
- x—3 3x(x - 3)
—4(x —3)
= lim ——=
x=3 3x(x —3)
-4
=M%
4

9

. .4 . .
The instantaneous rate of change at x = 3 is ~5 The tangent is shown in the graph above.
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Section 3.4 Page 170 Question 13

The volume, V, of the crystal with edge length x can be defined by the function V' (x) = x>. Let 7[,,',,] represent the
average rate of change of volume with respect to edge length over the closed interval from x = a to x = b.

. _ 53 _43
a) i) Vigs = I
12564
1
=61

The average rate of change of volume with respect to
edge length over the interval x € [4, 5] is 61 mm?®/mm.

4.01° - 43
401 -4
_64.481201 — 64

0.01
=48.1201

iii) Vigaon =

The average rate of change of volume with respect
to edge length over the interval x € [4,4.01] is
48.1201 mm?/mm.

Section 3.4 Page 170 Question 14
The function can be simplified as follows.

V() = 1000(1 —%)2

2
60 — 1
= 1000
(&)

1000 )
= 3600 %0 "

5 2
= (0 -1

GRAPHING CALCULATOR

— . —
B=-gf.aarrrrrrrentareE gE L
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41343
41-4
68921 — 64

0.1
=49.21

ii) Visan =

The average rate of change of volume with re-
spect to edge length over the interval x € [4,4.1]
is 49.21 mm?/mm.

b) The instantaneous rate of change of volume with
respect to edge length when x = 4 is determined

as follows.
lim lim Vix)—-V4)
m — =lim —=
Ax—0 Ax x—4 x—4
x3 _ 43
=1
xl—IBl x—4
C (x=dH(+4x+16)
= lim
x—4 x—4
= lini(xz +4x+16), x £ 4
=16+16+ 16
=48

The instantaneous rate of change of volume with
respect to edge length when x = 4 is 48 mm?®/mm.

The instantaneous rate of change at = 10 can be de-
termined.

. . V(@®-V(10)
lim — = lim ———=
-0 h 1—10 t—10
i (60 — 1)* — (60 — 10)?
=10 t—10
5 . (60=1?%—=50°
— llm —
18 =10 t—10
_ 5 lim (60 —t —50)(60 —t + 50)
T 18 1510 =10
5 . (10-1H(110-1)
=—.lim———=
18 =10 t—10
5

= oo+ lim ~(110~1), 1 # 10

5
= T5(~100)

= -27.78

The instantaneous rate of change of volume with re-
spect to time at # = 10 is approximately —27.78 L/min.



Section 3.4 Page 170 Question 15
a) i) P(110) = 8000 +20(110) 4+ 0.10(110)>

= 8000 + 2200 + 1210

= 11410 D

P(100) = 8000 + 20(100) + 0.10(100)>

= 8000 + 2000 + 1000

=11 000 2
Let F[a’b] represent the average rate of change of profit
with respect to the number of units produced in the

interval from x = ato x = b.

P(110) — P(100)

110 — 100 )

Prioo.110) =

Substitute (1) and (2) into (3).
_ 11410-11000

10
_ 410

T 10

=41

Over x € [100, 110], the average profit is $41/unit.
iii) P(101) = 8000 + 20(101) + 0.10(101)?

= 8000 + 2020 + 1020.1

=11 040.1 1)

P(100) = 8000 + 20(100) + 0.10(100)>

= 8000 + 2000 + 1000

=11 000 2)
Let ﬁ[a’b] represent the average rate of change of profit
with respect to the number of units produced from in-

terval from x = ato x = b.

P(101) — P(100)

101 — 100 )

?[100,101] =
Substitute (1) and (2) into (3).
_11040.1 - 11 000
h 1

=40.1

Over x € [100, 101], the average profit is $40.1/unit.
Section 3.4 Page 170 Question 16

ii) P(105) = 8000 + 20(105) + 0.10(105)>
= 8000 + 2100 + 1102.50
=11202.5 (D
P(100) = 8000 + 20(100) + 0.10(100)>
= 8000 + 2000 + 1000
=11 000 2)
Let ﬁ[a’b] represent the average rate of change of profit
with respect to the number of units produced from in-

terval from x = ato x = b.

P(105) — P(100)

105 — 100 )

F[100,105] =
Substitute (1) and (2) into (3).
_11202.5 11000
B 5

2025

5
=40.5

Over x € [100, 105], the average profit is $40.50/unit.

b) The instantaneous rate of change of profit with re-
spect to the number of units produced at x = 100
is determined as follows.

lim _ P(x) — P(100)
Ax—0 Ax - x—100 x — 100
8000 + 20x + 0.10x% — 11 000

= lim
x—100 x — 100
.~ 0.10x2 + 20x — 3000
= lim
x—100 x — 100
. (x—=100)(0.1x + 30)
= lim
x—100 x — 100
= lim 0.1x + 30
x—100
=40

The instantaneous rate of change of profit with re-
spect to the number of units produced at x = 100
is $40/unit.

a) Let v, be the average velocity in the interval fromz = atot = b.

- s(3) — 5(2)
l) V23] = T
_403) - 0.83(3)% — [40(2) — 0.83(2)?]
B 1
= 120 — 9(0.83) — 80 + 4(0.83)
=40 - 5(0.83)
=35.85

The average velocity over t € [2, 3] is 35.85 m/s.

ii) vpos =

s(2.5) — 5(2)
25-2

_40(2.5) — 0.83(2.5)% — [40(2) — 0.83(2)*]

= 2[100 — 6.25(0.83) 2580 +4(0.83)]

= 2[20 — 2.25(0.83)]

=36.265

The average velocity over t € [2,2.5] is 36.265 m/s.
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_ s(2.1) — s(2)
i) YN = T

_40(2.1) — 0.83(2.1)* - [40(2) — 0.83(2)%]
h 0.1
= 10[84 — 4.41(0.83) — 80 + 4(0.83)]

= 10[4 — 0.41(0.83)]
=36.597

The average velocity over ¢t € [2,2.1] is 36.597 m/s.

5(2.05) — 5(2)
205-2

_40(2.05) — 0.83(2.05)> — [40(2) — 0.83(2)’]

B 0.05

= 20[82 — 4.2025(0.83) — 80 + 4(0.83)]

= 20[2 — 0.2025(0.83)]

= 36.6385

iv) V(2,205 =

The average velocity over ¢t € [2,2.05] is 36.6385 m/s.
V) 5 _5(2.01) = 5(2)
2200 = T 55727

~40(2.01) — 0.83(2.01)2 — [40(2) — 0.83(2)’]
- 0.01
= 100[80.4 — 4.0401(0.83) — 80 + 4(0.83)]

= 20[0.4 — 0.0401(0.83)]
=36.6717

The average velocity over t € [2,2.01] is 36.6717 m/s.

. As
g 0 = i 3
v(2) = lim 5@+ h—s@)
h—0 h
 lim 40(2 + h) — 0.83(2 + h)? — [40(2) — 0.83(2)?]
- h—0 h
. 402+ h—2)—0.83[(2 + h)? —27]
= lim
h—0 h
 lim 40h—-0.83[2+h—-2)2+ h+2)]
- h—0 h
. 40h—0.83h(4 + h)
= lim
h—0 h
= }lim040 —0.83(4+ h)
=40-0.83(4)
= 36.68

The instantaneous velocity at t = 2 s is 36.68 m/s.
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s(a+ h) — s(a)

0 o = fig
~ tim 40(a + h) — 0.83(a + h)? — [40a — 0.83a%]
= h
. 40(a+ h—a) —0.83[(a + h)? — a?]
= lim
h—0 h
~ lim 40h —0.83[(a+h—a)(a+ h+ a)]
- h—=0 h
. 40h —0.83h(2a + h)
= lim
h—0 h
= 111in(1)[40 —0.832a+h)], h#0
=40 - 1.66a

The instantaneous velocity at ¢t = a seconds is 40 — 1.66a metres per second.

d) The projectile will hit the moon when s = 0. e) v(a) =40 — 1.66a
v(48.193) = 40 — 1.66(48.193)
s@) =0 = —40.000 38
40t - 0.83* = 0
1(40-0.83r) =0 The projectile will hit the moon with a velocity of ap-
The projectile was launched at = 0. Determine proximately —40 m/s.

the other root.

40-0.83r=0
40
©0.83
=48.193

t

The projectile will hit the surface of the moon at t = 48.193 s.

f) Determine the time taken to achieve the maximum height.

v(it)=0
40-1.66t =0
1.66¢ = 40
t =24.096

The projectile will reach its maximum height at approximately ¢ = 24.096. Determine the height at this instant.

s(t) = 407 — 0.83¢°
5(24.096) = 40(24.096) — 0.83(24.096)>
= 481.93

The projectile reaches a maximum height of approximately 481.93 m.

3.4 Rates of Change MHR 141



Section 3.4 Page 171 Question 17

a) The position-time graph is depicted below as the
dowpgrard-opening parabola.

: o s(t)=8t-tr2
$10- /

-10-

—20- \

Section 3.4 Page 171 Question 18

E(xo + h) — E(xo)

a) F = lim
h—0 h
90 _ 90
Xxo+h X
= lim
h—0 h

1 1 1
=90 - lim — - —
hl—r>r(1)h<xo+h x0>

= 90-liml (M)

h—0 h xo(xo + h)
=90- liml . _—h
=0 h xo(xo+ h)
=90-lim——— h#0
ot
_ 90
X()2

b) v(a) = }g% stat+h) —s@a)

h

. 8(a+h) —(a+h)?*—Ba-d>
= lim

h—0 h

. 8(a+h—a)—[(a+h)?-ad*]
= lim

h—=0 h

. 8h—(a+h—a)a+h+a)
= lim

h—0 h
=}liné(8—(2a+h)),h7£0
=8—-2a

The velocity-time graph is depicted in the graph by the
linear function v(t) = 8 — 2t¢.

b) Substitute each value of x into the result obtained in
part a).

i) The electric force of repulsion at a distance of 2.0 m is

—2 or —22.5 N.
2.02

ii) The electric force of repulsion at a distance of 10.0 m

is — or —0.9 N.

0.0?

iii) The electric force of repulsion at a distance of 100.0 m
or —0.009 N.

00.0?

. . . .90
The electric force of repulsion between two spheres at a distance of x = x( metres is ——— newtons.

90
¢) A distance of 2 cm is equivalent to 0.02 m. The electric force of repulsion at a distance of 0.02 m is -3

225 000 N.

X()2

022 or

d) Since the denominator gets larger and larger as the spheres move farther and farther apart, both the energy and the

force get very small.

Section 3.4 Page 171 Question 19

No. A measure of an object’s velocity includes it’s direction. For example, a ball travelling upward has a positive
value for velocity. The same ball falling to Earth has a negative value for velocity. The speed of the ball is simply the
magnitude of the velocity, independent of the direction it is moving.
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Review of Key Concepts
3.1 From Secants to Tangents

Section Review Page 173 Question 1

Answers may vary.
a) Let Qbe (1+ Ax, (14 Ax)* + (1 + Ax)).

i) Develop a simplified expression for mpq.

Yo —Jp
XQ—XP
(14 Ax)*+ (14 Ax) -2
h 1+Ax—1
14+ 2Ax + (Ax)> +14+Ax -2
Ax
_ 3Ax + (Ax)?
- Ax
=3+Ax, Ax #0

me =

ii) From the result of part i), the slope of the tangent at P(1, 2) is estimated to be 3.

iii) y =y =m(x—x1)

Substitute P(x;, y;) = (1,2) and m = 3 into (1).

y—2=3(x-1)
y—2=3x-3
y=3x-1

Ax Q mpg =3 + Ax
-1.0 0,1 3-1=2
-0.1 0.9, 1.71) 3-0.1=29
—0.01 (0.99,1.9701) 3-0.01=2.99
—0.001 (0.999, 1.997 001) 3-0.001 =2.999
—0.0001 (0.9999, 1.999 700) 3 —-0.0001 = 2.9999

0.0001 (1.0001, 2.000 300) 3+ 0.0001 = 3.0001
0.001 (1.001,2.003 001) 3+ 0.001 =3.001
0.01 (1.01,2.0301) 3+0.01 =3.01
0.1 (1.1,2.31) 3+0.1=3.1
1.0 2,6) 3+1=4

(1) iv) y= x?+x

The equation of the tangent to the curve at Pis y = 3x — 1.

b) LetQbe (2+ Ax, (2 + Ax)* - 2(2 + Ax)).

i) Develop a simplified expression for mpq.

Yo —J)p
XqQ — Xp
2+ Ax)° -2+ Ax) -4
B 24+ Ax -2
_ 84 12Ax +6(Ax)* + (Ax)’ —4 - 2Ax — 4

me =

1 2 3 4 5 6 7X

Ax
10Ax + 6 (Ax)? + (Ax)?
Ax
10 + 6Ax + (Ax)> , Ax # 0

Ax Q Mpg = 10 + 6AX + (Ax)?
-1.0 (1,-1) 5
-0.1 (1.9,3.059) 9.41
-0.01 (1.99, 3.900 599) 9.9401
—-0.001 | (1.999,3.990 00) 9.994 001
—0.0001 | (1.9999,3.999 000) 9.999 400

0.0001 | (2.0001,4.001 000) 10.000 600
0.001 | (2.001,4.010 006) 10.006 001
0.01 (2.01,4.100 601) 10.0601
0.1 (2.1,5.061) 10.61

1.0 (3.21) 17

ii) From the results of part i), the slope of the tangent at P(1, 2) is estimated to be 10.
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iii) y—y1=m(x—xp)

Substitute P(x;, y1) = (2,4) and m = 10 into (1).
y—4=10(x —2)
y—4=10x-20

y=10x—-16

The equation of the tangent to the curve at P is y = 10x — 16.

ey

iv)

y=x>-2x

? Q(2.1,5.061)
{ P(2,4)
# Q(1.9,3.059)

2.3 456 7X

¢) LetQbe (3+Ax,V3+Ax+1). Ax Q g = 1
i) Develop a simplified expression for mpq. Vad+Ax+2
-1.0 (2,1.732 051) 0.267 949
Yo = p
mpg =
Yo Y —0.1 (2.9,1.974 842) 0.251 582
_ VA¥Ax-2 | . '
© 34+Ax-3
VAT Ax-2 VATAx+2 -0.01 (2.99, 1.997 498) 0.250 156
Ax VA+Ax+2
~ 4+ Ax—4 —0.001 (2.999, 1.999 750) 0.250 016
Ax (\/4 + Ax + 2)
1 —0.0001 | (2.9999, 1.999 975) 0.250 002
=——7 7 Ax #0
V4 +Ax+2
0.0001 | (3.0001,2.000 025) 0.249 998
ii) From the result of part i), the slope of the tangent
0.01 (3.01,2.002 498) 0.249 844
0.1 (3.1,2.024 846) 0.248 457
1.0 (4,2.236 068) 0.236 068
iii) y =y =m(x—xp) (1)

Substitute P(x;, y;) = (3,2) and m = 0.25 into (1).
y—2=025(x-3)

dy—-8=x-3
—1x+5
YEFET,

. . 1 5
The equation of the tangent to the curve at Pis y = 75 + T
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PG32)
—Q@.17%2)

1 2 3 4 5 6 7X

Q(4,2.236 |




Section Review Page 173 Question 2

a) i) Use P(0.7,2.896) and Q(0.6, 2.542). ii) Use P(0.7,2.896) and Q(0.8, 3.233).
e = 2.542 —2.896 _3.233-2.896
T T06-07 M= T08-07
_ —0.354 0337
01 01
=3.54 =3.37
The slope of the secant PQ is 3.54. The slope of the secant PQ is 3.37.
b) Let mp represent the slope of the tangent at P.
- 3.54+3.37
" 2
_ 691
2
= 3.455

The slope of the tangent at P(0.7, 2.896) is estimated to be 3.455.

¢) i) Use P(1.5,5.174) and Q(1.4,4.937). ii) Use P(1.5,5.174) and Q(1.6, 5.400).
- 4937 -5.174 _5400-5.174
T T4o1s M= T e 1
_ —0.237 _0.226
—0.1 ~ 01
=237 =226
The slope of the secant PQ is 2.37. The slope of the secant PQ is 2.26.
Let mp represent the slope of the tangent at P.
2.37+2.26
mp = ———
2
_4.63
T2
=2.315

The slope of the tangent at P(1.5, 5.174) is estimated to be 2.315.
d) Answers may vary. Let two points on the tangent sketched at P(0.7,2.896) be (0.45, 1.94) and (1.05, 3.95).

_3.95-1.94
T 1.05-045
=3.35

mp

The slope of the tangent at P is estimated to be 3.35. R(1.55.174)

Let the two points on the tangent at R(1.5,5.174) be
(1.1,4.2) and (1.9,6.4).

_64-42
T19-1.1
=275

mp

The slope of the tangent at R is estimated to be 2.75.

e) Answers may vary depending on the method used. The slope of the secant drawn from (0.5, 2.169) to (1.0, 3.859)

3.859 —2.169 5.174 — 3.859
—To0-0s5 or 3.38. The slope of the secant drawn from (1.0, 3.859) to (1.5,5.174) is —Ts5-10

. . . 3.38+2.63
2.63. Averaging the slopes of these secants yields an estimate of — o 3.01 for the slope of the tangent

at (1.0, 3.859).
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Section Review Page 173 Question 3

a) The slope of the function represents the rate at which the body is eliminating the medicine.
b) The graph below left suggests the slope of the secant cutting A(t) att = 4 and t = 5 is 2.5 and the slope of the

secant from t = 3 to t = 4 is approximately 4.167. Averaging these results yields an estimate of

2.5+4+4.167
———— Oor

3.335. This compares to a result of 3.333 using the Tangent operation of the graphing calculator (below right).

GRAPHING CALCULATOR

1R m—Re 120"+

Oone
CYICSI-=-Y10400
2o

N g a=Y 0300
4. 166ERE6E6 T

Section Review Page 173 Question 4

11.6
11.4
11.2
time |

11

10.8 1

10.6

0 1970 1980

1940 1950 19t
year

¢) Answers may vary.

3.2 Using Limits to Find Tangents

Section Review Page 174 Question 5

I (¢
a) m=lim —————

x—2 x—2
. xX*+1-5
_x—>2 x—=2

o o x2—4
= lim

=2 Xx—2

D (x=-2(x+2)
=lim ——=
x—2 x—=2
=1in%(x+2), x#2
=4
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=
B3 I3IIERRRRENS1T.33IE.

a) Answers will vary.
b) The average rate of change from (1937, 11.6) to (1948, 11.5) is

11.5-11.6

1948 — 1937’
The average rate of change from (1948, 11.5) to (1952, 11.4) is
11.4-115

1952 — 1948
Averaging these two slopes yields an estimate for the rate of

—0.009 — 0.25
change in 1948 of —

The average rate of change from (1983, 10.79) to (1984, 10.76)

. 10.76 — 10.79
1s 984~ 1933 or —0.03 s/year.

The average rate of change from (1984, 10.76) to (1988, 10.49)

10.49 — 10.76
is — = 0 0.0675 slyear.
" Tog8 — 1984 " syear

Averaging these two slopes yields an estimate for the rate of
—0.03 — 0.0675
change in 1984 of —————— or —0.048 75 s/year.

or approximately —0.009 s/year.

or approximately —0.025 s/year.

or —0.017 s/year.

The slope of the tangent to y = x> + 1 at (2, 5) is 4.

y=yi=m(x—Xxp)

y=5=4(x-2)
y—5=4x-8
y=4x-3

The equation of the tangent is y = 4x — 3.



S =S

b) m = lim 1 The slope of the tangent to y = x> 4+ 4x +4 at (1,9) is 6.
x> +4x+4-9
= lim ———— y—y1=m(x—xp)

. x> 4+4x -5 y—9=6(x—1)
=== y-9=6x-6
iy G DG #S) y=6x+3
x—1 x—1
=liIr]1(x+5), x#1 The equation of the tangent is y = 6x + 3.
=6

. J(x) = f(6)

c) m=lim ———— 1
x=6 XxX—6 The slope of the tangent to y = Vx + 3 at (6, 3) is z
_lim\/x+3—3 Vvx+3+43
=6 x—6 Vx+3+3 y—y1=m(x—xp)

— 1 x+3-9 |
T (x—6)(Vx 13 y=3=-(x-6)
(x=6)(Vx+3+3) 6
. 1 1
=lim————, x#6 =—x+2

6 \x+3+3 YT

1
- 1
343 Theequationofthetangentisy=6x+2.
1
"6

d) m:lin(l) f(x)_g(o) The slope of the tangent to y = 1 — x> at (0, 1) is 0.

X— X —

. 1=x*-1 y—yi=m(x—xp)
= lim ——

x—=0 X y=1=0(x-1)

X -1
= lim — y=

x—0 X
=1ir1(1)x2, x#0 The equation of the tangent is y = 1.
=0

0 i L =)

x=>3  x-3 The slope of the tangent to y = 5 at 3, 1)is —1.

1 X —
=1 X2
x=3 x—3 y_y1=m(x_xl)
I-(x-2
=11mL y—1=-1(x-13)

x=3 (x — 2)(x -3)

3_ 5 y—1=-x+3
=lim—onro— —

B (x—2)(x—3) y=-x+4
=1in§ — 2,x7$3 The equation of the tangentis y = —x + 4.

x—3 X —
=-1
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_ o SO =S
m-—--rm-

f) m=1 1 1
x—1 x—1 The slope of the tangentto y = — at (1, 1) is —=.
1 _ Vx 2
= lim &
= lim
x—1 X — y=y1=m(x—x1)
I 1—+/x 1
=lim ———— _
=1 Yx(x = 1) y=l=-3(-1
. 1—+/x 1 3
= lim y=—=x+=
=1 /x(vVx = DWx+1) 22
-1
=lim——, n#1 . ) 1 3
x=1 4/x(y/x + 1) The equation of the tangent is y = —Ex + ok
-1
T1(1+1)
1
)

Section Review Page 174 Question 6
f(=1+h - f(=D
h

a) m = lim

h0 The slope of the tangent to y = 3 — x2 at (—1,2) is 2.

3—(=1+h)?-2

= lim n y—yi=m(x—xp)
33— (1-2h+h)-2 y=2=2(x-(=1)
= lim ; y—2=2x+2
ECEY)) y=2x+4
h—0 h
=lim2—-h, h#0 The equation of the tangent is y = 2x + 4.
h—0
=2

f2+h—-fQ2)

b) m=}li_{% h The slope of the tangent to y = x> —2x + 1 at (2, 1) is 2.
2 2202 1-1
=£in(1)( +h (h+h)+ y—y1=m(x—xp)
- —1=2(x-2
At dh+ 2 —4-2h y (x=2)
=m h y—1=2x-4
. 2h+ y=2x-3
=h1—r>% h
h(2 + h) The equation of the tangent is y = 2x — 3.
= lim
h—0 h
= lim(2
hg%( +h), h#0
=2
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- 1
cn=1 mw The slope of the tangent to y = V/x2 + 3 at (1,2) is =.
0 h 2
h—!
VA +h)?2+3-2
= lim ( ) y—yi=m(x—xp)
h—0 h 1
i VA+2h+h =2 \a+2h+h+2 y-—2=5k=-1
h=0 h VA+2h+ 1 +2 y= iyl
. 44+2h+h -4 22
e e
- 2
h ( 4+2h+h"+ 2) The equation of the tangent is y = zx + 5
. 2+4+h
= lim ,h#0
=04+ 2h+ 02 42
2
242
1
T2
- 1 1 1
d) m = lim féa+m-r@ The slope of the tangentto y = — at [ 4, - ) is ——.
h—0 h x 4 16
1 1
_ 4+h 4 y—y1 =m(x—x1)
=lim —-
h—0 h 1_ 1 4
I EICEY) A T
h>0 4h(4 + h) B 1x+1
=1im—_h SRC 2
h—0 4h(4 + h) 1 |
. - The equation of the tangentis y = ——x + —.
=lim———, h#0
Maaem "7 T
1
16
_ o SJA+m - )
e) m=lim ———~
h—0 h
l+h+1 1
) 1 1 1
= },I—I}(l) L}ISZ The slope of the tangent to y = % at (1, 5) is 3
h+2 1
_im t4 2 y—yi=m(x—xp)
h—0 h 1 1
L2042~ (h+ ) y=5=g&-D
T =0 2h(h+4) 1 3
2h+4—h—4 VTR
=lim ———
~0  2h(h+4) 1 3
. 1 The equation of the tangentis y = —x + —.
= lim ——,
ey CE
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. fC+h-f(2)
B m=lim
3

. Q+h)?-1
=lim ——
h—0 h

3-[Q2+h?2-1]
= lim
=0 h[(2+ h)? —1]
3—@A+4h+h—1)
= l1m
=0 h[(2+h)? —1]
—h(4 + h)
=lim——
=0 h[(2 + h)? — 1]
4+h
=111’I’1——,
-0 (24 h)?2 -1
4
4-1
4
3

h#0

Section Review Page 174 Question 7
a) i) Let m be the slope of the tangent.

e S = £
x——1 x—(—l)
i =316
T x+1
. x2—6x+9-16
=lm ———————
x—-—1 x+1

o x2—6x-7
lim ——
x—-—1 x+1
(x+D(x=7)

= lim
x—=-1 x+1

= lim(x-7), x#1
x——1

=-8

The slope of the tangent at (—1, 16) is —8.
ii) Determine the equation of the tangent at (—1, 16).

y—y1=m(x—x1)
y—16=—8(x + 1)
y—16=—8x—38

y=-8x+38

The equation of the tangent is y = —8x + 8.

ii)

{501 a8 8 o
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The slope of the tangent to y = >
X2 —

Y=y =m(x—x1)
4
y—1=—§(x—2)

_ 41
yET3YT

The equation of the tangent is y = —‘3—‘x +

b) i) Let m be the slope of the tangent.

@ =fQ)
m=lim ——————=
x—2 x—2

L (k=P +2x+4)
= lim

3 4
] at (2,1)is ~3

u
5

x—2 x—2
= lin%(xz +2x+4), x#£2

=12
The slope of the tangent at (2, 8) is 12.
ii) Determine the equation of the tangent
y—8=12(x-2)
y =y =m(x—x1)
y—8=12x-24
y=12x-16

The equation of the tangent is y = 12x — 16.

iii) 16 I
144 /
127 |
10+
y8-

at (2, 8).



¢) i) Let m be the slope of the tangent.
_ o f=fAD

m= lim ————~
x—11 x—11
. o Vx=2-3 Vx-2+3
lim .
x=11 x =11 Vx—2+3
. x—-2-9
lim
=l (x—1D)(Wx—-2+3)

1
= lim ——; x# 11
=11 4/x =243
1
V9 +3
1
"6

1
The slope of the tangent at (11, 3) is r

ii) Determine the equation of the tangent at (11, 3).

Y=y =m(x—Xxp)

1
y—3=8(x—11)

y=6x+6

1 7
The equation of the tangent is y = gx + &

iii) 6-
5
4-

Y3§ //

2- =

0l 2 4 6 g101214 16
-1

o

d) i) Let m be the slope of the tangent.

. f) = f(=3)
m= lim ;
=0 X ()
1
L _2
= lim
x—>-1 x+%
. 1-2(x+1)
= lim ——
x—>—3 (x+%) x+1)
. —2x—-1
= lim —m8M8 —
—-t (x+3)(x+1)
—2(x+%)
=Ilim ————
—-4 (x+1) (x+ 1)
. -2 1
_x1—1>r£1%x+1’x¢§
2
T
2
=—4

1
The slope of the tangent at <—§ 2> is —4.

1
ii) Determine the equation of the tangent at <—§ 2) .

y—=y1=m(x—x1)

1
—2=-4 _
y <x+2>

y—2=-4x-2
y = —4x

The equation of the tangent is y = —4x.
iii) (I

i
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Section Review Page 174 Question 8

a) Let m be the slope of the tangent.

b) m_; =2(-1)-3
Y —y(@ =_5
m = lim ——————
x~a  X—a my =2(0) -3
o x> =3x-10-(a®> -3a-10) - _3
= lim =
x—a xX—a
mp =2(1)-3
. x*—ad>=3x+3a 1 )
= lim =-1
X—a X—a
. (x—a)(x+a)—-3(x—a) my=2(2)-3
= lim
x—a X—a =1
=lim(x+a-3), x#a m3 =2(3) -3
=2a-3 =3
The slope of the tangent at x = a is 2a — 3. ¢) The slope of the tangent is zero when 2a — 3 = 0 or when

49
X = R The y-coordinate of the point is -1

Section Review Page 174 Question 9

o y(x) = y(2.5)
aym= lim ——3
2x% — 8x + 12 — (2(2.5)% — 8(2.5) + 12)

=l
xirzr.ls x—25
_ i 2 8x 4122025 +8(25) - 12
T xo25 x—25
X —4x—(2.5%+42.5)
=2. lim
x—2.5 x—25
L x2=(25)?2%-4(x=25)
=2. lim
x—2.5 x—2.5
o (x=25(x+25 —-4(x-25)
=2. lim
x—2.5 x—2.5
=2 1ig15x+2.5—4, x#25
=2-1limx-1.5
x—=2.5
=2(1)
=2

3.3 The Limit of a Function

Section Review Page 174 Question 10
a) lirrzlr f(x) =27 b) lirrzlﬁ f(x)=-3*%

d) lim4f(x) does not exist because lin}1 fx) # lirrél1 f(x).
X=>= x—>—4- x——4+

e) xlgg S(x)=3" f) 11{55 S(x)=3"
h) lim f(x) = 3 i) lim f(x) = -3*
k) f(5)=-3 D lirrg f(x)=-3*

Section Review Page 174 Question 11

a) i) f(x) is discontinuous at x = —4 (jump discontinuity).

ii) f(x) is discontinuous at x = 2 (removable discontinuity).

iii) f(x) is continuous at x = 5.
b) No, unless the type of discontinuity is known.
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The slope of the tangent to y = 2x> — 8x + 12 at
x=25is2. Atx =25,y =2(2.5)%*-8(2.5) +12
or4.5.

y—45=2(x-25)

y—45=2x-5
y=2x-0.5
The equation of the tangent is y = 2x —0.5.
0.5
b) The x-intercept of the tangent in part a) is -

1
or —. This result would place the skater on a

path to the net, so the goaltender should take
evasive action.

¢ f(-4)=-3

g f(2)=0

P lim f(o) = -3*



Section Review Page 175 Question 12
a) ling_ g(x)=3" b) lin;+ g(x)=2% c) g(-3)=3

d) lim3g(x) does not exist because lin% g(x) # lin% g(x).
xX== x—-3" x—-3+

e) lim g(x) =4~ f) lim g(x) = 4+ g) g(2)=4.
x—2- X2t
) lim g(x) = 4 D lim g(x) = 3* P lim g(x) =3
k) g4) =4 1) linl g(x) =3 m) g(5) does not exist (hole).

n) lirgl g(x) does not exist since g(x) is not defined for x > 5.
x—5t

Section Review Page 175 Question 13

a) i) g(x) is discontinuous at x = —3 (jump discontinuity).
ii) g(x) is continuous at x = 2.
iii) g(x) is discontinuous at x = 4 (removable discontinuity).

iv) g(x) is discontinuous at x = 5 because the function is not defined for x > 5.
b) i) The value of g(a) does not affect the value of lim g(x).

X—=a

ii) g(x) is continuous at x = a if and only if g(a) = lim g(x).

Section Review Page 175 Question 14

y
a) lim g(x) = lim (x*+2)
x—>—1- x—>—1- 5
At 9(x)
=3 4
3
b) lim g(x) = lim (x+4)
x—=—1* x—>—1* 2
= 3+ 1
< _1 X>
0 lim g(x) = 3" 1
Section Review Page 175 Question 15
y
a) linl[ h(x) = lir?i(Zx -1
=1 21 e
1 h(x)
b) lim+ h(x) = lim+(—x +2) P /. R
x—1 x—_>1 < i Xr
=1 1
/
_ ~ /
c) xlirzll h(x)=1 >/

Review of Key Concepts MHR 153



Section Review Page 175 Question 16

a) lim f(x)= lim (x+3)
x—>=2" x—>-2"
=1
b) lim f(x)= lim (x+ 1)
x—-2% x—-2%
=1
c) lim2 h(x) =1~
v

Section Review Page 175 Question 17

a) Defining Y, = vx — 2 and using the Table feature b) Defining Y; = V/x? — 4 and using the Table fea-
of the calculator suggests lirg Vx—-2=0"% ture of the calculator suggests 1in21 Vx2—4=0"
x—2% x—2+

GRAPHING CALCULATOR GRAPHING CALCULATOR

T=finRE=41
a

¢) Defining Y| = | —x2+9 | and using the Table fea- d) Defining Y| = | —x2+9 | and using the Table fea-
ture of the calculator suggests 1i1131_ | -x2+9]| =0+ ture of the calculator suggests lirgl+ | -x*+9 | =0

GRAPHING CALCULATOR GRAPHING CALCULATOR

'|;l1=-:|l:-sl: -Rz+0% '|;l1=-:|l:-=l: ~Hz+0%

el B S

4=z.0990 . Heron0l
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. . . -1
e) Since 111%{ |-x*+9| = xllfg |-x*+9| = o, f) Defining Y, = Ix ll and using the Table feature
X— — X —
lim [-x*+9| =0. o x=1]
x—=3 of the calculator suggests 111111 T = —1.
x—=17 X =

GRAPHING CALCULATOR GRAPHING CALCULATOR

'L1=-:II:-EIZH-1:I.-'IIH-:I.:I

o

n=.90000

'
-1

-1 - -
g) Defining Y| = Ix ll and using the Table feature h) Since lim u # lim |—x2 +9| lim x — 1|
X = x—1- — x—1+ " x -
in Split Screen mode of the graphing calculator does not éxigct. ! : Px=l
-1
suggests, lim =1l =1.
x—1* x—1

GRAPHING CALCULATOR

T1=absid=-12/00-10
t L -—

X

GRAPHING CALCULATOR

w=1. 000001
& 5
i

1
w=1.H86801

Section Review Page 175 Question 18

a) lim (4x = 1) =4(2) = 1 b) 1in%(2x2—4x+6)=2(3)2—4(3)+6
=7 =18-12+6
=12
2 - —1)2+3(=1) - . X*+9 449
o lim % +3x-4 _(=D’+3(=D-4 QO lim _
ol Vx 42 V=1+2 —4yx+3 V443
_1-3-4 3
Vi 5
=6 =5
x?—=5x+6 (x=3)(x—2) oxP=2x-8 . (x—-H(Kx+2)
im—————— =lim———— lim = lim
& M MG e L by N Tl L ey pogm
-2 x+2
=i =i , 4
xl—I>I§X+7’x;é3 xl—I>IA}x—3 X7é
=222 _ 442
347 T 4-3
! =6
10
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x—4 x—4 /x2-16 . V3+h-Vv3 _ [V3+h—-+vV3 V3+h+V3
g) im ——— = lim . h) %{%T = },I_I,I(l) 7 . 7
=hyxi—16 0 [ Wxi-16 VX2 -16 yn 3 V3t+h+v3
. +h—
—PHy/x2 =1 =lim ———
=lingl% =0 h (V3 +h++V3)
X— X —
1
— /A2 — 16 =lim——— h#0
:hmw h—0 /3+h+\/§
=t (x—4)(x+4) |
2_1 ==
—him Y10y V3+V3
x=4 x+4 3 1
_ V1616 33
444
=0
o 24+x)P -8 84+ 12x+6x2+x>-8
i) lim = lim
x—0 X x—0 X
= 1ir%(12+6x+x2), x#0
=12

Section Review Page 175 Question 19

a) Since substitution yields a constant other than zero, divided by zero, the limit does not exist.

4 31 - 1)(x? 1
by i 5 2 . 4-22+x) O lim— x2  lim (x )(x2 +x+1)
=0 X =0 h(2+x) x=1 x5 =2x*=5x+6 x=1(x—-1)(x*—-—x—-06)
4—4-2x X2 +x+1
=lim ———— =lim———, x#1
chl—I}(l) x(2+ x) x~>1x2—x—6 #
3
xl—r>I(1) 24+ x x ;é 0 -6
=—1 1
)
d) 1in%+ V3 +27 = V=27 +27 e) lir%_ x3 4+ 27 does not exist because \/x3 + 27 is
—_— only defined for x > 3.
. 3xT-5x-2 . (x=2)Bx+1)
f) xlir{13 x3 + 27 does not exist because the left-hand &) )lcl_fg m = xl_fg m
limit in part e) does not exist. 3x + —1
= lim L, X #2
x=2 2x =5
7
-1
=-7

h) Examine the left- and right-hand limits separately.

For x < 3, |3 — x| = 3 — x, hence, For x > 3, |3 — x| = —(3 — x), hence,
. |3 — x| . 3—x lim [3 — x| lim -3 -x)

im = lim i =1

x>3- 3—x  x>3"3-—x x=3* 3—x  x-3+ 3-—x

=lir£171,x;£3 =li1§1+—l,x;£3

=1 =—1

3 - 3- 3-
| al lim ! xI’ lim l al does not exist.

Since lim
x—3- - X x=3* 3—x x-3 3—x
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3
+1
i) il

(x+DE2=x+1)

lim = lim
x=-1x34+3x24+3x+1  x--1 (x+1)3

xX2—x+1

= lim
x=>-1 (x+1)2

Since substitution yields a constant other than 0, divided by zero, the limit does not exist.

3.4 Rates of Change

Section Review Page 176 Question 20

a) i) h(3) = 150 — 4.9(3)*
=150-44.1
= 1059 )
h(2) = 150 — 4.9(2)*
=150-19.6
= 1304 2)
On the interval # € [2, 3],
—5(2
average velocity = % 3)
Substitute (1) and (2) into (3).
_105.9-1304
B 1
=-245
Over ¢ € [2, 3], the average velocity is —24.5 m/s.
ii) h(2.01) = 150 — 4.9(2.01)*
= 150 — 19.796 49
= 130.203 51 D
h(2) = 150 — 4.9(2)°
=150 -19.6
= 1304 2)
On the interval # € [2,2.01],
2.01) —s(2
average velocity = w 3)

2.01 -2
Substitute (1) and (2) into (3).
_130.203 51 —130.4

0.01
= —19.649

Over [2, 2.01], the average velocity is —19.649 m/s.

ii) h(2.1) = 150 — 4.9(2.1)*
=150 — 21.609
= 128.391 (1)

h(2) = 150 — 4.9(2)°
=150-19.6
=130.4 (2)
On the interval t € [2,2.1],
$(2.1) = s(2)

21-2
Substitute (1) and (2) into (3).

128391 - 130.4

0.1
= -20.09

average velocity =

3)

Over ¢t € [2,2.1], the average velocity is —20.09 m/s.

b) v(2) = lim Ah

Art—0 E

. h@2+ AN - h(2)
= lim —
A1—0 At
i 150 — 4.9(2 + A1)? — (150 — 4.9(2)%)
e At
. —49[(2 4 An? -27]
= lim
At—0 At
. =492+ At-2)2+ At +2)
= lim
At—0 At
= lim[-4.9(4 + A?Y)], At #0
At—0
=-19.6

The instantaneous velocity at t = 2 is —19.6 m/s.
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Section Review Page 176 Question 21

AP . P+ A - P(5)
lim

lim —
A0 At At—0 At

=1l
At—0

m 5+AD*=0.7(5+ A1) + 10— (5 = 0.7(5) + 10)

At

li
At—0

At—0 At

=93

The rate of change of the population after 5 s is 9.3 bacteria/s.

Section Review Page 176 Question 22

a
) GRAPHING CALCULATOR

n=i8z1 .

R

E(1941) — E(1921)
1941 — 1921
13.4—13.3
20
0.1
20
= 0.005

ii) Ep921,19417 =

The average rate of change in the life expectancy is
0.005 years of life per year.

¢) The cubic regression feature yields a cubic func-
tion with equation

y = —=9.85 x 10°x® + 0.059x% — 117x + 77 400

GRAPHING CALCULATOR

=0 BEErEEE 11 EE "B -

n=19z1 . N s o
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. At(Ar+9.3)
lim ——=

lim (Ar+9.3), At #0

i 25 + 10At + (A1)?> —=3.5—-0.7At — 25+ 3.5

At

b) For the following solutions, let E[a,b] represent the
average rate of change in the life expectancy over
the closed interval from ¢ = ato t = b.

E(1961) — E(1941)

1961 — 1941

148-134

20

1.4

20

0.07

i) Ej1941,19611 =

The average rate of change in the life expectancy is
0.07 years of life per year.

E(1941) — E(1931)
1941 — 1931
134133
10
01
T 10
=0.01

iii) Ej1931,19417 =

The average rate of change in the life expectancy is
0.01 years of life per year.

d) The Tangent operation returns an instantaneous

rate of change of approximately 0.041 years of

life per year. Averaging the results from part
. 0.07 4+ 0.005 + 0.01
b) yields

0.0283 years of life per year in 1941.

or approximately

GRAPHING CALCULATOR




Chapter Test
Section Chapter Test Page 177 Question 1

) Yo~ e b) I im(2+h)2+2(2+h)—3—5
a mPQ—xQ_xP P_h—>0 h
12-5 B im4+4h+(h)2+4+2h—8
T 3-2 =0 h
=7 . h(4+h+2)
=lim ——
h—0 h
=}.1—r>%(6+h)’h#0
=6
The slope of the tangent at P is 6.
©) y—y1=m(x—xp) d)
y=5=6(x-2)
y—-5=6x-12
y=6x-7

The equation of the tangent at Pis y = 6x — 7.

Section Chapter Test Page 177 Question 2

A S0 = fim Gx=2)
=3(2)-2
=4

w fig 760 = lin G2+ 1)
=22 +1
=57

iii) Since lir?_ f(x) # lir?+ f(x), lin% f(x) does not exist.

¢) The polynomial pieces, 3x — 2 and x* + 1, are continuous
over all real numbers. Since lirgl_ f(x) # 1iI£1+ f(x), f(x)

has a jump discontinuity at x = 2.

Section Chapter Test Page 177 Question 3

. xz—1 . (x=Dx+1)
R L Tyl Ly oy b)
Cox+1

=)1C1_r>r}x+4,x#1
1+
144
2
~5

lim x3—8 — lim (x=2)(x*+2x+4)
=23x2—4x—4 x=2 (x—2)B3x+2)
x2+2x+4
=lim—— "~ 2
xl—rg 3x+2 ,x;é
12
8
_3
)
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 Vxt5 VO C VE=x-2 . [VA=x-2 VA—x+2
c) lim = — d) im —— = lim .
x—=4 X — 3 x—0 X x—=0 X V4 — x + 2
_3 . 4—-x-4
=3 =lim ———
_1 =0 x (V4 —x+2)
B -1
=lim—, x#0
=0 V4 x 42
-1
242
1
T4
1
. X427 . (x+3)(x* = 3x+9) ) lim 2 1=1im L= vx
e) ll)m 3 ll)rzl 2 _ x=1 x—1 x—1 \/}(x - 1)
x=>=3x3=Tx+6 x>-3(x+3)(x*-3x+2)
- lim x2=3x+9 3 = lim 1-vx
I T e Y7 =1 VR(VX = D(Yx + 1)
-1
=9+9+9 =lim—— x#1
9+9+2 =1 4/x(v/x+1)
2 R
T 20 T2
Section Chapter Test Page 177 Question 4
. Ay f(x) - f(=2)
a) my axto Ax b) e le?z x—(=2)
. 31+ Ax)*+5(14+Ax)+2-10 X+8
= lim = lim
Ax—0 Ax x=0 x+2
2
=1im3+6Ax+3(Ax) +5+5Ax -8 =1im(x+2)(x2_2x+4)
Ax—0 Ax x—=0 x+2
= Jim AX{U1+34%) —lim( —2x+4), x # 2
Ax—0 Ax x>0
= lim (11 +3Ax), Ax #0 =12
=11 The slope of the tangent at (-2, 0) is 12.

The slope of the tangent at (1, 10) is 11.

A
& mp= lim &Y o me= lim A_y
P Ax—0 Ax )H 2((); Ax_s s
+AX)"—.
V30 A0 +1-2 i OEAT T (-3)
= Al)lcr—r>10 Ax Ax—0 Ax
X 2—
| VATIAR -2 VA¥3Ax+2 o Cm
= lim = lim ———=
Ax—0 Ax \/4 +3Ax+2 Ax—0 Ax
. 443Ax —4 - 4(Ax)* =10 + 5Ax + 10
Ax—=0 Ax (‘/4 + 3Ax + 2) Ax—0 2Ax (Ax + 2)
. 3 N 0 ~ lim Ax (4Ax +5)
B A)lcr—r>10 VA+3Ax+2 X # Ax—0 2Ax (Ax + 2)
3 . 4Ax +5
- = lim ——, Ax #0
3 5
.3 5. 5
The slope of the tangent at (1, 2) is T The slope of the tangent at ( O, ) is T

160 MHR Chapter 3



Section Chapter Test Page 177 Question 5

a) average velocity = As
verage v y = Y,
_s(2) =s(1)
To2-1
_ 2(2)* = 11(2) + 15— (2(1)? = 11(1) + 15)
B 1
=8-22+15-2-11+15)
=-5
The average velocity over ¢t € [1,2] is =5 m/s.
. As
b 0= fim
o s(I+ A —s(1)
0= fim T
— i 214+ A2 = 11(1 4+ Ap) + 15 — 2(1)% = 11(1) + 15)
= A At
_ 24+4A1+2 (AN =11 - 11A1+15-6
= A At
. At(-T7+2A1)
= lim ——
At—0 At
= lim =7+ 2At, At #0
Ar—0
=-7

The instantaneous velocity at t = 1 is —7 m/s.

Section Chapter Test Page 177 Question 6
2

The formula for the area, A, of a circle of radius r is A(r) = zr-.

lim 24 _ A0+ Ar) — A(20)
Ar—0 Ar |r =20 - Ar—0 Ar

. 7204+ Ar)? — 7(20)?
lim
Ar—0 Ar

. 20+ Ar)? —20?
- lim —————
Ar—0 Ar
. 20+ Ar —20)(20 + Ar + 20)
7+ lim
Ar—0 Ar
. Ar(40+ Ar)
- lim ———=
Ar—0 Ar

=z - lim 40 + Ar
Ar—0

=40x

The instantaneous rate of change of area with respect to radius when r = 20 cm is 40z cm?/cm.
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Challenge Problems
Section Challenge Problems Page 178 Question 1

. . 4
The relation xy = 4 can be written as a y = —. The

X
general coordinates of a point P on the function can be

. 4 .
written as <c, —). Determine the slope of the tangent
c

at P.

4 4

. x ¢ . 4c—x)

lim = lim

xX—c X —C x=c X—¢C

—4

=lim—, x#c¢
x—=c CX
_ 4
2

4
The slope of the tangent at P is ——.
c

Section Challenge Problems Page 178 Question 2

Answers will vary.

Section Challenge Problems Page 178 Question 3

a) Use Heron’s formula to determine A, the area of
the first island.

at+b+c

2
I1+1+1

A= \/s(s —a)(s—=b)(s—c¢)

OO0

3
The area of the first island is % square units.
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Determine the equation of the tangent at P.

4_
y—z ——2(x—c)
4 4 4
y=-——Zx+-+-
c c c
4 8
y=-——=x+-
c c

The x-intercept of the tangent is —Z or 2c. There-

2

fore, the coordinates of A are (2c, O)C.H The y-intercept

8
of the tangent is —. Therefore, the coordinates of B are
8
<0, —>. Since the area of AAOB can be expressed as
c

ab .

—, the area is — x 2¢ x — or the constant 8, and, there-
c

fore, independent of the position of point P.

b) Since the side length of each smaller triangle is one
third the side length of the first island, the area of
each smaller triangle is one ninth the area of the
first island. Let A, represent the area of the second

island.
1
A=A +3 §A1

1
= A +§A1

4
= Z4 ()

3
Substitute A| = % into (1).

3

V3
The area of the second island is 3 square units.



¢) Since the side length of each smaller triangle is one ninth the side length of the first island, the ratio of the area of
each smaller triangle to the area of the first island is 1 : 81. To each of the 4(3) or 12 sides, a smaller triangle is
added. Let A3 represent the area of the third island.

1
Az = Ay +4(3) <ﬁA1>

4
= A +—A 2
2+27 1 2)
3 3
Substitute A; = % and A, = g into (2).
L3 4 (V3
T3 T2\ 4
_9V3 V3
27 27
_10v3
27

10
The area of the third island is square units.

d) The area of the nth island, A,, can be expressed as a series.

1 1\’ 1\’ 1\"
A,,=A1+3-§A1+4(3)<§> A1+42(3)(§> A+...+4"‘1(3)<§> Ay

1w [4)
=A|1+= = 3
1< +3§<9>) 3)
Substitute A; = ? into (3).

-2(155(3))

e) Result (1) from part d) contains a geometric series in which the common ratio r = 5 Since |r| < 1, the series will

have a limit, and, so too, will the area, as n gets large. Let A be the limiting value of the area.

24/3
The limiting value for the area of this Koch snowflake is i square units.
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Section Challenge Problems Page 178 Question 4

Jox¥i-1 . [vVaxsi-1 (Vax+1)  +vax+1+1
m-——— = 1um .

x=0 X x=0 X (\S/ax+1)2+\3/ax+l+1

. ax+1-1

= lim >
x_’ox(xyax+1) +vax+1+1

= lim 2a ,x#0
x=0 (\3/ax+1) +vax+1+1

: a

14141

_a

-3

Section Challenge Problems Page 178 Question 5
The general equation for an upward-opening parabola with its vertex at the origin is y = ax?, a > 0. From the position
of the boat at (—100, 100), the value of a can be identified.
y=ax’ M
Substitute (x, y) = (=100, 100) into (1).
100 = a(—100)>

100 = 10 000a
1
a=——
100

2
The equation of the path of the ski boatis y = 1% Determine the slope of the tangent to the parabola at x = a.

2
a

f=f@ _ . 7%~ 1

lim
x—a xX—a x—oa X—a
1 i x2—a?
= —-lim
100 x—a x—a

1 liIn(x—a)(x+a)
100 x~a  x-—a

1
= m-}(iil‘ll(x+a), X #a
2a
100
a
50
2
"100
to the slope of the segment joining P to the dock D(100, 50), a < 100.

The skier should let go of the tow rope at the point P <a , where the slope of the tangent to the parabola is equal

slope of tangent at P = slope of segment PD

2

a _f5=50
50 ~ a— 100

a®> —100a = %2 — 2500
2a* — 200a = a* — 5000
a® —200a + 5000 = 0
e —(=200) + 1/(=200)2 — 4(1)(5000)
2

_ 200  v20 000
===

= 100 + 50V/2
Since 0 < a < 100, the skier should let go of the tow rope at (x, y) = (100 — 50v2, 150 — 100v/2).
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Section Challenge Problems Page 178 Question 6

First we argue that the jetpack must be on at the instant of landing. If it were not on, then since gravity acts to accelerate
the jumper downward, there is no way that the jumper could reach the ground with O speed. So the jumper is falling
with some speed, and the jetpack goes on at just the right time to slow the jumper down to 0 speed just as she reaches
the ground.

When the jumper leaves the helicopter, her speed is 0 and her acceleration is 9.8 m/s> downward. When she hits the
ground, her speed is 0 and her acceleration is 4.4 m/s> upward. Let the height of the helicopter be H. Let the time
from when she leaves the helicopter until she turns on the jetpack be #;. Imagine measuring Ayida’s time with the
jetpack from the ground up. Let the time from when she hits the ground until when she turned on the jetpack be ;.
From Galileo’s law, Ayida will travel h; = 4.9¢,2 without the jetpack and A, = 2.21,% with the jetpack. Thus,

)] H =49,> +2.21,°

Ayida’s velocity is given by v = at, or v = 9.8¢ without the jetpack, and v = 4.4¢ with the jetpack. At the moment she
turns on the jetpack, these two velocities must be equal. Thus,

9.8t =4.41,

9.8

2 {h = —
) 2 441‘1

Substitute (2) into (1).

O
)

H=4.9t12+22<— )

=

IN
4;

\O
oo

\4.9+22<4— >

.[;

a) For a helicopter of height 100 m,

[ = 100 .
\ 4942 2<491_§111>
=2.51
Thus, Ayida should turn on her jetpack at t = 2.51 s.
= 9.8 100
44 98 \?2
49422 —1y
(71)
= 5.60
t1+1 =25145.60
=8.11
Ayida will land after 8.11 s.
b) For a helicopter height of 200 m,
[ = 200 .
49+ 2. 2<491_§111>
=3.56
Thus, Ayida should turn on her jetpack at t = 3.56 s.
= 9.8 200
44 98 \2
49422 —1y
(71)
=792
ty+1, =3.56+792
=11.48

Ayida will land after 11.48 s.
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¢) To find the maximum height, determine H when ¢, = 10, the maximum time allowed for the jetpack to be on.

9.8 H

44 9.8 \?
4,9+2.2<ﬂt1>
441, \° 9.8\>
H= <W> <4.9+2.2 <ﬂ> )
_(4400)\° 9.8\7
- (0 (1942 (22)

= 378.78

[}

The maximum height is approximately 379 m.

Using the Strategies

Section Problem Solving Page 181 Question 1
For this purpose, the equator can be assumed to be a circle with circumference, C, where,

C =2xnr (1)
Adding 1 m to the rope, increases the circumference by 1. Let the new circumference be C*.
C'=C+1
=2xr+1 2)
Divide (2) by 27z to reveal the new radius, r*.
Cc* 2zr+1
27 2n
r'=r+ L
2z

1
The effect of adding 1 m of rope is to increase the radius by o m, or approximately 15.9 cm.
T

Section Problem Solving Page 181 Question 2

16 moves. Answers may vary. 7—2,1-6,9-4,6-7,2-9,3-8,4-3,8-1,1-6,3-8,7-2,8—-1,6-17,
9-4,2-9,4-3.
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Section Problem Solving Page 181 Question 3

Since all 8 vertices of the cube touch the sphere, the body diagonal of the cube is also a diameter of the sphere. In
right AABD, the length of BD can be expressed as

BD = V102 — x2

=100 — x2 (1)

Turning to right ABDC, an equation in x can be determined

with the help of (1) and the Pythagorean Theorem. ‘;
0
l X
B

A

x? + x* = (V100 — x2)?
2x% = 100 — x?
3x2 =100
100

x=\5 )

The volume of the cube can be determined.

V(x)=x*
3
100 100
(2)-(4%)
=192.5

The volume of the cube is about 192.5 cm?.

Section Problem Solving Page 181 Question 4

AOPQ is a right triangle. Let r be the radius of the inner circle in centimetres. Let A be the area of the shaded region
in square centimetres.

A = Aouter circle — Ainner circle
2
=r (\/r2 +42> —xr?
=n(r* +16 - 1%
= l6rx

The area of the shaded region is 167 cm?.

Section Problem Solving Page 181 Question 5

Since 3 and 5 are factors of 15, the concern is the remainders obtained by dividing 7 by 3 and 5 respectively. When 7
is divided by the 3, the remainder is 1. When 7 is divided by 5, the remainder is 2. The sum of the remainders is 1 + 2
or 3.

Section Problem Solving Page 181 Question 7

a) Drawing three lines yields a maximum of 16 parts suggesting the model 5xn + 1 for n lines.
b) Using the result in part a) suggests that 150 lines will yield 5(150) + 1 or 751 parts.

c) Sn+1=116
Sn=115
n=23

A maximum of 116 parts can be achieved with 23 lines.

Section Problem Solving Page 181 Question 8

From the fourth point, Dianne and Carys do the same thing. From the third point, it can be concluded then, that Barb
behaves differently from both Dianne and Carys. From the fifth point, Erik can’t be swimming because Andrew and
Dianne would be swimming, but Barb behaves the same as Andrew but differently than Dianne. It is now apparent
that Erik is not swimming. Neither, then, are Andrew and Barb. This leaves Dianne and Carys as the only swimmers.
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CHAPTER 4 Derivatives
4.1 The Derivative

Practise
Section 4.1 Page 194 Question 1
a)
Drawing tangents and measuring the slopes yields the Drawing tangents and measuring the slopes yields the
following approximations: following approximations:
i) fl(=2)=-4 i) fl(=2)=12
ii) fl=H=-2 ii) fl(=1H=3
ii) =0 ii) f0=0
iv) =2 iv) =3
V) f'@2)=4 V) f@2)=12
) : . .
Drawing tangents and measuring the slopes yields the
following approximations:
i) f(=2)=9
ii) f'=1H=0
ii) f0)=-3
iv) f(H=0
V) =9
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Section 4.1 Page 195 Question 3

a)
b) The degree of the derivative function is 1 (linear). b) The degree of the derivative function is 2 (quadratic).
Section 4.1 Page 195 Question 5
,  fx+h) - f(x) von e 8(x+h) —g(x)
a) f'(x) = lim % b) g'(x) = lim —
C 2(x+h)+3-(02x+3) (Xt h?—4-(x*-4)
= lim = lim
h—0 h h—0 h
_ 2x+2h+3-2x-3 . (x+h)? =N
= lim =lm-—
h—0 h h—0 h
= lim — i x? +2xh+ h? — x?
h=0 h = h
= Jim2 L 2xh+ R
= - h—0 h
= }ll_r%(Zx +h)
=2x
v h(t+ ) = k() d) N = lim b+ ) = N©b)
O K =lim TR0 ) N'(b)=lim -
G+ 43+ =1 = (P +3t=1) (bR = (bR = (B =)
= lim = lim
h—0 h h=0 h
P H2h+ W +3t+3h—1-1=3t+1 GO N (GRS
= lim = lim
h—0 h h=0 h
. 2th+h>+3h [367h + 3bh* + B*| — [2bh + 1]
=lim —— = lim
h—0 h h—0 h
=lim2¢+h+3 _ iy 300+ 3602 4 1 — 2bh — I
=2r+3 h—0 h

= }lir%(_?)bz +3bh+ h> —2b—h)
=3b—2b
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dy .. y(x+h)—y(x)
e) — = lim ——~ ="~

G(x + h) — G(x)

dx 10 h HG'(x) = }}_)mo h
4_ 4
_ fjg XWX 3+ —2x+h)+1-(GxE—2x+1)
h=0 h = Jim h
4 3 252 3,4 4
_ Jim YR AT OXTh + Axh 4 I - x  3x%+6xh+ 3k — 2x — 2h — 3x% + 2x
h - iy ;
3 252 3, 4
:hm4xh+6xh +4xh’ + h  6xh+ 3% —2h
=0 h =lm—
h—0 h
= }11;%(4x3 +6x%h + dxh* + 1) = lim(6x + 3h — 2)
- h—0
= 4x> =6x—2
. T(n+h)—T(n) , . f(x+h) - f(x)
’ = _—_— h = 1 _—
g T(n },135 h ) S'(x) lim h
. (m+h)—(n+hP—(n—n) i o+ h) — 4x
= lim =lm-—-———---
h—=0 h h—0 h
. n+h—nd =3n%h =30k — 1 —n+nd _ fi X4~ 4
= lim h—
h—0 h 0 i h
. h=3n*h=3nh* - i = lim —
= lim h—0 h
h—0 h .
. 2 5 =lim4
:1111n(1)(1—3n — 3nh — h") h=0
=1-3n?
. dy . y(x+h)—yx) j)@:hmy(x+h)—y(x)
i) d_x = }zl—>m0 T dx h—0 h
2 2
=lim5—2(x+h)—(5—2x) =hm2(x+h)—(>c+h) - (2x —x%)
h—0 h h—0 h
5-2x—-2h—-5+2x 22X +2h—x%=2xh—h* = 2x + x?
= lim = lim
h—0 h h—0 h
i =2 O o
T a0 h et h
= lim -2 =1lim(Q2 - 2x — h)
h—0 h—=0
==-2 =2-2x
Section 4.1 Page 195  Question 7

flx) = lim

Jx+h) - f(x)
h

Vx+h+1-vVx+1

= lim

Vx+h+1+vVx+1

h—=0 h

Vx+h+1+vVx+1

x+h+1-(x+1)

1
= lim

= lim
=0 h (Vx+h+1+vVx+1)

h=0/x+h+1+vVx+1

1
2vx+ 1

The domain of f is x € [—1, co). The domain of f’ is x € (—1, c0).
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Apply, Solve, Communicate

Section 4.1 Page 196 Question 9
a)

Section 4.1 Page 196 Question 10

H(t+h) — H(x)

a) H'(t) = lim h

b)

—49(t+h)?>+50t+h) +2—(—49> +5t+2)

= lim

h—0 h
— lim —4.91>2 —98th—49h* + 5t +5h+ 2+ 491> — 5t - 2)
= h
. —9.8th—4.9h*+5h
= lim
h—-0 h
= }liné(—9.8t —49h+5)
=-98t+5

Section 4.1 Page 196 Question 11
a) 1604
140

120 |

T80é

60%

401

201 T

0 2 4 4 6 8

-6
b) H'(t) = -9
—-98t+5=-9
98t =-14
t=143

The rate of change of the height is —9 m/s
at approximately 1.43 s.

¢) H{) =0
—98t4+5=0
—9.8t=-5
t=0.51

The ball is at rest at approximately 0.51 s.

0
—20
40~

—60

T-80

~100 1 |

—120%

1401

~160 -

b) The rate of change of the temperature initially offers large negative results, gradually increasing toward zero.

4.1 The Derivative MHR 171



Section 4.1 Page 196 Question 12

x+2
x—1

f(x) =

GRAPHING CALCULATOR

f(x)=—m

GRAPHING CALCULATOR

YE=nDerivo1aiand

=-zZ00000z

b) The slopes of the tangents to f are negative over the entire domain. This is reflected in the derivative, since

f'(x) < 0 for all real numbers except x = 1.

Section 4.1 Page 196 Question 13
a)

k(x+h) —k(x)
h
[3+h-3—|3-3|
h
i 1= 10
h—0 h
. |hl
- 7 W
For h € (—o0,0), || = —h, so (1) becomes

¢ = i

‘@ = in

= lim —

[
=
=
I
_

= -1 @
For h € (0, o0), |h| = h, so (1) becomes

= lim h
- =0+ h

= lim 1
h—0%

=1 3)

Since the one-sided limits are different, k’(3) does not
exist. Therefore, k is not differentiable at x = 3.

Section 4.1 Page 196  Question 14
a)

GRAPHING CALCULATOR
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b)

b)

GRAPHING CALCULATOR

T1=absii-31

1 , X € (00,3)
K'(x) = {—1 ,x €(3,00)

undefined ,x =3

M(n+ h) — M(n)

M = i

h
MO+h)—MQO
M0 = i MO = MO
oV
TN h
=h—>03h2

As h — 0, this result increases without bound.
Therefore, M is not differentiable at n = 0.



Section 4.1 Page 196  Question 15

Fx+h) = f(x)
h
0+h)— f(O
() = i LOED =IO
=limh—3
h=0 h

a) f'(x) = lim

As h — 0, this result increases without bound.

Therefore, f is not differentiable at x = 0.

Section 4.1 Page 196 Question 16
a)

GRAPHING CALCULATOR

b) The domain of f’ includes all real numbers.

d) f'x) =21x]|
f'0) =2]0|
=0

Section 4.1 Page 196 Question 17
a)

b)

GRAPHING CALCULATOR

¢) Consider two cases. If x < 0, f(x) = x(—x) or —x?

J'(x) = lim

Jx+h) - f(x)
h

—(x +h)* = (=x*)

=1

hl—I>I(l) h

o =xr2—2xh—h*+x?
= lim

h—0 h

= lim(~2x — h)
= —2x (1)

If x > 0, f(x) = x(x) or x%.

Sx+h) - f(x)
h
C (x+h)?—x?

=lim ———

h—0 h

x4 2xh+ W= X2
= lim

h—0 h
= }}_I}Ié(Zx + h)

f') = lim

=2x @)

Combining (1) and (2) yields the result, f'(x) = 2 |x|.

GRAPHING CALCULATOR

T1=(absihial -1 =HIiH=EL)

b) f is not differentiable at all integer values within the domain.
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4.2 Basic Differentiation Rules

Practise

Section 4.2 Page 204 Question 1

a) f'(x)=0 b) g'(x) = 5x* c) H(x)=9x8

d) Z—ﬁ = 14x" e) % =0 f) M'(x) =1

g) W(t) = 5413 h) A'(h)=0 i) g(x) =—2x73
1 _: 1 _;

D fx) = §X_3 k) g'(x) = X D f'(x) =nx""

Section 4.2 Page 204 Question 3

a) f'(x) = 6x b) f(x) = 3x* ) g(x) =-3x7*
f'(=D=6(-1) f(2)=302)?* gy =-3)™"
= —6 = 12 = —3
g =8Vx 0 y=22 0 y=V%
X 3
= 8x%1 — 18x_1 d = );5
’ _ 11 Y _ 31
g(x)—8<z> x4 Z_i — 18(_1)x—1—1 d_x_ Exz
=23 = _18x2 _3.
s a2 18 2
g =273 =-= At x = 4,
_ X
=2 Atx =3, 923(4)%
Q 3 _g dx g
dx 32 =2(2)
=2 2
=3

Section 4.2 Page 204 Question 5

1
The power rule suggests the derivative of f(x) = x~'is f'(x) = (=D)x2or f'(x) = -=- This result can be confirmed
X

from first principles.

fx+h) - f(x)
h

! =1
f (X) hl—l;%
1L _1

= lim x+h
h—0 h

_ lmx—(x+h)
T =0 hx(x + h)

= lim ———
hlf(l) hx(x + h)
= lim —————
=0 x(x + h)
1

x2

174 MHR Chapter 4



Section 4.2 Page 204 Question 7

d
a) F'(x) = —(x* + 3x%)
dx
=2x+3
d) g'(x) = %(m5 +23x% — 65x)

= 70x* + 69x% — 65

b) fl(x) = i(4x2 - 3x)
dx
=8x—-3
e) gk = 4 (x_1 - 3x3)
dx
=(-1x7? - 9x>
= —é - 9x?

©) fl(x)= d%(sﬁ — 6x% + 2x)

=15x2 - 12x +2
f) h(x) = (x +2)(x = 3)
=x>-x-6
’ d 2
Nx)=—x"—x-06)
dx
=2x-1

. b c
g h()=@&x-1)7 h) /(x) = 2+ %)’ D S =at o+
— 42 _ 2., .3
—xd—2x+l —8d+12x+6x +x — a4 bx 4 ex2
’ — (2 4 - 2 3 , d _ _
h(x) dx(x 2x+1) f(x) dx(8+12x+6x + x7) f(x):E(a+bx'+cx 2
=2x-2 = 2
X = 12+ 12x+3x — b(—l)x_2 +C(—2)X_3
b2
2%
Section 4.2 Page 205 Question 9
—_ = — — b = —4
a) T = dx (x> =3x"+x+3) ) I ¥ X2
=3x>—6x+ 1 = Jx —2x"%
At x = —1, Atx =4,
d d |
L3P -6-D+1 L 2@y -2y
dx dx
=3+6+1 =8-1
The slope of the tangent at x = —1 is 10. The slope of the tangent at x = —4 is 7.
y—(=2) =10(x — (=1)) y—8=T7(x—4)
y=10x+10-2 y—8=7x—-128
y=10x+8 y=7x-20
The equation of the tangent is y = 10x + 8. The equation of the tangent is y = 7x — 20.
x* — 6x2 4 8
©) V=T d) y=—Atio 2
_ %x3 oy = —d4 +4ax~ —8x7?
ay _ @ -1 _ g2
ﬂ=i 13_2)( dx_dx< 4+ 4x 8x )
dx dx \3 = —4x2 +16x73
=x>-2 Atx =2,
— d
Atx =3, Y 422 +16(2)7°
D_p_, dx
dx = _é_l E
=7 4 8
The slope of the tangent at x = 3 is 7. =-1+2
y—3=7(x—3) =1
y—3=7Tx-21 The slope of the tangent at x = 2 is 1.
y=7Tx—18 y—(=4H=1(x-2)

The equation of the tangent is y = 7x — 18.

y+4=x-2
y=x-6

The equation of the tangentis y = x — 6.
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175



e) y=(x*=3)? f) y=(x+1)*

=x*—6x>+9 =x+2x+1
dy d 4 D) dy d 5
2o 2 (x*—6x2+09 y_2
- ix (x X+ ) I dx (x +2x+l)
=4x - 12x =2x+2
Atx =-2, Atx =1,
dy 3 dy
=23 —12(- — =2(1)+2
o 4(=2)° = 12(-2) Ix (D
=-32+24 =4
=-8 The slope of the tangent at x = 1 is 4.
The slope of the tangent at x = —2 is —8. y—4=4(x-1)
y=1=-8(x=(-2) yod=dx—4
y—1=-8x-16 y=4x
y=-8x-15

The equation of the tangent is y = 4x.
The equation of the tangent is y = —8x — 15.

Apply, Solve, Communicate

Section 4.2 Page 205 Question 10 Section 4.2 Page 205 Question 11
dy The slope of the line y = 1 — 4x is —4. For the tangent to
dx 24 be perpendicular to the given line, the slope must be T
d
—(4x*) =24
dx dy 1
8x =24 ix 4
x=3 d _1 1
- = —
Y=g
The slope of the tangent is 24 at (3, 4(3)?) or (3, 36). o 1
x ==
Section 4.2 Page 205 Question 12 | ‘11
a) The tangents intersect at (0, —4). 2 =2
GRAPHING CALCULATOR X2 =4
x =2
Atx = -2,
1
=2 —
Y )
5
)
Atx =2,
1
y=2- )
b) Let the coordinates of one of the points be P(a, a?). 3
Let Q be the point at (0, =5). At x = a, )
@ _ . . 5
x Mpq The tangent is perpendicular to y = 1 —4x at | =2, 3
a* - (=5) 3
2a = ————= .
a 2-0 and <2, 2).
20* =d* +5
a@=5 (1)

a= :I:\/g 2)

From (1) and (2), the coordinates of the points are
(:t\/g, 5).
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Section 4.2 Page 205 Question 13

a) N () = 500003
N'(1) = %(50 000¢3)
100 000

= I
3

wi—

Att =1,
100 000
N'(7) = — 773
17425

After 7 years, the net worth of the company is increasing
at approximately $17 425 per year.

Section 4.2 Page 205 Question 14

h=1+230f— 4.9

dh
)= —
v = —

d
= —(1 +30r — 4.97
dt( + )
=30-9.8¢

The velocity of the ball after # seconds is v(¢) = 30 — 9.8¢.

Section 4.2 Page 205 Question 15

b) 260000 -
240000 -
220000 -
200000 -
180000 A
160000 A

40000
N(}20000
100000 -
80000
60000
40000
20000

N(t)=50000tA(2/3)

I A S M)

It would be best to invest at the very beginning (¢ = 0),
since the company is growing at the fastest rate.

v(1) =30-9.8(1)
=202
The velocity of the ball after 1 s is 20.2 m/s
v(3) =30-9.8(3)
=30-294
=0.6
The velocity of the ball after 3 s is 0.6 m/s
v(5) =30-9.8(5)
=30-49
=-19
The velocity of the ball after 5 s is —19 m/s

d
a) ¢=%2
dt c)
d , GRAPHING CALCULATOR
= — kt') =i,
= (ke =002 T 0D
_ ks
2
) k _1
The growth rate is G = Et Z,
b) Given k = 0.02, at t = 4,
0.02 |
G=——@)2
@)
= 0.005 As t increases, the thickness continues to increase and the
growth rate decreases.
The growth rate is 0.005 cm/year. d) Answers will vary.
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Section 4.2 Page 205 Question 16

s =20+ 5t + 0.5/

ds
)= —
=7

d
= —(20 + 5t + 0.5
dt( +5t+ )
=5+1

The velocity of the car after ¢ seconds is v(#) =5 + ¢.

Section 4.2 Page 205 Question 17

a) v(1) = 31
d(25t+12) =31
dt B

25+ 2t =31
2t =6
t=3

The speeding car is moving at 31 m/s after 3 s.
b) The police car is moving at 20+ 1.5(3) or 24.5 m/s
at that time.

Section 4.2 Page 205 Question 18

dy
=0
dx
d
d—(2x3 +3x% —36x +40) =0
X

6x>2+6x—-36=0

*+x—-6=0
x+3)(x=2)=0
x=-3o0r2

The curve has horizontal tangent slopes at (=3, y(—3))
or (=3,121) and (2, y(2)) or (2, —4).

178 MHR Chapter 4

v4)=5+4
=9
The velocity of the car after 4 s is 9 m/s.
v(6)=54+6
=11
The velocity of the car after 6 s is 11 m/s.
v(10)=5+10
=15

The velocity of the car after 10 s is 15 m/s.

¢) The police car’s acceleration and initial velocity
are 1.5 m/s% and 20 m/s, respectively. Thus, its
position function is given by

1
d= 5(1'5)’2 + 201
=0.75¢* + 20¢

Let x be how far apart the cars are after 3 s.

x =25(3) + 3% = (0.75(3)> + 20(3))
=754+9-6.75-60
=17.25

After 3 s, the vehicles are 17.25 m apart.
d) No, because the two position functions do not in-
tersect after t = 0.

Section 4.2 Page 205 Question 19

dy
dx

d
— Q2 +3x-4)=0
dx

2

6x>+3=0
6x2 = =3
1
2
=—= 1
x 5 (h

There is no real solution to (1).



Section 4.2 Page 205 Question 20

Let the x-coordinate of the point P, where the tangent
touches the parabola, be a. Then, the coordinates of
the point P are (a, a* + 4). If O is the origin, then, at
X =a,

dy
E=mOP
2
dii(x2+4): arr-? :_40 0
2a = a*+4
a
2 = d* +4
=4
a==2

The points whose tangents pass through the origin are
(£2, 8). Lines that pass through the origin have the
form y = mx. At (-2, 8), the slope of the tangent is
2(—2) or —4. The equation of the tangent at (-2, 8) is
y = —4x. At (2, 8), the slope of the tangent is 2(2) or
4. The equation of the tangent at (2, 8) is y = 4x.

Section 4.2 Page 206 Question 22

Section 4.2 Page 205 Question 21

1
Rewrite xy = 1 as y = —. The coordinates of the

general point P on the curve y = — can be written as

1
(x, —) . Define the remote point as Q(1, —1).

x
dy
=~ —m
dx FQ
1
| 3D
x2 x-1
1 1+ x

2 x(x—1)
—(F-x)=x*+x°

—x2+x=x2+x3

B 232 -x=0
x(x>+2x-1)=0
X2+2x—1=0x#0
= -(2) £ V(2> = 4()(=1)
2(1)
—2+2v2

2
=-1+12

The x-coordinates are —1 + v/2.

a) C(x) = 100 000 + 0.1x + 0.01x>
C'(x) = 0.1 4+0.02x
C'(101) = 0.1 +0.02(101)

=212

b) C(101) = 100 000 + 0.1(101) + 0.01(101)2
=100 112.11
C(100) = 100 000 + 0.1(100) + 0.01(100)>

=100 110

C(101) - C(100) = 100 112.11 — 100 110

=211

The cost of producing the 101st copy is $2.11.

¢) C’(x) represents the rate at which the cost is increasing as the xth copy is made. C’'(101) is very close to the cost

of producing the 101st videotape.
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Section 4.2 Page 206 Question 23

2
d d 1
a) Since r = 3 the area can be expressed as A = & <§> or A(d) = Z]‘L’dz.

b) A'(d) = 400
1
Eﬂ'd =400
800
d=—
T
2
A(0) - o ()
V1 4 V1
1 640 000
= Zﬂ' . ﬂz
_ 160000
h T
60 000
The area is m?.
T

Section 4.2 Page 206 Question 24

a) C(x) = 5x3 b)
GRAPHING CALCULATOR
c _5 .
dx 37

dcC . . . .

o is the rate at which the cost is changing after
X

x units have been produced.

.i=1.666BBGT" .

As x increases, the cost of producing additional units

decreases.
Section 4.2 Page 206 Question 25
a) O(x) = MAC A AC)) b) Ox) =22
xX—a X—a
f(x) — 00x) + f(a) _ (x—a)(x"' + ax"_zj- a@x"3 4. +ah)
x — xX—a xX—a

] ) ) =x""tax" 2+ X"+ +a!
From Chapter 2, Q(x) is the polynomial quotient

when f(x) is divided by x — a, and f(a) is the
remainder. Thus, Q(x) is a polynomial.

c)

n—2

=1lim(x"" +ax" 2+ X" 4+ dh

=x" T x x"Px? " X!
=x"T 4 X" x4 X" (ntimes)
= nx""!
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Section 4.2 Page 206 Question 26

dVv  dzr*h
a) — =
dr dr
2
_ . 9
dr
=7xh-2r
= 2nrh

This is the rate at which the volume is changing with
respect to the radius of the blood vessel.

Section 4.2 Page 206 Question 27

b)

This is the rate at which the volume is changing with

respect to the length of the blood vessel.

a) Consider the continuous function F(x) = f(x)+g(x), where f(x) and g(x) are differentiable functions. Determine

F'(x).

F'(x) = }gg

F(x+h)— F(x)

h
_ i Sx+h)+g(x+h)—[f(x)+g(x)]
e h
— i Sx+h) - f(x)+g(x+h)—gkx)
= lim
h—=0 h
_ i Sx+h)—f(x)  gx+h)—gx)
= lim
h—0 h h
_ i SO+ —f(x) . glx+h)—gx)
= lim + lim

0 h h—0 h

= f'(x) + g'(x)

b) Consider the continuous function F(x) = f(x)—g(x), where f(x) and g(x) are differentiable functions. Determine

F'(x).
F(x) = lim F(x+h)— F(x)
h—0 h
i L — gt ) — [f(0) — g(0)]
= h
_ Sx+h) - f(x)—(g(x+h) —g(x))
= lim
h—0 h
_ 1 fOx+h) - f(x) gx+h)—gx)
=lim —
h—0 h h
i fx+h)—-fx) . gx+h)—gx)
= lim — lim
h—0 h h—0 h
= () -gx)

¢) Determine the derivative of g(x), where g(x) = cf(x), ¢ € R.

d) Examples will vary.

) = tim LEEN =/ )
h—0 h

g LG = 1)
h—0 h

=cf'(x)
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Section 4.2 Page 206 Question 28

a) If ¢ > 1 and x > 0, the graph of the derivative of y = cx” is a vertical stretch upward by a factor of ¢ of the graph

of the derivative of y = x", hence greater.

b) If 0 < ¢ < 1 and x > 0, the graph of the derivative of y = cx” is a vertical compression by a factor of ¢ of the

graph of the derivative of y = x", hence lesser.

Section 4.2 Page 206 Question 29

a) \ ]
\\ 7 //

b) The functions that make up the separate pieces are
each differentiable over all real numbers. The only
concern is at the transition points. Since the slopes
of the tangents for each piece at the respective tran-
sition points are the same (—2 and 2 respectively),
f(x) is differentiable over all real numbers.

-2 ifx e (—oc0,—1)
f(x) = { 2x ifxe[=1,1]
2 ifxe(l, )

For the graph of f'(x), see part a).
Section 4.2 Page 206 Question 31

c)

Section 4.2 Page 206 Question 30
a) | 12 E
| 10

5]

b) The functions that make up the separate pieces are
each differentiable over all real numbers. The only
concern is at the transition points. Since the slopes
of the tangents for each piece at the respective tran-
sition points are different, f(x) is differentiable for
all real numbers except —3 and 3.

2x if x € (—o0,=3)
fl(x) = { —2x ifx € (=3,3)
2x if x € (3, 00)
For the graph of f'(x), see part a).

Let x(¢) be the net position function of the man walking on the bus.

a) Since the directions of bus and man are opposite to one another, the net position function is a difference. Hence,
x(t) = 0.02¢> — 5¢. The velocity function is x'(¢) = 0.04¢ — 5 metres per second.

b) Since the directions of bus and man are the same, the position functions are additive. Hence, s(t) = 0.02¢> + 5t¢.
The velocity function is x'(f) = 0.04f 4+ 5 metres per second.

182 MHR Chapter 4



4.3 The Product Rule

Practise

Section 4.3 Page 212 Question 1

a) fl(x)=(x’- 2x2)i(x) + xi(x3 —-2x%)
dx dx

c)

d)

e)

g)

h)

= (x* = 2x*)(1) + x(3x* — 4x)
= x> = 2x% 4+ 3x° — 4x?

= 4x* - 6x*

b) H(x)= (xz)%(?)x +2)+ Bx+ 2)‘%@2)

= (xA3) + Bx +2)(2x)
= 3x% + 6x° + 4x

=9x? +4x

N'(x) = (x* - x)%(x3 —2x+ D+ (x*—2x+ 1)%@2 —X)

=2 -0Bx* -2+ (x*=2x+1DH2x—1)

=3x =2 =33 + 2x + 2xf = X — AP + 2x + 2x — 1

=5x* —4x’ —6x2 +6x—1

g (x) = (4x + 1)i(x2 —3)+ (x* = 3)i(4x +1)
dx dx

= (4x + 1)(2x) + (x> = 3)(4)
=8x> +2x+4x> - 12
=12x2 +2x—12

T = 6 =) (V) + (VR) ot =)
=(x* x3)<%>+\/§(4x3—3x2)
| I 7 s
= le - zxz +4x2 — 3x2
9 7 7 5
¥ T

f'(x) = 3x* = 2x + 1)i(x -+ (x— 1)i(3x2 —2x+1)
dx dx

=Bx>=2x+ D) + (x = 1)(6x = 2)
=3x> = 2x+1+6x>—2x—6x+2
=9x* —10x +3

d d
K@) =G+t H—62 =+ 61 =H—Gt + 17!
) =5t + )dt( )+ ( )dt( +17)

dp
dm

=Gr+tY=184 =4 + (613 =G5 =172
=903 =20/ — 18> =42 + 301> — 61 = 5t* + 12

= —60r3 —25¢* — 2417 — 37

3

-— = (m3 —m_l) dim (m_2+m) + (m_2+m) % (m3 —m_l)

= (m - m_l) (—Zm_3 + 1) + (m_2 + m) (3m2 + m_z)

=2+m+2m P —m 3+ m P+ 3 +m
=d4m* +143m™

1
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i) F'(y) =

Il
RO W -/ —/—/—/—
%)
<
|
I
S
+
|
~_—
N
Ll )
Sl
~
~—~~
S
S—
7 \&.
o8}
|
S
|
‘<N|N
~_

)} G'(y) =

(1%}

(-25)+0-n(-1)

1 R INE RN SRR
5 SV Ay Sy iyitsy

k) D (3x - 5xh L ("%> + (V) i(3x—5x4)
X X dx

/ — (12 3_ 4 i -2 oy 4 o 3 4
) (k) = (k* + 3k k)dk(k )+ (k )dk(k +3k> = k*)
= (K* 43k = k*) (=2k7) + (K72) (2k + 9Kk* — 4k7)
=—2k' —6+2k +2k™" +9—4k
=3-2k

m) y—(x—l) (x +1) + (x? +1) (x—l)

= (x> - 1)(2x) + (x* + 1)(2x)
=2x(x* = 1+x*+1)
=2x(2x%)
= 4x°

dy

n) - = (x-5x%)

d i d
™ - () + (v3) -5

1

= (x = 5x%) %x_%> (5)(1—15X)

Y _ =70 L (2xh - _s) L
0) = = (=T (2x 5)+(2f 5) (" = 7x)
= (x* = 7x) (x_7> + (2x% - 5) (4x3 = 7)

= x? —7x7 +8x7 — 14x7 —20x> + 35
=9x7 —20x% — 21x2 + 35
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D) di)y= (-1 j <6t2 > + (6vr—2172) jt (P =1
= (-1 (3t_5 +4t‘3) + <6t5 - 2t‘2> (2t +17?)

=30 44 =3 — At 120 p 6 — A -2t
=150 +3r77 — 617

’ _ 2 i _ 3 _ 3 i 2
q) g(u)—(bu+au)du(au bu)+(au bu)du(bu+au)

(bu + auz) (a - 3bu2) + (au - bu3) (b + 2au)
abu — 3b*u® + a®u* — 3abu® + abu + 2a°u® — b*u® — 2abu*
= 2abu + 3a*u® — 4b*w° — Sabu’

)—(v—v ) (v—v_l)di<v%+v>
) 1+v +(v—v_1) <%v_%+1>

+v+v_l+lv%+v—lv_%—v_1
2 2

1,1
v -V
2

r) AW) = (Vv+v

= (vt

v

NI'—‘

1=
(N1

+

(N1

%
3
—ov42
VT3

Section 4.3 Page 212 Question 3 d ,d
a) i) f(x)=(2x—3)d—x(x)+(x)d—x(2x—3)
=(2x-3)2x) + (x*) (2)
f@=22)-32)+(2*) @

=(H@H+@HQ
=12
ii) f(x) = x*(2x = 3)
=2x> —3x?
' _ i 3 _ 2

fl(x) = Tx (Zx 3x )
= 6x% — 6x

f'(2) =6(2)> - 6(2)
=24—-12
=12

iii) Answers will vary.

b) i) o) =(x* +4x)—(x—4)+(x—4)—(x +4x)
= (X7 +4x) (D) + (x—4) (3x° +4)
@) =(22+42)+©2-4)(32)° +4)
= (16) + (=2) (16)
-16
ii) F(x) = (x —4) (x> +4x)
—x 4 ax? —4x3 - 16x
f'(x) = (x +4x% — 4x7 — 16x)

—4x +8x—12x2-16
f'(2) =4(2)° +8(2) — 12(2)* - 16

=32+16-48-16

=-16

iii) Answers will vary.
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¢) i) f1(x) = (2-3x+5x%) dii (x =3x%) + (x = 3x%) dii (2 - 3x +5x?)

