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Preface

These lecture notes are devoted to questions of the behaviour, when
t — oo, of trajectories V;(v), t € Rt = [0, 00) for semigroups {V;, t €
R*, X} of nonlinear bounded continuous operators V; in a locally
non-compact metric space X and for solutions of abstract evolution
equations. The latter contain many boundary value problems for
PDE (partial differential equations) of a dissipative type.

In contrast to the traditional theory of the local stability of PDE
(i.e. in the vicinity of a solution) we study the behaviour of all tra-
jectories or solutions for the problems and give a description of the
set of all limit states. We will not make assumptions either about the
smallness of the parameters in the problem or on the closeness of the
problem to a linear one, neither will we consider any other condition
that ensures that all the solutions of the problem tend to some spe-
cial solution. Our purpose is to develop a global theory of stability
for problems of mathematical physics with dissipation. The principal
ideas in this subject were formulated in paper [1] and I follow them
here. The object of paper [1] concerns boundary value problems for
Navier-Stokes equations. This object helped us to understand which
properties of semigroup {V, t €ERY, X } imply the compactness of
the set of all limit states (or, which is the same, the minimal global B-
attractor), its invariance, the possibility of continuing the semigroup
restricted on M to the full group on M and a finiteness of dynamics
{Vi, t € R = (—00,+00), M}.

The latter was a source of investigations of the finiteness of di-
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mensions of compact sets in the Hilbert space X which are invariant
under a nonlinear bounded operator V enjoying some special proper-
ties. The paper by Mallet-Paret [2] was the first one in this direction.
In the paper by Douady and Oesterlé [3], the Hausdorff dimension
(dimg A) of such sets A was estimated for a wider class of operators
V. Although the full proof in [3] was done for the case of a Euclidean
space X = R"”, the authors pointed out that it may be generalized to
the case of a Hilbert space X.

After these papers many works devoted to such question were pub-
lished ([4]-[10], etc.). In the first part of Chapter 4 we evaluate Haus-
dorff and fractal dimensions of compact invariant sets following the
approach of paper [3] (see [11]). In the second part of Chapter 4
we show how to verify the conditions of our theorems in the case of
semigroups generated by evolution equations.

Let us mention that in paper [6] there is a theorem with a very short
and clear proof which was used for estimating both dimgy A and the
fractal dimension for many PDE of different types. But majorants
obtained through this theorem are worse than majorants deduced
from theorems of Chapter 4 (see Part II of these lectures and [11)).

We do not give here the full list of papers relating to attractors of
PDE. In the eighties several papers on this subject have been pub-
lished, and the number continually increases. A survey of the rele-
vant papers published before 1986 can be found in [12]. I would like
to point out that there are many connections between the results of
Chapters 2 and 3 and the results of American mathematicians from
Brown University. The latter were developed in the process of study-
ing ODE (ordinary differential equations) with delay and abstract
discrete semigroups. They have been expounded in the monograph
[13] by J.K. Hale. Semi-linear parabolic equations (mostly with one
space argument) are considered in the book [14] by D. Henry, who is
concerned only with the investigations of American mathematicians
and does not seem to be aware of paper [1]; actually in the first lines of
[14] he expresses the wish that attractors of the Navier-Stokes equa-
tions and some other problems of hydrodynamics for viscous fluids be
investigated.

I would like to express my cordial thanks to members of the Acad-
emia Nazionale dei Lincei and to Professor G. Fichera especially for
the invitation to deliver these lectures and to publish tliem. I am very
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much obliged to Professors G. Fichera, P. Castellani and M. Sneider
for their help in the preparation of the English version of my lectures.






Part 1.

Attractors

for the semigroups
of operators:

an abstract
framework
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Basic notions

In this chapter we shall deal with semigroups {V;, t € Rt = [0, +00)}
of continuous operators V;: X — X acting on a complete metric space
X. We shall denote them {V;, t € R*, X} or simply {V;}.

In what follows, the term semigroup refers to any family of single-
valued continuous operators V;: X — X depending on a parameter
t € R* and enjoying the semigroup property: V;,(V;,(z)) = Vi, 41,()
for all t;,t, € RY and z € X.

A semigroup {V;} is called pointwise continuous if the mapping
t — Vi(z) from R+ to X is continuous for each £ € X. A semigroup
is called continuous if the mapping (¢,z) — Vi(z) from Rt x X to X
is continuous.

Given a semigroup {V;} the following notation will be frequently
used:

r*(z):={y€ X |y = Vi(z), t e R*}
= {Vi(z), t € R+} )
W) (®) = {Va(2), L € [tr, 2]} 5
¥ (2) = 7 o0y (2) = {V2(2), T € [t,00)};

7H(A) = [ 7*(2);

TEA

7[‘:1,&](‘4) = U 7[2,%]("’) )
Tz€EA

7 (A) = J (@)

TEA



4 Attractors for the semigroups of operators

It is easy to verify that V;(v*+(4)) = 77 (4).
The curve y1(z) is called the positive semi-trajectory of z.
The collection of all bounded subsets of X is denoted by B.

We use the letter B (with or without indices) to denote the elements
of B, i.e. the bounded subsets of X.

A semigroup {V;} is called locally bounded if 7[+0,t](B) € B for all
B € B and all t € Rt. {V;} is a bounded semigroup if y*(B) € B for
each B € B.

Let A and M be subsets of X. We say that A attracts M or M
is attracted to A by semigroup {V;} if for every € > 0 there exists a
ti(e, M) € R such that V;(M) C O.(A) for all t > t;(¢, M). Here
O(A) is the e-neighbourhood of A (i.e. the union of all open balls
of radii € centered at the points of A). We say that the set A C X
attracts the point z € X if A attracts the one-point set {z}.

If A attracts each point z of X then A is called a global attractor
(for the semigroup). A is called a global B-attractorif A attracts each
bounded set B € B.

A semigroup is called pointwise dissipative (respectively, B-dissi-
pative) if it has a bounded global attractor (respectively a bounded
global B-attractor).

Our main purpose here is to find those semigroups for which there
is a mintmal closed global B-altractor and investigate properties of
such attractors. These attractors will be designated by M. We shall
examine also the existence of a minimal closed global atiractor M. 1t
is clear that M C M and later on we will also verify that M might
be just a small part of M.

The concept of invariant sets is closely related to these subjects. We
call a set A C X invariant (relative to semigroup {V;}) if Vi(A4) = A
for all t € RT.

A set A C X is called absorbing if for every £ € X there exists a
t1(z) € Rt such that Vi(z) € A for all t > t;(z). A set A is called
B-absorbing if for every B € B there exists a t;(B) € R* such that
Vi(B) C A for all t > t;(B).

In our investigation of the problems concerning the attractors M
and M the concept of w-limit sets will play a fundamental role. For
zr € X the w-limit set w(z) is, by definition, the set of all y € X such
that y = lim, _ V;,(z) for a sequence t; / +oo0.

The w-limit set w(A) for a set A C X is the set of the limits



Basic notions 5

of all converging sequences of the form V;, (zx), where z; € A and

tr / +o00.

An equivalent description of the w-limit sets is given by

Lemma 1.1

w(z)= (b @)x; wd) =[x (L.1)
>0 >0
Here the symbol [ ]x means the closure in the topology of the metric
space X.

The proof of Lemma 1.1 is traditional and so is omitted. Since
7 (A) C 7t (A) whenever t; > t, the intersection over all ¢ € R* in
(1.1) may be replaced by ﬂ»T with any T € Rt.

It is necessary to have in mind that for locally non-compact spaces
X the use of the concept of limit sets requires some caution since
the intersection Ag = (e Ak of Ax = [Ak]x D Ak+1 = [Ak+1]x In
them may be empty (and therefore unhelpful).
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Semigroup of class X

By definition a semigroup {V;} belongs to the class K if for each t > 0
the operator V; is compact, i.e. for any bounded set B C X its image
Vi(B) is precompact. (I should remind readers that the operators V;
are supposed to be continuous, see the beginning of Chapter 1).

Theorem 2.1
Let the semigroup {V;} belong to the class K. Let AC X and
T € R*. Suppose that v} (A) € B. Then

(i) w(A) is non-emptly and compact,
(i) w(A) atiracts A,
(i11) w(A) is invariant, i.e. Vi(w(A)) = w(A) for allt € RY,
(iv) w(A) is the minimal closed set which attracts A,
(v) w(A) is connected provided A is connected and the semigroup
{V:} is continuous.

Proof The sets Vi(v#(4)) = 7r(4), 0 < t < +o0, are precom-
pact and v, 7(A) C v, 7(A) for all t; > T;. Therefore w(4) =
ﬂ»o [vi7(A)]lx is the intersection of an ordered family of compact
sets. Hence w(A) is non-empty, compact and attracts A.

In order to prove (iii) we verify immediately that V;(w(A)) C w(A).
Actually, if y € w(A) then y =lim___ V;, () for some z; € A and
te /" +00, hence Vi(y) = Vi(limgwoo Vi, (2)) = lim _ Vi, (k)
and thus V;(y) € w(A).