= (2= 3x+5x%) (1 - 6x) + (x — 3x%) (=3 + 10x)

@ =(2-32)+52?% 1-62)+(2-3(2)?%) (-3+10(2))
=(2-6+20)(—=11)+ (2 - 12) (=3 +20)
= (16) (—11) + (=10) (17)
= (=176) + (~170)
= —346

ii) F(x) = (x = 3xH)(2 = 3x + 5x%)
=2x —3x% +5x% — 6x +9x — 15x*
=2x — 9x? + 14x* — 15x*
) d
f(x) = - (2x = 9x* + 14x° — 15x*)

=2 — 18x + 42x> — 60x>
f'(2) =2 - 18(2) +42(2)> — 60(2)°
=2-36+ 168 — 480

= —346
iii) Answers will vary.
. , 1\ d d
d) i) f(x)=<xﬁx+;>a(\/§—x)+(f—x)a<\/§+—>
N L, vE 1 1
-(5 ) (z 1) 59 (75~ 3)
'2) = V(L (L
f(z)_<\/5+2><22 I)JFW5 2><2ﬁ 22)
1 1 1 1 v2 1 1
=z‘\5+4—‘§+§‘7‘72 2
1 V2 1
=V TR
o8 24
42 M2 A2 M2
13
Y
ii) f(x) = (Vx-x) (x/}+§>

d
flx)=— (x+x_2 —xI - 1>
dx
ol o3
= 5 5%
L3
24/x3 2
) 1 3v2
ff@=1- -
24/23
12
42 4v2
13
4v2

iii) Answers will vary.
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Apply, Solve, Communicate

Section 4.3 Page 212 Question 5

a) (f2) ) =g f' Q)+ f(2)g'(2) b) (f8)(3) =gB)f'(3)+ f(3)&'(3)
=3(-1)+4Q2) f3EB)=(fgY3)—eB)f'(3)
=-3+8 '3) = (f8)(3)—2gB3)f'(3)
_s §6) 73)

_30-4(5)
22
10
T2
=-5

c) (f8)(=2) =g(=2)f"(-2) + f(-2)g'(-2)

g(=2)f"(-2) = (f®)'(=2) - f(=2)g'(-2)
(f8)'(=2) — f(=2)g'(=2)

-2) =
g(=2) )
_15-5(6)
3
_—15
==
=5
Section 4.3 Page 212 Question 6
, d d
D g0 = S0 (0 () o () b) g0 =760 (VX) + (VA) 7= (F(0)
= £ + (0)f' () - £(%) (L) + (VE) £
= f(x) +xf'(x) o 2vx
X !
= m + \/;Cf (x)
Y S0 = 0% (@) + () 2wy Q) Am) = fm) - () + () - (£ (m))
¢ sh=71 a’t() ( dtf dm dm
= f(OQ0) + () (1) = f(m) (em™") + (m°) f'(m)
=2f(1) + 12 (1) = cem“ f(m) + mEf' (m)
oo d (1 1\ d d d
) g00=F(0-- (;) + (;) ax ) D N@=f)_— ((0+27) + (x+27— (f(0)
1 1 — 2 pr
) <__2> N (_) ) S Qx4 2)) + (x4 22
x x =2(x+2)f(x)+ (x+2)f(x)
@ ™
= — 3 +
X X
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Section 4.3 Page 212 Question 7

a) P(0) = 12(2(0)* + 100)(0 + 20)
= 12(100)(20)
= 24000
The current population of the town is 24 000 people.
P(6) = 12(2(6)* + 100)(6 + 20)
= 12(172)(26)
= 53664
The population in 6 years will be 53 664 people.

¢) P(t) = 12(21% + 100)( + 20)

GRAPHING CALCULATOR

V1=l ne+10000H+E0]

FETE

d) Answers will vary.
e) Answers will vary.

Section 4.3 Page 213 Question 8
a) V=IR
V(1) = (4.85—0.01) (15.00 + 0.11¢)
=72.75 4+ 0.5335¢ — 0.15¢* — 0.00117°
V'(t) = % (72.75 + 0.5335¢ — 0.15¢* — 0.0011¢*)
= 0.5335 — 0.3¢ — 0.0033¢>

The rate of change of voltage after ¢ seconds is

0.5335 — 0.3t — 0.003372 volts per second.

188 MHR Chapter 4

b) P(t) = 12(2¢* + 100)(¢ + 20)
= 24(1* 4+ 50)(1 + 20)
= 24(F + 20¢% + 501 + 1000)
dP
i 24(31* + 40t + 50)

= 72> + 960t + 1200

dpP . L
m represents the rate of increase of population, in

people per year.

dpP
i 72¢% + 960t + 1200

GRAPHING CALCULATOR

FEsFERz+Ba0H+1z00

b) V'(0) = 0.5335 — 0.3(0) — 0.0033(0)*

=0.5335

The rate of change of voltage after 0 seconds is
0.5335 volts per second.

¢ V'(3)=05335—-0.3(3) — 0.0033(3)>
=0.5335-0.9 — 0.0297
= —0.3962

The rate of change of voltage after 3 seconds is
—0.3962 volts per second.



Section 4.3 Page 213  Question 9

f(x) = (x* = 10)(x +3)
= x” +3x% — 10x - 30
Determine values of x for which the tangent is horizontal.
f'(x)=0
% (x* +3x* = 10x - 30) =0
3x*+6x—10=0
—(6) £ /(6)> — 4(3)(—10)
T 20)
_ —6+V156

6
x =-3.08 or 1.08

The tangents to the graph are horizontal at approximately —3.08 and 1.08.
Section 4.3 Page 213 Question 10

a) R(x) = xp(x)
=X <@ - 5)
Vx
= 7504/x — 5x

i) Determine the rate of change of revenue after x calculators are sold.
d
R'(x) = — (7504/x -5
() = — (750v/x — 5x)
750

= _5

2vx
375
=—-5
Vx
ii) After 1000 calculators are sold,
375
R'(1000) = —— -5
1000
75
=——-5
2v/10
= 6.86

iii) After 10 000 calculators are sold,

b) The manufacturer takes in less money by selling more calculators, because the price is lower.

Section 4.3 Page 213 Question 11

d d
a) (fghy =ghd—(f)+f—(gh)
X dx

d d d
= ghd—x(f) +f ha(g) +ga(h)]

=ghf' + [ [hg' + gh']
=ghf' + fhg' + fgh'
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b) Vx(2x — 1)(x* +3x - 2)

y=
Z—y (2x — 1)(x* +3x — 2)1(\/@ + Vx(x* 4+ 3x — 2)i Qx — 1)+ vVx(2x — 1)i (x*+3x-2)

1
2x =1 3x =2
= (2x = (" +3x )<f

[(2x — 1)(x 4 3x — 2) + 4x(x> + 3x — 2) + 2x(2x — D)(2x + 3)]

>+f(x +3x=2)(2) + VX(2x — 1) 2x +3)

1
2f
=—(2x +6x% —4x — x? = 3x + 24+ 4x> + 12x% — 8x + 8x° + 8x% — 6x)
2f
= m(14x3 +25x% = 21x +2)

_o3 B 2y
= /X 2X 2X X

1
2

Section 4.3 Page 213 Question 12

a) P = 2 /()

d d
f(X)d— (f(x) + f(x)=—= (f(x)
b dx

FGS'(x) + f(x)f(x)
=2f(x)f'(x)

b) i) y=(2+3x+1)2

dy 2 d
d_x=2(x +3X+I)E(X +3x+1)

=2(x*+3x+ 1)(2x +3)

ii) y=Q2-x)
dy d
== 2(2—x3)£ (2-x7)
=22 - x*)(-3x?)
= —6x°(2 = x°)
jiii) = (1 -x)? (x + x)?
Zx 3+ x)2 — (1 - )2+ (1— x)2 (x3 +x)°

= (x* + x)? (2)(1 -x)(-D+@ —x) 23 +x)Bx2+1)
=2(1 = x)(x> + 0)[-(x* +x) + (1 = x)(Bx% + 1)]

=2(1 =) +x)(—x = x+3x> + 1 =3x> - x)

=2(1 = x)(x> + x)(—=4x> +3x*> = 2x + 1)

Section 4.3 Page 213 Question 13
d d

a) QP = = [ f () f ()]
b'd dx

d d d
= f(x)f(x)d— O+ ) f(xX)— (f(x) + f(x)f(x)— (f(x))
X dx dx
=[P /() + [fOT f(x) + [FOF f'(x)

=3[0 f'(x)
b) i) y=(x-1)7°
d d
=3 -1 (= 1)
X X

=3(x — D*(1)
=3(x—1)°
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ii) y=x>+3x-1)°

d d
Y 3 +3x— 12 L2 +3x—1)
dx dx

=3(x>+3x—-1>(2x+3)

i) y=wx-x
B 3 - L (Y - x)
dx dx

—ar o (e
=3(vx—x) <2\/)? 2x>

Section 4.3 Page 213 Question 14

dcf(x)
dx

4.4 The Quotient Rule

Practise
Section 4.4 Page 218  Question 1
xdi(x -1 —-(x- l)dix
a) (o)== - %
X
_x() - -DH)
==
1
T x2
, 1
2= 7>
1
T4

Domains of f and f’ are the same: x # 0.

dc d f(x)
= f(x)a +c e
= f(x)(0) + cf'(x)
=cf'(x)
2x + 1)ix2 - xzi(zx +1)
b) N'(x) = dx dx
(2x + 1)?
_ (2x+ D2x) = x2(2)
B (2x + 1)2
_ 4x% +2x — 2x2
T 2x+1)2
_ 2x(x+1)
T 2x+1)?
N'2) = 2)2+1)
22)+1)?
12
25

1
Domains of N and N’ are the same: x # ~5

(x2 - 1)%(2 —3x)—(2- 3x)dix(x2 -1

c) H'(x) =

(x* = 1)?

_ (2= D(=3) - 2302

(x* = 1)

_ —3x2+3 —4x +6x2

(x?

—1)2

_ 3x2 —4x+3
(2 - 1)2

H'(2) =

7
9
Domains of H and H’ are the same: x # %1.

3(2)2 —4(2) +3
(22 —_

1)?
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(x* +3x — 2)i(2x) - (2x)i(x2 +3x-2)
dx dx

d) §00= (x2 +3x—2)?
(¥ +3x-2)(2) - (2x)(2x +3)
B (x2 4 3x —2)2
B 2x% + 6x —4 — 4x% — 6x
B (x2+3x—2)2
_ —2x? -4
T (x2+3x—2)2
, -2(2)* -4
£ = s
_-12
T 64
3
16

—3+17

Domains of g and g’ are the same: x # 5

3- 2x)i(x2 +2)— (x> + 2)1(3 —2x)
e) M'(x) = dx dx

(3 —2x)2

_ (3-20(2x) = (X2 +2)(-2)
B (3 — 2x)2

_ 6x —4x* +2x* +4

B (3 = 2x)2

_ 4 + 6x — 2x2

T (3-2x)2

446(2)—22)?
(3-2(2)?

_4+12-38

=0

M'(2) =

3
Domains of M and M’ are the same: x # R

d d
E+2x+D)—E =D == 1D)—0G2+2x+ 1)
dx dx

D A= 2+ 2x+ 1)
(2 +2x+ DBx) = (x* = D(2x +2)
- (x2 4+ 2x+ 1)2
_ 3x+6x3 +3x7 —2x* =23 +2x + 2
B (x2+2x+1)2

x4 +3x7+2x+2

(x2+2x + 1)2
24 +42)° +3(2)*+2(2) +2
(22 +2(2) + 1)?
16+32+12+4+2
92

AQ2) =

22
27

Domains of A and A’ are the same: x # —1.
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g)

h)

d d
dy G DgVEVRRGD
dx (x—1)?
(=1 (55) = vED)
- x—17

2v/x(x = 1)

dy o =2-1
dxx=2 2¢/2(2-1)2

3
2V2

Domains of y and y’ are the same: x # 1.

o (\/}—xz)d%(\/}+1)—(\/§+l)

dx —

dy

dx |x=2

dx

~ (V=)

—x? +4x? — 1 4+ 4xy/x

2VX(VE = x2)?

3x2 +4xv/x -1
2/x(vx = x%)?
32 +4(v2-1

2V2(V2 - 22)2
12+8v2-1

T V22 + 16— 8v2)

11 +8v2

B 2v2(18 — 8v2)

11+8vV2 9v2+38

© 4(9vV2-8) 9v2+8
_ 163v2+232

392

Domains of y and y’ are the same: x # 0, 1.
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d d
(2 +4x+1D)— (x> =3x+2) = (x> =3x+2)— (x> +4x+ 1)
dx dx

i) . _
dx (x2+4x+1)?
(P +4x+ 1D(2x —3) = (x* = 3x +2)(2x + 4)
B (x2 +4x +1)2
_ 233 = 3x2 +8x? — 12x+2x—3-2x —4x* + 6x> + 12x —4x -8
B (X2 +4x + 1)2
_Ix?-2x—11
dy 122 -2(2)-11
dxix=2 (22 +4(2) + 1)
13
132
1
1

Domains of y and y’ are the same: x # —2 + \/5

(x* +4x +4)i(1) - (1)i(x2 +4x +4)
dx dx

b /1= (2 + 4x + 47
(2 +4x+H(0) — (DQ2x +4)
- [(x +2)2]
2x+ 4
T (x+2)*

Domains of f and f” are the same: x # —2.

(ex + d)i(ax +b) — (ax + b)i(cx +d)
dx dx

k) g0 = (cx + d)?
_ (ex+d)(a) — (ax + b)(c)
B (ex + d)?
acx + ad — acx — bc
(cx + d)?

ad — bc
(ex + d)?

, ad — bc
§Q) = T ar
_ad—bc
T Qc+d)?

d
Domains of g and g’ are the same: x # ——.
c
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h(x) = - X

Domains of 4 and /' are the same: x # 0, —1.

d d
(1=20)—=(2+x) = 2+ x) (1~ 2%)

W) = (1= 2x)?
_(1=20(1) = (2+x)(=2)
B (1 - 2x)2
_ 1-2x+4+2x
T
5
T (1-2x)?
) 5
Y= T 20y
5
(-3

. 1
Domains of w and w’ are the same: x # 3

2 1 — 02
(x l)dx(x) (X)dx(x 1)

fl(x) =

(x2=1)2
_ (x* = (1) = (x)(2x)
(x*=1)2
_ x2—1-2x2
Sy
_ x2+1
RCE
, ) +1
f2)= —m
5
32
5
~ 79

Domains of f and f” are the same: x # +1.
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2 a _ 4 2
(o + D) (Vx) = (v/x) (7 +1)
2+ 1y
2+ (55) - (v¥) @v
- 2+ 1)

0) Px) =

xX24+1-4x2

_ 2
C(x2+1)2

_ 1 —3x2

T 2vx(x2 + 1)2

, 1-3(2
P2 = 20/2(22 + 1)2
o 1-12
2v2(25)

11v2
~ 77100

Domains of p and p’ include all real numbers.

1
1-=

P) V() = —3

x—1
x+1

d d
(D= D= (= D (x+ 1)

vix) = x+1)

_(x+ D) = (x=D()
B (x+ 1)2
x+1—-—x+1

(x+ 1)2

2
(x + 1)2
2
T 2+1)2

Vi(2)

Domains of v and V' are the same: x # 0, —1.
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2 _ i 4\ 4i 2 _
ﬂ_(x 9)dx(x) (X)dx(x 9)

v = r) f(x) =

(x-9)°
(= 9)Exh) — (xH)(2x)
- (x2 - 9)?
2x3(2x% — 18 — x?)
(x2—-9)2
2x3(x% = 18)
C(x2-97
dy — 2(2°2>-18)
dxix=2 (22 -9)2
_16(4 — 18)

C(4-9p
16(—14)

(=5)?

224
25

Domains of y and y’ are the same: x # +3.
Apply, Solve, Communicate
Section 4.4 Page 219 Question 3

(4x + 3)1(2x +1)—-Q2x+ l)i(4x +3)
_ dx dx

a) ﬂ =
dx (4x + 3)2
_ (x+3)(Q) - 2x+ 1)(4)
- (4x +3)2
_8x+6—-8x—4
T (4x+3)?
_ 2
T (4x +3)?
Since both the numerator and denominator of ———
(4x + 3)?
2x+1

yield positive results, there are no tangents to y = Ix 13
X
with negative slopes. The graph is never decreasing.

A graph with only tangents of negative slopes is always
decreasing.

(x* = 16)i(x2 —3x) — (x> — 3x)i(x4 - 16)
dx dx

(x4 - 16)2
_ (x* = 16)(2x — 3) — (x? — 3x)(4x?)
B (x* — 16)2
_ 2x% — 3x* —32x 4+ 48 — 4x° + 12x*
B (x* = 16)2
—2x° 4+ 9x* — 32x + 48

(x* —16)2

Since f(2) is undefined, f’(2) is undefined. Domains of f and
f' are the same: x # +2.

2

b =
) VEa o,
X

x—1

d d
ﬂ _ (x — l)a(x) —xa(x— 1)

dx (x—1)?
_(x—-D-x
Cox-1p?
.
S (x—1p
Since the numerator and denominator of ——
(x=1)?
always yield negative and positive results respec-
2
tively, there are no tangents to y = with
X=X

positive slopes. The graph is never increasing.
A graph with only tangents with positive slopes is
always increasing.
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Section 4.4 Page 219  Question 4

d
ﬁ =0
(2x + 1)i(x2) - (xz)i(Zx +1)
dx dx -0
(2x + 1)2
(2x + 1)(2x) — (x*)(2) -0
(2x + 1)2
4x? +2x — 2x*
(2x + 1)2
2x% +2x _
Qx+1)2
2x2+2x =0
X+x=0
x(x+1)=0
x=0o0r —1
Atx =0,y = 0. Atx = —l,yzﬁor
2(-DH+ 1)

—1. The tangents are horizontal at (0, 0) and (-1, —1).
The graph has a local extremum at each point. A graph
with only horizontal tangents is a horizontal line.

Section 4.4 Page 219  Question 6

Section 4.4 Page 219 Question 5
The line x — y = 2 has a slope of 1.

d
£=1
G DL - L+
dx dx -1
(x +1)2
(x+ (1) — (x)(1) _ 1
(x+1)?
x+1—x _
(x+1)2
1 —
(x+1)2
x+1*=1
x+1==1
x=0o0r —2
-2
Atx=0,y=0.Atx=—2,y=_ 1or2.The

tangents are parallel to x —y = 2 at (0, 0) and (-2, 2).

e FE (1) = (D7) p OEIW-IWE® F0) () = () /()
dx )P D= e dx /(P
_ JG0) ~ (D) (' () XG0 — £ _ 1)~ @) ()
[f (0T e [f ()P
A X100~ () [0 - xf'@)
[/ x? [/ (P

Section 4.4 Page 219 Question 7

d d
(n)—-p(n) = p(n)—-(n)

a) A'(n) = P
_ np'(n) = p(n)(1)
=

A'(n) = np’(n)—z—p(n)
n

ey

Productivity declines if the number of workers increases while total value produced remains constant. If there are more
workers but nothing more is being produced, extra salaries are being paid for no reason, hence reducing productivity.
b) If average productivity is increasing, more workers will translate into even greater average productivity, thereby

increasing total productivity.

¢) If A'(n) <0, the company may reduce its workforce in the hope that average productivity will stop declining.
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d)

Substitute A(n) = M into (2).

n
Divide both sides of (3) by n”.
Substitute (1) from part a) into (4).

e) Answers will vary.
f) Answers will vary.

Section 4.4 Page 219 Question 8

a) The boat hits the dock when x(¢) = 0.

x(t)=0
6(8—1)
=0
4+t
6(8—1)=0
8—t=0
t=38

p'(n) > A(n)

p'(n) > plr)
n

np'(n) > p(n)
np'(n) — p(n) >0

n2

The boat hits the dock 8 s after the engine is turned

off.
o T2
dt |1=8 (4 + 8)?2
"
T2
1
)

1
The boat strikes the dock at ) m/s.

e) Answers will vary.

np'(n) — p(n) 50

A'(n) >0

@)

3)

“

d d
4+ t)a(6(8 —1)—6(8 — I)E(4 +1)

dx
b 7T @ +1)2
@+ 0(=6) = 6(8 —1)(1)
B (4+1)?
24— 61— 48 + 61
- (4+1)?
"

dx . .
o represents the velocity of the boat, in metres per

second, as it coasts into the dock.

d)

x 72
dij=0  (4+0)2
"

42
9
-2

9
The velocity of the boat was ) m/s when the engine

was shut off.
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Section 4.4 Page 220  Question 9

a) S = A'(b)
(1+3.804) L

db

(324 19.66%) — (32 + 19.65"%) % (1+3.86°)

(1+3.8504)°

(143.85%%) (7.84b706) — (32 4+ 19.6b°*) (1.52670¢)

(1+3.8604)°
_7.845706 4297925702 — 48645706 — 29.792h02

(1+3.8004)°

—40.8p706

(1+3.8004)°
_ —408

506 (1 +3.8504)°

by G- —40.8 2
b6 (1 +3.8504)

GRAPHING CALCULATOR

Window variables: x € [0,9.4], y € [-6.2,0]
¢) Answers will vary.

Section 4.4 Page 220 Question 10

(+19% 580 - (580 L1 +1.9)
M) = dt dt

(t+1.9)2
_(t+1.9)(5.8) - (5.80)(1)
B (t+1.9)2
5.8t +11.02 5.8t
B (t+1.9)2
1102
T (t+1.9)2
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_32+19.60%*
T 1+3.8p04

GRAPHING CALCULATOR

Window variables: x € [0,9.4], y € [0, 25]

11.02
MG5) = ———
) (5+1.9)2

1102
~(6.9)2
=0.2315

The rate of change is approximately 0.2315 g/s after 5 s.



Section 4.4 Page 220 Question 11
Methods may vary. One method involves a full simplification of the function before differentiation.

_GBxP+ D(x+ 1)
a (x+1)2
2
- 3;C++11’ x# -
d ., 5 d

& (x+D—=Gx* + D)= B2’ + D= (x + 1)
dx (x + 1)?

_ (x+ D(6x) = Bx2 + (1)

B (x + 1)

_ 6x2+6x —3x2—1

a (x+1)2

_ 3x2+6x—1

T (x+1)2

A second method involves a partial simplification of the numerator before differentiation.
3 43x7 +x+1
T X2 4+2x+1

d d
CEH+2x+D—0C +3x%2+x+ D =B +3x% +x+ D—(x*>+2x + 1)
dy dx dx

dx (x2 4+ 2x + 1)2
(P H+2x+ DOXF+6x+ 1) — 3x7 +3x7 + x+ D(2x +2)
a (x2+2x + 1)2
_ Ox* 4+ 6x3 + X2+ 183 + 12x2 + 2x +9x2 + 6x 4+ 1 — 6x* — 6x3 — 6x3 — 6x2 = 2x2 —2x = 2x =2
B (x2+2x+1)2

C3x 4120 + 14X +4x - 1

((x+ 1)2)2
_(x+ DBx3+9x2+5x—1)
B (x + 1)*
_(x+ D(3x?+6x—1)
B (x+1)3
_3xr+6x—1
(x4 1)
A third method proceeds without simplification.

dy

dx (x2+2x + 1)2

(x® +2x + 1)i [3x* + D(x+ D] = Bx* + D(x + 1)i(x2 +2x+1)
_ dx dx

G+ D2 [(x+ l)i(3x2 + 1)+ (3x*+ 1)i(x+ D] = Gx2+ D(x+ 1)i(x2 +2x+ 1)
dx dx dx

((c+1)2)?

(x+ D? [(x + D(6x) + Bx* + (D] = Bx? + D(x + D(2x +2)
- x+ D

(x + 1)? (6x% 4+ 6x + 3x2 + 1) = 2(3x* + D)(x + 1)?
B (x+ D
_ Ox2+6x+1—6x2-2
B (x+ 1)2

3x24+6x—1
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Section 4.4 Page 220 Question 12

0 =2 (%)

n d d n
) (1) = (D= (x")

(x")?
x"(0) = (1) (nx"")
= x2n
3 _nxn—l
- x2n
— _nxn—l—Zn
— _nx—n—l
Section 4.4 Page 220  Question 13
a) P'(R)=0
d d
R +0.6)>—(144R) — — 6)?
(R + )dR( ) (144R)dR((R+06))=0
((R+0.6))°
(R+0.6)2(144) — (144R)(2)(R+ 0.6) _ 0
(R +0.6)* B

144(R+0.6)[R+0.6-2R] =0
(R+0.6)(06—R)=0
R=06 R>0

The rate of change of the power will be 0 when R = 0.6 Q.
b) The maximum power will be produced when R = 0.6 Q.
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4.5 Derivatives of Derivatives

Practise
Section 4.5 Page 225  Question 1
a) f(x)=3x2-2 e) y=x"=2x*+x-2
f"(x) = 6x L S
b) f'(x) = x> +6x> — 10x + 1 d‘jx
F700) = 3x% + 12x = 10 d—xz —6x—4
0 gx)=x"
g(x) =(-Dx7 PR Lo -mLx-2
1 f) a _ dx dx
= dx (x —2)2
-2)(1) — 1
¢'(x) = ~(=2)x7 = &0 0
2 (x=-2)
=5 _ 2 :
(x=2)
(l+2)%(1)—(1)%(l+2) 2d(_2) d(x_2)2
d) m(t) = T - (50 Py (x=2—— - (-D)—
_tH2-1 dx? (x—=2)*
27 _20x-4)
-1 (x —2)*
T U+2? __ 4
,d d 5 (x=2)*
(r+2)* dt = 6u+u’ —2u’
=2’—+44 W (u) = 6+ 2u — 6u®
( +22) W' (i) = 2 — 12u
T +2p
(2x — xz)i(x2 -1 =(x?- 1)i(2x -x%)
2x — x2)2
_(2x=xH)(2x) = (x* = 1)(2 = 2x)
B (2x — x2)2
3 4x* —2x3 —2x2 +2x3 +2 - 2x
B (2x — x2)2
_ 2x2 —2x +2
T (2x = x2)2

h"(x) —

d d
2x —x2)?—(2x% = 2x 4+ 2) — 2x%? = 2x 4+ 2)—(4x* — 4x> + x*)
dx dx

(2x - x2)?)?
_(2x— x2)2(4x — 2) — (2x%? = 2x 4+ 2)(8x — 12x% + 4x?)

(2x — x2)*

2(2x — x?) [(2x = x?)(2x = 1) — (2x? = 2x + 2)(2 — 2x)|

(2x — x2)*

2(4x2—2x—2x3+x2—4x2+4x3+4x—4x2—4+4x)

(2x — x2)3
_ 4x3 — 6x% 4+ 12x — 8
B (2x — x2)3
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Section 4.5 Page 225  Question 3

a) f(x) = 4x°
f'(3) =403y
=108
The slope of the tangent at x = 3 is 108.
F"(x) = 12x2
f'3) =12(3)
=108

The rate of change of the slope of the tangent at
x = 3is 108.

dy dxx+17!
©) dx - dx
_dx+ D!
T odx+1)
=—1(x+ 172
_ 1
T (x+ 1)
dy _ 1
dxix=3 3+ 1)
1
16
The slope of the tangent at x = 3 is —11—6.
d’y _d(x+ 12
dx2 ~ dx+1)
=—1(=2)(x+ 173
_ 2
T (x+1)3
d*y _ 2
E|x=3 T (3+1)3
1
T3

The rate of change of the slope of the tangent at

=3is —.
X IS?,2
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1) M(x) = X +x?
M'(x) =3x> + (-2)x~°
2
_ 2
= 3X bl ;

M"(x) = 6x + 6x~*

= 6x + %
b) g'(x) = -4 +2x — 3x?
g3) =—4+2(3)-303)°
=-44+6-27
=-25
The slope of the tangent at x = 3 is —25.
g'(x)=2-6x
g'(3)=2-6(3)
=2-18
=-16

The rate of change of the slope of the tangent at
x =3is—16.

d) y= —2x72
dy 1 3
AR, Y N s
dx < 2) X
_3
=X 2
dy 1
dx|x=3 /33
1
3V3
1
The slope of the tangent at x = 3 is —.
P g 33
d?y 3\ s
— = —-—=)x"2
dx? 2
d*y _ 3
dx? |x=3 24/35
_ 1
6v3
The rate of change of the slope of the tangent at
1
x=3is———.
6v3



g(x)=2x>+x-3

g(x)=4x+1
gB3)=43)+1
=13
The slope of the tangent at x = 3 is 13.
g'(x)=4
g'3)=4

The rate of change of the slope of the tangent at
x =3is4.

Apply, Solve, Communicate

Section 4.5 Page 225 Question 5
Obtain the first two derivatives of the general quadratic function.

Perform back substitution.

f) f)=x7
[ ==3x7"
J'3)=-33)7"
1
27
1
The slope of the tangent at x = 3 is 77
f'(x) = 12x7°
'3 =123
_ 4
8l
The rate of change of the slope of the tangent at
=3is —.
X is o1

f(x)=ax2+bx+c

f'(x) =2ax+b
f"(x) =2a
f'3) =28
2a =8
a=4

Since f'(3) = 22, substitute (4) into (2) and solve for b.

24)(3) + b =22

24 +b=22

b=-2

Since f(3) = 33, substitute (4) and (5) into (1) and solve for c.

43)> =2(3) +c¢ =33
36 -6+c=33

c=3

1)
2
3)

“)

)

(6)

The quadratic function that satisfies the given conditions is f(x) = 4x* — 2x + 3.
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Section 4.5 Page 225 Question 6

a) A(t) = l 245 b) A”(t) is the rate of increase in growth rate, which
2 is therefore steadily increasing.
A=t
A'"(t)=1

c)

d) Answers will vary

GRAPHING CALCULATOR

T=hz e+l

GRAPHING CALCULATOR

T=i= e+ R e P -2

GRAPHING CALCULATOR

p ELE UL R R ik R ed - KT =i

GRAPHING CALCULATOR

Pl BT LA E L L NI Eafod

Section 4.5 Page 226  Question 7

d d
6t +1)—(24) — (24)— (6t + 1
(61 +1)=(24) = 24) = (61 + 1)

) d
a) C')=—4 - G
_ o (614 1(0) —24(6)
(61 +1)2
144
T (61 + 1)2

24 _ a 4
dm_@+DmMM(MM@HDm@+DH&HMﬁHD

(61 + 1)2)?
(61 + 12(0) — 144 [(61 + 1)(6) + (6 + 1)(6)]
B (61 + 1)*

1728
(6t + 1)3
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b) Itis slowing. d) Answers will vary.

©) e) Answers will vary.
GRAPHING CALCULATOR

T1=zY4-2Y4 (AK+1]
-

LR 1

GRAPHING CALCULATOR

E= ':I._.'-'E_E.-'II_EH;:I.:!"'E_

GRAPHING CALCULATOR

Ye=iyyllaH+llz

= —
¥=.14984=0

¥=-.0LE00Y]

Section 4.5 Page 226 Question 8

3i3_ 3i 3
(8+t)dt(t) (t)dt(8+t)

a) W (1) = CEaE
_ B+)3) = ()3
- (8 +13)?
3@+ —1)
2482
8+ 13)21(249) — (2487 |8 + t3)i(8 +2)+ 8+ t3)i(8 +1%)
Y dt dt dt
b o= B+
(8 +1%)2(481) — (241%) [(8 + )(3r) + (8 + *)(31%)]
a (8 + 13)*
_ (8+1)%(48n) — 1441* (8 + 1)
B 8+ 13)4
48t (8 +1° — 31%)
48t (8 — 21°)

K" (t) represents the rate of change of the the growth rate #'(¢).
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¢) The roots of A"(x) include O and V4 (triple). Over the interval, (0,v4), h"(t) > 0, so the rate of growth is
increasing. Over the interval, (\3/21, o0), h'(t) < 0, so the rate of growth is decreasing. Therefore, the maximum
growth rate occurs at f = V4 months.

<8+(34)3>2

24 (V16)
(8 +4)7
_48V2
T 144
V2
3
V2
The maximum growth rate is R m/month.
d) Answers will vary.
Section 4.5 Page 226  Question 9 Section 4.5 Page 226  Question 10
a) Q=4x3_3x2+10x+2 f1(x) =5x* +4x> +3x> +2x + 1
dﬁzlx F7(x) = 20x° + 12x% + 6x + 2
d—i = 12x% — 6x + 10 F(x) = 60x% +24x + 6
X
&y D f(x) = 120x + 24
T3 = -6 D3 f(x) =120
4 DéF(x)=0
Q -4 xf( )
dx*
dS
Y _p
dx?
d6
Yy
dx®

b) The value of y™ = 0 for n > 5, since the derivative
of a constant is 0.
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Section 4.5 Page 226  Question 11

d d
Qx =4)— (1) = (D)——(2x = 4)

(2x — 4)?
_ Cx=4H0) - DQ®)
(2x — 4)?
2
B 1
T 2(x-2)2
Expanding (x — 2)? yields x*> — 4x + 4.

g'(x) =

Lyl
| G2 () = () (¥ —dx +4)

& (x) 2 ((x—2)2)2
I (x—=2)2%0)—()H(2x —4)
T2 (x —2)*
1
T (x-2)p?

Expanding (x — 2)? yields x> — 6x? + 12x — 8.

(x — 2)3£(1) - (1)%@3 —6x>+12x —8)

g'(x) =

((x-2)%)
_ (x=2%0) = (HB)(Bx? — 12x + 12)
B (x —2)6
_ =3(x-2)?
o (x=2)°
_ -3
T (x-2)¢
-3
g%®=(3_m4
=-3

Section 4.5 Page 226  Question 12

d d
a) f'(x)= h(X)Eg(X) + g(x)ah(x)
= h(x)g'(x) + g(x)H' (x)
" oon d d , oo d d ,
ffx)=¢ (x)d—h(x) + h(x)—g'(x) + W' (x)—g(x) + g(x)—H'(x)
X dx dx dx
=g' (0N (x) + h(x)g" (x) + h'(x)g' (x) + g(x)h" (x)
= h(x)g"(x) + 2K (x)g'(x) + g(x)h" (x)

d d d d d d
f(x) = g"(X)Eh(X) + h(x)ag"(X) +2 (g’(X)Eh'(X) + h’(X)Eg’(X)> + h”(X)gg(X) + g(X)ah”(X)

= 8" (R (x) + h(x)g" (x) + 2 (&' COR"(x) + K (x)g"(x)) + h"(x)g (x) + g(x)h" (x)
= g" (X)h(x) + 38" O (x) + 38" COh" (x) + g(x)h" (x)
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Section 4.5 Page 226  Question 13

X2 =1 x| >1
2 f(x)_{l—x2 ,xl <1
fl(x) = { i);x ’ :i: Z i (domain: x # 1)
f'(x) = { 32 ’ :i: Z } (domain: x # 1)
b s =] -1 e e
vt
3

¢) The domain of f(x) is x € R, while the domains of f’(x) and f”(x) are x € R such that x # *1.
Section 4.5 Page 226  Question 14

a) f(x) =x"
f(x) = nx"!
f"(x) = n(n = 1)x"?
S"(x) = n(n = D(n = 2)x"7

b) fOx) =nmn-1Dn-2)...(n— (n—1))
=nn-Dm=2)...(1)

=n!

Section 4.5 Page 226  Question 15
a) The number of non-repetitive derivatives of a polynomial of degree nis n + 1.
b) The value of the repetitive derivative is 0.
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4.6 Velocity and Acceleration

Apply, Solve, Communicate

Section 4.6 Page 237 Question 1

a) The initial velocity of the car is zero.

b) Since the slope of the tangent is positive at A and zero at B, the car is going faster at A.

¢) The car is neither speeding up nor slowing down at A. Since the velocity of the car at B is zero, the car is neither
speeding up nor slowing down. Since the velocity of the car at C is undefined, the car is neither speeding up nor
slowing down.

d) The car is at rest.

e) The car is at rest at its initial starting point.

Section 4.6 Page 237 Question 2

a) Since the slopes of the tangents are positive on the interval from 0 to A, the acceleration is positive.
b) Since the slopes of the tangents are negative on the interval from A to B, the acceleration is negative.
¢) Since the slopes of the tangents are positive on the interval from B to C, the acceleration is positive.
d) Since the slopes of the tangents are zero on the interval from C to D, the acceleration is zero.

e) Since the slopes of the tangents are negative on the interval from D to E, the acceleration is negative.

Section 4.6 Page 237 Question 3

a) Since the slopes of the tangents are decreasing on the interval from 0O to A, the velocity is decreasing. Since the
velocity is positive, the acceleration must be negative.
b) i) Since the slopes of the tangents are positive and decreasing on the interval from A to B, the acceleration is
negative.
ii) Since the slopes of the tangents are negative and increasing on the interval from B to C, the acceleration is
positive.
iii) Since the slopes of the tangents are constant on the interval from C to D, the acceleration is zero.
iv) Since the slopes of the tangents are positive and decreasing on the interval from D to E, the acceleration is
negative.

Section 4.6 Page 237 Question 4

The function ¢ accurately reports the slopes of the tangents to the function a. The function a accurately reports the
slopes of the tangents to the function b. The position, velocity, and acceleration functions are b, a, and c respectively.

Section 4.6 Page 238 Question 5

Since V' > 0 and a > 0 for ¢ € [0, 3], the car is speeding up over this interval. The car is never slowing down.

Section 4.6 Page 238 Question 6

a) s=9+4¢ b) s=32+2-5 ) s=1 -4 +5t -7
yv=4 v=6t+2 v=3>-8+5
a=0 a=6 a=6t—8
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s

Tt
d , o d
L @+ I)E(I )= (1 )E(H 1
(t+1)2
@+ DGR = ()()
B (1 + 1)2
3 +37 -1
T @+ 1)
20+ 317
o+ 1)?

d) s

d d
(t+ 1)2E(2t3 +3%) - 2 + 3t2)z(12 +2t+1)

a=

(¢ + 1)2)2

(4 D6+ 61) — (2 +317)(21 + 2)
B (t+ 14

21(t+ 1) [(t + D)3t + 3) — (21 + 31)]
B (t+ 14
_ 203 431 + 3t + 3 — 2> — 31)
B (r+1)3
22+ 31+ 3)
O (t+1)3

6t
S:
1+t

d d
_ (I+ \/E)E(6t) - (6’)E(1 + V1)
(14 v1)?

1
1 6)— (61) [ —
:( +V1)(6) (t)<2ﬁ>

v

(1+ Viy?
32+ 2vi— Vi)
32+ D)
T (1 + V)2
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e) s=({-2VHQ2r —t+ V1)
=20 — 2 + 1V — 4PV + 20V =2t
=21 —4°Vi — 12 + 3tV - 2t
=28 — 413 — A+ 311 =2t

V=62 1062 =2t + =13 =2

O o

1 1
=12t—15t2 =2+ -2
a4 4

(1+ W)2%(2 +VH) -2+ xft)%(l +2Vi+1)
| ((1+vi2)?

o 1) 1
‘(1+\fr) (2\5) (2+«ﬁ)<ﬁ+1>

(1+v0)’
(1+\ﬁ)2<$> —2(2+xfz)<1+‘ﬁ>

24t
(1+v2)*
31+ VD) [+ V=22 + VD)
B 2vi (1+ i)
3 (1+vi-4-2vD))
T i1+ Vi)
_3(=3-v1)
C2vi(1+ Vi)

a=3

=3

=3.




Section 4.6 Page 238 Question 7

a) s(t) = 6 + 3t b) s(t) =42 =Tt + 14
v(t) =3 v(t) =8t -7
vd) =3 v(4) = 8(4) =7
a(t) =0 =32-7
a(4) =0 =25
a(t) =8
Att=4,v=3m/sand a = 0 m/s%. ad) = 8

Att=4,v =25m/s and a = 8 m/s2.

19) s(t) =12 — 61> + 12t d s = 13_4:t
v(t) =32 = 12t + 12 d d
v(4) = 3(4)2 - 12(4) + 12 o = (I+050GN-GnZ A+
= 48— 48+ 12 1+
=12 _ (1 +5(3) = 3r)(1)
a(t) = 6t — 12 (141)?
4) =6(4)-12 = 3+3r-3t
o) = A+17
=12 B
Att=4,v=12m/sand a = 12 m/s>. (12’)2
v(4) = ——
e) s(t) = Vi(1* = 21) (1+4)
= _2 _ 3
V(1) = %t% — 3¢ S .
s (1 +z)2d—(3) - (3)d—(1 +2t+1%)
V) = 24} -3} a(r) = ’ S
g ((1+1?)
= 5(8) -3() _ (1 +0%0) - (3)(2+21)
=20-6 (I+n*
oy = 2t _ 2 (1+0°
a4 = 2@} - 5@ e
_15 3 JERES
T2 4 ; ]
=¥ Att=4,v:gm/sanda=—mmlsz.

2
Att:4,v:14m/sanda:Z7m/sz.
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2+ 3¢

Dst) =713

a(t) =
(t + 4)i(2 +3) -2+ 3r2)i(t +4)
dt dt

V= (1 +4?

(461 — 2+ 37)(1)

B (t +4)?

67 +241—2-3¢

- (t +4)?

317+ 241 -2

3@ +244) -2

ST arer
48496 —2

==

v(4)

142

T 64
71
Y

71
Att=4,v = — m/s.
% n s

Section 4.6 Page 238  Question 8

d 32 +24t -2 dr*+81+16
t+4)y——————— = - (3P + 24t -2)———
+4) ai (" + ) dt

((+4)72)°
(1 +4)%(61 +24) — (3% + 241 — 2)(21 + 8)
(t+4)*

20 +4) 3+ DA +4) — (32 + 241 - 2)]
B (t+4)*

2 (312 4241 + 48 — 31 — 241 + 2)
- (t+4)°
_2(50)

(t+4)°
_ 100

(t+4)°

100

(4+4)3
100
© 512
25
T128

25
Att=4,a=—— m/s>.
t ,a 128 m/s

h(t) = 90 — 10t — 4.9/
v(t) = —10—9.8¢

v(1) = —10—9.8(1)
-10-9.8
=-19.8

The velocity after 1 s is —19.8 m/s.
v(2) = -10-9.8(2)
=-10-19.6

=-29.6

The velocity after 2 s is —29.6 m/s.
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Section 4.6 Page 238  Question 9

a) h(t) = 29.4t — 4.9
v(t) =29.4 —9.8¢
v(1) =29.4-9.8(1)
=294-98
=19.6
The velocity after 1 s is 19.6 m/s.
v(2) =29.4-9.8(2)
=294-19.6
=98
The velocity after 2 s is 9.8 m/s.
v(4) =29.4-9.8(4)
=294-392
=-98
The velocity after 4 s is —9.8 m/s.
v(5) =29.4 -9.8(5)
=294-49
=-19.6
The velocity after 5 s is —19.6 m/s.

b) At the maximum height the velocity is 0.

v(t)=0

294-98t=0
9.8t=294

t=3

The ball reaches its maximum height at 3 s.

) h(3) = 29.4(3) — 4.9(3)>
=88.2—44.1
= 44.1

The maximum height of the ball is 44.1 m.
d) The ball is on the ground when its height is O.

h(t) =0

294t —49 =0

1(29.4-491) =0
t=0o0r6

The ball hits the ground after 6 s.

e) v(6) =29.4 —-9.8(6)
=294 -588
=-294

The ball hits the ground with a velocity of —29.4 m/s.

Section 4.6 Page 238  Question 10
1,
a) s(t) = Et + 15¢
v(it)y=t+ 15
i) v(t) =15 ii) v(t) =25
t+15=15 t+15=25
t=0 t=10

The initial velocity of the motorcycle is 15 m/s.

b) The acceleration is v'() or a(f) = 1 m/s%.

The motorcycle reaches a velocity of 25 m/s after 10 s.
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Section 4.6 Page 238  Question 11

a) s(t) =1 — 8t + 12 0

v(t) >4
v(t)=2t-8 2%—8>0
v(2)=2(12)-8 t>4
=4-8
= _4 The person is moving in a positive direction when t > 4 s.
The velocity after 2 s is —4 m/s. d) s=0
v(6) =2(6)—8 I, t=0
= s=12
=4 L — —>
The velocity after 6 s is 4 m/s.
b) The person is at rest when the velocity is O.
v(t) =0
2t-8=0
t=4
The person is atrest at t = 4 s.
Section 4.6 Page 238 Question 12
a) i) s(t) = 213 = 217* + 60t b)
v(t) = 6% — 42t + 60 gi% o =2
v(0) = 6(0)2 — 42(0) + 60 =5 g/. 5=52
=25 "T—n-— =
— 60 ® 5=36

The initial velocity of the car is 60 m/s.
ii) The car is at rest when the velocity is O.

v(t)=0

61> — 42t +60 =0

?-T7t+10=0

t-2)t-5=0
t=2o0r5

The carisatrestatt =2sandf=15s.
iii) The car is moving forward when velocity is positive,
or when (f —2)(r —5) > 0.

2 5
(t_2)= -9 + + |
t5 - - o0 +
¢-2¢5 +0 - o0 +

The car is moving in a forward direction when ¢ € [0, 2)
andt € (5, 6].
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¢) In the first 2 s, the car travels 52 m. Over the interval
t € [2,5], the car travels 52 — 25 or 27 m. In the
sixth second the car travels 36 — 25 or 11 m. The total
distance travelled by the car is 52 + 27 4+ 11 or 90 m.

d) The acceleration of the car is a(t) = 12t — 42. This
increasing linear function will reach its maximum at
t = 6 s. The maximum acceleration is 12(6) — 42 or
30 m/s.

e) Answers will vary. For example, the maximum accel-
eration is much greater than the given maximum accel-
eration for the car.



Section 4.6 Page 238 Question 13

10
a) The velocity of the rope is v = 2 — 9.8¢. The velocity is 0 when t = o S.

-+ V(2)2 — 4(—4.9)(23)
- 2(-4.9)
-2+ 4 +450.8
-9.8
2 ++/454.8
9.8

2+ /4548

b)

Since ¢ > 0, the rope will reach the ground after or approximately 2.38 s.

¢) The rope strikes the ground with a velocity of approximately 2 — 9.8(2.38) or —21.32 m/s.

Section 4.6 Page 239 Question 14 Section 4.6 Page 239 Question 15

1 Determine the velocity and acceleration functions.
a) The initial position is 5o + vo(0) + Eg(O)2 or Sp.

1
b) s(t) = so + vot + %gt2 s(1) = §t3 —25t
V(1) = vo + gt v(t) =1* =25
v(0) = vo + g(0) a(t) =2t
= v

The velocity is 0 at v25 or 5 s. The acceleration at this

. . 2
The initial velocity is vo m/s. instant is 2(5) or 10 m/s”.

¢) a(t) = g. The acceleration is g m/s>.
Section 4.6 Page 239 Question 16

Determine the system of functions describing the motion of the rocket.

1
h(t) = 5 — -1
) G
() = 10¢ 112
v(t) = - =
2
a(t)=10—1¢
a) The acceleration is positive when 10 — ¢ > 0 or when ¢ € [0, 10) s. The acceleration is negative when ¢ > 10 s.

1
b) The velocity is 0 when 107 — ztz =0orwhent=0sort=20s.

¢) The maximum height occurs when the velocity is 0. d) Determine when the rocket strikes the ground.
1 —
h(20) = 5(20)? — =(20) h(®) =0
Y s2-1p—o
8000 —eh =
= 2000 ~ —~ 6
1
~ 12,000 — 8000 ? (5— 6t> =0
=— 1
_ 4000 55— 6; =0
== j
2000 r=30
=73 Determine the velocity at ¢ = 30 s.

1
v(30) = 10(30) — 5(30)2
=300 — 450

=-150

The maximum height of the rocket is m.

The rocket strikes the ground with a velocity of
—150 m/s.
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e) The rocket is speeding up when v(#)a(¢) > 0 and 20
slowing down when v(#)a(f) < 0. From the line

v

diagrams the rocket is speeding up on the intervals to + + +
t € (0, 10) and ¢ > 20. The rocket is slowing down 1 ! >
on the interval ¢ € (10, 20). (10-51) + + 0 -
velocity: t(lO—%t) 0o + + 0 -
acceleration: (10—t)
+ 0 - -
v(t)a(t) + 0 - -
10
Section 4.6 Page 239  Question 17
a) s(t) = 2 — 617 + 9t d) 12- /
=1(* — 61 +9) 1 05 a(t)//'
=1(t = 3)° ; /o
V(1) = 3> — 126 +9 8v() /)
=3(* —41+3) 6- ‘\
=3(t-D(t-3) . sy
a(t) = 6t — 12 | X / //
=6(t—-2) 21/ \ /
] \

b) From a), the roots of the position function are 0, 3, and 3. 0 ER é 4
The roots of the velocity function are 1 and 3. Since the 5 ] \t /
position is always positive, the cougar is moving toward the e
origin when the velocity is negative. This occurs over the _ 4j /
interval ¢+ € (1,3). The cougar is moving away from the 1 /
origin when the velocity is positive. This occurs over the -6 :
intervals r € (0, 1) and ¢ € (3, c0). 1

¢) The cougar is speeding up when velocity and acceleration _87; )
have the same sign. This occurs over the intervals t € (1, 2) 10 R ’/
andt € (3, o0). The cougar is slowing down when the veloc- 1/
ity and acceleration have opposite signs. This occurs over —124

the intervals t € (0, 1) and 7 € (2, 3).

Section 4.6 Page 239 Question 18

The only force acting on the stone is acceleration downward due to gravity. Hence a(f) = —9.8. The velocity function
must, therefore, be v(f) = —9.8¢. Letting & be the height of the stone above the base of the shaft of the well, in metres,
the height function must be h(t) = —4.91> + 15. After 1.6 s, h(1.6) = —4.9(1.6) + 15 or 2.456 m. Since the height of
the shaft is 15 m, the surface of the water is 15 — 2.456 or 12.544 m down the well.

Section 4.6 Page 239 Question 19

a) The horizontal displacement can be given by s, = 5.556¢ m, the horizontal velocity by v, = 5.556 m/s, and the
horizontal acceleration by a;, = 0 m/s>.

b) Given a vertical acceleration function of a, () = —9.8, the vertical velocity is defined by v, (t) = —9.8¢. Since the
prey is dropped from a height of 30 m, the vertical displacement can be given by s, = —4.9¢> + 30.

) [vy| > hy,
|-9.81] > 5.556
9.8 > 5.556
t>0.567

The vertical speed is greater than the horizontal speed after approximately 0.567 s.
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d) Let v be the overall velocity of the prey.
vi= vi +v2
=5.556" + (-9.81)°
=30.9 + (9.81)°

v =1/30.9 + (9.8¢)2

The overall velocity of the prey is given by v(¢) = 1/30.9 + (9.8¢)2 m/s.

e) at) = V/(=9.8)2 + 02

=938

f) 9.8 m/s?
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4.7 Rates of Change in the Social Sciences

Apply, Solve, Communicate

Section 4.7 Page 249 Question 1

a) The marginal cost function is represented by C’(x).

C(x) = 2500x — 1.05x>
C'(x) =2500 —2.1x

The marginal cost function is C'(x) = 2500 — 2.1x.
b) The marginal cost function defines the rate at which costs are increasing (per item) as the xth unit is produced.

) C’'(300) = 2500 — 2.1(300)
= 2500 — 630
= 1870

The marginal cost, at the 300-unit level, is $1870/unit. This result is the cost of producing each unit after 300 units
have been produced.

d) C(301) — C(300) = [2500(301) — 1.05(301)*] — [2500(300) — 1.05(300)?]
= 657 368.95 — 655 500
= 1868.95

The cost of producing the 301st unit is $1868.95.
e) The cost of producing the 301st unit is very close to the marginal cost after 300 units have been produced.

Section 4.7 Page 249 Question 2

a) The marginal cost function is represented by C’(x).

C(x) = 13 800 + 950x — 0.003x2
C'(x) = 950 — 0.006x

The marginal cost function is C'(x) = 950 — 0.006x.

b) C'(5500) = 950 — 0.006(5500)
=950-33
=917

The marginal cost, at the 5500-unit level, is $917/unit.

) C(5501) — C(5500) = [13 800 + 950(5501) — 0.003(5501)%] — [13 800 + 950(5500) — 0.003(5500)°]
=916.997

The cost of producing the 5501st unit is $916.997.
d) The cost of producing the 5501st unit is very close to the marginal cost after 5500 units have been produced.

Section 4.7 Page 249 Question 3

a) The marginal revenue function is represented by R'(n).

R(n) = 50001 — 0.081>
R'(n) = 5000 — 0.16n

The marginal revenue function is R'(n) = 5000 — 0.16n.
b) The marginal revenue function defines the rate of change of the revenue with respect to the number of cars sold.
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) R'(850) = 5000 — 0.16(850)
= 5000 — 136
= 4864

The marginal revenue, at the 850-unit level, is $4864/car. This result is the increase in revenue per car realized after
850 cars have been sold.

d) R(851) — R(850) = [5000(851) — 0.08(851)*] — [5000(850) — 0.08(850)*
= 4197 063.92 — 4 192 200.00
= 4863.92

The revenue from the 851st car is $4863.92, which is very close to the marginal revenue after 850 cars have been sold.

Section 4.7 Page 249 Question 4

a) Let the profit function be P(x).
P(x) = R(x) — C(x)

= 19x + 4x> — (11x + 2x?)
= 8x + 2x?
The profit function is P(x) = 8x + 2x>.

b) The marginal profit function is P’(x).
P(x) = 8x + 2x°

P(x)=8+4x
The marginal profit function is P'(x) = 8 + 4x.
c) P'(700) = 8 +4(700)
=8+ 2800
= 2808

The marginal profit, at the 700-unit level, is $2808/cup.

d) P(701) — P(700) = [8(701) + 2(701)*] — [8(700) + 2(700)*]
=988 410 — 985 600
= 2810

The marginal profit from the 701st cup is $2810, which is very close to P'(700).
Section 4.7 Page 250 Question 5

a) b)

GRAPHING CALCULATOR p(x) X

YiZCRORON0-RIAE00000 T 0 600 000
$0.50 500 000
$1.00 400 000
$1.50 300 000

I a 2 a : $2.00 200 000

n=Z00nan J=1E
$2.50 100 000
$3.00 0

4.7 Rates of Change in the Social Sciences MHR 221



¢) Let R(x) represent the revenue function.

R(x) = xp(x)
(600000 — x
=*\ 7200000

(600 000x — x?)

200 000

1
Th function is R(x) = ————— —x%).
e revenue function is R(x) 200 000 (600 000x — x*)

d) The marginal revenue function is R’(x).

1
R'(x) = ———— (600 000 — 2
)= 350000 x)

= 100 OOO(30() 000 — x)

1
Th inal fi ionis R'(x) = ——— - X).
e marginal revenue function is R'(x) 700 000 (300 000 — x)

R (2 = -2
e) (200 000) 100000 (300 000 — 200 000)

=1

The marginal revenue when x = 200 000 is $1.
f) Let the profit function be P(x).

P(x) = R(x) — C(x)
1

_ L
= 500 o6 (000 000x — x) — (110 000 + 0.95x)

x2

200 000
2

200 000

=3x— — 110000 — 0.95x

=2.05x — — 110 000

2

X

The profit function is P(x) = 2.05x —
g) The marginal profit function is P’(x).

2

X
300000 110 000

P(x) =2.05x —

, _ _ X
P(x) =205 = 156000

Th . l ﬁ f . . P/ — 2 — .
e marginal profit function is P'(x) 05 100 000

300 000
h P =205->——
) (300 000) = 2.05 — Too=s

=205-3
= -0.95

The marginal profit, at the 300 000-unit level, is —$0.95/hamburger.
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Section 4.7 Page 250 Question 6

a) N(y) = 0.2y* — 11.5y + 195.85y” — 964.325y + 16 434.625
N'(y) = 0.8y — 34.5y% +391.7y — 964.325

The rate of change of the number of births per year is N'(y) = 0.8y° — 34.5y% + 391.7y — 964.325.
b) For the year 1995, y = 1995 — 1972 or 23.

N'(23) = 0.8(23)% — 34.5(23) + 391.7(23) — 964.325
= —472.125

The rate of change of the number of births per year in 1995 was approximately —472 births/year.
¢) For the year 1995, y = 1995 — 1972 or 23.

N(23) = [0.2(23)* — 11.5(23)" + 195.85(23)* — 964.325(23) + 16 434.625]
=13907.5
For the year 1994, y = 1994 — 1972 or 22.
N(22) = [0.2(22)* = 11.5(22)" + 195.85(22)* — 964.325(22) + 16 434.625]
= 14 410.075
Determine the actual change from 1994 to 1995.
N(23) — N(22) = 13 907.5 — 14 410.075
= —502.575

The actual change from 1994 to 1995 was —502.575.
Section 4.7 Page 250 Question 7

a) O(x) = —0.1749x° + 5.2682x* — 53.3763x> + 203.679x> — 233.2x + 600
Q'(x) = —0.8745x* +21.0728x> — 160.1289x> + 407.358x — 233.2

The rate of change is Q'(x) = —0.8745x* + 21.0728x> — 160.1289x? + 407.358x — 233.2.

b) 10]€9) 0'(x)

GRAPHING CALCULATOR GRAPHING CALCULATOR

Y= =0.1PY9R C+E ZRREH Y- Ve -0 APHER Y+ 21 07 ERE

-
n=1 .

Ty
N

JEEYLEERY

V=Czz.19G .

¢) The quantity of coffee consumed in January is Q(1) = 522.2 kg. The quantity of coffee consumed in October is
0(10) = 451.6 kg.

d) The rate of change of the quantity of coffee consumed in January is Q'(1) = 34.2 kg/month. The rate of change of
the quantity of coffee consumed in October is Q’(10) = 155.3 kg/month.

e) Answers will vary.
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Section 4.7 Page 250 Question 8

a) b)
60 000 — x
=—— = p(x) X
P = 5000
0 60 000
GRAPHING CALCULATOR
(0000~ 10000 $1.00 50000
$2.00 40 000
$3.50 25 000
$4.00 20 000
. . . $5.50 5000
n=z00gn n $6.00 0
¢) Let R(x) represent the revenue function.
R(x) = xp(x)
- 60 000 — x
B 10 000
=10 000(60 000x — x2)
The revenue function is R(x) = ! ———(60 000 2.
= 10000 e
d) The marginal revenue function is R’(x).
R'(x) = ! ——— (60 000 — 2x)
x 10 000 x
The marginal revenue function is R'(x) = 5 0 00 —— (30000 — x).
e) R'(5000) = %(30 000 — 5000)
=5

The marginal revenue when x = 5000 is $5/unit.
f) Let the profit function be P(x).

P(x) = R(x) — C(x)

10 000
2

x
10 000
2

X
= 4.8x — — — 8000
X~ 10000

— 8000 — 1.2x

= 6x —

2

x
Th fit f ionis P(x) =4.8x — —— — .
e profit function is P(x) 8x 10000 8000
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g) The marginal profit function is P’(x).

x2
P(x) = 4.8x — ——— — 8000

10 000
X
P'(x)=48-
) 5000
X
Th inal profit function is P'(x) = 4.8 — .
e marginal profit function is P'(x) 8 5000
20 000
h P'(2 =48 - ——
) (20 000) 8 =000
=48-4
=0.8

The marginal profit, at the 20 000-unit level, is $0.80/flower pot.
Section 4.7 Page 250 Question 9

a) Let C(x) represent the cost function.
C(x) = 5000x — 2.8x>

C’(x) = 5000 — 5.6x
The marginal cost of producing x games is C'(x) = 5000 — 5.6x.
b) Let R(x) represent the revenue function.
R(x) = xp(x)
= x(80 — 0.018x)
= 80x — 0.018x?
R'(x) = 80 — 0.036x
The marginal revenue from selling x games is R'(x) = 80 — 0.036x.
¢) Let P(x) represent the profit function.
P(x) = R(x) — C(x)
= 80x — 0.018x* — (5000x — 2.8x?)
= —4920x + 2.782x%
P'(x) = —4920 + 5.564x

The marginal profit in selling x games is P'(x) = —4920 + 5.564x.

d) P'(x) = —4920 + 5.564x
P'(75) = —4920 + 5.564(75)
= —4502.7

The marginal profit in selling 75 games is —$4502.70/game.
Section 4.7 Page 251 Question 10
a) Let C(x) represent the cost function.
C(x) = 5000 + 2200x + 0.06x"
C’'(x) = 2200 + 0.18x>

The marginal cost of producing x rolls of carpet is C'(x) = 2200 + 0.18x>.
b) Let R(x) represent the revenue function.

R(x) = xp(x)
= x(10 000 — 0.05x?)
=10 000x — 0.05x>
R'(x) = 10000 — 0.15x>

The marginal revenue from selling x rolls of carpet is R'(x) = 10 000 — 0.15x>.
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¢) Let P(x) represent the profit function.

P(x) = R(x) = C(x)
=10 000x — 0.05x> — (5000 + 2200x + 0.06x>)
= 7800x — 5000 — 0.11x>
P'(x) = 7800 — 0.33x>
The marginal profit in selling x rolls of carpet is P'(x) = 7800 — 0.33x2.
d) P'(x) = 7800 — 0.33x2
P'(130) = 7800 — 0.33(130)*
= 2223
The marginal profit in selling 130 rolls of carpet is $2233/roll.

e) C'(x) = R'(x)
2200 + 0.18x* = 10 000 — 0.15x>
0.33x% = 7800
x? =23 636.364
x=15374, x>0

Marginal cost and marginal revenue are the same at a production level of approximately 154.74 rolls of carpet.

Section 4.7 Page 251 Question 11
Let p'(x) represent the rate of change in price.

p(x) = 1000 + 2+/x

) 1
p(x)= NG
At x = 500,
p'(500) = —
v/300
=0.044 72

The rate of change of price is approximately $0.044 72/unit at a production level of 500 units.

Section 4.7 Page 251 Question 12
a) Let N'(¢) represent the rate of change in the number of bacteria per hour.

N (1) = 120 000 + 10007
N'(t) = 30007

i) At1h, N(1) =3000(1)? or 3000 bacteria/h.

ii) At8h, N(8) = 3000(8)% or 192 000 bacteria/h.

iii) At24 h, N(24) = 3000(24)? or 1 728 000 bacteria/h.
b) The growth rate is increasing.

Section 4.7 Page 251 Question 13

O(I) = =17 = 1001 + 2505
Q'(I)=-21-100

At T = 60,
0'(60) = —2(60) — 100
=—120— 100
=220

At the $60 000 income level, the rate of change of cartridges demanded is —220/$1000 of income.
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Section 4.7 Page 251 Question 14
a) Let C'(¢) represent the rate of change of the CPI.

C(1) = 0.000 052 — 0.0005¢* — 0.01537> + 0.05> + 4.4041 + 69.5
C'(t) = 0.000 26* — 0.0027° — 0.0459¢% + 0.1t + 4.404

The rate of change of the CPI is C’(¢) = 0.000 26t* — 0.002¢> — 0.0459¢% + 0.1t + 4.404.
b) In the year 1984, t = 0. C'(0) = 4.404. In the year 1999, t = 1999 — 1984 or 15.

C'(15) = 0.000 26(15)* — 0.002(15)% — 0.0459(15)% + 0.1(15) + 4.404
=1.989

The rate of change of the CPI in 1999 was $1.989/year.
¢) Determine the actual change from 1984 (# = 0) to 1985 (t = 1).

C(1) = 0.000 052(1)° — 0.0005(1)* — 0.0153(1)> + 0.05(1)* + 4.404(1) + 69.5
=73.938
C(0) = 0.000 052(0)° — 0.0005(0)* — 0.0153(0)* + 0.05(0)* + 4.404(0) + 69.5
=69.5
C(1) — C(0) = 73.938 — 69.5
=4.438
The actual change in the CPI from 1984 to 1985 was 4.438 as compared to 4.404 from the rate of change model.
Determine the actual change from 1998 (¢ = 14) to 1999 (¢t = 15).

C(15) = 0.000 052(15)° — 0.0005(15)* — 0.0153(15)* + 0.05(15)* + 4.404(15) + 69.5

= 109.348
C(14) = 0.000 052(14)° — 0.0005(14)* — 0.0153(14)> + 0.05(14)* + 4.404(14) + 69.5
=107.732
C(15) — C(14) = 109.348 — 107.732
=1.616

The actual change in the CPI from 1998 to 1999 was 1.616 as compared to 1.989 from the rate of change model.

Section 4.7 Page 251 Question 15
a) Let N'(d) represent the rate of change of transit ridership.

N(d) = 21000 + 420d — 5d*
N'(d) = 420 — 10d

The rate of change of transit ridership is N'(d) = 420 — 10d riders per kilometre.

b) N'(2) = 420 — 10(2)
=420-20
= 400
N'(20) = 420 — 10(20)
=220

At 2 km from downtown the rate of change in ridership is 400 riders/km. At 20 km from downtown the rate of
change in ridership is 220 riders/km.
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Section 4.7 Page 251 Question 16
Equate the two marginal rates and solve for ¢.

d d
5(97.42\/; +295.01) = E(IOZ.SSI +403.75)

742 _ 058
24/t
97.42
Vi= 20516
(25
205.16
= 0.2255

The marginal outputs of the cities will be the same in approximately 0.2255 years. The marginal output is $102.58
million/year.

Section 4.7 Page 251 Question 17
Determine the marginal yield function, Y'(x).

Y(x) = —0.08x" + 35x + 3575
Y'(x) = —=0.16x + 35
The marginal yield function is Y’ (x) = —0.16x + 35 kilograms of wheat per kilogram of seed.
Y'(75) = —0.16(75) + 35
=23

When 75 kg of seed are used, the marginal yield is 23 kg wheat/kg seed.

Section 4.7 Page 251 Question 18
a) Let P'(¢) represent the growth rate of the bee population.

200
P(t) = 100Vt + —
t+1
1 -1
P'(t) = 100 - — + 200 -
® 24/t (t+1)?
_ 50 200
CVE @12
i) After 1 day,
50 200
Ply= —- ——
VIoo(1+1)?
=50-50
=0
After 1 day, the growth rate is 0 bees/day.
ii) After 10 days,
50 200
P10)= — - ——
V10 (10+1)2

=14.16
After 10 days, the growth rate is approximately 14.16 bees/day.
iii) After 60 days,

50 200
P60) = — - ———
(60) V60 (60 +1)2
= 6.40

After 60 days, the growth rate is approximately 6.40 bees/day

b) The growth rate initially increases and then decreases.
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Section 4.7 Page 252 Question 19
Let P(x) represent the profit function.

P(x) = R(x) — C(x)
= xp(x) — C(x)
= x(ax® + bx + ¢) — (dx> + ex? +fx+g)
=ax3+bx2+cx—dx3—ex2—fx—g
=(@-dx*+b-e)x*+(c—f)x—g
The profit function is P(x) = (a — d)x> + (b — e)x*> 4+ (c — f)x — g. Let P'(x) represent the marginal profit function.
P(x)=3a—-dx*+2(b—e)x+c—f

The marginal profit function is P'(x) = 3(a — d)x> +2(b—e)x + ¢ — f.
Section 4.7 Page 252 Question 20

Let C(x) be the family of functions representing the cost per pizza. The family of functions can be determined by

reversing the derivative rules.
10

C'(x) = 0.00025 — —
X
10
C(x) = Cy + 0.000 25x + —
X

0
The family of functions representing the cost per pizza is C(x) = Cy + 0.000 25x + —.
X
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Review of Key Concepts

4.1 The Derivative

Section Review Page 254 Question 1

a) The expression defines the derivative of f(x) = x? at x = 3.

b) The expression defines the derivative of f(x) = x*> + 4 at x = 1.

¢) The expression defines the derivative of f(x) = v/x at x = 4.

d) The expression defines the derivative of f(x) = x* at x = 1.

e) The expression defines the derivative of f(x) = v/x at x = 4.

f) The expression defines the derivative of f(x) = x* + 20 at x = —3.

Section Review Page 254 Question 2

v S+ h) = f(X) voon v S+ h) = f(x)
a) f(x)—}g(l) . b)f(x)—}g%T
. @+h)?+5-4*+5 204+ h)? +34 - (2(4)* +3(4
f,(4)=hm( ) ( ) F1(4) = lim A+ h+34+h - Q2D +34)
h—0 h h—0 h
. 16 +8h+h* +5—(16+5) 20164 8h+h)+12+3h— (32 +12)
T 50 h = h
. K +8h+21-21 32+ 16h+2R2+12+3h—44
= lim = lim
h—0 h h—0 h
=lim(h+8), h#0 2h* + 19k
h—0 = lim —
=8 h—0 h
=}lir%(2h+19), h#0
=19
von i J(x+h) = f(X)
©) S(x) = lim h

VA+h+ @4 +h) - (V4+4)
h

. Nd+h+44+h-6
= lim

h—0 h

. N4+ h=24+h
=lim————

h—=0 h
Vid+h—-2 V4+h+2

h VAt h+2

44 h—4
=1+lim—00n———

=0 h (VA+h+2)

f'@) = lim

=1+lim
h—0

1
=1+ lim—
=0 A+ h+2

1
=1+ —
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Section Review Page 254 Question 3

Sx+h) - fx)

f') = lim

h 6-
2 2 ]
f'(a)=}1in(1)(a+h) +a-llq-h (a® + a) |
- =X"2+X 5
A +2ah+ M +a+h-ad*—-a y ]
= l1m 4
h—0 h B
_ hQa+1+h) 47
=11m— 1
h—0 h ]
=}liné2a+1+h Y3
=2a+1
(=2 =2(-2) +1 27
=-3 ]
F=1) =21 +1 H
=1 1
f1(0)=20)+1 -3 -2 - 1 1 4 2 3
-1 1
-1
) =2(1)+1 A
=3 e
F1(2)=22) +1
=5

Section Review Page 254 Question 4

v 1 Jx+h) = f(x)
a) f(X)—}g%f
— 2 _12_ 92 _
f’(—2)=1im4( 24+ h)=3—-{4(=2)"-3)
h—0 h
4@ —-4h+h)-3-(16-=3)
= lim
h—=0 h
. 16 —16h+4h*-3-13
= lim
h—0 h
. —16h+4h?
=lim —
h—=0 h
=}l1_1‘)r(1)(—16+4h)
=-16
v o SO+ )= f(x)
b) f(X)—}gI(l) p

f'(=2) = lim

= lim
h—0

= lim
h—0

(=2 +h)? —8(=2+h) + 16 — ((=2)* — 8(=2) + 16)
h
4—4h+h+16—8h+ 16— (4 + 16 + 16)
h

h? —12h
h

= lim(h — 12)
=-12
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fx+h) - f(x)

fx+h) - f(x)

/ — 1i d 4 :1.
) fu)£% )f@)hg Y
3 3
/ V2D +3-vV=2+3 oy = iy 2T +2-((22) +2)
f(—2)=}lgr(1)\/ fen=in h
—8+ 12h—6R> + 1> +2 — (-
=1im\/h+1_l-\/h+1+1 = lim 8+ 12 6hh+h+ (=6)
h=0 VhE+1+1 -
. 12h—6R>+ K}
=lim ——— :}gno h
=0 h (Vh+1+1) _ 5
! = lim(12 ~ 6h + h)
= lim ———— 1
=0 h+1+1 -

1

2

e)
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f') = lim

J') = lim

S+ h) — f(x)
h

1 1
) o (=240 (=2
e
1 +l
. (h=2)3 8
= lim
h—0 h
8+ (h—2)>

= l1m
h—>0 8h(h —2)3
8+ h —6n*+12h—8

= lim
h=0 8h(h —2)3
h* — 6h + 12
=lm-—
=0  8(h—2)3
12
T —64
3
16

fx+h) - f(x)
h

1 1
oy V(2+h)+4 V244
f(_)_hl—% h

1 _1

_pm YAt2 V2

=Im -———
h—0 h

Vi ViT2 Vi+VR2

= lim .
0 hht2v2 V24 VRl
2—(h+2)

W it 2v2 (V2 + Vi 1 2)
-1
0 Vit 2v2 (V2 + Vh 1 2)

2(2v2)
L
42

= lim
h—0



Section Review Page 254  Question 5

s(t+ h) —s(t)

$'(0) = lim I

1 1
Z(r +h)? +10(t + h) — <Zt2 + 10t>

= lim

h—0 h

1 t+h)? -1 t+h)—t
T G ) ek T e Gl ) Bl

4 h>0 h—0 h

1 . P4+2h+h -7 _h
Siim T T

1 . .
—Z-}ll_)mo(2t+h)+10-}l1_r)1(1)1

1
= -2t + 101

4( ) (1

1

]
|
-
+
—_
(e}

1
The velocity of the train after # s is s'(¢) = Et + 10 m/s.

5'(2) = %(2) + 10
=11
After 2 s, the velocity of the train is 11 m/s.
sS'@) = %(4) + 10
=24+10
=12
After 4 s, the velocity of the train is 12 m/s.
5'(6) = %(6) +10
=3+4+10
=13
After 6 s, the velocity of the train is 13 m/s.

4.2 Basic Differentiation Rules

Section Review Page 254 Question 7

a) y=x’
dy 3
— =9
dx x
3
c =——
) y=-2
=_3x7*
dy _s
— =-3(-4
Ix (=4)x
12
X

Section Review Page 254 Question 6
104

y=f(x)

b) y= 12x3

IS
=
[}

d) fx) =

N

1l
W[ oo W| oo W] oo
=

S

Bl w

N————
><I
-
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e) f(x)=——x

Section Review  Page 254  Question 8
a) f(x) = x> +4x
f'(x)

d , d

— —4
dx(x )+dx( x)
2x +4

©) f(x) = x> = 7x* +3x°
/ _ i S5y i 4 i 3
f(x)—dx(x) dx(7x)+dx(3X)

= 5x* — 28x3 + 9x?

e) g(x) = (2x —3)?

=4x* - 12x+9
ooy d ) d d
gx) = dx(4X) dx(12x)+dx(9)
=8x—12
1 2
g) Y—g\/}—\/—;
=%x%—2x_%
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f) f(x) =3x"""
f'(x) =3+ DHx"

b) f(x) =5x> = 2x*
’ _i 3 _i 4
f(x)= dx(SX) dx(2X)
= 15x% — 8x°
_1a4 1
d) g(X)—zx .
=%x4—x_1
’ _i 1 4 d -1
g(X)—dx <2x> p ™)
oo
= 5@x = (=Dx
1
=2x3+;
1 3 -2
f) g(X)=§x - =X

= —=X +§x
= 69 — 3V + 2
g R
= 6x% — 3x7 + 10x75
dy d 1 d 1 -1
o~ (0) = 35 (3F) 4 3 (10
=6 (%) xi-3 <%> xI+10 (——) x$
=§x—z_x P



i) y=(x*-2x)
=x% —6x° + 12x* — 8x°
dy d o d s d . d
= = —(x%-—(6 —(12x*) - —(8
dx a’x(x) dx(x)+a’x( ) dx(x)
= 6x° — 30x* + 48x> — 24x2

Section Review Page 254  Question 9

_ 2
a) Yy=3- 2x Determine the equation of the tangent.
dy _ »
a—x—4x y—ylzm(x—xl)
d —(=9) = —3(x —
B _p s y=(=9)=3(x=3)
dx |x=3 y+9=-3x+9
=-3
The equation of the tangent is y = —3x.
b) y = X2 =2x+5 Determine the equation of the tangent.
Y _
ax -2 y =y =m(x—xp)
d —8=—4(x — (—
D s y—8=—4(x - (=1)
dx |x=-1 y—8=—-4x-4
=-2-2 y = —dx +4
=—4
The equation of the tangent is y = —4x + 4.
) y=+vx+ i The tangent is a horizontal line passing through (4, 4).
1 ﬁl The equation of the tangent is y = 4.
=x2+4x72
ﬂ = lx R P
dx 2
dy 1 1 3
2 ()i —2(4)3
dxps 2D @)
11
T4 4
=0
d) y = 2ax* + ax Determine the equation of the tangent.
Y _
I = daxta y=yi =m(x—x1)
d —10a =9a(x -2
A 4a(2) +a y @ =9a(x - 2)
dx |x=2 y — 10a = 9ax — 18a
=8a+a y =9ax — 8a
=9a

The equation of the tangent is y = 9ax — 8a.
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Section Review Page 255  Question 10

a) V() =2vVi+1
=22 4+ 1
V(1) =171

The derivative represents the rate of change in the value ($/month) of the stock.

b) Answers will vary.
¢) Answers will vary.

Section Review Page 255  Question 11

h(t) = 200 — 4.9¢

H(t) = —9.8t

The velocity of the ball after 1 s is /(1) = —9.8(1) or —9.8 m/s. The velocity of the ball after 2 s is #/(2) = —9.8(2)
or —19.6 m/s. The velocity of the ball after 5 s is #'(5) = —9.8(5) or —49 m/s.

Section Review Page 255 Question 12

The slope of the line 5x + y = 3 is —5. Parallel lines
have the same slopes.

d
a(3x2 —Tx+4)=-5

6x—7=-5
6x =2
1
==
3
1
Atx = =,
T3
2
1 1
=3(=) =7(=)+4
v=3(3) -7(5)+
1 7+12
T3 3 3
_0
T3
=2

The point on the parabola y = 3x> — 7x + 4 at which
the slope of the tangent is parallel to 5x + y = 3 is

(i
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Section Review Page 255 Question 13

d
The slope of the tangent to y = x> + x is d_y =2x+1.

X
The general coordinates of the point P on the parabola
are (x, x> + x). Let the remote point be Q(2, —3).

d
o Slope of segment PQ
dx
2 — (=
2x+1= ¥+x-(=3)
x—2
2
pxpo X EX+3
x—=2
2x% =3x—2=x>+x+3
x> —4x-5=0
x+DH(x=5=0
x=-lor5
At x = —1, the slope of the tangent is 2(—1) + 1 or

—1. The equation of the tangent through (2, —3) with
a slope of —1 is

y—(=3)=-1(x-2)
y+3=—x+2
y=—-x-1

At x =5, the slope of the tangentis 2(5)+1 or 11. The
equation of the tangent through (2, —3) with a slope of
111is
y—(=3)=1l(x-2)
y+3=11x-22
y=11x-25



4.3 The Product Rule

Section Review Page 255 Question 14

a) f'(x) = (x> + ZX)%(x F1) 4+ (x4 1)%@2 +2x) b)g(x) = 3x2 — 8x3)% (x%) + <x%) %(&c2 —8x%)

= (x2 1
x"+2x)(D) + (x+ DR2x+2) 3 - 8 <_) i (x%) (6x — 24:7)
=x24+2x+2x* +4x +2 2
=3x7 +6x+2 =;x%—4x§+6x%—24x%
15 :
= ;x% — 28x?
¢) st =Gt + 2t_2)i(t_2) + (t_2)i(3t +2172)
dt dt
=GBr+ 27203 + HB - 417
=612 — 47 372 — 4t
= 3172 87
’ 2 3 d 2 2 d 2 3
d) m'(k) = 3k — 4k +k)E(k — 4k) + (k —4k)%(3k—4k + k%)

= Bk — 4k* + kK*)(2k — 4) + (k* — 4k)(3 — 8k + 3k?)
= 6k? — 12k — 8Kk> + 16k> + 2k* — 4k> + 3k* — 8Kk> + 3k* — 12k + 32k> — 123
= 5k* — 32k> + 57k* — 24k

€ @ G+ Zﬁ)i(6x% -4)+ (6\F—4)i(3 +2x7)
dx dx dx
= 3+ 2vVX)(Bx77) + (6VX — H(x7H)
3 1
= (3 +2v/x) <\/—§> + (6vx —4) <—>

Vx
9
=—4+6+6—-—
VX vx
5
=124+ —
Vx
d d d
f) Y _ (ax* = bx)—(ax + b) + (ax + b)— (ax* — bx)
dx dx dx

= (ax® — bx)(a) + (ax + b)(2ax — b)
= a’*x? — abx + 2a*x* — abx + 2abx — b*
=3a*x* — b?

Section Review Page 255  Question 15

a) b =(x* - 1)i(x +3)+ (x+ 3)i(x2 -1 Determine the equation of the tangent.
dx dx dx

= (¢ = D(D) + (x +3)(2x) Y=y =m(x - x1)
= x> —142x* + 6x y—0=8(x—-1)

; =3x*+6x—1 y=8x-8

Y 2

— =3 +6(1) -1

dx |x=1 ) M The equation of the tangent is y = 8x — 8.
=3+6-1
=38
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b) a (x3+5)i(x2+x)+(x2+x)i(x3+5)
dx dx

dx

=3 +502x+ 1D+ (% +x)(3x?)
=2x* + x>+ 10x + 5+ 3x* +3x3

=5x*+4x> + 10x + 5

d
o 5(<2)t 4+ 4(=2)° +10(=2) +5
dx |x=—2
=80-32-20+5
=33
dy _ 1 d 1 1 d —1
c) I =(x+9x )dx(x2)+(x2)dx(x+9x )
1
=(x+9x7h <§) x4 (x%)(l -9x7?)
e IR
= 2x 2)6 X X
_3Vx 9
2 2(vx)
dy _ 349 B 9
dx |x=9 2 2(\@)3
9 1
T2 06
26
6
13
T3
dy d N
== — —4
d) T =@ +30—(T) + ()= (4+3)
=@ +30)2x7H + x7HEB)
= —8x 3 —6x7% +3x2
= —8x3 —3x72
Do gy -3
dx |x=4
-8 3
T 64 16
_=8-12
T 64
5
T 16

Section Review Page

a) (f8)'(x) = g(x) f'(x) + f(x)g'(x)
(f8)(5) =gB)f'(5) + f(5)8'(5)

255 Question 16

= (=3 + DO

12+6

=6
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Determine the equation of the tangent.

y—y1=m(x—xp)
y—(=6) =33(x - (-2))

y+6 =33x+66

y =33x+ 60

The equation of the tangent is y = 33x + 60.

Determine the equation of the tangent.

y—yi=m(x—x1)
13
y—30=?(x—9)
y:?x—39+30
13

y=?x—9

13
The equation of the tangentis y = 3X- 9.

Determine the equation of the tangent.

Y=y =m(x—x1)

5
y=l=-—=(x-4

5 20
y=-16% + T +1
5 36
y Ex+ 16
5 9
TR
. . 5 9
The equation of the tangent is y = —1—6x + T

b) - (8() = 8 () + ()50
= g(x)(2x) + (x*)(g'(x))
%(ng(x))pms = g(5)(2(5)) + (57)g'(5)
= (=3)(10) + (25)(3)

=-30+75
=45



d d d
) - (P f()g(x)) = g(x)—(x* () + (x* £(x)) = (g(x))
X dx dx

d d d
= g(x) f(x)d—(xz) + (D — ()| + P f(x))—(g(x))
X dx dx
= g(x) [f()(2x) + () f' ()] + x> f(x)g' (x)
d
d—x(xzf(x)g(x))u:s =g(5) [f(5)RB) + (51 f(5)] +5°f(5)8'(5)
= =3[(2)(10) + (25)(4)] +25(2)(3)
= —-3(20 + 100) + 150

= —360+ 150
=-210

Section Review Page 255 Question 17

a) f(x)=(x*+2)g(x) b)  f(x)=xgx)
d d d d
f(x) = g(X)d—(x2 +2) + (x* +2)—(g(x)) f1(x) = g(x)— () + (x7)—(g(x))
X dx dx dx
= g(x)(2x) + (x> +2)g'(x) = g()(=3x"H + (x7)g'(x)
= 2xg(x) + (x> +2)g'(x) = —3x""g(x) + x g (x)

¢ f(x)=ax’g(x)
d d
fl(x) = g(x)d—(axz) + (ax?)—(g(x))
X dx

= g(x)(2ax) + (ax?)g'(x)
= 2axg(x) + ax*g'(x)

4.4 The Quotient Rule

Section Review Page 255 Question 18

2x 3
(x> + l)i(2x) - (2x)i(x2 +1) (x— 2)i(x3) - (x3)i(x -2)
f(x) = dx dx g(x) = dx dx
(x2 +1)2 (x —2)2
P+ D) - (20)(2x)  (x=2)(Bx%) = (x*)(1)
a (x2+1)2 B (x —2)2
_2x2+2—4x2 _3x3—6x2—x3
T2+ 1) T (x=2)2
_ 2 —2x2 _ 2x3 — 6x2
(2 +1)2 T (x=2)2
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2x + 1

— -2
© hx)=—7¢ d €)==
d d d d
o (VO @x+ 1) - 2x + I)E(ﬁ) (1=x)——(x=2) = (x=2)——(1—x)
W(x) = - C'(x) = x x
(Vx) (1-x)?
_ L _ (=01 - (x=2)(=1)
. (Vx)(2) — (2x + 1)<2\/§) = L —x?
B X _l=x+x-2
1 - 2
e — —— (1-x)
_ 2vx —+/x S ) |
x T -x)2
- X
_ L1
VX 2xyX
=t VX +3
e) N(t)—z_t b fx) = NG
d ,.d d d
Q-0 -1)—(t-1)Q2-1 (VO —=(Vx +3) = (Vx +3)— (V)
2-ry (vx)?
_Q-n-20)—-(@—r)(=1) 1 1
i G- _ (3z) -5 +3(35)
2= —t420 11 B x
- Q-1 1_1_3
24141 _2 2 2vx
Y b
2-9 N
T 2xvx
Section Review  Page 255  Question 19
d d
» dy _ (1 _X)E(z) - (2)5(1 —X)
dx (1 - x)? Determine the equation of the tangent.
_ (1 =x)(0) —2(-1)
- (1-x)? y=y1=mx—xp)
2 y=(=2)=2(x-2)
T (1-x)? y+2=2x-4
ﬂ 2 y=2x-06

dxp=r  (1=2)2
The equation of the tangent is y = 2x — 6.

=]
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N NN S
ﬂ=(2 X)dx(x) (X)dx(Z x%)

b)

dx (2 — x2)?
_ 2= x2)(1) — x(=2x)
- — x2)2
2-x%) Determine the equation of the tangent.
2= x? +2x?
(2—-x2)? y =y =m(x—x1)
2+ x2 3
= — -(-D)==(x-2
Ty y=(D=3(x-2)
v _ 2+22 y+1=%x—3
dxpx=2 (2-22)2
3
_ 6 y= Ex -4
2-4)?
6 . . 3
=7 The equation of the tangent is y = 5%~ 4.
_3
2
d d
2X)— (x> +4) - (2 +4)—(2
o ﬂ:(x)dx(x+) O +4) - (2x)
dx (2x)2 The tangent is a horizontal line passing through (2, 2).
(2x)(2x) — (x% + 4)(2) The equation of the tangent is y = 2.
B 4x?
_ 4x* —2x* -8
B 4x2
_ x2—4
2x?
dy (2’4
dxx=2  2(2)2
_0
-8
=0

Section Review Page 255 Question 20

D fo=iD b =22
v d d
d d = - =
(VE) = (5(x)) = 8()—(v%) N A ™
’ _ X dx f (x) =
) = Ve 32
7 _ xg(0) - g®()
(Vg (x) — g(x) <—> e
- 2Vx) WX xg'(x) = g(x)
x 2s =
_ 2xg'(0) — 8(x)
2x4/x
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xg(x)
x+1

d d
(x+ l)d—(xg(X)) - xg(x)—(x+1)
X dx
(x+1)2

¢ f(x)=

fl(x) =

d d d
Gt 1) G- (x) + () —g(x) [ = xg(x) ——(x + 1)

(x+1)2
_ x4+ DIgx)@) + xg'(x)] = xg(x)(1)
(x+1)2
_ (x4 Dgx) + x(x + Deg'(x) — xg(x)
(x + 1)?
xg(x) + g(x) + x(x + 1)g'(x) — xg(x)
(x + 1)?
g(x) + x(x + 1)g'(x)
(x+1)?2

Section Review Page 255 Question 21

50012
147

d d
1+£)— 2y — ) —(1+7
1+ )dt(500t ) — (500 )dt( +1)

a) P(t) = + 100

+ d(100)

P = TEYSE

_ (1 +)(10007) — (5001%)(31%)
B (1+13)?

_5001(2 + 21 = 38%)

- (1+8)?

50002 — %)

S (1+B)

+0

P’'(t) defines the rate of change of population in hundreds of

people per year.
c)
5007

1+t3+100

P(t) =

GRAPHING CALCULATOR

=R AL+ E 2+ 00

=198 Z0RZE |

The population increases dramatically early on, then
decreases, gradually levelling off.

d) Answers will vary.
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dt

b) P()=0
50002 —1°)
(1+13)?2
50002 -1*) =0
12-1)=0
=0
2-1=0
#=2

t=v2

Fort > 0, P'(¢) is zero when t = v2. This
indicates the point at which the population
stops increasing.

50002 = )

P (1 +13)2

GRAPHING CALCULATOR

VESCEONHCE =R 0N+ R 3T

r=-19.%6H86 .

Early on, P'(?) is positive, reflecting an increasing pop-
ulation. At ¢ = v/2, the rate of increase is zero, reflect-
ing the point at which the population achieves a max-
imum. P'(t) < O for t > /2, reflecting a decreasing
population.



4.5 Derivatives of Derivatives

Section Review Page 256 Question 22

a) y=x"-3x+2 b) y =4x® = 2v/x
d
d—y=2x—3 = 4x3 — 2x1
dz)yc W -y
ik o 3
— =24x+ =-x"2
dx?
= 24x + —;
2x12
1
=24x +
2x4/x
c) y=vVx(+1) d) y=(x=2)"+3x)
=x§+xé = x> 4 3x* — 2x% — 6x
ﬂ—éx%-'—lx_% =X3+xz_6x
dx 2 2 dy 2
=2 = 2x —
dy 15 4 1 4 dx - X F2x =6
x4 T <y _ o
— =6x+2
=E\/}_ 1 dx?
4 4x+/x
x—1 x?
©) y= x+1 = x+2
d d d , 2, d
—(x=1D=(x=—D— 2)—(x}) = (x)—(x +2
Q=(x+1)dx(x 1)—(x l)dx(x+1) Q=(x+ )dx(x) (x )a’x(x+ )
dx (x + 1)2 dx (x +2)?
_ G+ DM == DHA)  (x+2)2x) = (xH)(1)
(x + 1)? B (x +2)2
=x+1—x+1 _2x2+4x—x2
(x+1)? O (x+2)?
— 2 _ x? +4x
(x+1)2 ; , T (27
2 _ 2 d d
d’y e+ 1) dx(2) (Z)dx(x +2x+1D %y (x+2)25(x2+4x)—(x2+4x)a(x2+4x+4)
dx2 2 ((x+1)2)2 ax? ((x +2)%)?
_ x4+ D7) —2@2x +2) (x4 2x+4) - (2 +4x)(2x + 4)
(x + 1) - (x+2)*
- __4“ (X +2)(2x +4) — 2% + 4x)
(x+ 1) B (x+27°
_2x2+8x+8—2x2—8x
a (x +2)3
8
T (x+2)3
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Section Review Page 256 Question 23

f(x) = x> =2x% +3x
f'(x)=3x>—4x+3

f'(x)=6x—4
f1(2) = 6(2) -4
=12-4
=8
The slope of the tangent to f'(x) at x = 2 is 8.
Section Review Page 256 Question 24
Mt MC
= b H=M—- ——
a) s(1) C11 ) s(?) o
Mt+ MC-MC , d McC
- C+1 S(I)_E<M_C+t>
_Mi+MC  MC Since d(t) = d(C + 1),
C+t C+t —1
d(M) d(C+1)
M = -
_MC+n MC dt d(C+1)
C+t C+t >
MC =0-MC(-1)(C+1)
-V T CHr __Mc_
After a very long time, (C+1)?
MC , MC
. — 1 o s (0) - -
i s = fig M - 75 (C+0y
- M _McC
e
The mass that collects on the string approaches, but _M
never reaches, a limit of M. T C

. MC
©) SO =y

=MC(C+1)?
s"(t) = MC - %(c +1)72
Since d(t) = d(C + 1),
d(C+n)7
d(C +1)
MC - (=2)(C+1)73
_ 2McC
(C+1)3

s”(t) represents the rate at which the growth rate is
changing.
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M
The initial growth rate is rel g/week.

M
d) s(t) ==
Mt M

C+r 2

t 1

C+t 2
2t=C+t

t=C

It will take C weeks for half the mass to accumulate
on the string.

2MC
(C+0C)3
2MC

8C3
M

ac?

S"(C) —




4.6 Velocity and Acceleration

Section Review Page 256 Question 25

a) s(t) =28 + 4% —¢
V(1) = 61> + 8 — 1
a(t) =12t + 8

Section Review Page 256 Question 26

b) v(4) = 6(4)* +8(4) — 1
=96+32-1
=127

The velocity after 4 s is 127 m/s.
a(4)=12(4)+8
=48+8
=56

The acceleration after 4 s is 56 m/s2.

Determine the system of functions defining the motion of the particle.

a) v(i) =0
32 — 241 +45=0
P —8+15=0
(t=3)(t=5)=0

t=3or5

The particle is at rest at 3 s and 5 s.

s(t) =12 — 121 +45t+3, t >0
v(t) = 31> = 241 + 45
a(t) = 61 — 24

b) 3 5
(t—3)= 5 5 : >
(t—5): — - 0 :
I - I >

(t-3) (t-5)

v

The velocity is positive over the intervals ¢ € [0, 3) and
t € (5, 00). The velocity is negative over the interval

te€(3,95).

¢) The acceleration is positive when 6 — 24 > 0 or t € (4, o0). The acceleration is negative when ¢ € [0, 4).
d) The acceleration is zero at t = 4. At this time v(4) = 3(4)? — 24(4) + 45 or =3 m/s.

e)

f) In the first 3 s, the particle travels 57 — 3 or

54 m. Over the interval ¢ € [3, 5] the particle trav-
els 57 — 53 or 4 m. Over the interval ¢ € [5, 8], the
particle travels 107 —53 or 54 m. The total distance
travelled by the particle is 54 + 4 + 54 or 112 m.
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Section Review Page 256 Question 27

Determine the system of functions defining the motion of the tool.

s(t) = 6.5t — 0.837*
v(t) = 6.5 — 1.66t

a(t) = —-1.66

a) v(1) = 6.5 — 1.66(1)
=6.5-1.66
=484

The velocity of the tool after 1 s is 4.84 m/s.

b) The acceleration of the tool is —1.66 m/s>.

d) v(7.83) = 6.5 —1.66(7.83)
=-6.5

The tool will hit the moon at approximately —6.5 m/s.
4.7 Rates of Change in the Social Sciences

Section Review Page 256 Question 28

a) C(x) = 15x + 0.07x>
C'(x) = 15+0.14x

The marginal cost function is C'(x) = 15 + 0.14x.

¢) The tool will hit the moon when s = 0.

s(t) =0
6.5t —0.83> =0
1(6.5—0.83t) =0
t=0
6.5-083t=0

6.5

= ——

0.83

=783

The tool will hit the moon at approximately 7.83 s.

e) These events take a longer time than on Earth.

b) C'(250) = 15 + 0.14(250)
=15+4+35
=50

At the 250-unit production level, the marginal cost is
$50/unit.

¢) C(251) — C(250) = 15(251) + 0.07(251)% — (15(250) + 0.07(250)%)

= 50.07

The cost of producing the 251st item is $50.07.

d) The cost of producing the 251st item is very close to C’'(250).

Section Review Page 256 Question 29

a) Let n'(t) represent the rate of change in the population per year.

n(t) = 1200 — 1707 + 187>
n'(t) = =170 + 36¢

i) After 4 years, n'(4) = —170 + 36(4) or —26 people/year.

ii) After 5 years, #'(5) = —170 4 36(5) or 10 people/year.

iii) After 10 years, n'(10) = —170 + 36(10) or 190 people/year.

b) The growth rate increases.
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Section Review Page 257 Question 30
a) Let the profit function be P(x).

P(x) = R(x) = C(x)
= 0.78x + 0.0003x> — (480 — 0.32x + 0.0005x2)

= 0.78x + 0.0003x> — 480 + 0.32x — 0.0005x>
= 1.1x — 0.0002x> — 480

The profit function is P(x) = 1.1x — 0.0002x> — 480.
b) The marginal profit function is P’(x).

P(x) = 1.1x — 0.0002x2 — 480
P'(x) = 1.1 — 0.0004x

The marginal profit function is P'(x) = 1.1 — 0.0004x.

¢) 1) The profit when 300 bottles are sold is P(300) = 1.1(300) — 0.0002(300)%> — 480 or —$168. The marginal

profit is P'(300) = 1.1 — 0.0004(300) or $0.98/bottle.

ii) The profit when 500 bottles are sold is P(500) = 1.1(500) — 0.0002(500)> — 480 or $20. The marginal profit

is P'(500) = 1.1 — 0.0004(500) or $0.90/bottle.

iii) The profit when 700 bottles are sold is P(700) = 1.1(700) — 0.0002(700)? — 480 or $192. The marginal profit

is P'(700) = 1.1 — 0.0004(700) or $0.82/bottle.

Section Review Page 257 Question 31
a) Let C'(x) represent the marginal cost function.

C(x) = 61 000 + 8x + 0.009x>
C'(x) = 8+0.018x

The marginal cost of producing x boxes is C'(x) = 8 +0.018x.
b) Let R(x) represent the revenue function.

R(x) = xp(x)
= x(90 — 0.03x)
= 90x — 0.03x>
R'(x) =90 — 0.06x

The marginal revenue from selling x boxes is R'(x) = 90 — 0.06x2.
¢) Let P(x) represent the profit function.

P(x) = R(x) - C(x)
= 90x — 0.03x — (61 000 + 8x + 0.009x?)
= 90x — 0.03x> — 61 000 — 8x — 0.009x”
= 82x — 0.039x% — 61 000

P'(x) = 82—0.078x

The marginal profit from selling x boxes is P'(x) = 82 — 0.078x.

d) P'(x) = 82— 0.078x
P'(200) = 82 — 0.078(200)
= 66.4

The marginal profit at the 200-box production level is $66.40/box.
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Section Review Page 257 Question 32
a) Let N'(d) represent the rate of change of highway usage.

N(d) = 58.6\d
1
N'(d) = 58.6 [ —
@ <2fd>
_293
VZ

29.3
The rate of change of highway usage is N'(d) = —— users per kilometre.
29.3
b) i) Ata driving distance of 50 km, the rate of change of the number of users is N'(50) = R or approximately

4.14 users/km.
ii) Atadriving distance of 100 km, the rate of change of the number of users is N'(100) =

or 2.93 users/km.
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Chapter Test
Section Chapter Test Page 258 Question 1
. o fx ) = f(0)

o fo= lim —_—

(x+h)?=3x+h)+2-(x*-3x+2)

1 1
x+h+2 x+2

i) a)f"(x) = lim ;

X2+ 2xh+h? =3x=3h+2—-x*+3x=2

b) f(x)=£1_r}(l) Y
x+2—(x+h+2)

= lim
h—0 h
. 2xh+h*=3h

=lim———
h—0 h

=limQ2x+ h—3)
h—0

=2x-3

fl(x)=2x-3

Section Chapter Test Page 258 Question 2
a) f(x) =x>—2x% —4x7!
d
fl(x) = —(x*=2x*—4x7h
dx

=3x% —4x +4x7?

) s(t) = 2t + 1)(* - 31)
’ — (42 _ i i 2
sS'(t) = (t 3t)dt(2t+ D+ Q2+ l)dt(t 31)

= -30Q2)+ Q2+ 1)(2t - 3)
=2 —6t+47 —6t+2t—3

=6t - 10t -3
x2
e) f(x)= T—a
d , s d
) = (x—4)a(x ) —(x )E(x—4)
(x — 4)

_ (x —4H)(2x) — (x*)(1)
(x —4)?

_ 2x%2 — 8x — x?

=

_ x% — 8x

= lim
=0 h(x + h + 2)(x + 2)
— lim XxX+2—-x—h-2
=0 h(x+h+2)(x +2)
. —h
= lim
=0 h(x +h+2)(x + 2)
= lim -1
T =0 (x+h+2)(x+2)
1

C(x+2)?
o= -
Y= (x +2)?
b) g(x) = V%
=
ey 4 (2
g0 = (xF)
_3x—l
_Z 1
_ 3
-1
d) h(x) = Vx(2x* — V)

x%(2x4 — x%)

1 d 1 1 d 1
H(x) = 2x* - xi)a(xi) + (x7)5(2x4 —x1)

1 1 1
> + (x2) <8x3 - Ex_i

RI=

1
=(2x* - x%) <§x_

X242

(x2 + 2)1(3 -x)—3- x)i(x2 +2)
A(x) = dx dx

(x2 +2)2
(P +2)(=1) - (B -x)(2x)
B (x2 +2)2
—x? =2 — 6x +2x?
(x2 +2)?
x?—6x—2
(x2 +2)2
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Section Chapter Test Page 258 Question 3

a) y=x=3)(5-2x)
y=5x=2x* =15+ 6x
d
Y 15x2—8x3 +6
dx
d
Y 1502 -802)° +6
dx|x=2
=60—64+6
=2
dx +3
b =
) Y x2+x

d d
2 2
v (x +x)_(4x+3)_(4x+3)_(x +x)

dx (x2 + x)2
F+x)4) - (@x+3)2x+1)
(x% 4+ x)?
4x? 4+ 4x — 8x* — 10x — 3
(x2 + x)?
4x% + 6x + 3
dy 4(=3)2+6(=3)+3
dx x=-3 (=32 +(=3))?
36— 18 +3
(9-3)?
7

12

X3 —=5x-17

X

(x)%(x3 —5x=T7) = (x> =5x— 7)%@)

dx x2
x(3x% = 5) — (x> = 5x = 7)(1)
2

x
3x3 —5x — x> +5x+7
)

2x3 47
2

X
dy 2(=2)3+7
dX x=—2 (=2)2

-16+7
4

_2
4

250 MHR Chapter 4

Determine the equation of the tangent.

Y=y =m(x—x1)

y=5=2(x-2)
y=5=2x-4
y=2x+1

The equation of the tangent is y = 2x + 1.

Determine the equation of the tangent.

y—=y1 =m(x—x1)

3 7
y- <—§) = _E(x - (=3)

3 7
y+ 5 —E(x+3)
37 7
YT T TR g
7 13
o127 4
. . 7 13
The equation of the tangentis y = XTI

Determine the y-coordinate at x = —2.

(=2} =5(=2 -7

¥(-2) = =
_ -8410-7
==
5
)

Determine the equation of the tangent.
y—=y1=mx—xi)

5 9
y=3=-7(= (=)

2
5 9
y=3 _Z(x+2)
5 9x 9
Y727 T2
9
y:—Zx—Z

9
The equation of the tangentis y = Bk 2.



Section Chapter Test Page 258 Question 4

a) y=6x>—5x>+8x—1 b) y=Vx(x*=2)
d -
Y o 18x - 10x +8 X" -2)
Zx =x7 —2x3
d’y d l
ﬁ=36x—10 é:éx%—x_i
d’y 2y 15, 1
—  =36(2)-10 ey _o1 1 s
dx? |x=2 @ a2 g XX
=72-10 _15\/}4_ 1
=62 -4 24/ x3
>’y 15v2 1
c) y=(x- 3)_2 Euzz T4 + 2\/5
dy _3
o= 2 =3) 15vV2 1
X = — 4 —
d2y 4 4 \/z
o2 -0 =3) _15V2 V2l
& =6(2-3)"* 4 V2 42
dx2jx=2 _30+1 2
=6(1) 442 V2
=6 _31V2
==

Section Chapter Test Page 258 Question 5

a) The slope of the line 3x + y = 2 is —3. Parallel b) Determine the equation of the tangent.
lines have the same slopes.

Y=y =m(x—xy)

42 - 5 1
dx(x —4x+3)=-3 y—Z=—3<x—§>
2x —4=-3 s 3

= __=_3 —_

2x 11 y 1 x+2

x == 11

=-3 —

2 y x+4

1
Atx = =,
*=3

11
The equation of the tangent is y = —3x + T

—

[
+
|

<

Il
Al A=
N —
~
[\

|

N

N —
N —
N~~~

+

W

The point on the parabola y = x> —4x + 3 at which
the slope of the tangent is parallel to 3x + y = 2 is

&)
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Section Chapter Test Page 258 Question 6

D (fe) () = g0 0+ f(0g ) b) (f) (x) = 87 (Eg)(;){z(x)g )
(f2) (@) = g@) f'(4) + F(H)g'(4) ,
4 f(4) - f(d)g (4
= 7(-2)+3(5) (f) @) = £ ([;(4){ D@
= —14+15 =2 -36)
=1 Ty
_—14-15
S
29
49
d d
2 By SO0 = (D ()
©) (&%) (x) = (28) (%) d) <7> (x) = = COT =
— ! + ! x
_g(x)g (,X) g(x)g'(x) F@O0) - (1))
=2g(x)g'(x) = e
2N/ _ ’
(g )(4):§g7(4)§ @) e
:78 )6) L ()
f [f @]
-2
-T2

2
9

Section Chapter Test Page 258 Question 7

Determine the power, P, in terms of #, through substitution.

P=1I’R
= (5-0.017)>(10 + 0.08¢)
= (25— 0.1¢ + 0.00017%)(10 + 0.08¢)
=250+ 2f — t — 0.0087> + 0.0017> + 0.000 0087
=250 + 1 — 0.007¢% + 0.000 0087°

a) Pt = %(250 + 1 — 0.007¢% 4+ 0.000 0087%)
=1-0.014¢ + 0.000 0247
After t seconds, the power is P(¢) = 1 — 0.014¢ + 0.000 02412 watts per second.
b) P'(10) = 1 — 0.014(10) + 0.000 024(10)*
=1-0.14 4+ 0.0024
= 0.8624

After 10 s, the power is 0.8624 W/s.
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Section Chapter Test Page 258 Question 8
Determine the system of functions defining the motion of the particle.

s = —62+9%+1,1>0
v(t) =32 =12t +9

a(t) =6t —12
a) v(4) =3(4)* - 12(4)+9 b) a(4)=6(4)-12
=48-48+9 =24-12
The velocity after 4 s is 9 m/s. The acceleration after 4 s is 12 m/s.
c) v(it) =0 d)
31— 12t+9=0 ! 3
2 I .
" —4t+3=0 I >
(t-1) — 0 + +
t-DH@r-3)=0 ) R
t=1or3 (t-3) — — 0 +
The particle is at rest at 1 s and 3 s. (t-1) (t-3) + 0 - 0 +
The velocity is positive over the intervals ¢ € [0, 1) and
t>3s.
e) a(®) =0 f) The position at 0 s is 0° — 6(0)> + 9(0) + 1 or
6t—12=0 1 m. The position at 1 s is 13 — 6(1)> + 9(1) + 1
6f = 12 or 5 m. The position at 3 s is 33 — 6(3)> +9(3) + 1
or 1 m. The position at 4 s is 4> — 6(4)> + 9(4) + 1
t=2 or 5 m. The total distance travelled over the first 4 s
v(2) =3(2)* - 12(2) +9 is5 =11+ [1=5/+15—1]or 12 m.
=12-24+9
=-3

When the acceleration is zero, the velocity is —3 m/s.
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Section Chapter Test Page 258 Question 9
a) Let n'(¢) represent the rate of change in the population per hour.

n(t) = 750 + 120t + 137* + 213
n'(t) = 120 + 26t + 61°

1
i) At 10 min, or 3 h,

2
1 1 1
(=) =120+26( = -
n<6> 0+ 6<6>+6<6>
_720 26 1
T 6 6 6
47
T 6
=124.5

The growth rate of the population after 10 min is 124.5 bacteria/h.
ii) At3h,

n'(3) =120+ 26 (3) + 6 (3)
=120+ 78 4+ 54
=252
The growth rate of the population after 3 h is 252 bacteria/h.

iii) At8h,

n'(8) = 120 + 26 (8) + 6 (8)?
=120+ 208 + 384
=712
The growth rate of the population after 8 h is 712 bacteria/h.

b) Answers will vary.

Section Chapter Test Page 259 Question 10

a) b)

GRAPHING CALCULATOR p(x) X

R T B EE DT T ) 0 40 000
$1.00 30 000
$2.00 20 000
$3.50 5000

| . $4.00 0

HES g

As demand increases, the price decreases. As demand
decreases, the price increases.

d
¢) R(x) = xp(x) d) R(x) = E(4x —0.0001x%)
— (40000 —=x = 4 —0.0002x
10 000
A x2 The marginal revenue function is R'(x) = 4—0.0002x.
=™ 710000
= 4x —0.0001x>

The revenue function is R(x) = 4x — 0.0001x2.
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e) R'(10 000) = 4 — 0.0002(10 000) f)  P(x) = R(x)— C(x)
=4-2 = 4x — 0.0001x> — (2500 + 0.04x)
=2 = 4x — 0.0001x* — 2500 — 0.04x

: : . = 3.96x — 0.0001x* — 2500
The marginal revenue when x = 10 000 is $2/unit.

The profit function is P(x) = 3.96x—0.0001 x2-2500.

) d

g) P(x) = - (3.96x — 0.0001x” — 2500) h) P'(30 000) = 3.96 — 0.0002(30 000)
=3.96 — 0.0002x =-2.04

The marginal profit function is P’'(x) = 3.96 — 0.0002x. The marginal profit when x = 30 000 is —$2.04/unit.

Section Chapter Test Page 259 Question 11
M(x) = 0.4v/x

M) = 2 (04v5)

1
=°“‘<m>
_02

Vx
0.2

V3
=0.1155
The linear density of the rod is approximately 0.1155 kg/m.

Section Chapter Test Page 259 Question 12
a) Determine the velocity.

M'(3) =

h(t) = —4.9¢ + 500

2
40 40
d ) == =
V(1) = E(_4'9t2 + 500) b) h < 7 > 4.9 < 7 > +500
- -4.9(1
= -9.8¢ = —4.9(1600) + 500
Determine the time to reach a speed of 56 m/s. 49
= —160 + 500
[v(®)| = 56
=340
[—9.8t| = 56
9.8t = 56 The speed is 56 m/s at a height of 340 m.
56
t=—
938 ©) 40
_ 40 —9.8¢ ;05t§7
= — A
i " 56 ;> 20
’ 7

40
It takes - s to reach a speed of 56 m/s.

d) e) The graph would curve to approach v = —56 as an
asymptote. It would take longer to reach an ade-
quate approximation of —56, and would result in a

longer fall.

GRAPHING CALCULATOR

W=E.P14ZBE? ¥=-EB
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Section Chapter Test Page 259 Question 13

Let h(x) represent the height of the ball, in metres, thrown upward from the base of the CN tower after ¢ seconds. A
system of functions describing the motion of the ball can be developed.

a(t) =-9.8 (D
v(t) = 9.8t + v )
h(t) = —4.91 + vot 3)

where vy is the initial velocity imparted to the ball, in metres per second. The time taken to achieve a maximum height
can be determined from (2).

v(t)=0
—98t+vy=0
Vo
t= — 4
9.8 “)

A value for vy can be obtained for a maximum height of 550 m to be achieved.

h(t) = 550
—4.97% + vt = 550 (5)
Substitute (4) into (5).
Yo 2 Yo
4. (-) —) = 550
?\gg) T (9.8
2 2
Yo Yoo
196 9.8 530
—v2 + 2y = 550(19.6)
ve = 10780
vo = 103.83

To reach the top of the CN tower, the person would have to throw the ball at approximately 103.83 m/s, which is
impossible.
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Challenge Problems
Section Challenge Problems Page 260 Question 1

Since the slope of the tangent is 2, ¢ can be obtained. The value for d can be determined.
o _, y1)=5
dx|x=1 1) +d=5
2eX|x=1 =2 l+d=5

2¢(1) =2 d=4
c=1

The solution is (¢, d) = (1,4).
From y = 2x + 3, the coordinates of the point of tangency are
determined to be (1,2(1) + 3) or (1, 5).
Section Challenge Problems Page 260 Question 2

The coordinates of the general point, P, on y = x2 are
(x x2), Define (0, —4) as Q. GRAPHING CALCULATOR

d
d—(xz) = Slope of PQ
X

x> —(=4)
2x = ~_o0
2x2=x>+4
x?=4
x =2
When x = -2, y = 4. The slope of the tangent is When x = 2, y = 4. The slope of the tangent is 2(2)
2(=2) or —4. or 4.
y—4=4(x-2)
y—4=—4(x - (-2) y=dx—4
y=—-4x-4

The equations of the tangents are y = +4x — 4.

Section Challenge Problems Page 260 Question 3

Let the coordinates of the point of tangency be P(a, a). The slope of the tangent at P is y'(a) or 3a>. Determine the
general equation of the tangent at P.

y— a = 3a2(x —a)
y=3d’x-3a’ +a’
y = 3a’*x - 24°
Determine the coordinates of Q, the point of intersection of the tangent and y = x>.
x* =3a’x — 2a°
3 2 3 _
x=3ax+2a =0 (L
Since x — a is a multiple factor of (1), synthetic division is used to reveal the other factor of x + 2a. The x-coordinate

of Q is —2a. The slope of the tangent at x = —2a is 3(—2a)? or 12a®. This result can be expressed as 4(3a?) or four
times the slope of the tangent at P.
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Section Challenge Problems Page 260 Question 4

Show true forn = 1.

d
—x =1
dx

=1-x°

The rule is true for n = 1. Assume true for n = k, or

d
—xk =k X!

T ey

Prove true for n = k + 1 using the product rule.

44 (o
dx dx

N a4«
)22 () + () —=(x7)

d
(1) + ()~ (x*)
X

d

X+ () — () 2)
dx

Substitute (1) into (2).

xK 4 o)k - XK1

x4 k- xk

(1 + k)

(k + D)x*

d _
Hence, —x" = nx""!

Section Challenge Problems Page 260 Question 5
Determine the slope of the tangent to y = +/x at (16, 4).

dy 1
2 VX -
dx PO 2VX |x=16
1
2416
1
-8
Determine the equation of the tangent.
1
—-4=-(x-16
y g(x—16)
! 244
= —X —
Y73
1
y=gx +2

The coordinates of the x-intercept of the tangent are Q(—16, 0). The coordinates of the y-intercept are M(0, 2). The

—-16+16 0+4
—ox0 ,—+ )or(O,Z),orM.

coordinates of the midpoint of PQ are < 5
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Section Challenge Problems Page 260 Question 6

Let the coordinates of the point of tangency be P(a, 5a> — 4a*). The slope of the tangent at P must be the same as the
slope of OP.

50> —4a®> -0
10g— 122 = 22— 2% — 7
a—0
10a* — 124° = 54* - 4a°
5¢° —8a’ =0
a*(5-8a) =0
=0or =
a or 2
The tangents pass through the origin at (0, 0) and é 5 § 2 -4 é 3 or é g
genis p g g ’ g7 \38 8 8 128 )
Section Challenge Problems Page 260 Question 7
Determine the slope of the tangent at P.
d
2 o4 - 24 —Ax 24,y
dx |x=1 2
4 24
=—-——-2+4+24
s~ 7
1
==-+16
3 +
_3
T2
Determine the equation of the tangent at P.
(223 ]
Y 16) "2 2
_ 33x 33 55
YERY T T 16
33 187
= - L 1
27716 )
Equate (1) with the given quartic to determine the quadratic solution through A and B.
33 187
4 3 2
—8x’ =2 24x - 14 = —x — —
X X x° + 24x AT
16x* — 128x% — 32x? + 384x — 224 = 264x — 187
16x* — 128x* — 32x* + 120x =37 = 0 )

1
Since 2x — 1 is a multiple root of (2) <due to tangency at x = 5)’ polynomial division yields the required quotient

leading to the quadratic solution y = 4x? — 28x — 37.

Section Challenge Problems Page 260 Question 8
List the given results.

Fx+y)=2fx)f(y) (H
1

fx) = 5+ xg(x) 2

lingg(x) =1 3)

Define the derivative:

fx+h) - f(x)

f'(x) = }lgmo , 4)
Use (1) to re-express the numerator in (4).
_ 1 2f(x)f(h) = f(x)
= lim
h—0 h
. S 2fh) = 1]
b — ®

Challenge Problems MHR 259



Using x = A in (2), substitute (2) into (5).

S [2(3 +hgy) —1]
= lim
h—0 h
_ Jx)[1+2hg(h) — 1]
= lim
h—0 h
= lim f(x) 2g(h))

= 2f(x) lim g(h) ©)

Substitute (3) into (6).
=2f(x)-1
=2f(x)

Section Challenge Problems Page 260 Question 9

a) O() = 0.09V8 + 2(t — 7)° b) o) -0 _ 0.09v/8 + 72(7 — 7)? — 0.094/8 + 02(0 — 7)?
7) = 0.09V/8 + 49(7 — 7)? 7-0 7
om +AUT=T) —0.09v/3(49)
= 0.091/57(0) =——
=0 = 7(-0.09)V/3

The urn is empty after 7 min. =-1.7819

The average rate of delivery over the first 7 min is —1.7819 cups/min.

t
¢) The derivative of Q(¢) is Q'(r) = 0.09(r — 7)° +0.09V/8 + 1221 — 24).
8+ 12

2

'(2) = 0.09(25)——= +0.09V/12(~10

0'(2) ( )m+ (=10)
= ~1.8187

The rate of delivery after 2 min is approximately —1.8187 cups/min.

Section Challenge Problems Page 260 Question 10

The symmetry of the function y = x? dictates that the intersection point of the three normals occur on the y-axis.
Although there is an infinite number of sets of three points, symmetry requires the origin B(0, 0) to be one of the
points, and the other two are symmetric about the y-axis. If a is the x-coordinate of the point A, then —a will be the
x-coordinate of C. The sum of the x-coordinates of A, B, and Cis a + 0 + (—a) or 0.
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Section Challenge Problems Page 260 Question 11

The y-coordinates at x = —1, x = 0, and x = 1, are
2, 4, and 2 respectively. The derivative of the function
4 dy —8x .
y=——- ————. Determine the slopes
x2 + 1S (x2+1)2
of the tangents at the indicated points.
dy _ =8(=1)
dxx=——1 (=12 +1)2
_ 38
T2
=2
dy  =8(0)
dxjx=0 (0% +1)2
=0
dy — _ =8(1)
dxp=1 (12 +1)2
_ -8
T2
=-2
The slopes of the normals at x = —1, x = 0, and x = 1

1
are —5 undefined, and 3 respectively.

Using the Strategies

Section Problem Solving Page 263 Question 1

Determine the line of support at (-1, 2).

1
y=2=-3(x=(1)

11
)= —x— =
Y 2% 72
1,3

= —=X —
YET T

The line of support at (0, 4) is x = 0.

Determine the line of support at (1, 2).

1
y—2=§(x—1)
11
0= —x— =
y 272
= 1x+3
YEXTS

1 3
The lines of support are y = —Ex + ok x = 0, and

1,3
=—x+=.
y=3xT3

Since 757 is a prime number, there is no multiple of any integer that equals it. Only the 756th student will change the
state of the 757th locker. Since the locker was initially open, it will be closed at the end of the process.

Section Problem Solvmg Page 263 Questlon 2

/\

B
O/ N/ ¢

Section Problem Solving Page 263 Question 3

@;

\
/

\

/

~
A

Ne
/

/

/ \

(Note. The expression n mod m is the remainder when # is divided by m.)

From the equality, 3!, 32,33 34 3>, ...

= 3,9,27,81,243,729, . .,

the sequence of last digits is determined to be

3,9,7, 1 and so on. Since 142 mod 4 = 2, the last digit in the expansion of 3'4? is 9.
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Section Problem Solving Page 263 Question 4
1 L: Fill 9-L, pour 4 L into smaller, dump 4-L, repeat step 2, then have 1 L in 9-L bottle.

2 L: Fill 9-L, pour 4 L into smaller and dump, twice; 1 L into 4-L; fill 9-L, 3 L into 4-L bottle, dump 4-L, 4 L into
smaller, then have 2 L left in 9-L bottle.

3 L: Fill 4-L, pour into 9-L, twice; fill 4-L, pour 1 L into 9-L, then have 3 L left in 4-L bottle.
4 L: Fill 4-L bottle
5 L: Fill 9-L bottle, pour 4 L into 4-L bottle, then have 5 L left in 9-L bottle.
6 L: Same as 2 L but omit last step, then have 6 L in 9-L bottle.
7L: As 3L, then pour 3 L into empty 9-L, fill 4-L and pour into 9-L, then have 7 L in 9-L bottle.
8 L: Fill 4-L, pour into 9-L, twice.
9 L: Fill 9-L.
10 L: As 1L, then pour into empty 4-L and fill 9-L, then have 1 L in small and 9 L in large.
11 L: As 2L, then pour into empty 4-L, fill 9-L, then have 2 L in small and 9 L in large.
12 L: Fill 4-L and pour into 9-L twice, fill 4-L, then have 4 L in small and 8 L in large.

13 L: Fill both.
Section Problem Solving Page 263 Question 5

9703
+9703
19 406
HALF is 9703; WHOLE is 19 406.
Section Problem Solving Page 263 Question 6
a) b) Yes.
17124 | 1 15 ¢) Pairs are in opposite positions relative to the centre.
7|14
4 13 22
12/19| 21| 3
1118 2

Section Problem Solving Page 263 Question 7

Let H be the number of students that have taken at least one history course.
Let G be the number of students that have taken at least
one geography course. H

Let x be the number of students that have taken at least
one history course and one geography course.

(7T0—x)+x+(82—-x)=100-10
—x+152=90
x =62

A total of 62 applicants have taken at least one course in history and at least one course in geography.

Section Problem Solving Page 263 Question 8

Answers may vary. A possible 6-step solution is FLOUR, FLOOR, FLOOD, BLOOD, BROOD, BROAD, and
BREAD.
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CHAPTER S  The Chain Rule and Its Applications

5.1 Composite Functions

Practise

Section 5.1 Page 274 Question 1

a) g(f(2)) =g4)
=3

d) (g0 /)(6) =g(f(6))
=g(12)

This cannot be evaluated since 12 is
not in the domain of g(x).

Section 5.1 Page 274 Question 3

a) f(12) =122 +1
=144+ 1
= 145

d) flex) = (x-3)
(x-3)+1
xP—6x+9+1
x> —6x+10

g (g0 N =g(f(x*)
=g((x)*+ 1)
=g(x*+1)
=x*+1-3

=x*-2

Section 5.1 Page 274 Question 5

b)

e)

b)

e)

h)

(fo)d) = f(g@) ) f(&3) =14
=f03) =8
=6

(go f)1) = g(f(1) f) f (&) = f(N
=g(2)

This cannot be evaluated since 7 is not

=> in the domain of f(x).
g9 =9-3 ¢) f(8r—6)=8r—6)7>+1
=6 = 64r> —96r + 36 + 1
= 64r> — 96r + 37
g(g(x)) = g(x = 3) f)  (fog)=2)= f(g(-2)
=(x=-3)-3 = f(-5)
=x-6 = (=57 +1
=26
FfFQ0) = f(1) i) g(fBx—2) =g(Bx-27%+1)
=12+1 =g(9x* — 12x +5)
=2 =0x>—12x+5-3
=9x2 - 12x+2

a) (f o 8)(x) = f(g(x) (g0 f)x) =g(f(x)
= f(4x +3) _ < 1>
=g| -
1 x
T 4x+3 1
x ()
The domain of f o g includes all real numbers except 4 X
__2 =—43
X==7 . +
The domain of g o f includes all real numbers except
x =0.
b =
) Vo= et (8 0 Nx) = &(F())
= /x40 =g@x-3)
=2(x+6)-3 = (2x—3)+6
=2x+9 —2x43
The domain of f o g includes all real numbers. The domain of g o f includes all real numbers.
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) (f o g)(x) = f(g(x)
=f(x-5)
=Vx-5

f o g is defined for x > 5.

d) (fog)x) = f(g(x)
=f@x+1)

=y@x+1)+38
=V4x+9

f o g is defined for x > _421'

e) (f o g)(x) = f(g(x))
= f(x+2)
= (x+2)*
=x>+4x+4

f o g is defined for all real numbers.

f) (fog)x) = f(g(x))
= f(2x+5)
= (2x +5)°
= 8x% 4+ 60x? + 150x + 125

f o g is defined for all real numbers.
g (f o g)(x) = f(g(x))
= £
= () =

=x6—x2

f o g is defined for all real numbers.

h) (fog)x) = f(gx)
= f(x*)
=V (x*? +49

f o g is defined for all real numbers.
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(g0 NHx)=g(f(x)
=5 (Vx)
=4+x-5

g o f is defined for x > 0.

(g0 N)x) =g(f(x))
= g(\/x+8>
=4vx+8+1

g o f is defined for x > —8.

(go Hx)=g(f(x)
=g (x?)
=x>+2

g o f is defined for all real numbers.

(go x)=g(f(x)
=g (x)
=2x+5

g o f is defined for all real numbers.

(g0 NHx) =g(f(x)
=g (¥ —x)
= (3 —x)
=x%—2x* +x*

g o f is defined for all real numbers.

(g o NHx)=g(f(x))
=g (\/ x2 + 49)
= (V¥ +49)4
= (x? +49)?
= x* 4+ 98x? + 2401

g o f is defined for all real numbers.



Apply, Solve, Communicate
Section 5.1 Page 275 Question 7

a) flg(x) = f(x+4) b) g(x) =0 ¢) The range of f(g(x)) is R.
=1/x+4 x+4>0
x>-4

The domain of f(g(x)) is x > —4.

d) g(f(x) = g(vx) e) The domain of g(f(x))is x > 0. f) The range of g(f(x))isy > 4.
=vVx+4
Section 5.1 Page 275 Question 8
5
a) (K o C)(F) = K(C(F)) b) K(25) = 5(25-32) +273.15
=K <g(F - 32)) = 269.26
_ g (F —32) +273.15 25°F is equivalent to approximately 269.26°K.

Section 5.1 Page 275 Question 9
a) From the information given it is determined that A(¢) = 500¢.

b) A = nr? ) r(t) = (ro A)()
, A = r(A®)
"= = +(5001)

H_

[A 500¢
r = —_ = —_—
T T

r(t) is the radius, in metres, of the oil spill, after

[A .
Since r > 0, r(A) =4/ —. f minutes.
T /500(60
d) r(60) = (60)
T
=97.72

The radius of the oil spill after 1 his 97.72 m.
Section 5.1 Page 275 Question 10

a) From the information given it is determined that V' (¢) = 50z.

Determine an expression for the radius, r, as a Determine an expression for (¢), in centimetres.
function of volume, V.

r(t) = (ro V)

4 3
V= 3 =r(V®)
5 3_V = r(501)
4 _ 3/3(501)
a3y B Ax
"= 4r 3 75t
- 2r
. 3 [ 75t
The radius of the melon can be expressed as V' (t) = P
T

[75(56
b) At eight weeks, t = 56. The radius is \ 2( ) or approximately 8.74 cm.
7
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Section 5.1 Page 275 Question 11
a) Delivery persons: one per 45 subscribers plus one replacement; supervisors: one per 12 delivery persons.

5000 + 45
b) 5(x) = (s 0 P)(x) 0) 5(5000) = = 2=
= s(p(x)) =934
=5 (i + 1)
! 45 Ten supervisors are required for 5000 subscribers (you
= — (i + 1) need more than 9).
12 \ 45
_x+45
540

Section 5.1 Page 275 Question 12
a) a(s) = 5s
b) w(a) = 0.05a + 200

c) w(s) = (woa)(s) d) w(s) = 0.25s + 200
= w(a(s)) w(2500) = 0.25(2500) + 200
= w(5s) = 825
= 0.05(5s) + 200
— 0.255 + 200 Her gross wages are $825.

Her gross wages are w(s) = 0.25s + 200.

e) Let e be her extra wages.
e = 0.07(3000 + 1500)

=315
Her extra wages are $315.
Section 5.1 Page 275 Question 13
a) The radius is r = 30007 + 1 000 000.
b Vr) = 4o 4 3
) (r) = 37" c) V(15) = 57[(3000(15) + 1 000 000)
v =ont) = 4780 x 10'8
=V (1)
= V(30007 + 1 000 000) The volume is approximately 4.780 x 10'® km? after 15 s.

4
= 57[(30001‘ + 1 000 000)*

V o r represents the volume, in cubic kilometres, after ¢ seconds.

Section 5.1 Page 276 Question 14

The radius of the fire can be defined as r(t) = 600z, where 7 is measured in days. Determine a definition for A(?), the
area burned.

A(r) = ar’
A(t) = (Aor)()
= A(r(1))
= A(600r)
= 7(6001)*
= 360 00071

At two weeks, t = 14. The total area burned is 360 000z(14)> m? or approximately 221.7 km?.
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Section 5.1 Page 276 Question 15
a) The distance, p, can be expressed as p = f(c) = V2 + 225.

15(1000
b) The distance travelled by the cyclist, ¢, in metres, can be expressed as ¢ = g(t) = ¥t

or —25t here t
36 T Y

is measured in seconds.

) (f o g)®) = f(g(n)

25
=/ (z’)
25 \?

2
25
The function (f o g)(t) = <€t> + 225 represents the distance between the cyclist and the lock after 1:00 p.m.,

in seconds.

2
250
d) The cyclist will be <?> + 225 or approximately 44.28 m from the lock.

Section 5.1 Page 276 Question 16

Answers may vary.

F(x) = (f o g)(x) S g(x)

a) 32x2 43 32x+3 x?

b) V6x2 +7 VX 6x2+7

o \ﬁ 7 !
X X

d) (3x2 = 5x3)7 x~3 3x% — 5x°
Section 5.1 Page 276 Question 17 Section 5.1 Page 276 Question 18
f o] g = h f [o] g = h
f(g(x)) = h(x) f(g(x)) = h(x)
—3=4x2 — 1
4g(x) —3 =4x"-21 f(8x +6) =
4g(x) = 4x* - 18 8x + 91
9 = -
g(x)=xz—§ /(Bx+6) 8x+6)+3 M

1
By comparison of both sides of (1), f(x) = i3
X
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5.2 The Chain Rule

Practise
Section 5.2 Page 282 Question 1

F(x) = f(g(x)) f(x) g(x) g(x) f(g(x)) F(x) = f(g(x)g (x)
x7 +3) x> x'+3 7x6 5(x7 +3)* 50x7 +3)*(7x%)
(x3 =2xH) x4 x> —2x? 3x% —4x —4(3 = 2x%)7 —4(x3 = 2x2)73(3x?% — 4x)
4 1 1 4 3 14 -1 1 4 -1 3
(x*+5)2 X2 x*+5 4x E(x +5)2 E(x +5)72(4x7)
1 R 1 -1
- +2 2x +2 - ——(2x+2
x2 +2x x X X X (x% +2x)? (x2+ 2x)2( x+2)
1 1
V2x -1 Vx 2x — 1 2 . — )
242x — 1 24/2x —1
(x* +5x - 8)* x* x2+5x—8 2x+5 4(x* +5x — 8)° 4(x* +5x — 8)°(2x + 5)
Section 5.2 Page 282 Question 3
2 dy dQx+7)7 d2x+7 b) dy _d(x*+6)* dx’+6
dx  d2x+7 dx dx  dx2+6 dx
= l(2x+7)‘% .2 =3(x* +6)?-2x
> = 6x(x? +6)°
B V2x+7
dy dBx-1)73 d3x-1 a Q=d(2x—2)2.d2x—2
©) dx  d3x—1  dx dx d2x -2 dx
13 -3 3 =22x-2)-2
=30 =8(x— 1)
_ 1
V(3@x -1y
dy d(x*+6): dx*+6 b dy _d(x*+3x-8)"" dx*+3x-8
€) dx dx2+6  dx dx  dx2+3x-8 dx
1o, =—-1(x*>+3x—-8)2-(2x+3)
=R ~ 2x+3
- r (x2 4+ 3x — 8)2
x2+6
Apply, Solve, Communicate
Section 5.2 Page 282 Question 5
dv 1
dvdV dh
b o ahd
1 dh
15=— . —
02 dt
dh
= =3
dt

The water level is rising at 3 cm/min.
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Section 5.2 Page 282 Question 6

d
From the given data, 7: = 0.002 km/s. Determine an expression for how fast the area of the polluted region is changing

with respect to time.
dA dA dr

dr  dr dr
_dzrr2 dr
T dr dr
=27zr - 0.002

= 0.004zr

dA
a) Whenr =8km, e 0.0047(8) or approximately 0.101 km?/s.
dA
b) When r = 4 km, i 0.0047(4) or approximately 0.050 km?/s.
dA
¢) Whenr =0.1 km, i 0.0047(0.1) or approximately 0.001 km?/s.

Section 5.2 Page 282 Question 7

L d(5) 4R o _dB+2vR) a3
a) G'(x)= d(;_;z) S, b) W(x) = d(3+2ﬁ) S

() D=9~ (=9 (x4 4) =2(3+2vx) a7

= s dx dx 2 (3 +2v%)
d(%3) (x +4)2 - =

:3<x—9>2.(x+4)(1)—(x—9)(1) 5,

x+4 (x +4)? T Ux

(x-9\" 39

‘(x+4> (x+47?

_39(x—9)*

S (x+ 4y

2 7 2 _ 5 _
O Fo= dd(?:x2ix»3) 'd(4xdx+ 2 - (2“1)6;(:;—11)) 'd(42x = ax=1° d(ZZ; -
1, n = Q2x+ D[5@x — D*@)] + dx - 1)°(2)
=5 (@ +x) 7Gx+ D) = 2(4x — D*[10Q2x + 1) + (4x — 1)]
__8x+1 =2(4x - D*(20x + 10 +4x — 1)
2V/4x2 + x =2(4x — D*(24x +9)
0 H,(x)z(x2_4)3d3—5x+(3_5x)‘d(x2—4)3‘dx2—4

dx dx2—-4 dx
= (x> = 4)*(=5) + (3 = 50)[3(x* — 4)*(2x)]

= (x? = ) [-5(x*> = 4) + 6x(3 — 5x)]

= (x? — 4)3(—=5x% + 20 + 18x — 30x?)

= —(x? — 4)’(35x> — 18x — 20)
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Section 5.2 Page 282 Question 8

d
From the given data, when r = 30 cm, d_: = —5 cm/min.
av._dv dr
dt ~ dr dt
4 5
B d 57‘[7‘ dr
Cdr dt
dr
= 4xr? . — 1
r ” (1)

d
Substitute » = 30 and 7: = —5into (1).

dv
— =47(30)*(=5
o 7(30)°(=5)
= —18 000z
The volume is decreasing at a rate of 18 000z cm>/min.

Section 5.2 Page 283 Question 10

Section 5.2 Page 282 Question 9

d
From the given data, when r = 70 cm, 7’; = 3 m/day.

dA _dA adr
dt — dr dt
_ dnrt dr
T odr dt
dr
=2mr - — 1
r ” (1)

d
Substitute » = 70 and 7: = 3 into (1).

dA

— =2x(7

o z(70)(3)
=420x

The area is increasing at a rate of 420z m>/day.

1
The volume of a cone with base radius, r, and height, A, is V' = 57”'2]’1. Since h = %, the formula for volume can be

3

1
simplified to V' = grrr2 (%) orV = %
v dv dr
dt  dr dt
s
__6 dr
T dr  at
dv  wr? dr
a2 a4t (1)
dt 2 dt
dv
Substitute i 4 and r = 7 into (1).
_ z(1? dr
2 dt
dr
8 =497 - —
"
dr 8
dt 49z

L . 8 .
The radius is increasing at the rate of n m/min.
T

Section 5.2 Page 283 Question 11
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F'(x) = f'(g(x))(g'(x))
F'(2) = f'(g)(&'(2)

= f'(6)(4)
= 108(4)
=432



Section 5.2 Page 283 Question 12
%) ﬂ _ d(xZ _ 4)% ‘ dx2—4 b) g/(x) _ d(X33+ 1)_5 ) dx> + 1
dx  dx>—4 dx dx> +1 dx
-5+ 1D7°(3x%)
—15x2
_ 2x (x3+1)6

3V -4y

%(x2 —4)73(2x)

©) H(x) =

d , .d
.(x+1)E(x +1 =P+ D=+ 1)

(x+1)2
<x2+1>7' (x + D(2x) — (2 + 1)(1)
(x+1)2
<x2+1>7‘x2+2x—1
(x+ 1)2

dx dBx+2)T d3x+2
AL Y T dx
(vVax+2)’
Vax+2-x-13x+2)71(3)
3x+2
(Bx+2)7(3x+2 - 3x)

3x+2
_ 3x+4

C2GBx+2)

d) F'(x) =

d2x*+ 5% d2x®+5 4 dBx—-2)} d3x-2
A2x2+5  dx Td3x-2  dx

= (Bx —2)°[4(2x% + 5)°(4x)] + 2x% + 5)*[3(3x — 2)>(3)]

= 16x(3x — 2)>(2x> + 5)> + 9(2x* + 5)*(3x — 2)?

= (Bx —2)*(2x* + 5)’[16x(3x — 2) + 9(2x* + 5)]

= (3x — 2)2(2x% 4+ 5)(48x% — 32x + 18x> + 45)

= (3x — 2)*(2x* 4+ 5)°(66x% — 32x + 45)

e) G'(x)=(Bx-2)- + (2x% +5)

113 _
o 4D aEh
dx d(2x—1) dx

x2+1

R RO BN SO T P AL
d(2) P DT@x -1 = @x =D+ 1)

Ta(Eh 2+ 17
<2x—1>2 (2 + D(2) — 2x — 1)(2x)
=3 .
x2+1 (x2+1)2
~ <2x—1>2. —6(x*—x—1)
TA\x2+1 (x% 4 1)2
_ —-6Q2x - D(x*-x-1)
B (x% + 1)
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g) ')

S-1\* 3 d 3 3 403
d<31> '(x +1)dx(x 1) —(x l)dx(x +1)

(x3+1)2

‘ P+ DB = (P = 1DEXY)

(3 + 1)?

323 +1-x3+1)

4(x3 + 1)

3x?

203 + 1)2

-i(x—Z)% —Vx-2- i(x+2)%
dx dx
( Vx +2)2
=2 —Vx—2-x+2)7F
( Vx + 2)2
o+ ) (x=2)7F [Jx+2) - Lx +2)
(x+2)5

h)

e
(x+2)i(x —2):
_ x+ 10
6(x +2)5 (x — 2)3

d(x* —3)7z

dx
_d(x*=3)77 dx® -3
T d2-3  dx
= —%(x2 —3)73.2x
X

(x* = 3)3

i) g'(x)
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Section 5.2 Page 283 Question 13

dy dh(g(f(x))) dg(f(x)) df(x) dy _ dig(h())P® dg(h(x)) dh(x)

a) dx — dg(f(x)) df (x) dx b) dx — dg(h(x)) dh(x) dx
=H((fGNE (fx)f (%) = 2g(h(x))g'(h(x))H' (x)
o dy _ dg([h3x=2)1) dlh(Bx—-2)P dh(3x—2) d3x
dx  dh(3x-2)2  dh(3x—2) d3x—2 dx
= g'([h(3x — 2)])(2)h(3x — 2)K (3x — 2)(3)
= 6g'([h(3x — 2)1))h(3x — 2)H' 3x — 2)
0 ay_ds(F(e+0)) dr(ean™) g
dx df((x+ 1)—%) d(x+1)77 dx
1 1 1 3
=g (/(x+07H)) s (+D7H) <—5) ot
o dy _df(G+gG)7) d(x+g(x)” dx +g(x))

dx  d(x+g(x))! d(x+g(x)) dx
= (c+g0e)™) (=D (x+ g(x) 2 [1 + (%))
=—f ((x+gG)N™") (x+ ()™ [1+ g'(x)]

Section 5.2 Page 283 Question 14
a) Prove thatif F = f o g and g(x) = c is a constant function, then F'(x) = f'(g(x))g'(x).

F(x) = f(g(x))
= f(c)
F'(x) = f'(c)
=0
f(g(x)g'(x) = f'(c)-0
=0

Thus, F'(x) = f'(g(x))g'(x) if g(x) = c.

b) F'(a) = lim f (g(X)i : i‘ (g(a)
i | L)) — f(g(a)  g(x) — g(a)
x—a g(x) — g(a) x—a
i L8 — fg@) . 8(x) — (@)
= lim - lim (D
x~a  g(x)—g(a) x~>a  X—a

¢) Asx — a, g(x) - g(a), so we can write the first term of the product on the right-hand side of (1) as

f(gx) — f(gla))
m
s—g@  g(x)—gla)

Thus,

Fay= lim 18X =/€@) . 8x) s
£0)—g(a) g(x) - g(a) x—a X—a
= f'(g(a))g'(a) o

Replace a with x in (2) to obtain

F'(x) = f'(g(x)g'(x)
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5.3 Implicit Differentiation

Practise

Section 5.3 Page 289 Question 1
a) i) Solve for y.

3x2 —y* =23
y? =3x*-23
y=+V3x2-23

Since (x, y) = (4,5), use y = V/3x2 — 23.
dy _d(3x>-23)! d3x>-23

dx ~ d3x2-23 dx
1
= E(e.x2 —23)7% . 6x
3x
= (1
3x2 —23
Substitute x = 4 into (1).
dy 34
dx  \/3(4)2 =23
12
V25
12
5

12
The slope of the tangent at (4, 5) is 5

Section 5.3 Page 289 Question 3

d  , 2_i
a) E(x +9y)—dx37

dx2+d9y2 Q_ﬁ

dx dy " dx dx
d
w18y =0
dx

dy —2x
dx 18y
2_-F M
X 9y
Substitute (x, y) = (1,2) into (1).
dy 1
dx 92
1
18

1
The slope of the tangent at (1,2) is BT Determine
the equation of the tangent.

Y=y =m(x—xy)
1
y—2——1—8(x—1)

18y —36=—x+1
x+18y—-37=0

The equation of the tangent is x + 18y — 37 = 0.
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ii) Differentiate implicitly.

d s 2 d

el — =_9

dx(3x ) dx 3
d3x>  dy* dy _d23

dx dy dx dx

dy
6x—2y— =0
X ydx
ﬂ _ —bx
dx =2y
dy 3x
—== )
x Y
Substitute (x, y) = (4,5) into (1).
dy _ 3(4)
dx 5
12
5

12
The slope of the tangent at (4, 5) is 5

b) Answers will vary.

b) £ -4
dx (xy) dx 36
dx dy d36
Yy tx—=——
dx dx dx
dy
=~ _0
y+ xdx
dy y
Z__2 1
dx X M
Substitute (x, y) = (9,4) into (1).
dy 4
dx 9

4
The slope of the tangent at (9, 4) is s Determine the
equation of the tangent.
4
—4=—2(x-9
y o(x—=9)

9y — 36 = —4x + 36
4x+9y—72=0

The equation of the tangent is 4x + 9y — 72 = 0.



c) i (xzy2 + xy) = %(30)

dx
d x? dy* dy dx dy d30
28 X~ 24y" 4y ax ay _asy
Y dx *x dy dx+ydx+xdx dx
d d
y2(2x)+x2(2y)—y+y+x—y =0
dx dx

d
—y(2x2y +x)=-2xy"—y
dx

dy 2xy* +y
dx  2x%y+x

_ y@xy+1)
B _x(2xy +1)
-7
X
Substitute (x, y) = (=3,2) into (1).

dy 2

dx -3
2
"3

2
The slope of the tangent at (-3, 2) is 3 Determine the equation of the tangent.

2
y=2=3(x=(=3)
3y—6=2x+6
2x=3y+12=0
The equation of the tangent is 2x — 3y + 12 = 0.
d d
d LAy = L
) dx(y +xy) dx()
dy* d dx? dy’ d d5
dyt dy | adxt | dy dy _dS
dy dx dx dy dx dx
dy

d
42 L Pon+ 23 E =0
dx dx

d
—y(4y3 +3x%y%) = —2x)°
dx

dy 2xy°
_ 2xy
_4y + 3x2
Substitute (x, y) = (2, 1) into (1).
dy 2(2)(1)
dx — 4(1)+3(2)?
_ 4
T 4+12
1
T4

1
The slope of the tangent at (2, 1) is ~1 Determine the equation of the tangent.

1
y-l=-7(x-2)

4y —4=—x+2
x+4y—-6=0

The equation of the tangentis x + 4y — 6 = 0.

5.3 Implicit Differentiation MHR
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Apply, Solve, Communicate
Section 5.3 Page 289 Question 4

. d 2 2 _i
a) i) d—x((x—3) +(y+1))—dx(l6)

d(x —3)? +d(y+1)2 dy dl16
dx dy dx — dx

d
2x=3+20+HZ =0
dx

dy  x-3
dx _y+1
Substitute (x, y) = (3, =5) into (1).
dy ~ 3-3
dx ~ —5+1
=0

The slope of the tangent at (3, —5) is 0.
ii) The equation of the tangent is y = —5.
ii)
87
6
x=32+@+1)*=16

276 MHR Chapter 5

1)

b) i) (;ix (y* —2xy) = %(11)
G () 4l
dy dx dx dx dx

ZyZ—;VC—Zy—ij—i:O
dy 'y
dx y—x
Substitute (x, y) = (5, —1) into (1).
dy -1
dx  -1-5
1
"6

1
The slope of the tangent at (5, —1) is 3
ii) Determine the equation of the tangent.
(1) = +(x—5)
—(=1) = = (x —
Y 6

6y+6=x-95
x—6y—11=0

The equation of the tangentis x — 6y — 11 = 0.

iii)
8+
E y2 — 2Xy =11
6]
] Xx—6y—11=0
] 2/4/’%’&ﬁ¢ﬁr2

ey



. d
¢) i) E(x2+y2—4x+6y)

[
.
S

~~

oo

3

p—

dx? +dy2 dy dx+ dy
dx dy dx dx dx  dx

dy dy
2x+2y—= —4+6—==0
x+ ydx +dx
DT
dx 3+y

Substitution of (x, y) = (12, —=3) into (1) yields divi-
sion by zero; hence, the slope of the tangent is unde-
fined.

ii) The tangent is a vertical line through (12, —3). The
equation of the tangent is x = 12.
iii)
144
12 x=12
10

24 648 101214

/

X2 +y?>—4x+ 6y =87

. d d
d) i) 4 e N9
(¥ —xy+y7) = )
dx? dx+ dy +dy3 dy d3
Y ST A A
dx ydx dx dy dx dx
dy 2 dy
2x—y—x—+43y"— =0
X xdx+ Y dx
dy y—2x
===
dx 3y?—x

Substitute (x, y) = (-1, 1) into (1).
dy  1=-2(=1)
dx — 3(1)2=(-1)
3

4

3
The slope of the tangent at (—1, 1) is T
ii) Determine the equation of the tangent.
3
y=l=Zk=(1)

4y —4=3x+3
3x-4y+7=0
The equation of the tangent is 3x —4y + 7 = 0.
ii)
813x—-4y+7=0

61
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Section 5.3 Page 289 Question 5

d d
a) — (P +y*—6x+2y) = —(15
o (X +)7 - 6x+2y) = —(15)
dx*> dy* dy dx dy dl15
Tt A St I, Jut ARt
dx + dy dx dx + dx dx

dy dy
2x+2y——-6+2— =0
* ydx dx
dy 3-—x
d_: @Y)
x 14y

Substitution of (x, y) = (6,3) into (1) yields a slope

3 . .
of ~1 Determine the equation of the tangent.

3
y=3=-3(x-6)
4y —12=-3x+ 18
3x+4y—-30=0

] \

-8~ x4+ y2—6x+2y=15
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Section 5.3 Page 289 Question 6

a) Determine the coordinates of the centre, C.

X2+ y* +4x - 12y = 60
x> +4x+4+y* —12y4+36=60+4+36
(x +2)% + (y — 6)> = 100

The centre of the circle is C(—2, 6). The slope of the

radius, CP, is

m or ~3 Determine the slope
of the tangent at P.

d d
— (x2 +y% +4x - 12y) = —(60)
dx

dx
dx*>  dy* d d d d 60
d? dy? dy dx | ody  d60
dx dy dx dx dx dx
dy dy
2x +2y—+4-12—=0
X ydx dx
dy dy
—4+2-6—=0
x+ydx+ dx
dy —x-2
-— = (D
dx y—=6

Substitution of (x,y) = (4,-2) into (1) yields a

3
slope of or T Since the slope of the radius,

CP, and the slope of the tangent at P are negative re-
ciprocals of one another, they are perpendicular to
each other.

b) Since translation preserves slope, the general case
can be developed using a circle of radius r, centred at
the origin. The equation of this circle is x>+ y? = r.
Consider a point P on the circle with coordinates
(x, ¥). The slope of the radius CP is given by

2 )
x

Determine the slope of the tangent to the circle at P.

d d
7+ = ()
dx* dy? afy_afr2

-+ . =
dx dy dx dx
d
2x+2y—y=0
dx
dy
~_0
x+ydx
dy X
- )
Ix ; (2)

Since (1) and (2) are negative reciprocals of one an-
other, the slope of the tangent at point P to a circle
with centre C is perpendicular to the radius CP.



Section 5.3 Page 290 Question 7 Section 5.3 Page 290 Question 8

Determine the slope of the tangent to the orbit.

d d
— (PV) = — (kT
d42 i leO a) dV( ) dV( )
—_ + - —
gx (4 7) = 20100 yo P v AT
d4x’  dy* dy _d100 av P dv Z‘;
d dy dx d V- —+4+P=k-—
X Y dx X at av
8x+2yd—y=0
X
dy b) k must be positive, because P, V', and T are all pos-
4x+y I 0 itive in the equation PV = kT (T is measured in
d dx Kelvins).
.=z (1)
dx y d d
— (PV) = — (kT
c) dT( ) dT( )
v dP+P dV—k dT
dT dar ~ = dT
dpP v
V-—+P - — =k
a'T+ dT

. S dP . . dv .
k is positive since I is positive and o 0.

From the data given, the general point, P, on the ellipse
can be assigned the coordinates P<x, V100 - 4x2).

The coordinates of the moon are M(-5, 20). To re-
ceive the signals, the slope of PM and the slope of the
tangent at P must be equal.

4x  y-120
y  x—=(=5)
—4x _ V100 — 4x2-20

Vioo—dx2  X= ()

_4x(x +5) = V100 — 4x2 <\/100 —ax?— 20)
—4x2 —20x = 100 — 4x2 — 20 <\/100 — 4x2)
V100 —4x2=x+5

100 — 4x% = x> + 10x + 25
5x2+10x—75=0
x?4+2x-15=0
(x+5)(x=3)=0
x=-50r3

The satellite must be at (3, 100 — 4(3)2> =(3,8)or
(—5, 100 — 4(—5)2) = (=5,0).
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Section 5.3 Page 290 Question 9

d d
2 (22 22) = L (05(x2 — 2
a) dx((x +3)?) dx( (x> =)
) d(x* + y*)? d>c2_|_cly2 ﬂ 25 dx2_dy2 d_y
d(x2 + y?) dx dy dx) dx dy dx
d
202+ (2x+ 292 ) =25 (2x -2y &
dx dx
d d
4(x* + %) x+y—y =25 x—y—y
dx dx

d d
A2 + 9 + 4P+ yH) L = 25x — 25y
dx dx

d
d—i (4902 + %) +25y) = 25x — 4x(x* + %)
dy x(25-4(*+)9)

dx  y (4(x? + y?) +25)

b) Substitute the coordinates (—3, 1) into the result from part a).

dy —3(25-4((=3)*+1%)
dx 1 (4((=3)2+12) +25)
-3 (-15)

65

Determine the equation of the tangent.

9
y—-1= E(x_(_3))

13y — 13 =9x + 27
Ix—13y+40=0

The equation of the tangent is 9x — 13y + 40 = 0.

d
¢) The slope is horizontal when & 0. Thus,

x(25 —4(x* +y%)
YA +y2) +25)
25—-4(x*+y*)=0, x#£0,y#0

25
2 2 _
x+y—4

Any point on the circle x* + y* = == that is also on the lemniscate will have a horizontal tangent. Find the points
of intersection of the circle and the lemniscate.

25

2 2
- = 1
X +y 1 1
2(x% + y%) = 25(x* = y%) 2)
Substitute (1) into (2).
2
25 25
2 == =2 2 _ )
(3) =(2-(3-7))
625 625 )
?‘}'T = 50x
e 1875
T 400
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5v3 5 5vV3 5
The points on the lemniscate with horizontal tangents are <:I:T —) and <:|:—, ——> .

4
Section 5.3 Page 290 Question 10

d 2 2 d
ety V4 5) = —(1
a) dx<x}+y3) a’x()
dx%+dy% dy dl
dx dy dx  dx
2_%+2_% dy
—-X - - — =
3 37 ax
1 1 d
_+_._y=0
JE Y dx
@b __ LY
dx b'd

1 343
b) Substitute the coordinates <§ %) into the result from part a).

iy
=22 a(x-3)

8y —3v3 = -8V3x+ /3
8V3x+8y—4V3=0

2V3x+2y—V3=0

Determine the equation of the tangent.

The equation of the tangent is 2v/3x + 2y — v/3 = 0.

c) Q =
dx

1

Il
|
—_

|

< HI%&‘
Il
—

Il
|
=

1)
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Substitute (1) into X3+ y§ = 1 and solve for x.
X+ (-x)i=1
2x3 =1
2 1
X3 ==
2
+ 1
x = —
8
+ 1 (2
X=t—0
2V2
_ . . . . . 1 1 1 1
Substitution of (2) into (1) yields the points with coordinates [ —,——— | and | ———, — ).
V2 22 2V2 22
Section 5.3 Page 290 Question 11
2y 4+ xy=2 (1) Substitute (2) into (1) and solve for x.
d , 5, _d
dx (x*y* +xy) = 5(2) x2(x)? 4+ x(x) =2
A2 AP dy | dedy @2 X4l -2=0
dx dy dx dx dx dx Z=DE*+2)=0
d d
Pex) + 2Ly +xZ <o x>=1=0
dx dx
dy , ) x = =1 3)
ix (2x y+ x) =-2xy -y Substitute (3) into (2) and solve for y.
dy  yQ2xy+1) y ==l
dx  x(xy+1)
oy The slope of the tangent to x*y* + xy = 2 is —1 at

x (=1,—-1)and (1, 1).
Determine points where the slope of the tangent is —1.
dy
—=
y

—Z =1

X
y=x @)

-1
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Section 5.3 Page 290 Question 12

Xyt = ¢))

@)

xy=B 3)

==- @

Since the product of the derivative results in (2) and (4) yield —1, the families of curves defined in (1) and (3) are
orthogonal.

Section 5.3 Page 290 Question 13

GRAPHING CALCULATOR

=R E=H"Y)

The relation has two solutions, y = £1/x% — x*, neither of which is differentiable at the origin. The slope of the tangent
can be determined by considering only right-hand differentiability at (0, 0) for y = v/x2 — x* from first principles. Let
P(x, x2 — x4>, be a point on the function y = v/x2 — x*. Let m be the slope of the tangent at the origin, O.

m= lir(I)l+ slope of OP

I x2—x*-0
= lim ———
x—=0t x—=0
A/ 2
— Jim XIVI=X
x—0+ X
o iy V=X
x—0* X

= lir(r)1+ 1-x2, x#0

=1

The slope of the tangent at the origin between the first and third quadrants is 1. A similar approach reveals the slope
of the tangent between the second and third quadrants is —1.
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5.4 Related Rates

Practise

Section 5.4 Page 298  Question 1

dy dx*® dx + ddx dx
dt  dx dt  dx dt

d
Substitute d—’: = 10 and x = 5 into (1).

dy
i 10[2(5) + 4]

= 140

Apply, Solve, Communicate
Section 5.4 Page 298 Question 4

Let A be the area of a square with side length x, in metres.

ey

A= x?
Differentiate both sides of (1) with respect to time, ¢.
dA _ dx* dx
dt  dx dt
= 2xd—x
dt
. dx .
Substitute x = 6 and m =2in (2).
dA
— =2(6)2
7 6)(2)
=24

The area of the square is increasing at the rate of 24 m?/min.

284 MHR Chapter 5

Section 5.4 Page 298  Question 3

V = xr’h (1)
Substitute ¥ = A into (1).

V = z(h)*h

V = zh® 2)

Differentiate (2) with respect to time.
dv  dzh® dh

at  dn dt

dh
3nh?—
™

(3)
Substitute % = —5and h = 2 into (3).

dh
-5 =37(2)>=—
4O

dn 5
dt ~ 12z

Section 5.4 Page 298 Question 5

This is similar to Example 1 on page 292. The
baseball will be ejected with the same speed as a
point on the circumference of either wheel. Thus,

— =2nr— (1)

d
where d—): is the speed of the ball, in metres per

second, and ﬂ is the rate of turning of the wheels,
in revolutions per second. The speed of the ball is
60 km/h, or 53—0 m/s, and the radius of the wheels
is 60 cm, or 0.6 m. Substitute this information into
o 50 dN
— = 2”(0'6)W

3
dN 50
dt ~ 3.6x

=442

The wheels must turn at approximately 4.42 rev-
olutions per second for the ball to be ejected at
60 km/h.



Section 5.4 Page 298 Question 6
The lumber, wall, and floor form a right triangle defined by the relation x> + y* = 16.

d , 2 d
—_ =—1
dt(x + y) dt( 6)

dx*> dx dy? dy dl6

o a T ay w d y
dx dy
x— 42y =0 3
TV
dy x dx
AR sl 1
dt y dt M 2 | =
When x = 2, y = \/16 — 22 or 2+/3. Substitute x = 2, 1
dx 1
y = 2+/3, and d—f =  into (1).
dy 2 (1 Ol 12 X
dt — 2y3 \4
1
43

1
The top of the ladder is sliding down the wall at a rate of m or approximately 0.144 m/s.

Section 5.4 Page 298 Question 7

a) Since the surface area of the sun is increasing at the rate of 5000 km?/year, we have

5000t = AS
To achieve a 10% increase in the radius of the sun, (1) becomes
5000¢ = 4z (r +0.1r)* — 4zr?
=4x(1.1r)* - 4nr?
= 0.847r?
_ 0.847r?

5000
Substitute the radius of the sun today, ¥ = 700 000, into (2).

_0.84x(700 000)?

5000
= 258 615907

The sun’s radius will increase by 10% in approximately 258 615 907 years.

d d (4 5
b) E(V) = <§7rr >
v ,dr
o T a
From Example 2, when r = 1 000 000 km, dr = L km/year .
dr ~ 8000z
‘Z—It/ = 4z(1 000 000)? (ﬁ)
=25x10°

The sun’s volume is increasing at a rate of 2.5 x 10° km?/year when r = 1 000 000 km.

5.4 Related Rates MHR
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c¢) First, determine the volume, V, of the sun today.

4
V = 57’”‘3

4
= g7r(700 000)*
=1.437 x 10'8 (1)

Let d be the density of the sun and m be mass of the sun.

m
d=— 2
v 2
Substitute m = 2 x 10°° and (1) into (2).
o 2x10%
1437 x 1018
=1.39 x 10"
The density of the sun is approximately 1.39 x 10'? kg/km?.
d) So as not to confuse it with the differentiation symbol, let p represent density.
d d /m
=4 (7)
dp m av-t dv
dt dv dt
dv
=m-(=1V 2.2
p=m-(-1) "
dp  m dV o
a V2 dt

dv
Substitute m = 2 x 10%°, V' = 1.437 x 10'®, and - 2.5 x 10% into (1).

d 2 x 10%
X .25x10)
(1437 x 1018)
= —2421
: . . . kg
The density of the sun is decreasing at a rate of approximately 2421 .
km?- year
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Section 5.4 Page 298 Question 8

a) The volume, V', of water can be expressed as

1
V= §zrrzh (1) 3
Simplify (1). Since,
ro 3 T
h 10
3h
= 2
r=15 2
Substitute (2) into (1). 10
2
1 [3h
v-3+(%) - :
3r -
= 3
100 ) h
Differentiate (3) with respect to time, .
dv 3z dh’ dh -
dt 100 dh dt b) From (4),
On , dh
= .. = 4
100 " dr @ v _9r o dh @)

dt 100 dr

dv
Substitute — = —1 m?/min and 4 = 2 m into (4). dv
dt Substitute - 1.5 m*/min and # = 7 minto (4).

_ 2
100 @ 15= 2% .7 )2 dh
_ 97 dh 100
25 dt 152 ﬁ
dh 25 100 dt
dt 9z dh _ 0
d 147z
The level of the water is decreasing at the rate of
25 50
— m/min. The water level is rising at m/min.
Iz 47x

Section 5.4 Page 299 Question 9
The positions of Coffee World, Kruno, and Zarko form a right triangle defined by the relation x* + y? = 5.

d , w_d o
2y = ()
dx* dx + dy* dy ds* ds
dx dt ' dy dt ds dt A
ds
2x— +2y— = 25—
i T Va T % w :
dx dy ds
[— —_ = 1 y’
RPTIR R @
Two minutes after they leave Coffee World, Kruno has bladed 40 m and
Zarko has cycled 52 m. At this instant, the distance, s, between them is

/402 + 522 or /4304 m. Perform the respective substitutions into (1).

d < | »
40(20) + 52(26) = 4304—S < X >
dt AN
ds _ 2152 v
dt /4304
=328

The distance between Kruno and Zarko is increasing at a rate of approximately 32.8 m/min.
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Section 5.4 Page 299 Question 10
The area, A, of a circle of radius r is given by A = zr?.

A=nr? (1)
d d
Z(A) = —(xr?
dt( ) dt(ﬂr)
dA _ drr dr
dt — 7 dr dt
dr
= nr— 2
ﬂrdt )

d
After 4 s, the radius of the circle is 4 x 3 or 12 cm. Substitute ?: =3 and r = 12 into (2).

dA

— =2x(12

o 7z(12)(3)
=T72r

The area within the circle is increasing at a rate of 72z cm?/s after 4 s.

Section 5.4 Page 299 Question 11

d_x dy dz

For parts a), b), and c), use the model x— + Y =i developed in Example 4. All distances are measured in

. dt d
kilometres.
a) Given x = 0.45 and y = 0.6, determine z. b) Given x = 0.3 and y = 0.4, determine z.
2=xt+y? 2=xt+y?
72 =045 + 0.6 7 =03"+04"
=0.5625 =0.25
z ==x0.75 z==0.5
d d
Distances are positive, so z = 0.75. Solve for 7? Distances are positive, so z = 0.5. Solve for 7?
dz dz
(0.45)(—45) + (0.6)(—60) = (0'75)E (0.3)(—45) + (0.4)(-60) = (O.S)E
ﬂ =-75 % =-75
dt dt
The distance between the two cars is decreasing at The distance between the two cars is decreasing at
arate of 75 km/h. arate of 75 km/h.

¢) Given x = 0.15 and y = 0.2, determine z.

2= x2 4y

2 =0.152+0.2?
=0.0625

7 =025

Distances are positive, so z = 0.25.

dz
Solve for —.
olve 10r d

(0.15)(—45) + (0.2)(—60) = (0.25)%
dz
i =75

The distance between the two cars is decreasing at a rate of 75 km/h.
d) The results are equal because the initial positions of the cars are in the ratio 3 : 4 for all three parts.
e) Answers will vary.
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f) Let the starting position of A be (x¢, 0) and the starting position of B be (0, yy). In Example 4 and in parts a), b),

and ¢), o _ -, 0r yg = §x0~ Since vehicle A is travelling toward the origin at 45 km/h, x = xo — 45¢. Since

4

0
vehicle B is travelling toward the origin at 60 km/h, y = yo — 60¢.

2=xt+)

= (xo — 451)> + (yp — 601)?

2
4
= (xo — 451)% + <§x0 - 60t>

16
= x0° — 90x0t + 2025¢ + 3x02 — 160x,7 + 36007

25

2
Es(xo — 45¢)?

= §<xo _451)

dz 5
— = —(-45
dt 3( )

=-75

25
E(xoz — 90xo? + 2025)

Exoz — 250xt + 5625¢°

Thus, if the starting positions are in the ratio 3 : 4, the distance between the cars is decreasing at a rate of 75 km/h.

Section 5.4 Page 299 Question 12

a) The volume, V, of a cube of side length x is given
by V = x>

V=x (1)
d d 4
E(V) = E(x )
av dx3 dx
dt  dx dt
dv 5. dx
27 i 2
a =Gy @
. dx .
Substitute x = 2.3 and i 0.01 into (2).
dv
— =3(2.3)%(0.01
o (2.3)7(0.01)
=0.1587 3)

The volume of the cube is increasing at a rate of
0.1587 mm?/s.

b) Let v represent the value of the crystal, in dollars.

v=4V
d d
E(V) = E(4V)
dv dv
— =4)— 4
o 4) 7 4)
Substitute (2) into (4).
o 4(3x2)d—x
dt dt
dx
=12x* 2= 5
Y )
. dx .
Substitute x = 2.7 and 7 = 0.01 into (5).
dv
— = 12(2.7)*(0.01
- = 122.7%0.01)
=0.87

The value of the crystal is increasing at the rate of
$0.87.
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Section 5.4 Page 299 Question 13
Let I be the length of Faye’s shadow. Let x be the distance from Faye to the base of the sensor light. Faye’s walking

d
rate can be expressed as d—): = 0.5 m/s. Use properties of similar triangles to obtain /(x).

l I+x
15 3
31 =150 +x)
2l =1+x
I =x ) yt
Let p be the position of the tip of Faye’s shadow.
p=x+1 ) 3
Substitute (1) into (2).
p=x+x
p=2x (3) 15
Differentiate (3) with respect to time, ¢.
b _ 5% @ e =
dt dt
Substitute (2—? = 0.5 into (4).
dp
i 2(0.5)
=1

The tip of Faye’s shadow is moving at a rate of 1 m/s.
Section 5.4 Page 299 Question 14

d
Let x be the distance from the dog to the building. The dog’s running rate can be expressed as d—): = —1m/s. Let y be
the height of the dog’s shadow on the building. Use properties of similar triangles to obtain y(x).

y 05
14 14—x
7
= 1
v M
Differentiate (1) with respect to time, t. R
dy d(14 —x)"' dl4—-x dx

dr dl4 —x dx dt y\’\
= 714 - x)2(-1) - 2 0.5

»
»

A

X
B dt X lax 4

7 dx

T (4—x2 dr @

d
Substitute x = 5 and d—’: = —1into (2).

dy 7
dt (14 —5)?
7
81

(=D

7
The height of the dog’s shadow on the building is decreasing at the rate of 31 m/s when the dog is 5 m from the
building.
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Section 5.4 Page 299 Question 15

a)

b)

1
The volume of the volcano is given by V' = 57”'2/’1. But the height is 50% greater than the base radius, so & = 1.5r,

2
orr = §h' Thus,

_ T 3
=5 zh 1)
Differentiate (1) with respect to time, .
dv 4 ,dh
— = gk — 2
ar 9" dr @
. dh .
Substitute # = 700 and i 0.01 into (2).
v 4 5
= - 01
o 97r(700) (0.01)
_ 19600z
9
Since lava erupts from the volcano at 20 000 m3/s, not all of it is staying on the slopes,
1
20000 - 20907 13 553

When the height is 700 m, the rate of lava spreading beyond the slopes is approximately 13 158.3 m?/s.

The volume of lava around the slope is given by the thickness times the surface area of the lava. The surface area
is 7R? — zr?, where R is the radius of the lava beyond the slopes, and  is the base radius of the volcano. Thus,

V =027(R*=r?)

~oas(we- (3))

4
=027 <R2 - §h2> 3)
Differentiate both sides of (3) with respect to time, ¢.
dv dh 8 dh
— =027 |{2R— — =h— @)
dt dt 9 dt

dv dh
Substitute i 13 158.3, R = 500, h = 700, and i 0.01 into (4).

R
131583 =02x <2(500)Ci,—t - g(700)(0.01)>

dR
— =210
dt

The lava flow is approaching the villages at a rate of 21.0 m/s.
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Review of Key Concepts
5.1 Composite Functions

Section Review Page 301 Question 1

a) F2) = # b)) (g0 )2 =g(f(2) © g4 =2-4+3
6 =g(3) =-8+3
=2 =2(3)+3 =-5
=3 =6+3
=9
d)  (fog)—4 = f(g(-4) e) (fog)x)=f(gx) f) (g0 /)x) =g(f(x))
= f(-5) =f(Q2x+3) =g<x+4>
_ —5+4 _(2x+3)+4 x
R T 2x+3 x+4\ 3x
1 _2x+7 =2< . >+7
5 2x+3 5x + 8

g (foNHx)=f(f(x)

x+4
- ()

X
g

x+4

X
x+4+4+4x
X

x+4
X

5x+4
= . X
x+4

#0

Section Review Page 301 Question 2

g(—4) = =3, and -3 is not in the domain of f(x).

Section Review Page 301 Question 3

Answers may vary.

If g(x) = x+ 12 and f(x) = v/x, then

F(x) = (f og)(x)
= f(g(x)
= f(x+12)

=Vx+12
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X

h) (g o g)(—11) = g(g(-11))

=g(2(=11)+3)
= g(=19)
=2(-19) +3
=-38+3
=-35

Section Review Page 301  Question 4

H(x) =

3x+2
f(gx)) = )
fOx+D =575 M

1
By comparison of both sides of (1), f(x) = —.
x



Section Review Page 301 Question 5
t
a) The radius can be expressedas r = 0.2t or r = —.

4
b) The volume of the hailstone can be expressed as V' = §7rr3.

3
©) V or)(®) = V(r(t)) a W 0 r)(60) = OV
t 375
- (g) = 7238
4 1\
=37 (g) The volume of the hailstone after 1 h is approximately
3 7238 mm?>.
_ At
~ 375
V () represents the volume, in cubic millimetres, after
¢ minutes.
Section Review Page 301 Question 6
a) Determine f~'(x). Determine g~ ! (x).
f(x)=x>+5, x € [0, +c0) g(x) = —3x+1
y=x>+5, x €[0,+o0) y=-3x+1
Interchange x and y. Interchange x and y.
x=y"+5 y€[0,+c) x=-3y+1
Solve for y. Solve for y.
y>=x-5, y€[0,+0) 3y=—x+1
_ -x+1
y= x-=5 y = 3
[ =Vx=5 B —x+1
g (x)= 3
i) (fofH =) ii) (fo N = ()

= 7(Vx-53) = (P +5)
2 V(x2=5+5
= (Vx=5) +5 e *

=X=3ES =x, x € [0,4+00)
=X
i) (g0 g ) = g(g~ (x)) iv) (g7 o g)(x) = g7 (g(x)
—x+1 =g ' (Bx+1)
=g< 3 > _—(3x+1)+1
S
3
=x—-1+1 =X

=X

b) The composition of a function with its inverse results in x.
¢) Arguments will vary.
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5.2 The Chain Rule
Section Review Page 301 Question 7

a) y=(x*-5x)°

y = (x2)% + 3(x?)%(=5%) + 3(x*)(=5x)* + (=5x)°

y = x5 —15x° + 75x* — 125x°
d d
S L0 — 15x° + 75x* — 125%%)
dx dx

= 6x° — 75x* + 300x> — 375x2

b) y = (x* = 5x)°
@ _d a5
T dx((x 5x)%)
_ d(x* - 5x)3 ' d(x? — 5x)
T d(x2 - 5x) dx

=3(x> = 5x)’(2x = 5)

¢) The answer in part b) expands to the answer in part a). Explanations will vary.

Section Review Page 301 Question 8

dy d(2x+8)° d2x+8

2) dx  d2x+38 dx
=2(2x+8) -2
= 8(x +4)
o dy _d(x*+5x)7 dx*+5x
dx ~ dx*+5x dx
=-3(x*+5x)7" - (4x +5)
_ 4x* +5
T 3(x* +5x)
o dy _ d(6x>+4x)i d6x> +4x
dx  d6x2+4x dx
1 :
= Z(6x2 F4x)71 - (12x +4)
_ 3x+1
1/ (6x2 + 4x)3

Section Review Page 301 Question 9

dy dix* —2x%)? dx*-2x3

a) dx  dx*—2x3 dx
=2(x* = 2x*)(4x® - 6x?)
=4x°(x = 2)(2x = 3)

0 dy d(x® +9x)° d x> +9x

dx d x3 +9x dx
=50 +9x)*3x* +9)

294 MHR Chapter 5

b)

d)

b)

d)

dy d(x*+7x)? dx®+7x

dx dx?+7x dx
= %(ﬁ +7x)7 - 2x+7)
_ 2x+7
- 2V x2 +7x
dy _d@2x*-2)7 d2x®-2
dx d2x3 -2 dx

1 2
§(2x8 —2)75 - 16x7
16x7

3v/(2x8 = 2)?

dy d(x2+8x—6)% dx*+8x—-6

dx dx2+8x—6 dx
= %(x2+8x—6)—%.(2x+8)
_ x+4
VX1 8x—6

dy dx*+x-10° dx>+x-10

dx dx2+x-10 dx
=3(x*+x—-10°2x+1)




dy d(x*+12)5 dx’+ 12

€) dx ~ dx+ 12 dx
1
= g(x2 +12)7% - (2%)
_ 2x
5¢/(x2 + 12)4
) dy d(5x-2)"7 d5x-2
8 dx ~  d5x—2 dx
1
=—5(6x =277 (5)
-5

24/(5x — 2)3

Section Review Page 301 Question 10

a) A = nr?
dA _ drr?  dr
dt ~ dr dt
dA dr
— =2ar— 1
ar = M

d
Substitute r = 40 and ?: = 0.003 into (1).