To obtain the reverse inclusion, w(A4) C Vi(w(A)), let z € w(A)
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and therefore z = lim___ V4, (zx) for some z € A and t; / +oo.
We may assume that 1+ T+t < t) <13 < .... The points yr =
v, —t(zk), k = 1,2,.. ., belong to the precompact set 7;_*_1(/1). Hence
there is a converging subsequence {yx;} and lim,_ __ y¢; = y € w(4).

Consequently z = limj_co Vi, (zr;) = limj_co Vi(yr;) = Vi(y).
Thus we obtain w(A) C V;(w(A)) and (iii) is proved.

To prove the minimality of w(A) suppose the contrary and let F be
a proper closed subset of w(A) which attracts A. As w(A) is compact
so is F. Choose any y € w(A)\ F. For ¢ > 0 small enough the
e-neighbourhoods O.(y) and O(F) do not intersect. We assumed
that F attracts A. Hence V;(A) C O (F) for all t > t(€) with some
t(¢) > 0. On the other hand y = lim, _ V;,(zi) for some z; € A
and & / +oo (since y € w(A)). Consequently, V;, (A) N O(y) # @
for tx large enough. Hence O (F) N O.(y) # 0, a contradiction.

Now let A be connected and the semigroup be continuous. Suppose
that w(A) is not connected. Then we may decompose w(A) as follows:
w(A) = Fy U Fy, where F; and F; are non-empty closed disjoint sets.
Therefore open e-neighbourhoods O.(F1) and O(F2) do not intersect
for € > 0 small enough. We have O.(w(A)) = O(F1) U O(F2).

Since w(A) attracts A, there is some t; = t;(¢, A) such that
vF(A) C O (w(A)) for all t > t;. But 4} (A) is connected since it
is the continuous image of [t, +00) x A (under the mapping (r,z) —
Vz(z)). So for all t > t; either v} (A) C O(F1) or 7t (A) C O(F2).
Consequently, either w(A) C F; or w(A) C F3, hence either F; =
or F; = {; this is a contradiction. Thus, w(A) must be connected.

|

By definition, a complete trajectory 4(x) of the point z is the curve
z(t), —oo < t < +00, satisfying the following conditions: z(t) € X for
allt eR, 2(0) =z, Vo (2(t)) = z(t+7) for allt € Rand r € Rt. The
set v~ (z) = {z(t), —oo < t < 0} is called a negative semi-trajectory
of z. Thus, v(z) = y*(z)U7~(z). In general, for an arbitrary z € X,
a complete trajectory v(z) may not exist and even if it does, it might
be not unique. However the following statement is true.

Lemma 2.1
Let A be an invariant set (i.e., V;(A) = A for allt € RY).
Then for every x € A there exists a complete trajectory y(z). If the
semigroup {V;} is pointwise continuous then the trajectory v(z) is a
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continuous curve in A. If the operators V;, t € R, are invertible on
A then:

(i) through each x € A passes a unique trajectory v(z);

(i) the family {V;, t € R, A}, where V; := V3! fort < 0, has
the group property: Viyr, = Vi, Vi, for any t1,t; € R; if
additionally A is compact, then {V;, t € R, A} is the group
of continuous operators. This group is poinlwise continuous
or continuous if {V;,t € RY, A} is pointwise continuous or
continuous correspondingly.

We omit the proof of the lemma since it is traditional. Let us describe
only the construction of y(z), € A. For z € A there is at least one
point z_1 € A for which Vj(z_-1) = z; for z_; thereisa point z_, € A
for which Vi(z_2) = z_; and so on. Let us join the points z_;_; and
z_j by the curve {Vi(z_x_1), t € [0,1]}. The collection of all these
curves for all k = 0,1,... forms v~ (z) and z(t) = Vigr41(z—k-1), for
te[-k—1,-k].

Now we turn to the problem of the existence of the minimal global
B-attractor M for a semigroup {V;} of class K.

Consider first the simplest case when there exists a global B-ab-
sorbing bounded set By € B. Then for every B € B there is T(B) > 0
so that V;(B) C By for all t > T(B). In particular, V;(Bg) C By for
allt > T(By) and consequently 7;( Bo)(Bo) C Bo. In view of Theorem
2.1 the set w(Bp) is a non-empty compact invariant set. Moreover,
w(Bo) attracts By. Hence, for every € > 0 there exists ¢;(€) > 0 such
that V;(Bo C Oc(w(Bo)) for all t > t;(¢). Therefore, given any B € B
we have Vi(B) C O¢(w(Bo)) for all t > t1(e) + T(B). Hence, w(By)
is a closed global B-attractor. It is minimal due to Theorem 2.1 (iv).
Thus, w(Bg) = M.

Assume now that the semigroup {V;} is B-dissipative and Bj is its
bounded global B-attractor. Then O, (B1) (with ¢, > 0) is a global
B-absorbing bounded set, and due to the first case M = w(O, (B1)).

Consider now a more complicated situation. Suppose that {V;} is
a bounded and pointwise dissipative semigroup. In particular, there
is a bounded global attractor, say B;. Choose ¢3 > 0, and put B; :=
O, (B2) and By := v*(B;). We are going to prove that w(B;) = M
is the minimal global B-attractor.

Indeed, since B, is a global attractor, for every point € X there is
T(z) > 0 such that Vp(;)(z) € By = O,(B2). Since B, is an open set
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and the operator Vp(;) is continuous, we have Vp(,)(O¢.)(z)) C By,
for some ¢(z) > 0. Hence Vi17(:)(O¢(z)(2)) C Vi(B1) C vH(B1) = Bo
for all t > 0. Now, by standard arguments, for every compact set K
there are ¢(K) > 0 and T'(K) > 0 such that

Vi(Ogk)(K))C By  forall t>T(K). (2.1)

In view of Theorem 2.1 every bounded set B is attracted to its w-
limit set w(B). Hence, V;(B) C O, (w(B)) for all t > t;(e1, B). Since
w(B) is compact we may choose ¢; = ¢(w(B)) and deduce from (2.1)
that Viye,(B) C By for all t > T'(w(B)) and t; = t1(e1, B). Thus, By
is a global B-absorbing bounded set.

Hence, as was shown above, w(By) = M. Note that V;(By) =
7 (B1) by definition of B; and By, and ;' (B;) — w(B;) when t —
00, therefore w(Bg) = w(B1). For minimality of w(B1) see Theorem
2.1 (iv).

If there is a connected B D M then M is connected since V;(B),
t € Rt are connected and for any ¢ > 0, M = V;(M) C Vi(B) C
O(M) for t > ty(e, B).

Thus we have proved the following

Theorem 2.2
Let {V;, t € RY, X} be a semigroup of class K. Suppose
that it is either B-dissipative or bounded and pointwise dissipative.
Then {V;, t € RY, X} has a minimal global B-attractor M, which is
compact and invariant. M 1is connected provided so is X.
As a by-product of the above considerations (see (2.1)) we have
proved:

Proposition 2.1
If the semigroup {V;, t € R*, X} is bounded and pointwise
dissipative then there is a bounded set By such that for every compact
K (2.1) holds with some ¢(K) > 0 and T(K) > 0 and V;(Bo) C Bo
for allt € RT.
The next proposition provides useful information on the structure
of the minimal global B-attractor M.

Proposition 2.2
Under the assumptions of Theorem 2.2 the minimal global
B-attractor M may be characterized as follows:
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(i) M=U__, w(B);
(i) M = U w(K) where K is the collection of all compact
setls in X
(iii) M is the union of all complete bounded trajectories in X;
(iv) M is the union of all complete precompact trajectories in X;
(v) M is the mazimal invariant bounded set in X;

(vi) M= [U,exw(@)]x-

Proof

(i) Every bounded set B is attracted to its w-limit set w(B) and
to M and, hence, to w(B) N M. Since w(B) is minimal,
w(B) must entirely lie in M, i.e. w(B) C M. Now, M being
invariant and compact, we have w(M) = M. Thus, (i) is
proved.

(i1) Since M and w(B) for each B € B, are invariant compact
sets, (ii) follows from (i).

(iii) and (iv) In view of Lemma 2.2, through every point z €
M passes a complete trajectory ¥(z). Any such trajectory
lies in M and thus is bounded (and precompact). On the

- other hand, let y(z) = {z(t), t € R} be a bounded complete
trajectory passing through some point z = z(0) € X. Since
v(z) is invariant (and bounded), then y(z) is precompact.
Hence, B := [y(z)]x is a compact invariant set. Therefore
w(B) = B and so B C M (see (i) above).

(v) If Bis a bounded invariant set, then V;(B) = B and therefore
w(B) = B and B C M. On the other hand M is a bounded
invariant set.

(vi) is obvious.