A
cfi_t = 27(40)(0.003)

=024z )

When r = 40 m, the area is increasing at the rate of
0.247 m?/min or approximately 0.754 m?/min.

5.3 Implicit Differentiation
Section Review Page 301 Question 11

a)i) 9x*+y* =36
y? =36 — 9x?
y = £V36 — 9x2

dy _ , d(36- 9x2)7  d36 — 9x>

dx d36 — 9x2 dx
1
= +5(36 - 9x%)"7 (—18x)
9x
=7F

/36 — 9x2

dy d(x® —4x)"' dxd —4x

f)

dx dx3 —4x dx
=—1(x*—4x)2-(3x* - 4)
_ 3x2 -4
(x3 —4x)?
b dy d(x*+6x)% dx’+6x

dx ~ dx3+6x dx

1
g(x3 +6%)73 - (3x% +6)

x> +2
v (x3 + 6x)2

b) Determine the radius of the circular bloom, five
hours later.

A = 7(40)% + 5(60)(0.247)

=1672x
Determine the radius of the bloom at this time.
zr? = 1672x
r=1v1672 3)

Substitute (2) and (3) into (1).
024r =2x 1672ﬂ
dt

dr 012
dt 1672
=0.002 93

Five hours later, the radius is increasing at the rate
of approximately 2.93 mm/min.

. d g2, o _4d

ii) T Ox“+y°) = I (36)
d9x? + dy* dy _d36
dx dy dx  dx

d
18x +2y 2 =0
dx

dy —18x
dx 2y
dy  9x
dx 'y

b) If the relation cannot be expressed explicitly in terms of x, then implicit differentiation is the only possible way to

d
find d—y, without using technology.
X
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Section Review Page 302 Question 12

d  , 5 d
— =—25
a) dx (x ty ) dx b)
dx dy dy _ d25 YES
dx dy dx T dx Y “dx
d
w292 —0
dx
dy  x
dx y
d , 53 d
— 2xy) = — (20
c) . (x*y* +2xy) - (0)
d x? dy? dy  d2x dy d20
3 2
- -2 .2z L = 22
dx X dy dx ydx + xdx dx
d d
P+ 262 sy +2xZ =0
dx dx
d
Y 3322 4 2x) = —2x)° = 2y
dx
dy _ 2y(xy*+1)
dx  x(3xy2 +2)
d d
e) —(x =2+ (47> =—(64) f)
dx dx
d(x —2)2 N diy+7)?° dy  d64 dx?
dx dy dx ~ dx dx

2(x —2) +3(y+7)2ﬂ =0
dx

dy __2x=2)
dx ~ 3(y+7)2

296 MHR Chapter 5

Y dx dy dx

d 39 2 d
— 4 =—(12
dx(xy + xy) dx( )
dy* dy d4x? dy dl12
3 2
-z . 4x2 2L = 2=
X dy dx+y dx * xdx dx

d d
PG+ 3enE 4y +422 =0
dx dx

d
—y(2x3y +4x?) = =3x*y? — 8xy
dx

dy _ yGxy+38)

=—-—", 0
dx 2x(xy +2) x#
d d
d — (29 +x%y?) = —(29
) dx(y+xy) (29
d2y* dy | adx? | dy? dy _ d29

dy dx ydx dy dx dx

d d
62 12020+ e =0
dx dx
d
—y(6y2 +2x%y) = —2xy?
dx

dy Xy

dx  3y+x2

d d
—(x*+y’x —6x+8y) = —(9)
dx dx

db6x

3dx d6x
dx

dy* dy
Y

ddy dy d9
dy dx T odx

d d
2+ P +x3H L —6+8Z -0
dx dx

d
d—i(3xy2 +8)= —2x—1*+6

dy 2x+y° -6
dx ~ 3x)2+8



Section Review Page 302 Question 13

. d 2 2 d
DD (D 4?) = (13)
dx+1)? dy+4? dy _dl13

dx dy dx dx

d
2ix+ D +20+HZ 0
dx

;z'_y =_x+1 o
b’ y+4
Substitute (x, y) = (2, =2) into (1).
dy  2+1
dx  —2+4
3
T2

3
The slope of the tangent at (2, —2) is ~5
ii) Determine the equation of the tangent.

3
y= (-2 =-3(x-2)

2y+4=-3x+6
3x+2y-2=0

The equation of the tangent is 3x +2y —2 = 0.

iii)

x+D2+(+4)2=13

b) 1)

dy3
dy

3y

d
(»’ +2xy) = —x(20)

Substitute (x, y) = (3,2) into (1).

dx
dy\ d20
( dx>_W
d—y+2y+2x2—x=0
dy =2y
dx — 3y2+2x
dy -4
dx 1246
2
)

2
The slope of the tangent at (3, 2) is ~5

ii) Determine the equation of the tangent.

2
y-2=-5(x=3)
9y —18=-2x+6

2x+9y—-24=0

The equation of the tangent is 2x + 9y — 24 = 0.

iii)

1 X =
w 21 2x+9y-24=0

1)
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. d d
c) i) = (B3y=v?) = —(60
— (X'y =) = ——-(60)
dx3 s dy dy> dy de60
y— X = - = = =
d dx dy dx dx
dy dy
3ty +x3 -2 —3y° = =0
Xy+x dx ydx
d 3x?
d—y=2—y3 (D
x  3y’—x

Substitute (x, y) = (1, —4) into (1).
dy  3(1)*(—4)
dx  3(=4)2-13
-12
47

12
The slope of the tangent at (1, —4) is ~17

ii) Determine the equation of the tangent.

12
y- (=== =D

47y + 188 = —12x + 12
12x + 47y + 176 = 0

The equation of the tangent is 12x+47y+176 = 0.

iii)

“\ x}y —y* =60

246 8 10 12
| 12x447y+176 =0

298 MHR Chapter 5

. d d
d) i) 42 30) = 20
dx(xy +xy +30) -0
dx? dy* dy dx dy d(-30)
3ax- 28y 4y ax a4y _
dx x dy dx+ydx+xa'x dx
dy dy
2 3x%y? — =0
xy + 3x d +y+xdx

ii)

iii)

dy _ =2xy’ -y

dx  3x2y? +x
Substitute (x, y) = (=6, —1) into (1).

dy _ —2(=6)(-1)’ — (=1)

dx  3(=6)2(-1)2+ (-6)

1)

11
- 102
11
The slope of the tangent at (—6, —1) is BT
Determine the equation of the tangent.
y-—(=h= ——(x—( 6))

102
102y +102 = —11x — 66

11x+ 102y + 168 = 0

The equation of the tangent is 11x + 102y 4+ 168 = 0.

11x+102y+ 168=0

r—4
v/x2y3+xy+30=0
L6




5.4 Related Rates

Section Review Page 302  Question 14

V= §7rr2h (1)
Substitute » = A into (1).
1
V = —x(h)*h
3
13
V= §7rh 2)
Differentiate (2) with respect to time.
av Ldzh® dh
d 3 dh dt
dh
= zh*— 3
mh— 3)
dv
Substitute o =4 and h = 6 into (3).
dh
4 = 71(6)*—
n(6) o
dh 1
dt 9z
Section Review Page 302 Question 15
d
Let x be the distance from the man to the building. The man’s walking rate can be expressed as & 075 mis. Let

y be the height of the man’s shadow on the building. Use properties of similar triangles to obtain y(x).

y 2
127 12—x
24
YT
Differentiate (3) with respect to time, t.
dy Y d(12—x)"' di12-x
dr d12 — x dx
dx
=-24(12 - x)73(-1) - —
( x)"°(=1) =
.z dx
T (12-x)? at

d
Substitute x = 4 and d—’: = —0.75 into (2).

dy 24
—=—— (=075
dt (12—4)2( )
__3
Y

ey

dx

dt

@)

y
2

< e x

9
The height of the man’s shadow on the building is decreasing at the rate of e m/s when the man is 4 m from the

building.
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Section Review Page 302 Question 16

The positions of the park, Cassandra, and Marissa form a right triangle defined by the relation x> + y* = s2.

d 2 A d 2

dt(x +y) = dt(S)
dx* dx dy* dy _ ds®> ds
dx dt dy dt ds dt

d dt dt

dx dy ds

- Z =d= 1
iV T M

Cassandra’s position and velocity can be interpreted as x = 1800 m and

dx . . . - .
— = —32 m/min, respectively. Marissa’s position and velocity can be

2

dt S
d
interpreted as y = 1200 m and 7): = —26 m/min, respectively. At the
required instant, the distance, d, between them is V/1800% + 12002 or
60013 m. Perform the respective substitutions into (1). < <« X >
ds v
1800(—32) + 1200(—26) = 600V 13E
ds 148
i~ V3
= —41.05
The distance between the girls is decreasing at the rate of approximately 41.05 m/min.
Section Review Page 302 Question 17
The sled, wall, and ground form a right triangle defined by the relation x> + y* = 1.5%.
d >, 2 d 2
— =—(15
Z(P 4y = 2 (15
dx* dx + dy* dy _ d1.5%
dx dt dy dt  dt
dy
2x— +2y— =0
Yar TV
dy x dx
@ yd W
1=15
When x = 1, y = 4/1.55 =12 or v/1.25. Substitute
d
x=1,y=vI125, andd—): =0.15 into (1). ) EE R
i X"

d 1
2019
da V125

= —0.1342

The top of the sled is sliding down the wall at a rate of approximately 13.42 cm/s.
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Section Review Page 302 Question 18

4
a) V = 57”‘3
d d (4 ,
av dr
B 1
ar - M

d
Substitute r = 1 and d—: = 0.15 into (1).

=47(1)%(0.1
o 7(1)7(0.15)
=0.67

Air should be pumped into the balloon at the rate of
0.6z mm?>/s or approximately 1.885 mm?/s.

Section Review Page 302 Question 19

PV =
V =
Differentiate both sides of (1) with respect to time, ¢.
d
—(V) =
7 t( )
dv

dr

b) V =zr’h (1)
Substitute # = 10 mm into (1).
V = zr*(10)

V = 10xr? (2)

Differentiate both sides of (2) with respect to time, ¢.
d d
= == (10772
7 ) o ( Ozr )

dv dr
20—
ar = 20y

d
Substitute r = 1 and d—: = 0.15 into (3).

3)

dv
i 207(1)(0.15)

=3z

Air should be pumped into the balloon at the rate of 3z
mm?>/s or approximately 9.425 mm?/s.

C
cp!

)
d -1

- (cp™)

dP

dP  dt
dP
-CP%. —
dt

C dP
P2 dt

dp~!

@)

dP
When V' = 450 and P = 150, C = 450(150) or 67 500. Substitute C = 67 500, P = 150, and i 15 into (2).

av
dr ~

67 500

~wsop

= _45

At this instant, the volume is decreasing at the rate of 45 cm?/min.
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Chapter Test
Section Chapter Test Page 303 Question 1

a) f(3)=3*-3
=9-3
=6

d) g(f(x+2)) = g((x +2)> = 3)
=g(x*+4x+1)
=—6(x>+4x+1)+5
=—6x>-24x—-6+5
= —6x> —24x — 1

Section Chapter Test Page 303 Question 2
No. Examples will vary.

Section Chapter Test Page 303  Question 4
a) (fog)x) = f(g(x)

= f(2x -3)

1

T 2x-3

¢) No. g(1.5) = 0 and f(0) is not defined.

b) f(g(=2)) = f(=6(=2) +5)

e) (gof)x) =g(f(x)

¢) (fog)x) = f(g(x))

= f(12+45) = f(~=6x+5)

= f(17) = (—6x+5)% -3
=17-3 =36x>—60x +25-13
=286 =36x> — 60x + 22

f) (g0g)(-3)=g(g(=3)

g (x*=3) = g(=6(=3) +5)
—6(x*=3)+5 = g(23)
=—6x>+18+5 =—6(23)+5
6x> +23 =-133

Section Chapter Test Page 303 Question 3

H(x)=V7x-2

(fog)x)=VTx-2

f(g(x)=VTx-2
Vex) = V7x -2 )

Comparing both sides of (1) suggests g(x) = 7x — 2.

b) (g0 f)x) =g(f(x))

()

2
=2-3
X

d) Dy={xeR|x#0},R;={yeR|y#0}; Dy =R, R, =R

e) Diog = {x€R|x#15}, Rrog = {y €ER|Yy #0}; Doy = {x e R|x #0}, Rgoy = {y € R|y # -3}

Section Chapter Test Page 303 Question 5

a) f(x)=3x-17
y=3x-17
Interchange x and y.
x=3y-7
Solve for y.
3y=x+7
x+7

3
x+7

3

y:

o=

302 MHR Chapter 5

b) (fofHx) = f(f(x)
x+7
-r(*%)
x+7
()
=x+7-7
(fofHx =x

¢) Yes. Composites of mutual inverses always yield
the identity line.



Section Chapter Test Page 303 Question 6

2) dy d(x*+2x*)? d(x? +2x%) b) dy dx*+x-3)" dx’+x-3
dx — d(x?+2x%) dx dx  dx’+x-3 dx
= 3(x* 4+ 2x*)?(2x + 8x%) =—1(x*+x-3)2-2x+1)
_ 2x+1
T2+ x-3)2
0 dy d(x* + 3x)% dx*+3x d) dy d(x® + 6x)_% dx? + 6x
dx  dx*+3x dx dx ~ dx3+6x dx
1 1
= §(x4+3x)—% C(4x3 +3) =& +6x)72 - (3x2+6)
_ 4x3 +3 _ 3(x2+2)
2/ x* + 3x 24/ (x3 + 6x)3
o) dy d(x3 +2x% - 5)% dx’ +2x*> =5 P dy d(x® +6x3 —x)* d(x° +6x3 — x)
dx  dx3+2x2-5 dx dx  d(x5+6x3 —x) dx
= %(X3 +2x% - 5)_% - (3x% + 4x) =40 +6x° —x)°(5x* + 18x* ~ 1)
3x% +4x

41/ (x3 + 2x2 = 5)3

dx®+2 dx? -2 dVx3 -2 dvx? -1
i) il SR I R B R e e
g) ﬂ = dx dx h) ay — dx dx
- 2 _9)2 2
dx (x*=2) dx <m>
_ (x* = 2)(2x) — (x* +2)(2x) 1 1
B (x* —2)? VR =13 =2)72(3x%) = §V3 = 2(x* = 1)72(2x)
C2x(x?—2-x?-2) a x2—1
T (-2 x 2D (67 - 2)
_8x = . 5
DY xz—l\x/x3—2 x =1
= . — - (3x7 = 3x—2x" +4)
2(x2 = 1Di(x3 =2)2
_ x(x* = 3x+4)
2(x2 = 1)3(x3 = 2)3
Section Chapter Test Page 303  Question 7
4
V= 571'7'3

— =d4ar° . — )]

dv
Substitute » = 12 and i —3into (1).

d
3 =47(122%<
di

dr
-3 =5767—
"
dr 1
d 192z
1
The radius is decreasing at the rate of m/min.
1927
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Section Chapter Test Page 303 Question 8

d
a) Determine el .
dx

d(x +2)2

d(y—3)* dy-
L40=3)7 dy-3
dx

dy—-3  dx

d
2Ax+2)+2(-3HZ
dx

dy
dx
Substitute (x, y) = (—1,2) into (1).
dy
dx
m
Determine the equation of the tangent.
y—=n
y—2
y—=2
x—y+3
The equation of the tangentis x —y +3 = 0.
b) Determine _y.
dx
d2x dy’ d3x dy d5
3 2
2x° — 4+ y— +3x— + —
Voo T TV T T i

d d
P +223)2 133 +3xZ 10
dx dx
d
—y(6x2y2 + 3x)
dx

dy
dx
Substitute (x, y) = (1, —1) into (1).

dy
dx
m
Determine the equation of the tangent.
y—=n
y— (=D
9y +9
7x -9y — 16

The equation of the tangent is 7x — 9y — 16 = 0.

304 MHR Chapter 5

ey

=1

= m(x = x1)
= 1(x = (=1))
=x+1

=0

_d0
" dx

=0

= —4xy3 -3y

—4xy3 =3y
6x2y2 + 3x M
—4(1)(=1)* = 3(=1)
6(1)2(=1)* +3(1)

_7
"9
=m(x — x1)

7
=§(x—1)
=T7x-17
=0



. d
¢) Determine _y.

dx3 dy’ dy d2x dy

st T —y—— 49
dx * dy dx Y dx + xdx
2 L, dy dy

3x* 4+ 3y°—= = y(2) + (2x)—=
dx dx

d—y(—zx +3y%) =2y — 3x?
dx
dy 2y- 3x?
dx 3y? —2x
Substitute (x, y) = (1, 1) into (1).
dy 2(1) - 3(1)?
dx  3(12-2(D)
m=—1
Determine the equation of the tangent.
y=y1=mx—xp)
y—1==-1(x-1)
y—1=—x+1
x+y—-2=0

The equation of the tangentis x + y —2 = 0.

d
d) Determine 4 .
dx

dx dy> ddy dl6
34X ay  ary _alb
Y dx +xdx + dx dx
d d
YO +xG) 2 +42 =0
dx dx

d
x4y =y
dx

dy -y’
dx  3xy*+4
Substitute (x, y) = (-3, —2) into (1).
dy  —(=2)
dx — 3(=3)(-2)>+4
8
m=—=
-32
1
T4

Determine the equation of the tangent.
y=y1=m(x—x1)
1
y= (=2 =-7(=(=3)
4y +8=-x-3
x+4y+11=0

The equation of the tangentis x +4y + 11 = 0.

1

ey
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Section Chapter Test Page 303 Question 9
Let S be the surface area of the spherical comet, in metres.

S = 4xr?
ds dr?
D 4
dt dt
d
= 8ﬂr7: (M

ds
Substitute » = 5000 and i —250 into (1).

dr
—250 = 87(5000) —
(500007,

dr 1

dt ~ 160x

1
The radius is decreasing at the rate of 160

m/min or approximately 0.001 99 m/min.
T

Section Chapter Test Page 303 Question 10
The liquid maintains a conical shape throughout the entire filling activity such that the volume can be expressed as

1,
V = gn'r h (1) . 5 .
From the dimensions of the tank, ) 25 '
| — |
2r _ 5
h 4 -
5h
= — 2
r=- 2)

Substitute (2) into (1) and simplify.
1 (5h\° i
8

57[
1 25h2
=37 <6_4> h

257
="y 3
192 )
Differentiate (3) with respect to time, .
v 25z dn’
dt 192 dt
257 dh
= 3Bh)—
192 (347
25zh*  dh
= . — 4
64 dt )

dv
Substitute 4 = 3 and s 1.2 into (4).

2
o= 257(3)* dh
64 dt
dh _ 1.2(64)
dt ~ 225x
=0.109

The level of the water is rising at the rate of approximately 0.109 m/min.
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Challenge Problems

Section Challenge Problems Page 304 Question 1

f(g(x)) = h(x)
4(g(x)) =3 =4x>-21
dg(x) = 4x* - 18

4g(x) =4 <x2 - g)

9
_ 2 _ 2
gx)=x 3

Section Challenge Problems Page 304 Question 3

a) Fx)=(fog)x)
F(x) = f(g(x)
F'(x) = f'(g(x))g'(x) ey

Perform the required substitutions in (1) and simplify.
F'(1) = f'(g(1)g' (D)
=24
=12(4)
=48

Section Challenge Problems Page 304 Question 4

d
a) Determine d_y for 2x> 4+ y? = 3.
x

d2x? 4 dy? _d3
dx dx ~ dx
d
ax+2y2 — 0
dx
2x

dy
A 1
dx y M

Determine the point(s) of intersection of the two rela-
tions.

2x* +y* =3 3)
x=y> x>0 )
Substitute (4) into (3).
2x*+x=3

2x* +x-3=0
2x+3)(x-1)=0
Since x > 0, there is only one solution.
x=1 5)

Substituting (5) into (4) yields (1,1) and (1,—1) as
points of intersection.

Section Challenge Problems Page 304 Question 2

(fog)x) = h(x)
f(g(x)) = h(x)

f(8x +6) =

8x+9

1

By comparing both sides of (1), f(x) =

x+3

b) H(x) = (g o f)(x)
H(x) = g(f(x))
H'(x) = g'(f())f'(x) (H
Perform the required substitutions in (1) and simplify.
H'(1) =g'(f(1)f'(1)
=g (f(1)(3)

To continue, a value for g’(f (1)) is required.

d
Determine ol for x = y2.
dx

dx dy?
dx  dx
dy
1=2y—
ydx
dy 1
== @)
dx 2y

Substituting (1, 1) into (1) and (2) yields slopes of —2
1

and —, respectively. Since —2 x = = —1, the curves

are orthogonal at (1, 1).

Substituting (1, —1) into (1) and (2) yields slopes of
1 1
2 and —5 respectively. Since 2 x ~3 = —1, the

curves are orthogonal at (1, —1).
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x—4 x+2

b) Determine f(x) for f(x) = — Determine g'(x) for g(x) = 7 dx
dx — 4 dx 2 -
x— —(x—4)$ (x2—4x)w—(x+2)u
! — ’ dX dx
f'(x) 2 gx) = 3 2
x—x+4 v
- — (=40 = (x+2)(2x — 4)
A X - (x2 —4x)?
=3 (H =x2—4x—2(x2—4)
(x? — 4x)?
_x?—4x—2x2+8
T (X2 —4x)?
x> +4x -8
T2 4xe @

1 1
Substituting x = 2 into (1) and (2) yields slopes of 1 and L respectively. Since 1 x _Z> # —1, the curves are not

orthogonal at (2, —1). Determine any other points of intersection of the two relations.

x—4 x+2

x x2 —4x
(x —4)(x* = 4x) = x(x +2)
x(x—4d(x—-4)=x(x+2)
X2 —8x+16=x+2 x#0
X2 —9x+14=0
(x=2)(x=7)=0
x=2or7
23

3 4
The curves also intersect at (7, f (7)) or <7, 7) Substituting x = 7 into (1) and (2) yields slopes of o and 1

. 4 23 3
Since o X (—m> # 1, the curves are not orthogonal at <7, 7)

Section Challenge Problems Page 304 Question 5

Let A be the area of the triangle. Let /4 be the altitude of the triangle. Let b be the base of the triangle. Determine b,
for the given instant.

1
A= =bh 1
5 (1)
1
100 = zb(IO)
b =20 (2)
Differentiate (1) with respect to time, t.
dA 1 db dh
) < @ bE) )
Substitute (2) and the given information into (3).
1 db
2==(10— + (20)(1 3
5 ( — + (20 )> 3)
@ 4-20
dt 10
=-1.6

The base of the triangle is decreasing at the rate of 1.6 cm/min at the given instant.
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Section Challenge Problems Page 304  Question 6

P

)
V=4’1—L(R —r)
dv P d(R?> —r?)
dr 4L~ dr

P
A
. Pr

2L

Substitute the given information into (1).
dv _ 400(0.003)
dr — 2(0.004)(2)
=-75

The velocity gradient is approximately —75 cm/s/cm.

Section Challenge Problems Page 304 Question 7
1

x2+1

d
Determine g fory =
dx

dy dx*+1D7' dx>+1

ey

dx dx? +1 dx
= —1(x*+ )72 (2x)
. —2x
(2 +1)2
Let P <x, 1 > be the general coordinates of each point on the given function. Let Q(6, —2) be the remote point.
X
Slope of tangent at P = slope of segment PQ 3
1 ]
S gy P ]
(x2+1)2 x—6 2
-2x 1 +2(x*+1) v
(2+1)2 (2 +1D(x—6) o
—2x(x —6) = (x> + D(2x* +3) ]
—2x% 4+ 12x = 2x* + 5x% + 3
2P +7x2 - 12x+3=0 —é —é 4 o é
(x—DEx*+2x*+9x-3) =0
Determine the roots. -1 1
x=1 €)) ]
3 2 _a_ 1
2x7+2x“+9x—-3=0 2) o] P(6,-2)

1
From (1), one solution is the point <1, 5) Using a graphing calculator to solve (2) suggests a second solution at

approximately (x, y) = (0.306,0.914).
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Section Challenge Problems Page 304 Question 8

flg(x) =4x>-12x+6
f@2x=3)=4x>-12x+9-3
=(Q2x-3)?-3 (1)

By comparing both sides of (1), f(x) = x? —3 and, hence, f(2) =2%>—-3or 1.
Section Challenge Problems Page 304 Question 9
The relation y*> = x> — x* has both even and odd symmetry. First consider the function y = \/x2 — x4.

_ 1
dx 3
d\/x? —x* dx? - x* 1
dx? — x* dx 3
1 1
e (Qx—4XY) = —
24/x% — x4 V3
1-2x2 1
V1-—x2 V3

V3 -2 =V1-x

3(1 =2x%)%? =1-x?

31 —4x? +4xH =1-x*

3-12x* 4+ 12x* =1 -7
12x* = 11x*+2=0
Bx>-2)@x*-1)=0

3x*=2=0
P=2 ()
xzi\/g 2)
4x*=1=0
P=g 3)
x=:|:% “)

2 2
There are four solutions. Substituting (1) into the equation of the curve yields (x, y) = (:I:\/; , :F§> Substituting

1 _V3
(3) into the equation of the curve yields (x, y) = <:|:§ qu) .
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CHAPTER 6 Extreme Values: Curve Sketching and Optimization Problems

6.1 Increasing and Decreasing Functions

Practise

Section 6.1 Page 317 Question 1

a) fx)=0
2—-x=0
x=2

Since f’(x) is a polynomial, there are no discontinu-
ities. The intervals that need to be tested are (—oo0, 2)
and (2, c0).

©) f(x)=0
x+3)(x=3)=0
x =3

Since f’(x) is a polynomial, there are no discontinu-
ities. The intervals that need to be tested are (—oo, —3),
(=3, 3), and (3, o0).

e) ffx)=0
x(x+2)(x+3)=0
x=0,-2, or-3

Since f’(x) is a polynomial, there are no discontinu-
ities. The intervals that need to be tested are (—oo, —3),
(-3,-2), (=2,0), and (0, o0).

g) fx)=0
3 +12x49=0

> +4x+3=0
(x+D(x+3)=0

x=—-1lor =3

Since f’(x) is a polynomial, there are no discontinu-
ities. The intervals that need to be tested are (—co, —3),
(=3,-1), and (-1, c0).

b) f'(x)=0
-33+x)=0

3+4x=0

x=-3

Since f’(x) is a polynomial, there are no discontinu-
ities. The intervals that need to be tested are (—oo, —3)
and (-3, o0).

d) f'(x)=0
-3x-3=0

-3x=3

x=-1

Since f’(x) is a polynomial, there are no discontinu-
ities. The intervals that need to be tested are (—oo, —1)
and (—1, c0).

f) fx)=0
—x*(x=D(x=-2)=0
X x-1D(x—-2)=0

x=0,1, or2

Since f’(x) is a polynomial, there are no discontinu-
ities. The intervals that need to be tested are (—oo, 0),
(0,1), (1,2), and (2, o0).

h) f'(x)=0
4x* —12x* — 16x = 0
xP—3x2—4x=0
x(x>=3x—-4)=0
x(x+1D(x—-4)=0

x=0,-1, or4

Since f'(x) is a polynomial, there are no discontinu-
ities. The intervals that need to be tested are (—oo, —1),
(—1,0), (0,4), and (4, 0).
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+2

x ~0
X

x+2=0
x=-2

Since f'(x) is undefined at x = 0, the intervals that
need to be tested are (—oo, —2), (=2, 0), and (0, co).

Apply, Solve, Communicate
Section 6.1 Page 317 Question 3

T =0

P —6t+8=0

t-2t—-4)=0
t=2or4

Since T'(¢) is a polynomial, there are no discontinu-
ities. The intervals that need to be tested are (0, 2),
(2,4), and (4,5). Using test values within each inter-
val reveals that the temperature is falling (77(¢) < 0)
over the interval (2, 4).

Section 6.1 Page 318 Question 5
a) For this application, assume that Dy > 0 and ¢ > 0.

D=0
Do x=o
(1+12)2
2tDy _
(1+12)?2
t=0

Since D(¢) has no discontinuities, the single test
interval is (0, o0). Since D'(¢) < 0 for x € (0, ),
the amount of medication is decreasing on this in-
terval.

b) No. D’'(t) < 0 over (0, c0).

¢) Since D(t) > 0, for x € (0, o0), the amount of
medication is never zero.

d) No. The amount of medication in the bloodstream
will eventually be zero.
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i) ff(x)=0
(x+D(x=-2)
—— =0
*2
x+DH(x=-2)=0
x=-1lor2

Since f'(x) is undefined at x = 0, the intervals that
need to be tested are (—oo0,—1), (—1,0), (0,2), and
(2, 00).

Section 6.1 Page 317 Question 4

a) The domain of f(x) = x> is R. For this func-
tion, f(x,) > f(x;) whenever x, > x; in the inter-
val (—o0, 00). This result suggests f(x) is increas-
ing over all real numbers, despite the property that
f'(x) = 3x% is zero at x = 0 and positive for all
other real numbers. Another function with a simi-
lar property is g(x) = x°.

b) No. The test only says that if f’(x) > O for all
x € (a, b), then f is increasing on (a, b). It is not
stating that the converse must be true.

Section 6.1 Page 318 Question 6

a) H({t) =0
—9.8t+8=0

=B

9.8

40

)

h(t) has no discontinuities. The two test in-

40 40 .
tervals are (OE> and <Eoo) Since

40
' (0.5) = 3.1, the stone is rising on <0, E) .
b) The stone will hit the ground when 4 = 0.

—49+8+10=0
i —(8) £ V/(8)2 — 4(—4.9)(10)
2(—4.9)
= —0.829 or 2.462

Since t > 0, the stone hits the ground after ap-
proximately 2.462 s.

40
¢) The stone is falling for 2.462 — o or approxi-
mately 1.645 s.



Section 6.1 Page 318 Question 7

a) h(x) = f(x) + g(x) b) h(x) = g(f(x))
=x>—3x+2+x+1 =g(x*-3x+2)
=x>-2x+3 =x>—3x+2+1

h/(x)=0 =x2—3x+3
2x—-2=0 H(x)=0
x=1 2x—-3=0
3

Since h(x) is a polynomial, there are no discontinu- *=3

ities. The two test intervals are (—oo, 1) and (1, o0). ) ) ) ) )

Test values reveal h(x) is decreasing on the interval Since h(x) is a polynomial, there are no discontinu-

(=00, 1) and increasing on the interval (1, o). ities. The test intervals are [ —oo, % and <% oo>.

Test values reveal h(x) is decreasing on the interval

3 . . : 3
—c0, 3 and increasing on the interval 3 oo |J.

©) h(x) = f(x)g(x)
= (> -3x+2)(x+1)
=x> —3x2+2x+x*—-3x+2
=x>=2x>—x+2
H(x)=0
3x>—4x—-1=0
= —(=4) £ V(=4 = 4(3)(-1)

203)
_4+v28
6
_2+VT
I
. . . . N . 247 2-47 2 7
Since h(x) is a polynomial, there are no discontinuities. The test intervals are <—oo, ;f), < 2\[, +3f>,

and <2 +3\/7, oo). Test values reveal h(x) is increasing on the intervals <—oo, 2 _;ﬁ) and <2 +3ﬁ, oo>. The
. . . 2-V7 2447
function is decreasing on the interval ( T3 >
) hx = 29
g(x)
x2—=3x+42
- x+1
H(x)=0
(x+ DQ2x —3) — (x* =3x +2)(1) _0
(x+1)2
2x?—x—-3-x>43x-2 ~0
(x +1)2
x24+2x-5 _
(x +1)2
v —(2) £ V/(2)2 = 4(1)(=5)

2(1)

=-1+£6

K (x) is not defined for x = —1. The test intervals are (—oo, —1 —v/6), (1 =6, =1), (=1, =1 ++/6), and (=1 + V6, o).
Test values reveal h(x) is increasing on the intervals (—co, —1 — v/6) and (—1 + v/6, 00). The function is decreasing on
the intervals (—1 — v6, —1) and (-1, —1 + v6).
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Section 6.1 Page 318 Question 8

pPx)=0
400 — 2 (12-2x)=0
2V/12x — x2
400(6 —
M:O
V12x — x2
400(6 — x) = 0
x=6

pP'(x) is undefined at x = 0 and x = 12. The test intervals are (0, 6) and (6, 12].
a) Since p'(1) > 0, the profit, p(x), is increasing on the interval (0, 6).
b) Since p'(10) < 0, the profit, p(x), is decreasing on the interval (6, 12].

Section 6.1 Page 318 Question 9

W) =0
12/ - 100t = 0
312 =25t=0
t(3t—25) =0
25
t=0o0r —
or 3

2 2
Since the domain is restricted to ¢ € [0, 15], the test intervals are [0, ;) and <?5 15] .

25 25
a) Since #'(1) < 0, the airplane is descending on the interval <O, ?> and ascending on the interval <? 15] .
b) The plane is diving for the first 8.3 s and then climbing for 6.7 s.
Section 6.1 Page 318  Question 10

P'(R)=0
(R +0.5)%(120) — 120R(2)(R +0.5)(1) _ 0
(R +0.5)*
(R +05)(120) — 120R®2) _ o
(R+0.5)3
120R + 60 — 240R _
(R+0.5)3 B
60— 120R
(R+0.5)3
60 — 120R =0
R=05

Since R > 0, the test intervals are [0, 0.5) and (0.5, c0).
a) Since P’(0.25) > 0, the power is increasing on the interval [0, 0.5).
b) Since P'(1) < 0, the power is decreasing on the interval (0.5, c0).
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Section 6.1 Page 318 Question 11

f(x)=kx®=3x+3
f'(x) =3kx* =3
f(x) is decreasing when f’(x) < 0.
3kx*-3<0
kx? <1

2
X< =
k

1
x| < —

vk

For f to be decreasing on (0, 3) (which might be part of a wider interval on which f(x) is decreasing),

< 8-
IN \Y%
w

=
IA
O| = W] =

Section 6.1 Page 318 Question 12

Answers will vary.

Section 6.1 Page 318 Question 13

f(n) < lim f(x)and f(n) < lim f(x) must both be satisfied.
x—n~ x—nt

Section 6.1 Page 318 Question 14

The domain of f(x) is restrictedto 1 + x > 0 or [—1, c0).

f(x)=0
%(1+x)%—§=0
(1+x)2-1=0
(1+x)7F =
1+x=1

x=0

The test intervals are (—1, 0) and (0, o0)

a) Since f'(—0.5) < 0, f(x) is decreasing on the interval (—1, 0). Since f'(3) > 0, f(x) is increasing on the interval
(0, c0).

b) On the interval x € (0, c0), since f(0) = 0 and f(x) is increasing,

f(x)>0

(1+x)%—§x—1>0

5 5
(1+x)? >1+§x
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6.2 Maximum and Minimum Values

Practise

Section 6.2 Page 327 Question 1

a) The coordinates of the left endpoint are (0, 12). The coordinates of the right endpoint are (10, 6). The coordinates
of the critical points are (2, 2), (4,4), and (6, —6). Comparison of these results yields an absolute maximum value

of 12 and an absolute minimum value of —6.

b) The coordinates of the critical points are (—1.5, 3), (0, —6), (1,0), (2.2, —13), and (3,0). As |x| = o0, y - —c0.
Comparison of these results yields an absolute maximum value of 3 and no absolute minimum value.

Section 6.2 Page 328 Question 3
dy

“Z_0
a) dx

1-2x=0

1

Y72

Since the function is differentiable over R, the only

.. . 1 . L
critical number is x = R Consider the following in-
terval chart.

1/2
Intervals ) (- ,1/2) 2, ) g
Test values ) 0 1 "
Sign of g% ) + 0 - ]
Nature ofgra;Jh increasing decreasing !

P

By the first derivative test, the function has a local

1 1 /1\> 1
maximum at x = 7 Its value is y = 77 (§> or T
dy
c — =0
) dx

2(x?=2)-2x=0

x=0,:|:\/§

Since the function is differentiable over R, the criti-
cal numbers are x = 0, +v2. Consider the following
interval chart.

-2 0 2
Intervals ) (- ~/2) (v20) (0y2) (2 ;'
Test values ) -2 -1 1 2 "
Sign of g—i : - o+ 0 — 0 + :
Nature of grapr: dec. inc. dec. inc.'

By the first derivative test, the function has local min-
) 2
ima at x = ++/2. Their value is y = ((:l:\/i) - 2>

or 0. The local maximum is at (0, (0> — 2)) or (0, 4).
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dy
b — =0
) dx
2x-2)=0
x=2

Since the function is differentiable over R, the only
critical number is x = 2. Consider the following inter-
val chart.

2
Intervals ) - .2 @) "
Test values ) 0 4 "
Sign of g%(’ j — 0 + :
Nature of gra;)h decreasing increasing !

\/

By the first derivative test, the function has a local min-
imum at x = 2. Its value is y = (2 — 2)? or 0.

dy
d — =0
) dx
6x2—6=0
x ==+1

Since the function is differentiable over ‘R, the critical
numbers are x = £1. Consider the following interval
chart.

-1 1
Intervals ) (- 1) (-1,1) (1, )=
Test values ) -2 0 2 "
Sign of ((:ij% j + 0 — 0 + :
Nature of graph‘ inc. dec. inc.'

By the first derivative test, the function has a local max-
imum at x = —1. Its value is y = 2(—1)° — 6(=1) + 1 or
5. The function has a local minimum at x = 1. Its value
isy=2(1)>=6(1) + 1 or =3.



dy

~Z -0
©) dx
1

1-——=0
2v/x

2vx =1

x—l

T4

The domain is [0, co). Since the function is not differ-

1
entiable at x = 0, the critical numbers are x = y and
0. Consider the following interval chart.

1/4
Intervals : (0, 1/4) (174, ) "
Test values : 1/16 1 "
Sign of g%(/ I - 0 + ]

Nature of graph  decreasing increasing

\/V

By the first derivative test, the function has a local min-

v

1 1
imum at <Z _Z> There are no local maxima.

dy
A
g Tx
x_§ =0
1
3 = 0
x2

Since the function is not differentiable at the origin, the
only critical number is x = 0. Consider the following
interval chart.

0
Intervals ) - 0 © ) "
Test values ) -1 1 "
Sign of% ) + + ]

<
<

Nature of graph  increasing

v

increasing

/V

By the first derivative test, the function has no local
extrema.

dy
~Z -0
D dx
6x—8=0
x_4
"3

Since the function is differentiable over R, the only crit-

4
ical number is x = 3 Consider the following interval
chart.

4/3
Intervals ) (- ,43) (453, ) "
Test values ) 0 2 "
Sign of g%(/ ) - 0 + ]

<
<

Nature of graph  decreasing increasing

\/

By the first derivative test, the function has a local mini-

v

mum at (g —%) There are no local maxima.
d
h) % =0
8x* —32x =0
X —4x=0
x(x=2)(x+2)=0
x=0%2

Since the function is differentiable over ‘R, the critical
numbers are x = 0, £2. Consider the following interval
chart.

2 0 2
Intervals ) - -2 (200 (02 (2, )=
Test values ) -3 -1 1 3 "
Sign of % : - 0O+ 0 — 0 + :
Nature of graph‘ dec. inc. dec. inc.'

By the first derivative test, the function has local minima
at (2, —20) and a local maximum at (0, 12).
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d
i) D_op

dx
5x* = 15x* =0
xt=3x2=0
¥*(x*=3)=0

x=0,0+V3

Since the function is differentiable over ‘R, the only
critical numbers are x = 0, £v/3. Consider the fol-
lowing interval chart.

-3 0 3
Intervals * (- ~/3) (-v3,0) (043) (3, ;'
Test values ) -2 -1 1 2 "
Sign of g—i : + 0 — 0 — 0 + :
Nature of grapr: inc. dec. dec. inc.'

By the first derivative test, the function has a local
maximum at (—v3,64/3) and a local minimum at

(V3, —6V3).

dy
k) EZO
(x — 1)2 <§x—%> +X3Q2Q)(x=1)=0
(x-D?% 3x(x-1) ~0
(x=D(x-1+3x) ~0
vx
(x—D@Ex-1) —0
ﬁ
x=1 orl
4

Since the function is not differentiable at x = 0, the

1
critical numbers are x = 0, T and 1. Consider the fol-
lowing interval chart.

0 1/4 1
Intervals ) (- 0 (14 @41 (1, );
Test values ) -1 1/8 3/8 8 "
Sign of g—i : - + 0 — 0 + :
Nature of graph‘ dec. inc dec. inc.'

The function has a local minima at (0, 0) and (1, 0) and
1 9
alocal maximumat | -, —— ).
< 43272 >
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dy
. D _yH
i) I
x+2
3x+ 27 =0
|x + 2|
|x 42> (x +2) _ 0
[x + 2|
The only critical number is x = —2. Consider the fol-
lowing interval chart.
-2
Intervals - -2) (-2, )
Test values -3 0
Sign of ax ) - + .
Nature of graph decreasing increasing

\/

By the first derivative test, the function has a local mini-
mum at (—2, 0) and no local maxima.

1) y=x>—4x, x#0
dy
eyt
dx
2x—4=0
x=2,x#0

The function is not differentiable at x = 0. The critical
numbers are 0 and 2. Consider the following interval
chart.

0 2
Intervals * (- ,0) 0,2) (2, );
Test values ) -1 1 3 "
Sign of g—i : - - 0 + :
Nature of graph‘ dec. dec. inc. -

B

By the first derivative test, the function has a local mini-
mum at (2, —4) and no local maxima.



Apply, Solve, Communicate

Section 6.2 Page 328 Question 5

. . 0 5/3 4
Determine the critical numbers.

ﬂ ~0 Intervals I [0,5/3) (5/3,4] I
dx ' i

120—92x + 12x2 =0 Test values 1 2
2 _ b !

3x—=23x4+30=0 Signofg—;/ + 0 _
Bx=5xx-6)=0 I |

6 Nature of graph inc. dec.
= —or
X 3 /V \

Since 6 ¢ [0, 4], the only critical number is 3 An interval chart is used to organize the information. Testing the

5
endpoints yields V' (0) = V' (4) = 0. The volume of the shed is an absolute maximum if x = = m.

Section 6.2 Page 328 Question 6
a) The height of the flare is 4(0) = 2 m.

b) Determine the critical number, . ¢) Determine ¢ when 4 = 0.

dh

an _ h(t) =0
dt 2
98t +44 =0 —49t°+44r+2=0
oM T E V@2 - 4(-49)2)
9.8 - 2(—4.9)
_ 20 = —0.045 or 9.025
49
Determine the height of the flare at t = @ Since —0.045 < 0, the flare hits the ground after approxi-
) 49 mately 9 s.
220 220 220
_ 4840 + 9680 + 98
49 49 49
4938
T 49
The maximum height of the flare is m.
Section 6.2 Page 328 Question 7
Determine the critical numbers. 0 23.57 45
aw 0 I |
Iy Intervals [0,23.57) (23.57,45]
2 _ k |
—-0.51v" +36.8v—584 =0 Test values 1 30
_ —(36.8)  1/(36.8)2 — 4(—0.51)(—584) | |
' 2(—051) sign of W - 0 +
= 23.57 or 48.59 : !
Nature of graph ~ dec. inc.
\A /v

Since 48.59 ¢ [0, 45], the only critical number is 23.57, which yields W (23.57) = —6007.87. An interval chart is

used to organize the information. Testing the endpoints yields W (0) = —239 and W (45) = —4750.25. The wind-chill
factor is a minimum if v = 23.57 m/s.
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Section 6.2 Page 328 Question 8
27

Determine the critical numbers. ] 8*

as 1.6
ar =0 ”
F(1.8r=3r%) =0 127

r*—0.6r =0 s
rr—0.6) =0 0.8
r=00r0.6 0-6*;
0.41
Since S’(r) > 0 on the interval (0, 0.6) and S'(r) < 0 0.2

on the interval (0.6, c0), the maximum speed occurs at I G
the critical number » = 0.6. The maximum speed of 0 02040608 112141618 2

airflow is S$(0.6) = 1.108 F cm/s.
Section 6.2 Page 328 Question 9

a) The sign change of the first derivative must exist
for an arbitrarily small interval containing the crit-
ical number.

b) Lawrie would have eventually discovered the error
if ever smaller intervals around x = 0 were tested.

Section 6.2 Page 329 Question 10
GRAPHING CALCULATOR GRAPHING CALCULATOR
HuartickEeg
g=gxtithx i+ +e
E=.E%EFS?5613

a) Let & be the height of the tide, in metres. Let ¢ be the time, in hours. The data can be approximated by the quartic
function h(f) = 0.0068¢* — 0.3240¢> + 5.27907> — 33.4397¢ + 71.9825.
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b) Through the use of the minimum and maximum features SFRiNeENeIvAeR
of the graphing calculator, the critical numbers of A(t) .
are revealed. Conversion of these results to approximate
times leads to increasing intervals from 5:37 am to 12:01
p-m. and 6:19 p.m. to 7:00 p.m. Decreasing intervals in-
clude 4:00 a.m. to 5:37 a.m. and 12:01 p.m. to 6:19 p.m.
The tide is neither increasing nor decreasing at 5:37 a.m.,
12:01 p.m., and 6:19 p.m. F

¢) The tide is a maximum at 12:01 p.m. Comparing the two OQAz1 Y=.0zzZORRz
minimum values yields an absolute minimum at 5:37 a.m. —

GRAPHING CALCULATOR GRAPHING CALCULATOR

./

Haxim , ini
n=iz. l:liil:l3.'-' Y=11.19B8786 08 Y= ZrB:zEHB

Section 6.2 Page 329 Question 11

a) Determine the critical numbers. c) 10

ap _ 8

dx 1

b I 1

200 10 6]

x—20=0 P(x) :\
x=20 4] .

Since P'(10) < 0, the population is decreasing on the 2{

interval [0,20). Since P’'(25) > 0, the population is 1
increasing on the interval (20, 30].

b) The population reaches a minimum at ¢ = 20 years. 0 24681012 141 618202224262830
The minimum population is P(20) or 4 million people.

Section 6.2 Page 329 Question 12
Tests of the points x = £2 reveals that f(x) is continuous at these transition points. The first derivative of the middle

piece, X2 +3x+1, yields a critical number at x = —5

GRAPHING CALCULATOR

L SR TC L el NS feica L

Since the first derivatives of the pieces defined by —x — 3

and 13 — x yield no zeros, the critical numbers exist solely

at the endpoints of the intervals for which they are de-

fined. The critical numbers of the function are, therefore,
3

x =-4,-2, ~5 2, and 4. Comparison of the function

values at these critical numbers yields an absolute mini-

mum of —% at x = —% and an absolute maximum of 11 at
x=2.
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Section 6.2 Page 329 Question 13

Express g(x) = |x2 -9 | as g(x) = v/(x? — 9)2. Determine the critical numbers.

GRAPHING CALCULATOR

gx)=0

1
2(x*=9)-2x=0

24/(x* = 9)?

x?-9
W2x=0
2x=0
x=0

In addition to the critical number x = 0, g(x) is not differentiable at x = £3 and +5. Evaluating and comparing the
function values at the five critical numbers reveals an absolute minimum of 0 at x = =3 and an absolute maximum of
16 at x = %5.

Section 6.2 Page 329 Question 14

X . .
Express y = x(r> + x2) "2 as y = ——— . Determine the critical numbers.
(r? + x2)2
ﬂ — 0 GRAPHING CALCULATOR
dx ]
3 1
P +xH2(1) —x- %(r2 + x?)2 (2x) _o

(r? + x?)3
(r* + xz)% -3x2(r? + xz)% =0

3x2=r+x

2x* =r? Haxinumm
n=ondinde” Ye=zE4a04a18

r=1

r
The three critical numbers are x = 0, —, and r. Evaluating the function at these critical numbers yields y(0) = 0,

r 2 1
y|l—= )= and y(r) =
( V2 > 3v3r2 2V2r2
Section 6.2 Page 329 Question 15

. Comparing these results reveals an absolute maximum of

2
3v3r2

1 1
a) Yes. For example, y = 1 :_C 5 has an absolute maximum at (1, 5) and an absolute minimum at | —1, —§>
X

b) Yes. The absolute maximum must either occur at one of the endpoints of the closed interval or a critical number

within the interval. However, if the interval were open, as in the function y = x2 over x € (0, 1), there would not
be an absolute maximum.

Section 6.2 Page 329 Question 16

a) Yes. Since f(x) is differentiable and f’(x) changes sign on the interval (1, 2), there must exist a critical number
within the interval. Since the sign change is from positive to negative, the first derivative test declares that f(x)
has a local maximum within the interval.

3
b) No. For example, y = ———— has an infinite discontinuity at x = —.
4(2x — 3)2 2
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6.3 Concavity and the Second Derivative Test

Practise

Section 6.3 Page 338 Question 1

a) The function is concave upward on the intervals (-6, —3), (1, 4), and (12, 14). The function is concave downward
on the intervals (—10, —6), (=3, 1), (4,7), and (7, 12).

b) The coordinates of the points of inflection are (-6, —1), (=3, 0), (1, 4), (4,0.8), and (12,2.5).

Section 6.3 Page 338 Question 3

a) f isincreasing on the intervals where f'(x) > 0, that is, on the intervals (—oo, 0), (2, 4), and (6, c0). f is decreasing
on the intervals where f’(x) < 0, that is, on the intervals (0, 2) and (4, 6).

b) f is concave upward on the intervals where f’ is increasing, that is, on the intervals (1, 3), (5,7), and (8, o0). f is
concave downward on the intervals where f’ is decreasing, that is, on the intervals (—oo, 1), (3,5), and (7, 8).

¢) f has a local maximum at x = ¢, where f'(¢) = 0 and f"(c) < O, thatis, at x = 0 and x = 4. f has a local
minimum at x = ¢, where f'(¢) = 0 and f”(c) > 0, that is, at x = 2 and x = 6.

d) f has a point of inflection at x = d if f”(d) = 0 and f” changes its sign in the arbitrarily small interval of the
domain around d. The x-coordinates of the points of inflection of f are 1,3,5,7, and 8.

Section 6.3 Page 339 Question 5

— 2
a) f(x)=2x>=3x+5 b) y=6+5x—3x
/ d
f(x)=4x-3 2 —5_6x
" =4 dx
') = 2y
> =—
Since f”(x) > O for all R, f is concave upward on dx
(—o0, 00). Since f” never changes its sign, there are 2y
no points of inflection. Since ﬁ < 0 for all 'R, y is concave downward on
X

2

. d .
(—o0, ). Since d_)z] never changes its sign, there are
X

no points of inflection.

c) g(x) =2x>=3x2 - 12x+6
g(x) =6x>—6x—12 172
"(x)=12x -6 < >
g'(x) Intervals (- ,1/2) 2, )
=6(2x—1) < >
1 Test values 0 1
g’'(x)y=0atx = 5 An interval chart can be used to < >
determine intervals of concavity. g is concave upward Sign of 9'() B 0 + -
on <§, OO) and concave downward on <—OO, 5) g Nature of graph  concave downward concave upward
1 1 N \ U 4
has a point of inflection at <§ —§>
d) y=x+2x*—4x+3
d
Y 32 44ax—4
d‘gx -2/3
£ —6x+4 4 s
dx? Intervals - ,-213) 3, ) g
=23x+2) . ' ' -
42 y 2 Test values -1 0
2 = 0atx= -3 An interval chart can be used to dZy: >
x : a2 —
determine intervals of concavity. y is concave upward on Sign of e 0 + -
5 < >
(—5, OO) and concave downward on (—OO, —§> Y has a Nature of graph  concave downward concave upward
. . . 2 169 iy \
point of inflection at 357 )
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-7/12

e) f(x) =16 = 3x +3.5x> + 2x°
(%) = =3+ Tx + 6x* < >
Intervals (- ,-7112) (-7112, )
f'(x)=12x+7 P o
7 Test values -1 0
f"(x) = 0 at x = ——. An interval chart can be used to < >
determine intervals of concavity. f is concave upward on Sign of 09 - 0 * -
7 7 D "
(—E, oo> and concave downward on ( —00, _E> . f has Nature of graph  concave downward ~ concave upward
ofinflection at [ 8011 s A4
a point of inflection at [ ——, —— .
P 12’ 432
f) y=3x"—4x’ —6x* +2 -1/3 1
d
o2 - 1207 - 12x « R
d‘;x Intervals (- -13) (131 (L)
£ 36x? —24x - 12 « >
dx? Test values -1 0 2
Determine th ¢ Ly oy g
etermine the roots o E Sign of %XZ + 0 _ 0 +
36X2 —-24x-12=0 < concave concave concave >
2, —o Nature of graph  upward downward  upward
3x*=2x—1= \ & 4 7y »
Bx+DH(x—-1)=0
1
=—=orl
x 3 or

. . . . 1
An interval chart can be used to determine intervals of concavity. y is concave upward on (—oo, —§> and (1, o0).

1 1 41
y is concave downward on <—§ 1>. y has points of inflection at <—— —) and (1, -5).

327
g) h(x) =3 +6x —x°
H(x)=6-6x
H'(x) = =30x*

h"(x) < O for all R. A is never concave upward. h is concave downward on the interval (—oo, o0). Since 4" never
changes its sign, there are no points of inflection.

-1//2 0 12
h) y=3x—5x"+2
ﬂ = 15x% = 15x2 Intervals (- -1KM2)  (-1W2,0) = (0,1/42) (12, )
d.x P N
dzy Test values -1 -0.5 . 1
—2 = 60x — 30x 05
dx? @ < >
= 30x(2x% — 1) Sign of &3{ — 0+ 0 = 0 4
2 w Ll
Determine the roots of d_J2) Nature of graph gownward m;\ée downward E‘;Cfa%e
X

30x(2x* = 1) =0 N 7 N v

1
x=0or £ —

. o . . 1 1
An interval chart can be used to determine intervals of concavity. y is concave upward on <——, 0> and ( —, oo> .

V2
is concave downward on< —1 >and (O —1 > has points of inflection at< —1 2+ —7 > (0,2), and
y —o0, — : -y =+ - (0.2),
V2 V2 P NG
V2T 4av2)
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x—1

i) ﬂm=3_
— X
L B=x)1) = (x—1)(-D
fl(x) = G
_ 2
~ (3-x)?
=23 -x)?
f'(x) = 4@ -x)7(=1)
_ 4
C (3-x)

Since f” has no zeros, there are no points of inflection. Since f”(x) > 0 for x < 3, f is concave upward on the interval
(=00, 3). Since f"(x) < 0for x > 3, f is concave downward on the interval (3, c0).

) ogx) =G+ D!
g(x) = —1(x* + D7*(2x)

=-2x(x*+ 172
£'(x) = (@ + D7(=2) + (22)(=2)( + 1) (2x) 13 13
_ 2(3x2=1) < >
BCENE Intervals (- -143) (-143,1//3) ans, )
Determine the roots of g”(x). < >
32— 120 Test values -100 0 100
x —-1= < >
x? :% Sign of g—zx{ + 0 - 0o+
oa b Nature of graph  upward downward pward
V3 \ U 4 'Y W
1
An interval chart can be used to determine intervals of concavity. g is concave upward on <—oo, _E> and
1 . 1 1 . . . 1 3 1 3
—, o ]. g is concave downward on { ———, — ). g has points of inflectionat | ——, -~ ) and | —, — |.
V3 V3'V3 V34 V34
1-x?
k) y=
X
1
=—-—-X
x
dy 1 |
dx =~ x2
d*y 2
dx? X3

2 d2
Since d_); has no zeros, there are no points of inflection. Since d—JZ) < 0 for x < 0, y is concave downward on the
b b'e

d2
interval (—oo, 0). Since d_J; > 0 for x > 0, y is concave upward on the interval (0, o).
X
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Section 6.3 Page 339 Question 7

d
a) g =0 b) ~=0
3 _
4 —12x =0 (=1’ =@ -1 _
X(X2 — 3) =0 (X _ 1)4 -
x=0, :I:\/g —x—1 _
¢'(x)=12x2 - 12 (x = 1)}
—x—-1=0
Since g”"(0) = —12 < 0, g has a lo- x=-1
cal maximum of 0* — 6(0)% + 10 or 10 Py (x—1D3(=1) = (=x — D3)(x — 1)
at x = 0. Si "(— = i
x ince g (-=V3) =24 > 0, ) (x—1)0
g has a local minimum of (—v3)" — 2x + 4
6 (—\/§)2+10 or 1 at x = —+/3. Since = (x — 1)6
g"(¥/3) = 24 > 0, g has a local mini-

4_ 2 d? 1 -1 1
mum of (ﬁ) 6 (ﬁ) +10or 1 at Since il 4 = — > 0, y has a local minimum of ——— or ——
x = V3. dx?|x=—1 32 (=1 —1)2 4

at x = —1. y has no local maxima.
) H(x)=0
2x +3)(2x) — x2(2) -0
(2x +3)? a
2x% + 6x _
(2x+3)2
2x2 +6x =0
x(x+3)=0
x=0or —3
H(x) = (2x + 3)%(4x + 6) — (2x% + 6x)(2)(2x + 3)(2)
B (2x + 3)*
_ 18
T (2x+3)3
Since h"(=3) 2 < 0, h has a local maximum of —(_3)2 or =3 at 3. Since h"(0) 2 > 0, h has a local
i -3) = —= R Ximu - X = —=3. 91 =3 >
3 2(=3)+3 3
2
minimum of m orOatx =0.
dy
d A
) dx
9
—5~2x=0
9
3 —_
)
x=—y/2
- 2
d*y _ 18
dx2 X3

2

d 9
Since d_); =-6<0atx= —i/;, v has a local maximum of

X

local minima.
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Apply, Solve, Communicate
Section 6.3 Page 339 Question 9

a)
Function Negative Zero Positive
f() (=0,0) 0 (0, 00)
() (=00, -3) -3,0 (=3,0). (0, 00)
Y 3 3 3
S (=0, =5), <—§,0> =5.-5.0 <—5,—§>,(0, o)

b) Yes. <—%,O>.

Section 6.3 Page 340 Question 10

a) Manufacturers have fixed costs before a single item ) y
is produced. \ /
b) The point of inflection defines the production level y'=C'(x) /
for which the the cost per item manufactured is \ /
neither decreasing nor increasing. It is where the /
marginal cost is maximized. \\ /

o
<4+—
<V

Section 6.3 Page 340 Question 11

a) The prey population function is concave upward on the interval (100, o). It appears concave downward in the
interval (0, 100).

b) The coordinates of the point of inflection are approximately (100, 200).

¢) The time of the maximum value for the prey population and the point of inflection for the predator function are
the same. The time of the point of inflection of the prey model and the maximum value for the predator model are
the same. The concave downward interval of the prey population coincides with the interval of increase for the
predator population. The concave upward interval of the prey population coincides with the interval of decrease
for the predator population.

Section 6.3 Page 340 Question 12

a) N'(x)=0
-2x+200=0
x = 100

The critical numbers also include 0 and 150, the endpoints of the interval. Comparison of the function values at these
points leads to the following results. N has an absolute minimum value of 12 at x = 0. Since N”(10) = -2 < 0, N
has an absolute maximum of —100? + 200(100) + 12 or 10 012 at x = 100.

b) Answers will vary.
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Section 6.3 Page 340 Question 13

a)
H

H(t) H"(1)

¢) As the height of the vase increases, so does the marginal volume. This is to say, ever-increasing amounts of water
are required to increase the height by the same amount. With water pouring in a constant rate, although H (¢) will
always be increasing, it will increase at a slower rate as time evolves. This positive, but lower, rate is reflected in
the shape of H'(t). The slowing down of H'(t) is reflected in the shape of H"(¢). Its function values are negative
(falling), but increasing.

Section 6.3 Page 340 Question 14

-2 -2/3 0
The function can be rewritten as f(x) = V/x3 + 4x2 + 4x. Intervals ) (- ,-2) (-2,-2/3) (-2/3,0) (0, ) g
fl(x)=0 Test values -3 -1 05 1
3x2+8x+4 < >
; =0 Signof f(x)  + - 0 + +
3v/(x3 + 4x2% + 4x)? < >
(3X + 2)(x + 2) _ 0 Nature of graph increasing - decreasing = increasing increasing
3v/(x(x + 2)2)? I
2 -2 0
x=—§; x#Qor —2
f'(x)=0 Intervals - ,-2) (-2,0) ©, )

-8 <

— =0
9V (x + 2)* Test values ) -3 -1 1

X = no roots

v

v

Sign of f"(x) + + -
The critical numbers of both f /gx) and f ”(x).are —2 and 0. Nature of graph Egnwcaarvde Egnwcaarvde concave
Interval charts are used to determine the properties of f(x). v v 0y

2 2
a) f is increasing on the intervals (—oo, —2) and (—5 oo). f is decreasing on the interval <—2, —§>

b) Comparing function values at the three critical numbers, —2, —3 and 0, reveals a local maximum value of O at

2 2
x = —2 and a local minimum value of ——\3/1 atx = ——.

¢) f is concave downward on the interval (0, o). f is concave upward on the intervals (—oo, —2) and (-2, 0).
d) The lone point of inflection is at (0, 0).
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Section 6.3 Page 340 Question 15

a) 4
//

d)

Section 6.3 Page 341 Question 16
a) i) The graph of f appears at the right.

ii) f has no extrema.

iii) f has a point of inflection at (0, 0).

b) This function is not possible. If the first derivative
is negative, it is decreasing. Eventually, the func-
tion would cross the x-axis and the function values
would become negative.

c)

e) y

GRAPHING CALCULATOR

B e B LR T L

x € [-4,4], y € [-5000, 5000]
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b) i) Three views of f appear below.

VASURTCHPLIZDAR-20Z00-0_ | [WM=(RTiie 1020 oc-2oaei-_ | [W1=CRT i 1020,/ 00R- 2020 -4
= - £30 Y= -z .E0GE -y M= GEY y=xzi PEZBE W=1B.O0E  V=41.BE144E
x €[=2,05], y € [0.0004,0.0002] x €[2,4], y € [~100,800] x €[4,60], y € [-10, 100]

ii) f has a local maximum at (—1, 0). Local minima are located at (—0.539, —0.000 25), (2.634,321.764), and

(16.905, 41.861).

iii) f has points of inflection at approximately (—0.8, —0.000 11), (—0.287, —0.000 13), and (0, 0).

Section 6.3 Page 341 Question 17

No. Extrema of the function will occur where there is a sign change at the zeros of the second derivative. Since
extrema of f at x = ¢ can also occur where f’(c) does not exist, it is not possible to determine all of the x-coordinates

of the maximum and minimum points.

Section 6.3 Page 341 Question 18

y=x3+cx2+x+d

d
Y 3x2 +2ex+ 1
dx
d2
ar_ 6x + 2c
dx?

d2
Substitute x = 4 into (2), set d—); = 0, and solve for c.
X

6(4)+2¢c=0
2¢ = =24
c=-12

Substitute x = 4, ¢ = —12 and y = 3 into (1) and solve for d.
3=4-124) +4+d
3=64—-192+4+d
d=127

ey

@)

If c = —12 and d = 127, the cubic curve y = x> — 12x> + x + 127 has a point of inflection at (4, 3).

Section 6.3 Page 341 Question 19
a) Determine the critical numbers.

fl(x) =0 f'(x) = 12ex” — 4
4ex® —4x =0 f"0)=-4<0
2 —
x(ex*=1)=0 f"<:l:i>:8>0
x=0 :I:L Ve
e

If ¢ > 0, three critical numbers exist. Results from the
second derivative test reveal a maximum value of 1 at

-1 1
x=0andaminimumofc atx=+—.Ifc <O,

c c

one critical number exists at x = 0. Results from the
second derivative test reveal a maximum value of 1 at
x =0.
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b) For ¢ > 0, the maximum and minimum points are (0, 1), <

Sl
o
o

points lie on the curve, y = 1 — x2.

Il
—_
|
Il
—_
|

y(0)=1-07 c—
=1 c C

Thus, all three extrema lie on the curve y = 1 — x2. For ¢ < 0 the maximum point is (0, 1), which lies on the curve
2
y=1-x".

Section 6.3 Page 341 Question 20

N
o
/////
A ’
//
T3 2 4 oi 1 2 3 X"
Section 6.3 Page 341 Question 21
0.6
0.4
fx) 1
0.2 S~

2 H0 B B 4 20

02

e—

0.4
/A

-0.6-
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Section 6.3 Page 341 Question 22

1
a) The roots of f are 0, —=, and 1. Since the first two

are double roots, f is tangent to the x-axis at these GRAPHING CALCULATOR
locations. Using this information, local maxima =N =1 IR =1]T

1
will occur at (0, 0) and <§ 0). Local minima are

1 1
anticipated on the intervals <O, 5) and <§ 0>.

The product rule can be used to show that

(fegh) = f'gh+ feg'h+ fgh

This is used to simplify the differentiation process.

fx)=0
2x(x = D2x — D>+ 2 (D2x - D? + x> (x - DRECx-1)(2) =0
x(2x = 1D(A0x* = 11+2)=0

1 11++41
@ x=0.-5 —55—

The first two critical numbers confirm the two maxima. The latter two critical numbers are confirmed through the
graphing calculator activities below.

GRAPHING CALCULATOR

FMintY1 a8 Ha2 .52
229841122
Y CAR= 2
ol = b R e

GRAPHING CALCULATOR

FMincY1:8.9212
. B7E157VAS
Y1 CARsS 2

gl G A S

The local minima are stated approximately as (0.2298, —0.0119) ERARHING CARCERATOR

and (0.8702, —0.0539). For the points of inflection, the graph- PEEnheriv 2 aiai)

ing calculator can be used to determine the zeros of the second

derivative. The points of inflection are (0.0913,-0.005 06),

(0.3712,-0.005 75), and (0.7375, —0.0322).

b) No. The given window gives no indication of activity on the
interval (0, 1).

¢) A suitable window is x € [—1,2], y € [-0.07,0.07].

¥=-.89998Y4
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6.4 Vertical Asymptotes

Practise
Section 6.4 Page 347 Question 1
a) The equations of the vertical asymptotes are x = -8, x = =5, x = -1, x =4,and x = 9.
b) 1) liﬂg f(x) =00 ¢) For each of the following, the limit does not exist.
X—— . . . .
' Since the function values approach the same infinity
ii) XEI_T; f(x) =00 from both sides, a more specific result is provided.
iii) lim f(x) = —o0 i) lim f(x) =
x—==1- x—==5
iv) lin%+ f(x) =—o0 ii) xlir{ll f(x) =—-c0
v) 1ir4r3_ f(x) =00 ii) J1(153 f(x) =0
vi) HT+ f(x) =00 iv) }Cl_rg f(x)=—o0
vii) lim f(x) = —o0
x—9-
viii) li1191+ f(x) =—o0

Section 6.4 Page 347 Question 3

a) As x approaches 5 from both sides, (x — 5)? becomes smaller, but positive. The result is that 3 increases

x —_—

1

positively, without bound. lim ——— =
x—5 (x - 5)2
-3
b) As x approaches —6 from both sides, (x + 6)? becomes smaller, but positive. The result is that +—)2 increases

X

=3

negatively, without bound. lim6 =167 =—
x——6 (x
¢) The TABLE feature of the graphing calculator can be used to determine the behaviour of the function from both

sides of —4. lim X =—
x—-4 (x +4)2

GRAPHING CALCULATOR GRAPHING CALCULATOR

bt hl

'EE -:.E
s -Z.b
e B . =7

i P -= B
-"LII.%:I. -z.9
“H. =z.98
=400l EIZIIW -3 ggg :

V1= -4001068

d) The TABLE feature of the graphing calculator can be used to determine the behaviour of the function from both
sides of 7. lim Sox =-
x=7 (x — 7)2

GRAPHING CALCULATOR GRAPHING CALCULATOR

x
x

L0 L0 L = T

iii

V1= -199980E

£
i
kK
c
i
0
0

i
ni

i

= -2881B8E

b r
b .
b r
B. r.
] r.
b r.
b r
1 1

-=
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e) The TRACE feature of the graphing calculator f) The TRACE feature of the graphing calculator
2 +4 . -5 - x2
2 = oo. suggests xlin_l1 GrE

suggests lim
x—2 (x —

GRAPHING CALCULATOR GRAPHING CALCULATOR

e S L R L

n=1.000083} ..

Section 6.4 Page 348 Question 5
a) Since 2 is a root of the denominator and not a root of
the numerator, x = 2 is a vertical asymptote of f.

b) Since —2 is a root of the denominator and not a root of
the numerator, x = —2 is a vertical asymptote of y.

GRAPHING CALCULATOR

Bl P L . )

GRAPHING CALCULATOR

¢) Since 3 is a root of the denominator and not aroot of  d) g(x) = x(x + 42)
the numerator, x = 3 is a vertical asymptote of k. (x+4)
x
S x+4

GRAPHING CALCULATOR

Since —4 is a root of the denominator and not a root of the
numerator, x = —4 is a vertical asymptote of g.

GRAPHING CALCULATOR

334 MHR Chapter 6



1
e) y=E1".2
1

T U-0(+x)

Since 1 are roots of the denominator and not roots of
the numerator, x = £1 are vertical asymptotes of y.

GRAPHING CALCULATOR

=101 -Hz)

4x* + 8x
(x+2)(x+4)
_ 4x(x+2)
T (x+2)(x+4)

g) h(x) =

Since —2 and —4 are roots of the denominator and not
roots of the numerator, x = —2 and x = —4 are vertical
asymptotes of h.

GRAPHING CALCULATOR

Y1=CYH " Y+BH TR+ R+

_ x+3

T X2(x=3)(x+3)
1

S eeon YT

i) y

Since 0 and 3 are roots of the denominator and not roots
of the numerator, x = 0 and x = 3 are vertical asymp-

totes of y.

GRAPHING CALCULATOR

=1 R0 =200

X

f) y=1_2

_ X
T =-x)1+x)

Since *1 are roots of the denominator and not roots of the
numerator, x = 1 are vertical asymptotes of y.

GRAPHING CALCULATOR

Y=L -HEd

h) Since 0 and —2 are roots of the denominator and not
roots of the numerator, x = 0 and x = —2 are vertical
asymptotes of y.

GRAPHING CALCULATOR

3
3
x(x—=2)(x+2)

i) q(x)

Since 0, —2 and 2 are roots of the denominator and not
roots of the numerator, x = 0 and x = +2 are vertical
asymptotes of g.

GRAPHING CALCULATOR

FI=EA RO =2 I+ 200
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Apply, Solve, Communicate

Section 6.4 Page 348 Question 7

50 000

100 =350 b) As p — 1007, the denominator, 100 — p, ap-
+ ; ; —
) 50 000 proaches 0. The result is that x—l}l%lo C(p) = co.

a) C(50) =

50 ¢) No. The costs would be prohibitive.
= 1000 d) No.

The cost of removing half (50%) of the pollutants is $1000.
50 000

100 — 90

_ 50000

10
= 5000

C(90) =

The cost of removing 90% of the pollutants is $5000.
Section 6.4 Page 348 Question 8

a) As x — 1-, the denominator, x> — 1, approaches 0~. The result is that lim

=—00. Asx — 17, the
x—1-x3 =1

denominator, x° — 1, approaches 0*. The result is that lim

= 0o0.
x=1+ x5 — 1

GRAPHING CALCULATOR GRAPHING CALCULATOR

1 1
b) The graphing calculator confirms the results lim 1 = —oo and lir{l 1
— x—1*t x3 —

x—=1" x

GRAPHING CALCULATOR

Section 6.4 Page 348 Question 9

a) Since d defines the distance between the masses, d > 0. As d — 0%, the denominator, d?, approaches 0t. The
G
result is that lim mm
d—-0t (2

b) The masses of normal size objects are so small the force of gravity is negligible.
¢) Answers will vary.
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Section 6.4 Page 349  Question 10 Section 6.4 Page349  Question 11

1
— > 100 000 000 . 5 2 5x2 2
x4 lim |[-—-—=)=1lm | — -—
| x>0t \ x  x3 -0t \ x3 X3
4
< ——m—m88 2
* = 700 000 000 o (322
1 x—0F x3
< —_—
¥l < 100
As x — 0%, the numerator approaches —2*. The denominator,
1 5 2
For =< 100 000 000, |x| < 0.01. X3, approaches 0F. The result is that lirg <— — —3> = —0o0.
X x—=0t \ X X

Section 6.4 Page 349 Question 12
2 2
a) As v — ¢, the expression v_2 approaches 1~. In turn, the expression 1 — v_2 approaches 0. As a result, the
C C

denominator approaches 0*. The net result is that m = lim —  oroo. To summarize, as the velocity of the

object approaches the speed of light, its mass increases without bound.
b) If the particle reaches a speed equal to or greater than the speed of light, the mass of the particle will be undefined.
Section 6.4 Page 349 Question 13

a) lim f(x) = coif nis even and p(a) > 0 or nis odd and p(a) < 0.

lim f(x) = —ccif nis odd and p(a) > 0 or n is even and p(a) < 0.
b) lim+ f(x) = oo if p(a) > 0. lim+ f(x) = —o0if p(a) < 0.

Section 6.4 Page 349 Question 14

a) Since oo is not a real number, it is not bound to the result @ — a = 0. In isolation, the expression co — oo has no
meaning, hence no numerical value.

b) For the given functions, as x — 3, both f and g tend to oo. This would suggest the following,

. x2 6x—9 . x2 . 6x-9
lim - = lim — lim
=3\ (x=3)2 (x-3)2 =3 (x=3)2 x=3(x—3)?
=00 — 00

However, simplifying the expression before evaluating the limit provides further insight.

. < x2 6x—9> . x>=6x49
lim — =lim ——
=3\ (x=3)2 (x—=3) x=3  (x —3)?

L (x=3)?
Cx-3 (x = 3)?
=lim1

x—3
=1

Under the influence of limits, this co — oo leads to a result of 1. Using different functions may lead to a result
other than 1. In conclusion, when the expressions co + oo arise in the context of limits, the results are said to be
indeterminate. This is to say, they require further investigation.
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6.5 Horizontal and Oblique Asymptotes

Practise

Section 6.5 Page 359 Question 1

a) horizontal asymptotes: y = 2, y = —1; vertical asymptotes: x = —1, x = 4.
b) horizontal asymptotes: y = 2, y = —2; vertical asymptotes: x = —4, x = 4.

Section 6.5 Page 359 Question 3

12
b) lim — =0~

——c0 X

d) lim % =0

X—>—00 X

4 —x3

h lim
) x—o00 3

a) lim§=0+
x—o0 X
4
) lim — = lim —, x £0
x—00 X Xx—00 X
—ot
-5
2 Jm 5= lm S
=—(07)
_0+
3x+2
3x +
li li
g) x—]>—oo X — x—1>—oo x—l
X
2
345
= lim —=
T x
340
T 1-0
=3
x+7
7 2
D flim——"" i —
x—00 x2 —Tx+5 x-0 x2—Tx+5
x2
1 7
= lim —= X2
X—00 7
__+_
X
040
T1-0+0

338 MHR Chapter 6

+2x3




Apply, Solve, Communicate
Section 6.5 Page 360 Question 5

2x -3
. 2x - 3 . X
1 =1
a) e 5 ox  aom 5—x
x
3
7=
= lim —=
- -
_2-0
S 0-1
=-2
A similar result occurs as x — —oo. The equation of
the horizontal asymptote is y = —2.
3 —-8x
. 3 - 8x . X
1 =1
©) fast 2x+5 A% 2x+5
X
3
- -8
= lim X —
24—
x
_0-8
240
=—4

A similar result occurs as x — —oo. The equation of
the horizontal asymptote is y = —4.

2
e) lim<1— i >=lim J—

X—00 x2 -9 X—00 x2 -9

=lim|1-

X—00

A similar result occurs as x — —oo. The equation of
the horizontal asymptote is y = 1.

X
2
b lim = lim —=
) X—00 x2—4 XxX—00 x2_4
x2
1
=i X
s 4
X2
0
T 1-0

A similar result occurs as x — —oo. The equation of
the horizontal asymptote is y = 0.

2
1
d) lim =" = jim

x—oo x% — 1 x—o0 x2 — 1

A similar result occurs as x — —oo. The equation of
the horizontal asymptote is y = 1.

6x% +4x + 1
6x% +4x + 1 x2
lim —m8M8M8 — = lim ———
f) X—00 5 —13x2 X—00 5 - 3x2

2
4 1
6+—+—2
= lim 5’“ X
;—3
_6+0+0
T 0-3
=-2

A similar result occurs as x — —oo. The equation of
the horizontal asymptote is y = —2.
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Section 6.5 Page 360 Question 6
a) Rewrite y.

3x2—4x+5
y=————-"
x
5
=3x—-4+ - )]
x

5
As |x|] = o0, — — 0. As a consequence, (1) ap-
X

proximates the expression 3x — 4. The equation of
the oblique asymptote is y = 3x — 4.

¢) Rewrite y.

2 +4x+1
Y x+1
2x% +2x +2x + 1

x+1
2x(x+ 1) +2x+1

x+1
2x +1

x+1

|
)
=

1)

2x + 1

As |x| = oo, — 2. As a consequence, (1)

approximates the expression 2x + 2. The equation
of the oblique asymptote is y = 2x + 2.

e) Rewrite f(x).

x> +5x24+3x+ 10
x2+2
x4+ 2x+5x>+x+10
x2 42
x(x2+2)+5x*+x+10
x2+2
5x2+x+ 10

T e 1
x x2+2 M

fo) =

5x>+x+10
i x2+2 ) )
(1) approximates the expression x + 5. The equation
of the oblique asymptote is y = x + 5.

As |x| = oo, — 5. As a consequence,

340 MHR Chapter 6

b) Rewrite h(x).

=x—— (1)

4
As |x| = oo, == 0. As a consequence, (1) ap-
X

proximates the expression x. The equation of the
oblique asymptote is y = x.

d) Rewrite y.

B 6x2
T 3x-2
_ 6x% — 4x + 4x
T 3x-2
_ 2x(3x—2) +4x
B 3x -2
4x
3x =2

y

=2x + (1)

4 4
As |x| — oo, M — —. As a consequence, (1)
3x -2 3

. . 4 .
approximates the expression 2x + 3 The equation

4
of the oblique asymptote is y = 2x + —.

3
f) Rewrite g(x).
2x — x* = x*
g(x) = —Yw_2
_ —x?—x*+2x
B x3 =2
_ —x% —x(x*>-2)
B x3=2
2
—-X
=55 % 1)

2
—-X
5 — 0. As a consequence, (1)

x

approximates the expression —x. The equation of

the oblique asymptote is y = —x.

As |x] = oo,




Section 6.5 Page 360 Question 7
a) Since the numerator has no roots, there are no

x-intercepts. The y-intercept is g(0) =

or
—3. Since 1 is a root of the denominator,())c =11 is
a vertical asymptote. Since g(x) — 0 as |x| — oo,
y = 0 is a horizontal asymptote. An interval chart
is used to determine the signs of the range of the
function.

1
Intervals ) - .1 ) "
Test values ) 0 2 "
Sign of g(x) ) - + ]

v

4

y
“'\ 1 X

3

¢) Since 1 is a root of the numerator, the x-intercept is

0—
1. The y-intercept is y(0) = 0 or —1. Since —1

+1
is a root of the denominator, x = —1 is a vertical

asymptote. Since y —» las|x| - oo,y = 1lisa
horizontal asymptote. An interval chart is used to
determine the signs of the range of the function.

-1 1
Intervals - ,-1) (-1,1) 1)
Test values -2 0 2
Sign of y + - +
A
£y
& Ll >
o // . B
1 /1 X
-1
///
v

b) Since 0 is a root of the numerator, the x-intercept is

3(0
0. The y-intercept is y(0) = 03_)2 or 0. Since -2
is a root of the denominator, x = —2 is a vertical

asymptote. Since y — 3 as|x| - oo,y = 3isa
horizontal asymptote. An interval chart is used to
determine the signs of the range of the function.

-2 0
Intervals (- ,-2)  (-2,0) ©, )
Test values -3 -1 1
Sign of y + - +
A A
J y
/
“C Bl ;‘
e
2/ X
/,
| v
v

. 7. .
d) Since ~g is a root of the numerator, the r-intercept

.7 . . 6(0)+7

is ~ The v-intercept is v(0) = ZEO;——7 or —1.
7

Since = is a root of the denominator, r = = is a

vertical asymptote. Since v — 3 as |[r| - oo, v =3
is a horizontal asymptote. An interval chart is used
to determine the signs of the range of the function.

-716 712
Intervals (- ,-7/6) (-7/8,712) = (712, )
Test values -2 0 4
Sign of v(r) + - +
A 4
v N
" ............... 3 ............... t

A
1
\l
I\
l—.‘9’/'

\l
~—
N
=
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. 4. . . 2. :
e) Since ~3 is aroot of the numerator, the x-intercept f) Since 3 is a root of the numerator, the z-intercept

2 9(0)—6
3(10)_-'(')4 or 4. is 3 The g-intercept is g(0) = 1(_)3(0) or —6.
Since 1 is a root of the denominator, x =1 is a

vertical asymptote. Since y — -3 as |x| — oo,

4
is -3 The y-intercept is y(0) =

. 1. . 1.
Since 3 is a root of the denominator, 1 = — is a

y = =3 is a horizontal asymptote. An interval chart vertical asymptote. Since g — =3 as [f| — oo,
is used to determine the signs of the range of the y = 3 is a horizontal asymptote. An interval chart
function. is used to determine the signs of the range of the
function.
-4/3 1
13 213
Intervals (- ,-413) (431 (1, ) < >
p > Intervals - 13)  (323) (23, )
Test values 2 0 2 < >
< > Test values 0 172 1
Sign of y - + — < >
< > Sign of g(t) — + —
A < >
yA;‘
/ A
.l wl X
/ \
/

A
v

v

"""""" = 4-3\,»
- C
/ -6 \
Vvy
\\
v “
v
Section 6.5 Page 360 Question 8
2
a) As |x| » oo, F1 — 0. As a consequence, the b) As |x| — oo, ) — 0. As a consequence, the
X x
function approximates 2x + 3. The equation of the function approximates —2x. The equation of the
oblique asymptote is y = 2x + 3. oblique asymptote is y = —2x.

GRAPHING CALCULATOR GRAPHING CALCULATOR

342 MHR Chapter 6



¢) Rewrite y.

gl %)

4
As |x| = o0, — — 0. As a consequence, the func-
x

tion approximates x. The equation of the oblique
asymptote is y = x.

GRAPHING CALCULATOR

_-Da-2)-12
- 1—t¢

:—t+2—11—2 (1)

1
As |t| - oo, T—; — 0. As a consequence, the

function approximates —¢ + 2. The equation of the
oblique asymptote is y = —t + 2.

GRAPHING CALCULATOR

Section 6.5 Page 360 Question 9

2
) i) V(1) = 5000 - 2
(1+2)?
= 5000 — 2000
9
= 477778

After 1 month, the value of the machinery is $4777.78.

d) Rewrite y.

X2 -16+12
y= x—4

12
=x+4+— (1)
x—4

12
As |x| - o0, —— — 0. As a consequence, the
x —

function approximates x + 4. The equation of the
oblique asymptote is y = x + 4.

GRAPHING CALCULATOR

f) Rewrite y.

X2 +5x-6+10
y=——7/7"
x—1
_ (x=D(x+6)+10
- x—1

10
=x+6+—1 1

10
As |x| - oo, —— — 0. As a consequence, the
x —

function approximates x + 6. The equation of the
oblique asymptote is y = x + 6.

GRAPHING CALCULATOR

2 2
) V(6) = 5000 - 20"
(6 +2)?
72 000
= 5000 — -
= 3875

After 6 months, the value is $3875.00.
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2000(12)2
i) V(12) = 5000 — 2200012)7

(12 +2)2
288 000
= 5000 — =5
= 3530.61

After 1 year, the value of the machinery is $3530.61.

iv)

2000(120)2
V(120) = 5000 — 220001201
(120 + 2)2
28 800 000
=00 e
= 3065.04

After 10 years, the value of the machinery is $3065.04.

b) The value of most machinery typically declines continuously with use. Hence the machinery is likely worth the
most at the time of purchase (¢ = 0). Over the interval [0, co) there should be no extrema.

[ 20007>
c) lim V' (¢) = lim |5000 —
t—>o0 1—oo | (t+ 2)2
200072
. 12
= lim |5000 - —
100 2 +4t+4
i 12
— lim | 5000 - —22%0
t—>00 4 4
I+-+=
B t 2
= 5000 — 2000
= 3000

The limit of the value of the machinery over time is $3000.

Section 6.5 Page 360 Question 10

20n* +2n + 4
lim S(n) = lim ——
a) JNim §(n) = lim —="——
20n* +2n+ 4
= lim ——"*
n—o0 17n+ 4
n
4
20n+2 + —
= lim n
n—oo 4
17+ -
n

= C0

The result suggests sales continue to increase over time.

Section 6.5 Page 360 Question 11

600 x <40
X
a) c(x) =
20x — 200
T x> 40
X
20x -2
b) lim ¢(x) = lim 22X =200
X—00 X—00 X
2
= lim <20 - ﬂ)
X—00 X
=20

As the area to be carpeted increases, the average cost
per square metre approaches $20/m?.

b)

c)

d) No.
e) No.

For an average rate of inflation of 3.3% (per year),
the real value of sales is

_ 20m2 +2n +4
© (171 + 4)(1.033)"

R

The growth rate is given by Sg’(n). the long term
growth rate is given by lim Sg'(n). Use graphing
technology to determine that this limit is equal to
0. Over the long term, the rate of inflation takes
over the growth rate is sales.

GRAPHING CALCULATOR

T1=CE00 R =0+ (2 0H -2

d) No. For very small areas, the average cost per square metre is prohibitively expensive.
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Section 6.5 Page 360 Question 12

. . 100 + 1200
a) The current pricing formula is A(x) = —r

X
b) C(x) provides a better pricing formula since the price decreases without limit as the number of computers ordered

increases.
. . 100 + 1200x
C) )}1_,123 A(x) = )}1_)1’1; X GRAPHING CALCULATOR
— lim @4_1200 g L DILIES Rl Tk 2P
x>0 X [ .
= 1200

As the number of computers ordered increases, the price
approaches $1200 per computer.

. . 100 + 1200x — 2x>
d) lim C(x) = lim X~

X—00 X—00 X

= lim @ + 1200 — 2x

X—00 X
= —o0

This result suggests the price per computer ordered declines without bound. This is unrealistic.

e) Yes.
Section 6.5 Page 361 Question 13
For x < 0, |x| = —x. For x > 0, |x| = x.
2x 2x
= o i
li =1 X li — 1 X
x—l>IEloo —x+1 x—o—00 —X + 1 xl—glo —x+1 xl—glo x+1
X X
-1+ - + =
X X
=-2 =2
As x — —oo, the function approaches a horizontal As x — oo, the function approaches a horizontal asymp-
asymptote of y = —2. tote of y = 2.

Section 6.5 Page 361 Question 14

Vaxz+5

Vaxz+5 \/;

li =1
a) xgga 2x—l xg{tlo 2x—1
X
P
. x2
= lim 1
2_ =
X
R
)
=1
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\V Vx2+3x+5
b) lim Vx2+3x+5—x = lim (Vx2+3x+5—x>- X Hox+o+x
X—00 X—o00 ,—x2+3x+5+x

x243x+5—x?

= lim
T2+ 3x+5+x
3x+5
X

= lim

T A2 +3x+5  x
AL LR
Vx2? X

5
3+ —
= lim X
X—00 3 5
1+—+ = +1
V X X
_ 340
VvI+0+0+1
3
T2
Section 6.5 Page 361 Question 15
341
a)  lim [f(x) - %] = lim [x + —x2] b)
X7 X7 X GRAPHING CALCULATOR
3 1= 3 =
= lim = + X M= E+10M0
X—00 X
= lim —
x—o0o X
=0
f(x) is asymptotic to g(x) = x°.
¢) i) Dividing 5x* + 1 by x? + 1 yields 5x* = 5 + T As
x
X = 0, — n — 0. The result is that g(x) is asymptotic
x

to h(x) = 5x> - 5.

4 GRAPHING CALCULATOR
x+1° YezZHz=EN+E
Asx — oo, xi-l—l — 0. The result is that h(x) is asymptotic
to k(x) = 3x* — 5x + 5.

i) Dividing 3x>—2x?+1by x+1 yields 3x> — 5x + 5 —
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P
d) Denote a rational function by ﬁ, where P(x) and Q(x) are polynomials of degree n 4+ k and n respectively.
n is a whole number and k is a natural number. p; and ¢; are the coefficients of the ith term of P(x) and Q(x),
respectively.
n+k

P(x) E(,) pix

1 = 11
|x]— o0 Q(x) |x|—s00 .
Y gix!
i=0

n+k )
Z pix'
i=0

X"
|x|=s00 2 i
Z qix
i=0
x"

n+k )
Z p[xl—n
i=0

n—1 1
qn + Z Qi;
i=0

n+k )
lim Y p;x'™"

|x| =00 i=0

- n—1
. 1
lim (fIn + Z %‘;)
i=0

|x]—>00

|x| =00

n+k .
lim Y p;x™™"

[x|—o0 [ =o
g, +0

n+k )
= fim Y By (1)
[x]| 500 4 o qn

i=!

P
As |x]| = oo, Qixi behaves as (1); a polynomial of degree k.
X

Section 6.5 Page 361 Question 16
3 X
a) Define Y| = <1 - —> and use the TABLE feature of the graphing calculator to approximate a limit of 0.05.

GRAPHING CALCULATOR

b) Use the TABLE feature of the graphing calculator to approximate a limit of 0.0498, correct to four decimal places.
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6.6 Curve Sketching

Practise
Section 6.6 Page 370 Question 1
1
a) vi. f has a y-intercept of ~5 a vertical asymptote of x = 2, and a horizontal asymptote of y = 0.
b) viii. f has a y-intercept of 0, a vertical asymptote of x = 2, and a horizontal asymptote of y = 1.

¢) iii. The function has a y-intercept of L vertical asymptotes of x = +2, and a horizontal asymptote of y = 0.
1
d) ix. f has a y-intercept of T a vertical asymptote of x = 2, and a horizontal asymptote of y = 0.

1
e) v. The function has a y-intercept of 508 vertical asymptote of x = 2, and a horizontal asymptote of y = 0.

f) xi. q has a y-intercept of 0, a vertical asymptote of x = 2, and an oblique asymptote of y = x + 2.

g) iv. f has a y-intercept of 0, vertical asymptotes of x = £2, and a horizontal asymptote of y = 0.

h) i. The function has a y-intercept of 0, a vertical asymptote of x = 2, and a horizontal asymptote of y = 0.

i) x. g has a y-intercept of 0, a vertical asymptote of x = 2, and an oblique asymptote of y = —x — 2.

J) ii. k has a y-intercept of 0, vertical asymptotes of x = 2, and a horizontal asymptote of y = 1.

k) vii. The function has a y-intercept of ——, a vertical asymptote of x = 2, and a horizontal asymptote of y = 0.

1) xii. f has a y-intercept of 0, vertical asymptotes of x = £2, and an oblique asymptote of y = x.
Apply, Solve, Communicate

Section 6.6 Page 372 Question 3

d
a) Do
dx GRAPHING CALCULATOR
3x2+1=0 Yi=HT e
2y _
dx?
6x =0
x=0

Since there are no critical numbers, there are no extrema.
There is a point of inflection at (0, 0).

d
d-i:o
6x> +30x —36 =0
x+6)(x—-1)=0
x=-6orl
d2y_
dx?
12x+30=0
2x+5=0

b)

xX=—-=

2

5 305
There is a local maximum at (—6, 324) and a local minimum at (1, —19). A point of inflection occurs at (—5 T)
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©) gx)=0
3(x* = 4)%(2x) =0

GRAPHING CALCULATOR

Yi=(Rz-y)T
2x(x —2)*(x+2)*> =0
x=0,£2
g'(x)=0

(x2 = 4)%(6) + 6x(2)(x* —4)(2x) = 0
6(x*—4)(5x*-4)=0

2
x=12,+—

V5

There are no local maxima. A local minimum occurs at (0, —64).

2 —4096
Points of inflection occur at (%2, 0) and <:I:E W)
d) flx)=0 GRAPHING CALCULATOR
15x* = 15x =0 Yi=FH~E=-ERF |
X(x2=1)=0
x=0,=*1
f'(x)=0
60x> —30x = 0
x2x>=1) =0
1
x=0+—
V2

A local maximum occurs at (—1, 2). A local minimum occurs at (1, —2).

1 7 1 7

Points of inflection occur at (0, 0), (——, —>, and (— ——>.
V2 4v2 V2 4v2

dy
~Z_0

©) dx
12x3 —12x> = 24x =0
x(x*=x=2)=0
x(x+1D(x—-2)=0

GRAPHING CALCULATOR

= 0—1 or2 TA=ZHH-YRF-LERE+E
d2y _
==
36x> —24x—24 =0
3x2—2x-2=0
2+ 1/4+46)
X = T
1++v7
T3

A local maximum occurs at (0, 2). Local minima occur at (—1, —=3) and (2, —30).

1++7 —230—80\/7> ond <1-«/7 —230+80\/7)

Points of inflecti t
oints of inflection occura< 3 77 3 77
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' _
f) hH(x)=0 GRAPHING CALCULATOR

—15+18x-3x>=0 V1=E-1ER+BHz-HF

x}—6x+5=0

x=-Dxx=-5=0
x=1or5

H'(x)=0

18—6x=0

x=3

A local maximum occurs at (5,27). A local minimum occurs at (1, —5). A point of inflection occurs at (3, 11).
Section 6.6 Page 372 Question 4
a) e Frame the curve. Since —2 is a root of the denominator, the function has a vertical asymptote of x = —2. Since

1
the degrees of the numerator and denominator are the same, the function has horizontal asymptote of y = 1 or
y=1.y>0o0nx € (—oo0,—2) and (2,00). y <0on x € (-2, 2).

e Find important points. The y-intercept is

5 or —1. The x-intercept is 2.

ﬂ =0 e Sketch the curve.
dx
(x+2)(1) = (x—=2)(1) 0 GRAPHING CALCULATOR
(x+2)? B
4 —_—
(x+2)%
no critical numbers
d2y _
dx?
8 —
(x+2)33
no roots

There are no extrema and no points of inflection.
e Add details. No symmetry. It is not necessary to determine intervals of concavity.

b) e Frame the curve. Since there are no roots of the denominator, there are no vertical asymptotes. Since the degree
of the numerator is less than the degree of the denominator, the function has horizontal asymptote of y = 0. Since
both the numerator and denominator are positive for all real numbers, f () > 0 for all ‘R.

e Find important points. The y-intercept is 7 or 2. There is no t-intercept.

2+0?
) =0 e Sketch the curve.
—48 GRAPHING CALCULATOR

12 +12)2

( ) o

/' =0
48(31 — 12)

12+2)73
33 -12=0
?—4=0
t=%2

Since f”(0) < 0, a local maximum exists at (0, 2). Points of inflection exist at | £2, = }.

e Add details. Since f(t) = f(—t), the function possesses even symmetry. It is not necessary to determine intervals
of concavity.
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¢) e Frame the curve. Since there are no roots of the denominator, there are no vertical asymptotes. Since the degrees

of the numerator and denominator are the same, the function has horizontal asymptote of y = — or y = 1. Since

the denominator is positive for all real numbers, the sign of the function is determined by the numerator. y > 0 on

|x] >1andy <Oon |x| < 1.
2

or —1. The x-intercepts are x> — 1 = 0 or x = %1.

o Find important points. The y-intercept is

02+1
dy
- =0
(% + 1)(2x) = (x? = 1)(2x) ~0 e Sketch the curve.
(x2 + 1)2 GRAPHING CALCULATOR
(xfol)z = M=dz=10 00z +10
x=0
d*y _
5=
(2 + () 42+ D0 _
2+ 14
4(1 - 3x?) _
X = :I:L
V3

1 1
Since f”(0) > 0, a local minimum exists at (0, —1). Points of inflection exist at <:t$ —5>.

e Add details. Since y(x) = y(—x), the function possesses even symmetry. It is not necessary to determine
intervals of concavity.

d) e Frame the curve. Since %2 are roots of the denominator, the function has a vertical asymptotes of x = £2. Since
the degree of the numerator is less than the degree of the denominator, the function is asymptotic to the x-axis.
Comparison of the root of the numerator and the two roots of the denominator reveals y < 0 on x € (—oo, —2) and
(0,2). y>0onx € (-2,0) and (2, o0).

e Find important points. The y-intercept is

2 or 0. The x-intercept is also 0.

0?2 -
_y
dx — e Sketch the curve.
2
" =) — x(2x) =0 GRAPHING CALCULATOR
(x2 - 4)? -
—4 — x? _
(2 —4)?
no roots
&y _
dx?
(x2 =42 (=2x) = (-4 = xH(D(x* —4)(2x) _ 0
(2 =4y )
2x(x* +12) _
Z-dy
x=0

There are no local extrema. A point of inflection exists at (0, 0).
e Add details. Since y(x) = —y(—x), the function possesses odd symmetry. It is not necessary to determine
intervals of concavity.
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e) o Frame the curve. Since there are no roots of the denominator, there are no vertical asymptotes. Since the degree
of the numerator is less than the degree of the denominator, the function is asymptotic to the x-axis. Since the
denominator is positive for all real numbers, the sign of the function is determined by the numerator. y < 0 on
x<0andy>O0onx>0.

e Find important points. The y-intercept is or 0. The x-intercept is also 0.

0%+1
2o
X
) B o Sketch the curve.
(x*+ 1)(3) —3x(2x) ~0
(X2 + 1)2 GRAPHING CALCULATOR
3 352 o =R/ Hz+1)
2+ 1)2
x ==l
ey _
dx?
(2 + 1)2(=6x) — (3 = 3xH)(2)(x* + 1)(2x) _ 0
(x2+ 14 B
6x(x% = 3) _

(2 +1)3

x=0, :l:\/§
. . . 3 .. . 3
Since f”(1) < 0, a local maximum exists at { 1, 5 ) A local minimum exists at [ —1, —= ).

2
3v3 33
Points of inflection exist at (0, 0), <—\/_ —\TF> , and <\/§ Tf>

e Add details. Since y(x) = —y(—x), the function possesses odd symmetry. It is not necessary to determine
intervals of concavity.
f) e Frame the curve. The roots of the denominator define vertical asymptotes at x = +1. Since the degrees of

the numerator and denominator are equal, the function is asymptotic to y = 1 or y = 2. Since the numerator is

non-negative for all real numbers, the sign of the function is determined by the denominator. y < 0 on |x| < 1 and
y>0on|x| > 1.

2
o Find important points. The y-intercept is % or 0. The x-intercept is also 0.
dy 0
dx e Sketch the curve.
(x2 - D(4x) - 2x2(2x) -0 GRAPHING CALCULATOR
o2 - 1)
_—Ax =0
(x* = 1)
x=0
d’y _
ax?
(= 1D)*(=4) = (40> = D(2x) _ 0
(x2 =14 -
43x* + 1)
———— =0
=1
no roots

Since f”(0) < 0, a local maximum exists at (0, 0). There are no local minima. There are no points of inflection.
e Add details. Since g(x) = g(—x), the function possesses even symmetry. It is not necessary to determine
intervals of concavity.
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g) o Frame the curve. The root of the denominator defines a vertical asymptote at x = 1. Since the degree of
the numerator is less than the degree of the denominator, the function is asymptotic to the x-axis. Since the
denominator is non-negative for all real numbers, the sign of the function is determined by the numerator. y < 0

onx<0andy>O0onx>0.

4(0)°

e Find important points. The y-intercept is 0—1)2 or 0. The x-intercept is also 0.

d
% =0 e Sketch the curve.
(x— 1)2(4) —4x(2)(x - 1) -0 GRAPHING CALCULATOR
(x=1)*
—4(x+1) —0
(x—-17°
x=-1
d*y _
dx?
(x> = 1D*(=4) — (=4)(2)(x* = 1)(2x) _ 0 ]
1) = Y= - BEEHEAY
8(x+2) 0
(x—D*
x==2

There are no local maxima. Since f”(—1) > 0, a local minimum exists at (—1, —1).

. . . . 8
A point of inflection exists at (—2, —§> .
e Add details. No symmetry. It is not necessary to determine intervals of concavity.

h) e Frame the curve. The denominator can be factored as x — x> = x(1 + x)(1 — x). The roots of the denominator
define vertical asymptotes at x = 0, x = —1, and x = 1. Since the degree of the numerator is less than the degree
of the denominator, the function is asymptotic to the x-axis. Since the numerator is positive for all real numbers,
the sign of the function is determined by the denominator. y < 0 for x € (—1,0) and (1, 00) and y > O for
x € (—oo,—1) and (0, 1).
¢ Find important points. There are no x-intercepts and no y-intercept.

d
Qo 0 e Sketch the curve.
dx
3(3x2 -1 GRAPHING CALCULATOR
(x —x3)2
+ 1
X =+—
V3
d’y
dx?
(x = x3)2(18x) — (9x% = 3)(2)(x — x*)(1 — 3x?) ~0
(x — x)* -
6(6x* —=3x2+ 1) B
(x —x3)3 B
no roots
1 1 9v3
Since f” (——) < 0, a local maximum exists at <——, _\_f>
V3 Vi 2
. a1 .. . 1 9v3 . . .
Since f” | — ) > 0, a local minimum exists at | —, —— |]. There are no points of inflection.
V3 V3 2
o Add details. Since h(x) = —h(—x), the function possesses odd symmetry. It is not necessary to determine

intervals of concavity.
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i) e Frame the curve. The root of the denominator defines a vertical asymptote at x = 0. Since the degree of the
numerator is less than the degree of the denominator, the function is asymptotic to the x-axis. Comparing the roots
of the numerator and denominator with an interval chart yields y < 0 for x € (—oo, —1) and (0, 1) and y > O for
x € (=1,0) and (1, c0).

o Find important points. There are x-intercepts at x = £1. There is no y-intercept.

dy
=~ -0
dx
x(2x) — (x* = 1)3x? -0 e Sketch the curve.
x® 5 GRAPHING CALCULATOR
Sk S F=CHzZ-10/ (4T )
X ;

2
dx? ____‘-____ll

x*(=2x) — (3 — x»)(4x3)
=0
8

n=l.7zz0k0E Y= zE480018

2(x2 - 6) _

x5 0

x=:|:\/g

2
Since f”(v3) < 0, a local maximum exists at <\/§ E)

2
Since f”(—+/3) > 0, a local minimum exists at (—\/g ——).

3v3
Points of inflection exist at <—\/— —i> and <\/g i)
"~ 6v6 6v6/)

e Add details. Since y(x) = —y(—x), the function possesses odd symmetry. It is not necessary to determine

intervals of concavity.

Section 6.6 Page 372 Question 5

. . 1
a) e Frame the curve. The root of the denominator defines a vertical asymptote at x = 0. As |x| - oo, — — 0, thus
x

leaving f(x) to approximate its oblique asymptote y = x.

o Find important points. Solving f(x) = 0 reveals x-intercepts of £1. There is no y-intercept.
o Sketch the curve.

GRAPHING CALCULATOR

f(x)=0
1
1+ 5= 0
xr=-1
no roots
f'(x)=0
2
_F =0
no roots

There are no local extrema and no points of inflection.
e Add details. Since f(x) = —f(—x), the function possesses odd symmetry.
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. . X
b) e Frame the curve. The root of the denominator defines a vertical asymptote at x = 1. As |x| — oo, —1 1,
x —

leaving f(x) to approximate its oblique asymptote y = 1 +2x + 1l or y = 2x + 2.
e Find important points.

f'(x)=0
2x -1 -1 e Sketch the curve.
(x—1)2 - GRAPHING CALCULATOR

20x-1)%*-1=0

1
x=1+—

V2

1
A local maximum exists at <1_E’4_2\6>. o E

]|?=1.1?15?25

1
A local minimum exists at <1 + E 4+ 2\/5) .

There are no points of inflection.
e Add details. There is no symmetry.

¢) e Frame the curve. The roots of the denominator define vertical asymptote at x = 1. As |x| — oo, - 0,

X2 —
leaving y to approximate its oblique asymptote y = 1 + 2x.

o Find important points. The y-interceptis 1 + 0 + or 1. Determine the x-intercept.

02 —

y=0

=0
x2 -1 o Sketch the curve.
X=142xX=2x+x=0

253 +x2—x-1=0

14 2x + —>

GRAPHING CALCULATOR

Technology reveals an approximate x-intercept of 0.829

dy
ol 0
24 (x* = (1) — x(2x) ~0
(x*=1)?
2x* = 5x2 + 1 ~0
(2= 1)
5+V17
x==
2
d’y _
dx?
(x* — D?(8x3 — 10x) — 2x* = 5x% + D(2)(x* — 1)(2x) -0
(x> = 1*
2x(x? +3) _
x=0

Local maxima exist at { —
( 2 2

—m,s.z) and (-5%@,0.7)

2

5+—\/ﬁ) _32> and <5_—\/ﬁ’ 13)

Local minima exist at <

A point of inflection exists at (0, 1).
e Add details. There is no symmetry.
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d) e Frame the curve. The root of the denominator defines a vertical asymptote at x = 0. The function can be

. 4 4 . . . .
rewritten as y = x + —. As |x] & oo, — — 0 and the function eventually approximates its oblique asymptote
y=x X X
¢ Find important points. There is no x- or y-intercept.

e Sketch the curve.

dy
E =0 GRAPHING CALCULATOR
xX(2x) = (> +4)(1) Fk /
=0
x2
x?—4 -
2=O [P T T T T A PR T I T T |

x==2

Since f”(-2) < 0, a local maximum exists at (—2, —4). imuﬂ[
.na9nggez liY'=Yy

Since f”(2) > 0, a local minimum exists at (2, 4). .

There is no point of inflection.
e Add details. Since y(x) = —y(—x), the function has odd symmetry.
e) e Frame the curve. The root of the denominator defines a vertical asymptote at x = 0. The function can be

. 3 3 . . . .
rewritten as y = x — 2 — —. As |x|] —» oo, — — 0 and the function eventually approximates its oblique asymptote
X X

y=x-—2.
o Find important points. Setting y = 0 and solving reveals x-intercepts of 3 and —1.
dy 0 e Sketch the curve.
) d‘x GRAPHING CALCULATOR
Xexo P ot 22 I i=iRz-2H-31 0
x
2
+3
X g 0
x
no roots
There are no local extrema.
6
Since f"(x) = —— has no roots, there are no points
x

of inflection.
o Add details. The function has neither even nor odd symmetry.
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f) e Frame the curve. The roots of the denominator define vertical asymptotes of ¢+ = +1. The function can be

rewritten as h(t) =t + . As [t] = oo, 7 — 0 and the function eventually approximates its oblique

12— 12—

asymptote y = 1.
e Find important points. The curve passes through the origin.
W) =0
> — D31 — (21 _0 o Sketch the curve.

(- 1)?
GRAPHING CALCULATOR

1‘4—312 -—-—---e -
(t2_1)2=0 L/f
2042 _

(- —3) —0

@12
.---""--_al E»‘I

t=0+V3

Haaxirlm
Since h"(—+/3) < 0, a local maximum exists at (—\/_—3\76) = -;__?32|:|5 Y=-z.COAO7E
Since #”(¥/3) > 0, a local minimum exists at <\/§ ?)

Since 4”(0) = 0, a point of inflection exists at (0, 0).

e Add details. Since h(t) = —h(—t), the function possesses odd symmetry.

g) e Frame the curve. The root of the denominator defines a vertical asymptote of x = 0. The function can be

2(3x - 1) 2(3x—1)

rewritten as y = —=2x +6 — ————. As [x| = oo, > — 0 and the function eventually approximates its
x X

oblique asymptote, y = —2x + 6.
o Find important points. There is no y-intercept. The x-intercept is 1.
o Sketch the curve.
dy 0
dx GRAPHING CALCULATOR

x?(=6)(x — 1)? — (=2)(x — 1)*(2x) \)(ll
=0 I
X4

(x=1D2(x+2) _

x3 0
x=1or -2
Since f”(-2) < 0, a local minimum exists at (-2, 13.5). Hininiun

n=-Z.00000i

A point of inflection exists at (1, 0).
e Add details. The function has neither even nor odd symmetry.
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h) e Frame the curve. The root of the denominator defines a vertical asymptote of x = —2. The function can be

. 4 4 . . . .
rewritten as y = x — 2 + i As |x| = oo, 12 — 0 and the function eventually approximates its oblique
x x
asymptote y = x — 2.
e Find important points. The curve passes through the origin.
e Sketch the curve.

f[x)=0 GRAPHING CALCULATOR
(x +2)(2x) — x*(1) ~0 [
(x +2)?
x(x+4)
(x+2)?2
x=0or —4
Since f”(—4) < 0, a local maximum exists at (—4, —8).

Since f”(0) > 0, a local minimum exists at (0, 0).
o Add details. The function has neither even nor odd symmetry.

Section 6.6 Page 372 Question 6

e Frame the curve. As |x| — oo, =1 — 0 and the function eventually approximates the x-axis. Since both the

2
x
numerator and denominator are positive, the function is positive for all R.

¢ Find important points. The y-intercept is 2.

e Sketch the curve.

Q = 0 GRAPHING CALCULATOR
W Y=z 0z
0
x=0

d2
Since d—); < 0 at x =0, a local maximum at (0, 2).
X

There are no local minima.

X V32

d? 1 1 3
Since £y 0 at x = £—, points of inflection existat [ £+—, = |.
dx? V3
e Add details. Since y(x) = y(—x), the function has even symmetry.
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Section 6.6 Page 372 Question 7

a) e Frame the curve. The root of the denominator
defines a vertical asymptote of r = 0. As r — oo,
h — 0 and the function eventually approximates
the r-axis. Since both the numerator and denom-
inator are positive, the function is positive for all
R.
¢ Find important points.

Hr)=0 W(r)=0
80 000
_ _0 240 000 _0
zr3 zrt
no roots no roots

There are no local extrema or points of inflection.
e Add details. Due to the reciprocal nature of the
function, as r increases, 4 decreases.

o Sketch the curve.

GRAPHING CALCULATOR

o Bl ULITITIF S |

L

Section 6.6 Page 372 Question 8

a
) GRAPHING CALCULATOR

=10 =-Y1=-1 0

Section 6.6 Page 373 Question 9

a
) GRAPHING CALCULATOR

FEOR=-20A =100 =00+

A

b) e Frame the curve. The root of the denominator de-
fines a vertical asymptote of r = 0. As r — oo,
80 000

r
the function f(r) = 2zr>. The function is positive for
all positive real numbers.
¢ Find important points.

— 0 and the function eventually approximates

S'(r)=0 S"(r) =0
80 000 _ 160 000
nr ——5— =0 dr+ —— =0
5120 000 no roots
- T
20 000
There is a local minimum at r = .
T

There are no local minima or points of inflection.
o Add details. None.
o Sketch the curve.

GRAPHING CALCULATOR

T

I'Iini'r-'nuﬂ'u' —
n=1B.Ex=alz Y=B4TM.FEECE

b) The force is undefined at x = 0 and x = 4 due to
division by zero.
¢) Since F(2) = 0, the force is zero at x = 2.

b)

GRAPHING CALCULATOR

YE=0L A0+ =220 =00
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Section 6.6 Page 373 Question 10

a) i) Two views of g appear below.

GRAPHING CALCULATOR GRAPHING CALCULATOR

=R E-hORT 42002 L L bl [h R dcd i

i T
Y=irz.1:zC . Y=.B81:H

x € [-6,6], y € [-150,550] xe€[-2,2], ye[-1,3]
ii) Estimates may vary.

iii) Enter g”(x) = 80x® — 240x + 60 into the graphing calculator and use the Zero operation. Concave down-
ward: (—oo, —1.846), (0.256, 1.590); Concave upward: (—1.846,0.256), (1.590, oo0); Points of inflection:
(—1.846,268.0), (0.256, 1.296), and (1.590, —44.30).

GRAPHING CALCULATOR GRAPHING CALCULATOR

] el
n=-1.B4%6=4 IY=-EE-11 n=.cEEERZHE’

x € [-6,6], y € [-150, 550] xe[-2,2], ye[-1,3]
b) i) g(x) = —3x3+25x3—15x2+110x is graphed iii) Enter g”(x) = —60x> + 150x — 30 into the graphing cal-
below. culator and use the Zero operation.
ARG AL CULATER Concave downward: (—1.673,0.203) and (1.470, c0);
1= R R+ T -1Enz+1104 Concave upward: (—oo, —1.673) and (0.203, 1.470);
' Points of inflection: (—1.673, —=303.756), (0.203,21.959),
and (1.470, 188.047).

GRAPHING CALCULATOR

x € [—6,6], y € [-600, 400]

ii) Estimates may vary.

2 [
n="1.67c¢88: IV=ZE-11
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Section 6.6 Page 373 Question 11
a) i) x € [-26,19], y € [-120, 400]

GRAPHING CALCULATOR

b) i) x € [-9,5], y € [-10,30]

GRAPHING CALCULATOR

Hinraur
=-.7BfHEEE Y=in.2E0BE -

Section 6.6 Page 373 Question 12

a) The roots of the numerator define x-intercepts at
—5 and 4. There is no y-intercept. The roots of the
denominator define vertical asymptotes of x = 0
and x = 2. Since the degree of the numerator is
one less than the degree of the denominator, the
function is asymptotic to the x-axis.

ii) Estimates may vary.
iii) Determine the critical numbers.

H(x)=0
(x = 3)2(4x?) — 2x*(x - 3)
=0
(x —3)*
2x3(x — 6) ~0
(x = 3)3
x=0o0r6

Local minima exist at (0, 0) and (6, 144).

ii) Estimates may vary.
iii) A local minimum exists at (—0.787, 14.240). A lo-
cal maximum exists at (0.914, 0.275).

GRAPHING CALCULATOR

Haxiraun
R G b i R R L

b) The roots of the numerator define x-intercepts at
0 and 2. The y-intercept is 0. The roots of the
denominator define vertical asymptotes of x = —1
and x = 3. Since the degrees of the numerator and
denominator are equal, as |x| — oo, h(x) — 5. The
function has a horizontal asymptote of y = 5.

-5 0 2
Intervals - ,-5) (-50) 0,2) )
Test values -6 -2 1 5
Sign of y - +
A I
y \
P L
2
//\\\
\\ sf’ \\
-
vy v

-1 0 2 3
Intervals * - ,-1) (-1,0) (02) (23 (3, ;
Test values ) -2 -1/2 1 25 5 "
Sign of h(x)‘ + + - — + g
‘*\ h(x) & 4
<« // \\\ > \ »
\\
< \\ >
-1 — 92 3 X
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¢) The roots of the numerator define x-intercepts at
0 and 3. The y-intercept is 0. The roots of the
denominator define vertical asymptotes of x = —4
and x = 2. Since the degrees of the numerator and
denominator are equal, as |x| — oo, y — 1. The
function has a horizontal asymptote of y = 1.

-4 0 2 3

A

Intervals - ,-4) (-4,0) 02) (23) (8,

v>—v

A

Test values -6 -2 1 25 5

v

A

Sign of y + - - - +

v

A

A YA

Section 6.6 Page 373 Question 13

a) Answers may vary. The family of curves below
uses k = —15,—8,-3,0, and 1. All members have
a vertical asymptote at x = 0, an oblique asymp-
tote of y = x, and an x-intercept of 1.

GRAPHING CALCULATOR

d) There will be two x-intercepts if x> 4+ 2x + k is a
perfect square. Thus, k = 1, and the x-intercepts
are £1. It will also have two intercepts if x — 1 isa
factor of x> + 2x + k.

1242()+k=0
k=-3

The x-intercepts are 1 and —3.

362 MHR Chapter 6

d) The roots of the numerator define x-intercepts at 0
and 3. The y-intercept is 0. The roots of the de-
nominator define vertical asymptotes of x = —1
and x = 2. Since the degree of the numerator is
one more than the degree of the denominator, the
function has an oblique linear asymptote. Long di-
vision reveals its equation as y = x — 7.

-1 0 2 3

<
<

Intervals - ,-D (-1,0) (02) (23) (3, ;
Test values ) -2 -12 1 2.5 5 "
Sign of f(x) ) - + - + + !
£t i)
\\\\
< AN N
X

b) Expanding the numerator and simplifying the ex-
pression leads to

k—3)x*+@Q2-2k)x+k
oy 22+ 2220 W
x

(k=3)x>+2-2k)x+k

=
X3

the function approximates the line y = x.
¢) When the quadratic numerator of (1) is 0, the func-
tion will intersect its oblique asymptote. Deter-
mine when its discriminant is greater than or equal

to zero.

0 and

As |x| = oo,

(2=2k)?=4(k=3)k >0
4 -8k +4k> —4k> + 12k > 0
4k +4>0

k>-1

The function will intersect y = x if k > —1.



Section 6.6 Page 373 Question 14

a) gx)=0
df (x?) ) d_><2 _
dx* dx
2
df (x7) ax =0
dx?
x=0
df (x?)

Since f’(x) > 0, so too will
dx?

> 0. x = 0 is the single critical number of g.

b) The transformation x — x> maps all real numbers except 0 to positive real numbers. Since f is concave upward
over the positive real numbers, g will be concave upward for negative and positive numbers. g is concave upward
at x = 0, since it is concave upward on either side of 0 and g is differentiable at x = 0.

Section 6.6 Page 373 Question 15

f(x) = ax> +bx*> +ex +d
f'(x) = 3ax® +2bx + ¢

Substitute given coordinates.

f(=3)=3
—27a+9b—-3c+d =3
f(=3)=0
27a—6b+c=0
f2)=0
8a+4b+2c+d=0
/=0

12a+4b+c¢c=0

Reduce system of equations.
35a—-5b+5¢c=-3

15a-10b=0
3a—-2b=0
25a+25b=3
125a =6
. 6
T 125
Perform back substitution.
6
— | =2b=
3 (155) -2=0
9
b=1%

__los
T125
6 9 -108
- 4 — 2 —— =
8(125>+ <125>+ <125>+d 0
132
=15

. . 6 3 9 , 108
The cubic function f(x) = Ex + Ex 125 125

ey

@)

3)

“)

3 =M =)
2)-@

(6)
S5x@)-06)=
25 x (6) +2 x (7)

(®)

substitute (8) into (6)

C))

substitute (8) and (9) into (4)

(10)

substitute (8), (9), and (10) into (3)

132 . .
— ——Xx + —— satisfies the requirements.
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Section 6.6 Page 373 Question 16
a) Let f(x) = ax® + bx® + cx + d be the general cubic function.

f'(x) = 3ax® + 2bx + ¢

f'x)=0
6ax +2b=0
b
Y
. . . . . . b
The general cubic function has a single point of inflection at x = ——

3a’
b) The general cubic function with x-intercepts p, ¢, and r is given by
F(x) =k(x=p)(x—q)(x—r)
= k(x* = (p+ g+ r)x* + (pr + qr + pa)x — pqr)
Compare (1) to f(x) = ax> + bx> + cx +d.

oo b
© 3q
_k(p+q+r)
- 3k
_ptg+r
-3
Section 6.6 Page 373 Question 17
a) Q'(x) = 4x> + 3px? + 2x

0'x)=0
12x>+6px+2=0
6x> +3px+1=0

The discriminant of the above quadratic is 9p* — 24.

2v6

i) O(x) will have exactly two points of inflection if 9p?> — 24 > O or |p| > =

2v6

ii) O(x) will have exactly one point of inflection if 9p> =24 =0 orp = d:T.
. . . U 26
iii) O(x) will have no points of inflection if 9p~ — 24 < O or |p| < -

b) Sketches will vary.

Section 6.6 Page 374 Question 18

a) f'(x) = 3ax> +2bx + ¢
f"(x) = 6ax + 2b

(b \N_e (_D
() wsa(-2)

b b b
b) Since f” <_§> = 0 and f” changes sign on either side of ~34 f has an inflection point at <—§, f <—

or b d+ 20 be
3a’ 2742 3a)’
b 26> b
¢) The translation defined by (x, y) — <x + e <d " c
a

2742 3a

b 20 be
to the oricin. H X=x+—andY =y-{d -z
o the origin. Hence X+ 3 an Y < Yoz 3a>

364 MHR Chapter 6

)

>> = (X, Y) will map the point of inflection

ey



b
d) Substitute X — i andY +d+
a

20 be

27a?

——3—forxandyiny:ax3+bx2+cx+d.
a

20 b b\’ b\’
Yadt —— - = =a(x-2) +b(x-2) +c(X=—)+d
27a 3a 3a 3a
L2 b (b _ x-2 2+b x-2) 4
=k (2 a(x-2 _L
27a> 3a 3a a a
26 be b\ [ 2b b? b?
——=(X-=)|aX* - =X+ — +bX - —
272 3a < 3a> R P 3a+c]
20 be b ’aX2+bX 2b2+c
27a> 3a 3a) | 3 9a
- 26 be by 2b2X+ by b2X+2b3 be
_x_., L I e B e L
27a®> 3a 3 9a 3 9a 27  3a

32

Y =aX? - 9—X +cX
a

352

c— —

F(X)=aX> + <

2

b X
c— —
3a

=aX3+<

e) Since F(X) = —F(—X), F(X) is an odd function.
f) All cubic functions possess odd symmetry with respect to their point of inflection.

Section 6.6 Page 374 Question 19

Every quadratic function has even symmetry with respect to its axis of symmetry.

Section 6.6 Page 374 Question 20

Answers will vary.

)X
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6.7 Introducing Optimization Problems

Practise
Section 6.7 Page 382 Question 1 Section 6.7 Page 382 Question 3

, 0 2700 — g
From mn = 1000, the constraint n = - can be ob- From g2+4gh = 2700, the constraint & = 4—g can
tained. Substitute this relationship into R = d &
oalE;izeu shtute this refationship mto m+nan be obtained. Substitute this relationship into W = gZh

P ’ 1000 and optimize.
R=m+—
)
R'(m) =0 W=g2 (2702—g>
1000 &
e 0 _ 2700 —¢°
n? = 1000 Wi =0 4
g =
, 2000 — =0
R'(m) = ——

m° g% =900
Since R”(lO\fIO) > (0, a minimum value for R occurs g=30g>0
when m = 10v10. 3g

W’ (g) = -3

Since W”(30) < 0, a maximum value for W occurs
when g = 30. Substituting g = 30 into the constraint

yields h = T orls.

Apply, Solve, Communicate

Section 6.7 Page 382 Question 4

Let the dimensions of the playpen be x and y, in metres. Let A be the area of the playpen. The perimeter of the playpen
provides the constraint 2x + 2y = 16 or y = 8 — x. Substitute the constraint into the area model and optimize.

A =Xxy
=x(8 —x)
=8x — x>

Ax)=0

8—2x=0

x=4
A'(x)=-2

Since A”(4) < 0, A(4) is a maximum. Substitute x = 4 into the constraint to reveal y = 8 — 4 or 4. To achieve
maximum area for the playpen, the dimensions should be 4 m by 4 m.
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Section 6.7 Page 382 Question 5

Let x and y be the dimensions of the corral, in metres. Let A be the area.

A=xy
Since the perimeter P, remains constant at 40 m, we have
P =40
2x+y =40
y =40-2x
Substitute (2) into (1) and optimize.
A = x(40 — 2x)
= 40x — 2x*
Ax)=0
40-4x=0
x=10
A'(x) = -4
Since A”(x) < 0, x = 10 provides a maximum result. Substitute (3) into (2).
y =40-2(10)
=20

The dimensions producing maximum area are 10 m by 20 m.

Section 6.7 Page 382 Question 6

Let x and y be the dimensions of the garden, in metres. Let P be the perimeter.

P=2x+2y
Since the area, A, remains constant at 32 m?, we have
A=32
xy =32
32
y=—-—-
X

Substitute (2) into (1) and optimize.

=2x+ —
P'(x)=0
64

2—;20
x? =32

X = 2

" 128

P (X)——3
X

Since P"(x) > 0, x = 4v/2 provides a minimum result. Substitute (3) into (2).

_ 32
v
=42

The dimensions requiring the least amount of fencing are 4v2 m by 4v/2 m.

6.7 Introducing Optimization Problems MHR
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@)

3

ey

@)

3)
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Section 6.7 Page 382 Question 7
a) Let x and y be the dimensions of each of the 12 pens, in
metres. Let A be the total area.

A =3x(3y)
=Oxy (D
Since the perimeter P, remains constant at 100 m, we have
P =100
16x + 15y = 100
100 — 16x
= — 2
y 75 (2)
Substitute (2) into (1) and optimize.
100 — 16x
A=9x | ———
(%)
3 2
= g(lOOx — 16x7)
A(x)=0
3
5(100 -32x) =0
25
= — 3
x== 3)

25
Since A”(x) < 0, x = 3 provides a maximum result. Sub-

stitute (3) into (2).

_ 100 -50
15
_ 10
E
The dimensions of each pen producing maximum area
25 10
— mby — m.
are — mby —-m

Section 6.7 Page 382 Question 8

b) For a two-by-six arrangement, the perimeter con-
straint is P = 18x + 14y.

y
X
P =100
18x + 14y = 100
50 — 9x
= 4
y = “)

Substitute (4) into (1) and optimize.

50 — 9x
A=9
(%)

= ;(SOx —9x?)
A(x)=0

3(50 -18x) =0

X =— )
Substitute (5) into (4).

The dimensions of each pen producing maximum area

arezsmb 25m
g MY

¢) The three-by-four grid encloses greater area.

a) Let x and & be the width and height of the tunnel, respectively, in metres. Let A be the cross-sectional area.

A= hx )
Since the width, w, of the cardboard, remains constant at 4 m,
w=4
x+2h=4
x=4-2h 2)
Substitute (2) into (1) and optimize.
A = h(4—2h) h « h
=4h — 2K «—F——»
4m
A'(h)=0
4—4h=0
h=1 3)

Since A”(h) < 0, h = 1 provides a maximum result.

To maximize the cross-sectional area, the fold should be made 1 m from each edge.

b) Substitute (3) into (2).
x=4-2(1)
=2

The dimensions of the tunnel are 1 m by 2 m. Sufficient dimensions depend on the size of the child.
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Section 6.7 Page 383 Question 9
a) Let x and & be the width and height of the battery, respectively, in centimetres. Let L be the total wall length.

L=2x+7h )
Since the total top area remains constant,
xh = 6(65)
390
h=22 @) h
X
Substitute (2) into (1) and optimize.
390
L=2x+7 <—>
x

2730 ) X :
=2x+ —
X

L'(x)=0

2730
2 — — = 0

X
x* = 1365
x=141365, x>0 (3)
. . .. .. . . . 390
Since L"(v1365) > 0, x = Y/ 1365 provides a minimum result. Substituting (3) into (2) yields a height of & = m

24/1365 21365
or 7 cm. For a minimum total wall length, the dimensions should be V/ 1365 cm by 7

b) The area of each cell of this battery is 17.5 x 3.75 or 65.625 cm?. Substitution of this value in the above calculation

cm.

105
leads to an optimal top width of WZ cm. Since this more than 22.5 cm, the design has not used the optimum
dimensions in the manufacturing of the battery.
Section 6.7 Page 383 Question 10

a) Let w and A be the width and height of the rectangular window, in metres. Let P be the perimeter.

P=2w+2h (D
Since the area, A, remains constant at 12 m2,
A=12
wh =12
12
g — (2)
w
Substitute (2) into (1) and optimize.
12
P=2w+2 <—>
w
24
=2w+ —
Pw)=0
24
2 - ﬁ = O
wh =12
w=2V3 w>0 3)
Since P”(24/3) > 0, w = 2+/3 provides a minimum result. Substitute (3) into (2).
12
2V3

=2/3

The dimensions of the rectangle producing minimum perimeter are 2v/3 m by 2+/3 m.
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b) Let b and h be the base and altitude of the isosceles triangular window, in metres. Let P be the perimeter.

b 2
P=b+2 h2+<§>

=b+ Va2 + b (1)

Since the area, A, remains constant at 12 m2,

A=12
bh
— =12
2
24
h=— 2
5 )
Substitute (2) into (1) and optimize.
2
24
P=b+1/4 <7) s
2304 + b4
=b+4/
b2
_ BT +1/2304 + b
b h
P =0
4p
b 26+ ———— | = 0> = V2304 +b* =0
24/2304 + b* ||
4>
2 2b* 2 b
2+ ———— —p—\2304+ b4 =0
/2304 + b*

b*V/2304 + b* = 2304 — b*
2304b* + b® = 2304% — 2(2304)b* + B
2304
T3
=768

b:4\4/§,b>0 (3)

b4

Substitute (3) into (2).

The isosceles triangle yielding minimum perimeter has a base of 4/3 m and an altitude of 2v/27 m.
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¢) Let r and h be the radius of the semicircle and the height of the window, respectively, in metres. Let P be the
perimeter.

P =a7xr+2r+2h
= (m+2)r +2h (1)
Since the area, A, remains constant at 12 m?, o
A=12 -
zr? // \\
— +2rh=12 / \
2 roo|
7r? +4rh = 24 W
24 — zr?
h= — 2
4r @
Substitute (2) into (1) and optimize. h
24 — zr?
P=(r+2)r+2 <—’")
4r
12
—m+2r+— -,
r 2
V3 12
~(Z 2) =
(2 e r
P(r)=0
T 12
—+2-—=0
2 r2
2 12
7+2
24
= 3
T+4 )
= r>0 4)

T+4
Substitute (3) and (4) into (2).

24
24 —
”<7Z+4>

h =

[ 6
The dimensions of the window yielding minimum perimeter are 2 m by 2
z+4 r+4
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d) Let b and h be the base and height of the rectangular component of the window, in metres. Let P be the perimeter.

P=3b+2h (1)
Since the area, A, remains constant at 12 m2,
A=12

3
bh + %bz =12

12—‘/751;2
h=—2 2
5 2
Substitute (2) into (1) and optimize.
12—‘/;1;2
P=3b+2
24 V3
—3b+7—7b
_(6-V3 o2t
2 b \ %
P =0
6—+v3 24 _,
2 2
48 h
b = (3)
6—+3
48 6+V3
6-v3 6443
_ 48(6+V3)
B 33 b
_16(6 + V3)
- 11
b:ﬂ;b>0 %)
V11
Substitute (3) and (4) into (2).
12—‘/—3- 48
h= 4 6-V3
4V6 + V3
V11
3<1_ v3 )
_ 6—V3
6++V3
V11
30 -6V3
11
6++3
V11
. 30-6V3
V66 + 11V3
4V/6+ 3 30 — 63

The dimensions of the window yielding minimum perimeter are b x h =

m X m
Vit V66 + 113
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Section 6.7 Page 383 Question 11

a) Let x and A be the side length of the base and height of the package, respectively, in centimetres. Let A be the
surface area.

A =2x>+4xh (1)
Since the volume, V, remains constant at 1000 cm?,
V =1000
x*h = 1000
b= 12(30 @

Substitute (2) into (1) and optimize.

A=2x"+4x <@>
%)

=2x" + 4000 h
X X
A(x)=0
4000
4x — 5 = 0
X
x* = 1000 X
x =10 3)
Substitute (3) into (2).
_ 1000
o102
=10

The dimensions of the package yielding minimum surface area are 10 cmx10 cmx10 cm.
b) Answers may vary.
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Section 6.7 Page 383 Question 12

Let h be the side length, in metres, of the square cut from each corner. From the dimensions of the sheet metal,
0 < h <0.5. Let w and d be the width and depth of the box, respectively, in metres. Let V' be the volume of the box.

V = hwd 1)
The dimensions of the sheet metal provide constraints on the width and depth.
w=1-=2h )
d=15-2h 3) 1m
Substitute (2) and (3) into (1) and optimize. x J
V = h(1 =2h)(1.5-2h) 4

= h(1.5 = Sh+4h*)

=4h* — 5h* + 1.5h

V'(h) =0
12K — 10h+1.5=0 15m d
b= —(-10) £ \/(—10)2 —4(12)(1.5)
2(12)

»]

5—-47
= nf, 0<h<05 4)

Substitute (5) into (4). T -

5-V7 5-V7 5-V7 h
() (-2 (50)) (o2 (7)) T
=(5—\ﬁ><1+\ﬁ><4+ﬁ) //
12 6 6 - d
=20+14\ﬁ |
432

_10+7v7
216

10+7V7
— m".

The maximum capacity of the box is 16

374 MHR Chapter 6



Section 6.7 Page 383 Question 13

Let h, w, and d be the height, width and depth of the case, respectively, in metres. From the dimensions of the sheet
metal, 0 < h < 1. Let V' be the volume of the case.

V = hwd 1

The dimensions of the acrylic sheet provide con-

straints on the variables. w h w h
2w+2h=73 ¥
3-2h h waste waste back waste
Y= @
d+2h=2
d=2-2h ® o left b right
Substitute (2) and (3) into (1) and optimize. d P side ase side
-2
V:h<3Th> (2 =2h)
=h(3-2h)(1-h)
= h(3 = 5h+ 2% hl waste waste front waste
=2h* — 50 + 3h *
V'(h) =0 h 3m -
6h> —10h+3 =0
, = 10£v100-72 —
- 12 =
5-+17
= 6f, O<h<l1 4)
Substitute (4) into (2) and (3). ‘ h
3-2 (5 — ﬁ) w
6
=T
4+ V7
6
d=2-2 <5 — ﬁ)
6
147
-3

4++7 1++V7 5-+7
m X m X

The dimensions of the case yielding maximum capacity are w x d x h = 3 3 3

m.

Section 6.7 Page 383 Question 14

Let w be the side length of the square end of the package and

I be the length of the package. The dimensions are in me- GRAPHING CALCULATOR
tres. Let V' = w?[ be the capacity of the package. Since the Yi{=ZHzz=-HE
distance around must be no more than 3 m, a constraint of
2w+ 2] = 3 or I =1.5—w is used to simplify V. There-
fore V' = w?(1.5 — w). The graph of this function appears
at the right. Since the distance around also constrains the
square end, w < 0.75. Therefore, the domain of V is lim-
ited to w € [0, 0.75]. The maximum volume over this interval n n n - n
occurs at the right endpoint, w = 0.75. Substitution yields IH:..'-'E V= yZ{E7E

I = 0.75. Thus, the dimensions of the rectangular box of S
maximum capacity are 0.75 m x 0.75 m x 0.75 m (a cube).
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Section 6.7 Page 384 Question 15

Right Circular Cylinder. Let r be the radius of the
ends of the can, in centimetres. Since each unit is to
contain 355 cm?, the radius can be determined.

——— M%
S/

4 cm

V =355
zr*(4) = 355
P2
4z
355
4r
=5.32 D
The surface area, A, can be determined.
A =2xr* + 2zrh
=2zr(r+ h) 2)
Substitute # = 4 and (1) into (2).
=2r(5.32)(5.32+4)
=3115

The can requires approximately 311.5 cm? in materi-
als.

Rectangular Prism. Let w and d be the width and
depth of the base respectively, in centimetres. Let A
be the surface area of the juice box.

4cm
L
w
A =2wd + 2(4d) + 2(4w)
= 2(wd + 4d + 4w) (1)
Since the volume V', remains constant at 355 cm?,
V =355
4wd = 355
355
d=— 2
4w 2)

Substitute (2) into (1) and optimize.

355 355
A=2 )44 =) +4
(%) (&) )

A=z<§+§+4w> 3)
4 w
Aw)=0
2 (-2 14) -0
w
355
4
w=942 @)
Substitute (4) into (3).
355 355
A=2|—+—+40942
( 4 +9.42+ © )>
= 3282

The juice box requires approximately 328.2 cm? in
materials.

The cylindrical can requires the minimum amount of materials.

376 MHR Chapter 6



Section 6.7 Page 384 Question 16
Let b and [ be the equilateral side length and length, respectively, of the package, in centimetres. Let A be the area of

the package.
b\ [ bV3
A=2(= —_— 3bl
() (%)

3
= §b2+3bl (1)

The volume, V/, of the package provides a con-

straint on the variables.

V =400
‘/—§b21 =400
4 N
1 // \\
;= 1600 @ /\
V3h? SN
Substitute (2) into (1) and optimize.
V3 < 1600 >
A= —b+3b
2 V32
V3 N 1600v3
) b
A(b)=0
V3h— 160043 —0
b2
b* = 1600
b =4v/25 3)
Substitute (3) into (2).
_ 1600
V3 (4925)
_ 100
V3625
20
V35
_4V25
V3

The dimensions of the package yielding the minimum amount of materials are an equilateral side length of 44/25 cm
3

4
and a length of
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Section 6.7 Page 384 Question 17

Let r and & be the radius of the circular ends and the height, respectively, of the kite, in metres. Let V' be the volume
of the kite.

V =ar’h (1)
The frame length, L, of the kite provides a con- o
straint on the variables. e i r N
L=4 i ) — )%
= \\‘ - /
2Qnr) +4h =4 T
ar+h=1
h=1-nr 2)
Substitute (2) into (1) and optimize. h
V =ar*(l — zr)
= 7r(r2 - )
V'ir)=0 o
7Q2r —=37r*) =0 e \
( ) X
r2—-3zr)=0 N %
) —
r=—,r>0 3)
3r
Substitute (3) into (2).
2
h=1- —
(5)
1
-3

2 4 1
For the circular ends, the lengths must be 2z (3—) or 3 cm. The four straight rods should be 3 cm in length.
/3
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Section 6.7 Page 384 Question 18

Let r and A be the radius of the ends of the open-topped vase and the height, respectively, in centimetres. Let A be the
surface area of the vase.

A = zr* + 2zrh (1)
The volume, V, of the vase provides a constraint on the variables.
V = 1000
zr*h = 1000
1000
h=—; )
zr
Substitute (2) into (1) and optimize.
1
A=7nr’+2zr < OOO)
wr?
5 2000
=nr’ + —
A(r)=0
2000
271"' - —2 =
-
1000
P
T
10
r=— 3)
\'77?
Substitute (3) into (2).
1000
h=———
10
|l —
Jr
_ 10
\'77?
. . C 10 10 . .
The dimensions of the vase that minimize the amount of glass are r x h = — cm x — cm. This would be a wide,

shallow base, not suitable for large bouquets of flowers.

Section 6.7 Page 384 Question 19

2
Let w be the width of the trough, in centimetres. The height of the triangular ends is \/ 30% — (%)

Let V be the volume of the trough, in cubic centimetres.

o /3600 — w2
—

w [ /3600 — w2
V==|——"—])(@300)
2 2
= 75wV 3600 — w? )
Determine the critical number of (1).
V'(w)=0
1
75V3600 — w2 + 75w+ —— - 2w =0

24/3600 — w?

2

V3600 w2 - — 2
/3600 — w?

3600 — w? = w?
2w? = 3600
w? = 1800

w =302

The trough should be 30v/2 cm wide in order to maximize its capacity.
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Section 6.7 Page 384 Question 20

Let 2x and y be the dimensions of the rectangular accent, in metres. Let A be the area of the accent.
A =2xy (1)

The semicircular window provides a constraint on the

variables.

y=Vi-2 @

Substitute (2) into (1) and optimize. [

A=2xV1-x2 //// ™

A(x) =0
2 1—x2+2x-;'—2x:0 /

2V/1-x2 / 1

2

N
V1-—x2 ‘

L
1-—x%=x? X
1
x2=§ 3)
1
V2

1
The width of the accent is 2 (E) or ¥2 m. Substitute

(3) into (2).

N =

1
The dimensions that maximize the area of the stained glass accent are v2 m by E m.
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Section 6.7 Page 384 Question 21

Let x and y be the dimensions of the rose garden, in metres. Let A be the area of the rose garden and the lawn
combined.

A= (x+6)(y+20) 1)
The area of the rose garden provides a constraint on the variables.
xy = 60
Y 10m
y=— (2)
X y
Substitute (2) into (1) and optimize.
60
A=(x+6) (—+20>
x
y
360
=60+20x+7+120 3m X 3m
=180+ 20x + @
X
A(x)=0
360
20 — — = 0
X
x* =18
x=3V2 x>0 (3) 10m
Substitute (3) into (2).
y= 60 r
3v2
= 10V2
The dimensions of the rose garden that minimize the total area are x x y = 10v/2 m x 3v2 m.
Section 6.7 Page 384 Question 22
a) F(r) = -8r* + 1213 b) F(r) = —kr* +cr?
Determine the critical numbers of F. Determine the critical numbers of F.
F'(r)=0 F'(r)=0
=321 +36r* =0 —4kr® +3cr* =0
(=8 +9) =0 rA(—4kr +3¢) =0
9 3c
= Z =0or —
r=0or r or Ik
9 9 Determine the maximum flow rate.
Since F” | = | < 0, the maximum occurs at x = —. 4 3
8 8 P(%) - (5) = (%)
Determine the maximum flow rate. 4k 4k 4k
4 3 4 4
9 9 9 8lc 27¢
- - — — — = — + —
F<8> 8<8> +12<8> 25613 | 64k3
0"+ 12°) _ o8It + 108!
= g3 o 256k3
2187 _ 27¢*
~ 512 T 256k3
When £k = 8 and ¢ = 12, the maximum flow rate is . . . 4
2187 The maximum flow rate in terms of k and ¢ is TR

512°
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Section 6.7 Page 385 Question 23

Although a strategy involving derivatives exists, often a simpler approach exists. Consider the following solution. The
shortest distance from a point to a line is the perpendicular distance. The point at which the plane is closest to the
tower must, therefore, lie on the line y = 2x + 3 and the line perpendicular to it through the origin. Equating 2x + 3

1 6 6 3 63
and —5X yields a result of x = -3 Substituting x = -3 into either line reveals y = 3 Hence, the point <—§ §>

represents the closest the plane gets to the tower.

Section 6.7 Page 385 Question 24

The growth rate equation defines a downward-opening parabola with roots of O and 48. The maximum of such a
parabola also lies on the parabola’s axis of symmetry. Since the axis of symmetry passes through the midpoint of
the roots, the equation of the axis of symmetry is x = 24. The maximum growth rate, the y-value of the vertex, is
48(24) — 24? or 576. Hence, the maximum growth rate is 576 and it is achieved when ¢ = 24 h.

Section 6.7 Page 385 Question 25

Determine the critical number(s) of P.

P(g)=0
1000
S (l+g)?
(14 g)* = 10000
1+g=100, g>0
g=99

A gait of 99 minimizes the required power for an animal to run.
Section 6.7 Page 385 Question 26

Let x be the distance from C to D, in kilometres. The distance from A to C can be expressed as V/x2 + 16. Let T be
the total time taken for the race, in hours.

Vx2+16 10-—x
+

T =

2 10
Y x2 416 +1 X
a 2 10
Determine the critical numbers of T'.
T (x)=0
1 2x 1 X 10 - x

5x = Vx2+ 16

25x2 = x> + 16 N i
24x* = 16 A
, 2 < >
*r =3 10 km
2
xX=14/=
3

2
Point C should be taken 10 — \/; or approximately 9.18 km from B.
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Section 6.7 Page 385 Question 27
Determine the critical number(s) of D.

D'(v)=0
1502 2
60v+ =5 <‘V_3> =
1
60v — 8(3)0 =
%
vt =30

A speed of ¥/30 m/s minimizes the drag.
Section 6.7 Page 385 Question 28

Let / be the volume of the quieter band, where / is a positive constant. Let d be the distance, in metres, from the quieter
band. Let I be the total intensity of the two bands.

d2

-

31

4+ —
(100 — d)?

1

42

3

+ —_—
(100 — d)2

Determine the critical number(s) of I.
I'd)=0

2 -6
(-3 gy ) =
2 6
@ T aoo—ay -
3d® = (100 — d)®

V/3d =100 - d
d(1 +V/3) = 100
100

1++v3

The quietest location is

100
+V3
Section 6.7 Page 385 Question 29

)

GRAPHING CALCULATOR

Hinimom
M=y BYEESE  Y=.00145E7

or approximately 40.95 m from the quieter band.

Determine the distance, d, between the corner of the truck and a point on the bridge.

d=vV(15-x)2+(35+x2—6)
= Vx*—4x2 = 3x+8.5
Determine the critical number(s) of d.
d(x)=0
4x3 —8x—3
24/x* —4x2 —3x+85

4x* —8x-3=0

x = 1.574

d(1.574) = 0.077

=0

The maximum clearance is approximately 0.077 m.

o (x346)

\(1.5,3.5)

/ \
\

A
v
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Section 6.7 Page 385 Question 30
Let x be the distance to the less massive planet.

Mm 2Mm

F(x)=G = +G(1 2
=GMm <i + ;>
x2 (1 —x)?
Determine the critical number(s) of F.

F'(x)=0

GMm (—3 + L) =0

x3 (1 -x)3
2x* = (1-x)°

\B/Ele—x

x(1+V2) =1
|

X =
1+v2

1
The vessel should be located m or 44.25% of the distance between the planets, from the smaller planet.
Iy

Section 6.7 Page 385 Question 31

P(M) = M? <k - %)
M3
=kM* - =
Determine the critical number(s) of P.
P(M)=0
2kM — M? =0
MQk—-M)=0
M =0or2k

Since P"(2k) < 0, the body is most sensitive when M = 2k.
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Section 6.7 Page 386 Question 32
a) Let S be the strength of the source of light from each standard. The distance from A to P is /x2 + k2. The

distance from B to P is 1/(20 — x)2 + k2.
S S

I(x) = +

(Veve) (Va-orve)

1 1
=S +
<x2+k2 (20—x)2+k2>
b) Determine I'(x).

, _ —2x -220 - x)(-1)
Feo=5 <(x2 TR T (@0-x7 1 k2)2>
x 20 —x
=728 <(x2 +k22 (20— x)2 + k2)2) o

Substitute k = 5 into I'(x).

oy x 3 20— x
Py =-25 <(x2 +2572 (20— x>+ 25)2>

P is at the midpoint of / when x = 10. Determine 1'(10).

I'(10) = -28 0 1
(100 +25)2 (100 + 25)2

=0

Since I'(10) = 0, 10 is a critical number of I. Since I”(10) > 0, a minimum value of I is achieved at the midpoint
of [ when k = 5.
¢) Substitute k = 20 into (1).

ey x 3 20 —x
i) = =28 <(x2 +400)>  ((20 — x)2 +400)? >
rao) =-28 < 10 - 10 >
(100 + 400)> (100 + 400)2

=0

Since I'(10) = 0, 10 is a critical number of /. Since I”(10) < 0, a maximum value of I is achieved at the midpoint
of / when k = 20.
d) From (1), I"(x) is determined to be,

2 _ 1.2 23020 — x)2
I”(x):—ZS[k 3x k? —3(20 x)]

+

(x2+ k%23 (20— x)? + k?)3

The position of the minimum illumination point changes when x = 10 no longer provides the minimum value.
This happens when 1”(10) changes sign from positive to negative.

I'10) =0
k% — 300 k? — 300
+ =
(100 + k2)3 (100 + k2)3

k?—300
(100 + k2)3
k% =300

k=103, k>0

When k < 104/3, 1"(10) > 0. When k > 10+/3, I"(10) < 0. The minimum illumination point changes abruptly
when k = 10V3.

e) The minimum illumination point will lie on the perpendicular bisector of AB, for k < 10v/3. When k = 10+/3,
AABP is equilateral. For k > 10+/3, the minimum illumination point occurs at the endpoints of the interval, either
x=0morx=20m.

f) Answers may vary.
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Section 6.7 Page 386 Question 33

The shortest distance is the straight line distance on the
net of the room. Let d be the distance the spider must
travel, in metres.

d=x%+y?
=V +5+22+(2-02)?

= V82 +1.8?2

=82

The minimum distance the spider must walk is 8.2 m.

Section 6.7 Page 386 Question 34

1
Since x € [0, —
[ vk

d =1/ (Ax)* + (Ay)?
= \/(x—0)2+ (x2— 1)2

=\/x2+x4—2x2+1

=Vxt—-x2+1
Determine the critical numbers(s) of d.
d(x)=0
4xP—2x
2Vx4 = x2+1
2x? -1
x(2x ) _0
x*—x2+1
x(2x*=1)=0

1
x=0or—, x>0
V2

1 11

Since d” | — | > 0, the point <— —) is the closest
( ﬁ) V2 2

point over the interval x > 0. Over the restricted do-

1
main, x € [0, —] , for k > 2, the closest point is the
vk
1 1
right endpoint of the interval, <— —>. For k < 2,
N

1 1
the closest point remains <— — ). If k < 1, the most
V22

distant points are endpoints. If k£ > 1, the most distant
point is (0, 0). If k = 1, endpoints and (0, 0) are all 1
unit away.
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[P ]
] »

M
5m

, x > 0. Let d be the distance from the point (0, 1) to the general point on the arc, (x, x°).

GRAPHING CALCULATOR

Hinirur
n=F0P10EEE Y= BeEOZEY




Section 6.7 Page 386 Question 35

a) Let r and & be the base radius and height of the b) Let r and s be the base radius and height of the
cylinder, respectively. Let V' be the volume of the cylinder, respectively. Let V' be the volume of the
cylinder. cylinder.

S Ty
g h
2k h
1
3 k
RCIS V =zr’h ¢))
The cone provides a constraint on r and 4.
V =nar’h M h=k—r 2
The sphere provides a constraint on r and 4. Substitute (2) into (1).
@r)* + K = (2k)° V =art(k-r)
4r* + h? = 4k° = n(kr? — %)
2 _ g2
= M‘Th ) Determine the critical number(s) of V.
Substitute (2) into (1). Vi) =0
4K — 12 xQkr —3r*) =0
V=rg|—F"——)h _
4 r(2k—-3r)=0
2k
= %(41(2;1_;,3) r= 5 r>0 3)
Determine the critical number(s) of V. Substitute (3) into (2).
V() =0 h=k- 2k
T, 2 3
Z(4k -3n7) =0 _ k
3n* = 4k* 3
4k?
n=— 3) . 2k k
3 For maximum volume, (¢, h) = 33)
2k
h=—, h>0
V3
Substitute (3) into (2).
2
4 - 2
r? 3
4
_eo
3
_ 2k?
3
V2k
=——,r>0
V3
2k 2
For maximum volume, (r, h) = <Q —k>
V3'V3
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Section 6.7 Page 386 Question 36
Let R and H be the base radius and height of the cup, respectively. Let
V be the volume of the cup.

y = ngH (1)
The sector of the disk provides a constraint on R and H.
H?+ R*=r?
R*=r*-H* )
Substitute (2) into (1).
y = g(ﬂ —H)H 3)
= g(rzH ) :

Determine the critical number(s) of V.
V'(H)=0
g(r2 —3HY) =0

2
r
H?>=— 4
. @) -
-
=—; H>0 &)
V3
Substitute (4) and (5) into (3).
z r? r
V==|(r-= —
3 < 3 ) (@)
. 2r? r
"3\ 3 3
_ 2xr3
9v3
. . . 2@t
The maximum capacity of the cup is cubic units.
Section 6.7 Page 386 Question 37
Assume y = P(x) and y = Q(x) are continuous and differentiable.
a) y=0(x) y=0x)
Y =0'(x) ¥ =20(x)0'(x)
y'=0"(x) V' =2(0Q'(x)Q'(x) + Q(x)Q"(x)

=2 [Q')]* +20(x)Q"(x)
If y = O(x) has a critical number at ¢, then Q'(c) = 0. Thus, 2Q(c)Q'(c) = 0, so y = Q?(x) has a critical number at c.

If O(c) is a minimum, then Q”(¢) > 0. Thus for y = Q%(x),

Y'(©) =2[0'©)] +20(c)0"(¢)
=2(0)* +20(c)Q"(c)
=20(c)Q"(c)

Since Q" (c) > 0 for y = Q*(x) to have a minimum at ¢, Q(c) > 0.

If O(c) is a maximum, then Q”(c) < 0. Thus for y = Q*(x),

y'(€) =20(c)Q"(c)

Since Q" (c) < 0 for y = Q%(x) to have a maximum at ¢, Q(c) > 0.

Thus, for y = Q(x) and y = Q*(x) to have the same type of extremum at ¢, Q(c) > 0.
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b) y=0(x) y = P(Q(x))
y'=0'x) y'=P(Q(x)Q'(x)
y'=0"(x) Y'=0' )P (Q(x)Q'(x) + P(Q(x)Q"(x)
= [0'(»)] P'(0(x) + P(Q(x)Q" (x)

If y = Q(x) has a critical number at ¢, then Q'(¢) = 0. Determine whether y = P(Q(x)) has a critical number at c.

P(Q(c)Q'(c) = P'(Q(c))(0)
=0

Thus, if y = Q(x) has a critical number at x = ¢, then y = P(Q(x)) has a critical number at c.

¢) If y = P(x) has a minimum at ¢, then Q"(c¢) > 0. If y = P(x) has a maximum at ¢, then Q”(c) < 0. Determine
what type of extremum y = P(Q(x)) has at c.

[Q’(C)]2 P"(Q(c)) + P'(Q(c)Q"(c) = (0) P"(Q(c) + P'(Q(c))Q"(c)
= P'(Q(c))Q"(c)
For y = P(Q(x)) to have a minimum at ¢, since Q”(c) > 0, P'(Q(c)) > 0. For y = P(Q(x)) to have a maximum
at ¢, since Q"(c) < 0, P'(Q(c)) > 0.
Thus, for y = P(x) and y = P(Q(x)) to have the same type of extremum at their critical number ¢, P’Q(c)) > 0.

Section 6.7 Page 386 Question 38

a) Since y(40) = —0.008(40)% + 0.41(40) or 3.6, the b) Let d be the distance from the bar at (40, 3) and
football clears the horizontal bar. the general point on (x, —0.008x? + 0.41x). The
distance model can be expressed as

GRAPHING CALCULATOR

=0 00ERE+ H1E

d = 1/(x — 40)2 + (=0.008x2 + 0.41x — 3)2

The Minimum operation of the graphing calcu-
lator determines the smallest distance between the
ball and the bar to be approximately 0.585 m.

GRAPHING CALCULATOR

Lo

¥=.LE4EDEO?
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Section 6.7 Page 387 Question 39

a) Let T be the tangent drawn to a function at P.
The shortest distance, d, from a remote point,
Q, is the length of the segment of the line, N,
perpendicular to T', containing P and Q.

390 MHR Chapter 6

b) Let P(x, —0.008x%+0.41x) be the coordinates of the general
point on y = —0.008x> + 0.41x. The coordinates of Q are
(40,3). Let m be the slope of PQ. Since the tangent, T,
is perpendicular to PQ, the slopes of the lines are negative
reciprocals of one another.

dy 1
dx m

dy

= =1

dx X m

—0.008x% + 0.41x — 3
—0.016x + 0.41 X roAlx -1 (1)
x —40

Substitution of x = 40.132 18, the result obtained in ques-
tion 38, verifies (1).



6.8 Optimization Problems in Business and Economics

Practise

Section 6.8 Page 392 Question 1
a) Formulate the profit function, P.

P(x) = R(x) = C(x)
= xp(x) — C(x)
= x(50 — 0.5x) — (10 + 4x)
= 50x — 0.5x%> — 10 — 4x
= —0.5x% + 46x — 10

Determine the critical number(s) of P.

P(x)=0
—-x+46=0
x =46

Since P"(46) < 0, profit will be a maximum for
x = 46.

¢) Formulate the profit function, P.

P(x) = R(x) — C(x)
= xp(x) = C(x)

x(10 = 0.002x) — (500 + 5x + 0.01x?)

10x — 0.002x> — 500 — 5x — 0.01x>

= —0.012x? + 5x — 500

Determine the critical number(s) of P.

P((x)=0
—0.024x+5=0
x =208

Since P"(208) < 0, profit will be a maximum for
x = 208.

e) Formulate the profit function, P.

b) Formulate the profit function, P.

P(x) = R(x) — C(x)
= xp(x) — C(x)
= x(10) — (500 + 5x + 0.01x?)
= 10x — 500 — 5x — 0.01x?
= —0.01x* 4 5x — 500

Determine the critical number(s) of P.

P(x)=0
-0.02x+5=0
x =250

Since P”(250) < 0, profit will be a maximum for
x = 250.

d) Formulate the profit function, P.

P(x) = R(x) — C(x)
= xp(x) = C(x)
= x(50 — 0.01x) — (1000 + 20x + x* + 0.0001x>)
= 50x — 0.01x> — 1000 — 20x — x> — 0.0001 x>
= —0.0001x> — 1.01x? + 30x — 1000

Determine the critical number(s) of P.

P(x)=0

—0.0003x* = 2.02x+30=0

2,02+ 1/(=2.02)% + 4(0.0003)(30)
*= ~0.0006

= —6748 or 15

Since P"(15) < 0, profit will be a maximum for
approximately x = 15. (Note that this product will
never make a profit.)

P(x) = R(x) — C(x)
= xp(x) — C(x)
=x(9 —2x) — (1 +4x = 3x> + x%)

=0x—2x>—1—4x+3x*—x

3

=—x +x>+5x -1

Determine the critical number(s) of P.

P(x)=0
3x2+2x+5=0
3x2-2x-5=0
Bx-5x+1=0
=—lor=
X OI’3

5
Since P" <§> < 0, profit will be a maximum for approximately x = 2.
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Section 6.8 Page 392 Question 2

a) Maximum profit is realized at the x-value with the longest vertical line segment from R(x) down to C(x).

b
) y ©) y
y=P(x) y=P'(x)
“0 % “0 %

d) When P'(x) > 0, increasing production will increase profits.

Section 6.8 Page 392 Question 3

a) The quadratic regression feature of the graphing calculator suggests C(x) = 0.017x? + 301.897x + 70 906.212.
b) Using the regression equation, C(3000) = 1 128 031.

c) R(x) = xp(x) d) R(x)=0
= x(3000 — 0.01x) 3000 — 0.02x =0
=3000x — 0.01x2 0.02x = 3000
R(3000) = 3000(3000) — 0.01(3000)> x = 150 000
=8910000

Revenue will be maximized at x = 150 000.
Painting 3000 cars will earn revenues of $8 910 000.

e) P(x) = R(x) — C(x)
= 3000x — 0.01x> — (0.017x% + 301.897x + 70 906.212)
= —0.027x% + 2698.103x — 70 906.212
Determine the critical number of P.

P(x)=0
—0.054x + 2698.103 = 0
x = 49 964.87

Profit will be maximized at approximately x = 50 000.

Section 6.8 Page 392 Question 4

P(x) = R(x) = C(x)
= xp(x) = C(x)
x(16 — 0.03x) — (100 + 8x — 0.1x* + 0.001x>)
16x — 0.03x% — 100 — 8x + 0.1x> — 0.001x>
= —0.001x> + 0.07x% + 8x — 100

Determine the critical number of P.

P(x)=0
—0.003x>+0.14x+8 =0
x =80

Profit will be maximized at approximately x = 80 m.
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Section 6.8 Page 392 Question 5

a) From the information given, p(x) is a linear b) R(x) = xp(x)
function with a slope of —Tl() or —2. = x(1090 - 2x)
= —2x? + 1090x
p(x) — 850 = =2(x — 120) Determine the critical number of R.
p(x) = —2x + 240 + 850 R(x)=0
= 1090 — 2x —4x+1090=0
x =272.5

The price function is p(x) = 1090 — 2x.

Since R”(272.5) < 0, maximum revenue is real-
ized at x = 272.5. The cameras should be sold at
p(272.5) = 1090 — 2(272.5) or $545.

850 — 545
¢) To maximize revenue, the retailer is offering a —s50 or approximately 35.9% discount.
Section 6.8 Page 393 Question 6
From the information given, p(x) is a linear function with a slope of 28 00 or —0.0025.

p(x) — 60 = —0.0025(x — 18 000)
p(x) = —0.0025x + 45 + 60
105 — 0.0025x

Determine the revenue function, R(x).

R(x) = xp(x)
x(105 — 0.0025x)
105x — 0.0025x?

Determine the critical number of R.

R'(x)=0
105 - 0.005x =0
x =21000

Since R"(21 000) < 0, maximum revenue is realized at x = 21 000. The ticket price should be set at p(21 000) =
105 — 0.0025(21 000) or $52.50.

Section 6.8 Page 393 Question 7
If between 18 and 30 people sign up, the maximum revenue is 30 x $45 or $1350. Consider the case for more than 30

-1
people. From the information given, p(x) is a linear function with a slope of Tor —1.

p(x) —45 = —-1(x—30)
p(x) =—-x+30+45

=75—-x
Determine the revenue function, R(x).
R(x) = xp(x)
= x(75 — x)
=75x — x*
Determine the critical number of R.
R(x)=0
75-2x=0
x =375

For more than 30 people, maximum revenue is realized at x = 37.5. This revenue is R(37.5) = 75(37.5) — (37.5)% or
$1406.25. Maximum revenue is realized when 37 or 38 passengers sign up.
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Section 6.8 Page 393 Question 8
a) From the information given, p(x) is a linear b) Formulate the profit function, P.

—— or —0.005.

function with a slope of
P(x) = R(x) = C(x)

p(x) = 1.2 = —0.005(x — 500) = —0.005x" +3.7x — (25 + 0.12x + 0.001x")
p(x) =—-0.005x+25+12 = —0.005x2 +3.7x — 25-0.12x — 0001X2
= —0.006x> + 3.58x — 25

= —0.005x + 3.7
Determine the revenue function, R(x). Determine the critical number of P.
R(x) = xp(x)
= x(=0.005x +3.7) P(x)=0
= —0.005x* + 3.7x —-0.012x +3.58 =0
Determine the critical number of R. x =298
R'(x)=0
(x) Since P"(298) < 0, maximum profit is real-
—0.01x+3.7=0 ized at x = 298. The price should be set at
x =370 p(298) = —0.005(298) + 3.7 or $2.21.

Since R”(370) < 0, maximum revenue is re-
alized at x = 370. The price should be set at
p(370) = —0.005(370) + 3.7 or $1.85.

Section 6.8 Page 393 Question 9
Let C be the total cost for the trip.

C(v) = running costs + driver’s wages

1500
= 1500 <0.85 + 0.0004v%> + < x 15>

v

v

= 1500 <0.85 +0.0004v7 + 15)

Determine the critical numbers of C.

C/(V) =0 GRAPHING CALCULATOR

115
1500 <0.0006v2 - —2> =0
\Z

1
0.0006v: = —f
A%
225
3.6x 1077y = —
v
s 225
V=
3.6 x 107
V=574

To minimize total costs the truck should be driven at approximately 57.4 km/h.
Section 6.8 Page 393 Question 10
It will be assumed that p(x) is a linear function with a slope of _1—1)5 or —1.5.
p(x) — 175 = —1.5(x — 150)
p(x) = —1.5x+225+ 175
=400 - 1.5x
Determine the revenue function, R(x).
R(x) = xp(x)
= x(400 — 1.5x)
= 400x — 1.5x*
Determine the critical number of R.
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R(x)=0
400-3x=0
x =133

Maximum revenue is realized at x = 133 rooms. The price should be set at p(133) = 400 — 1.5(133) or $200.50.
Section 6.8 Page 393 Question 11

It is evident that that maximum yield occurs over the interval [30, 50]. Determine the critical number of Y.

Y@ =0
80—-2t=0
t=40

Since Y'(¢) < 0, a maximum yield of Y (40) = 80(40) — 40% — 1500 or 100 t is realized on the 40th day.

Section 6.8 Page 393 Question 12
a) Let x be the distance from D to C. Let T be the total cost in dollars.

T(x) = 1000V/70% + x2 + 500(200 — x)
= 500 (2 4900 + x2 + 200 — x)

Determine the critical number(s) of T'.

A
T'(x) =0 .
500 ﬂ —-1)=0 70 .
24/4900 + x2 .
x> 1=0 D C B
/4900 + x2 M 200-x "

2x = V4900 + x2

4x% = 4900 + x?

3x2 = 4900
_[4900
TV T3
= 40.4

Since T"(x) > 0, to minimize the total cost, C should be chosen approximately 200 — 40.4 or 159.6 m from B.
b) Answers will vary.

Section 6.8 Page 393 Question 13
Determine the critical number(s) of r.

r/(x) — O GRAPHING CALCULATOR
3 1
—x2 —4x 3 =0
4x X
3 1
ZxI =4x73
4X X
: 16
X6 = —
3

[SYEEN

~
W

=

I
=N
wla
N———

Since r”(7.45) > 0, the worst time to invest is month 7. Since there is only a single critical number, an evaluation of
the endpoints of the interval is required. Since r(24) > r(0) > r(7.45), the best time to invest is month 24.
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Section 6.8 Page 394 Question 14
Let C(x) be the cost of producing x steering wheels per day.

GRAPHING CALCULATOR

50 000

C(x) = 5000 + 1.5x +

Determine the critical number(s) of C.

C'(x)=0
50 000
15— ——=0
X
x2_50000
T 15
x =183

Since C”(183) > 0, the factory should produce approximately 183 steering wheels per day to minimize costs.

Section 6.8 Page 394 Question 15
Let C be the cost function of the fencing.

C(x)=102x+2y)+4y X
=20x + 24y
=4(5x + 6y) D
The required area constrains the variables. y y y
xy = 5000
= 5(1?0 () - .
Substitute (2) into (1). X
C=4<5x+6(m>>
p
4 <5x+ 30000>
X
Determine the critical number of C.
C'(x)=0
4 <5 3 30x(;00> ~0
x* = 6000
x=20V15; x>0 3)
Substitute (3) into (2).
_ 5000
YT 20vis
_50v15
3

50v15
To minimize the cost of fencing, the dimensions of the field should be x x y =20V 15 m x L m.

396 MHR Chapter 6



Section 6.8 Page 394 Question 16

Determine the revenue function, R(x).

R(x) = xp(x)

= xV/8000 — x2

Determine the critical number of R.

R(x)=0
—2x
V8000 — x2(1) + x (—) =0
24/8000 — x2
8000 —2x%
1/8000 — x2
x? = 4000
x=632, x>0

To maximize revenue, the artist should produce approximately 63 prints.

Section 6.8 Page 394  Question 17

a) Let A be the average cost. b) A(x) = €
3 2
C(x) X =2x"+4x
AW) = ) =
Determine the critical number of A(x). =x>—2x+4
A(x)=0 Determine the critical number of A.
xC'(x) = Cx)M) _ 0 Al(x)=0
X 2x—2=0
xC'(x)—C(x) =0 c=1
C(x) -
= 2
YT oM @

A production level of 10 000 units will yield a minimal

Substitute (2) into (1). average cost.

o)
AN =T

oIE5)
A(x) = C'(x)

The smallest average cost is achieved when aver-
age cost equals marginal cost.
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Review of Key Concepts
6.1 Increasing and Decreasing Functions

Section Review Page 399 Question 1

dy
"(x) = b -0
a) f'(x)=0 ) e
1-2x= (i 3x2 =0
X = 5 x=0
1 Since y' > 0 for x < 0 and x > 0, y is increasing on
Since f'(0) > 0, f is increasing on <—oo, E) Since (—00, 00).

1
f'(1) <0, f is decreasing on <§oo>

c) gx) =0 213 243
3x>-4=0 < >
, 4 Intervals (- -2M3) (-243,2/3) (243, )
X° ==
3 < >
2 Test values -2 0 2
x = iﬁ 4 >
Sign of g'(x) + 0 - 0 +
s isaingon (~on = 2 ) ot (). ’ =
g 1s Increasing on | —co, ——— and | —, 00 ). gis Nature of graph inc. dec. inc.
Y V3 V3 v —, v
decreasing on <——, —>
V3'V3
d) H(x)=0
2x+4x> =0
x2x*+1)=0

x=0

Since h'(—1) < 0, A is decreasing on (—oo, 0). Since #'(1) > 0, h is increasing on (0, co).

-3 -1
e) Z—i =0 < >
3x24+12x+9=0 imervals P = (3-1) 1 )‘
X +4x+3=0 Test values ) -4 2 0 !
(x+3)(x+1)=0 oy >
x=3or -1 Slgnof& ) + 0 - 0o + .
y is increasing on (—oo, —3) and (—1, c0). Nature of graph‘ ﬁv g‘ ﬁ;
y is decreasing on (-3, —1).
-1 0 4
D 3 5 f’(x) =0 Intervals * - ) (1,00 (04 (4, )=
4x” —12x" = 16x =0 P .
x(x2 -3x-4)=0 Test values ) -3 -12 1 5 !
x(x—4Hx+1)=0 < »
x=-10, ord Sign of f'(x) ) - 0+ 0 — 0 + R
Nature of grapt: dec. inc. dec. inc.'

f is decreasing on (—oo, —1) and (0, 4). —~ P —~ P

f is increasing on (—1, 0) and (4, c0).
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Section Review Page 399 Question 2
Determine when the ball is in flight, # > 0.

h(t) =0

1420t =52 =0

. —(20) £ 1/(20)* = 4(=5)(1)
2(=5)

= —0.05 or 4.05

The ball is in the air on the interval (0, 4.05).
6.2 Maximum and Minimum Values

Section Review Page 399 Question 3

a) fl(x)=0
4x+1)=0
x=-1

Determine the function values.
f(=3)=3+2(=3+1)?
=3+42(4)
=11
f(=1) =34+ (-1+1)?
=3
f2)=3+22+1)?
=3+209)
=21

Comparison of the function values reveals an absolute
maximum of 21 and an absolute minimum of 3.

24§
22

20-
A
16+

14 -
f(x)124
10

Determine the critical numbers of 4.

H({t) =0
20— 10t =0
t=2

Since A'(1) > 0, h is increasing on (0, 2).
Since #'(3) < 0, h is decreasing on (2, 4.05).

b) f'(x)=0
4x—4x*=0
x(1=x)=0

x=0,%1

Determine the function values.
f(=3)=2(=3 = (=3)* - 16

=-79
f(=D) =2(-1 = (-D* - 16

=-15

£(0) =2(0)* — (0)* — 16
=—-16

f) =21 —(1)*-16
=-15

f2) =227 -@2"-16
=-24

Comparison of the function values reveals an absolute
maximum of —15 and an absolute minimum of —79.

80
60
fx)40+
20-

4 3 2 101 1 2 3 4
20
—40-
60
80

Review of Key Concepts MHR 399



) f'x)=0

—6x% +6x =0
x(x—=1)=0
x=0orl

Determine the function values.
f(=2) = =2(-2)* +3(-2)

=28

f(0) = =2(0)* +3(0)*
=0

f(1) = =2(1)* +3(1)?
=1

f(2)=-22)° +3(2)*
=—4

Comparison of the function values reveals an absolute
maximum of 28 and an absolute minimum of —4.

40-
30
f(x)20 |
10

3 2 0T s
10|

20
30

40

Section Review Page 399 Question 4

d) f(x)=0
—G5x*+9x*+ 1) =0
5x* +9x*+1=0
Since f has no critical numbers, determine the func-
tion values at the endpoints of the interval.
fED === +3(=17 + (=1))
=5
f2)=-2°+32)°+2)
= —58

Comparison of the function values reveals an absolute
maximum of 5 and an absolute minimum of —58.