This concludes the proof of the proposition.
|

The structure of M is simpler than in the general case, if for the
semigroup {V;, t € R*, X} there is a “good” (“strong”) Lyapunov
function, i.e. a continuous function £: X — R which strongly de-
creases along each 7% (z) : £(Vi(z)) \\ when t  (except, of course,
stationary points: z = V;(2)). Let Z be the set of all stationary points
of {V;}. If the semigroup {V;} belongs to the class K and 7+ (z)eB
for any z € X, then Z is its minimal global attractor M. In fact,
for any z € X there exists a lim __ L(Vi(z)) = £4(z), a compact
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w(z) and L, (z) = £4(z) = constant. Therefore w(z) C Z and z is
attracted to Z. If Z is a bounded set then the semigroup {V;} is
‘pointwise dissipative and Theorem 2.2 guarantees the existence of a
compact attractor M provided {V;} is bounded. For each z € M, we
can take a complete trajectory y(z) = {z(¢), t € R, z(0) = z} lying
in M and determine for it the a-limit set a(y(z)) := ﬂf(o [vr(2)]x
where 77 (z) := {z(t), t < }. This a-limit, set like, w(z) is non-
empty, invariant and z(t) — a(vy(z)) when t — —oo. It also belongs
to Z since lim ___ L(z(t)) = constant = Lj4(y(z))- So we may say
that both ends of trajectory v(z) tend to Z. If for example, the space
X is connected and Z is not connected, then M (which is connected)
contains not only points of Z but complete trajectories connecting
points of Z (so Z is smaller than M).
Let us summarize these facts:

Theorem 2.3

Suppose that the semigroup {V;, t € R*, X} belongs to the
class K and vt (z) € B for any x € X. If for this semigroup there is a
“good” Lyapunov function L, then its minimal global attractor M is
non-empty and coincides with the set Z of all stationary points. If Z
is a bounded set and {V;} is bounded then the semigroup has a minimal
global B-attractor M enjoying properties indicated in Theorem 2.2.
Both ends of any complete trajectory v(z) C M tend to Z (when
t — oo correspondingly). If X is connected and Z is not, then
Z 1is a proper part of M and the, attractor M consists of complete
trajectories which connect points of Z.
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Semigroups of class AX

A semigroup {V;,t € Rt, X} belongs to the class AK (or it is asymp-
totically compact) if it possesses the following property: for every
B € B such that 4+ (B) € B, each sequence of the form {V;, (zx)}52,,
where z; € B and t; / 400, is precompact.

Here we restrict ourselves to the case of continuous semigroups of
class AKX. We begin with two elementary propositions concerning
continuous semigroups.

Proposition 3.1
For every compact set K and t € RY the set 7[3,:](1{) is
compact.
The proof is evident.

Proposition 3.2
If K is compact and v*(K) is precompact then w(K) is a
non-empty compact invariant set atiracting K.

Proof In fact, this proposition was proved in Chapter 2. Denoting
K, := [y*(K)]x, we know this is compact and V;(K1) C K. So we
have a semigroup {V;, t € R*, K;} of continuous operators V; acting
on a metric space K;. Hence, this semigroup is of class K and we
may apply Theorem 2.1 to obtain the desired result.

|

Now we pass to the semigroups of class AK.
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Proposition 3.3

Let {V;, t € Rt X} be a continuous semigroup of class AK.
Suppose that K is a compact set such that the v1(K) is bounded.
Then v*(K) is precompact and thus the statement of Proposition 3.2
is true.

Proof Let y,, n = 1,2,..., be an arbitrary sequence of points from
v+ (K), i.e. yo = Vs (zn) for some z,, € K and t, € Rt. If the set
{tn}3%, is bounded, the set {yn,}3%, is precompact by Proposition
3.1. If the set {t,}5%, is unbounded, then we may choose a subse-
quence t,; /" +o00 and the set {thj (zn;)}52, will be precompact due
to the fact that the semigroup {V;} is of class AK.

|

Proposition 3.4

Let {V;} be a continuous semigroup of class AK. Suppose that
v¥(B) € B for some B € B. Then w(B) is a non-empty invariant
compact set attracting B and w(B) is connected if B is connected.

Proof As v*(z) € B for each z € B, the w-limit sets w(z), z € B,
are non-empty, and hence w(B) # @. It is evident that w(B) is
closed and bounded. To prove that it is invariant we have only to
check the embedding w(B) C V;(w(B)) since the inverse embedding
is always valid provided operators V; are continuous (see the proof
of Theorem 2.1). Choose an arbitrary y € w(B). We know that
y =lim___ V; (2a) for some z, € B and some t, / +0co0. Obvi-
ously, Vi, (zn) = Vi(Vi.—t(zn)) if tn > t. The set {V;,_1(2n)}1,.>¢ is
precompact since {V;} is of class AK.

Choose a converging subsequence {an_t(:c,,j)};?‘_’ﬂ and let z =
limj_oo Vi, —t(zn;). Clearly z € w(B) and Vi(z) = y. Thus the
embedding w(B) C V;(w(B)) is established. Hence w(B) is invariant.
From this it follows that each sequence {z;}{2, with z; € w(B) may
be represented as {z; = Vi(Tk)}52, with Z; € w(B) and therefore it
is precompact, so that w(B) is compact.

It remains to prove that w(B) attracts B. Suppose that it is not
true. Then we can choose a sequence {V;, (z;)}$2, with z, € B
and tr /' +o0 so that dist {{V4, (zx)}2,; w(B)} > € > 0 for some
€. The asymptotical compactness of our semigroup {V;} implies the
precompactness of the set {V;, (zx)}5%,. Since all the limit points
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of the set {V;, (zx)}52, must lie in w(B), the distance between w(B)
and {V;, (zx)}$2, is zero. This is a contradiction.
If B is connected then w(B) is connected by using the same argu-

ments as in the proof of Theorem 2.1 (v).
n

Theorem 3.1

Let {V;, t € R, X} be a continuous bounded and pointwise
dissipative semigroup of class AK. Then there ezists a non-empty
minimal global B-attractor M. M is compact and invariant. If X is
connected then M 1is also connected.

Proof By Proposition 2.1 there is a bounded set By such that for every
compact K

Vt(oc(x)(K)) C By forall t>T(K), (3.1)

with some ¢(K) > 0 and T'(K) < 400, and, in addition, V;(Bo) C Bo
for all t € Rt.

Since the semigroup {V;} is bounded (i.e., ¥¥(B) € B for any
B € B), Proposition 3.4 yields that for every B € B the w-limit set
w(B) is non-empty, compact, invariant and attracts B. In particular,
so is w(Bg). We claim that w(Bg) = M. To prove this statement
we need only to show that w(By) attracts each bounded set. But if
B € B then B is attracted to the compact set w(B) = K. Hence,
Vi(B) C O¢k)(K) for all t > t;(B). Because of (3.1), Viys,(8)(B) C
By for all t > T(K). But we know that By is attracted to w(By).
Hence, B is attracted to w(By) as well.

If X is connected then we may choose a bounded connected set
B; D By. Its w-limit set w(B)) is connected and it is easy to verify
that w(Bl) = w(Bo).

|

Theorem 3.2
If {V;, t € R*, X} is a continuous bounded semigroup of
class AK and it has a “good” Lyapunov function L: X — R, then all
statements of Theorem 2.3 are true for it.
The proof of the theorem is the same as for Theorem 2 3 if we bear
in mind the results of Theorem 3.1.
The following theorem is useful for applications:
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Theorem 3.3

Suppose that the semigroup {V;, t € RY, M} is defined on a
subset M of a Banach space X with a norm ||-||x. Suppose also that
V: can be decomposed in the sum Wy + U, where {W;, t € RY, M} is
a family of operators such that for any bounded set B C M

IW:(B)llx < mi(t)ma(||Bllx), 3.2)
where mg:RY — RY are continuous and m;(t) — 0 when t — +o0,
||Bllx := supzep|lzllx. The Ut are such that the set U,(B) is pre-
compact for each bounded set B C M. Then {V;,t € RY, M} belongs
to the class AK.

Proof Let v+ (B) € B. We show that each set By := {V;,(z£)}5,,
trx / o0, zx € B, can be covered by a finite e-network where ¢
is any positive number. Let us choose £ so large that m;({) <
¢ [2m3(||B|lx)]~! and decompose B; in the sum B{U BY, where B =
{Vtk(zk)}:-l:.li e < Za and Bi’ = {Vik(zk)}g?:kl-{-li lgy41 2 L Bil
is a subset of the set V;(y*(B)) and any element of V;(y*(B)) has
the form Wy(z) + U¢(z), where z is an element of y*(B). The set
Ui(7*(B)) may be covered by a finite ¢/2-network since it is pre-
compact and the norms of the elements of W,(y1(B)) are not larger
than €¢/2. Therefore the set Vy(y*(B)) may be covered by a finite
e-network. Hence B; may be covered by a finite e-network as well.
|



Afterword

Class K had appeared in connection with the study of the set of
all limit-states for the Navier-Stokes equations ([1], 1972). To this
class belong the families of solution operators for many problems of
parabolic type. Class AK had arisen for PDE later (in 80’s) during
the study of some problems of hyperbolic and mixed types. Class K is
a part of class AKX, but we have devoted to it the separate Chapter 2
for historical and methodological reasons. Besides these arguments,
the results of Chapter 3 about semigroups of class AKX do not cover
the results of Chapter 2, since in Chapter 3 we consider (in contrast
to Chapter 2) only continuous semigroups. This restriction is not
very important for the theory of attractors and the principal facts of
the theory are true for semigroups {V;, t € Tt, X} of class AK with
any additive semigroup 7+ C Rt.

Let us formulate, for example, the theorem which generalizes The-
orems 2.2 and 3.1.

Definition

The semigroup {V;, t € T+, X} belongs to the class AK iff
for every B € B such that 7;(3) € B for aT(B) € T*, each sequence
of the form {V;, (zx)}s2, where zx € B, ty /" 00, 1s precompact.