60 |

a) i) f has an absolute maximum of 9 and an absolute minimum of —5.

ii) f has local maxima of 1, 1.5 and 9. f has local minima of —5 and —0.2.

b) i) f has an absolute maximum of 1000 and an absolute minimum of —2550.

ii) f has a local maximum of approximately 600. f has local minima of —1850 and —2550.

Section Review Page 399 Question 5

P((n)=0
—10n+500=0
n=>50

Since P'(40) > 0 and P’(60) < 0, a local maximum occurs at n = 50. The company should manufacture 50 speakers

to maximize profits.
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6.3 Concavity and the Second Derivative Test

Section Review Page 399 Question 6

a) i) f is concave upward on the intervals (—2, 1) and (5, o0). f is concave downward on the intervals (—oo, —6),
(—=6,-2),and (1,5).

ii) Points of inflection occur at (=2, 0), (1, 0), and (5, 1).

b) i) f is concave upward on the intervals (0, 6) and (8, o0). f is concave downward on the intervals (—oo, 0) and
(6, 8).

ii) Points of inflection occur at (0, 0), (6, 5), and (8, 2).
Section Review Page 400 Question 7

a) f(x) =3+ 4x — 2x*
fl(x) =4 —4x
fl(x)=—4

Since f” < 0 for all R, f is concave downward on (—oo, 00). Since f” never changes its sign, there are no points of
inflection.

-4/5
b) y=5x +12x* = 3x +2
dy < »
Ix = 15x% +24x -3 Intervals (- ,-4/5) (-4/5, )

dzy < >

—_— = Test values -1 0
dx2 < »

30x+24=0 Sign of g_;g — 0 +
5Sx+4=0 < »

Nature of graph  concave downward concave upward
X =—=
5 n r

. L . . 4
An interval chart can be used to determine intervals of concavity. y is concave upward on (_§ oo> and concave

4 . . . 4 238
downward on (—oo, —§> y has a point of inflection at <—§ E)
1/3
©) y=16+4x +x* - x° < >
d Intervals - ,13) 73, )
Y4 ox -3 < >
dx Test values 0 1
dy _ < =
dx? Sign of S—Z + 0 -
2—-6x=0 < >
1 Nature of graph  concave upward  concave downward
xX==
3 r ' %

. . . . 1
An interval chart can be used to determine intervals of concavity. y is concave upward on | —oo, 3 and concave

1 1 470
downward on <§ oo>. ¥ has a point of inflection at (5 7) .
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d) y=xt—x-3x2+5x-12

d—y=4x3—3x2—6x+5

dx

d2
Y _o

dx?
12x2—6x—-6=0
2x2—x-1=0
Cx+D(x-1)=0
1

x:—zorl

. . . . 1
An interval chart can be used to determine intervals of concavity. y is concave upward on <—oo, —§> and (1, c0).

y
. 1 . . . 1 241
is concave downward on X 1 ). y has points of inflection at TS and (1, —10).
3-3 3+/3
e) gx)=x* -2 +x* -2 6 6
g'(x) =4x> — 6x% + 2x < >
g"(x) =0 Intervals (_ 3%@) (3g§3%3 (3%@ ) )
2 _ < »
12x" - 12x+2=0 Test values -1 1/2 1
6x>—6x+1=0 < >
—(=6) £ V/(=6)2 — 4(6)(1) Sign of g"(x) + 0 - 0 +
2(6) Nature of graph ﬁECfﬁXf dg(\:\?:v?/\é?d ﬁECffrvde
_6 ié@ wr N
L_3xv6
6
. o . . 3-43
An interval chart can be used to determine intervals of concavity. g is concave upward on | —oo, ¢ and
3+43 . 3-v3 3+V3 . . . 3-43 71
,00 |. g is concave downward on , . g has points of inflection at ,—— ) and
6 6 6 6 36
3+v3 71
6 ~ 36)
x—2
f) y=35-%
dy _ 6= = x=2)(=D
dx (5-x)?
_ 3
S (5-xp
=3(5-x)"
d*y _
x?
—6(5-x)7(-1)=0
6 —
5-x?°

2

-1/2 1
Intervals (- ,-1/2) (-1/2,1) @, )
Test values -1 0 2
_ dly‘ >
Sign of e + 0 — 0o + R
b concave concave concave "
Nature of graph  upward downward  upward

7 N

2

Since d_le has no zeros, there are no points of inflection. Since d_Jz) > 0 for x < 5, y is concave upward on the interval
X X

2

d
(=00, 5). Since d—}; < 0 for x > 5, y is concave downward on the interval (5, o).
X
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dy _ (x> +4)(2x) - x*(2x)

g) dx (2 +4)?
_ 2x(4)
T (X2 +4)2 _2 2
3 /3 /3
=2 2 < >
(44 Intervals ) (_ 2 ) ( 2 2 ) (Z )'
’ _ _ £ £
“y A\ '3 313 ERUN
dx* Test values -2 0 2
3 <(x2 +4)(1) — x(2)(x? + 4)(2x)> —0 < >
(x2 + 4)* Sign of EJLZ 0 + 0o -
4 - 3X2 < concave concave >
m = Nature of graph  downward ﬁ?,”w?rv(f downward
5 ' % \ ¥ 4 i
X =x—
V3

An interval chart can be used to determine intervals of concavity. y is concave upward on <—£ ﬁ) y is concave

2 2 2 1
downward on (—oo, ——) and <— oo>. y has points of inflection at (:l:—, —>.
v V3 V34
h) dy (x* —4)(2x) — x*(2x) -2 2
dx (x2 —4)? 4 P
2x(—4) Intervals - -2 (-2,2) 2, )
T -4y < >
Test values -3 0 3
_ & < >
i (x? = 4)22 X X signof Y + o0 - o0 +
ﬂ — _8 (x — 4) (1) — x(2)(x — 4)(2x) D concave concave concave "
dx? (x2 — 4)4 Nature of graph  upward downward . upward
8(4 + 3x?) \7 £y »
=" %0
(2 =4y

. d? .
The zeroes of the denominator of —)2) are +2. An interval chart can be used to

determine intervals of concavity. y is

X
concave upward on (—oo, —2) and (2, o0). y is concave downward on (-2, 2). Since the domain does not include +2,

there are no points of inflection.

1

i) Hix)=1- =

Z 2
W) ==

Since h" < 0 for x < 0, h is concave downward on (—oo, 0). Since #” > 0 for x > 0, & is concave upward on (0, co0).

Since the domain of 4 excludes x = 0, there are no points of inflection.
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Section Review Page 400 Question 8

a) () =0 b) 2 =0
2 _ X
2x=3x"=0 dx—8=0
x(2—3x)=02 x=2
x=0z &y _
" dx?
g'(x)=2—-6x
. d*y .
Since g”(0) > 0, g has a local minimum value of 0% — 03 Since e 0 for all R, y has a local minimum value

or 0. Since g” % < 0, g has a local maximum value of 2(2)* = 8(2) + 3 or 5. y has no local maxima.

of 2 i 2 3or4
3 3 27"

c) K(x)=0
6x—-24=0

x=4

K'(x)=6

Since k” > 0 for all R, k has a local minimum value of at 3(4)? — 24(4) + 15 or —33. k has no local maxima.

dy
d — =0
) dx
(x = D(2x) = x*(1) _0
(x = 1)? -
2 _
x°—2x ~0
(x=1)?
x(x—=2) ~0
(x=1)2
x=0or2
@ C(x=D2x=2) - (x* -2x)Q(x - 1)
dx? (x—1*
_ 2
S x=1)?
2y 2 d?y
Since — < 0, y has a local maximum value of or 0. Since — > 0, y has a local minimum value of
X2 |x=0 0-1 X2 |x=2
22
1 or 4.
e) gx)=0
16
2x — ; =0
=8
x=2
" 32
g(x)=2+—=
x

16
Since g”(2) > 0, g has a local minimum value of 2% + 5 or 12. g has no local maximum value.
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) _y

dx
4x3 —16x =0
x(x>—4)=0
x=0,%£2
dZ
Y 1222 - 16
dx?
. dzy .. 4 2 . dzy
Since - > 0, y has a local minimum value of (=2)* — 8(—=2)“ + 5 or —11. Since e < 0, y has a local
X7 |x==2 X7 |x=0
d2
maximum value of 0* — 8(0)? 4+ 5 or 5. Since —)2} > 0, y has another local minimum value of 2* — 8(2)? + 5 or
X7 |x=2

—11.
Section Review Page 400 Question 9

Bt+2)(5) - (5t+ DH(3)
(Bt +2)?
15+ 10— 15t -3
(3t + 2)2
_ 7
(3t + 2)?
=73t +2)7?
P'(1) = —14(3t +2)7(3)
—42
(3t +2)3
Since P"(t) < 0 for ¢ € [0, 20], P'(¢) is decreasing over the same interval.

P =

6.4 Vertical Asymptotes

Section Review Page 400 Question 10

a) The equations of the vertical asymptotes are x = —2, x = 1, and x = 6.

b) 1) lim f(x) = —oo if) lim f(x) = —oo iii) lim f(x) = oo
iv) XEI_%+ f(x) =—o0 V) xlin—lz f(x) does not exist vi) xlirg f(x) =00
vii) xlin11+ f(x) =00 viii) XIE?- f(x)=3"F ix) XILIE fx)=1"

Section Review Page 400 Question 11

a) Asx —» 37,3 —x — 0%, resulting in 1iI£1
X—>5"

-x
_ . 5
b) As x — 3%,3 — x — 0 resulting in hrgl 3 = -0
x—=3+ — X
¢) Asx - —47,x+4 — 0" resulting in lim -
x>—4- x +4
L -3
d) Asx - —4%, x +4 - 0 resulting in lim —— = —o0
x——d4t x + 4
e) Asx — 1, (x — 1)?> = 0% resulting in lim =
=1 (x — 1)?
1
f) Asx = —67, (x + 6)> = 0% resulting in lim =00
x——6~ (x + 6)2
x
As —37, (x +3)* > 0" resulting in lim = -
g) Asx — (x+3)°" > gm lm 137
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h) Asx - —3%, (x +3)? = 0% resulting in lim X __
=3 (x 4 3)2

2 2
i) lim _x+s = lim L Asx > —47,x+2 > -27,x+1 - 37, and x +4 — 07, resulting
x4~ X2+ 5x+4 x4 (x+ D(x+4)
R x+2
in im ————— =—-w

x—>—4 (x+ D(x+4)
Section Review Page 400 Question 12

a) Since —4 is aroot of the denominator and not a root b) Since x+3 and x+2 are factors of the denominator
of the numerator, x = —4 is a vertical asymptote of and not of the numerator, x = =3 and x = =2 are
f. vertical asymptotes of y.

GRAPHING CALCULATOR

HA=CR+L) AR 2 +EH+E)

GRAPHING CALCULATOR

=1 R

ez ol

6.5 Horizontal and Oblique Asymptotes

Section Review Page 400 Question 13

a) The equation of the horizontal asymptote is y = 2. The equations of the vertical asymptotes are x = —2 and x = 1.
b) The equations of the horizontal asymptotes are y = —2 and y = 1. The equations of the vertical asymptotes are
x=—land x =4.

Section Review Page 401 Question 14

5 5
a) lim = = 0* b) lim = =0"
X 3-2x X 3-2x
. 3-2x . X . 3-2x
©) xggo x+4 xg{-lo x+4 d x—1>I—noo x+4 x—1>r—noo x+4
x x
3 3
S} S}
14+ - 14+ -
x x
_—2 _—2
T T
4—x? 3x% —dx+2
4 — x2 2 Co3x2—4x+2 2
i =1 lim —— = lim ————
e) ,}Ln;, 7%2 —3 }L‘{}o %2 _3 D x»0o x2—-3x+5 x=0 x2—3x+5
x2 x2
4 2
s fo2
X
zﬂgg 3 = lim 3+§
) x  x2
0-1 _3-0-0
“2-0 T 1-0-0
1 =3
)
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g)

5x3 - 2x? 3
lim = lim
x—>-00 5 — x3 X——00 5-— x3
X3
2
5_Z2
= lim X
-—1
b'd
~5-0
T 0-1
=-5

Section Review Page 401 Question 15

a)

c)

Since 2 is a root of the denominator, x = 2 is a
vertical asymptote.

4x -3
. 4x—3 . X
lim

x—0 2 —X

Il
E.

]
=4

The function behaves similarly for x - —oo. The
equation of the horizontal asymptote is y = —4.

The denominator can be expressed as (x—5)(x+3).
x = 5 and x = -3 are vertical asymptotes of
the function. Since the degree of the denomina-
tor exceeds the degree of the numerator, y — 0 as
|x| = oo. The function has a horizontal asymptote
of y=0.

h) As x — oo, the difference between x* and 6x? con-
tinues to increase. As a result, lim (x* — 6x%) = oo.
X—00

i) For x > 0, |x| = x.
lim |x| = lim x

X—00 X—00
= o0

b) Since —4 is a root of the denominator, x = —4 is a
vertical asymptote.

x—5
lim 2= X
1m =
x—o0 X + x—>oox+4
X
5
1=-=
= i X
T
14—
1
1
=1

The function behaves similarly for x - —oo. The
equation of the horizontal asymptote is y = 1.

d) The denominator can be expressed as (3x—2)(x—1).

2 .
x = — and x = 1 are vertical asymptotes of the func-
tion. Since the degree of the denominator exceeds
the degree of the numerator, y — 0 as |x| — oo. The
function has a horizontal asymptote of y = 0.

e) The denominator can be expressed as (2x + 1)(x — 3).

1
x = ~3 and x = 3 are vertical asymptotes of the func-

tion. Since the degrees of the numerator and denom-
inator are equal, the function has a horizontal asymp-

6
toteofy:zory=3.

Section Review Page 401 Question 16

a) Rewrite y.

3x=2x2+6
y=——————
x
6
=3_2x+— (1
x

f) Rewriting the denominator yields (x — 1)(x% +x + 1).
x = 1 is a vertical asymptote of the function. Since the
degrees of the numerator and denominator are equal,

. . 1
the function has a horizontal asymptote of y = 1 or

y=1.

b) Rewrite y.

_ 2x3 -5
22
5

= X- —
2x2

y

ey

6
As |x| = o0, — = 0. As a consequence, (1) ap-

proximates the expression 3 — 2x. The equation of
the oblique asymptote is y = 3 — 2x.

5
As |x| —» o0, — — 0. As a consequence, (1)
2x2

approximates the expression x. The equation of
the oblique asymptote is y = x.
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6 6
¢) Division of the numerator by the denominator yields 5x + 8 + 1 As x| = oo, 1 0. As a consequence,
X — X —

the function has an oblique asymptote of y = 5x + 8.
13 13

5 =
d) Division of the numerator by the denominator yields 2x — = — 3 . As |x| = oo, _3 0. As a conse-
3 3x+1 3x+1

2
quence, the function has an oblique asymptote of y = 2x — 3
X

e) Division of the numerator by the denominator yields x + 4 +

X
. As |x| - oo, —— — 0. As aconsequence,

) ) xX2+4 x2+4

the function has an oblique asymptote of y = x + 4.

2 2
f) Division of the numerator by the denominator yields —x + 3 . As |x| = oo, 3 — (. As a consequence,
x3 - x3 —
the function has an oblique asymptote of y = —x.
Section Review Page 401 Question 17
a) Since —2 is a root of the numerator, the x-intercept b) Since 0 is a root of the numerator, the x-intercept
. . . 0+2 I .. . . . .
is —2. The y-intercept is y(0) = 02 or —3 Since is 0. The y-intercept is y(0) = 03 or 0. Since
4 is a root of the denominator, x = 4 is a vertical 5 is a root of the denominator, x = 5 is a vertical
asymptote. Since y — las |x|] - oo,y = lisa asymptote. Since y — las|x| - o0,y = lisa
horizontal asymptote. An interval chart is used to horizontal asymptote. An interval chart is used to
determine the signs of the range of the function. determine the signs of the range of the function.
) 4 0 5
Intervals - ,-2) (-2,4) 4, ) Intervals (- ,0) 0,5) 5, )
Test values -3 0 5 Test values -1 1 6
Sign of y + - + Sign of y + - +
A A A A
y ‘ y ‘
. \
—» »
1;.7.7 .......... l .................. » 1;.7.7. PEPE l ...................... »
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¢) Since the numerator has no roots, there are no x- 0
intercepts. There is no y-intercept. Since 0 is a root
of the denominator, x = 0 is a vertical asymptote. Intervals

A
v

-0 ©. )

A
v

The function can be rewritten as y = x + —. As
x

) Test values -1 1
|[x| = o0, — — 0 and the function approximates its < >
oblique asymptote y = x. An interval chart is used Sign of y . - + -
to determine the signs of the range of the function. N i’
e

A
v

v
Section Review Page 401 Question 18
V2x2 +20
lim C(x) = lim Y22+
X—0o0 X—00 X
. 2x2 +20
= lim —2
X—00 X
20
=lim/2+ —
X—00 x2
=2
=141
The long-term cost is approximately $1.41 per pair.
6.6 Curve Sketching
Section Review Page 401 Question 19
a) y=0 Since y is a polynomial, the domain is R and there
3 P are no asymptotes. x-intercepts are at 0 and 3. The
x=3x=0 2
2 (x=3)=0 y-intercept is 0. Since £r < 0, a local maximum
dx? x=0
x=0,0, or3 ) ) 2y o
d exists at (0,0). Since — > 0, a local minimum
Y _o dx? |x=2
dx exists at (2, —4). A point of inflection exists at (1, —2).
3x2—6x=0 The function has neither odd nor even symmetry.
x(x=2)=0 GRAPHING CALCULATOR
x=0o0r2 Yi=HTF-Tuzx
d’y _
dx?
6x—-6=0
x—1=0
X =
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b) y=0
3x% —10x° +45x =0
x(3x* —10x> +45) =0
x=0
dy

=
15x* —=30x> +45=0
xt=2x2+3=0

no roots

x=0,=%1

dzy_
2=
60x* — 60x = 0
x(x*=1)=0
c) y=0
P=xt=0
X (1-x)=0
x=0orl
dy
"
3xP—4x* =0
x’(3—-4x)=0
x=0or -
dzy_
e
6x —12x* =0
x(1-2x)=0
1
x:OorE
d) y=0
4
24+ x -
no roots
dy
E=0
-4
Q+x)?
no roots
dzy_
=
8 —
Q+x3
no roots

410 MHR Review of Key Concepts

Since y is a polynomial, the domain is ‘R and there are
no asymptotes. The function passes through the origin.
There are no local extrema. Points of inflection exist at
(—1,-38), (0,0), and (1, 38). Since y(x) = —y(—x),
the function has odd symmetry.

GRAPHING CALCULATOR

=R E=10HT+EY

Since y is a polynomial, the domain is R and there are no

asymptotes. The x-intercepts are O and 1. The y-intercept is

d? 3 27
0. Since &y < 0, a local maximum exists at <—, —>

x2 |x=%

11
Points of inflection exist at (0, 0) and (5 R) The function

has neither odd nor even symmetry.

GRAPHING CALCULATOR

¥=.10EY45H7E

The domain is {x € R [x # —=2}. When x < -2,y < 0.
When x > -2, y > 0. There are no x-intercepts. The
y-intercept is 2. y has a vertical asymptote of x = —2 and
a horizontal asymptote of y = 0. There are no local extrema
and no points of inflection. The function has neither odd nor
even symmetry.

GRAPHING CALCULATOR




e)

y=0
1—x? _
1+x2
1-x*=0
x ==l
dy
E -_ 0
(14 x2)(=2x) — (1 = x?)(2x)
=0
(1 + x2)2
—4x
(1+x2)?2
x=0
d*y _
dx?
(1 +x?)%(—4) — (=4x)Q)(1 + x)(2x) _ 0
(14 x2)4 a
4(3x2=1) _
(1+x2)3
X i\/§
y=0
1+x? _
1 —x2
no roots
dy
i 0
(1 =x2)(2x) = (1 + x*)(=2x)
=0
(1-x2)?
4x _
(1-x2)?2
x=0
dzy _
dx?
(1-x%)%(4) - (4x)(2)(1 — x*)(—2x)
=0
(1= x2)*
403x% 4+ 1) _
no roots

The domain is R. The x-intercepts are +1. The y-intercept

is 1. y has a horizontal asymptote of y = _T ory = —1.
. d*y . .
Since - < 0, there is a local maximum at (0, 1). There
X* |x=0

1 1
are points of inflection at <:I:—, —>. Since y(x) = y(—x),
V32

the function has even symmetry.

GRAPHING CALCULATOR

Y0l -Had 01 +HED

The domain is {x € R |x # x1}. There are no x-intercepts.
The y-intercept is 1. There are vertical asymptotes at x = *1.

1
y has a horizontal asymptote of y = =] or y = —1. Since
d*y
dx? |x=0
points of inflection. Since y(x) = y(—x), the function has
even symmetry.

> 0, there is a local minimum at (0, 1). There are no

GRAPHING CALCULATOR

peEls R P s )
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2) y=0

The domain is {x € R |x # —1}. The x-intercept is 1. The

Q _ y-intercept is —1. There is a vertical asymptote of x = —1.
X +1 y has a horizontal asymptote of y = — or y = 1. There are
& - 1)(;:: x+1D =0 no local extrema. There are points of inflection at (0, —1)
x 1 1
d;czl and(ﬁ, 3).
— =0
dx GRAPHING CALCULATOR
P+ DB - (- DB _ MA=CHE-1)/(HT+1)
(x3+1)2
6x? _
(x3+12 oo
x=0
d’y _
7=
(3 + 1)2(12x) — (6x2)(2)(x* + 1)(3x?) —0
(x3+ 14
12x(1 - 2x%) _
3+1)7
1
x =0or 7
h) y=0 The domain is {x € R |x # 0, x1}. There are no
1 x- or y-intercepts. There are vertical asymptotes
a0 of x = £l and x = 0. As |x] = oo, y — O.
no roots The function is asymptotic to the x-axis. A local
ﬂ =0 minimum is confirmed at <—L ﬂ) A local
dx V3 2
L ELt) =0 maximum is confirmed at L —3\—@ . There
(x3 = x)? 2
1 —3x2 are no points of inflection. Since y(x) = —y(—x),
0 —x)? = the function has odd symmetry.
‘= :l:i GRAPHING CALCULATOR
V3
d’y _
7=
(x® = x)%(=6x) — (1 = 3x2)(2)(x> = x)(3x* = 1) _0
(x3 — x)* B
2(6x* = 3x2+ 1) _ o !
(? = x)? Y= -z.EBR07E
no roots
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1—x? _
P
x ==l
d
D _y
dx
x3(=2x) — (1 — x*)(3x?)
=0
X6
2 _
x“ =3 -0
4
x = :i:\/g
ey _
dx?
x*(2x) — (x* = 3)4x3
8 =0
x
2(6 — x?
% =0
X

x=:|:\/g

Section Review Page 401 Question 20

dy
a) E=0
6x*> —6x =0
6x(x—1)=0
x=0orl
dzy_
3=
12x-6=0
1
)

The domain is {x € R |[x # 0}. There are
x-intercepts of 1. There is a vertical asymptote
of x = 0. As |x|] - oo, y —» 0. The function
is asymptotic to the x-axis. A local minimum is

2
confirmed at <\/_ , ——>. A local maximum is
3V3

2
confirmed at <—\/§ —) Points of inflection
3V3

5 5
are at \/_ ——— ) and —\/6, —) Since
< 6v6 > < 6v6

y(x) = —y(—x), the function has odd symmetry.

GRAPHING CALCULATOR

M=l =REARE |

n=l.7zE0E08 Y= - zE43002

GRAPHING CALCULATOR

'|'1=EH3-3H1+E:

1
f

Estimates will vary. The function is increasing on the intervals (—oo, 0) and (1, 00). y is decreasing on (0, 1). A local
maximum is confirmed at (0, 6). A local minimum is confirmed at (1,5). The curve is concave downward on the

1 1 1 11
interval <—oo, 5) and concave upward on the interval (5 oo>. The point of inflection is <— —) .

272
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b) _y

dx
x2Q2x +11) = (x2 4+ 11x — 20)(2x) -0
x4 B GRAPHING CALCULATOR
40— 11x
X3
40
1
d’y _
3=
x3(=11) — (40 — 11x)(3x?) ~0
X6
11x — 60
— =0
_ 60
1

40 40
Estimates will vary. The function is decreasing on the intervals (—oo, 0) and <— oo>. y is increasing on <0, ﬁ)

11
40 201

A local maximum is confirmed at <ﬁ 30

). There are no local minima. The curve is concave downward on the

60 60
intervals (—o0, 0) and <0, H) The function is concave upward on the interval <ﬁ oo>. The point of inflection is

60 211
1190 )°

c) ﬂ =0
dx
2x GRAPHING CALCULATOR
1+ —=0 [
(x2 —_ 1)2 b
x4—2x2+2x+1_0
a2-1r
d*y
22 -0
dx? IIV
o2 = 1PQ@) = 2x)(* - H2x) _ Haxirum ||
(x2—1)4 - n="1.68=772 IV=-z.22B70E
-1 —3x? —0
(x2=13 GRAPHING CALCULATOR
no roots

Estimates will vary and exact quantities cannot be determined.
The function is increasing on the intervals, (—oo, —1.684),
(—0.372, 1), and (1, o0). y is decreasing on (—1.684, —1) and
(—=1,-0.372). A local maximum occurs at (—1.684, —2.229).
A local minimum occurs at (—0.372, 0.789). The curve is con-

cave upward on the interval (—1, —1). The function is concave g';'.' EngﬂEE .'|'=.."'HHEIIIBEB
downward on the intervals (—oo, —1) and (1, o0). There are no

points of inflection.
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6.7 Introducing Optimization Problems

Section Review Page 401 Question 21
Let x and y be the width and height of the central rectangular area, in centimetres. Let A be the area of the entire
canvas.

A=(x+8)(y+12)

=xy+12x+ 8y + 96 (1)

The inner area constrains the variables. il

xy =384 2)
Substitute (2) and (3) into (1).

4cm

4
A=384+12x+8<%>+96

=12x + x2+480 g 384 sz
Determine the critical numbers of A.
A(x)=0
x
x* =256
x=16, x>0 @) x
Substitute (4) into (3).
384
=16
=24

The dimensions of the canvas that provide the smallest area are 16 + 8 or 24 cm wide and 24 + 12 or 36 cm high.

Section Review Page 401 Question 22

Let x and y be the dimensions of the bin, in metres. Since the height of the bin is fixed at 1 m, only the area of the top
needs to be optimized. Let A be the area of the top of the bin.

A=xy @))
The total length constrains the variables.
x+y=4
y=4-x ()
Substitute (2) into (1).
A=x(4-x)
=4x — x*
Determine the critical numbers of A.
A(x)=0
4-2x=0
x=2 (3)
Substitute (3) into (2).
y=4-2
=2

The capacity of the bin will be maximized if the dimensions of the top are 2 m by 2 m.

Review of Key Concepts MHR 415



Section Review Page 402 Question 23

Let x be the side length of the square ends, in metres. Let y be the width of the cedar chest, in metres.

a) Let C be the cost of the chest.

C = 8(2x% + 2xy) + 4(2xy)
= 16x% + 24xy (1)

The capacity of the chest constrains the variables.

xly=2
2
r==2 (2)

Substitute (2) into (1).
2
C = 16x* + 24x <—2>

X
4
= 16x% + —8
X
Determine the critical number(s) of C.
C'(x)=0
32x — AE =0
X2

x3

3
2
x= \@ 3)
).
2

Substitute (3) into (2

(W)

3

y:

w
[\S1[o%}

=2

O &~

To minimize the cost of the chest, the dimensions

houl v/ = \/j \/j )
soudbe\/gmby m by 2 m
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) V2 — |

X

b) Let V' be the volume of the chest.

vV =xy (1)
The cost of the chest constrains the variables.
16x% + 24xy = 1200
2x% + 3xy = 150

150 — 2x?
y=—a 2

3x
Substitute (2) into (1).

150 — 2x?
V=x—
*(%5)

_ 150x — 2x3
B 3
Determine the critical number(s) of V.
V'ix)=0

1
5(150 —6x%) =0

x?=25
x=5 x>0 3)
Substitute (3) into (2).

150 -2(5?)
30
100
e
20
T3

To maximize the capacity of the chest, the dimen-

20
sions should be 3 mby 5 mby5m.



Section Review Page 402 Question 24

Since the depth of the attic is fixed, only the area of the face needs to be optimized. Let x be the width of the face and
y be the height, in metres. Let A be the area of the face.

A=xy (1)
The roof line constrains the variables.
3x+4y =12
12 - 3x
= 2
y 1 ()
Substitute (2) into (1).
12 — 3x
A=
-(55)
_ 12x — 3x2
B 4
Determine the critical number(s) of A.
A(x)=0
1
1(12 —-6x)=0
x=2 3)
Substitute (3) into (2).
_12-3(2)
B 4
=1.5

To maximize the capacity of the storage area, the width should be 2 m and the height should be 1.5 m.
Section Review Page 402 Question 25

Let h and b be the height and base of the isosceles cross section, in centimetres. Let .S be the strength of the rod.

S = bh? (1)

The diameter of cylinder constrains the variables.

b Vi—m-1y

2
b=2V2h—-h (2
Substitute (2) into (1).
S =2hn*\2h - h?

Determine the critical numbers of S.

S'(h)=0
2—2h
2| 20V2h = 02 + ? | — =0
24/2h — h?
/1cm
W —h
2V2h — W2 — =0

\V2h—h?
dh -2 =h* —h
h(3h—35) =0

h:%,h>0 3)

Substitute (3) into (2).

5 2v5
To maximize the strength of the rod, the height should be 3 cm and the width should be = cm.
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Section Review Page 402 Question 26

0.2¢
P(t) =
2 ® 2 +4
0.2(0.5)
P0.5) =
0 0.52+4
=0.0235

After 30 min, the concentration in the bloodstream is

approximately 2.35%.

b) P@t)=0
(> +4)(0.2) —0.2t(21) 0
(2 + 4)2
08-027=0
2 =4
t=2,t>0
0.2(2)

or 5% exists in

A maximum concentration of 7

the bloodstream 2 h after administration.

Section Review Page 402 Question 27

Let d be the distance, in kilometres, from

the factory emitting the greater amount of particulate. The distance from the

other factory is 20 — d kilometres. Let C be the concentration d kilometres from the first factory.

Determine the critical number(s) of C.

c—4+ 1
T2 (20-4d)?
C'(x)=0
-8 -2
B 20-d3
1 4
0—d)3 &
20-d\" 1
d T4
20 1
d Va4
20 1
_=1+_
d V4
20
d= 1
1+ 5
=12.27

The concentration will be the least approximately 12.27 km from the plant with the greater emission.

6.8 Optimization Problems in

Business and Economics

Section Review Page 402 Question 28

a) P(x) = R(x) — C(x)
= xp(x) — C(x)

= x(25 — 0.01x) — (300 000 + 10x + 0.5x%)
= 25x — 0.01x> = 300 000 — 10x — 0.5x>

= —0.51x> + 15x — 300 000

Determine the critical number of P.

P(x)=0
~1.02x+15=0
x =147

For maximum profit, the production level should be set

to approximately 14.7 units.
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b) P(x) = R(x) — C(x)

xp(x) — C(x)

x(2 = 0.001x) — (6000 + 0.1x + 0.01x%)
= 2x —0.001x> — 6000 — 0.1x — 0.01x>
0.011x* + 1.9x — 6000

Determine the critical number of P.

P(x)=0
—0.022x+19=0
x = 86.4

For maximum profit, the production level should be set
to approximately 86.4 units.



Section Review Page 402 Question 29

From the information given, p(x) is a linear function

with a slope of _TSO or —25.

p(x) — 1300 = —25(x — 20)
p(x) = =25x + 500 + 1300
= 1800 — 25x

The price function is p(x) = 1800 — 25x. Determine
the revenue function, R(x).

R(x) = xp(x)
= x(1800 — 25x)
= —25x% + 1800x

Determine the critical number of R.

R(x)=0
—50x+ 1800 =0
x =36

Maximum revenue is realized at x = 36. The golf sets
should be sold at p(36) = 1800 — 25(36) or $900.

Section Review Page 402 Question 30

From the information given, p(x) is a linear function

or —0.001.

ith a sl f
with a slope o 100

p(x) —3 =-0.001(x — 1000)
p(x) =-0.001x+1+3
=4-0.001x

The price function is p(x) = 4 — 0.001x. Determine
the profit function, P(x).

P(x) = R(x) — C(x)
= xp(x) — C(x)
= x(4 — 0.001x) — (2000 + 2.4x + 0.0008x?%)
= 4x —0.001x> — 2000 — 2.4x — 0.0008x>
= —0.0018x% + 1.6x — 2000

Determine the critical number of P.

P(x)=0
~0.0036x + 1.6 = 0
x = 444

Maximum profit is realized at approximately x = 444
pencils. The pencils should be sold at 4 — 0.001(444)
or approximately $3.56 each.
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Chapter Test

Section Chapter Test Page 403  Question 1
4x> —5x 42
) L 4xr—5x+2 . x2
a) Asx - -3, x+2 > —1"and x* =9 — 07, o lm ———— = lim ———
x+2 x=>=00 2x? +3x -7 x-o-0 Qx> 43x -7
resulting in lim = —oco. S
x—>-3"x2-90 X
5 2
b) Asx » -3, x+2 > —1*tand x? -9 - 0, 4d-—-+=
ltine in L x+2 = lim —X__x°
resulting in lim = o0. oo
& x—=3" x2 — 9 X 2 E _ l
. x  x?
d) Since the numerator tends to co at a greater rate 4-0+0
than the denominator, due to their respective de- = 3310-0
. 2x"—3x —
grees, lim ——— — . =
X——00 X< —
Section Chapter Test Page 403 Question 2
7 7
a) Since ) is a root of the denominator, x = ~3 is a vertical asymptote. Since the degrees of the numerator and

. . . —4
denominator are equal, the function has a horizontal asymptote of y = 5 ory=-—2.

b) Since %2 are roots of the denominator, the function has vertical asymptotes of x = +2. Division of the numerator

4x -9
by the denominator yields x + )26
x —_—
asymptote of y = x.

Section Chapter Test Page 403 Question 3

dy _ (x+ D) = 2x(x+1)

7 As |x| = oo, 2

dx (x+1)*
_1-x
T (x+1)3

d’y

dx?
x+ D3 =D -(1-x0@)x+1)?
(x + 1)° a

0

20x=2)
(x+1D*
x=2
. dPy
a) Since ) < 0 for x € (—o0,—1) and (-1, 2), the
x
function2 is concave downward on these intervals.
d
Since d_); > 0 for x € (2, o0), the function is con-
x

cave upward on this interval.
2

d
b) Since —)2} changes its sign at x = 2, the function

2
has a point of inflection at (2, §>
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4x -9

1 — 0. As a consequence, the function has an oblique

Section Chapter Test Page 403 Question 4

d
D _o

dx
—12+18x—-6x>*=0
x2=3x+2=0

(x=Dx=-2)=0

x=1or2
d*y
ﬁ:
—12x+18=0
x=15

a) Since Z—y < 0 for x € (—oo, 1) and (2, o0), the func-
tion is d)écreasing on these intervals. The function is
increasing on the interval, (1, 2).

b) A local minimum exists at (1, —3). A local maximum
exists at (2, =2).

¢) The curve is concave upward on (—oo, 1.5) and con-
cave downward on (1.5, c0).

d) A point of inflection exists at (1.5, —2.5).

e)

GRAPHING CALCULATOR




Section Chapter Test Page 403 Question 5
f(x)=x*—6x +9x+2
f'(x)=0

3x*—12x+9=0

x}—4x+3=0

x=-Dxx=-3)=0
x=1or3

The critical numbers are 1 and 3. Evaluation of the

function yields the following results: f(0.5) = 5.125,

f() =6, f(3) = 2, and f(4.5) = 12.125. The

function has an absolute maximum on the interval of
12.125 and an absolute minimum of 2.

Section Chapter Test Page 403 Question 7

fx)=0
X
x2 -9 =0
x=0
fx)=0
(x* —9)(1) — x(2x)
=0
(x?=9)?
—x2-9
e—op *
no roots
f"(x)=0
(x2 = 9*(=2x) = (=x* = D)(x* -9 (2x) _ 0
(x2 = 9)* B
2x(x% +27) _
(x2=9p
x=0

Section Chapter Test Page 403 Question 8

Section Chapter Test Page 403 Question 6

f'x)=0
x(2x) — (x* + (1)
=0
2
x2 -1
2 0
x = =1

Since f'(x) changes its sign from positive to negative
on either side of x = —1, a local maximum exists at
(=1,-2). Since f’(x) changes its sign from negative
to positive on either side of x = 1, a local minimum
exists at (1,2).

The domain is {x € R |x # £3}. The function passes
through the origin. There are vertical asymptotes at
x = 3. Asx —» —oo, f(x) > 07. As x — oo,
f(x) = 0. The function is asymptotic to the x-axis.
There are no local extrema. There is a point of inflec-
tion at (0, 0). Since y(x) = —y(—x), the function has
odd symmetry.

GRAPHING CALCULATOR

Let x be the side length of the square base and y be the height of the box, in centimetres. Let V' be the volume of the

box.
V=xy €]
The area of the material constrains the variables.
x% + 4xy = 2400
2400 — x?
/7 2
y i (2)
Substitute (2) into (1).
2 2400 — x?
4x
_ 2400x — x3
B 4
Determine the critical numbers of V.
V'(ix)=0
1
Z(2400 -3x) =0
x? =800 (3)
x=20V2, x>0 “4)
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Substitute (3) and (4) into (2).

2400 — 800
4(20v/2)
_ 20
V2

=10v2

To maximize the volume, the dimensions should be 20v/2 cm by 20v2 cm by 10v2 cm.
Section Chapter Test Page 403 Question 9

Let x be the distance, in metres, from the junction box GRAPHING CALCULATOR
to where the line from the closer cottage meets the [
power line. Let d be the total distance, in metres, from
the junction box to the cottages.

d = Vx2 +20% + /(30 — x) + 402
= Vx2 4+ 400 + Vx2 — 60x + 2500

S=BF.0BE0ZE

Determine the critical numbers of d.

d(x)=0
x x —30

+ =0
Vx2+400  v/x2 — 60x + 2500

2
Vx2 + 400 Vx% — 60x + 2500
x2 x2 — 60x + 900

K2 +400  x2 — 60x + 2500
x* = 60x7 4+ 2500x% = x* — 60x> + 1300x> — 24 000x + 360 000

1200x? + 24 000x — 360 000 = 0
x4 20x — 300 = 0
(x — 10)(x +30) =0

x=10, x>0

a) The junction box should be located 10 m from where the line from the closer cottage meets the power line.
b) Answers may vary.
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Section Chapter Test Page 403 Question 10

a) From the information given, p(x) is a linear

or —0.005.

function with a slope of

p(x) — 6 = —0.005(x — 100)
p(x) = —0.005x + 0.5+ 6
= 6.5 — 0.005x

The price function is p(x) = 6.5 — 0.005x.
Determine the revenue function, R(x).

R(x) = xp(x)
= x(6.5 — 0.005x)
= 6.5x — 0.005x*
Determine the critical number of R.
R(x)=0
6.5-0.01x=0
x = 650

Since R”(x) < 0, maximum revenue is real-
ized at x = 650. The muffins should be sold
at p(650) = 6.5 — 0.005(650) or $3.25 per
dozen.

Section Chapter Test Page 404 Question 11

Let S be the strength of the lumber.

S = clw?
The diameter of the tree constrains the variables.
P +w =48
w? =2304 — 2

Substitute (2) into (1).
S = ¢l (2304 — %)
= ¢(23041 — %)
Determine the critical numbers of .S

S'(H)=0
c(2304 -3 =0
> =768
1=277
Substitute (3) into (2).
w? = 2304 — 768
w= 11536
=392

ey

@)

3)

b) P(x) = R(x) — C(x)
= 6.5x — 0.005x> — (300 + x + 0.01x?)
= 6.5x — 0.005x> — 300 — x — 0.01x>
= —0.015x% + 5.5x — 300

Determine the critical numbers of P.

P(x)=0
—-0.03x+55=0
x =183.3

Since P”(x) < 0, maximum profit occurs at a produc-
tion level of approximately 183 dozen.

To maximize the strength of the lumber, the dimensions should be approximately 39.2 cm by 27.7 cm.

Chapter Test MHR 423



Section Chapter Test Page 404 Question 12
Let x and y be the dimensions of the floor, in metres, as shown in the diagram. Let L be the total wall length.

L =2x+3y (1)
The total floor space constrains the variables.
xy = 100
100
y=— 2)
X

Substitute (2) into (1) and optimize.

y
L=2x+3<@>
b'd
300
=2x+—
x i »
L'(x)=0 h X g
300
2——2=0
X
x* =150
x=5v6, x>0 3)

10v6
Substituting (3) into (2) yields y = T\F m. To minimize the total wall length, the dimensions of the floor should be
10v6
5v6m by T\F m.
Section Chapter Test Page 404 Question 13

a) ) =0
(t* +21 +2)(0.12) = 0.12¢(2t +2) 0
(12 + 21 + 2)2 B

2—12
P +20+27°
=2
t=\/§, t>0
= 1.41

The concentration of the drug in the bloodstream will be at a maximum after approximately 1.41 h.
0.12v2

2+2V2+2
Section Chapter Test Page 404 Question 14

Determine the revenue function, R(x).

b) The concentration is C (\/5) = or approximately 0.0249 mg/cm?.

R(x) = xp(x)
_ 32x
T x2—32x+320
Determine the critical numbers of R.
R(x)=0
(x* —32x + 320)(32) — 32x(2x — 32) _0
(x? — 32x + 320)2
320-x>
(x2 — 32x 4+ 320)2
x* =320
=179

To maximum revenue, approximately 18 000 candies should be sold.
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Section Chapter Test Page 404 Question 15

y=200\/x+5—x%

dy
“Z_0
dx
200 —Ex%=0
2vx+5 2
100 3
—ZVx=0
x+5 2

3V x2 4 5x =200
9(x? + 5x) = 40 000
9x> +45x —40000 =0

—(45) + 1/(45)2 — 4(9)(—40 000)
X =

209)

=642, x>0

Property tax revenue will be maximized with approximately 64 new houses.
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Challenge Problems
Section Challenge Problems Page 405 Question 1

Let x and y be the dimensions of the rectangle. Let A be the area of the rectangle.

A=xy (D
The equation of the parabola constrains the variables.
y=27-x" (2) -
Substitute (2) into (1). ) o
A=x(27-x%
=27x—x°
Determine the critical numbers of A.
Ax)=0
27-3x*=0
=9
x=3, x>0

Since A”(3) < 0, x = 3 defines a maximum value for area of A(3) = 27(3) — 33 or 54 square units.

Section Challenge Problems Page 405 Question 2
Let x be the positive number. Let E be the defined function.

1 N 5
=X - — J—
x  x?
Determine the critical numbers of E.
E'(x)=0
1 10
1+ ——-— =
xz X3
X +x-10 _
x3 B
X +x-10=0
(x=2)(x*+2x+5)=0
x=2
. .. 5 11 .
Since E”(2) > 0, a minimum value of EQ2) =2 — 3 + > or T exists at x = 2.
Section Challenge Problems Page 405 Question 3
f(x)=0
(1=x)7 (px"™") + xPq(1 - x)" ' (-1) = 0
XA =0 (1 = x)p—gx] =0
A=) p-(p+gx]=0
x=0,1, or , wherep>2,g>2,and p # —q
pt+gq
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Section Challenge Problems Page 405 Question 4

dy
Z =0
dx

P+ () +x <_§> (P +x)72x) =0

(r2 + xz)_g <

"4 x* — —x?

4
3 )‘0

5 1
(r +xH)73 <r2 - §x2> =0

x> =372

x=rV3 x>0

Since rv/3 > r, a check of the endpoints of the interval is required.

y(0)=0

y(r) = r(r* + r2)_§
r

3
4r4

Y

Var

. . o1
The absolute maximum of y = x(r2 + xz)‘§ over the interval x € [0, r] is .

Section Challenge Problems Page 405 Question 5

a) Develop and solve a system of equations.

f'(x) =3x>+2ax+b

Given that extrema exist at x = %1,

(=0
342a+b=0 )]
f=H=0
3—2a+b=0 ()
Subtract (2) from (1).
4a=0
a=0 3)
Substitute (3) into (1).
3+4b=0
b=-3
To meet the requirements, a = 0 and b = -3.

Check that f has a minimum at x = 1.

f"(x) = 6x+2a
= 6x
ffH)y=6>0
Check that f has a maximum at x = —1.
ff(-H)=-6<0

Section Challenge Problems Page 405 Question 6

b) Develop and solve a system of equations.

S =1
a+b+c+d=1 (1)
f3)=0

27a+9b+3c+d=0
Subtract (1) from (2).
26a+8b+2c=-1 3)
f'(x) = 3ax® + 2bx + ¢
Given that extrema exist at x = 1 and x = 3,

=0
3a+2b+c=0 4)
f3=0
27a+6b+c=0 (@)
Subtract 2x(4) from (3).
20a +4b = -1 (6)
Subtract (4) from (5).
24a+4b=0 7
Substitute (6) into (7).
4a =1
1
a=7 (3

Back substitution yields the remaining values. The
1 3 9
required cubic equation is f(x) = Zx3 - Exz + Zx.

For the given function, f’(x) = 13x'2 4+ 182x° + 637. By inspection, the smallest value the derivative can attain is 637
at x = 0. Since the given polynomial function is differentiable over all real numbers, and there are no critical numbers,

the function has no local extrema.
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Section Challenge Problems Page 405 Question 7

g(x) is a reflection of f(x) in the x-axis. Thus, any maximum value of f will correspond to a minimum value of g at

the same x-coordinate.

Section Challenge Problems Page 405 Question 8

a) Let x and y be the dimensions of the rectangle. Let
A be the area of the rectangle.

,// N

e N

/ N
// \\\ =
\ > /‘
e o
\\ X 4
A =ixy (1

The diameter of the circle constrains the variables.
X2+ y* = (2k)?
y= Va2 @
Substitute (2) into (1).

A = xV4k? — x2

Determine the critical number of A.
A(x)=0

VA2 — x2(1) + x <_—x> =0
4k* — x* = x*
x? = 2k? (3)
x=kV2 x>0
Substitute (3) into (2).
y = Va2
= kV/2

To maximize the area of the rectangle, the dimensions
should be kv2 by k+/2.
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b) Let x and y be the dimensions shown on the rect-
angle. Let A be the area of the rectangle.

A =2xy @))
The equilateral triangle constrains the variables. If
point O is situated at the origin, the line containing

points A and B can be expressed as

y=- 3x+¥ )

Substitute (2) into (1).
A=2x <— 3x + k\—@>
2
= —2\/§x2 + k\/gx

Determine the critical number of A.

Ax)=0
—4V3x+kV3=0
- 3)
2x = g @)

Substitute (3) into (2).

To maximize the area of the rectangle, the dimensions

k k3
should be > (along the side) by %f.



¢) Let r and / be the base radius and height of the cylinder, respectively. Let V' be the volume of the cylinder.

V = xr’h
The sphere provides a constraint on r and h.
(2r)? + h* = (2k)?
4r* + h* = 4k*
2 4k? — n?
4

4Kk% — 2
V=n|——)h
(%)

= %(4k2h ")

Substitute (2) into (1).

Determine the critical number(s) of V.

V'(h) =0
%(41(2 —3m) =0
3n% = 4k?
W= 4_kz
3
2k
h = ﬁ’ h > O
Substitute (3) into (2).
e 4K
r2 = 3
4
_e_k
B 3
_2k?
T3
V2k
= _\/37 ,r>0
2k 2
For maximum volume, (r, h) = <ﬂ —k>
V3 V3

Challenge Problems MHR

1)

@)

3)
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Section Challenge Problems Page 405 Question 9

Let  and & be the base radius and height of the cylin-
der, respectively. Let C be the cost of the juice can, in
cents. Let the volume be k cm?.

C =0.25Q2xr*) +0.5Qxrh)

=0.57r* + zrh (1)
The volume of the can constrains the variables.
arth =k
=L @
r

Substitute (2) into (1).

C =05r*+ zr <£>

r?
k
=057 + —
-
Determine the critical number of C.
C'(r)=0
ar——=0
)
k
P== 3)
T
Determine the required ratio, R.
h
R=- )
r
Substitute (2) into (4).
X
R=—
-
k
== )

w

r
Substitute (3) into (5).
k

(

R =

NI

)

Il
|

For minimum cost, the ratio of height to radius should
bel: 1.
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Section Challenge Problems Page 405 Question 10

Let x and y be the dimensions of the rectangular floor.
Let C be the cost of the walls, in dollars.

x
20 000 m2 5000 m? y
%] ™ »
C =3002x + y) + 150y + 500y
= 600x + 300y + 650y
= 600x + 950y )]
The area constrains the variables.
xy = 25000
25 000
y= 2)
x
Substitute (2) into (1).
25 000
C = 600x + 950 < >
2
= 600x + 37500
Determine the critical number of C.
C'(x)=0
600 — 23 750 000 ~0
x2
2= 237 500
6
95
=504/ = 3
x 7 3)
Substitute (3) into (2).

25 000
v 95
504/2

30

=100/ ==

19

To minimize the cost of construction, the front should be

100\ / % m and the sides should be 50\ / % m.




Section Challenge Problems Page 405 Question 11

dy
dx GRAPHING CALCULATOR

2 _
3x"+ce=0 TEERT

a)

2y _
dx?
6x=0
x=0

Answers may vary. For ¢ = 0, a point of inflection exists at (0,0). For ¢ > 0, the only intercept is at (0, 0); as
¢ increases, the slope at the origin increases. For ¢ < 0, x-intercepts at —+/—c, 0, v/—c; spreads and gets larger at
maximum, smaller at minimum as |c| increases.

b) F(x)=0 GRAPHING CALCULATOR
3x2+2ex =0
x(Bx+2c)=0
2¢c
=0or — —
x or 3
ffx)=0
6x+2c=0
X=-2
3

2 4
Answers may vary. x-intercepts: —c, 0; for ¢ > 0, minimum at (0, 0) and maximum at (—gc, Ec3 ); for ¢ < 0,

2 4
minimum at (——c, —c3> and maximum at (0, 0).

3727
c) =0
48 + 3¢ =0 GRAPHING CALCULATOR
(4t +3¢) =0 Yi=H y+L1K=
3¢
t=0or — —
or 7
ff®=0
1262 + 6c1 =0
t2t+¢)=0
c
t=0or — =
or 5

Answers may vary. x-intercepts: —c, 0; for ¢ = 0, minimum at (0, 0); for ¢ # 0, points of inflection at (0, 0) and

—l —i“ ; minimum at —E —2—74
27 16° ) 497256°¢
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GRAPHING CALCULATOR
ch—x2(2x)+x2<_—) =0 Yi=HzIiL1=-Hz]
2 —x2
2
At —x*= %orx:O
2
X2 = 502

2 233
Answers may vary. x-intercepts: 0,+c; domain: x € [—c, c], minimum at (0, 0); maxima at <:l:\/;c, %)
dy
Z -0
€) dx
(14 2x?)(c) — ex(2¢%x) _0 GRAPHING CALCULATOR
(1 + ¢2x2)2 Ti=L1AT 1+l 1z Rz
1—-c3x2 _
(1+c2x2)?
Axr=1
1
2
Xt ==
&3
xX=x—
cy/c

1 1 1
Answers may vary. x-intercept: 0; asymptote: y = 0; for ¢ > 0, minimum at (——, —§> and maximum at (— —>;
c

)
11 1 1
for ¢ < 0, minimum at ( —, = ) and maximum at | ——, —= |; points of inflection: (0, 0), ﬁ ﬁ s —é, —ﬁ
c 2 c 2 c’ 4 ¢ 4
f) h/(x) — 0 GRAPHING CALCULATOR
2.2 2002 Yi=L{dz 0l +L1zHz)
(1 4+ c*x7)(2ex) — ex~(2¢°x) _0
(1 + c2x2)2
2¢cx _
(1+c2x2)2
x=0

1
Answers may vary. x-intercept: 0; asymptote: y = —; minimum at (0, ) if ¢ > 0; maximum at (0, 0) if ¢ < 0; points of
c

1 1
inflection: | £+——, —
< V3¢ 4C>
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Using the Strategies

Section Problem Solving Page 408 Question 1

a)—d) Answers may vary.

e) The sumis 2+ 6+ 13 + 20 + 24 or 65. a)
f) The sum is 65.

g) The sumis 15.

h) The sum is 34.

i) Answers will vary.

X &R @~
RIRR ~©
RO = =
R R |« |x
2O KB

Section Problem Solving Page 408 Question 2

Let S5 be the sum of three consecutive numbers, n, n + 1, and n + 2.

Sy=n+n+1+n+2
=3n+3
=3(n+1)
Since S5 contains a factor of 3, it is divisible by 3.
Let S5 be the sum of five consecutive numbers, n,n+ 1, n+ 2, n+ 3, and n + 4.
Ss=n+n+1+n+2+n+3+n+4
=5n+10
=5(n+2)
Since S5 contains a factor of 5, it is divisible by 5.
Let S4 be the sum of four consecutive numbers, n, n + 1, n + 2, and n + 3.
Sy=n+n+1+n+2+n+3
=4n+6
=2(n+3)
Since Sy does not contain a factor of 4, it is not divisible by 4.
Section Problem Solving Page 408 Question 3

Start both timers. When 5-min timer is done, start cooking; use 4 min left in 9-min timer, and then restart 9-min timer.
When it is done, you are done.

Section Problem Solving Page 408 Question 4
Let r be the radius of the circle. The diagonal of the square is 4r. Use the Pythagorean theorem.

(4r)2 =a’ +d

16r* = 222
a
=g M
Let A be the area of the shaded region.
A = Asquare — Acircles r
=a’ - <7tr2+4>< ,[_,,2>
4 a
=d° - (77r2 + 7rr2)
=a* - 2xr? )
Substitute (1) into (2).
)
=a —2rx )
_2o
_ 2 (1 j x ) The area of the shaded region is a (1 - %) square units.
4
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Section Problem Solving Page 408 Question 5

Answers may vary.

Section Problem Solving Page 408 Question 6
Let 4 be the length of the hypotenuse. Let x and y be the lengths of the two shorter sides of the right triangle.

First, establish the primary relations. Determine 4 in terms of A and P.
A= % W = x* +y?
xy =24 o) W = (x+y)* = 2xy 3)
P=x+y+h Substitute (1) and (2) into (3).
X+y=P—h @) W = (P—h)’ —2(24)
= P> —2Ph+h —4A
2Ph=P* - 44
P 24
h=——-—
2 P

P 2A
The length of the hypotenuse can be expressed as h = 3" p
Section Problem Solving Page 408 Question 7

Construct QR through P, parallel to the sides of the rectangle.

In AAPQ,
@ =x"+(PQ)’ (1)
In ABPQ,
b =y + (PQ) @) A X Q y B
Subtract (2) from (1). [ ]
@ = =x" =y 3) a P b
In ADPR,
d* = x* + (PR)? 4)
In ACPR, d ¢
¢ =y + (PR)? Q) .
Subtract (5) from (4). D X R y C
d2—c2=x2—y2 (6)
Substitute (6) into (3).

A -=d-7

F+F=r+d
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Section Problem Solving Page 408 Question 8
Of the 937 valid responses, since 426 said yes to at least two items and all respondents said yes to at least one, a total
of 937 — 426 or 511 households purchased exactly one item.

Of the 937 valid responses, 314 respondents purchased at least three and 511 purchased exactly one. As a result,
937 — 314 — 511 or 112 households purchased exactly two items.

Of the 937 valid responses, 282 purchased all four items, 511 purchased one item, and 112 purchased exactly two
items. A total of 937 — 282 — 511 — 112 or 32 households purchased exactly three items.

Section Problem Solving Page 409 Question 9
The hypotenuse of the right triangle is 1/6% + 82 or 10 cm.

‘\ f
\

\

Fig. A is a right circular cone of base
radius 8 cm and height 6 cm.

1
Va = 37(8)(6)
= 128x

B

Fig. B is a right circular cone of base
radius 6 cm and height 8 cm.

1
VB = 37(6)'(®)
= 96rx

The maximum possible volume is 128z cm?.

Section Problem Solving

Page 409

Question 10
n=5+5+5+5"+5"
=5(5%)
— 5X+1
w = (5x+1)5
— 55x+5

Fig. C consists of two right circular
cones of common radius and heights
that total 10 cm. Let r, Ay, and h,
stand for the lengths between the in-
dicated points. The value for r can be
determined from similar triangles.

8

r —
6 10
r=438
1 1
Vo = 57["2]’11 + 57["‘21’12
1
= 5mz(h1 + hy)

1
= §7:4.82(10)
=768x
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Section Problem Solving Page 409 Question 11

Since the product of five consecutive integers is 95 040, it is reasonable to assume that the middle factor is approxi-
mately v95 040. The result, v95 040 = 9.8, suggests the middle factor could be 10. Since # is the largest of the five
integers, we test n = 12.

LS. =12(12-1)(12-2)(12 - 3)(12 - 4)

= 12(11)(10)(9)(8)
=95 040
=R.S.

The value of nis 12.

Section Problem Solving Page 409 Question 12

Section Problem Solving Page 409 Question 13
There are three ways to write 81 as the sum of consecutive whole numbers.

81 =40+41
=26+27+28
=11+12+13+14+15+16

Section Problem Solving Page 409 Question 14

Answers may vary.

Section Problem Solving Page 409 Question 15

Answers may vary.

Section Problem Solving Page 409 Question 16

Answers may vary.

Section Problem Solving Page 409 Question 17

Answers may vary.

Section Problem Solving Page 409 Question 18

Answers may vary.

Section Problem Solving Page 409 Question 19

Answers may vary.

Section Problem Solving Page 409 Question 20

Answers may vary.
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CHAPTER 7 Exponential and Logarithmic Functions

7.1 Exponential Functions

Practise

Section 7.1 Page 419 Question 1

a) All pass through (0, 1) and have the x-axis as an asymptote as x — —oo. y = 9* approaches 0% faster than y = 2*
as x — —oo and increases more rapidly than y = 2* as x — oo. y = 6 lies between the other two functions.

1 X
b) All pass through (0, 1) and have the x-axis as an asymptote as x — oco. y = <§> approaches 0* faster than

1\" 1\" 1\"
y= <§> as x — oo and increases more rapidly than y = (§> asx > —oco0. y = <E> lies between the other

two functions.

Section 7.1 Page 419 Question 3
a) The ordered pairs appearing below left are used to construct the graph of y = 2* appearing below right.

GRAPHING CALCULATOR GRAPHING CALCULATOR

1
b) To obtain the graph of g(x), apply a vertical compression of factor 3 to the graph of f(x). To obtain the graph of
h(x), apply a vertical stretch of factor 3 to the graph of f(x).
c)

GRAPHING CALCULATOR GRAPHING CALCULATOR

=014

——:é

¥=1.2222222

d) The domain of all three functions is x € (—oo, o). The range is y € (0, o).

Section 7.1 Page 420 Question 5

a) i) y-intercept: 3 b) i) y-intercept: —1
ii) domain: R; range: y > 2 ii) domain: R; range: y <0
iii) horizontal asymptote: y = 2 iii) horizontal asymptote: y = 0
iv) iv)

GRAPHING CALCULATOR GRAPHING CALCULATOR

TI=E e
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¢) i) y-intercept: —7
ii) domain: R; range: y < -5
iii) horizontal asymptote: y = —5

iv)

GRAPHING CALCULATOR

Y= =27 H-E [

e) i) y-intercept: —3
ii) domain: R; range: y < 0
iii) horizontal asymptote: y = 0
iv) GRAPHING CALCULATOR

M=l Aun |

Apply, Solve, Communicate
Section 7.1 Page 420 Question 7

To solve the problem, the equation 0.8¢ = 0.001 must be
solved. Using the Intersect operation of the graphing cal-
culator, it is determined that 0.1% of the sunlight remains
at a depth of approximately 31 m.

Section 7.1 Page 420 Question 8

d) i) y-intercept: 2
ii) domain: R; range: y > 1
iii) horizontal asymptote: y = 1

iv)

GRAPHING CALCULATOR

V=i 30 il [

f) i) y-intercept: —5
ii) domain: R; range: y > -7
iii) horizontal asymptote: y = —7

iv) GRAPHING CALCULATOR

M=l 2007

e [

GRAPHING CALCULATOR

L

Inkekseckinn
n=z085pEEE =00l _._..Il--h-h

a) A depreciation rate of 20% each year means that 80% of its value remains at the end of each year. The value, V,
in dollars, of the computer system can be modelled by V' = 4000(0.8)’, where ¢ is measured in years.

¢) The value of the computer system after 3 years is $20438.

d) V(t) = 4000(0.8)"
V (3) = 4000(0.8)°
= 4000(.512)

= 2048

The value of $2048 is confirmed.
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b)

GRAPHING CALCULATOR

b LT N - Kb

Y=oyl




Section 7.1 Page 420 Question 9

a)

GRAPHING CALCULATOR

L 1 ML R

V=ErEiNTUE

Section 7.1 Page 421 Question 10

a
) GRAPHING CALCULATOR

=180l nErt Y

b) The year 2015 corresponds to t = 14.

y(14) = 25(1.03)™
=378

In 2015, the slide rule is estimated to be worth ap-
proximately $38.

¢) The TRACE feature of the graphing calculator
suggests the slide rule will be worth $50 in the 23rd
year of ownership, or in the year 2024.

Section 7.1 Page 421 Question 11

fOe+h) = f(x) 4 — g4~
h - h

¥=x11B.z8::

b) Answers may vary. The Value operation of the
graphing calculator suggests the value of the bond
at maturity will be approximately $3118.

Section 7.1 Page 421 Question 12

a) P(24) = 1000 000(2'2?4)
= 125 000
125 000 atoms remain after 24 days.

b) P(80) = 1000 000(2‘87%0)
=977
Approximately 977 atoms remain after 80 days.

) P(360) = 1000 000(2_%)
=0

No atoms remain after 360 days.

-1
a h

4h — 1
= 4*
(<)

d) Answers will vary. It doesn’t make sense because atoms cannot be split in half indefinitely.

e) Answers will vary.
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Section 7.1 Page 421 Question 13

o -x ,x<0

Recall the definition |x| —{ x .x>0
ol 27 . x<0

a) y=2 {2" ,x20

To graph y = 2, graph y = 27 for x < 0 and
y=2"forx > 0.

GRAPHING CALCULATOR

L S S R ST E T

domain: R; range: y € [1, o0)

Section 7.1 Page 421 Question 14

a) lim 5™ = lim 5*
X—00 X—00
= o0
lim 5™ does not exist.
) lim 37 = lim 37>
= lim —
b 3
=0
lim 37 =0

Section 7.1 Page 421 Question 15

a) 52 can be expressed as (\/5)3

14
b) Since 1.4 = o 5'4 can be expressed as ( %)14.
141

¢) Since 141 = 100" 5'41 can be expressed as ( 'V5) 1
1414
d) Since 1.414 = 000" 5'414 can be expressed as ( "V5) 1
14 142
e) Since 1.4142 = 10000 514142 can be expressed as ( 10 0%)14 142.

f) An irrational number can be thought of as the limit of a sequence

of rational approximations. Hence, 5V2 = lim 5*.
x—>\f2
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2=(=x)
2—(x)

2X
2—x

,x<0
, x>0

b) y=27" ={

To graph y = 27, graph y = 2* for x < 0 and
y=2""forx >0.

,x<0={
, x>0

GRAPHING CALCULATOR

g SR AT LR E Tl B N

domain: R; range: y € (0, 1]

b) lim 5 = lim 57~
X——00 X——00
= o0
lim 5" does not exist.
d) lim 37" = lim 3*
=0
lim 37 =0
X——00

GRAPHING CALCULATOR




7.2 Logarithmic Functions

Practise
Section 7.2 Page 428 Question 1 Section 7.2 Page 428 Question 3
a) y = 2*: domain: R; range: y >0
Logarithmic Form Exponential Form y = log, x: domain: x > 0; range: R
101
log,, 100 = 2 10 = 100 8- y=2%
6
log, 64 =6 26 =64 v ]
4 y = log, x
log, 8 = 3 23 =38 5 —
logs 9 =2 32=9 4 20172 4456 8 10
-2
1 1 1
1 —=-2 5_2 = — 1
8573 25 —~4-
log; 1 ) 372 = 1 b) y = 4*: domain: R; range: y >0
9 9 .
¥ = log, x: domain: x > 0; range: R
10+
log;1=0 =1 ]
8 y=4
1 1 ]
log,2 = 3 42 =2 6
Y
3 3 4
log, 0.125 = —> 473 =0.125 ] y = log, x
21 -
1 4
logys 6 = 5 36 =6 I
2 42076 8 10
-2
v

¢) f(x) = 8": domain: R; range: y >0

g(x) = logg x: domain: x > 0; range: R
101

8l | fl=8"

g(x) = logg x
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Section 7.2 Page 428 Question 5

a) Reflect the graph of y = log, x in the x-axis. b) Reflect the graph of y = log; x in the y-axis.
domain: x > 0; range: R; vertical asymptote: x = 0 domain: x < 0; range: R; vertical asymptote: x = 0
101 -4
8 F3
6 2y
f(xzé y = —log, x £(x) = logy(—x) -1
] 08 Toxdd 2\ 0% 4
] F—1
4 2 0 4x6 8 10 -2
_27; 3
-4 L4
¢) Translate the graph of y = log,, x upward 2 units. d) Translate f(x) = log, x to the right 1 unit.
domain: x > 0; range: R; vertical asymptote: x = 0 domain: x > 1; range: R; vertical asymptote: x = 1
104 1
] 6
8- 1
] f(x)47: f(x) =logy,(x—1)
6 1
f(x) | y=2+log;yx 27
4 ]
27 4 20 P 4 X 6 8 10
1 -2
e I BRI B R ) vE
-2 1
b —6
-4 ’
e) Translate the graph of y = log; x to the left 2 units. f) Translate y = logy x left 1 unit and down 2 units.
domain: x > —2; range: R; domain: x > —1; range: R;
vertical asymptote: x = =2 vertical asymptote: x = —1
87 44
6] 3
yal y2- y =logy(x +1) -2
1y =logs(x+2) 15
2] ] -
;. ] —
. . ] 10 12
-6 -4 2 | 2 4 6 8
] X
_27,
4]
—6-
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Apply, Solve, Communicate
Section 7.2 Page 428 Question 7

The answer requires a solution to the equation 1000(1.075)* = 3000, where x is the time, in years. The Intersect
operation of the graphing calculator yields an answer of approximately 15.2 years.

GRAPHING CALCULATOR

Inkerseckinn
n=151808%  Y=E000

Section 7.2 Page 428 Question 8

a) Let A be the accumulated amount after ¢ years. A = 1500(1.08)".

i) The Intersect operation of the graphing cal- ii) The Intersect operation of the graphing cal-

culator yields an answer of approximately 3.74
years.

GRAPHING CALCULATOR

Inkerseckinn
n=zrzE0EEL  Y=E00n

b) If the interest rate is doubled, the doubling time
of the investment decreases, since interest accumu-
lates faster. The Intersect operation of the graph-
ing calculator suggests it will take approximately
4.67 years.

Section 7.2 Page 428 Question 9

Let A(t) be the amount of the investment after ¢ years.
The value of Wyatt’s investment can be expressed as
A1) = 1500(1 + 0.85)". A graph suggests an intersec-
tion point with y = 3000 of approximately (8.5, 3000).

Wyatt’s age will be 18 + 8.5 or 26.5 years when the
investment has doubled.

culator yields an answer of approximately 9.01
years.

GRAPHING CALCULATOR

-..-.-"-ff.

II'I'Z'EI"EEE'ZIIZII'I
n=0.00g4EH:  Y=EO00

GRAPHING CALCULATOR

TRERFEechion |
A=H.EPLPEE =R

4000 1

3000 |
2000 |

1000 -
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Section 7.2 Page 428 Question 10

a) i) Answers will vary. The population will increase
to 150 in approximately 4.25 years.

200
180
160
140
120 -
¥100 -
801
60
40-
20-

S N ST SRR M)

ii) Answers will vary. The population will double
in approximately 7.27 years.

200
180
160
140
120 -
¥100 -
801
60
40-
20-

S N ST SRR M)

b) i) The model suggests there will be A(1000) = 100(1.1)'%° or approximately 2.47 x 10** gophers in 1000 years.

This is not realistic.

ii) Answers will vary.

iii) Answers will vary. Factors would include predators, food supply, and loss of habitat.

Section 7.2 Page 428 Question 11

Answers may vary.

a) The graph suggests the light will be reduced to
0.81) at a depth of approximately 5.47 m.

b) The graph suggests the light will be reduced to
0.51) at a depth of approximately 17.0 m.

¢) The graph suggests the light will be reduced to
0.21 at a depth of approximately 39.4 m.

Section 7.2 Page 429 Question 12

This behaviour can be modelled by the function
I(d) = 15(0.95)"

where [ is the intensity of light, in lumens, at a depth

of d metres.

a) I(4) = 1,(0.95)* or approximately 81.45% of the
original intensity remains at a depth of 4 m.

b) Trial and error reveals that 0.95¢ = 0.40 when d is
approximately 17.86 m.

¢) Answers may vary.
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120

100
80 1 =081,
I(d)6o- =051,

40-
1=02I

20
0 10 20 4 30 40 50

Section 7.2 Page 429 Question 13

The amount, A, of the investment can be modelled by
t

0.07
the function A(¢) = 2500 ( 1 + ) where ¢ is in

months. The graphing calculator suggests the invest-
ment will be worth $4000 in approximately 81 months
or 6 years and 9 months.

GRAPHING CALCULATOR

II'I'Z'EI"EE Ein
n=H0, EIIIEEEE Y=HO0n




Section 7.2 Page 429 Question 14

a) The data suggest the population can be modelled
by the function y = 6(1.014)*, where y is mea-
sured in billions and x is measured in years.

¢) Answers will vary. The graph suggests that in the
year 2015 (x = 2015 — 1999 or 16), the population
of the world will be approximately 7.5 billion.

d) The graph suggests it will take 50 years for the
world’s population to double. This event would oc-
cur in 2049.

Section 7.2 Page 429 Question 15
The formula returns the number of digits in x.
Section 7.2 Page 429 Question 16
a) GRAPHING CALCULATOR

PA=EE

P=10Z9000

b) The formula ceases to be valid when the culture’s
environment is unable to sustain its population.

Section 7.2 Page 429 Question 18

b)

12

10

v ] y = 6(1.014)

Section 7.2 Page 429 Question 17
a)

GRAPHING CALCULATOR

V1= =103

.

n=%.HE-Y4

LEER e

b) The pH value is —log,;,0.000 38 or approximately
3.4202.

¢) The logarithmic equation —log,, x = 7 can be ex-
pressed as an exponential equation, yielding the re-
sult x = 107",

a) The valid domain of log, x is x > 0. The domain of log;, x that yields a range of y > 0is x > 1. Hence, the

domain of f(x) = log,(log;yx) is x > 1.

b) f(x) = 10g2(10g10 x)

Replace f(x) with y.

y = log,(log;o x)

Express in exponential form.

2¥ =log;y x
Interchange x and y to formulate the inverse relation.
2" =log,y ¥y
102 =y
S =107
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Section 7.2 Page 429 Question 19

Logarithms can have only positive bases: y = log, x is defined for a, x > 0.

a)

The inverse functions are continuous.
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y=(0.25)"




7.3 Laws of Logarithms

Practise
Section 7.3 Page 434 Question 1

Single Logarithm | Sum or Difference of Logarithms
log,(12 x 5) log, 12 +log, 5
log, 22 log, 2 +1log, 11
logg(kg) logg k +logg g
14
logg 3 logg 14 — logg 3
h2
log,5 7 2log ;s h —log; f
7
log; 3 log; 7 — log; 5
1
logy 7 logjo 1 —log,y7
log,, x® 2log;; x + 6log;; x
20 5
log;, 3 log,, 3t logy, 4

Section 7.3 Page 434 Question 5

a) logg 32 + logg 2 = logg 64
=2
©) log, 192 —log, 3 = log, 64
=3
e) log, 6 + log, 8 —log, 3 = log, 16
=4
g) logg 6 — logg 3 + logg 4 = logg 8
=1
i) log 1.25 + log 80 = log 100
=2

Section 7.3 Page 434 Question 3

a) log; 5 +log; 8 +1log; 15 = log;(5 x 8 x 15)

b) log,8 —log, 10+ log, 3 = log,

= log; 600
8x3
10
= log, 2

5

19 x 4

¢) log, 19 +log, 4 — log, 31 = log, ——

d)

g)

b)

d)

h)

i)

31

76
= log, 31

1
Elog 17 —log5 =1log V17 —log5

b V17
log(a + b) + log a = log [a3(a + b)]
+
log(x + y) —log(x — y) = log fc — ;)

4logx —3logy = log x* —log y*
4
=log§

log; ab + log, be = log; (ab’c)

log, 72 — log, 9 = log, 8
=3

log;, 9 +log;, 16 = log,, 144
=2

log; 108 —log; 4 = log; 27
=3

log, 80 — log, 5 = log, 16
=4

log, 8%7 = 271log, 8
=81
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Apply, Solve, Communicate
Section 7.3 Page 435 Question 7

B 1(d)
a) d =—-166.67log 25
N (C)
16667  ®7125
_a_ 1)
10”667 = —=
125
1(d) = 125 x 10" %
40
= —166.67 log —
b) d 66.67 log 125
=825

The approaching car is approximately 82.5 m away.

Section 7.3 Page 435 Question 8

a) i) C2 = 2C1 il) C2 = 3C1
C C
E =14log — E =14log—
bTer 830,
1.41 ! 1.41 !
=1.4log = = l.4log =
£2 £3
= —-0.421 = —0.668
The energy required is —0.421 kilocalories per gram The energy required is —0.668 kilocalories per gram
molecule. molecule.

b) If C; < G, the sign of E is negative. A negative value for E means the cell gains energy.

Section 7.3 Page 435 Question 9
logg 7 > logg 9.

log 7 log9
The change of base formula yields log, 7 = IZ§ z or approximately 1.086. Applying the formula to logg 9 yields %
or approximately 1.057.
Section 7.3 Page 435 Question 10
a) A, =20(ogV, —logV;) b) The gain is the same, approximately 4.24 V.
=20log — GRAPHING CALCULATOR
Vlm 28 1o3di2Z . 80—1a3
~ log <_> (1423
Vi 4. 236136226

%Dgiﬂ22.8f14}“28

4. 2361362268
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Section 7.3 Page 435 Question 11

T
a) 0.434u60 = log T—L can be rewritten as 0.434u0 = log Ty, — log Ts.
K

b) 0.43440 = log T, — log Ts ¢) Wrapping the rope 2.5 times around the object corresponds
log Ty, — log T’s tod =2.5x2xor 5.
T 04340 T,
Substitute the given data. 0.434u6 = log Ts
_ log 250 — log 200 L0030 _ T
0.434x Ty
=0.0711 T
L
Ts= ——-—
- Lo . 100-434u0
The friction coefficient is approximately 0.071. Substitute the data.
Te = 250
ST 0434(0.07 )57
= 82.0
A force of approximately 82.0 N is required to balance the
250 N force.
Section 7.3 Page 435 Question 12 Section 7.3 Page 435 Question 13
(log, a)(log, b) = ¢* log, § = log, (pa™')
1 log b
22 (o) =¢ = log, p+log,q”'
log b logy : :
loga =log,p—log,q
logy
1
gy _ 2
loga
log,y = ¢
Section 7.3 Page 435 Question 14 Section 7.3 Page 435 Question 15
y =log, x
log, (p°) = log, pXPXpX...Xp a =x
¢ times log, a” = log, x
=log,p+log,p+...+log, p ylog,a =log, x
h g g log, x
¢ times y =
log, a

= clog,p

Section 7.3 Page 435 Question 16
The error is in the opening. Since log; 0.1 < 0, the statement should be written log 0.1 > 21og; 0.1.
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7.4 Exponential and Logarithmic Equations

Practise

Section 7.4 Page 441 Question 1
Since 4?9 = 5.28, 0.6 is not a root of the equation 4>* = 5.

Section 7.4 Page 441 Question 3

a) i) log,(x +6) =3 ii)
x+6=2°
x+6=28
x=2

b) i) ii)

GRAPHING CALCULATOR

Interseckion
n=g L

Section 7.4 Page 441 Question 5

a) 4logs x = logs 625 b)
4logsx =4
logs x =1
x=5
Check.
L.S. =4logs5
= log; 5*
= log; 625
=R.S.

3
) loggn = I log, 16 d)

logg n = logg 167
log, n = log, 8
n=3_
Check.
L.S. = log, 8

3
R.S. = 1 logg 16

= log, 163
=logs 8
=L.S.
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logg(x+3) =1
x+3=6
x+3=6

x=3

GRAPHING CALCULATOR

—

Igt-ar's-zi:ti-:{n

—log; 1 =log; 7 —log; x
7
0 = log; <
Ioi
x
x=17
Check.
L.S. = —log; 1
=0
R.S. =log; 7 —log; 7
=0
=L.S.
—log, x —log, 3 = log, 12

1
log, Evi log, 12

1
— =12
3x
‘e 1
36
Check.
1
L.S. = —log, 36 log, 3
=lo ﬁ
- g2 3
=log, 12
R.S. =log, 12
=L.S.



e) log 12 = log 8 — log x f) log 2** = log 35

8
log 12 = log — xlog 8 =log 35
x log 35
8 =
12 = < log 8
2 x =1.7098
T3 Check.
Check. L.S. = log [23};’535]
L.S. =1log12 s
2 =1 [2W]
R.S. =log 8 — log 3 8 )
5 — log (210g2 35)
= log <8+§> =log35
=log12 R.S. = log 35
= LS. =LS.
g) 410g6x =10g625 h) 210g7x :10g781
logg x* = logg 25 log, x* = log, 81
x4 =25 x2 =81
2 _
xt=3 x=9 x>0
x=V5 x>0 Check.
Check. L.S. = 2log, 9
L.S.=4log\/§ = log, 81
4
= log (\/§> =R.S.
= log25
=R.S.

Section 7.4 Page 441 Question 7

a) L.S. = 5%loes# 4 sloesd _ 9 b) 5% +5°-20=0
_ 5logs 16 slozs4 _ ) (5" +(5)-20=0
=16+4-20 (5" =4 (" +5=0
_0 55-4=0
= RS. =4
x =logs 4
5545=0

There is no solution to 5*+5 = 0, so there are no other
roots.
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Apply, Solve, Communicate
Section 7.4 Page 442 Question 9

a) A=122623
1000(1.06)" = 1226.23
(1.06)" = 1.226 23
nlog 1.06 = log 1.226 23
log 1.226 23
~ Tlog1.06
=35

It will take approximately 3.5 years.

c) A = 2000
1000(1.06)" = 2000
(1.06)" = 2000
nlog1.06 = log?2
log 2
"= Tog 1.06
=11.90

It will take approximately 11.9 years.
Section 7.4 Page 442 Question 10

a) I(t) =0.51
1p(0.97)* = 0.51,
(097" =0.5
x =logyg;0.5
_ log0.5

~ 10g0.97
=228

A thickness of approximately 22.8 cm is required.

b) A = 1664.08
1000(1.06)" = 1664.08
(1.06)" = 1.664 08
nlog 1.06 = log 1.664 08
log 1.664 08
~ Tlog1.06
=8.74

It will take approximately 8.74 years.

d) A = 5000
1000(1.06)" = 5000
(1.06)" =5
nlog1.06 =log5
log 5
"= Tog 1.06
=27.62

It will take approximately 27.62 years.

b) If the thickness of the glass were doubled, the intensity of the light would be reduced by the same factor, yet again.

Section 7.4 Page 442 Question 11

a) S = 1.5(25000)
25 000(1.05)" = 1.5(25 000)
(1.05)" =15
n=log s 1.5
log1.5
- log 1.05
=8.31

It would take approximately 8.31 years for the salary
to increase by 50%.
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b) S = 1.5(35 000)
35 000(1.05)" = 1.5(35 000)
(1.05)" =15
n=1og; s 1.5
log1.5
~ log 1.05
=8.31

It would take approximately 8.31 years for the salary
to increase by 50%. (The length of time is independent
of the starting salary.)



Section 7.4 Page 442 Question 12

The value of this investment, A, can be expressed as A = 600(1.055)", where n is measured in years.

a) A =1200
600(1.055)" = 1200
1.055" =2
nlog1.055 =log?2
log?2
n=——
log 1.055
=12.95

It will take approximately 12.95 years
or 12 years 11 months for the invest-
ment to double.

Section 7.4 Page 442 Question 13
v=13
65(10) %% = 13
(10)7%" =02

—0.23t = log 0.2

_log0.2

t =
-0.23
=3.04

b) A = 1800
600(1.055)" = 1800
1.055" =3
nlog1.055 = log3
log3
n=——
log 1.055
=20.52

It will take approximately 20.52 years
or 20 years 6 months for the invest-
ment to triple.

©) A =900
600(1.055)" =900
1.055" = 1.5
nlog1.055 =log1.5
log1.5

n=——

log 1.055
=7.57

It will take approximately 7.57 years
or 7 years 7 months for the investment
to accumulate to $900.

Section 7.4 Page 442 Question 14

a)

It will take the skier approximately 3.04 s to slow to a

speed of 13 km/h.

Section 7.4 Page 442 Question 15

a)  H(0) = 140(10)7003O
= 140(10)°
= 140(1)
= 140

At 0°C, the cheese will stay safe for
140 h.

Section 7.4 Page 442 Question 16

N =32
40 — 24(0.74)' = 32
24(0.74)' = 8
1
0.74) = -
(0.74) 3
1
t =logy 7y 3
log §
" log0.74
=3.65

It will take the trainee approximately 3.65 days.

b) After 15 days, the trainee can inspect 40 — 24(0.74)"
or approximately 39.74 items. This figure is 45—39.74
or 5.26 items less than the experienced employee.

b)  H(16) = 140(10) 034016
=40.0

At 16°C, the cheese will stay safe for

approximately 40 h.
P =095
101.3(1.133)™ =95
~x_ 95
(1.133)™ = 013

95
—-X = 10g1.133 m

95
x = —log 133 1013

95
_ oz (mr5)
log 1.133
=0.514

The mountain climber is approximately 0.514 km above sea level.

¢)  H(25) = 140(10)00342>
=19.78

At 25°C, the cheese will stay safe for
approximately 20 h.
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Section 7.4 Page 442 Question 17
At sea level, the atmospheric pressure is 101.3(1.133)° or 101.3 kPa. At an altitude of 10 km, the atmospheric pressure
is 101.3(1.133)~'° or approximately 29.06 kPa. The designers must control the range from 29.06 kPa to 101.3 kPa.

Section 7.4 Page 442 Question 18

I1(d) = Iy(1 — 0.046)¢
1(d)

— = (0.954)¢
T (0.954)
log @) _ log(0.954)4
Iy
I
log ﬂ = d x log(0.954)
I
1 1(d)
d= 1
l0g0.954 < &7,
I
= —48.90log L)
I

I(d
The depth can be expressed as d = —48.9 x log % metres.
0

Section 7.4 Page 442 Question 19
a) Since 4096 is the lowest common power of bases 2, 4, 8, and 16, use the change of base formula in the base 4096.

log, x +log, x + logg x + log 16x = 25
1024006 X 1084006 X 1084006 X 1084096 X — 25
10840062 10840064 1084006 8 1084096 16

1 1 1 1
logn06 X < + + + > =25
0% 10240062 10840064 10840968 108406 16

logyge x (12 +6 +4 +3) =25
2510g4096 X = 25

logg96 x = 1

x = 4096
Check.
L.S. = log, 4096 + log, 4096 + logg 4096 + log,, 4096
=124+6+4+3
=25
=R.S.
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b) 2(5%)-9(5%)+13(5>)-6=0
2(5%) =9 (5%)? +13(5%) =6 =0 (1)
Substitute z = 5%* in (1).
27 -9z +13z-6=0 2
201 =9(1)*+13(1)-6=2-9+13-6
=0
Since 1 is a root of (2), z — 1 is a factor. Division reveals the other factors.
(z-1)Q2*=7z+6) =0
(z-1D@2z-3)(z—-2)=0
z=1, % or?2
Substitute each of the roots in (2) into z = 52* and solve for x.
5% =1
2x =0
x=0 (3
. 3
5% =3
2x = @
log5
log%
¥ = 2logs
= 0.1260 “)
5% =2
oy = log2
log 5
log2
~ 2log5
=0.2153 %)

The solutions are 0, 0.1260, and 0.2153. Check x = 0.
LS. =2(50) =9 (5*?) + 13 (5°?) -6
=2-9+13-6
=0
=R.S.
Check x = 0.1260.
LS. =2 (56(().1260)) _9 (54(0.1260)) +13 (52(0.1260)) 6
= 6.7588 — 20.2676 + 19.5085 — 6
=0
=R.S.
Check x = 0.2153.
LS. =2 (56(0.2153)) —9 (54(0,2153)) 13 (52<o,2153)) -6
= 15.9941 — 35.9911 + 25.9968 — 6
=0
= R.S.
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7.5 Logarithmic Scales

Apply, Solve, Communicate
Section 7.5 Page 446 Question 1

For each of the following, let I; be the intensity of Japan’s earthquake and let M be the desired magnitude.

a) M =log —

I
=log2 + log —
og OgIo
=log2+72
=175

An earthquake twice as intense as
Japan’s earthquake has a magnitude

b) M =log —

1
=log1.5 +log -

Iy
=logl5+72
=74

An earthquake 1.5 times as intense
as Japan’s earthquake has a magni-

©) M =log —

I
=log3 + log —
og OgIo
=log3+72
=177

An earthquake 3 times as intense as
Japan’s earthquake has a magnitude

of 7.5.
Section 7.5 Page 446 Question 2

tude of 7.4.