Theorem 3.4
Let {V;, t € Tt, X} be a point-wise dissipative semigroup of
class AK and suppose that for each B € B there ezists a T(B) € T*
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such that 7;(13) € B. Then there ezists a non-empty minimal global
B-attractorM. It is compact and invariant. If X is connected then
M is also connected.
It is easy to see that if a semigroup has a compact global B-attractor
then it has all properties indicated in the conditions of Theorem 3.4.
The proofs of this and other theorems extending the theorems of
Chapters 2 and 3 to the semigroups {V;, t € T, X} of class AK are
close to proofs given here. They will be published elsewhere.



4

On dimensions of compact:
invariant sets

In this chapter we shall estimate dimg(.A) and dimy(A), i.e. Haus-
dorff and fractal dimensions of compact invariant sets .4, and, as a
consequence, of attractors M provided X is a separable Hilbert space.

Let K be a compact set lying in X and B,(z) the closed ball of
radius r centered at z. We associate with every finite covering ¥ =

{B;;(z:)} of K (i.e. K C|J; By;(z;)) the numbers:

r(U) := max r; ,

n(U) = number of elements in U ,
n(lU)

mp @) = Y
i=1
and
vg(U) := r(U)Pn(U),

where g is a positive number.
We shall use the following known lemma.

Lemma 4.1
Suppose that for the compact set K there is a sequence Uy,

s = 0,1,... of coverings as described above with r(U,) — O,
mg ru,)(Us) = 0 when s — co. Then
dimg (K) < 8.

If for such a sequence vg(U,) — 0, then
dimy(K) < 8.
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Let H be a separable Hilbert space. We shall use the following nota-
tions:
PN = an orthogonal projector on an N-dimensional subspace
PNH,
QN H = an orthogonal complement to PV H and QN =1 —
PN;
B, = the ball in H of radius r centered at the origin;
B.(PV) and B,(Q") = the analogous balls in the subspaces
PNH and QN H, respectively;
E(PY, a) = the ellipsoid in PV H centered at the origin with
semi-axes a; > ay > ... > ay, where (a;,...,ayn) = a;
E(PN, a)® Bs(Q") is the set of v € H such that v = vy +v,,
where v, € £(PY, a) and v; € Bs(QV); v+ B ={v+u|
u € B}.

In what follows we shall deal with the projectors P and the num-
bers oy, as,..., which depend on the points v of some subsets in H.
In this case the dependence on v will be denoted by PV (v), a(v), etc.

Let a; > a2 > ... be an infinite sequence of nonnegative real
numbers. Then wi(a) denotes the product of the first k¥ numbers
of the sequence a, ie. wg(a) = a;i...ar, and wo(a) := 1. If the
numbers «a; depend on the points v € A C H we use the notation
o = Sque.A ak(v) and Wy :.- suva_A wi(a(v)). It is obvious that
ar(v) < wk (v) "1/ wk (v) and wk/ do not increase when
k grows.

Theorem 4.1

Let H be a Hilbert space, V a continuous mapping from H
into H, and A a compact subset of H such that A C V(A). As-
sume that there are a;(v),...an(v),6(v), defined on A and projec-
tors PN (v), v € A, such that a1(v) > ... > an(v) > 6(v) > 0 for all
vE A and

V((v+B,)N A)

C V() +r[E(PY(v),a(v)) ® B&(v)(QN(v))]
for all r < rq with some rg and N > 1.

(4.1)
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If oy = sup,e 4 a1(v) < +00 and § = sup,¢ 4 6(v) < 1/2, then

In[(vVN + 1)6%”(5)-11}
(4.2)

In (1/26v/1 + €2)

dimpg(A) < max {N; N

= dl ’
where € is an arbitrary number in (0,1) satisfying the inequality
26vVi+el<
If
2v2 (\/17+ 1) wiV <1, (4.3)

then dimg(A) < N.

Remark Inequality (4.3) implies § < @n < U%N < 1/(2v/?) and,
~ hence, in (4.2) we may choose ¢ = 1, and, taking into account (4.3),
get dimy(A) < N.

The next theorem provides an estimate for the fractal dimension of

A.

Theorem 4.2
Under the assumptions of Theorem 4.1 suppose &y < +0o
and § < 1/(2v2). Then

-1 1
di < Nl N 4+ 1Dxné 1 = 44
imy(4) < NIn [(VA + 8] 1 (02) @)
where
_1/NF-1-t/N\  _
XN = t=(1)1,11.':’),.1f(.’N (wI/Né ) i Wo:=1. (4.5)
In particular, if
2V2(VN + 1)xn < 1, (4.6)

then dimy(A) < N.

Proof of Theorem 4.1 We construct some “pulverizing coverings” U,,
s§=0,1,... of the set A with p, = r(l,) — 0, s — oo, and calculate
for them the numbers mg ,, (U,). By choosing 3 sufficiently large we
get that mg , (U,) — 0 when s — oo and dimg(A) < . .
Let Uy be a covering of A by a finite number of balls v; + By,
i =1,...,n(lly), with v; € A and r; < r(Up) = po. The number
mg po(Uo) = E:‘=(L1(°) rf corresponds to this covering. The next cover-
ing is constructed in the following way: since A C V(.A) the collection
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of sets V((vi+ By, )NA), i =1,...,n(Up), is a covering of A. Because
of the assumption (4.1) we have
V((vi + B;,) N A)

C V(wi) + i [E(PY (v), o(v)) @ Bso(Q" (w))] (4.7)

C V(v)+r; [7rN(i) ® Bj;] ,
where 7V (i) = n(PV(v;), a(v;)) is the parallelepiped in PN (v;)H
with edges of length 2a (i) = 2ax(v;), i = 1,..., N and By, is the ball
Bs(v)(Q" (vi)) in QN (v;)H. Cover =V (i) by cubes K%, j =1,2,...,
n(i), with edges of length 26;¢/v/N, 6; = 6(v;). The diameter of the
set K @ Bs‘; is equal to 26;v/1+ €2 = v;. Now, there are v;; € A
such that [V (v;) + ri(K* @ B )] N A C vij + By;r;. The collection
of the balls v;; + By,r;, i = 1,...,n(Up), j = 1,...,n(), is a new
covering U of A.

Let us estimate the number n(z). Obviously,

n(i) < ﬁ %0 /5| 41) < oy entd)
=L\ [E < ON G 18)
=vVN+1.

Next, the radii of the balls of the covering U; are equal to y;r; =
26;vV/1+ €2 r; < ypo, where v = 26v/1 + €2, and v < 1 by the choice
of ¢. Hence, we have p; = r(U1) < vpo. Suppose § > N. Then

n(Uo) n(3) n(Uo)
mg, px(ul) = Z 2(717':),3 Z (‘y,r,)pn(z)
i=1 j=1
n(UQ)
<CRan Y rf(@26:V/1+e2)P(6i)™
i=1

n(Uo)
< CNon(2BV1+2)P@e)N S f.
i=1
Hence, for 8 > N
mg,p, (U1) < CRON(26V1 + €2)P () Vmp oo (Uo) . (4.9)
Now, choose 8 such that
n = CNTN(25V1 + €2)P(e8)~N

or, equivalently,

8> NIn(Cywi/N (8)™Y) / In ( (4.10)

1
23v1+e2) .
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Then, mg ,, (U1) < nmp p,(Uo) with 7 < 1, and p; < 7po with v < 1.

Now we start with the covering i/; and repeat the same procedure
to obtain the covering 5. From U, we pass to U3 and so on. At each
step we get mgp o, ., (Urk+1) < nmp p, (Ur) and pryy < ypr with the
same 7 and v as above. Hence,

mg. o Uk) < n°mp po(Uo), pr < 1Fpo, 1< 1,7<1,

for all k =1,2,.... Therefore, by Lemma 4.1, dimg (A) < 8.
||

Proof of Theorem 4.2 To prove that dim;(A) < B it is sufficient to
present a sequence of coverings U, of the set A by balls of radius
r, = r(U,) such that r, — 0 and vs(U,) := n(l,)r’ — 0 when
§ — +00.

Let Uy be a finite covering of A by the balls (v; + B,,), i =
1,...,n(lUp), with v; € A. To obtain the covering U; we follow
the procedure described in the proof of Theorem 4.1, but with cer-
tain modifications: the parallelepipeds 7V (i) should be covered by
cubes K%, j = 1,...,n(4), with edges of length 26/v/N (thus the
diameter of K% & B;,'; is not greater than v = 2\/53) The sets
[V (vi) + ro(K* @ B} )]N.A are embedded into the balls (vij + By, ).
These balls form the covering U;.

The number n(i), i.e. the number of cubes K*/ needed to cover
7N (i), is estimated as follows:

n(d) < ﬁ[l ([a’%(i) \/JV] + 1)
< Clom(i)/ T
< CﬁUm(i)/gm(i) ,

(4.11)

where
m(i) = max{k:1 < k < N and oy (i) > ¢}, ifE < ay (i),
~ L0  (in this case Wy := 1), if &6 > a; (7).
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It is easy to see that for arbitrary S
n(lo)

n(U)(rU))P < (ro7)P Y n(i)

1=1

nto) i (4.12)
<8N ¥ (@2V25) T/ T

=1
< CN @V xn(o)rs
where xn is defined by (4.5). Now, choose 8 such that
n=CN@VDPT XN <1,

or equivalently,

B> NIn(Cyxn3 ) / In (2\/153) . (4.13)

Then we get from (4.12): vg(Uy) < nvg(Up). From the covering U,
we pass to Uz and then to U3 and so on. Obviously, we shall have

va(Ue) < nkl/p(uc), r(Uy) = 7kr(uo) = 'ykro .
Since v < 1 and 5 < 1, we get

va(Ue) = n(u,,)(r(uk))f’ — 0, r(Ui) = 7kr0 -0
when k — +00, and therefore (4.4) is proved.