7.45>pH > 7.35
—-7.45 < —pH < -7.35
10774 < 107PH < 10773
3.548 x 1078 < [HT] < 4.467 x 1078

The corresponding range is 3.548 x 1078 to 4.467 x 1078,

Section 7.5 Page 446 Question 4

Let I be the intensity of the Mackenzie Region’s earth-
quake. Let M be the magnitude of the earthquake on Van-
couver Island.

1
=log2.5 +log -

Iy
=log25+69
=73

The magnitude of the earthquake on Vancouver Island was
7.3. This was strong enough to cause metal buildings to
collapse.
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of 7.7.
Section 7.5 Page 446 Question 3

a) Let L, and L, be the loudness of the first and sec-
ond sounds, respectively. Let I, and I, be the in-
tensity of the first and second sounds, respectively.

L;—Ly=10

I I,
101og I—f ~ 10log = = 10
0 0

logII—g—logf—(s):l
Iy | I
log [1_0_1_0] =1
log%zl
1
I—f=1o
I, =101,

The first sound is 10 times as intense as the second
sound.

b) Let I be the sound intensity level of the hair dryer
and I, be the sound intensity level of the air condi-
tioner.

I
101og 1_1 =170
0

0
1
10log — =20
ogI2
I,
log =L =2
ogI2
I; = 1001,

The sound of the hair dryer is 100 times as intense
as the sound of the air conditioner.



Section 7.5 Page 447 Question 5
a) For the sun, L = L.

L
M =472 -1log =2
Ly

=472 —-1ogl

=472

The absolute magnitude of the sun is 4.72.

L
M =472 —log —
c) og Lo
L
—4.7 =472 —log —
Ly
L
942 =log —
og o
£ — 109.42
Ly
L=10"*L,
=263 x 10°L,

Canopus is more luminous than the sun by a factor of
approximately 2.63 x 10°.

Section 7.5 Page 447 Question 6

Py
h=18400log —
a) g}
102
h=18400log —
325
= 9140

The height of the aircraft is approximately 9140 m.
¢) Answers may vary.

Section 7.5 Page 447 Question 7

L
b) M =472 —log —
Lo
L
141 =472 —log —
Lo
L
331 =log —
og o
£ — 103.31
Ly
L=10*"L,
=2042L,

Sirius is more luminous than the sun by a factor of
approximately 2042.

L
d) M =472 —log —
Lo
38
M =472 —-log —————
%8 1% 10%
= —6.68

The absolute magnitude of the quasar is approximately
—6.68.

P
b) h=18 40010g?0
102
h = 18 400 log —————
8 4001og 52702
= 5539

The height of the aircraft would need to be approxi-
mately 5539 m for the air pressure to be half of the air
pressure at ground level.

a) Use a figure of 8850 m for the height of Mount Everest.
P,
h = 18 400 log —
P

102
8850 = 18 4001og 5

8850 102
—_— = ]log —
18400  27p
w102
18 400 = —
P
p_ 102
101§8380
=337

The air pressure at the top of Mount Everest is approximately 33.7 kPa.
b) Answers may vary.
¢) Answers may vary.
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Section 7.5 Page 447 Question 8
—T7logT

a) shade # = 3 +1
~TlogT
14=_12%7 1y
3(14 -1
(_—7) = ]()gT
39
T=10"7
=268 x107°

The fraction of light that #14 welding glasses transmit
is approximately 2.68 x 1075.

¢) Let R be the required ratio.

R 10-7
1072
= 139 000

—7logT

b) shade # = +1
—T7logT
= +1
3
32-1
(_7 ) =logT
T =107
=0.373

The fraction of light that #2 welding glasses transmit
is approximately 0.373.

#2 glasses transmit approximately 139 000 times as much visible light as #14 glasses do.

Section 7.5 Page 447 Question 9
Let S be the required shade number of the glasses.

S

—7logT
= Og —+

S —7log (5.1795 x 107%)

=11

The electric welder should use #11 welding glasses.

Section 7.5 Page 447 Question 10

a
) GRAPHING CALCULATOR

c)

GRAPHING CALCULATOR

n=1.7634

. =184,

A linear function would model these data best.
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+1
b)
Planet log d log ¢t
Mercury 1.7634 1.9445
Venus 2.0294 2.3522
Earth 2.1732 2.5623
Mars 2.3560 2.8363
Jupiter 2.8882 3.6364
d)

GRAPHING CALCULATOR

M=1. BB EY T YR+ A0

n=1.76=Y =LY FEN0E

The linear regression feature of the graphing calculator
yields the model log ¢t = 1.50191og d — 0.7010.



e) logt = 1.50191ogd — 0.7010
= log d'°" —0.7010

0.7010 = log d"*°" —log ¢

415019

= lo

& t

1.5019
10700 _ 4

t
415019
= o010

=0.19914'01°

The model defining ¢ as a function of d can be

expressed as ¢ = 0.19914'019,

Section 7.5 Page 448 Question 11

t=0.19914"%1
t = 0.1991(1430)'01°
=10916

Saturn orbits the sun every 10 916 days.

a) For each of the following, x and y are values determined from the given tables. Let r be the desired result.

i) r=2469 x 491
=2.469 x 10° x 4.91 x 10?
=2.469 x 491 x 10°
logr = log(2.469 x 4.91 x 10%)
= log2.469 + log4.91 + 5
x+y+5
F = 10¥tV+5
= 10" x 10°
= antilog(x + y) x 10°

b) i) r = 1010g2.469+log4491+5

=1212279
= 2469 x 491

¢) Answers may vary.

Section 7.5 Page 448 Question 12

a) Answers may vary.
b) Answers may vary.

ii)

ii)

r=1v181

1
logr = 3 log(1.81 x 10%)

1
= 32 +log1.81)

_2+x
3

2+x

r=107%

. (2
= antilog

2+log 1.81

r=10"3
= 5.657

= /181

+ X

)

iii) r=4830+21.73
=4.830 x 10° = (2.173 x 10)
=4.830+2.173 x 10°

log r = log(4.830 +2.173 x 10?)
=1log4.830 —1log2.173 4+ 2
=x—y+2

r= 10x—y+2
=107 x 10?
= antilog(x — y) x 10?

iiif) = 10084.830-log2.173+2

= 222273
= 4830+ 21.73
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7.6 Derivatives of Exponential Functions

Practise

Section 7.6 Page 459 Question 1

a) Sincee € (1,00), lim e* =0. b) Sincee € (1,00), lim e = co.

¢) Since e € (1, o0), lim e** = oo. d) Since e € (1, 00), lim e3* = 0.
Section 7.6 Page 459 Question 3
x kx x
a) 2X=e b) y=2
In2* = Ine*™ = X2
xIn2 = kx dy de*™?  dxIn2
k =1n2 dx  dxIn2 dx
=¢""2.1n2
The expression 2* can be written as exnZ, =22
Section 7.6  Page 459  Question 5
c) y=da"
= ¢¥Ina e =x+y
xIna
d_y _ de . dxIna de™ dx dy dx dy
AyZE 2 )=22 422
dx dxlna  dx dxy Vidx dx dx = dx
=e"" . Ina M , ,
ey(y+xy) =1+y
=ad*lna
ye +xe?y —y =1
Y (xe? —1)=1-ye”
;L 1—ye?
y= xeXy — 1
Section 7.6 Page 459 Question 7
a) g(x) = xe ™ b) h(x) = xe**
gx) =0 H(x)=0
X de™ d(-4x) _ 0 wdx de™ d(3x) _
dx d(—4x) dx dx d(3x) dx
e xe™(=4)=0 ¥ +xe¥(3) =0
e (1-4x)=0 e*(1+3x) =0
1 1
x=- xX=—-=
4 3

The domain of 4 is R. There are two test intervals for
K. Since W' (—1) < 0, h is decreasing on the interval

The domain of g is R. There are two test intervals for

!

g'. Since g'(0) > 0, g is increasing on the interval

1
—c0, —=
3

1
(—oo, Z) Since g’'(1) < 0, g is decreasing on the

interval !
mterva —-,00 |].
4

. Since #'(0) > 0, h is increasing on the

1
interval <— 3 oo) .
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Section 7.6 Page 459 Question 9

a)

eX2x)+ (XX =1)(=e ™) =0
e (x> =2x-1)=0

(x?=2x—D(—e ) +e*2x—2) =
e (x> —4x+1)=0

(=2)? —4(D)(=1)

=(x*—1)e™

f( ) 1; f(x) = (xz - l)e_x

(=4)? —4(1)(1)

2

2

Property

Domain

Range

((2 —2V2)e +V2, oo>

Intercepts

Symmetry

Asymptote

Increase

1-v2,1++2)

Decrease

V2). (1+ V2, 00)

Extrema

local min.; <1 -v2,2- 2\/2)6_”‘5); local max.: <1 +V2, 2+ 2\/§)e‘1“5>

Concavity

upward: (—oo 2 - \@) (2 + 3, oo)' downward: (2 -V3,2+ \/§)

Points of inflection

(2= V3.6 - 4v3)e V), (243, (6 + 4v3)e V)
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b) glx) = xte*
gx)=0
F(Ax*) +xte* =0
e (x+4)=0

x=0-4
g"(x)=0
3x2* (x +4) + x**(x +4) + x}e¥(1) = 0
2 Bx+4) +x(x+4)+x)=0
X2 (2 +8x+12)=0
X2 (x+6)(x+2)=0

x=0,-6,-2

g(x) = x*e

14 12 10 -8x—6 -4 -2 4
b4
c) y = xe**
dy
- =0
dx
e (1) + xe¥(2) =0
F2x+1)=0
1
X=-=
2
d2y _
dx?
QCx+ D) +e¥(2)=0
eF(Ux+4)=0
x=-1
3
;2
Ly
;1
y= xe2x
3 2 x5 =t10 1 2
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Property Result
Domain R
Range [0, c0)
Intercepts x:0,y:0
Symmetry none
Asymptote y=0
Increase (—o0,—4), (0, 00)
Decrease (—4,0)
256
Local maximum <—4, —>
ot
Local minimum 0,0)
Concave upward (=00, —6), (=2, o0)
Concave downward (—6,-2)
12 1
Points of inflection <—6, 96) , <—2, —6>
ed e?
Property Result
Domain R
R 1
ange ——, 00
£ 2e
Intercepts x:0,y:0
Symmetry none
Asymptote y=0
I 1
ncrease ——, 0
2
D 1
ecrease —00, —=
2
Local minimum ! !
inimu -, =
2 2e
Concave upward (-1, 00)
Concave downward (=00, —-1)
. . . 1
Point of inflection -1, ——
o2




d)

e)

2

y = xe*
dy
= =
e (1) + xe* (2x) = 0
e (2x2+1)=0
no roots
dzy

dx?

2x2 + e’ (2x) + ¥ (4x) = 0

2xe” (2x2+3) =0

x=0
10*: ‘g
8 |
61 o
v y = xe
4
24
2 0y 2
-2 X
_4é
—6*2
i
| ]
| —10-
L
h(x) =e<
H(x)=0
1
2e¥
-= =0
x
Nno roots
H(x)=0
e 2 il
X3e? <——> — e’ (3x2)
3
-2 e =0
L
2% (2 + 3x?)
6 =0
x
no roots
1107
1 N
8{ y:ex2
6-
(x)
4]
2-
e e NN

Property Result
Domain R
Range R
Intercepts x:0,y:0
Symmetry odd
Asymptote none
Increase R
Decrease none
Extrema none
Concave upward (0, 00)
Concave downward (—00,0)
Point of inflection 0,0)
Property Result
Domain {x e R|x#0}
Range (1, c0)
Intercepts none
Symmetry even
Horizontal asymptote y=1
Vertical asymptote x=0
Increase (—00,0)
Decrease (0, o0)
Extrema none
Concave upward (=00,0), (0,00)
Concave downward none
Point of inflection none
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f) -

X
dy_
dx
2x_x2
x“e f(x)zO
x
*(x =2
e(x3 )=0
X
x=2
d2
Y _o
dx?
X3 ((x = 2)e* + e*(1)) — e*(x — 2)(3x?) _
x0 =0
e (x> —4x + 6)
B S ey
X
no roots
B R
-1
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Property Result
Domain {(xeR|x#£0}
Range (0, 00)
Intercepts none
Symmetry none
Horizontal asymptote y=0
Vertical asymptote x=0
Increase (—00,0), (2,0)
Decrease 0,2)
Local minimum <2, 2—2>
Concave upward (—00,0), (0,00)
Point of inflection none




g)

y=xe
dy
=0
dx
e (2x) + x%e ™ (=2x) =
xe_xz(l -x)=0
x=0,=1
d*y
dx?

2 (e_"z(l — )+ xe™ (=20 (1 = x) + xe_xz(‘zx)> =0

e 2x* =5x2+1)=0

—x2

5-v/17

2 (=5)2 —=42)(1)
h 4
_5+V17
T4
5+4/17
=4 "
13
087 2 —x?
Yo4-
0.2-
5] - o ‘ S
3 2 1 03] 1 X 2 3
-0.4
-0.6-
—-0.8
e
Property Result Property Result
Domain R
V5+ V17
1 Concave upward —o0, B —
Range [O, —]
e
V5 - V17 V5-VT7
Intercepts x:0,y:0 - ) , )
Symmetry even < V5+417 >
—
2
Horizontal asymptote y=0
\/ 5+ f \/ 5-—
Concave downward
Increase (=00, 1), (0,1) 2
Decrease (1,0, (1, %) < \/5 ;f)
Local minimum 0,0) ' ‘ ' . /5 V1T 54+ V17
I Points of inflection , "
Local maxima <i1, —> 4e—
e <

_m>

de™+

7.6 Derivatives of Exponential Functions MHR 465




ex

h =
) Y=o
dy_
dx
1 — e¥)eX — eX(—e*
(1-eMe* —e'(=e) _
(1 —e¥)?
1 —
(1 —ex)?
no roots
d2y_
dx?
_—2._eX=()
(1—e¥)3
e* _
(1—e¥)
no roots
41
— ex
y7 y_l_ex
-4 2 0] 2y 4
_2{
_4{

Section 7.6 Page 459 Question 11

For each of the following limits, recall that lim (1 + f) =e".
n—oo n
k n
a) lim <1+—> = ¢
n—oo n

b) lim <1+E> = e
n—0oo n
Apply, Solve, Communicate

Section 7.6 Page 459 Question 12

The function y = xe™ can be obtained by reflecting
the function f(x) = xe* in the y-axis and then in the
X-axis.

f(x) = xe*
—f(=x) = =(=xe™)
= xe ™~

So, all the important points and information can be re-
flected in the same way.
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Property Result
Domain {x e R|x#0}
Range (=00, 1), (0, 0)
Intercepts none
Symmetry none
Horizontal asymptote y=0,y=-1
Vertical asymptote x=0
Increase (=0,0), (0, 0)
Decrease none
Local minima none
Local maxima none
Concave upward (—00,0)
Concave downward (0, c0)
Point of inflection none

¢) lim <1+6—x> =%
n—oo n

GRAPHING CALCULATOR

Y= -nl

v=.z67EFOYY




Section 7.6 Page 459 Question 13

a) P(t) = 250e"%4 b) i)
P(0) = 250¢"*®
= 250¢"
=250

At time ¢t = 0, there are 250 bacteria.

©) P'(1) = 250¢°%(0.04)
— 10e0,04t
ii)
P/( 1 O) — IOeO.O4(10)
= 14.92
After 10 h, the population is growing at
a rate of 14.92 bacteria/h.
Pl(zo) =1 0e0.04(20)
=22.26
After 20 h, the population is growing at
a rate of 22.26 bacteria/h. iii)

d) Answers may vary.

P(1) = 2(250)
250e"%% = 2(250)

004 — o
0.04t = In2
- In2

T 0.04

=17.33

It will take 17.33 h for the bacteria population to double.

P(1) = 2(250)
250" = 3(250)

D04 _ 3
0.04t =1In3
In3
[ = ——
0.04
=27.47
It will take 27.47 h for the bacteria population to triple.
P(t) = 20000
250e"% = 20 000
e0,04t — 80
0.04t = In 80
- In 80
~0.04
= 109.55

It will take 109.55 h for the bacteria population to reach 20 000.

Section 7.6 Page 460 Question 14
a) Let P be the population of rats. P(t) = 400e%01%,

b) i) P(t) = 2(400)
400¢""% = 2(400)
Q0018 _ o
0.018t =1In2
. In2
~ 0018
= 38.51
It will take 38.51 years for the population to double.
ii) P(1) = 3(400)
400e”8" = 3(400)
Q0018 _ 3
0.018¢ =1In3
. In3
~ 0018
=61.03

It will take 61.03 years for the population to triple.

¢) P'(1) = 400e°°1%(0.018)
— 7.260‘0181‘
Pl(lo) — 7290018(10)
=8.62

After 10 years, the population is growing at
a rate of 8.62 rats/year.
P/(25) = 7.2¢°018(29)
=11.29
After 25 years, the population is growing at
arate of 11.29 rats/year.

d) Answers may vary.
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Section 7.6 Page 460 Question 15
a) Let V be the value of the computer system. ¥ (z) = 5000e=%!17,

b) i) V() = 2500 ii) V(¢) = 0.1(5000)
5000e™"!"" = 2500 5000e~""" = 0.1(5000)
e—O.llt =05 e—O.llt =0.1
—0.11t =In0.5 —0.11t = In0.1
_ In05 . In0.1
T -0.11 T -0.11
=6.3 =209
It will take 6.3 years to decrease to $2500. It will take 20.9 years to decrease to 10% of the original value.

Section 7.6 Page 460 Question 16
a) For annual compounding, the formula A = P(1 + r)" is used.

i) A = 2(2000) ii) A = 3(2000)
2000 (1 + 0.07)" = 2(2000) 2000 (1 + 0.07)" = 3(2000)
(14007 =2 (14+0.07)' =3
tIn1.07 =1n2 tIn1.07 =1n3
_ In2 - In3
" In1.07 " In1.07
=10.245 =16.238
It will take 10.245 years for the investment to double. It will take 16.238 years for the investment to triple.

b) For continuous compounding the formula A = Pe’ is used.

i) A =2(2000) ii) A = 3(2000)
2000”7 = 2(2000) 2000”7 = 3(2000)
007 _ o 007 _ 3
0.07t =In2 0.07t =In3
. In2 . In3
~0.07 ~0.07
=9.902 = 15.694
Her estimate was 10.245—9.902 or 0.343 years sooner. Her estimate was 16.238 — 15.694 or 0.544 years sooner.

Section 7.6 Page 460 Question 17

nt
a) For periodic compounding, the formula A = P <1 + i) is used.

n
i) A = 2(2000) ii) A = 2(2000) ii) A = 2(2000)
007\2 121 0 365¢
2000 ( 1+ — = 2(2000) 2000 ( 1 + —— = 2(2000) 2000 ( 1 + — = 2(2000)
2 12 365
2t 12t 365t
0.07 0.07 0.07
<1+T> =2 <1+F> =2 <1+%> =2
0.07 0.07 0.07
2T1I1<1+T> =1In2 12¢1n <1+W> =1In2 3657 In <1+%> =1In2
. In2 . In2 - In2
21n (1+27) 12In (14 %%) 365In (1+ %7)
=10.074 =9.0931 =9.903

It will take 10.074 years for the invest- It will take 9.931 years for the invest- It will take 9.903 years for the invest-
ment to double. ment to double. ment to double.
b) Answers may vary.
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Section 7.6 Page 460 Question 18

a) y = 20t + 400e~"0%
dy
vV=—
dt
=20 + 400e"%(-0.05)
— 20 _ 20e—0,051
The velocity is v = 20 — 20e~%%" mm/s.
dv
a=—
dt
=0 — 20e"9%(-0.05)
— e—0.0St

The acceleration is a = e~ %" mm/sZ.

Section 7.6 Page 460 Question 19

a) V(1) = 50 00004
V(5) = 50 00004
= 6766.76

After 5 years, the value of the machine is $6766.76.

V (10) = 50 000e 0410
=915.78

After 10 years, the value of the machine is $915.78.

Section 7.6 Page 460 Question 20

a)lim I = lim 0.6(1 — e*1")
t—o0 —o0o

b) y(5) = 20(5) + 400e 00
=4115
After 5 s, the position is 411.5 mm.
v(5) = 20 — 20095
=442
After 5 s, the velocity is 4.42 mm/s.
a(5) = e 005
=0.78
After 5 s, the acceleration is 0.78 mm/sZ.

dv

b) - = 50 00024 (=0.4)
= =20 000~
W 200006040
dt =5

= -2706.71
After 5 years, the rate of change of the machine’s

value is —$2706.71 per year.
200006040
dt =10
= —366.31
After 10 years, the rate of change of the machine’s

value is —$366.31 per year.

dI
The rate of change of current with respect to time is " = 0.6(—e‘0'” (-0.1)) or

= 0.6(1 —0) 0.06e%1" A/s.
=0.6
b) g — 0.06e—0,1(40) C) g — 0.06e—0,1(60)
As t increases without bound, 1 Fli=40 . 1 1=60 .
approaches 0.6 A. = 0.001 = 0.0001

After 40 s, the rate is 0.001 A/s.

After 60 s, the rate is 0.0001 A/s.
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Section 7.6 Page 460 Question 21

a) The domain is x € [-10, 10]. b) Let s be the amount the wires sag between the poles.

20
N s = y(10) - y(0)
16 =3o(e%+e1—i?>—50—<30(e%+e%))—50>
14’; =30(e% +e_4_g]—2>
\y:;/ = 1.885
8* The wires sag 1.885 m between the support poles.
6 y=30(e% +e1—3) ~50
4
2
0 B S a6 8 o

Section 7.6 Page 460 Question 22

a) A=2P
P =2P
erf:2
rt=1In2
In2
t=—
”

.07
h r

70

The above result suggests that the doubling time of continuous compounding is approximately —.
r7o

70

b) i) At 5%, the doubling time is 5

7 70
ii) At 14%, the doubling time is £ iii) At 8%, the doubling time is 3 or

or 14 years.
c) i) A(t) =2P
P(1+0.05"=2P
(1.05) =2
tIn(1.05) =1n2
In2
~In1.05
=142

ii)

The doubling time is 14.2 years.

Comments on accuracy may vary.
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or 5 years.
A(t) =2P
P(1+0.14) =2P
(1.14)' =2

tIn(1.14) =1n2

In2

“Inl14
=529

The doubling time is 5.29 years.

i)

8.75 years.
A(f) = 2P
P(1+0.08)=2P
(1.08) =
tIn(1.08) =1n2
In2
~In108
=9.01

The doubling time is 9.01 years.



7.7 Derivatives of Logarithmic Functions

Practise
Section 7.7 Page 469 Question 1
a) y =1In(9x — 2)

dy _dIn9x-2) d(9x-2)
dx ~ d(9x—=2) dx

c) y =3%

— =yIn3
X
=3*In3

e) h(x) = In2x?
=In2+2Inx

1
H(x)=2-—
X

g) g(x) = x°5"
Ing(x) = In(x*5)
=2Ilnx+xIn5
dIng(x) . dg(x) _ d2Inx + dxIn5
dg(x) dx dx dx

=x5*Q2 + xIn5)

i) y=2°
Iny=x*In2
1
L& ovma
y dx
d
Y y2xIn2)
dx
=2 (2x1n2)

= x2+ 2

b) y =logs(9x = 7)
5 =9x-17
yIn5=1InOx -7)
dy 1
dx  9x-17
dy 9
dx  (9x—-7)In5

In5 -

d) y =log,(x* +3)
4 =x*+3
yIn4 = In(x> + 3)
dy 1
dx  x2+3
dy 2x

dx ~ (x2+3)In4

In4 - 2x

f) f(x)=—xInx
f’(x)=—<lnx‘1+x-l>
x
=—Inx—-1
h) h(x) =4"Inx
In h(x) = In(4* In x)
= xIn4 + In(In x)
dlnh(x) dh(x) dxln4 dxln(Inx) dInx
d h(x) dx dx dlnx dx
1 , 1 1
_h(x) ~h(x)—ln4+m~;
K (x) = h(x) <ln4 + ;>
xInx

=4 Inx <ln4+ ! )
xInx

= 4" <(1n4)(1n x) + l)
x
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Section 7.7 Page 469 Question 3

Inx
a) f(x)=7 b) y=xlnx

f1x)=0 Y _yg
x-%—lnx-l d’lc

x2 B Inx-1+x--=0
1-Inx *

=0 Inx+1=0

x Inx=—1

Inx =1 nx—I

X =e X = -

e

Since f/(1) > 0 and f'(3) < 0, a local maximum ex-
. 1 Since f”
istsat (e, — ).

e

exists at <

1
< 0and f’ <§> > 0, a local minimum

Section 7.7 Page 469 Question 5
a) y=Inx>

GRAPHING CALCULATOR

T1=1niH=)

x €[-8,8], y € [-6,6] x €[-3,8], y e [-2,6]

d) y=xInx

GRAPHING CALCULATOR

hE"
Hinimurm
n=.ZB7B788 =-.Z67E79Y

x e[=2,12], y € [=2, 1] xe[=2.8], ye[=24]

Section 7.7 Page 469 Question 7

a) y=Inx b) It can be concluded that the nth derivative of y = In x can be expressed as
, 1
. w_ D=1
a1 Y x"
V=g
mo__ 2
T3
6
@ — _
y o
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Apply, Solve, Communicate

Section 7.7 Page 469 Question 8

a) Since P =200 att =0, Py = 200.

P(3) = 800
2004 = 800
a =4

a=a

The value of a is V4.

X
¢) This solution uses the result

P(1) = 200 ({/Z)t
P'() = 200 ({/Z)t Inv/4
_ 2001n4 <</Z)t

3

2
The rate of change of the algae population is

d) Answers may vary.
Section 7.7 Page 469 Question 9

a) Let P(¢) be the number of bacteria at time ¢, in
hours.

P(f) = Pyd' (1)
Substitute Py = 1000 into (1).
P(t) = 1000’
Att =2, P =10 000.
P(2) = 10 000
10004* = 10 000
a =10
a =10z

The growth equation is P(t) = 1000 (10é )

=a*lna, aeR".

001n4

b) P = 2(200)
t
200 ({/Z) = 2(200)
45 =2
3 =2l
2t
i |
3
23
)
-15

It will take the population 1.5 h to double.

2001n4 1
i) P(l) = 003“ <{/Z)
= 146.7
After 1 h, the rate is 146.7 algae/h.

2001In4 / 5~\©
i) PO = (V4)
= 1478.7
After 6 h, the rate is 1478.7 algae/h.

(VA).

X
b) This solution uses the result

=a*lna, a e R .
P(1) = 1000 (10%>

d(101>
2 d%

P(t) = 1000 - 22

@) d% dt

=1000<105>ln10-%
=500(1o%>1n10

P'(5) = 500 (10%> In 10
=364 071

After 5 h, the growth rate is 364 071 bacteria/h.

7.7 Derivatives of Logarithmic Functions MHR 473



Section 7.7 Page 469 Question 10

a) The initial mass is m(0) = 2(2)_% or2g.

b) m=1
2275 =1
(25 =05
——In2=1In05
_15(=1n2)
a In2
=15

The half-life of the substance is 15 h.

Section 7.7 Page 470 Question 11

¢) This solution uses the result

X
=a*“lna, a e R".

m(t) = 2(2)° %
-5 d(—%&
nl(t) =2 d(2)t . (=15)
d(-5)
L 1
=2(2) % 1n2- <_E>
In4 _
sy - 4 s
m(S) =-15C
=-0.734

After 5 h, the growth rate is —0.0734 g/h.

For this solution, a value of —4.509 x 10~® will be interpreted as sufficiently close to 0.

The slope of the tangent to y = Inx at x = e is —.

e
The bf nDeriv function of the graphing calculator can
be used. The equation of the tangent can be developed

as follows.
y—=y1 =m(x—x1)
y—1l=—-(x—e)
e
1
y=-x
e
Atx=e,y=0.

Section 7.7 Page 470 Question 12

a) Determine the critical numbers of P(¢) =

=2 440
e

P®=0
1
50 (t+1) 57 -In@+1)-1 _o
(t+1)?
I-In(r+1)
t+12
Int+1)=1
t+1=e
t=e—1
P'(1)>0
P(2)<0
Thus, by the first derivative test, a local maximum occurs
attr=e— 1.
Ple—1) =
50
=58

The maximum number of foxes is approximately 58.
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50In(e—=1+1)

+ 40.

+40

GRAPHING CALCULATOR

Yesnberiv ot aeiid-s1+1

A/ ¥=-4,E08E-H

b) Ast — oo, (t+1) increases at a faster rate than

50In(r +1
501In(t+1). As aresult % approaches

0, leaving the long-term stable fox population
to approach 40.

fim 22+ D 4o = 0440
1—>00 t+1
=40

GRAPHING CALCULATOR

YA=EOTRCH+10A TR+ 11440

w=iom. . . y=hz.cE4RiE .




Section 7.7 Page 470 Question 13

X

a) This solution uses the result =a‘lna, ae R,

b) A maximum speed of 95.5°/s is achieved at 1.4 s.

GRAPHING CALCULATOR

a(f) = 1801(2)™
d(®) =180 ((2)~'(1) +1(2) " In2(-1))
=180(2)7"(1 — 11n2)

The speed at which the angle is changing is given by
a(t) =180(2)~"(1 —In2).

¢) After 5 s, the door is closing at 180(2)>(5In2 —1) or
approximately 13.9°/s.

Hazimnm
w={ Y4zEAE: Y=O5.C:zELZ

Section 7.7 Page 470 Question 14

X

a =a*lna, a e R". b)
X

a) This solution uses the result s'(1) = —=121n0.8(0.8)!
=21

s(t) = 12(2-0.8") After 1 h, the lava is flowing at 2.1 km/h.

s'(t) = 12 (—0.8'In0.8)

= —121n0.8(0.8)" (1)

The speed at which the leading edge of the lava is flow-
ing is s'(f) = —121n 0.8(0.8)".

s'(4) = =121n0.8(0.8)*
=1.1
After 4 h, the lava is flowing at 1.1 km/h.

In(2-35
0 s(f) = 12(2 - 0.8") d) t= M
s(t) In0.8
E:Z—(O.S)’ d 1 [ 1 < 1)]
(0 8)[ _ S([) ds In0.8 |2 — % 12
R I S
t (24 —5)In0.8
tlIn0.8=1In|(2 - 50
12 dr
In ( S<t)> 7 represents the time it takes for the leading edge of
-3 s
- 12 the lava to advance 1 km.
In0.8
1
e) When the leading edge of the lava flow is 5 km from the crater, it takes 45 mos or approximately 0.24 h
—=5)In0.
for the leading edge of the lava to advance 1 km.
Section 7.7 Page 470 Question 15
a) y=a" b) y=Inx" c) y = Innx
Iny=xlna y=nlnx y=Inn+Inx
l-ﬂzlna dy 1 dy dlnn  dlnx
y dx x dx — dx dx
dy In n dy dlnx
—_ = a = — _—=
dx Y x dx dx
Substitute y = a*. Substitute y = In x". Substitute y = In nx.
da* . dlnx" n dlnnx dlnx
=a ' lna =— =
dx dx x dx dx
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Section 7.7 Page 470 Question 16 Section 7.7 Page 470 Question 17

y=x1nx 10i
Iny = Inx(In x) ]
1 d .
_._yzlnx.l.l_lnx.l 8,
y dx X X ]
dy y ]
_=2(_>1 ]
dx X nx 6
Substitute y = x™*. Yy
Inx I
Q:z(’c >lnx 4]
dx X ]
Inx—1 |
=2(x )lnx 2

0 2 4 x6 8 10

The locus of points includes the functions f(x) = x

1
and g(x) = <

Section 7.7 Page 470 Question 18

a) Determine the condition for which e** > x™, where k, m, € R*.

kx

e > x"

Take the natural logarithm of both sides of (1).

kx> mlnx
x m

Inx k

X ) m
As x = oo, o — oo, thereby exceeding the constant value, e
nx

ey

@)

b) For the given functions, f'(x) = ke** and g’(x) = mx™~!. Determine the condition for which f'(x) > g'(x),

where k, m, e R*.

Take the natural logarithm of both sides of (1).

kx>1n%+(m—1)lnx

kx—(m—l)lnx>1n%

ey

@)

. . . Lo . . m—1
Differentiation of the left side of (2) reveals that the expression is increasing without bound for x > < Hence,

as x — oo, kx — (m — 1) Inx — oo, thereby exceeding the constant value, In %

¢) Yes. Explanations may vary.
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7.8 Applications of Exponential and Logarithmic Functions

Practise

Section 7.8 Page 475 Question 1

a) 5000 = 4000(1 + 0.075)" b) 2600 = 1900(1 + 0.0575)"
(1.075)" = 1.25 (1.0575)" = %
nIn1.075 =1n1.25 26
L In125 nin1.0575 = In 75
" In1.075 In 26
= 3.0855 pe 1
In 1.0575
=5.6103
0.065\ " 0875\*
¢) 8500 = 5800 (”T) d 3000 = 1700<1+008 5>
85 30
14.0325)%" = — . = —
1+ = (1 +.021 875) T
85 30
2n1n1.0325 = In =2 4nln(1.021 875) = In -
30
Lo % .
21n1.0325 41n1.021 875
=5.9752 = 6.5620
e) 10 000 = 250008 f) 12 000 = 9000
008 _ g Q009 _ 4
0.08 = In4 3 4
- In4 0.09t = 1n 3
~0.08 In2
= 17.3287 f= 23
0.0
= 3.1965
g) 7000 = 1200¢'%* h) 2400 = 400e'%
RE e — 6
6 15 10k = In6
12k =1n= L - In6
I3 T 10
P = 0.1792
12
=0.1470

7.8 Applications of Exponential and Logarithmic Functions MHR
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Apply, Solve, Communicate

Section 7.8 Page 475 Question 2
From the given information, T = 65°C, Ty = 21°C,
Ty, = 86°C, and ¢t = 15 min.

T —Ts = (Ty — Ts)e"
65—21 = (86 —21)e"*
44 = 65¢""
44 _ 15k
65 ¢
44
15k =In —

65

1 44
k=—1In—
15 65

= —0.0260

The cooling constant, k, is —0.0260.

Section 7.8 Page 475 Question 4
a) Use P = Py(1 + r)" with r = 0.09.

P =13 000
6500(1 + 0.09)" = 13 000
1.09" =2
nin1.09 =1n2
In2

"= 109
= 8.043

It will take 8.043 years for the amount to double.

0.065
¢) Use P = Py(1 4+ r)?" with r = —or 0.0325.

P =13 000

6500(1 + 0.0325)>" = 13 000
1.0325%" =2
2n1n1.0325 = In2

In2

n=_———

21n1.0325
= 10.836

It will take 10.836 years for the amount to double.
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Section 7.8 Page 475 Question 3

Determine the model defining the growth of the
population. From the given information, P = 3600,
Py = 1800, and ¢ = 0.035.

P = Py
3600 = 1800e" 03
9 — 0035k
0.035k = In2
In2

k =

0.035

= 19.8042

The population model is P = 1800e'?3%#?| Deter-
mine ¢ for P = 5400.
P = 5400
1800e' 54" = 5400
198042 _ 5
19.8042¢ = In3
In3

"= 198042
= 0.05547

The population will triple in 0.055 days.

0.0875 or 0.021 875.

b) Use P = Py(1+r)* with r =

P =13 000
6500(1 + 0.021 875)*" = 13 000
1.021 875% =2
4nIn1.021 875 = In2
In2

"= AIn1.021 875
= 8.008

It will take 8.008 years for the amount to double.

0.06
d) Use P = Py(1 + r)'*" withr = - o 0.005.

P = 13000
6500(1 + 0.005)'>" = 13 000
1.005"%" =2
12n1n1.005 = In2
In2
n= —
121n1.005
=11.581

It will take 11.581 years for the amount to double.



e) Use P = Pye’" with r = 0.08.

P =13000
6500¢%%" = 13 000
o008 _ o
0.08¢t = In2
= 2

0.08
= 8.664

It will take 8.664 years for the amount to double.

Section 7.8 Page 475 Question 5
a) Use P = 3000, Py = 1500, and t = 8.

P = Py
3000 = 15003
2 — egk
8k =1n2
K = In2

T8

tin2

The population model is P = 1500e s .

Section 7.8 Page 475 Question 6

a) Use P = Py(1+r)", P =11000, Py = 4000, and

n=12.
P = 11000
4000(1 + r)'? = 11 000
11
(1+r)?= T
11
I+r= li/;

r

12}2_1
4

=0.0879553

The required interest rate is 8.795 53%.

f) Use P = Pye" with r = 0.095.

P =13 000

6500¢%9%" = 13 000
Q00951 _ o

0.095¢ =1n2
‘o In2
0.095
=7.296

It will take 7.296 years for the amount to double.

b) Determine ¢ for P = 25 000.

P = 25000
1500eF = 25 000
w50
¢T3
2 _ 50
8 3

50

_ 81[1?
In2

= 32471

The population will reach 25 000 in 32.471 h.

b) Use P = Py(1 +r)", P = 11000, Py, = 4000, and
n=15.

P =11000
4000(1 + )" = 11 000
11
1 15=_
(I+r) 7
11
1 — s/
+r n
r= \1512—1
4
=0.069 766 1

The required interest rate is 6.976 61%.
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Section 7.8 Page 475 Question 7

a) From the given information, Ts = 30°C, Ty = 1250°C,

and k = —0.014.

T —Ts = (Ty — Ts)e"
T =30 = (1250 — 30)e~0014
T = 12207001 4 30

The temperature model is T = 1220e%014 4 30.

¢) Determine a new temperature model using T's = 15°C.

T —Ts = (Tp — Ts)e"
T — 15 = (1250 — 15)e~ 0014
T = 12357001 1 15
Determine the new value for 7.
1235¢7001% 1 15 = 1100

123570014 = 1085
o~0014r _ m

T 247
217
—0.014¢ = In =—
"7

217
lnm

~ 20014
=925
The steel can be worked for 9.25 min.
This is 9.37 — 9.25 or 0.12 min less.
Section 7.8 Page 475 Question 8
From the given information, T' = 150°C, Ty = 28°C,
To = 190°C, and ¢t = 5 min. Determine k.
T —Ts = (T — Ts)e"
150 — 28 = (190 — 28)¢°¢

122 = 162
61
7 8_]61
" 1: am
k = 3 In 31
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b) Use T = 1100°C.

T =1100
122070014 4 30 = 1100
1220e7%91% = 1070
—0.014r _ M
122
107
—0.0147 = In ™
In }g—;
~ 20014
=937

The steel can be worked for 9.37 min.

d) Use T =30°C.

1220e7""% + 30 = 30
1220e—0.0141 — 0
e—0,014t — 0 (1)

The left side of (1) approaches 0 as t — oo.
Thus, the steel would never reach the temper-
ature of the forge shop. This is not realistic.

The temperature model is T = 16255 + 28. Deter-
mine t when T = 80°C.
T =80
16253 +28 = 80
162¢5 5 = 52

otng _ 26
~ 81
tl 61 ! 26
—In— =1n—
5 81 81
26
) Sll’lﬁ
In &
81
=20.0

It will take 20 min for the engine to cool to 80°C.



Section 7.8 Page 475 Question 9

a) Use P = 2100, Py = 700, and ¢ = 30 min. b) Determine ¢ for P = 18 000.
P = P()ek’ P =18 000
2100 = 700e*% 700 = 18 000
3= e30k e% = @
7
30":11“% 3 _ 180
—t=1n—
k= 2 30 7
30 301In @
= ——
The population model is P = 700e % . In3

The population will reach 18 000 in 88.67 min.
Section 7.8 Page 475 Question 10

a) Determine the value of k using the half-life. Let Determine ¢ for A = 500 g and Ay = 30 000 g.
A(?) be the amount of thorium-234, in grams, after
t days. When t = 25, A = 0.5A,. A =500
30 0005~ = 500
A =054, (In05 1
25k e » =-—
Age™" =0.54 60
Pk =05 tIn0.5 _ lni
25k = In0.5 25 60
—251n 60
k= In0.5 t= ————
=5 . In0.5
= 147.67

tIn0.5

The model is A = Ape > .

It will take 147.67 days for 30 000 g to decay to 500 g.

b) Using this model, A — 0 as t — oo. Theoretically, there will always be some amount left.

Section 7.8 Page 476 Question 11

For CQHtiT}UOUS COT_HPOUHdng’ use A = Age". From For quarterly compounding, use A = Ag(1 + r)*. From
the given information, Ag = $12 000, A = $30 000, the given information, Ag = $12 000, A = $30 000,
r = 0.07. Solve for ¢. 0.0725
r= . Solve for t.
12 000e°°7 = 30 000
0.07t _ 0.0725 4t
¢ 25 12 000 (1 + > =30 000
0.07t =1n2.5
;- In25 (1+0.018 125% =25
- 0.07 41n1.018 125 = In2.5
=13.09 In2.5
. . . 'S Fn1018125
Continuous compounding requires 13.09 years to = 1275

achieve the goal.

Quarterly compounding requires 12.75 years to achieve
the goal.

Richard will achieve his goal faster with the quarterly compounding strategy.
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Section 7.8 Page 476 Question 12
Determine the population model. Use P = 2P, and
t = 25 years.

P=2P
P()625k = 2P()
e25k — 2
25k =1n2

K= In2
T 25

tin2

The population model is P = Pye > .

Section 7.8 Page 476 Question 13

a) Determine the population model for Mississauga.
Use Py = 33310, P = 315 056, and ¢t = 30 years
to determine k.

P =315056
33 310¢%%% = 315 056
315 056
1 . 315056
k= 3" 33310

315 056
33 310

The population model is P = 33 310e% ™
Determine P for t = 2021 — 1951 or 70.

315 056

P =33 310e% " 530
= 6301 906

The model suggests a population of 6 301 906 in 2021.
This is not likely.

Section 7.8 Page 476 Question 14

a) T —Ts = (Ty — Ts)e"
T - 20 = (350 — 20)e~ 1
T =330e72 420
= 64.66

After 10 min, the temperature is 64.66°C.
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Determine ¢ for P = 3 P,.

P=3p
Poe% = 3Po
e% =3
tIin2
? = 1113
- 25In3
~ In2
= 39.624

It will take 39.624 years for the population to triple.

b) Determine the population model for Caledon. Use
Py = 8767, P = 26 645, and t+ = 30 years to
determine k.

P = 26645
8767¢°%% = 26 645
26 645
1. 26645
=—In=——
k= 3" %767

The population model is P = 8767e% " 557,
Determine P for t = 2031 — 1951 or 80.

P = 8767¢% " 7
=169 912

The model suggests a population of 169 912 in 2031.
This figure is possible.

b) T=175
330e70% +20 =75
330e70% = 55
1
e 02 — c

-02t=-In6

t=5In6

=8.96

It will take the bricks 8.96 min to cool to 75°C.



Section 7.8 Page 476 Question 15

Determine the value of k using the half-life. Let A(7) Determine 7 for A = 12 gand Ay = 50 g.
be the amount of radium, in grams, after ¢ years. When
t =1656, A =0.5A. A=12
50e' % = 12
A= 0.514() tn0.5 6
A061656k = OSA() el = E
21656k _ () 5 tIn0.5 In 6
1656k =1n0.5 1656 25
In0.5 1656 1n %
= = —m——————
1656 In0.5
= 3410

tIn0.5

The model is A = Age 6% .

It will take 3410 years for 50 g to decay to 12 g.

Section 7.8 Page 476 Question 16

a) — f) Use Py =2000, P =3297,and ¢t = 10 to find k.
P =3297
2000e'%* = 3297
P10k _ 3297
2000
3297
10k =1
Ok =1n 5500
1 a 3297
© 10 2000
=0.05
Estimates may vary.
b) The doubling time is estimated to be 14 min. The data is represented by the model P = 20009,
¢) The tripling time is estimated to be 22 min. The table belows confirms the model is accurate.
d) After 60 min, the number of cells is estimated to be
40 000. Time (min) | Number of Bacteria | P = 2000¢" %5t
e) The exponential regression feature of the graphing 0 2 000 2 000
calculator suggests the model y = 1999.93(1.0513)*.
10 3297 3297
GRAPHING CALCULATOR
¥{=1880 Bz AYEP AR 1 0E_ 20 5 437 5 437
30 8963 8963
40 14 778 14 778
50 24 365 24 365

WSuDiFIMER
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Review of Key Concepts

7.1 Exponential Functions

Section Review Page 478 Question 1

a) Answers may vary. The domain (x € R) and range (y > 0) of both functions are the same. The y-intercept of
both functions is 1. Both functions are increasing throughout their entire domain. As x — —oo, both functions
approach the x-axis, with y = 5* approaching more rapidly. As x — oo, both functions increase without bound,
with y = 5* increasing more rapidly.

b) Answers may vary. The domain (x € R) and range (y > 0) of both functions are the same. The y-intercept of
both functions is 1. Both functions are decreasing throughout their entire domain. As x — —oo, both functions

1 X
increase without bound, with y = <§> increasing more rapidly. As x — oo, both functions approach the x-axis,
1 X
with y = <§> decreasing more rapidly.

Section Review Page 478 Question 2

a)
X y=4*
3 4=l 04
- ! z
L1 40-
- y=47=1 0
1 bl S =4
—l = 4_ = — j
y 2 1
— 40 — ; . . T T )
0 y=4"=1 3 2 40 1x 2 3
1 y=4'=4 —20-
2 y=4"=16 401
3 =4° =64
! -60-
b) 60 ]
40
g0 =47 " ) = -
20
1 x 2 3 -3 2 1 0] 2 ‘
201 20
—40- —40
60 | ~60]

¢) y = 4*: y-intercept: 1; domain: R; range: y > 0; horizontal asymptote: y = 0.
y =47 y-intercept: 1; domain: R; range: y > 0; horizontal asymptote: y = 0.

y = —4%: y-intercept: —1; domain: ‘R; range: y < 0; horizontal asymptote: y = 0.
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Section Review Page 478 Question 3

a)i)

60
40
h(x) 1

20

h(x) = (3)4*

ii) y-intercept: 3

0
20

—40+

-60

iii) domain: R; range: y > 0
iv) horizontal asymptote: y = 0

) i) 167

14-
12+

1y 2

3

2 1 0
_27;

47
ii) y-intercept: 6

iii) domain: R; range: y > 2
iv) horizontal asymptote: y = 2

Section Review Page 478 Question 5

a)
701

60
50
40
Y
301
20

10

y =2.5(1.07)

20

30

40

50

b) i)

ii) y-intercept: —4 -10-
iii) domain: R; range: y > -5
iv) horizontal asymptote: y = —5

Section Review Page 478 Question 4
a) As x - —o0, 5 — 0. Thus, lim 57 = 0.

1
b) Asx — 0%, == — —co. Hence 7-+ — 0. Thus, lim 775 = 0.
X x—=0t
1 1
¢) As x — o0, — — 0. Hence 67 — 1. Thus, lim 6% = 1.

d) Asx - =37, —— — 0. Hence 4% S oo.
x+3

Thus, 1im+4# = .

x—-3

b) For the year 2007, t = 2007 — 2001 or 6.

y =2.5(1.07)°
=375

The approximate value of the card in 2007 will be $3.75.

c) y=170
2.5(1.07)" =70
1.07" =28
tIn1.07 =1n28
. In28
" In1.07
=49

The card will be worth $50 in approximately 49 years or in
2050.
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7.2 Logarithmic Functions

Section Review Page 478 Question 6

Section Review Page 478 Question 7

Exponential Form Logarithmic Form a) log, 64 =3
52 =25 logs 25 = 2 b) logg 1 =0
3* =381 log; 81 =4
3* =18 log, 18 = x
10°=x-6 log(x —6) =9
Section Review Page 478 Question 8
10
8-
6 y=5"
Y
4
1 = logs x
o y gs )
S e
4 2 0 2 4456 8 10
-2 J
_4;
y = 5*: domain: R; range: y > 0
y = logs x: domain: x > 0; range: R
Section Review Page 478 Question 9
a) y =log; x b) y=3"
T=x log; y = —x
Interchange x and y. Interchange x and y.
y=T7 y =—log; x
The inverse1c(>)fy =log;xisy ="7" The inverse of f(x) = 3™ is f~'(x) = —log; x.
b 101
8-
6 y=" fo) =37
Y
47
=log; x
o y g7
T 0] — ‘ ‘ ‘ ‘ ; i ; ; ; ‘
4 -2 E./ 2 4456 8 10 4 20 \&\i},‘ 6 8 10
-2 —
; 2 ' = ~loggx
—4- _47
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Section Review Page 478 Question 10
a) 10

y =log,(x +3)

_4;
domain: x > —3; range: R; asymptote: x = —3

Section Review Page 478 Question 11

b)

6

domain: x > 0; range: R; asymptote: x = 0

1
a) x*>0 b) ~>0 ) 1-x2>0
x| >0 x>0 xt<1
x#0 x| <1

The domain of y = log; x* is x # 0.

Section Review Page 478 Question 12
A = 2(500)

12\*"
500 (1 + OT> = 2(500)

(1+0.03)* =2
4nln1.03 = In2
In2

"= Am1.03
= 5.862

It will take 5.862 years to double the investment.

7.3 Laws of Logarithms
Section Review Page 478 Question 13

a) log; xy = log; x + logz y

c¢) log (%) =logx —log2y

=logx —log2 —logy

Section Review Page 478 Question 14

21(2)

a) 7

logs 21 — logs 7 + logs 2 = log;
=logs 6

b)

d)

The domain of y = log < ) isx>0.

1
X

The domain of y = log,(1 — x?) is
x € (—1,1).

log; ((x — 1)(x +5)) = log;(x — 1) + log;(x + 5)

b)

log, < 3

a2

> = log, a* —log, 3

=2log, |a]l —log,3, a#0

5logm + 6logn = logm’® + log n®
= log(msn(’)
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1 1
c) 3 log, 27 —log, 9 = 3 log, 3* — log, 3
= log, 3 —2log, 3
= —log, 3

Section Review Page 479 Question 15

d) log;(x —2) 4+ 2log;(x + 2) = log,(x — 2) + log,(x + 2)*

= log; [(x = 2)(x +2)?]

32
a) log, 32 — log, 2 = log, — b) logg 27 + logg 8 = logg(27 x 8)
=log, 16 = log, 216

¢) logs V/3 = log, 3} d) logg 4 = logg 87

_ 1 2

2 3
Section Review Page 479 Question 16

log5 log 8
a) log, 5 = Tog2 b) log7 = 0.8451 © log8 = log3
=2.3219 = 1.8928

Section Review Page 479 Question 17

. log 5 log?2
No. Since log, 5 = @ and logs 2 = @

Section Review Page 479 Question 18

1
a) log P = E(logk+3logR)

1 3
Elogk+§10gR—logP =0

7.4 Exponential and Logarithmic Equations

Section Review Page 479 Question 19

a) 2log, x = log, 64
log, x> =3
x* = 64
x=8 x>0
Check.
L.S. =2log, 8
= log, 8°
= log, 64
=R.S.
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, these values are reciprocals of one another.

ki R}
b 1 =

1.3
k2 R2
100
P
0 P=kR?
b) 73x — 82x

3xlog7 =2xlog8
x(3log7 —2log8) =0
x=0
Check.
L.S. =70
=1
R.S. = 8*@
=1
=L.S.



©) 3(4)%% =25
25

6x 5 _ =7
474y = 3

25
4 6x - =
@) 3072

25
Ind =1
6x1n n 3072
_ L2
X = 6ma 3072
x = —0.5784

Check.
L.S. — 3(4)6(—0,5784)+5
=25
= R.S.

e) 5)>* = (5)*=20=0
(5= (5)-20=0
(5*=5G5"+4 =0

d) log(x+8)+log(x—1)=1
log(x*+7x—8) =1

x> +7x-8=10

X +7x-18=0
x=2)x+9) =0

Check.

x=2, x>=-8

L.S. =1log(2+8) +1log(2—-1)

=log10+logl
=1
=R.S.

) log; x + log, 3 = log, 24

Check.

55-5=0
x=1
Check.
L.S. = 5V - (5)! —20
=25-5-20
=0
=R.S.

Section Review Page 479 Question 20

log; 3x = log, 24

3x =24

x=28

L.S. = log; 8 + log, 3
= log, 24
=R.S.

The value of this investment, A, can be expressed as A = 1000(1.0375)%", where n is measured in years.

a) A = 1500
1000(1.0375)*" = 1500
1.0375*" = 1.5
2nlog1.0375 =log 1.5
log1.5
"= 2l0g 1.0375
=55

It will take approximately 5 years 6
months for the investment to accumu-
late to $1500.

b) A =2000
1000(1.0375)%" = 2000
1.0375%" =2
2nlog 1.0375 = log 2
log?2
"= 2log 1.0375
=94

It will take approximately 9 years 5
months for the investment to double.

Section Review Page 479 Question 21

a) Let P be Canada’s population.

P = Py(1 4+ )17t
P =21962082(1 +0.0117)*""!
= 21962 082(1.0117)*"°7!

Canada’s population can be modelled as P = 21 962 082(1.0117)*~1971,

c) A = 3000
1000(1.0375)*" = 3000
1.0375%" =3
2nlog 1.0375 = log 3
log3
"= 2log 1.0375
=149

It will take approximately 14 years 11
months for the investment to triple.

Review of Key Concepts MHR 489



P(2001) = 21 962 082(1.0117)001-1971
= 31133361
The model suggests Canada’s population in the year 2001 was 31 133 361.

log —L2

) P =21962082(1.0117)* 17! d) x(P) = D80 974
log 1.0117
— = (1.0117)*"" g 30000 000

21962 082 (50 000 000) = € 51962 082 + 1971

P log 1.0117
log —— = x— 1971 10g 1.0117
831962082 °8 = 20417

P
_ log 51560,

~ Tog1.0117 +1971 Canada’s population should reach 50 000 000 in the

year 2041.

log 5 96}; 082
———= 41971
log 1.0117

Section Review Page 479 Question 22

The model can be expressed as x =

a) N(7) = 5000(2)* b) Determine ¢ for N = 1 000 000.
12
N(12) = 50002) *
(2= 5000862 N = 1000 000
- 220 000 5000(2)% = 1 000 000
- 27 =200
t
After 12 h, there are 320 000 bacteria. 3 In2 =1n200
. 2In200
" In2
=153

The population will reach 1 000 000 in 15.3 h.
Section Review Page 479 Question 23

t
a) The formula can be expressed as P(t) = Py (1 + L) .

100
b) P(t):P0(1+1rm>[
=1+ 15)

P(t
log$ = tlog<1 + ﬁ)
0
PO
Py

B log(l+ﬁ)

log
t

Section Review Page 479 Question 24

a) I=08(1— 10700434 b) 1=08(1-107004%)
I1(5) = 0.8(1 — 107004345 1 _ | — 10-0-04341
=0.31 0.8

10—0.0434t — 1 _ L
After 5 s, the current in the circuit is 0.31 A. 0.8

1

—0.0434t = 1 1 - —

o« (1-55)
log (1 - %)
—0.0434

490 MHR Review of Key Concepts



log (1 - 57)

©) " = 50434
1(0.5) = M
' —-0.0434
=9.81

It takes 9.81 s for the current to reach 0.5 A.

7.5 Logarithmic Scales
Section Review Page 479 Question 25

a) pH = —log [H"]
=—log(3.3x 107%)
=35

The cheese has a pH level of 3.5.
b) Since 3.5 < 7.0, the cheese is acidic.
Section Review Page 479 Question 26 Section Review Page 479 Question 27

Let L, and L. be the loudness of the train and the conver- Let M; = 7.2 be the magnitude of the 1995 earth-
sation, respectively. Let I; and I, be the intensity of the quake. Let M, = 4.8 be the magnitude of the 1906

train and the conversation, respectively. earthquake.
I Iopx 10™
L,—Lc=100—50 I_Q_I(]XIOM2
1 1. -
10log =~ — 10log =* = 50 = 10M M
Io Io — 107248
log 2 —log 2 = 5 i}
og — —log — =
g IO g IO — 102.4
log I, —log Iy —log I. + log Iy = 5 =251
log L Ly The earthquake in 1995 was 251 times as intense as
Iy " I the 1906 earthquake.
I
log =t =5
og
1
—< =10
I
I, = 100 0001,

The sound of the train is 100 000 times as intense as the
sound of the conversation.
Section Review Page 480 Question 28

a) b) Linear regression yields the model log, f = x + 3.78
orlog, f = x +log, 13.75.

GRAPHING CALCULATOR

GRAPHING CALCULATOR

JEN.PELZEDR
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©) log, f = x +log, 13.75 d) [ =13.752)*

alog, f _ nx+log, 13.75 f(8) =13.75(2)
f =13.752)" = 3520
The equation can be expressed as f = 13.75(2)~. The frequency of the 8th A note is 3520 Hz.

7.6 Derivatives of Exponential Functions

Section Review Page 480 Question 29

a) y=c¢e" b) y = e
dy _ de* dy _.dx* 5 de™ d(—x)
—_— = —_— = — + X —
dx dx dx dx d(—x) dx
=¢ = e 3x% + x}e7¥(-1)

=x2e (3 - x)

0 f0 =X @ y=2
, Ldx? ,de” x
f(x):ed_x+xd_x dy_x(j,'ex_exz_i
= e*2x + x%e* dx  xz
=xe*(2+ x) _ xe* —e*(1)
2
e (x—1)
2
e h(x) = e* f X)= ———
) ’( ) e w ) s = )
Hx) = d2x)  dx (1+e_3x)d—ex_ x<£+ de 'd(—3x)>
_ 20 £(x) = dx dx d(-3x) dx
- (14 e73%)2
=2 (1 + 3_3") e —e* (e_3"(—3))
- (1 +e )
e” (1 + 4e‘3x)
2
g y= = h) f(x) = (1 —e*)?
=27 fieo = = <ﬂ_de_2" . @)
dy _. de™™ ‘ d(—x) d(1 — e?) dx d22x) dx
dx d(—x)  dx =2(1 — &™) (—e™(2))
=2¢7¥(~1) = 4o (1 — &™)
2
T
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eV

i) k(x) = <= b)) y = xe¥™
e_ X
_ Vx+1 d_y= ‘/;.E_F .def.M
=e dx dx Y dyx | dx
Ko deV™l  d(yx+1)
x) = : _ R VX
=eV'. 14+ xeV'  ——
d(v/x + 11) dx NG
— v+l _©
W = oV <1 + ‘/7;‘)
e«/§+1
2vx
Section Review Page 480 Question 30 Section Review Page 480 Question 31
When x = 1, y = e. Determine the slope, m, of the
tangent. p=170
— 10136701255 = 70
dx |x=
xx =t o025 _ 70
=€ k=l 101.3
= 70
¢ ~0.125x = In =
Determine the equation of the tangent. 20
‘= In 1013
y—yi=m(x—xp) -0.125
y—e=e(x—-1) =2.957
y=ex The atmospheric pressure is 70 kPa at 2.957 km.
The equation of the tangentto y = e* at (1,e) is y = ex.
Section Review Page 480 Question 32
a) y=x-¢e 20~
d ]
Y _o
dx
1-¢e"=0 vi0+
e =1 ]
x=0
d*y
—2 =0 ‘ ‘
dx2 1X0
- =0
no roots
. d2y . . _ x
Since - < 0, a local maximum is confirmed at (0, —1). As y=x-—e
X< |x=0

x — —oo, ¥ = 0. Hence x — e* — x. The function has an oblique
asymptote of y = x. There are no inflection points.
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b) y=

e

X

x+2

dy

=

(x+2)e* —e*(1)
(x +2)? B
e(x+1)
(x+2)?2

x=-1

d2y

dx?

(x +2)2((x + De* + e*(1)) —e*(x + D2(x +2) _
(x +2)* B

(2 +2x+2) B
(x+2)3

0

no roots

2
. y
Since -
X7 |x=-1
X

x — —oo, ¢ - 0. Hence

points.

Section Review Page 480 Question 33

a) P(t) = 50e~000%
de=000%%  4(—0.0041)
P'(t) =50 - :
@ d(—0.0041) dt
= 50e~00%%(_0.004)
— _O.Ze—0.004t

The rate of change of power output is P'(¢) = —0.2¢=0-004,

Section Review Page 480 Question 34

a) C(x) = 10x — 75x%e™* + 1500
C'(x) = 10 = 75(e7*(2x) + x*(—e™))
=10+ 75xe™(x — 2)

The marginal cost is C'(x) = 10 + 75xe ™ (x — 2).

7.7 Derivatives of Logarithmic Functions
Section Review Page 480 Question 35

a) g(x) =Inx’
=7Inx
dInx
/ :7
g (x) Ix
1
=7.-
x
7
T x
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> 0, a local minimum is confirmed at (—1, e~!). The function has a vertical asymptote of x = —2. As

— 0. The function has a horizontal asymptote of y = 0. There are no inflection

b) P'(100) = —0.2¢~0%1%0
— —0.26_0‘4
=-0.13

The power output is decreasing at a rate of 0.13 W/day.

b) C'(100) = 10 + 75xe~ (100 — 2)
=10
The marginal cost of producing 100 CDs is $10/unit.

) C'(1000) = 10 + 75xe™ (1000 — 2)
=10
The marginal cost of producing 1000 CDs is $10/unit.

b) y = 8"
Iny=xIn8
1 d
— Y s
y dx
dy
— =yIn8
dx yin
=8"In8



) h(x)
W (x) =

=In(Sx+1)
dlin(5x+1) dGx+1)
d(5x +1) dx

e) y=2"log,(x—8)
In(x — 8)
In2

<1 (x—8)-2%In2 +2* -

1
—8)In2

— X,

dy 1

dx In

2
<ln(x 8) +

4%
1+ x

d4>)
1 — 4.
(I+x) dx dx

g) fx) =

x—38

dix+1)

/= (1 +x)?
(1404 Ind4 —4%(1)
B (1 + x)2
_ 4*(xIn4+1n4-1)
B (1+ x)2

Section Review Page 480 Question 36
The graph of y =

In(x + 1) can be obtained by translating the graph of y =

d)  g(x) =log(4x + 15)
In(4x + 15)
T Inlo
'(x) = 1 dIn(4x +15) d(4x +15)
T 010 Td@dx+ 15 dx
1 1
= . .4
In10 4x+ 15
_ 4
" (4x+151n10
f y =logs(7x* +2)
_ In(7x* +2)
- In3
> dy _ 1 din(1x2+2) d(7x+2)
dx In3’ d(7x*+2) dx
1 1
= —. .14
m3 Ix2+2
_ 14x
© (7x2+2)In3
1
h) y=
xInx
= (xlnx)_1

dy d(xInx)™! In x dx tx dInx
dx ~ d(xlnx) dx dx
1
—1(xInx)~2 <1nx(1)+x-—>
X

Inx+1
(xInx)?

In x to the left 1 unit.
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Section Review Page 480 Question 37

a) When x = 5, y = 5°. Determine the slope, m, of

the tangent.
_d5*

dx |x=5
=5%In 5|x:5
=5°1n5

Determine the equation of the tangent.

y—5 =51n5(x-15)
y=5xIn5-5%In5+5

The equation of the tangent to y = 5* at (5, 5%) is
y=5xIn5-5In5+5.

¢) Determine the slope, m, of the tangent.

x 1
ln<—>
> 2 |x==3
1 X
=—(=) m2,__

=—-8In2

Il
VR

Determine the equation of the tangent.

y—8=-=8In2(x—(-3))
y=-8xIn2-24In2 + 8

1 X
The equation of the tangent to y = <§> at (-3, 8)
isy=—-8xIn2—-24In2 + 8.
Section Review Page 480 Question 38
From the given information, (1.5, 6400) and (2, 12 800)

are two points on the function P = Pya'. Determine P,
and a.

Pya'?® = 6400 (1)
Pya® =12 800 (2)
Divide (2) by (1).
aOAS =2
a=4 3)

Substitute (3) into (2).
Py(4)? = 12 800
Py =800

The growth model is P = 800(4)".
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b) Determine the slope, m, of the tangent.

a3

dx|x=3
=3%In 3|x:3
=27In3

Determine the equation of the tangent.

y—27=27In3(x - 3)
y=27xIn3-81In3 +27

The equation of the tangent to y = 3% at (3,27) is
y=27xIn3—-81In3 +27.

d) Determine the slope, m, of the tangent.

AT

dx|x=2
=7"In 7|x:2
=49In7

Determine the equation of the tangent.

y—49 = 491n7(x — 2)
y =49xIn7 —981n7 + 49

The equation of the tangent to y = 7% at (2,49) is
y=49x1In7 —981In7 + 49.

Determine the rate of growth.

P(t) = 800(4)
P'(1) = 800(4) In4
Determine the growth rate after 90 min.
P'(1.5) = 800(4)' 7 In4
= 64001n4

After 90 min, the growth rate is 6400 In 4 bacteria/h.



Section Review Page 481 Question 39

y=x*—Inx

d
D _o
dx
1
2x—==0
X
1
2x = —
X
1
2—_
)
! >0
X=—, X
V2
d2
Y _o
dx?
1
2+;:O
no roots

2

d
Since d—); > ( for all R, a local minimum is confirmed at

X
at x = 0. There are no inflection points.

Section Review Page 481 Question 40
a) Estimates may vary. Determine C'(z).

C'(r) = 150(0.5'(1) + £(0.5)' In0.5)

= 150(0.5)"(1 — ¢1n2)

Determine the critical number of C.

C'(t)=0
150(0.5)'(1 —=¢tIn2) =0
tln2 =1
- 1
" In2
=1.44

Y2+

y=x>—Inx

0 1 2 3 4

1 1
—,=(1+1In 2)) . The function has a vertical asymptote
( V2 2

GRAPHING CALCULATOR

The highest concentration is C(1.44) = 150(1.44)(0.5)"** or 79.6 ppm.

b) From (1), since C'(2) = 150(0.5)3(1 — 21n?2) or —14.5, the concentration is decreasing at the rate of 14.5 ppm/h

after 2 h.

7.8 Applications of Exponential and Logarithmic Functions

Section Review Page 481 Question 41
0.085
a) Use P = Py(1 +r)*" withr = ——or 0.0425.

P = 3(7000)
7000(1 + 0.0425)*" = 3(7000)
(1.0425)*" = 3
2nIn1.0425 = In3
In3

"= 2In1.0425
= 13.198

It will take 13.198 years for the amount to triple.

b) Use P = Pye" with r = 0.09.

P = 3(7000)
7000e"%" = 3(7000)
2009 _ 3
0.09t = In3
0.09
= 12.207

It will take 12.207 years for the amount to triple.
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Section Review Page 481 Question 42

From the given information, (0, 51 003) and (20, 149 030)
are two points on the function P = PyeX’. Determine the
growth model.

P(20) =149 030

51 0032 = 149 030
S0k _ 149 030

51003
149 030
1 149 030
k=30 51003

149 030

The growth model is P = 51 003¢% ™ 5o .

b) Results may vary.
¢) Answers may vary.

Section Review Page 481 Question 43

From the given information, (0, 1070) and (1, 850) are two
points on the function T = (Ty — Ts)e* + T, where
Ts = 27°C. Determine the temperature model.

T(1) = 850
(1070 = 27)e* + 27 = 850
1043¢* = 823
v 823
T 1043
823
k=In1013

The temperature model is T = 1043¢'™ 05 4 27.

Section Review Page 481 Question 44

Determine ¢ for P = 310 792.

P =310792
149 030

51 003em " 5To5 = 310 792
1 In 149 030 3]0 792

e20 " 5T 003 = 51003

i In 149 030 310792
20 51003

=" 57003

310 792
201n 577555

1 149 030
51 003

=33.71

The population was 51 003 in the year 1966 (33.71
years before 2000).

Determine ¢ for T = 38°C.

T =38
1043¢! M 165 427 = 38
1043/ M55 = 11

erln% — L

1043

‘In 823 Cn 11
1043 ~ 1043

11

In 1545

ln%

=19.2

The steel should be removed after 19.2 min.

Use the model P = POZIE, where Py = 600 and d = 3. Determine ¢ for P = 40 000.

P = 40 000
600(2)3 = 40 000

()3 =
t
§ln2 =

1=

200
31n =

= 18.177

It will take 18.177 h for the population to reach 40 000.
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Section Review Page 481 Question 45

Use the model P(t) = Pye*', where P is measured in
billions of people and ¢ is measured in years. From the
given information, Py = 2.3 and (10, 3) is a point on
the function. Determine the population model.

P(10) = 3
2.3¢1% =3
3
10k _ 2
)
3
10k = In —
"33
k = 0.026 57

The population model is P = 2.3¢%9%6 57",

Section Review Page 481 Question 46

a) Use the model P(x) = Pye**, where P is the at-
mospheric pressure and x is the altitude. From
the given information, Py = 100 and (2,75.73) is
a point on the function. Determine the pressure
model.

PQ2)=175.73
100e%* = 75.73
e =0.7573
2k =1n0.7573
k= %m 0.7573
=-0.139

The pressure model is P(x) = 100e™%13%,

Section Review Page 481 Question 47

a) Use the model I(x) = Iye**, where I is the in-
tensity of light and x is the thickness of the glass.
From the given information, Iy = 2 lumens and
(5,0.736) is a point on the function. Determine
the intensity model.

I1(5) =0.736
2¢%* =0.736
e =0.368
5k =1n0.368
1
k= —-1n0.368
5l
= —0.1999
The intensity model is I(x) = 2¢~%19%%%,

The year 2019 corresponds to t = 2019 — 1989 or 30.

P(30) — 2-360.026 57(30)
=5.1

The model suggests an urban population of 5.1 billion
in the year 2019.

b) P(5) = 100”17
=499

At an altitude of 5 km, the atmospheric pressure is
49.9 kPa.

¢) P(10) = 1007013900
=249

The model ceases to be accurate at an atmospheric
pressure of 24.9 kPa.

b) The general model can be expressed as
I(x) = Ipe 0199

¢) Doubling the thickness of the glass corresponds
to x = 10.

[(]O) [Oe—0.1999(10)

1(5) - Tpe=0-199965)
£—0-1999(10)

T 2=0.1999(5)
=0.368

Doubling the thickness of the glass further re-
duces the intensity by 36.8% compared to 5 mm.
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Chapter Test
Section Chapter Test Page 482 Question 1

124 b) 12
10 10
81 8
f(x) 6 g(x) 6
4+ 4
21 - 21 N\
: fx) =3 : g(x) = <§>
4 3 2 10{ 1 2 3 34 4 3 2 10] 1 2 3 34
X X
a) f are g are reflections of one another in the y-axis.
Section Chapter Test Page 482 Question 2
a) Stretch the graph of f(x) = 5" vertically by a fac- b) Translate the graph of f(x) = 5* horizontally to
tor of 3 and then reflect it in the x-axis. the right 4 units, then translate it downward 6 units.
ri12 81
10
3 61
r8
-69(x) h(x)4-
4
: o]
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Section Chapter Test Page 482 Question 3

a) As x — oo, 3x — oo. Therefore, lim 2°* = co. b) As x = o0, —x = —oo. Therefore, lim 47 = 0.
log 12
0 log, 32 = log, 2° d) log; 12 = logg7
=>log, 2 = 1.2770
=5(1)
=5
1 1
e) logg 9 +logg 4 = logg(9 x 4) f) 5 10gs25 = 5 x2
= logs 36 -1
=2

Section Chapter Test Page 482 Question 4

2 3:2 =27 b)  logy(x+7) = logy(x +2) + 1
3= log;(x +7) = logs(x + 2) + log; 3
x-2=3 logs(x +7) = logs[3(x +2)]
X =3 x+7=3x+6
Check. oy = 1
L.S. =32 1
=33 =3
=27 Check.
=R.S. L.S. = log,

— N =
+
~

N————

9}

= log;

v

R.S. = log;, 2> + log; 3

= log;, +log; 3

S~—" +

— N N =

= log;

A~~~/
| 3
~—

I
9
v
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C) d)
22 =325 +2=0
*-1DHR*-2)=0
2X—-1=0
x=0
2*-2=0
x=1
Check x = 0. Check x = 1.
LS.=2°-32%+2 LS.=22-32YHY+2
=1-3+2 =4-6+2
=R.S. =R.S.
Section Chapter Test Page 482 Question 5
e—X
a) f(x)=— b)
X
« de ™ d(—x) 3 e_xd_x
, d(—x dx dx
=22
_—xe™ —e¥(1)
T e
e (x+ 1)
=—
) y=e x> d)
dy 5 de*  _dx7?
dx dx dx
=x7e" + ¥ (=5)x°
= x0(x = 5)
e)  h(x)=1log(8x+7) f)

h'(x)
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22X _32%+2=0

_ In(Bx+7)
" Inl0

1 din8x+7) dBx+7)

T 10 d@x+7)
1 1
= .8
In10 8x+7
8
(8x+7)In10

Chapter 7

dx

2log,(x+1) +logy(x —2) =2
log,[(x + D*(x —=2)] =2
(x+D*(x=2)=16
(2 +2x+ D(x=2) =16
x*-3x-2=16
x> —=3x-18=0
(x=3)(x*+3x+6)=0

x=3

Check.

L.S.=2log,(3+1) +1log,(3-2)
=2log, 4 +log, 1
=2(1)+0
=2
=R.S.

y = xe*
dy Ldx de”
dx -¢ dx x dx
=e*(1) + xe*
=e*(1+x)

y =log,(x —2)
_In(x-2)
" In4
dy 1 din(x—-2) d(x—2)
dx 4 dix-2)  dx
1 1
_m.x—Z'
1
(x—2)In4




Section Chapter Test Page 482 Question 6
a) Determine the slope, m, of the tangent.

a4

dx |x=2
= 4 Indpes
=16In4

Determine the equation of the tangent.

y—y1=m(x—xp)
y—16=16In4(x —-2)
y=(16In4)x —32In4 + 16

The equation of the tangent to y = 4% at (2, 16) is
y=(16In4)x —32In4 + 16.

Section Chapter Test Page 482 Question 7

p=159
101.3¢7%12% = 59
—-0.125x — 59
101.3
—0.125x =1n >
’ T 1013
59
= -8l
x =873
=4.324

The atmospheric pressure is 59 kPa at an altitude of
4.324 km.

Section Chapter Test Page 482 Question 9
a) Use P = Py(1 +r)" with r = 0.08.

P = 2(500)
500(1 + 0.08)" = 2(500)
(1.08)' =2
nln1.08 =In2
In2
n=

In1.08

=9.01

It will take 9.01 years for the amount to double.

b) f(2) = ¢*. Determine the slope, m, of the tangent.
_de”
T odx k=2
= ex|x=2

Determine the equation of the tangent.

y—y1 =m(x—x1)
2 _ 2
y—e =e(x-2)

y=e’x—e’

The equation of the tangent to y = e* at (2, €?) is

y = e’x — e

Section Chapter Test Page 482 Question 8
a) 8

—

y=log,(x+3)+4

b) domain: x > —3; range: R; asymptote: x = —3

b) Use P = Pye™ with r = 0.08.

P = 2(500)
500e°%% = 2(500)
2008 _ o
0.08¢ = In2
In2
t= ——
0.08
= 8.66

It will take 8.66 years for the amount to double.
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Section Chapter Test Page 482 Question 10
Determine the value of k using the half-life. Let A(?)
be the amount of iodine-135, in kilograms, after ¢ years.
When t = 8, A = 0.5A,.

A =054,
Aoegk = OSA()
=05
8k =1n0.5

In0.5
k =
8

tIn0.5

The model is A = Age 5 .

Section Chapter Test Page 482 Question 11
I

If I is the intensity of the 1994 earthquake, log I = 6.8.
0

Let M be the magnitude of the more powerful earthquake.

1.81
M =log —
Iy

1
=log1.8 +1log —

Iy
=logl.8+6.8
=71

An earthquake 1.8 times as intense as a magnitude 6.8
earthquake registers 7.1 on the Richter scale.

Section Chapter Test Page 482 Question 13

Determine ¢ for A = 0.2 kg and Ap = 28 kg.

A=02
tIn0.5
28e s =02

tIn0.5 1
8 = —
140
tIn0.5 n 1
8 140
1
_ 81n 140
In0.5
=57.03

It will take 57.03 days for 28 kg to decay to 200 g.

Section Chapter Test Page 482 Question 12
Let Lo and L; be the loudness of the output and input
sounds, respectively, in decibels.

Lo—L;=55

I I
IOlogI—O - 101og1—’ =55
0 0

Io I,
log— —log— =55
0og 1o 0og 1o
1 1
log <—O + —1> =55
Iy I
Io
log— =55
og T,
Io _ 1055
I;
= 316228

The amplifier increases the power of the signal by a
factor of 316 228.

y =xIn(4x -5) y“ x—§ 4
Determine the critical numbers. 5 4 /
Y _, /
dx / (2.5, 2.5 In5)
dx dln(4x —5) d(@x-5) 3 /
In(4x —5) - — . . =0 /
X =3) Y ax ) dx /
4 /
1n(4x—5)-1+x-4x_5—0 1+ ’,“/
4x D R — ]
In(4x —5) + =0 H -1 1/2 3 4 5 6X
4x -5 ‘w
(4x —5)In(4x —5) +4x 0 |
4x -5 B \

no critical numbers
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. d’y
Determine the roots of —= from (1).
dx?

d*y _
dx?
d(4x) d(4x —5)
din@x=5) dix—=5) W7V g AT
d(dx —5) dx (4x =572 -
1 4x—5)-4—4x-4
4+ ( X ) X =0
4x -5 (4x — 5)?
4 20 _
4x -5 (4x —5)2
4x—-5-5
XTOTI
(4x — 5)?
2x-=5
(4x — 5)?
x=25
. . . . . . 5
A point of inflection exists at (2.5,2.51n5). A vertical asymptote exists at x = T
Section Chapter Test Page 482 Question 14
a) y=e —x°
d 67
D _o 1
dx ]
¥ —=2x=0 4+
et =2x Y
no roots 2?
d*y _
dx? 5 R
e*—-2=0
eX =2
x=1n2 y=e=x
There are no extrema. There are no linear asymptotes. There is a

point of inflection at (In2,2 — (In 2)%).

1
b) Y=y
104
= (Inx)~! ]
d 81
_y :
dx ]
1 %]
-1-(nx)?-==0 Y
X 4f
1 ]
— =0 ]
x(In x)? 27
no roots ‘ ‘ ] ‘ ‘ ‘
a2y -4 2 0 2 4 4 6
dx> -2
1 ) 1 ]
—— | (nx)*-14+x-2Inx-—) =0 -4+
(x(In x)?)?2 X ]
Inx+2 -6
x2(In x)3 There are no extrema. There is a vertical asymptote
Inx+2=0 of x = 1 and a horizontal asymptote of y = 0.
1
Inx=-2 There is a point of inflection at | e~2, —3
-2
x=e
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Section Chapter Test Page 483 Question 15

Let A(f) = Age® be the amount of strontium-87 after Determine ¢ for A(¢) = 50 mg.
t hours. Use Ay = 100 and A(1) = 78.1. Determine
the value of k. A(t) =50

100et1n0.78] =50

A(IZ =78.1 0781 _ 5

100e™ =78.1 t1n0.781 = In0.5
ek =0.781 In0.5
k = In0.781 "= 10781

=238
The model is A = 100e' 20781
The half-life of strontium-87 is 2.8 h.

Section Chapter Test Page 483 Question 16

Let I(d) be the intensity of the sunlight at a depth of d metres. From the given information, I(d) = Iy(1 — 0.046) or
I(d) = 15(0.954)4. Solve the model for d.

1(d) = I5(0.954)¢

1(d
1) _ 0.054)
0
I
log 29 _ 410g(0.954)
I
PR SR ()
~ 1020954 %71,
I
= —489log 14
Iy

Section Chapter Test Page 483 Question 17

b) C(1000) = 200.24/In(10(1000) + 1)
a) C(x) =200.24/In(10x + 1)

| | = 607.58
C'(x) =200.2- Tox+ 1 10 The total cost is $607.58.
24/In(10x + 1) X + 1001
1001 (1000 = (10(1000) + 1)4/In(10(1000) + 1)
_ T+ 1)y/i(10(1000) + D
(10x + 1)4/In(10x + 1) 0033
The marginal cost is C'(x) 1001 The marginal cost is $0.033/L
x) = . . .
(10x + 1)4/In(10x + 1)
Section Chapter Test Page 483 Question 18
a) M (1) = 20(1.5 + e 00%) b) M ) 4o-002)
M 0(-0.02e700 ar=s
7— (=0.02¢ ) = _0.4e 0!
= —0.4e700% = —0.362
. aMm —0.02¢ i
The rate of change model is - = —0.4¢70027 The rate of change of the mass of the salt after 5 min

is —0.362 kg/min.
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Section Chapter Test Page 483 Question 19
a) Determine the cooling constant, k.

T —Ts = (Ty — Ts)e"
12 -5 = (20 — 5)*®

7 = 15¢6F
7
k—_
=15
7
k =1In—
"5

The temperature model is T'(¢) = 15¢/" % +5. One
more hour corresponds to t = 2.

7

TQ) = 1515 +5
=83

After two hours, the temperature will be 8.3°C.

Section Chapter Test Page 483 Question 20

b) Two more hours corresponds to ¢ = 3.

T(3) = 15805 +5
=65

After two more hours, the temperature will be 6.5°C.

) () =7
155 =2
tln]7—s=£
¢ 775
7 2
tln— =1In—=
"57"75
2
II'IE
t=—7
IHB
=26

The temperature will be 7°C after 2.6 h.

50
401
30
P(t) |

201

10

01" 200 400 600 8(?0 1000 1200 1400 1600

The logistic model has a horizontal asymptote indicating a maximum sustainable population of 50 billion, rather than

unbounded growth reflected in the exponential model.
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Challenge Problems
Section Challenge Problems Page 484 Question 1

Letx=</1+\3/1+\3/1+v31+....

GRAPHING CALCULATOR

Then,
x=VI1+x
X =1+x
X=x=-1=0 (1)

The graphing calculator reveals a solution to (1) of approximately
1.32.

Section Challenge Problems Page 484 Question 2

f(15)=010-04)103)
10e7 7% = (0.6)1073

1074 = 0.6
—4.5k =10g0.6
1
k = —— logO.
7510806
=0.0493

A value of k = 0.0493 satisfies the requirements.

Section Challenge Problems Page 484 Question 3

a) b)
14
12+
y = 2k y = el
y =2 y = el
58 4 E0 2y 6 58 T B0 2y 6
_2§ _2§

y = 2: domain: R; range: y € [1, 00). y = eM: domain: R; range: y € [1, 00).

y = 27M: domain: R; range: y € (0, 1]. y = e7™l: domain: R; range: y € (0, 1].
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Section Challenge Problems Page 484 Question 4

Let A(t) = Ao(10)* be the amount of material after ¢ Determine 7 for A(7) = 0.5 A,.
hours. Determine the value of k.

A(t) = 054,
A(S) = 035A0 tlog0.35
sk Ap(10)75— =054,
Ao(10)7% = 0.35A4, o0ss
1075 = 035 11220535 =035
—5k =10g0.35 —5 — =log05
= _log 0.35 ; 51og0.5
5 ~ log0.35
tlog0.35 = 33

The model is A = Ap(10) 75 .
The half-life of the material is 3.3 h.

Section Challenge Problems Page 484 Question 5

3a +2b = 3log, (11 — 6/2) + 2log, (45 +29V/2)
= log, (11 — 6V/2)% + log, (45 + 29v/2)2
= log; ((11 —6v2)345 + 29\/5)2)

= log, ((3707 —2610/2)(3707 + 2610\/5))

= log; (13 741 849 — 13 624 200))
=log, (117 649)

= log, (76)
=6

3a+2b=6
Section Challenge Problems Page 484 Question 6

y=e
dy X2
— = - =-2x
dx
= 2xe™

%y
Determine the roots of —.
dx?

dzy _

dx?

1 1 1 1 d?
There are three test intervals: <—oo, ——>, <——, >, and < ,oo). Since d_); < 0 for x = 0, the function is
X

5~
Sl
\._/l\-)

concave downward on the interval x € <—

Challenge Problems MHR 509



Section Challenge Problems Page 484 Question 7

The nth derivative of g(x) = e* is g™ = ¢*, and g (0) = 1.

Determine the best quadratic approximation.

f(x):ax2+bx+c

f'(x) =2ax+b
f'(x) =2a
Determine a.
f"(0) = g"(0)
2a=1
1
=2
Determine b.
f'(0) = g'(0)
2a(0) + b = ¢°
b=1
Determine c.
£(0) = g(0)
2a(0)*> + b(0) + ¢ = ¢°
c=1

The quadratic polynomial that best approximates
gx)=e“atx=0is f(x) = §x2+x+1.

\ 14 j
\ 12—2 /
10% g(x) /f

8 6 4 20 2 4 6 8
o

Observations may vary.
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Determine the best cubic approximation.

f(x) =ax’ +bx*> +ex+d
f'(x) =3ax> +2bx + ¢
f"(x) = 6ax +2b

f"(x) = 6a
Determine a.
f///(o) = g//l(o)
6a=1
1
a=-—
6
Determine b.
f"(0) =g"(0)
6a(0) +2b = ¢°
1
b=—
2
Determine c.
f(0)=¢'(0)
3a(0)? +2b(0) + ¢ = €°
c=1
Determine d.
f(0) =g(0)
a(0)® + b(0)> + c(0) + d = &°
d=1

“)

The cubic polynomial that best approximates g(x) = e*

1
atx =0is f(x) = -+ =xP+x+ 1.
6 2
14*E /
124 “
] |
10{g(x)

8 6 4 20 2 4 6 8
f(x) -2

Observations may vary.