Now we consider the question of verifing the conditions of Theorems
4.1 or 4.2 for some nonlinear differentiable operators V: H — H.
We begin by reminding the reader of some known results concerning
linear bounded operators in a Hilbert space.
Let U be a linear bounded operator in H. We associate to U the
real numbers
ap(U):= sup inf ||Uz]|, (4.14)
ccH ll=ll=1
dimC=k z€L
where sup is taken over all linear k-dimensional subspaces £ C H.
The numbers ay(U) are non-negative defined for all k = 1,2,..., and
ar(U) > ar41(U). Denote apo(U) := limg_ oo ap(U) and let T be
the set of all indices 7 such that a;(U) > ax(U). The set T may
be empty of finite or infinite. Let By be the unit ball in A centered
about zero. Then

U(B1) C E(PT(U); a(U)) ® B, a(QT (U)), (4.15)

where P7(U) is the orthogonal projector on a certain subspace
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PT(U)H C H whose dimension is equal to the number of elements in
T,QT(U) = I16PT(U), E(PT(U); a(U)) is an ellipsoid in PT (U)H
with the semi-axes o;(U), i € T, and B,_)(QT(U)) is the ball
of radius @eo(U) in QT (U)H. From (4.15) we deduce that for any
N<oo

U(By) C E(PY(U); a(U))

& B\/a3 +1(U)+ag°(u)(QN(U))

N
where PV (U) is the orthogonal projector on a subspace PN (U)H of
H, E(PN(U);(U)) is an ellipsoid of PV (U)H with semi-axes a;(U),
..y an(U), and QN (U) = 16PN (U). Instead of (4.16) we shall use
U(By) C £(PY(U); V2o(U)) @ B a1y @Y (V)  (4.17)

We need the following lemma (see [3]):

(4.16)

Lemma 4.2

Letay,...,an, M, ko be real numbers satisfying the following
conditions: 0 < ay < ... < a1 < M and wy(a) = aj...ay <
ko, where 0 < kg < MN. Let m := koM'~N. Define of,...,ay
according to the rule:

aj i =a; if a;>m, and aj:=m if a;<m.

Then o} > a;,i=1,...,N; oy >m, a] <M, and wy(’) < ko. If,
in addition, wo(a) := 1 and for all£ =0,1,..., N we have

Je(@) == wt(a)ké't/N < k

with some k, then Je(e’) < k fort=0,1,...,N.

Proof If &y > m then a] = oy, hence af < M. If oy < m then
a)j = m. But m < M and hence again of < M. In any case,
wn(e') = wg(a)m™ 1 for some integer ¢, 0 < ¢ < N (wo(a) = 1 by
definition). Indeed, if ay > ... > ay > m > ag41 > ... > an then
oy =ay,...,aqp=0gand oy =...=ay =mjifay > ... > ay >
m then all o] = o4, ji(') = jo(a) < k and ¢ = N; if m > a; then all
a; =m and ¢ = 0.

For ¢ < N — 1 we have wy(a') < MIm™¥~? < ky. Now con-
sider jy(a') = wt(a’)k(l,-t/N for g < N-1. If ag > m then o} =
aiy,...,ap = ag and we(a’) = we(a). Hence ji(a') = je(a) < k. If
ag<mthenoy >...2a,>2m>a412>...2a,0rm>a; (and

g =0).
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In these cases wi(a’) = wy(a)m*=? and therefore
je(a') = we(@)m®=Tky ™™ = jo(a)(ko/MN)U-DC-1/N)
<je@) <k .
|

Now we return to the embedding (4.17). Because of Lemma 4.2 we
have

U(B1) C E(PN(U); V2! (U)) @ B 0y, (@Y (U)), (4.18)

with the numbers aj(U),..., ay(U) computed from a;(U),...,
an(U), M and ky as was described in Lemma 4.2. Here the only
restrictions on M and ko are: M > a;(U), wn(a(U)) < ko and
0< ko< MN .

Let A be a compact set in H and V: H — H a continuous operator.
Suppose that V is uniformly differentiable on A, i.e. for every v € A
there exists a linear bounded operator U(v) such that for all v; €

B"l (‘U),

IV (v1) = V(v) = U(v)(v1 — )| < v(|lvs = vl])l}or — ][ ,(4.-19)
where sup,¢ 4 ||U(v)|| £ M < 400 and the function ¥(7) is continuous
on the interval [0,r;] and 4(0) = 0. The number r; and 7(7) do not
depend on v € A.

For this linear bounded operator U(v) the numbers ax(U(v)) are
computed according to (4.14). We choose M and kg so that

M > sup a;(U(v)), ko> supwn(a(U(v)))
vEA vEA

and 0 < kg < MV,
Since inf,e4 oy (U(v)) > m = ko M~V there is ro > 0 such that
the ro-neighbourhood of the set
EPN(U(v)); V2¢/(U(v))) ® Bz wuyy(@" (U (v)))
lies entirely in the similar set but with the parameters 2a},(U(v))
instead of v/2a(U(v)). Thus combining (4.18) and (4.19) we obtain

Lemma 4.3
Suppose that V is uniformly differentiable on A. Then there
is rg > 0 such that for allr <rg and allv e A

V((v+ B,;) N A)
C V(v) + r[E(PN(U(v)) ;2¢'(U(v))) (4.20)
@ Baot (o)) (@ (U (v)))] .
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Theorem 4.1 and Lemmas 4.2 and 4.3 yield

Theorem 4.3
Let V be uniformly differentiable on A, A C V(A) and for
differentials U(v), v € A, ofV the inequality

WIAVN+)EN <1, N>1,
where ko := sup,e4 wN(a(U(v)), holds. Then dimy(A) < N.

Proof Let ko be a positive number in the interval

[ko, {4V2(VN + 1)},

M = max{k(l,/N; sup,e4 @1(U(v))} and a{(U(v)), ¢ = 1,...,N, be
numbers constructed with the help of a;(U(v)), ko and M as described
in Lemma 4.2. Then the embeddings (4.20) are true and we may
use the second statement of Theorem 4.1. In fact, (4.1) holds with
ai(v) = 2al(U(v)), i = 1,...,N; 6(v) := 2a/y(U(v)) and oy (v) >
az(v)>...> aN('v) 6(v) > 0 Moreover, (4 3) is also fulfilled since
TN = supeawn " (a(v)) < 2supeqwy (o (U(v)) < 2N <

[2v2(VN + 1)]7L. So dimg(A) < N.

Theorem 4.4
Let V' have the same properties as in Theorem 4.3 and sup-
pose that

/
4/2(VN +1) Jnax {sup we(a(U(v)))k, El- t/N}l N <1

_ yeeey

where N > 1, kg := sup,e 4 wn (a(U(v))), kold. Then dim;(A) < N.

Proof If kg is positive we choose kg = ko,
M = max{k)"; sup o, (U(v))}
vEA

and take o}(U(v)), ¢ = 1,..., N corresponding to these numbers
and to the numbers o;(U(v)), ¢ = 1,...,N. Then the embeddings
(4.20) are true and we may use the second statement of Theorem
4.2. Actually, (4.1) holds with a;(v) := 2a[(U(v)), i = 1,...,N;
6(v) = 2o (U(v)) and ay(v) > ... > an(v) = 6(v) > 0. Now
we have to verify the condition (4.6) with W, = sup,¢ 4 we(a(v)) =



On dimensions of compact invariant sets ' 27

2 supyeu we(a'(U(v))) and & = sup,e4 6(v) = 2sup, e @y (U(v)).
According to Lemma 4 2

§< 2supw N (U)) < 2k1/N nd
vEA

FNG 1-t/N
= max 6
AN = ox Nyt

< 2sup{ _max wg(a (U(v)))kl_l/N}l/N

_ , ,

< 2sup{ _max wt(a(U(v)))k —t/N}l/N

The inequality 2\/_ (\/— +1)xn < 1is therefore guaranteed by the
condition of Theorem 4.4 and so dimy(.A) < N.

If ko = 0 we take M = max{1; &1}, where &; := sup,¢ 4 a1(U(v)),
and a number ky € (0, (,BM)“NQ], where 8 := 4/2(v/N + 1), and
construct o}(U(v)), ¢ = 1,...,N, the corresponding a;(U(v)), i =
1,...,N, and these kg and M.

Then

-N L11-L/N
A7 2 _max (M7~}

> maxN{sup wz(a(U(v)))kl_t/N}

1)

According to Lemma 4.2
Jnax {w(a(UE)k™)

for all v € A.
Therefore

_1/N<
XN = t_fg’a)’(N{ 6 }

<2 max_{supw,(a'(U(v)))ky~ /N }UN
£=0,...,.N veA

<[2V2(VN + 1)L,
So the condition (4.6) is fulfilled and dimg(A) < N.

> max{wrle (U()k™"Y,

1-¢/N

When A is invariant, i.e. V(A) = A, the following results hold.

Theorem 4.5
Suppose that V is a uniformly differentiable operator on a
compact invariant set A, and its differentials U(v), v € A, satisfy the



28 Attractors for the semigroups of operators

condition:
sup wn(a(U(v))) == ko < 1. (4.21)
vEA

Then dimg(A) < N.

Theorem 4.6

Under the assumptions of Theorem 4.5 let

Jmax, {sup wr(aU@)E ") <1, (4.22)

where wo(a) := 1.
Then dimg(A) < N.

Proof of Theorem 4.5 Theorem 4.5 is deduced from Theorem 4.3 ap-
plied to the operator V,, the p-th power of the operator V which is
denoted now by V.

It is known that wi(a(U1 -U3)) < wi(a(Ur))we(a(Usz)) for allk > 1
and arbitrary bounded linear operators U;, U;. Since the differentials
Up(v), v € A of the operators V}, have the form U(v,) ... U(vp), where
vr € A, and U(vg) is the differential of Vi, the following inequalities
hold:

sup wi(a(Up(v))) := @i (p) < @e(1))" .
vEA

By the assumption (4.21) we have @n(p) < kg. Choose the integer
p large enough that 4v/2(v/N + 1) F(;/ N < 1. Applying Theorem 4.3
(for the operator V = V}) we obtain dimg(A) < N.

u

In a similar way Theorem 4.6 is deduced from Theorem 4.4.

Theorems 4.5 and 4.6 may be used to estimate the Hausdorff and
fractal dimensions of compact sets A which are invariant with respect
to evolution operators V;: H — H, t € R*, of the problems

Oiv(t) = ®(v(t)), vli=o=vo, (4.23)
where @ is a nonlinear (generally unbounded) operator, subjected to
some restrictions.

Suppose we know that problem (4.23), for every vo € H, has a
unique solution defined on R*, and the solution operators V;, t €
Rt, form a semigroup in H. Let A be a compact set invariant with
respect to this semigroup. In what follows we deal exclusively with
the semigroup V; restricted to the set A.
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Let U(t, vo) be the differential of the operator V; at a point v € H.
It is known that U(t, vo) is the solution operator for the linear problem
Oru(t) = L(t)u(t), wuli=o = uo, (4.24)
where L(t) = L(t,vo) is the differential of ®(.) at the point v(t) =
Vi(vo).

Usually the investigation of the nonlinear problem (4.23) begins
with the study of some linearizations of problem (4.23) similar to
(4.24). As a final result one gets the existence of the operators V4,
t € Rt, and of its differentials. In Part II we shall consider some
problems of this kind.

Now we are interested in estimating from above the numbers w,, for
the operators U(t, vo). We consider two classes of problem (4.23). For
the first class, the operators V; and U(t, vg) will be compact for ¢ > 0;
this very property distinguishes the problems of parabolic type. For
the second class, these operators are merely continuous and bounded
(for example, in the case of problems of hyperbolic type). In either
case, the numbers w,, may be estimated as follows.

It is known that for every linear bounded operator U, the number °
wn(U) = wp(a(U)) = ey (U) - ... - ay(U) (where ax(U) are defined
in (4.14)) is the norm of the operator A”(U) in the Hilbert space
A"(H). The space A"(H) consists of the elements u; A ... A u, with
ux € H, and the inner product in A”(H) is defined by (u3 A ... Au,,
v A ... Av,) = det((u;,v;)), where (-,-) is the inner product in H.
We denote the norm of u; A ... Au, by [lug A... Ayl

The operator A”(U) acts in A™(H) according to the rule

A"(U)ur A...Aup)=Uui A...AUu,.
It is known also (see [9], [10], etc.) that

n
Y(mA AU Aup, ur Al Aug... Aup)
k=1 (425)

= |Jus A ... A un|? tr(PH (@)U P (7)),
where P"() is the orthogonal projector on the span {u,...,u,} in
H. Since wyp(U) is the norm of A”(U) in A™(H), we have w, (U 1U;) <
wn (U1 )wn(Uz); this inequality was used in the proofs of Theorems 4.5
and 4.6.
Let us take n linearly independent elements u;(0) € H and let
u;(t) be the corresponding solutions of (4.24) with u;]i=0 = u;(0).
Obviously, u;(t) are linearly independent for all ¢ > 0.
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Let P*(u(t)) := P"(t) be the orthogonal projector on the span of
{(u1(?), ..., un(t)}. From (4.24) we get

Bui(t) = Liny()ui(t) + 8P ()ui(t), i=1,...,n, (4.26)

where Lin)(t) = P*(t)L(t)P™(t). Set Gn(t) := [Jur(t) A... Aun(2)]]%.
By (4.26) we have the Liouville formula:

1

§6th (t) = Gp (t) tl‘[L(n)(t) <+ 6¢Pn(t)]

= Gn(t)tr L,y(1)

where L(,(t) = 3[La(t) + L}, (¢)]. Here we have used the identities
tr(0,P™(t)) = O, tr P"(t) and trP™(t) = n, valid for any orthogonal
projector P™(t).

Formula (4.27) is proved by the same procedure as the usual Liou-
ville formula for a system of n ordinary differential equations in R™.
(Although the system (4.26) is not a system of ODE, since §,u;(t) and
0yP"(t)u;(t) might not lie in P"(t)H.) Integrating (4.27) we obtain

Hui(F) A ... Aug(2)]]

= lu2(0) A ... Ay (0)]| exp{ /0 te(LE, (r)ldr}

where u;(t) = U(t)u;(0) and U(t) is the solution operator for (4.24).
Hence the following estimate holds:
wa(U(?)) = A" (U @)
su U @)u1(0) A ... AU(t)un (0)}]
= p
w©er  |[u(0)A...Aua(0)| (4.29)
t

< sup exp{ [ tr(P"(r)L{,)(T)P"())dr},.
ux(0)eH 0

where P"(t) = P"(u(t)) is the orthogonal projector on the span
{(U@®)u1(0),..., U@R)ua(0)}.

Usually when the existence problem for (4.24) is investigated, the
“strength” of the operators L(t) is “measured” by some fixed self-
adjoint positively defined operator A, whose inverse A~! is compact.
Here we shall follow the same line.

Let H,, s € R, be a scale of Hilbert spaces with the inner products
(u,v), = (A*/?u, A*/?v) and the norms ||ul|, = (u, u)yz. The original
H coincides with Ho, (-, )o = (-,-) and || - |lo = || - |-

For some problems of parabolic type the operators A~1/2[L(t)A~1/?

(4.27)

(4.28)
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are bounded and for almost all t > 0

(L@, ) < =m@Ollullf + Y ke, @Il , (4.30)
k=1

for any u € Hy, where s < 0, hy,h,, € Ly 10c(R) and h,, (t) > 0,
hi(t) > hy > 0. These inequalities make it possible to estimate the
right hand side of (4.29).

Explicitly, if P™ is an orthogonal projector on the span {¢;,...,é,},
where ¢; € H and (¢i, ¢;) = 8;;, the following estimates hold:

tr(PPLE(t)P™) = Y _(L°(t)és, $:)

i=1

< —hi(t) i(x‘wi, i) (4.31)

=1

F 3k () DA% 61,4
k=1 i=1

Since A is self-adjoint with positive eigenvalues Ay (A4) and A\ (A4) /
+00 as k — 400, in view of the min-max principle we have

Z(A’¢i,¢i) <Sp, A’, ifs<0, and
i=1

> (A%, 6:) >Sp, A°, ifs>0.
i=1

Therefore, (4.31) implies
tr(P"L°(t)P™) < — hy(t) Sp, A

o 4.32
+ ) hsy (1)Sp, A%, 5 < 0. (4:32)

k=1
For the class of problems under consideration (problems of para-
bolic type), the solutions ux(t) = U(t)ur(0), ux(0) € H, for almost
allt € Rt liein Hy, [ ||lue(7)||}dr < +oo and u; € C(R*, H). Hence
Pn(u(t)) satisfies for almost all ¢ the assumptions used in the proof
of (4.32). Therefore, (4.32) and (4.29) yield

wn(U()) < exp{ - / h(r)dr Sp,, A

m .t (4.33)

+3 [ hu(r)drsp, 4n)
k=1 0
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for all t € RT. The terms with s; # 0 appear in some applications.

As for problems of hyperbolic type (and many others) the operators
V; and U(t,vo) are merely continuous and bounded. Instead of (4.30)
in that case, for any u € H, we have:

(L(t)u, u) < —ho(®)llull* + D hs, llull3, | (4.34)
k=1

where s; < 0; ho, hy, € L1 15.(R), h,, (t) > 0, ho(t) > ho > 0.
As in the proof of (4.33) we obtain

onU@) < exp{~n [ ho(r)dr
™ (4.35)
+ h,, (7)dTSp, A’*}.