Section Challenge Problems Page 484 Question 8

a) From problem 7, the quadratic function that approximates g(x) = e* near x = 0 is

1
f(x) = §x2+x+
1

==x"+—x

2! 1!
and the cubic function is

1

1
o

1 1
f(x) = 8x3+ Ex2+x+1
151, 1 1
= yx + 5)6 + ﬂx + a
This pattern implies that an nth-degree polynomial function that approximates g(x) = e* near x = 0 is
1, uel 1, 1 1
f(x) = n—!x + (n—l)!x +...+2—!x +—.x+a
b) S, = Z x'isa geometric series with @ = 1 and r = x. Thus,
i=0
_ entl
s, = a(l —r")
1—-r
3 1(1 _ xn+1)
B 1—-x
1- xn+1
- 1—x
S(x) = lim S,
1- xn+1
= lim
n—oo - X
Asn — oo, x"t!' - 0if —1 < x < 1. Thus,
S(x) = lim S,
11— xn+1
= lim
h—oo l — X
n+1
= lim — lim —
n—o | —x now]—x
1 0
T 1-x 1-x
1
T 1-x
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x" xk xr—k
o A I EC)
r! r!
Il
B r!
x| x| . .
0 (since k < r, k! < r!, which makes the fraction bigger
xl* . iy o
i (since k < r, dividing by a positive power of k makes the fraction bigger
. |X|k m r—k
k! k
n n—1 n—2 3 2 1 0

+— T S T
(m=1D! (=2 """ 3 20 11 0!

n—k n—1-k n—2—k
BT (I L (I 4
k! k k! k k! k

SR ) )
! k k! k k! k k!
n—k -1- —2— K
+ +

mmm=%+

This is a geometric series with common ratio s = u Since -1 <x<landk >x,-1<s< 1.

o0
xn
0c=3
. n!

n=\

Section Challenge Problems Page 484 Question 9

a) fu(x) = (1 + f>n b) lim f,(x) = lim (1 + i)"
n n—o0 N 00 n
)" 5 . n-1
=Gy S [(1e3)(043)]
=n(1+3)" 5 =t (1+3)" - (14)
x -1 = lim £,/(x) - 1
~(1+3) = lim £,/(x)

¢) For g(x) = ¢*, g(x) = g'(x). Thus, lim f,(x) = lim f,/(x) is evidence that lim f,(x) = e*.
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CHAPTER 8 Trigonometric Functions and Their Derivatives

8.1 Addition and Subtraction Formulas
Throughout this section, all angle measures are in radians unless otherwise specified.
Practise

Section 8.1 Page 497 Question 1

a) sin45° cos 15° — cos 45° sin 15° = sin(45° — 15°) b) sin45° cos 15° + cos45° sin 15° = sin(45° + 15°)
= sin30° = sin 60°
1 V3
T2 T2

¢) cos 45° cos 15° — sin45° sin 15° = cos(45° + 15°) d) cos 45° cos 15° + sin45° sin 15° = cos(45° — 15°)
= cos 60° = cos 30°
1 V3
T2 T2

T T
tan — + tan —

12 T
© — 2 —n(5+5)
1 — tan — tan —
an12 an6
—tan3ﬂ
12
—tan7r
4
=1

Section 8.1 Page 497 Question 3

a) Sin<g+%)=Sin§COS%+Sin%COS§ b) cos(%—%)=cos§cos%+sin%sin%
z*/;.L+L.l ol 3
V2 V2 2 2 2
V34l V2 _ V3
22 V2 S 2
_V6+v2
4

8.1 Addition and Subtraction Formulas MHR 513



V4 /4
tan — + tan —

A 4 6
- T T

1 —tan — tan —
4

c) tan<7r +
4

1+

V5
1-1-

V&)

T Vi

V3
_ V341 V341
CV3-1 V3+1
_3+2v3+1
o 3-1
_442v3

2
=2+13

Sl

Apply, Solve, Communicate

Section 8.1 Page 497 Question 4

a) sinxcos2+cosxsin2 =—-0.5 b) cosxcosl—sinxsinl =0.4
sin(x +2) = -0.5 cos(x+1)=04
_ Iz llx x+1=1.1593 or 5.1239
xX+2=—or—
6 6 x = 0.1593 or 4.1239
‘= Tr 2 or 11z )
6 6
c) cos3xcosx —sin3xsinx =0
cos(B3x+x)=0
cos(4x) =0
If x € [0, 2x], then 4x € [0, 8x].
k
4x = 7” ke(l,35709 11, 13,15)
k
x= ?” ke(l,35709 11, 13,15}
d) sin2x cos x — cos2xsinx =0 e) 2cos2+x)—V3=0
i —x) = 3
sin(2x —x) =0 cos(2 + x) = £
sinx =0 121 3
x=0,7x or2x 2+x=TﬁorTir
11 13
| | x= g —2or=g= -2
f) sin2x cos 3x = —1 — cos 2x sin 3x
sin2x cos 3x + cos 2x sin3x = —1
sin(2x + 3x) = —1
sin(5x) = —1
If x € [0, 2x], then 5x € [0, 10x].
k
5x = 7” ke {3,7,11,15 19)
kr
=—, ke {3,7,11,15,19
=7 { }
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g) €08 2x cos X = sin2x sin x
cos2xcosx —sin2xsinx =0
cos(2x+x)=0
cos3x =0

If x € [0, 2x], then 3x € [0, 6x].
kx

3x= = ke (1,357.9.11)

kx

x=— ke(1,3579,11)

i) tan 3x — tan x = 3(1 + tan 3x tan x)
tan 3x — tan x

1 —tan3xtan x
tan(3x — x) =3

tan2x = 3

2x = 1.2490,4.3906, 7.5322, or 10.6738
x =0.6245,2.1953,3.7661, or 5.3369

T
tan x + tan —

h —— =13
1 —tan x tan —
tan<x+g>:\/§
+7r T 4r
x+Z2=2 22
3 33
x=0,7x, or2x

, ke€{2,438,10,14,16,20,22,26,28, 32,34}

, ke {2,4,8,10,14,16,20,22,26,28,32,34}

= ke{l1,24578,10,11,13,14,16,17}

1) cos Sx cosx = sinS5xsinx — 0.5
cos Sx cos x — sinSx sinx = —0.5
cos(5x +x) =-0.5
cos(6x) = —=0.5
If x € [0, 2x], then 6x € [0, 12x].
kr
6x = 3
kr
*=Tg
kx
?;
k) 4sin2xcosx = 4cos2xsinx + 2

4(sin2x cos x — cos2xsinx) = 2
sin(2x — x) = 0.5

3(tanx +tanl)
4(1 —tanxtanl)
tan x + tan 1

4
l—tanxtanl 3
4

sinx =0.5
oz 51z tan(x+1)_3
=6 % If x € [0, 27], then x + 1 € [1,27 + 1].
x+1=4.0689 or 7.2105
x = 3.0689 or 6.2105
m) 6sin5xcos3x =3 + 6¢cosSxsin3x

6(sin5x cos3x — cos Sxsin3x) = 3
sin(5x —3x) = 0.5
sin(2x) = 0.5
If x € [0, 2x], then 2x € [0, 4x].

2x=£—13—”0r17—ﬂ
66 6 6
_r 5z 13z 177
127127127 12
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Section 8.1 Page 497 Question 5
a) They are equal (tana = 2 and tan § = 3).

b) 0=p—a
tan @ = tan(f — @)
_ tanf—tana
B 1+tanftana
. 3=-2
1+ 3

Section 8.1 Page 497 Question 6

c) tana =2
a=1.1071
tanf =3
p =1.2490
3-2
tan @ = m
1
~7
6 =0.1419

Determine /RUQ. In ATUP, /TUP = g — a. Since /TUP + /RUQ = %, it follows that /RUQ = a.

In ATRU,
RU TU
sinb = — cosbh = —
RT TR R Q
=RU (since RT =1) =TU (since TR =1) LJ [ ]
In ATUP, In ARQU, \
Nla
TP , U
cosa= — sina = —
“TTU ““Ru 1) p
_ TP _ RQ //
~ cosbh  sinb Y
TP = cosacos b RQ = sinasinb A //
b/\/ \\a+ b
In ATRS, N\
5o TS L~ a) | ] [ ]
cos(a+b) = RT T S P
=TS (sinceTR=1)
=TP - SP
=TP -RQ
=cosacosbh —sinasinb
Section 8.1 Page 497 Question 7
a) cos(z + x) = cos rcos x — sinz sin x b) sin(z + x) = sin z cos x + cos 7 sin x

=—1-cosx—0-sinx

= —COSX

c) cos(zwr — x) = cos £ cos x + sin 7 sin x
=—1-cosx+0-sinx

= —COSX

tan & + tan x

e) tan(x + x) = ——m8M8
1 —tanxtan x

0+ tan x
1-0-tanx
tan x
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=0-cosx+(—1)-sinx

= —sinx

d) sin(z — x) = sin 7 cos X — COS 7 Sin X
=0-cosx—(—1)-sinx
=sinx

tan 7 — tan x
f) tan(zr — x)

1 +tan 7 tan x
0—tanx

1+0-tanx
= —tanx



) sin 37r+ sin 37 cos x + cos 37 sin h) cos( z ) cos( ”)cos +sin< n)sin
— +x ) =sin — cos x —sinx —— —x) = ——= x ——= X
8 2 2 2 2 2 2
=—1-cosx+0-sinx =0-cosx+(=1)-sinx

= —COS X = —S8Inx

Section 8.1 Page 498 Question 8

sin(x — 30°) + cos(60° — x)  sinxcos 30° — cos x sin 30° 4+ cos 60° cos x + sin 60° sin x

a =
) sin x sin x
_ sin x cos 30° — cos x sin 30°'+ sin 30° cos x + sin 60° sin x’ (cos 60° = sin 30°)
sin x
_ sinx cos 30° + sin 60° sin x
B sin x
= c0s 30° + sin 60°, sinx # 0
_V3_
T2 2
=3
tan (” > tan < r + ) tan z tan tan z + tan
- =X ) — - X - = p - p
b) 4 4 _ 1 4 _ 4
tan x tan x 1+tan%tanx 1—tan%tanx
1 l—tanx 1+tanx
" tanx \ 1+tanx | —tanx
1 (1 —tanx)? — (1 + tan x)?
" tanx (1 —tanx)(1 + tan x)
1 I-2tanx+tan’x — 1 —2tanx — tan’ x
" tanx 1 —tan? x
1 —4tan x
" tanx 1 —tan?x
_ -4
" l-tanx
Section 8.1 Page 498 Question 9
a) Recall the identity sin’ a + cos> @ = 1.
sin® x + cos’ x = 1 sin? y +cos?y =1
cos’x = 1 —sin®x sin?y =1 —cos’y
cosx = V1 —sin’x, cosx>0 (1) siny =14/1-cos?y, siny>0 (2)
4 5
Substitute sin x = 3 into (1). Substitute cos y = 'El into (2).
4\* 5 \2
=1/1-{(= iny=1/1-( =
Cos X <5> sin y <13>
B 16 _ |1 25
- 25 a 169
B 9 _[144
“V2s 169
3 12
-5 13
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b) i) sin(x + y) = sinxcosy + cosxsiny ii) cos(x —y) =cosxcosy+sinxsiny

-(5) () +(5) (&) <(5) (i) + () (8)

20, 36 _ 15 48
=% 65 =% 65
_ 36 63
= =&

iii) First, determine tan x and tan y.

_ sinx tan x + tan y
tanx = == 7
ZOS X tan(x +y) 1 —tanxtany ©)
_3 Substitute (3) and (4) into (5).
e 4,12
5 _ 3755
4\ (12
_2 3) 1-(3) (%)
3 56
siny _ 15
tany = T8
cos y 15
12 36
=13 - 15
T 5 33
3 5
12 56
= = 4 =
5 ) 33
Section 8.1 Page 498 Question 10
Recall the Pythagorean triple 3,4, 5.
3 4 3 3
Fromsinx = =, x € [O, z], it follows that cos x = = Fromtany=—--, y € [z, n], it follows that siny = —
5 2 5 4 2 5
and tan x = T and cosy = -3
A
5
5 3 3
y
P s B W I N . .
Oy 4 LO
a) sin(x — y) = sinxcosy — cos xsiny b) cos(x+y) =cosxcosy —sinxsiny
3\ ( 4\ [(4\/(3 NAYEAWEAYE
“\5)\U5) \5)\5 ~\5 5 5)\5
1212 __16_9
25 25 T 25 25
24 =—1

25
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tanx —tany
1+tanxtany

)

c) tan(x — y)

Section 8.1 Page 498 Question 11

cos(x + h) —cos x

COS X COS h — sin x sin & — cos x

a =
) h h
_ COSxCOSh —cosx — sinxsinh
B h
_ cosx(cosh—1) —sinxsinh
B h
cos cosh—1 in sin A
h h
b) sin(x + h) —sinx _ sinxcosh + cos xsinh —sin x
h B h
_ sin x cos & — sin x + cos x sin &
B h
_ sinx(cosh—1)+cosxsinh
B h
) cosh—1 sin h
=sinx| ——— ) +cosx | —
h h
Section 8.1 Page 498 Question 12
1
+bh)= ——— b -b)= ——
a) sec(a+b) cos(a + b) ) sec(a —b) cos(a — b)
_ 1 B 1
" cosacosbh—sinasinb " cosacosb+sinasinb
Divide the numerator and denominator by cos a cos b. Divide the numerator and denominator by cos a cos b.

1

cosacosb
cosacosb sinasinb

cosacosb cosacosbh
secasecbh
1 —tanatanb

1

cosacosb
cosacosb  sinasinb

+
cosacosb cosacosbh
secasecbh

1+tanatanb
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Section 8.1 Page 498 Question 13

1 1
a csc(a+b) = —— b csc(a—b)= ——
) ( ) sin(a + b) ) ( ) sin(a — b)
_ 1 _ 1
" sinacosb + cosasinb " sinacosb — cosasinb
Divide the numerator and denominator by sin a sin b. Divide the numerator and denominator by sin a sin b.
1 1
_ sin a sin b _ sin a sin b
sinacosbh cosasinb sinacosbh cosasinb
sinasinb  sinasinb sinasinb  sinasinb
_cscacsch _cscacsch
" coth + cota " cotb—cota
Section 8.1 Page 498 Question 14
cos(a + b) cos(a—b)
a COta+b = - b COta—b = "
) ( ) sin(a + b) ) ( ) sin(a — b)
__cosacosb—sinasinb _cosacosb +sinasinb
" sinacosb + cosasinb " sinacosb — cosasinb
Divide the numerator and denominator by sin a sin b. Divide the numerator and denominator by sin a sin b.
cosacosb sinasinb cosacosb sinasinb
_ sinasinb  sinasinb _ sinasinb  sinasinb
sinacosbh cosasinb sinacosbh cosasinb
sinasinb  sinasinb sinasinb  sinasinb
_ cotacoth —1 _ cotacoth + 1
" cota+coth " coth—cota

Section 8.1 Page 498 Question 15

a) sin(x + y) = sin(x — y)
Sin X cos y + cos xsiny = sin x cos y — cos x sin y
2cosxsiny =0
cosx =0

siny =0
The equation is true for x such that cosx = 0 or siny = 0.

b) cos(x + y) = cos(x — y)
COSXCOSYy — sinxsiny = cosxcosy + sinx siny
2sinxsiny =0
sinx =0

siny =0

The equation is true for x such that sinx = O orsiny = 0.
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c) sin x + siny = cos x + cos y

2 cos

cosx—y=0
X—=Yy

= 2k + 1)%, k any integer
x—y=Qk+ r

Section 8.1 Page 498 Question 16

sinx  siny

a) tanx +tany =
COSX COSYy

sin x cos y + sin y cos x

COS X COS ¥
sin(x + y)
COS X COS y

X—=Yy xX+y

cos
2

. x+y
sinx + y = cos
x+y
tan =1
2
X+ b4 .
2y = Z+7rk, k any integer

x+y=%+27rk

sinx  siny

tanx —tany
COSX COsy

sin x cos y — sin y cos x

COS X COS y
sin(x — y)
COS X COS Y
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8.2 Double-Angle Formulas

Practise

Section 8.2 Page 503 Question 1

a) 10 sin x cos x = 5(2 sin x cos x)
= 5sin2x
. 1.
c) sin(6x) cos(6x) = 5 sin 2(6x)
1
= 3 sin 12x
0 0 0
e) coszz—sinzz =cos2<§>
= cosf
20 20
g) 1—25in2?=cos2<?>
= cos 3

Apply, Solve, Communicate
Section 8.2 Page 503 Question 3

a) 3sin4x = 3sin2(2x)
= 3(2sin2x cos 2x)

= 6sin 2x cos 2x

c) 1 —cos8x =1—cos2(4x)
=1—(1-2sin*4x

= 2sin” 4x

d) tan4x = tan 2(2x)
_ 2tan2x
"1 —tan?2x

Section 8.2 Page 503 Question 4
x
a) sin x = sin 5

X X
S ) COS 5
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b) 5sin(2x) cos(2x) =5 (% sin(2(2x))>

= 3 sin4x
d) 4sin§cos§=2(25in§cosg)
X
22
sin 3
=2sinx
f) 208?50 — 1 = cos2(50)
= cos 100
h) 2¢0s%(30 —2) — 1 = cos 2(30 — 2)
= cos(60 — 4)
b) 6cos 6x = 6cos2(3x)

Expression 1:
=6(2cos’3x — 1)
=12cos’3x — 6
Expression 2:
= 6(1 — 2sin” 3x)
=6—12sin?3x
Expression 3:
= 6(cos? 3x — sin’ 3x)

= 6cos?3x — 6sin® 3x

e) cos2x — si'r12x =2cos’x—1-— M
sin x
=2cos’x —1—2cosx
b) cosx=cos2<)—2c>

= 1-2sin* (3)
sin )



Section 8.2 Page 503 Question 5

a) cos2x+cosx+1=0
2cos’x—1+cosx+1=0
cosx(2cosx+1)=0

cosx =0
ﬂor?ﬂr
X = — Oor —
2 2
2cosx+1=0
1
CoSXx = ——
2 4rm
X=—o0r —
3 3
w 2rm 4rn 3x
Th tion is true f ==, —, =, —.
e equation is true for x 330
c) 3tan x = tan2x
2tan x
3tanx = ————
1 —tan? x
tanx =0
x=0,7x, or2x
B 2
T 1 —tan®x
2
l—tan’x = =
an” x 3
1
tan’x = =
an” x 3
1
tanx = £+—
3
r Szt Ir 117z

=_ = = o —

56 6 "6
T Sx T

Th tion is true f =0, -, —,
e equation is true for x 203 T 6
e) sin2x cos x + sin® x = 1
2sinxcosxcosx + (sinx —1) =0
2sinxcos’x —cos’x =0
cos’ x(2sinx—1)=0
cosx =0
T
xX==
2
2sinx—1=0
. 1
sinx = —
2
T
x=—=
6
n n St 3m
Th tion is true f ==, =, —, —.
e equation is true for x 526 2

11
—, —ﬂ:,2ﬂ.

6

3z

b) cos2x = sinx
1 —2sin®x = sinx
2sin’x+sinx—1=0

2sinx — 1)(sinx+1)=0

2sinx—1=0
o1
sinx = >
. Sm
x=zor-
sinx+1=0
sinx = —1
3z
=5
L n Sz 3m
The equation is true for x = 6 2

d) sinx = 6sin2x
sin x = 6(2 sin x cos x)
sinx = 12 sin x cos x
sinx =0

x=0,7x, or2x

1=12cosx
1
Ccosx = -

x = 1.4874 or 4.7958

The equation is true for x = 0, 1.4874, z, 4.7958, 2x.

f) sin2x + sinx =0
2sinxcosx +sinx =0
sinx(2cosx+1) =0
sinx =0

x=0,7, or2x
2cosx+1=0

cosx = —>
2 4Arx
X=—or —
3 3
2 4
The equation is true for x = 0, L

3
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g) sin2x —cos2x =0

sin2x = cos 2x

sin 2x _
cos2x
tan2x = 1
2y = © St 9« 137
T4 a s s
T St & 137
X=—,—,—, Ofr —
8 8 8 8
© Sz 9x 137
Th tion is true fi ==, —, —, —_
e equation is true for x 5 38 or 3
i) sin2x = tan x
. sin x
28in x cos x =
COoS X
sinx =0

x=0,7x, or2x

2cos’x =1
1
cos’x = =
cosx = +—
V2
w 3m Sr Tz

=— — _ or —

Tra "y

T 3rx Sn T

Th ion i f =0,—, —,n,—,—,2nx.
e equation is true for x = 0 77 T R T
k) 3sin2x —cosx =0
3(2sinxcosx) —cosx =0
6sinxcosx —cosx =0
cosx(6sinx—1)=0
cosx =0
T o 3r
X =—=o0r —
2 2
6sinx—1=0
sin !
inx = —
6
x =0.1674 or 2.9741
. b4 3
The equation is true for x = 0.1674, 7 2.9741, 5

524 MHR Chapter 8

h) 3cos2x+2+cosx=0
3(2cos’x — 1) +2+cosx =0
6cos’x —3+2+cosx =0
6cos>x +cosx—1=0
(2cosx+1)(3cosx—1)=0
2cosx+1=0

Ccosx = ~3
2 iy 4
X=—or —
3 3

3cosx—1=0
cosx = 3

x = 1.2310 or 5.0522

2 4
The equation is true for x = 1.2310, ?ﬂ ?ﬁ 5.0522.
1)) 2 sin x cos x = cos 2x
sin 2x = cos 2x
sin 2x _q
cos2x
tan2x = 1
) _r 57 9z 0r137z
TP 4 4
_r 57 9z or 137
TR s TR
n St 97 137
Th ion i f ==, —, — —_
e equation is true for x 5 3 8 or s
)] 3sinx + cos2x =2

3sinx+1—2sin>x =2
2sin*x —3sinx+1=0
(2sinx — 1)(sinx — 1)

2sinx—1=0
. 1
sinx =
Y 4
X = g OI'F
sinx—1=0
sinx =1
_ T
)
The equation is true for x = E, z, 5—”
6 2 6



m) 5 —13sinx = 2cos2x
5—13sinx = 2(1 — 2sin’ x)
5—13sinx = 2 — 4sin’ x

4sin’x — 13sinx +3 =0
(sinx —3)(4sinx—1)=0

sinx —3#0
4sinx—1=0
s1nx=Z

x = 0.2527 or 2.8889

The equation is true for x = 0.2527,2.8889.
Section 8.2 Page 503 Question 6

Let d be the distance from the base of the pole to the anchor point of the ropes. In AABC,

cos d
xX==
2
d=2cosx (1)
In AABD,
d
cos2x = =
d =3cos2x )

Equate (1) and (2) and solve for cos x.
2cosx = 3cos2x
=3Q2cos’x—1)
=6cos’x —3
6cos’x —2cosx—3=0
_ =(=2) £ y/(=2)? = 4(6)(-3)

COS X 2(6)

_2£476
)

14+ /19
- +6‘ﬁ, cosx>0  (3)

Substitute (3) into (1).
Jen. 1+ 419
6

=1.79

The distance is approximately 1.79 m.
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Section 8.2 Page 503 Question 7

1
— 1
a) sec20 = cos 20 b) csc26 = 520
_ 1 1
cos? 0 — sin” ~ 2sinfcosd
1 11 1
= __cos?f "2 sin@ cosd
2 -2 1
s ¢ 0 _ s 0 = —cscfsech
cos2f cos?@
_ sec? 0
" 1—tan26
Section 8.2 Page 503 Question 8
a) sin360 = sin(0 + 20) b) cos 360 = cos(6 + 20)
= sin @ cos 20 + cos 0 sin 260 = cos 6 cos 20 — sin 6 sin 20
= sin (1 — 2sin? ) + cos O(2 sin 6 cos ) =cos6(2 cos’ 0 — 1) —sin@(2 sin 6 cos 6)
=sin — 2sin® 0 + 2sin O cos? O =2cos> 0 — cos§ — 2sin’ O cos O
= sinf — 2sin® 6 + 2sin O(1 — sin’ ) =2cos’ 0 —cos @ — 2(1 — cos® 0) cos 0
=sin® —2sin’ 0 +2sin@ — 2sin’ 0 =2c0s°0 —cosh —2cosf +2cos> O
=3sinf —4sin’ 0 =4c0s’0 — 3cos O
c) tan 36 = tan(6 + 20)
tan @ + tan 260

1 —tan O tan 20

2tan @
1 —tan?6

1—tané —Ztan9
1 —tan?6
tan (1 — tan® 6) 4+ 2 tan 6
1 —tan? 6

1 —tan?60 — 2tan? 0
1 —tan? 6

tan 0 +

_ tan 6 — tan® @ + 2 tan @
1—-3tan? 60

_ 3tan6 — tan® 6

© 1-3tan?0
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Section 8.2 Page 503 Question 9

a) sin26 = 2sin 6 cos 6
_ 2sin @

sec 6
2sin@

sec d
2tan @

sec2 @
2tan @

1+ tan? 6

sec d

sec 6

Section 8.2 Page 503 Question 10

1
sin@ + cos 6 = 3
(sin @ + cos 0)* = <%>2

sin? @ + 2sin 0 cos O + cos> 0 = %
(sin? 6 + cos? 0) + 2sin @ cos 6 = %
1

(1) +5sin260 = Z3

sin260 = ~7

Section 8.2 Page 503 Question 12

c0s20 = cos® @ — sin’ 0

= (cos? 0 — sin’ ) x sec” 0
sec? 6

_ cos? 0sec? 0 — sin’ O sec? 0

B sec? 6

_1—tan’6

T sec?0

1= tan? 0

" 1+tan20

Section 8.2 Page 503 Question 11

7

cos40 — cos 20 = 3

2 7

2co0s“20 —1—cos260 = 3
15

2cos% 20 — cos 26 — 5 =0

16cos® 6 —8cos20 — 15 =0

—(=8) + 1/(—8)2 — 4(16)(—15)
2(16)

8 + V1024

32

8—-32
= , |cos26| <1

3

4
20 = 2.4189,3.8643, 8.7020 or 10.1475

0 =1.2094,1.9322,4.3510 or 5.0738
cos @ = +£0.3536

cos26 =

a) Label the diagram as shown. Let r and / be the radius and height of the cone, in centimetres, respectively. Since
CD is 30 cm, ACBD is isosceles and the measure of ZCBD is also x. Since ZACB is an exterior angle of ACBD,
its measure is 2x. The length of AC can be expressed as 4 — 30 centimetres.

In ACBA,
p
oy =
sin 2x 30
r = 30sin2x
h—-30
2x = ———
cos 2x 30

h =30cos2x + 30
=30(2cos’x — 1) + 30

= 60 cos’ x
Let V' be the volume of the cone.
1
V= 3mzh

Substitute (1) and (2) into (3).
1
V= §7:(30 sin 2x)%(60 cos” x)

= 18 000z sin 2x cos® x

ey

@)

3)

2 3

The volume of the cone is ¥ = 18 0007 sin? 2x cos? x cm?.
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b) V = 9000~

18 0007 sin® 2x cos? x = 90007

2

2sin%2x cos’ x = 1

2

2(2sinx cos x)> cos® x = 1

8 sin® x cos? xcos® x = 1
8 cos? x(1 - cos’ x)=1
8cos*x —8cos® x = 1

8cos®x —8cos*x+1=0

¢) The measures of the semivertical angles that yield a cone of volume 9000z cm? are x = 0.4523 and x = 0.7854.

GRAPHING CALCULATOR GRAPHING CALCULATOR
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8.3 Limits of Trigonometric Functions

A number of solutions that follow make use the of the result lim tan x = 1. It is confirmed as follows,

x-0 X
. tanx . sinx
lim —— = lim
x=0 X x—0 COS X
. sinx 1
= lim — -
x—=0 X COS X
=1-1
=1
Practise
Section 8.3 Page 508 Question 1
sin x . sin(x—1) sin-—1
i = b 1 =
a) )lcli% X =1 ) xl—r>r(1) X 0
does not exist
sinx sinl sinx O
Iim — = — li ==
©) o X 1 d) 03 3
=sinl =0
sin x L sin x . sin3x . 3sin3x
€) o0 3x 3a0 x D . x Jim, 3x
1 =3(1)
=-(1
3( ) _
1
~ 3
) i sin3x 1. sin3x 3 h) msin5x _ l im sin5x 5
g k) 4x _4x1—r>1(1) X 3 =0 2x  2x-0 X 5
_ 3 sin 3x _ 5. 1im sin 5x
T4 20 3x T2 5x—0 5x
_3 5
T4 T2
Apply, Solve, Communicate
Section 8.3 Page 509 Question 3
GRAPHING CALCULATOR © GRAPHING CALCULATOR
YiBCtaniwi—nisneE YiBCtanlka—Ei ns
1 Values of x close to zero may lead to roundoff error.
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Section 8.3 Page 509 Question 4

a) ; tan 6x _ 1 T tan6x 6
x=0 2x - 2 x—0 X 6
1 . tan6x
T2 6- 61;90 6x
=3

b) Explanations may vary.

Section 8.3 Page 509 Question 6

. sin(a+ h) —sina .
lim —————————— =lim
h—0 h h—0

= lim
h—0

= lim
h—0

=sina - lim
h—0

Section 8.3 Page 509 Question 5

a) lim

x—0 x2

Ccos 2x

sin x

X

-1 . 1-2sin’x—1
=lim —
x—0 x2
. =2sin’x
=lim ——
x—0 x2
=—2-1im<Siﬂ.

x—=0 X
==-2-1-1
=-2

b) Explanations may vary.

sinacos h + cosasinh — sina

sinacos h —sina + cosasin h

=sina-0+cosa-1

= Ccosa

Section 8.3 Page 509 Question 7

. cos(a+ h)—cosa
lim
h—0 h h—0

= lim
h—0

= lim
h—0

Section 8.3 Page 509 Question 8

T sin x |
: im — =
sin x L
m =47 sir)ix
0 .
=0 x| lim — = -1
x=0" —X

Since the limit from the positive side of 0 is not equal
to the limit from the negative side of 0, the limit does
not exist.
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sin

h
h
sina(cosh — 1) + cosasinh
h
cosh—1
—— +cosa

- lim —
h—0

h

cosacosh —sinasinh — cosa
m

cosa - lim
h—0

—sina

cosa-0—sina-1

h

h

h
cosacosh—cosa—sinasinh
h
cosa(cosh— 1) —sinasinh
h
cosh—1 . . sin
—— —sinag - lim —
h -0 h

Section 8.3 Page 509 Question 9

lim

x—0

sin(cos x) _ sin(cos 0)

1

COS X

1

cosO
sin 1

)



Section 8.3 Page 509 Question 10

1
1 1 1 1 sin <_>
— — X
a) lim S5X 71 i, SOSX T 1 CoSX b) lim xsin { — | = lim ——~
=0  x2 x=0  x2 cosx + 1 x—00 x iy 1
cos?x — 1 x
=lim ——m8 — -1
x—=0 x2(cos x + 1)
—sin®x
=lim ————
x—0 x2(cosx + 1)
. sinx sinx 1
=—1-1lim . .
x—=0 X X cosx+ 1
1
=—1-1-1+ —
1+1
1
)
sin(tan x)
0 i Sn(tanx) _ . tanx
x—0 sin x x—0 Sin x
tan x
sin(tan x)
_ x>0 tanx
lim cos x
sin(tan x)
m —
_ tanx—>0 tanx
- lim cos x
x—=0
1
T
=1
Section 8.3 Page 509 Question 11
sin 5x sin® 5x
ins .
a) im 20X _ iy X by Tim SO iy X
x—0sin2x  x—0 sin2x =0 gin22x  x—=0 ginZ 2x
X x2
Jim S15% 3 i sin?5x 25
xX— m -—
— 0_;5 =0 x2 25
. sin2x 2 = 5
li R . osin“2x 4
x=0 X 2 lim > -
5.1 sin 5x =0 x 4
. 1 . .
am 25 . Tim (sm S5x sme)
B sin 2x Sx-0 X 5x
2. lim = ; »
2x—0  2x T sin2x sin2x
. lm .
_ 5-1 2x—0 2x 2x
S 21 _25-1-1
_3 T A1
2 25
T4
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sin® 3x sin 3x
sin” 3x sin 3x X
©) o sin4x 0 Tsindx ) Faky tan 4x 20 tan dx
X x
) 1 3
lim sin“ 3x . é lim sin3x g
=0 X 3 _ x—0 X 3
= : h tandx 4
lim sin4x . i lim an4x 4
x>0 X 4 x-0 X 4
. . sin 3x 3.1 sin 3x
3. 31;90 <s1n 3x - . > _ 3;210 3y
- . sindx 4. lim tan 4x
4. 411T0 Ax 4x—0  4x
X 3.1
_3-0-1 =17
T 41 3
= 0 = —
4
sin® 3x tan 3x
. 2 e—
sin” 3x x2 tan3x x
e) N anldx tan2 4x D 0 andx | xmo tandx
x2 x
sin?3x 9 li tan 3x . é
x—0 x2 ’ 6 x20 e 3
a . tan%4x 16 lim tan 4x . A—L
lim - — x=0 X 4
x—0 x2 16
) ) . tan3x
. <sm 3x sin 3x> 3. lim
9. lim . — 3x—>0 3x
_ 3x—0 3x 3x 40 tan 4x
16- lim tandx tan4x '4;40 4x
4x—0 4x 4x _ 3.1
_9-1-1 T 4.1
“16-1-1 _3
16
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8.4 Derivatives of the Sine, Cosine, and Tangent Functions

Practise

Section 8.4 Page 518 Question 1

" dy _dsin(4x+7) d(dx+7) b) dy _dsin(x>+3) d(x*+3)
dx ~  d(dx+7) dx dx  d(x*+3) dx
=cos(4x+7)-4 = cos(x2 +3)-2x
= 4cos(4x +7) = 2x cos(x? + 3)
o dy _dcos(5x+3) d(5x+3) d) dy _, dtan2x+3) d@2x+3)
dx d(5x + 3) dx dx d(2x +3) dx
= —sin(5x+3)-5 =3sec’(2x +3) -2
= —5sin(5x + 3) = 6sec’(2x + 3)
0 dy _ dcos(3x2 = 1) . dB3x*=1) b dy _ dtan(5x> + 1) ' d(5x* +1)
dx d(3x?—1) dx dx d(5x2+1) dx
= —sin(3x* — 1) - 6x =sec’(5x* 4+ 1) - 10x
= —6xsin(3x* — 1) = 10x sec’(5x> + 1)
dy _ dsin(cos’x) dcos’x dcosx dy  dsin(cosx) dcosx
&) dx ~  dcos’x  dcosx  dx h) dx  dcosx  dx
= cos(cos2 x) - 2cosx - (—sinx) = cos(cos x) - (—sin x)
= —2 cos x sin x cos(cos? x) = —sin x cos(cos x)

Section 8.4 Page 518 Question 3

dy d sin®(cos? x) dsin(cos?x) dcos®x dcosx

a = . .
) dx  dsin(cos? x) d cos? x dcos x dx
= 3sin*(cos’ x) - cos(cos® x) - 2cos x - (— sin x)
= —6cos x sin x sin?(cos? x) cos(cos? x)
, dcos*(sinx®) dcos(sinx®) dsinx® dx?
b) f(x) = —= — —
d cos(sin x?) dsinx dx dx
= 4 cos’(sinx?) - —sin(sin x°) - cos x° - 3x>
= —12x% cos x° cos3(sin x3) sin(sin x3)

dy dx dcos(tanx) dtanx dy dsin(e*) de*

-~ = t. L . . 7 = .
©) dx cos(tan x) dx X dtan x dx d) dx de* dx

= cos(tan x) - 1 + x - —sin(tan x) - sec® x = cos(e”) - e*
= cos(tan x) — x sin(tan x) sec® x = e* cos(e*)
, dcos(Inx) dInx dIn(sin(e*)) dsin(e*) de*
(3 h X) = . ! = . —_
) ) dlnx dx D () dsin(e*) de* dx
. 1
= —sin(Inx) - — = — ! - cos(e*) - e*
) x sin(e*)
_ _sm(ln X) = ¢* cot(e”)
X
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g) y = sin’ x + cos® x h)
=1
dy
-0
dx

Apply, Solve, Communicate
Section 8.4 Page 518 Question 4

d
a) —yzsin2x‘1+x'c052x-2
= sin2x + 2x cos 2x
dy . T T V4
(5 ()
dxpez o\ 5 °\g
in(3)+2-3 eos(3)
=sin|( = - —-.cos| =
2 4 2
T
=142---0
4
=1

Determine the equation of the tangent.

f'x) =

dsinx . d(1 + cos x)
1 x. —_—

1 . _
(1 +cosx) I

(1 + cos x)?

_ (1 +cosx)-cosx—sinx - (—sinx)
B (1 + cos x)2
cos x(1 + cos x) + sin” x

(1 + cos x)?
cos x + cos? x + sin” x

(1 + cos x)?

cosx + 1
(1 + cos x)?
1

" 1+cosx

d
9 2cos x - (—sin x)
dx

= —2sinxCcos x

= —sin2x

d
i =—sin2<z)
dx|x=z 3

= —sin gl
a 3

V3

)

y—y; = m(x —x;) Determine the equation of the tangent.

i i y=y1=mx—x)
501(-3)
4—x 4 1 \f3< n)
y= Yyma= T3
The equation of the tangentis y = x. y:—ﬁx+ﬂ—3 !
2 6 4
c) Q=——-2tanx-(1+tan2x) V3 V3
dx (tan? x)? The equation of the tangentisyz—T +—
2(1 + tan® x)
B tan’ x
2(Z
dy =_2<1+tan (4))
dx |x=z 3<”)
t -
an® { 7
201+ 1%)
=——7
=—4

Determine the equation of the tangent.
y=y1=m(x—xp)
V3
1-oa(x-)
y x=7
y=—4x+n+1

The equation of the tangentis y = —4x + 7 + 1.
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Section 8.4 Page 518 Question 5

dy
a) E =
—sinx —cosx =0
—sinx = cos x
tanx = —1
T or 3
X=——o0r —
4 4
. d? n . )
Since d—); <Qatx= T a local maximum exists at
X
T d*y 3r
-, 2). Since — > 0 at x = —, a local mini-
( 2 \/— i T x ) ini

3
mum exists at <T7t —\/5)

c) y = 2c0sx — cos2x
=2cosx —(2cos’x — 1)
=—2cos’x +2cosx + 1
Determine the critical number(s).
dy
i 0
—4cosx(—sinx) —2sinx =0
2sinx(2cosx—1) =0
sinx =0
xX=x
2cosx—1=0

no solution in z 3z
2" 2

2
Since d—JZ) > 0 at x = 7, a local minimum exists at
X

(m,=3).

dy

~Z_0

dx
2sinxcosx —cosx =0

b)

cosx(2sinx—1)=0

cosx =0
T
x ===
2
. 1
sinx = —
2
Jror57r
X=—o0r—
6 6

2

Since &y > 0at x = z, a local minimum exists at
dx? X 6
1 d
<%_Z> Since d_xJZ/ <0Oatx= %, a local maxi-
d? 5
mum exists at <z,0>. Since ar > 0atx= —ﬂ, a
2 dx? , 6
5 1
local minimum exists at —ﬂ, —— ). Since £y <0
6 4 dx?

- . . T
at x = - a local maximum exists at (—5 2).

d) y= + tan x
coS x
_ I +sinx
T cosx
Determine the critical number(s).
d
v,
dx
cosx - cosx — (—sinx)(1 +sinx) 0
cos? x
cos® x + sin® x +sinx 0
cos? x
I+sinx
cos? x
1+sinx=0
sinx = —1
T
xX=—-=
2
. . T
Since y is undefined at x = ——, there are no extrema.
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Section 8.4 Page 518 Question 6

a) y = 2cos x + sin 2x
d
Y = —2sinx + 2cos 2x
dx
d2y _
dx2

—2cosx —4sin2x =0
—2cosx —8sinxcosx =0

cosx(1+4sinx) =0

cosx =0
T

X = =
2

There is no solution to 1 + sinx = 0 on [0, z#]. Since

2

. 7 . . . .
e changes sign at x = PR a point of inflection exists
X

T
t —,o>.
a (2

c) y =sinx —tanx
dy 2
— =Cosx —sec” x
dx
d*y _
dx?

—sinx—2secx-secxtanx =0

sinx + 2 sec” xtan x = 0

. 28in x
sin x + =0
cos3 x
2
sinx<1+ > =0
cos? x
sinx =0
x=0orx
2
<1+ >=0
cos x
cos’ x # =2

2

b) y =2sin’x — 1
= —cos2x
d
Y _(—sin2x)(2)
dx
= 2sin2x
dzy_
dx?
2(cos2x)(2) = 0
cos2x =0
2x——3—7[ Lz ors—”
T2 272 7 2
xo_F _EE 3%
T4 44 4

. d? . . .
Since d—); changes sign at each of its zeros, points of
X

inflection exist at <:I:¥ 0> and (:I:%,O).

d
Since d—); changes sign at x = 0 and x = 7z, points of inflection exist at (0, 0) and (z, 0).
x

Section 8.4 Page 518 Question 7

a) ﬂ—cosx @zcosx
dx dx>

d*y . dy .
—— = —sinx —— = —sinx
dx? dx®
&y dy
—— = —CoSX —— = —CosX
dx3 dx’
d*y ) dby .
—— =sinx —— =sinx
dx* dx?®

Every fourth derivative is the same.

Note. Parts b), ¢), and d) makes use of the mod oper-
ator. The expression m mod n = p, states that p is the
remainder when m is divided by n, where m, n, and p

are whole numbers.
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d87 d3
b) Since 87 mod 4 = 3, g4ry_27y or — COS X.
dx¥  dx3
d138 d2
Since 138 mod 4 = 2, ary_27y or — sin x.
dx138  dx?
c)
sin x, nmod4 =0
d'sinx ] cosx, nmod4=1
dx" ) —sinx, nmod4=2
—cosx, nmod4=3
d)
CoS X, nmod4 =0
d'cosx ] —sinx, nmod4=1
dx" ) —cosx, nmod4=2
sin x, nmod4 =3



Section 8.4 Page 518 Question 8

a) y = Asinkx + Bcos kx b) y = Csin(kx + D)
y = Acoskx -k + B-(—sinkx) -k y =Ccos(kx+ D) -k
= k(Acoskx — Bsinkx) = kCcos(kx + D)
¥ =k(A-(—sinkx) -k — B-coskx-k) y' =kC - —sin(kx+ D) - k
= —k*(Asinkx + Bcos kx) = —k*Csin(kx + D)
= -k’ = —k%y
V' +k’y=0 Y +ky=0

Section 8.4 Page 518 Question 9

Let Q(—\/g, —%) be the remote point. Let P(x, sin x) be point of tangency on y = sin x. Determine x.

GRAPHING CALCULATOR

d
9 Slope of PQ
dx

T

e sinx—(—g> - __/-"'--___
S x=(=V3) ]

inx4”
sinx + —
6

COsSx =

_ (1 Inkerseckion |
X +13 n=1.0471978

The Intersect operation of the graphing calculator suggests a solution to (1) of x = 1.047 or 7 Determine the
equation of the tangent line.

3 3
V3 _ 1 ( ﬂ')
YT T2\ T3
1. V3
YT TE T2
.. 1 T V3
The solution is y = Ex i3 + 5
Section 8.4 Page 518 Question 10
a) 0(A) = A x — b) y=sing
180 d dy do
ﬁ-i _y=_y_
JA - 180 dA do dA,,
=cosf .- —
.z 180
¢) The exact value of 0.17 ... is —. P
180 = ——cos@
180
d) y =cosf
dy dy do
dA  do dA
=—sin6-i
180
T
——@SIHO
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Section 8.4 Page 519 Question 11
a)

dy  dsin|x]|
dx ~ dx
_ dsinyV/x?

dx

dsm\/_'d x2 dx
d\/x_ dx> dx
cos\/;‘

2

_ xcos x|
|x]|

X

sin |x| is not differentiable for |[x| = 0 or x = 0.

Section 8.4 Page 519 Question 12

f(x)=0
1 1
—sin<x+—> <1——>=0
x x2
1
1—;_0
x> =1
x ==l1

1
sin<x+—> =0
X

1
x+—=kr, kel
x

x>+ 1=kax
X —kzx+1=0

_kmx (km)? —4(1)(1)

2
_krnx VK22 -4

2

The zeros of f’(x) are x = £1 and x = >
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kr+\Vk?z? -4

2,
y = |sin x|

A~ T A A
/ \ \\ | // /’
/ \ \\ / /
foNS N NS

\// \/
e N

—14

—2-
dy dlsinx|
dx ~ dx

d+/(sin x)?
dx
_dy/(sinx)? d(sinx)® dsinx

T d(sinx)?  d(sinx)  dx

1 .
= —————— .2sinx-CcoOSXx

24/(sin x)?

Sin x cos x

|sin x|

[sin x| is not differentiable for sinx = Qor x = kx, k € I.

Section 8.4 Page 519 Question 13

The expression
limtan<g+h>—1 o
h—0 h

can be rewritten as

tan (% +h> —tanz

4 ®)

lim
h—0 h
Expression (2) defines the slope of the tangent to
f(x) =tanx atx = %

f(x) =tanx
f'(x) = sec? x

tan(4 )

lim —=——— =/ (
h—0

)

Nma\—/

o
“

Il
l\)/\



Section 8.4 Page 519 Question 14

. dtan x
a) Since

=1+ tan® X, to achieve a derivative of tan® x, use y=tanx — x.

b) Since tanx = - sin x, use y = — In(cos x) or y = In(sec x).

COS X
¢) y = In(sec x + tan x).

8.5 Modelling with Trigonometric Functions

Apply, Solve, Communicate

Section 8.5 Page 529 Question 1

M M
a) F=G—0r b) F=c2"
x 2
20x 100 x 5. 102 . 2y 5 24
667 x 10~ x 0x 10" x598 x 10 =6.67><10_“><74Xl0 x 5.98 x 10
(1.5 x 1011)2 (3.84 x 108)2
= 3.5455 x 10* =2.0017 x 10%°
The sun exerts a force of 3.5455 x 10?2 N on Earth. The moon exerts a force of 2.0017 x 102° N on Earth.
F,. 3.5455 x 10%2
c) =
Froon 2.0017 x 1020
=1.7712 x 10?
=177.12

d) Both ratios are close to 2.

Section 8.5 Page 530 Question 2

M
The model for tidal force is F'(x) = —2G—3m.
X

—2(6.67 x 107'1)(2.0 x 10%°)(1.0 x 10%)
(7.0 x 108)3

=—0.0777 84 x 107!

=-7.7784 x 1073

a) F' (7.0 x 10%) =

The sun would exert a force of —7.7784 x 10~ N on the spacecraft.

—2(6.67 x 107'1)(2.0 x 10%)(1.0 x 10%)
(1.0 x 106)3

= -26.68 x 10°

= —2.668 x 10°

b) F'(1.0 x 10°) =

The white dwarf star would exert a force of —2.668 x 10° N on the spacecraft.

—2(6.67 x 1071)(2.0 x 10%°)(1.0 x 10%)
(1.0 x 10%)3

=-26.68 x 10!

=—-2.668 x 102

©) F'(1.0 x 10%) =

The neutron star would exert a force of —2.668 x 10'> N on the spacecraft.
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Section 8.5 Page 530 Question 3

a) The length of the remaining side can be given by V/(10v/2)2 — x2 or /200 — x2 centimetres. Let A be the area of
the triangle.

1
A(x) = Ex\/ 200 — x2
Determine the critical numbers of A.
A(x)=0
1 1
- 200—x2-14+x+ ——— - (=2x) | =0
2 24/200 — x2

2

V200-x2—-—X  _p
V200 — X2
2

V200 —x2 = — =
V200 — x2

200 — x% = x?
xZ =100
x=10, x>0

The maximum area of the triangle is A(10) or 50 cm?.
b) Comparisons may vary.

Section 8.5 Page 530 Question 4

Let a be the contained angle, in radians. Let x represent the length of the third side, in metres. Let ¢ be the time, in
seconds.
da =
==z )
d 90
Use the cosine law to determine a value for x at the
required instant.

x? = 152 4+ 20° — 2(15)(20) cos a

=625 —600cos a )
T 15m
Substitute a = 3 into (2) to determine x. X
x? = 625 — 600 cos —
3 a
1
= 625 - 600 - 5 20m
=625 - 300
=325
x=5v13, x>0 3)

Differentiate (2) with respect to ¢.
dx* dx d625—-600cosa da

dx dr da dr

d d

2x - d—’: = 600sina - 7‘:
dx 300 . da
E = 7 sinao - E (4)

Substitute (1), (3), and a = % into (4).
dx 300 T T
— = ——sin=- -+ —
dt 5413 3 90
=0.503

The third side is increasing at a rate of 0.503 m/s.
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Section 8.5 Page 530 Question 5

a) x = 0.05 cos(880x1) b) Since the maximum value of — sin(880x¢) is 1, the
v =x'(t) maximum value of —44sin(880xt) is 44z. The
= 0.05 - — sin(88077) - 8807 maximum velocity is 44z cm/s.
= —447 sin(8807xt)
a=v'({®)
= —447x - cos(880xt) - 8807
= —38 7207 cos(880x1)

The velocity is —44x sin(880xt) cm/s. The accelera-
tion is —38 720x2 cos(880xt) cm/s>.

d*x

¢) -+ (8807)*x = —38 7207 cos(880xt) + (8807)%(0.05 cos(880xt))

= —38 720z cos(880x1) + 38 720z cos(880x+1)
=0

Section 8.5 Page 530 Question 6

a) Let P be a point on the unit circle centred at the origin. Given the central angle, 8, the coordinates of P can be
expressed as (cos a, sin a).
h=0A+ AB

= sina + /4% — (cos a)?
=sina+ V16 —cos? a A

B+ (0.1)
dh da 1 da
b) — =cosa+ — + ——————-—2cosa(—sina) - —
dt dt " 24/16 — cos?a dt 4
V= lcosa + ml da // A ™ P(cosa, sina)
V16 — cos? a dt ;'

cos & sin = ‘ |
— m/s. o 1

V16 — cos? a dt \ y
\ /

¢) Observation of the diagram reveals that the height will not be changing . V4

The velocity of the piston is |cosa +

] da < //OK N

when « is any odd integer multiple of 5 rad. Determining the roots of ~— ]
v confirms this observation.
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d) For maximum speed, the maxima of |v| must be sought.

GRAPHING CALCULATOR GRAPHING CALCULATOR

The maximum speed of the piston is achieved at @ = 0.2318 4+ 2kx and @ = 2.9098 + 2kx, where k is any integer.
Section 8.5 Page 530 Question 7

2r 1 1
a) The period of V' = 120 cos 120t is 20m or Tk If each cycle takes — &0 s, there are 60 cycles per second.
b) The current changes direction 2 x 60 or 120 times per second.
) f@) = _(Z_V d) The maximum occurs when sin 120z¢ = 1. Thus,
1
= —120- —sin 120x¢ - 1207 1207t = z + 2k
= 14 4007 sin 12077 2
. 1 N k
The electric field f(¢) = 14 4007 sin 1207t. 240 © 60
4k +1
e) f®=0 240
14 4007 sin 120zt = 0 1
sin 12071 = 0 Maxima occur at t = a0 where k is any integer.

krx The value of the voltage at these times is 0.
t= 20" k is any integer

k
The electric field is zero at t = %, where k is any

integer. The value of the voltage at these times is +120.

Section 8.5 Page 530 Question 8
Let x be one of the shorter sides of the triangle, in centimetres. The length of the remaining side can be given by
V/(10v/2)2 = x2 or /200 — x2 centimetres. Let P be the perimeter of the triangle.

P(x) = x + V200 — x2 + 102

Determine the critical numbers of P.

P(x)=0
1
l+ —— —2x=0
24/200 — x2
X
l-—— =0

/200 — x2
= V200 — x2

x? =200 — x?

2x% =200

x* =100
x=10, x>0

The maximum perimeter is P(10) = 10 4+ 1/200 — 102 + 10v/2 or 20 4+ 10v2 cm.
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Section 8.5 Page 531 Question 9
a) Let h(¢) be the height of the weather balloon, in kilometres, after ¢ hours.

h =10t (D
tana = —
1
tana = h 2)
Substitute (1) into (2). .
tana = 10¢ 3)
a = tan~! 10z
The angle of inclination can be expressed as a = tan~! 10¢ rad. h
b) From (3),
dtana  d10r 0:\
dt dt B 1 A
dtana da  d10t
de dt — dt
da
2
-— =10
sec” a o
da
— = 10cos? 4
” cos” a 4)

Substitute a = % into (4).

d
i = 10 cos? (f)
dt 6

\/§ 2
- ‘°(7>
=7.5

The weather balloon is rising at 7.5 rad/h.
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Section 8.5 Page 531 Question 10
A central angle of a circle has twice the measure of the angle inscribed in the circle that is subtended by the same arc.
Hence, Z ACB = 0. It follows that / BCD = x — 6. Use of the Cosine Law in ABCD, leads to the following,

x* =rt 4+ % - 2r cos(z — 0)

= 2r*(1 + cos §) (1)
Let A be the area of isosceles ABDE.
A= %x2 sin @ ()
Substitute (1) into (2).
A= % - 2r*(1 + cos 0) - sin @

= r*sin 6(1 + cos 6)
Determine the critical number(s) of A.
dA
i
2 ((1 +cosB)cosf +sinf(—sind)) =0
(1 4 cos@) cosd —sin> 0 =0
(14 cos@)cosd — (1 —cos’0) =0
(I 4+ cosB)(cosf — (1 —-cosh)) =0
(14+cos@)(2cosf—1)=0

0

2cosf0—-1=0
1

0=—-

cos 3

T

0=—

3

The maximum area of the isosceles triangle is achieved if 6 =

Section 8.5 Page 531 Question 11

v2
a) R(0) = <—> sin 26
g

Determine the critical number(s) of R.

R'(©) =0
)
(—) -cos20-2=0
8
cos260 =0
T
20 = —
2
T
0=—
4

The maximum range will be achieved if 6 = 7 rad.
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b) R©) = < ) < s1n(9008(§5) cos @ )

v2
= < > (sin(f — ¢) cos 0)

gcos? g
Determine the critical number(s) of R.

R'® =0
2y? . .
< > >(cos0c05(0—¢)+sm(0—qf>)-(—s1n0))=0
gcos” ¢
cos 8 cos(f — ¢) —sin(f — @) sind = 0
cos(0+60—-¢)=0
cos(20 —¢) =0
T
20—(15:5
V4
20254‘(]5
_rz. 9
0—14‘5

The maximum range will be achieved if 0 = z + % rad.
¢) Inpartb), if ¢ = 0, the resultis § = % rad. This is the same result as in part a).

Section 8.5 Page 531 Question 12

= d*o
6 = 0.15cos 6¢ 2~ _0.9cos6t -6
Determine the angular speed. dt
do = —5.4cos 6t
m =0.15-(—sin6bt) - 6
— _0.9sin 6t The maximum angular acceleration occurs when
—cos 6t = 1. Thus, the maximum angular accel-
. . 2
The maximum angular speed occurs when — sin 6¢ = 1. eration is (5.4)(1) or 5.4 rad/s”.

Thus, the maximum angular speed is 1(0.9) or 0.9 rad/s.
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Section 8.5 Page 531 Question 13

a) Let O be the position of the observer and 0 be the line of sight, in radians. Let B be the position of the balloon. In

)

ADOE,
h =10t 1) Cs
x = 5t (2)
B
tan @ = 3
an T (3)
Substitute (1) and (2) into (3).
10¢
tan 6 = 4
an 1+ 5t ®
6 =tan”! 101 6
1+5¢ o A

10¢
The angle of the line of sight can be expressed as 6 = tan™" < o 51) rad.

b) Determine ¢ for 0 = % From (4),

tan r 10z
6 1+5¢
1 10
V3 145t
145t =10v/3
(10V/3 = 5) = 1
1
t= ———
10v3 -5
. LT 1 . do
The angle of the line of sight is — after ———— h. Determine — from (4).
6 10v/3 -5 dt
dtanf do d 10¢
do dr  dt \1+5t
2, 40  (1+5)-10-10¢-5
sec”0 - — =
dt (14 51)2

do 1

0s2 0 - —O
dt (1+51)?
Substitute § = % and (5) into (6).

3,10
4 2\5 2
24/3-1

10
12

13-44/3
=203-4V3)

1w

5
When 6 = g rad, 0 is increasing at the rate of §(13 - 4\/5) rad/h.
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Section 8.5 Page 531 Question 14
a) Let A be the area of the isosceles triangle. Let x be the height and y be half the base of the triangle.

A(x, y) = xy 1)
AE=x-r )
Since ADE is a right triangle,
AD = \(x—r)2 =12
= Vx2 - 2xr

Since AADE ~ AACB, A
AD AC
DE CB
Vx2=2xr x
r oy
rx
y=———— 3) X
x2 = 2xr
Substitute (3) into (1).
2
A(x) = rx
x2 = 2xr
Determine the critical number(s) of A. v

A(x)=0

1
Va2 =2rx(2x) = ———— - (2x = 2r) - X°
2V x2 = 2xr

x2 = 2xr

(x* = 2rx)(2x) — (x* — rx?) _
Vx2 = 2xr
233 —4rx* = x> +rx* =0

x> =3rx* =0

0

X2(x=3r)=0
x = 3r “4)
Substitute (4) into (2).
AE =3r—-r
=2r
In AADE, since g = sin”! <2r—r> or sin”! <%>, g = % and 0 = g

b) Let P be the perimeter of the triangle.

P(x,y)=2 <y +/x2+ y2> 5) GRAPHING CALCULATOR
Substitute (3) into (5).

2
rx rx
Px)=2| —————+ 4| x4+ ——— 6)
Vx%2 = 2xr (\/x2 —2xr>

Using the Minimum operation of the graphing calculator and r = 1 Hinim u ]
n=z Y=10.202205

yields x = 3 as the critical number. As a result, 6 = % rad.

¢) Answers may vary.
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Section 8.5 Page 531 Question 15
Let x be the distance from the goal line, in metres. In AABD,

4 net
tana = — (1) P S
* /~ N\ _
In AABC, B 2m CJ 2m \D goal line
2
tan f = — 2)
x
Determine 0(x).
O=a-p
tan @ = tan(a — f)
tana — tan g
i e— 3)

" l+tanatanp
Substitute (1) and (2) into (3).

4

=

tanf = —>—*

() 6)

RS

2x
x2+8

2x
6(x) = tan™!
(x) = tan <x2+8>

Determine the critical number(s) of 6(x).

tan @ =

de GRAPHING CALCULATOR
—=
1 < (x% + 8)(2) — 2x(2x) > i
. =0 !
1+ (%) (x? +8)? I
232 +16—4x> = 0 [ (___‘—-——____
16-2x2=0 ;

x> =8 I'|-:|.:-:i|:-'|u.r-'|.
n=c.BeB4caE 'V=.::98:91
x=2V2; x>0

The player should shoot the puck 2+/2 m from the goal line.
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Review of Key Concepts
8.1 Addition and Subtraction Formulas
Section Review Page 534 Question 1

a) sin64° cos4°® — cos 64° sin4° = sin(64° — 4°)
= sin 60°
V3

)

¢) cos45°cos 15° —sin45°sin 15° = cos(45° + 15°)

= cos 60°
1

2

tan 35° + tan 10°
— o ] o
€) [ @n3semnios - 2GS +100

= tan45°
=1

8.2 Double-Angle Formulas

Section Review Page 534 Question 2

a) 50sin x cos x = 25(2 sin x cos x)
= 25sin2x

c) 2¢0s%(30 +2) — 1 = cos2(30 +2)
= cos(60 + 4)

e) cos’ 2x — sin® 2x = cos 2(2x)

= cos4dx

20 20
g) 1—251n2?=cos2<?>

= CcoS —
5

Section Review Page 534 Question 3
a) If x € [0,2x], then x + 3 € [3, 27 + 3].

sin3cosx +cos3sinx = 0.5
sin(3+x) =0.5

34 13z 17z
X=—or —
6 6
137 17z
=—-30or— -3
T "6
13 17
The equation is true for x = Tﬁ —3or Tﬂ -3.

b) sin32°cos 13° + cos 32°sin 13° = sin(32° + 13°)

= sin45°
1

V2

d) cos45°cos 15° + sin45° sin 15° = cos(45° — 15°)

= cos 30°

V3

2

1
b) 15sin3xcos3x = 15 <§ sin(2(3x))>
15
= — sinb6x

.Xx X 1 . x
d) 8s1n§cos§—8<§s1n2<§>>

=4sinx

f) 2c0s? 100 — 1 = cos 2(106)
= cos 200

1
h) sin7x cos 7x = 5 sin 2(7x)

1
= —sin 14x

b) If x € [0, 2x], then x + 7 € [, 3x].

cosxcosw —sinxsinz =0

cos(x+m)=0

3 hY4
x+7r=70r—

2

ﬂ0r371'

X=—o0r —

2 2
3z

. /2
The equation is true for x = 5 or -
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¢) If x € [0, 2x], then 3x € [0, 6x].

cos2xcosx —sin2xsinx =0

cos(2x+x)=0

d) If x € [0, 2x], then 3x € [0, 6x].

sin2x cos x + cos2xsinx = 1

sin(2x + x) = 1

cos3x =0 sin3x =1
3 . 37 S5n Tn 9x 117z 3 . S Or
T 2 XT3y
nm © St Tr 37 117z T Sm or kY4
XxX==,=, = —, = — X=—, —, 0or —
6’26 62 6 6" 6 2
Sz T 3 11 5 3
Solutions include x = % % Fﬂ Fﬂ 7” Tﬂ Solutions include x = % Fﬂ or 77[
e) If x € [0, 2], then 2x € [0, 4x]. f) Since tang is undefined, there are no solutions.
sinxcosx = —1 — cos x sin x

sinxcosx + cosxsinx = —1

sin(x + x) = —1

sin2x = —1
37 Ix
2x = — or —
YT
3 Tz
X =—or —
4 4

3 7
The equation is true for x = Tﬂ or th

g) 3sin2xcosx +3sin’x =0
sin 2x cos x + sin x = 0
2sinxcos? x +sin?x = 0
2sinx(1 —sin? x) +sin>x = 0
sin x(2 — 2sin® x +sinx) = 0
sinx =0

x=0,7, or2x
2 —2sin’x +sinx =0
2sin*x —sinx —2=0

1-v17

sinx =

x =4.0375 or 5.3873

h) sin2x —sinx =0
2sinxcosx —sinx =0
sinx(2cosx —1) =0
sinx =0

x=0,7x, or2x

, sinx € [—1,1]

2cosx—1=0
1
cosx = 3
T Sz
x=z or 3
L T Sz
The equation is true for x = 0, 3 7, 3 2r.

Solutions include x = 0, 7, 4.0375, 5.3873, or 2.

sinx —cosx =0

sin x = cos x
tanx = 1
V4 Sr
X=—o0r —
4 4

. n Sm
The equation is true for x = 1 or T
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J) If x € [0, 27x], then 2x € [0, 4x].

3cos2x+2=0
2x = ——
cos 2x 3

2x = 2.3005, 3.9827, 8.5837 or 10.2658
x =1.1503,1.9913,4.2919 or 5.1329

Solutions include x = 1.1503,1.9913,4.2919 or 5.1329.



k) sin2x —tanx = 0 1) If x € [0, 2x], then 2x € [0, 4x].

2 si sin x _
S X s X = Y sin2x —cos2x =0
sinx<200sx— >=0 $in2x = cos 2x
cos x tan2x = 1
sinx =0 ) © Sz 9« 137
x=—, —, or —
x=0,7, or2x 4’ 4 4 4
) 0 © St 97 137
_ - X=—,—,—, O —
COS X COS X 8 8 8 8
2cosx = L n St 9« 137
COS X The equation is true for x = =, —, —, or —
8§ 8 8 8
cos’x = =
+ 1
COSX = +—
V2
N 37 S& Tz
SRRV VI
T 3x Sn T
luti incl =0,—,—,n,—,—or2
Solutions include x 0,4, 1 T, 17 or 2z
m) 2sin2x = cos x n) 3sinx =2 —cos2x
4sinxcosx —cosx =0 3sinx =2 — (1 — 2sin® x)
cosx(4sinx —1) =0 3sinx = 1 +2sin’ x
cosx =0 3 2sin’x —3sinx+1=0
x=gor§ (2sinx — D(sinx — 1) = 0
4sinx—-1=0 2Sinx—1:(i
sinx=1 sinx=§
X = 0.2527 or 2.8889 = Eor %
6 6
3 e —
Solutions include x = 0.2527, g 2.8889, or 7” s x ir
XT3
The equation is true for Tz or o7
X=—=,—, or —.
4 62 "6

Section Review Page 534 Question 4

4 3 3
Using the 3 : 4 : 5 Pythagorean triple and the information given, it is determined that cos x = 3 tan x = 7 siny = 3
and cosy = 4
y=-3.
a) sin2(x — y) = 2sin(x — y) cos(x — y)

= 2(sin x cos y — cos x sin y)(cos x cos y + sin x sin y)

RO
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b)

¢) Determine a value for tan(x — y).

tanx —tany
1 +tanxtany

()

tan(x — y)

_
+
N

<R = \1|-l>|0x

Determine tan 2(x — y).

2t —
tan2(x — y) = an(x — y)

Substitute (1) into (2).
24

2.2
7

tan2(x —y) =

552 MHR Review of Key Concepts

1 —tan®(x — y)

cos2(x+y) = 2cosz(x +y) -1

= 2(cos x cos y — sin x sin y)2 -1

()

-3°3

d) sin2x + cos2x = 2sin x cos x + cos

2

x — sin?

:2.§.i+<i>2_(§>2
5 5 5 5
24 16 9

=% 725

31

=72

ey

@)

X



Section Review Page 534 Question 5

11
Let d be the required distance, in metres. In AABC, tan x = R In AABD,

24
tan2x = —
an 2x n
2tan x 24
o= = 1
1—tan?x d M
. 11 .
Substitute tan x = v in (1).
11
4 24

2 d
-(7)
d

22=24(1—£>
dZ

11d* = 12d* — 1452
d* = 1452
d=38.1

2

Marion is approximately 38.1 m from the base of the cliff.

Section Review Page 534 Question 6
12
Using the 5: 12 : 13 and 3 : 4 : 5 Pythagorean triples and the information given, it is determined that cos x = — and

siny = 3
=<

sin2(x — y) = 2sin(x — y) cos(x — y)

= 2(sin x cos y — cos x sin y)(cos x cos y + sin x sin y)

_ 5 4 12 3112 4 +5 3
713 5 13 5|13 5 13 5
56 33
=2(-=)(-=
(%) (2)
3696
T 4225

8.3 Limits of Trigonometric Functions

t
A number of solutions that follow make use the of the result lim mnx_ 1. It is confirmed as follows,

x=0 X
tan x . sinx
lim — = lim
x-0 X x—0 COS X
. sinx 1
=lim — -
x—0 X COS X
=1-1

=1
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Section Review Page 534 Question 7

. .1 1
. . sin =x sin-x =
. sin3x 1. sin3x 3 . . 2 2
a) )1(1_1)15 4x 400 x 3 ) a0 x a0 x 1
=l-3-lim sin3x 2
4 3x=0 3x 1
sin =x
3 . 2
=2.1 =—- lim
4 %x—»O lx
_3 2
T4 1
=-.1
2
1
2
. . )
c) limM = lim <w~cosx> d) 1im2tan * =2‘lim<tanx ‘tanx>
x—0 X x—0 X x—=0 X x—0 X X
=1-1 =2-1-1
t —
e) The calculator suggests lin(l) anx—zx =0.
X X

GRAPHING CALCULATOR

Yi1ECLants)—Ka RE

8.4 Derivatives of the Sine, Cosine, and Tangent Functions

Section Review Page 534 Question 8

a)

b)

c)

d)

dy dsin(3x*>+5) d(3x*+5)
dx  dBx2+5)  dx

= cos(3x” +5) - 6x

= 6x cos(3x% + 5)

x3 I sin*(6x> —2) dsin(6x> —2) d(6x” —2)
dsin(6x2 —2)  d(6x?-2) dx

sin?(6x* — 2) - 12x? 4+ 4x* - 2sin(6x* — 2) - cos(6x> — 2) - 12x

12x? sin?(6x% — 2) 4+ 96x* sin(6x” — 2) cos(6x> — 2)

d d4
% = sin?(6x — 2) - —

dy ) dx> 5 dcos(4x®+7) d(4x>+17)
- = 4 7). — . .
xS ) e e ) dx

= cos(4x® +7) - 2x + x> - —sin(4x> +7) - 8x

= 2x cos(4x* + 7) — 8x*sin(4x> + 7)

dy _ dsin’(cos’ x +tanx) dsin(cos®x +tanx) [dcos’x dcosx N dtan x
dx  dsin(cos? x + tan x) d(cos? x + tan x) dcos x dx dx
= 2sin(cos’ x + tan x) - cos(cos’ x + tan x) - (3 cos” x - — sin x + sec” x)

=2 sin(cos3 X + tan x) (:os(cos3 X + tan x) (sec2 x — 3 cos’ xsin x)
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dy dsin’(cosx?) dsin(cosx’) dcosx’ dx3 dy dcos(e’) de*

e = —_— - 7. -
) dx  dsin(cos x3) d cos x3 dx3 dx D dx de* dx
= 3sin®(cos x°) - cos(cos x°) - (—sin x?) - 3x? = —sin(e”) - ¥
= —9x? sin’(cos x°) cos(cos x*) sin x> = —e"sin(e”)
) dy dcos(In(tanx)) dIn(tanx) dtanx h) dy dln(sin(e”)) dsin(e®) de*
g dx  dln(tanx) dtan x dx dx  d sin(e*) e* dx
1 1
= —sin(In(tan x)) - -sec? x = — - cos(e”) - e*
tan x sin(e*)
= —sec? x cot x sin(In(tan x)) = e”* cot(e¥)
dsinx in x
X - —sinx - —
i dy _ dx dx i) y = sin’ x + cos” x
dx x2 -1
_ XCOsx —sinx dy—()
x2 Ix
Section Review Page 534 Question 9 Section Review Page 534 Question 10
y = 2sinx + sin® x y = 2sinx + sin® x
Determine the critical number(s). j_y = 2c0s x + 2 sin x cos x
dy X
Ix =0 Determine the slope, m, of the tangent.
2cosx +2sinxcosx =0 m=d_y
cosx(1 +sinx) =0 dx|x=¢
b4 . b
T 3z =2c0s — + 2sin = cos —
X=—=0r — 6 6
2 2 V3 V3
Determine the points of inflection. =2 v3 +2 1.¥3
d%y 2 2 2
2 -0
dx2 = \/5 + ?
—25sinx + 2(cos® x — sin? x) = 0
2 " W3
sinx —14+2sin“x =0 =5
2sin*x +sinx — 1 =0 Determine the equation of the tangent.
(25inx—1)(sinx+1)=0 y—ylzm(_x—xl)
X = z, 5_7[ or 3_7[ 5 _ 3\/§ T
66 "2 73772 7%
3V3 zv3 + 5
= —X — —— —
2 4 4

The equation of the tangent is,

GRAPHING CALCULATOR

GRAPHING CALCULATOR

A maximum value of 3 occurs at x = 5 A minimum "x_______,"".

3x ] COBqH
value of —1 occurs at x = > BOFEZYEREN+ - 110
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8.5 Modelling with Trigonometric Functions

Section Review Page 535 Question 11
a) Models may vary. At two pulses per rotation, the

period is S.
_ A . 2z
=755 0033
2
_ A sin 4t
y=3 0.033
c) I=r0
dl do
a_,..v
dt dt
a6 2z
Substitute 7 = 6 x 1016 and — = )
uosuatute r X an 0033
dl 2z
Z—6x100. =22
a0 0.033
=1142.4 x 10'°
=1.1424 x 10"

b) Assuming the rate decreases linearly, 0.033 can be
t
replaced with 0.033 (2500 - E)’ where k is the

number of seconds in a year (3.154 x 107). This
expression will ensure that the rotational rate will
be 0 after 2500 years. The updated model is

A . dxt
y = —Ssin +1

0.033 (2500 - é)

The pulsar sweeps the surface of Earth at an approximate rate of 1.1424 x 10'° km/s.

Section Review Page 535 Question 12

Let A be the area of a cross-section of the trough.

A, h) = h+2 (%m)

=h(l +x) )]
x =cosé 2)
h =sinf 3)

Substitute (2) and (3) into (1).

A(0) = sin (1 + cos )

Determine the critical number(s) of A.

A =0

(1 +cos@)cosf +sinf(—sinf) =0

(1 +cosB)cos@ — (1 —cos?0) =0

(I +cosB)(cosf — (1 —cosh)) =0

(1 4+cosf)2cosfd—1)=0

2cosf—-1=0
1

0=—-

cos 3

T

0=—

3

A value of 6 = % or 60° will maximize the area of the trough.
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Section Review Page 535 Question 13
Let A be the area of the triangle in square metres. Let 6 be the contained angle between the two sides measuring 15 m
and 20 m.

A(0) = %(15)(20) sin 6
= 150sin 8 (1)

Differentiate both sides of (1) with respect to time, ¢, in seconds.
dA  d150sinf do

dr do dt
do
= 150cosf - — )
dt
T do V3
i == — = — 2).
Substitute 6 3 and 7 = 90 into (2)
dA V1
i, | Z.Z
7 50cos 3 50
1 =
=150.- = . =
>0 2 90
_ Sx
6
=2.62

The area is changing at the rate of approximately 2.62 m?/s.

Section Review Page 535 Question 14

a) T=1 b) Answers may vary.
L ¢) Let a be the amplitude. y = asin(2zt + k).
27[ —_ = 1 a \
g d) sin30° = — \
L
=& L -\
472 a==
9.8 . 2 30°
= Substitute L = 24.824 cm.
472 24.824 \Lm
= 24.824 a="
=12.412
The length of the pendulum is approximately 24.824 cm.
The amplitude is 12.412 cm. ja—o

e) The measure of the central angle, 8, is defined by the model, 8 = 12.412sin(2zt + k). Determine the angular

velocity.
do
T =12.412cos(2xt + k) - 2x
= 24.8247x cos(2nt + k) (D
Determine the critical number(s) of (1).
d’o _
ar

24.8427 - —sinQ2xt + k) - 27 = 0
24.8427 - —sin(2xt + k) - 27 = 0
—49.6847% sin2xt + k) = 0 )
sinzt+ k) =0
2rt+k =nm, nel

n k
t=—-——
2 2xm 3)
Substitution of (2) in (1) yields a maximum angular speed of |24.824 x| or approximately 77.99 rad/s. The maximum
angular speed occurs at t = g ~ 5 s, where 7 is any integer
7
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f) Recall the angular acceleration from (2) in part e).

d*o 5 .
— = —49.6847x" sin(2xt + k)
dr?
Determine the critical number(s) of (4).
d’0
dr3
—49.6847° - cos(2nt + k) - 2r =0
—99.3687> cos(2xt + k) = 0

cosQrt+ k) =0

=0

“

5)

2n+1
2nt+ k = ( n; )”; nel

_2n+1  k

-4 2

_n 4 1 k

2 4 2
Substitution of (5) in (4) yields a maximum angular acceleration of | —49.684x? | or approximately 490.4 rad/s>. The

1
maximum angular acceleration occurs at t = g + 172 s, where n is any integer.
T

Section Review Page 535 Question 15

S(0) = 6ab+ > <M>
2 sin 0
Determine the critical number(s) of S.
S'0) =0
§a2 <sin0 -sinf — (V3 — cos 9) cosﬁ)
2

sin” 0
sin 6 — V3 cos @ +cos’6 =0

l—\/gcost9=0

1
cosf = —
V3
0 =0.9553

An angle of approximately 0.9553 rad or 54.74° minimizes the surface area.
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Chapter Test
Section Chapter Test Page 536 Question 1

sin 2x
. osin2x . tan 20x tan20x 20
1 =1 . .
a) 20 Sinx  x20 sinx b) )1(1_1}1(1) x )lcl_r,% x 20
x tan 20x
. =20- 1
lim sin 2x ) g 20230 20x
_ x—0 X 2 =20-1
x-=0 X
in?2
2. fim 202X
_ 2x—0 2x
T sinx
lim —
x=0 X
21
=2
Section Chapter Test Page 536 Question 2
a) y = 2sin3x — 3 cos4x
dy _ dsin3x d3x dcosdx ddx
dx — d3x dx ddx dx
=2-cos3x-3—-3-—sindx -4
= 6cos3x + 12sin4x
d®y  dcos3x d3x N dsindx ddx
dx? d3x  dx ddx  dx
=6-—sin3x-3+12-cosdx -4
= —18sin3x + 48 cos 4x
sin x
b = —
) y 1 +tanx
dy (I +tanx)-cosx —sinx - sec? x
dx (1 + tan x)2
_cosx + sinx — sec? x sin x
B (1 + tan x)2

d’y _ (I'+tanx)(sinx +cos x — 2 sin x sec? x tan x — sec

2 2

xcos x)) — 2 sec” x(cos x + sin x — sec? x sin x)

dx?

Simplifications will vary.
Section Chapter Test Page 536 Question 3

(1 + tan x)3

2 60
a) One complete cycle takes Fﬂ s. There are 57 O approximately 57 heartbeats in one minute.
z

6
b) The range of 20 sin 6¢ is [-20, 20]. The range of P is, therefore, [80, 120]. The maximum pressure is 120. The
minimum pressure is 80. These are healthy values for blood pressure.

¢) All constants increase.
d) All constants decrease.
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Section Chapter Test Page 536 Question 4

f(x) =sinx + cosx
f'(x) = cos x —sinx
f"(x) = —sinx — cos x
f"(x) = —cosx +sinx
f(4)(x) = sin x + cos x
f(x) = f®(x) for n = 4k, where k is a natural number.

Section Chapter Test Page 536 Question 5

The capacity of the trough will be maximized when the area of the cross section is maximized. Let s be the constant
side length of the triangular end of the trough. Let A be the area of the triangle.

1
A(0) = 5s2 sin @

Determine the critical number(s) of A.

A6 =0

1
zszcosﬁ =0
cosf =0
T
0=—
2

The capacity of the trough is maximized when the vertex angle is g rad or 90°.

Section Chapter Test Page 536 Question 6
a) Let A be the area of AOAB. Let x and y be the base and height of AOAC respectively. In AOPA, OP = p and
PA = 4/p? — 1. Develop an expression for A(p).

A(x,y) = xy (1) - A
Since AOAC ~ AOPA, / ’ 1
x_1 ) «! o i P' >
1 »p ON\X|C 1p‘
2_ 1 N
y_yr-—= 3) 1 B
1 p .
Substitute (2) and (3) into (1).
P — et a be the angle between and the x-axis.
B 2 -1 b) L be th le b OA and th i
A(p) = T 4)
Determine the critical number(s) of A. cosa = 1 5)
A(p)=0
2p ») Substitute p = V2 in (5).
- cosa= L
F =0 V2
P o= b4
5 =
4
_r 2v/p2-1=0
VP2 -1 . . /3
) 2 2 When the area of AOAB is a maximum, a = T
p2 B 12) ¢) From (4),
p-=2p =2
2 _

pzi\/E A<i\/§>=

The maximum area is achieved when p = £v/2.

. 1 .
The maximum area is 3 square units.
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Challenge Problems
Section Challenge Problems Page 537 Question 1
a) 4sinx + 3sinx = Asin(x + 0)

= Asinxcosf + Acosxsinf

Comparison of the left and right sides reveals,

AcosO =4
Asinf =3
3
tanf = —
an 1
b4 .. . 37[
If 6 is in the first quadrant, 6 € (0, 5) If € is in the third quadrant, 8 € | =, > )
4 4
0 =— 0 =——
cos 5 cos 5
Acosf =4 Acosf =4
4 4
Al=-)=4 Al—-—=)=4
(5) (5)
A=5 A=-5
Thus, Thus,
. . 1 (3 . . (3
4sinx + 3cosx = 5sin | x + tan I 4sinx + 3cosx = —5sin | x + tan I +r
= 5sin(x + 0.644) = —5sin (x + 3.785)
b) asinx + bsinx = Asin(x + 0)
= Asinxcosf + Acos xsinf (D)
Comparison of the left and right sides of (1) reveals,
Acosf =a )
Asinf =b
Thus,
tanf = — (2)
Therefore,
cosf = :I:L “)

Va2 + b?

Substitute (4) into (2).

A(iL>=a
Va2 + b?
A=+Va?+ b

A= VB and, rom 31, 0= ! (2.
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Section Challenge Problems Page 537 Question 2

a) 4sinx +3sinx = Acos(x + )
= Acosxcosf — Asinxsinf

Comparison of the left and right sides of (1) reveals,

—Asing =4
Acosf =3
4
tand = ——
an 3

4
0 =tan"! | —=
()

= —-0.927 or 2.124

4
inf =+—
sin 5
Substitute (4) into (2).
4
—Al+=)=4
A=45

4
Thus, 4 sin x + 3 cos x = £5 cos <x+tan_1 <—§>>

b) asinx + bsinx = Acos(x + 0)
= Acosxcosf — Asinxsiné

Comparison of the left and right sides of (1) reveals,

—Asinf =a
AcosO=b
a
tan @ = %
a
6 =tan”! (_Z>
sinf = + a4

Va? + b?

Substitute (4) into (2).

a
—“Al+t———— | =a
( \/az+b2>
A=+Va%+b?

Thus, asinx + bcos x = £V a? + b2 cos (x + tan™! <—%>>
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Section Challenge Problems Page 537 Question 3

sin x + sin 2x + sin 3x

sin x + sin 2x + (sin x cos 2x + cos x sin 2x)

cosx +cos2x +cos3x  cosx+ cos2x + (cos2xcos x — sin 2x sin x)

sin x + sin 2x + sin x(2 cos® x — 1) 4+ 2 cos® x sin x

cos x + cos 2x + (2cos? x — 1) cos x — sin 2x sin x

sin x + sin 2x + 4 cos? x sin x — sin x

coS x + €08 2x + 2 cos3 x — cos x — 2 sin” x cos x
sin 2x + 2 sin x cos x(2 cos x)

cos 2x + 2 cos x(cos? x — sin® x)
sin 2x + sin 2x(2 cos x)

cos 2x + cos 2x(2 cos x)
sin 2x(1 + 2 cos x)

cos2x(1 + 2 cos x)

= tan 2x

Section Challenge Problems Page 537 Question 4

Let 0 be the acute angle of intersection between the
two lines. The slopes of the two lines are m; = 2 and
myp = —4.

tana = u
1+ mm;
_2=(=4
T 14+(-8)

6

7

0 = tan”! <—§>
7

=40.6°

The angle of intersection between the two lines is ap-
proximately 40.6°.

Section Challenge Problems Page 537 Question 6

tan(A+ B+ C) =

Since A + B + C = 180°,

Section Challenge Problems Page 537 Question 5

Equating the curves reveals a point of intersection at

(2,8). The slope of y = x3atx =2ism =3(2) or

12. The slope of y = x> +4 at x = 2 is my = 2(2) or

4. Let @ be the acute angle of intersection between the

two lines.

tang = L~ M2

1+mm;
12 -4

1+ (12)(4)

8

49

8
0 =tan"! | —
an <49>

=9.27°

The angle of intersection between the two curves is
approximately 9.27°.

tan(A + B) +tanC

1—-tan(A+ B)tanC

tan(A + B) +tanC
1 —tan(A + B)tanC
0 =tan(A+ B) +tanC

tan 180° =

0= tan A + tan B +anC
" 1-tanAtan B
tan A + tan B
—tanC= ———
1 —tan Atan B

—tan C(1 —tan Atan B) = tan A + tan B
—tan C +tan Atan Btan C = tan A + tan B
tan Atan Btan C = tan A + tan B + tan C
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Section Challenge Problems Page 537 Question 7

. Vl+tanx—+v1+sinx . [vVIi+tanx—+1+sinx V1+tanx++1+sinx
lim lim X

x=0 x3 x=0 x3 V1 +tanx + /1 +sinx
l+tanx —1—sinx

im
x=0 x3 (\/1 +tanx + V1 +sinx)
sin x

—sinx

im COS X
x=0 x3 (VI +tanx + v1 + sinx)

1
sinx< —1>
COS X

m
x=0 x3 (VI +tanx + v1 + sinx)

. 1 —cosx 1+ cosx
sin x
. cos x 14 cosx
= lim

x=0 3 (\/1 +tanx + V1 +sinx)

sin x(1 — cos? x)
m cos x(1 + cos x)
=0 x3 (VT +tanx + V1 +sinx)

: [sin3x 1 1
= lim X X
=0 | x3 cosx(l+cosx) +/T+tanx++1+sinx
=1x ! X !
- 2 2
_1
T4

Section Challenge Problems Page 537 Question 8

2 .2
sin — sin —
X X
lim = lim —
X—00 X—oo | l X
sin — sin —
X X

lim x - sin —
X

X—=00

lim x - sin —
X—00 X

sin —

2
1 x-_
lfi%l 2
_ X
sin —
: x
T
x
sin —
: X
2%1_r)r(1) 2
— X
!
sin —
: X
fim =
x
21
T
=2
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Section Challenge Problems Page 537 Question 9

Determine where the curves intersect.
e ¥ =e " cosx ]
¢ (1 - cosx) = 0 0-0047 |y =e
cosx =1 y ] a
i /
x=2nr;,nel 0.002 ] / \
. : I \.
The curves intersect at x = 2nx, where n € I. Deter- o : e —_—
mine the slopes of the curves at the intersection points. 2 4 [ 9 8 0 12
de=> -0.002 -| | y=e~cosx
=— " (1) l \
dx 1 |
de ™ cos x _ ] \
—————— =coSx-—e “+e* - —sinx 0.004 7 ‘
dx 1 |
()

= —e~*(sin x + cos x)

Since sin x+cos x = 1 for x = 2nzx, (1) and (2) are equal and the curves are tangent to one another at their intersection

points.
Section Challenge Problems Page 537 Question 10

1)

dI
E=1—+rl
ar
Substitute I = Iy cos(wt + b) into (1).
dIycos(wt + b)
E = Iycos(wt + b) - B E— + rlycos(wt + b)

= Iycos(wt + b) - (—1ysin(wt + b) - w + rlycos(wt + b)

= Iy cos(wt + b)(r — Iyw sin(wt + b))
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