> | Ba(ryarsp, 44y

We now summarize the results:

Theorem 4.7
Let the operators L(t) in (4.24) satisfy the inequalities (4.30)
or (4.34). Then the corresponding estimates (4.33) or (4.35) (fort > 0
and n > 1) hold.
From Theorems 4.5 and 4.7 follows:

Theorem 4.8

Let {V;,t € RY H}, be a semigroup of solution operators for
problem (4.23), and A a compacl set invarianl with respect to V;.
Let V; and ®(-) be uniformly differentiable on A and let L(t,vo) be a
differential of ® at the point Vy(vo), vo € A. Suppose that L(t,vp),
vo € A, satisfies the inequalities (4.30) or (4.34) with the functions
hi(t) independent of vy € A.

Then dimg(A) < N where N is the minimal positive integer such
that the ezpression in the braces on the right hand side of (4.33) (re-
spectively, (4.35)) is negative for some t > 0.

In order to majorize dimy(.4) we have to estimate from above

in(t) = @)@y N (t),n=0,1,...,N,
where @, (t) = sup,,c4 wn(U(t,v0)). Denote by U(t) the operator
U(t,vo) for some vy € A, and h,(t) := ¢t~} fot hs(7)d7T. Suppose that
Sp, A>cin!t, y>0, ¢ >0,

4.36
Sp, A* <e¢,n't* | s<0, ¢ =1. (4.36)
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Such inequalities hold for the Laplace operator, for the Stokes op-
erator (with any of the classical boundary conditions) and for many
other operators in mathematical physics. '

Take, for example, one of the summands from ). , in (4.30) (or
(4.34)), say h,(t)||u||?, s < 0. From (4.36) it follows that, for each
n>1,

wn(U(?)) < exp t[-hi(t)ern!? + hy(t)c,n't?]
=W,(1).
This ¥, (t) majorizes @, (t) as well. Therefore,

jn(t) = @a )y "N () < TN ()N,
i ja(t) < 00 ¥a(t) + (1~ 1) I EN ()]
= —hi(t)eyn' Y 4+ h,(t)e,n'
+(1- PR N™ + B (¢)e, N+]
= —hi(t)c;(n'*? + N1 —nN7)
+ hs(t)es(n't® + N1 —nN?) .

By the Young inequality we have
nltY 4 N1 _ N

(4.37)

S>plt7 p NUY L ity Y Ny

- 1447 14+«

— 1 4y 4 Y nlt? > 1 Nt+v ,
149 14+~ 1+«

for ¥ > 0; equality also holds in the case ¥ = 0.
The second sum is estimated from above for n € [1, N] (remember
that s < 0):

nlts + N1+a —nN® < Nits
Thus we obtain

—:—ln in(t) € —h1(t)ey N 4 Ry (t)e, N1** |

1+« (4.38)
1<n<N-1,

and besides,
1. . 1. . 1
-t-anN(t) = 7ln]0(t) =7 In ¥n(2)

= —h1(t)ey N1 4+ h,(t)c, N1** .
In view of Theorem 4.8, dimg(.A) < N, where N has been chosen

(4.39)



34 Attractors for the semigroups of operators

in such a way that
—h1(t)esNY™* + h,(t)c, < 0 (4.40)

for some t > 0.
In order to get dimy(A) < N (see Theorem 4.6) it is sufficient to
choose t and N so that

~F(®)er 1 N 4B (0 <0 (4.41)

Remember that ¥ > 0 and s < 0 in (4.40) and (4.41) (see (4.36)).
The above calculations also show that in the case (4.34) dimpy(A) <
dimy(A) < N, where N is chosen in such a way that

—ho(t) N~ + hy(t)e, <0, s<0
for some t > 0.

When there are several summands in Y ;- 1» We proceed in the same
fashion and obtain:

Theorem 4.9

Under the assumptions of Theorem 4.8, suppose that the in-
equalities (4.36) hold. If L(t) satisfies the condition (4.30), then
dimgyg(A) < N, where N is such that

m
Ry ()es N+ Ry, (t)es, N°* <0, 7> 0, 5 <0, (4.42)
k=1
for somet > 0. If N is such that
1

= hl(t)clN" + Z R, (t)c,, N** < 0,

k=1

(4.43)
Y > 0 y Sk S 0
for some t > 0, then dimy(A) < N.

If L(t) satisfies the condition (4.34), then dlmH(A) < dimy(A) <
N, where N is such that

—ho(t) + Zﬁ,,‘(t)c,kN"‘ <0, s<0 (4.44)
k=1

for some t > 0.
Usually in some problems of mathematical physics (e.g., for the Na-
vier-Stokes equations) the functions h;(t) = } f; hi(7)dT decrease
when ¢t — +00, and hy(t) in (4.30) or ho(t) in (4.34) does not depend
on t. In this case we may put h,,(0o) instead of h,, (t) in (4.41)-
(4.44).
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Introduction to Part 11

In Part II we consider abstract semi-linear evolution equations mainly
of hyperbolic type. They generate semigroups of class AX. Evolution
equations of parabolic type generate semigroups of class K. We devote
to them only the short Chapter 6, as semi-linear parabolic equations
are expounded in a comparatively complete literature. Many publi-
cations are devoted to the Navier-Stokes equations which generate
(in the two-dimensional case) semigroups of class K. In the first pub-
lication on this subject [1] the set M of all limit states or, which is
the same, the minimal global B-attractor was found; among its prop-
erties the most interesting one is a finiteness of the dynamics {V;} on
M (or alternatively, the finiteness of the number N; of determining
modes). Here we give some comparatively recent results [11] concern-
ing majorants for the number N; and for the fractal dimension of
invariant bounded sets which are better (for small viscosity v) than
before. On the other hand, quasi-linear parabolic equations of gen-
eral form also generate semigroups of class K, but the presentation
of this material requires a separate publication. For this purpose we
need to use results on the global unique solvability of boundary value
problems for these equations and estimates of a local type. They may
be found in the monograph [15]; more recent results are described in
the survey [16], which also contains a list of publications. It is, never-
theless, necessary to put this subject in the framework of the theory
of semigroups choosing the phase spaces correctly.
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We describe now some known general facts used in the next chap-
ters.

Let H be a complete separable Hilbert space, (-, ) and || - || denote
the inner product and norm in H, and A a linear unbounded operator
with domain D(A) dense in H. Moreover, A is self-adjoint, positive
definite and its inverse A~! is completely continuous. Let us denote
by 0 < Ay < Az < ... the eigenvalues of A and by ¢;,@2,... the
corresponding orthonormalized eigenelements. Starting from H and
A we construct by the usual procedure the space-scale H,(A), s €R:
H,(A) is the domain D(A*/2) of A*/? with the inner product

(u,), 4 = (A %u, A%/ ?0) (5.1)

and the norm || - ||5,a. Clearly, Ho(A) = H. The spaces H,(A) and
H_,(A) are dual with respect to H. We simply write:

(u,v) = (A*/%u, A=*/?v) (5.21)
ifue Hy(A) and v € H_,(A), and
(u,v)r,4 = (A*/2u, A7*/%), 4

= (AC+9)/2y A(r=8)12) (5j22)
ifu€ Hyyr(A) and v € H_,4,(A). It is easy to verify that
lullZ o > "f”“”f—s,A for 6>0,u€H,(A),
AT, o) = HA), 1Al = Tlevsn s oo

(4,)5454 = (A%u,v), 4,

|(, v)s,4] < |[ulls+5,allv]ls-64, ete.

In Chapter 6 we use only the scale H,(A4), s € R, with a fixed
operator A and omit A in the notations H,(A), (-,-)s,4 and || - ||s,4-
But the dependence on A will be explicitly indicated in Chapter 7,
where we deal with operators depending on a parameter. We shall
denote the set of all linear bounded operators acting from the Banach
space X to the Banach space Y by the symbol L(X — Y'), their norms
by the symbol || - ||L(x~v)-
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Estimates for the number of
determining modes and the
fractal dimension of bounded
invariant sets for the Navier-
Stokes equations.

It is well known that the Navier-Stokes equations with some bound-
ary conditions can be considered as the equation

Ov(t) + vAu(t) + f(v(t)) = h (6.1)
in a Hilbert space H. In the case of homogeneous sticking bound-
ary conditions (i.e. v(z,t)|zean = 0, where Q is a bounded domain
in R®, m = 2 or 3, with a smooth boundary 0Q), H = J(Q)
is a subspace of the vector-space LJ*(2). In the case of periodic
boundary conditions (here Q is a parallelepiped) H is another sub-
space of LT'(§2). In both cases A enjoys the properties indicated in
Chapter 5 (like the scalar Laplace operator (—A) in L,(2) with the
boundary condition u|sq = 0). Elements v of H are vector functions
vie € Q — v(z) = (v1(z),...,vm(z)) € R™ and f(v) = PF(v) where
P is the orthoprojector of L7*({2) onto H and F is defined by the
mapping:

F(v):v— ka(z)ga—v(x) eER™, z€Q.
k=1 Tk
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In [1] it is proved that in the case m = 2 (for two-dimensional
Q) the solution operators V; of problem (6.1) with h € H form a
continuous semigroup {V;,t € R*, H} of class K and this semigroup
has a compact connected minimal global B-attractor M, lying in the
ball Bg, = {v: ||[v|| < Ro = ||h|| (vA1)~1}. The set M is bounded in
the space Hj. It is also maximal among all bounded invariant sets of
our semigroup.

The semigroup can be extended on M to a continuous group
{V;,t € Rt, M}, and, what is more, this group is in some sense
finite-dimensional. It means that there is an integer N; such that
the projection PN1y(v) of any complete trajectory y(v), v € M in
the subspace span {1,...,9n,} = PN H determines the trajectory
v(v) (here ¢,k = 1,..., Ny, are eigenelements of A). More pre-
cisely, if for y(v) = {Vi(v),t € R} and 4(?) = {Vi(¥),t € R} with
v,7 € M we have the equalities PM1V;(v) = PNV, (%) for all t € R,
then Vi(v) = V4(9) for all t € R.

We call the smallest of such integer numbers the number N; of
determining modes for M (or for A if we consider another invariant
set A). In [1] a majorant for N; is computed. Here we shall deduce
a majorant which is better for small v~!. Let us remark that we do
not use the fact that M is an attractor.

For an arbitrary complete trajectory v(t), t € R lying in M we
have the estimates:

sup [[v(t)|| < Ro = [|A]| (vD1) ™" (6.2)
teR
and
t
1 -
v [ I©IF d€ < GRE+IBIE Ou) -l (63)
T
where A\i, k= 1,2,..., are the eigenvalues of A. The difference u(t) =
v(t) — 9(t) of two solutions of (6.1) satisfies the equality:
Oru(t)+vAu(t)+P((t)u,, (t)+ur(t)v,, (1) = 0,t €RR. (6.4)

From (6.4) we deduce
55O+ vIOIE = = [ w(t2)om, (6 2)utt, )
< IOl Ol @ < ZPOT IOl

v 1
< gllu(t)llf + Z;Ilv(t)ll'fllu(t)ll2 ,
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and from this inequality it follows that

a,iillu(t)ll2 + @Il < @)~ @RI w@)? - (6.5)

Suppose that PN u(t) = 0 for all £ € R. Then u(t) = QN u(t) where
QN :=I- PV and

(@I} > Av4allu@)Il? (6.6)
(as well as for an arbitrary element of Q" H), so that

d |

3 HOIF < =A@l (6.7)

with h(t) = vAn41 — (2v) Y |v(@)|3. If f: h(§)dé — +oo when 7 —
—oo then u(t) = 0 for all t € R. By (6.3) this will hold if
AN+1 > V_4||h”2(2/\1)—1 . (68)

As A = O(k) we can satisfy (6.8) by choosing an N which satisfies
the inequality

N < civ™* + ¢}, with some ¢;,c} € RY . (6.9)

In the case of periodic boundary conditions we have the following
estimates for all v(t) € M: '

sup ||v(®)|| < ev™?, sup |lv(®)ll < vt (6.10)
teR teR

1

t—1T

/, ()2 d€ < ev™2[1 4+ v~2(t = 7)),

—o<<T<LI< 00,

which are better than (6.3) for large v~ 1.
Using these estimates we can satisfy the requirement (6.8) if N
satisfies the inequality:

(6.11)

1
N < cov™?|In ;| + ¢}, with some ¢z, ¢y € RY . (6.12)

In the case m = 3 (for three-dimensional ) we also can estimate
the number of determining modes for any invariant set A bounded
in H,, following the same procedure. For both boundary conditions
(for sticking and periodic) the estimates have the form

N <caw md+c}, c3,c3 R, (6.13)

where m; = sup, ¢4 ||v||1.
So the following Theorem holds:

Theorem 6.1
The number N, of determining modes for M, in the case
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m = 2 and sticking boundary conditions, has the majorant indicated
in (6.9) and for periodic boundary conditions the one in (6.12). In the
case m = 3 with either sticking or periodic conditions the majorants of
number Ny for invariant sets A bounded in Hy have the form (6.13).

Majorants of fractal dimensions

Let us denote by d&’)(A) the fractal dimension of a com-
pact set A as a subset of space H,. Generally the finiteness of
d}’+c)(A),e > 0, for a compact A in the space H, ., does not fol-

low from the finiteness of d&’)(A). But for the Navier-Stokes equa-
tions and for some other partial differential equations it is possible to
evaluate ds,’)(.A) for any s using theorems from Chapter 4. For the Na-

vier-Stokes equations we have computed the majorants for dgk)(M),

k = 0,1, in the case m = 2 and for d(fk)(.A), k = 0,1, in the case
m = 3. Namely

Theorem 6.2 ‘

The numbers dgk)(M), k =0,1, for the two-dimensional Na-
vier-Stokes equations with sticking boundary conditions, have the fol-
lowing majorants:

dOM) < cart + ¢, (6.14)
1
dsl)(M) < esv™2m?[(In ;)2 + (lnmy)Y? + ¢, (6.15)
where my = sup, e oy ||v||1. For periodic boundary conditions, we have
dgk)(M) < cer~ Y %I +c5, k=0,1. (6.16)

The majorants of dffk)(A) for the three-dimensional Navier-Stokes
equations with sticking or periodic boundary conditions have the form
dA) < cvmi+ ey, k=01, (6.17)

where my = sup,¢ 4 ||v|]:.

The constants cy, c, are determined by the norm ||h|| of the free term
(the forces) h in the Navier-Stokes equations and in (6.15), (6.16) by
the norm ||h||1. In addition, they also depend on Q.
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Evolution equations of
hyperbolic type

7.1 Introduction
We now investigate semigroups originated by the problem

0Zv(t) + viv(t) + Av(t) + f(v(t)) = h,

‘l)lt:o = \I’o, 6tv|¢=o = \I’l . (71)
Here v = constant > 0, A is a linear unbounded self-ad:ioint pos-
itively defined operator in the Hilbert space H, which has a com-
pletely continuous inverse operator; h is a fixed element of H, f is
a certain nonlinear (generally unbounded) operator. Below we shall
formulate conditions for f under which the problem (7.1) is globally
and uniquely solvable and a semigroup it generates possesses some
properties enabling us to find its minimal attractors. By using the
procedure of Chapter 5, for an operator A defined in a dense domain,
we introduce a space-scale H,(A), s € R. To apply the results of Part

I, we shall reformulate the problem (7.1) as the Cauchy problem for
first order equations.

Usually the vector function #(t) = (vo(t)

v1(t)

known, where v is the solution v(t) of the problem (7.1) and v,(t) =
0tv(t).
In this variant the problem (7.1) acquires the form
Ovo(t) = v1(1),
Orv1(t) = —Avg(t) — vur(t) — f(vo(t)) + b, (7.2)

vO't:O = ‘I"O ) vllt:O = ‘I’I

) is chosen to be un-
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or, what is the same,
8,5(t) = av(t) + f(F@®)) + R ;

1-;|1=0 =V )

¢ ='(—OA —f;I) , flow) = (_f(t())o(t))) ’

i=(3) 7= (0)

However, for establishing some important properties of semigroup
generated by problem (7.1) and associated problems, we use another
formulation. That is we introduce the vector-function v(¢, a) defined
by 9(t) with the help of the equality

i(t,) = C@ie), c)=(1 7)),

(4 4

(7.3)

where

where a is a positive number subjected to certain restrictions. The
vector function #(¢,a) is connected with the solution v(t) of (7.1) by
" the equalities:
vo(t,a) = v(t), wui(t,a)=av(t)+ dv(t).
It is easy to prove that, if #(¢) is a solution of (7.3), then #(t, @) is
the solution of the problem
8:3(t,a) = a(Q)T(t, @) + f(#(t, @) + I,

=0 = ¥(a), (7.4)

where

a(v) = ( —al I )
—A(a) —(v-a)I )’
- Yo
Ala)=A—a(v-a)l, ¥(a) = (a\Ilo + \Ill) ;
and vice versa, if (¢, @) is a solution of the problem (7.4), then #(t) =
C~Ya)¥(t,a) = C(—a)i(t, @) is a solution of the problem (7.3).
In terms of the components vy(t, @), v1(t,a) of ¥(t, @), the system
(7.4) looks like:

Otvo(t, @) = —awve(t, a) + v1(t, a) ,
Ovi(t,a) = —A(a)vo(t,a) ~ (v — a)ui(t, a)
— f(w(t,a))+h,

volt=0 = ¥o = ¥o(a), vili=o =a¥o+ ¥; = ¥(a).

(7.5)
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It is clear that for @ = 0, the problems (7.4) and (7.3) coincide and
a(0) = a, ¥(0) = V.

The parameter a will satisfy the following conditions
MA@) _, av—a) _ ,
——M-T)__I—W=m (a) >0. (7.6)
Here Aj(A(a)) = Ai(e) is the first eigenvalue of the operator A(a).
As before, we shall denote the complete orthonormalized system of
the eigenelements of the operator A by {¢:}32, and the correspond-
ing eigenvalues by {Ar}$2,. The eigenvalues of the operator A(«)
are equal to Ag(A(a@)) = A(A) — a(v — @) = A () and the eigen-
functions of A(a) and A are the same. We shall use the space-scales
H,(A(a)) = H, 4, s € R, constructed with the help of the operator
A(a) as described in Chapter 5. The scalar product in H, , will be
denoted by the symbol (:,-), o and the norm by || -||s,a. When a =0,
instead of H,, (+,-)s,0 and || - ||s,0 we shall use Hy, (-,-); and || - ||s
(in accordance with Chapter 6).

Under the conditions (7.6), H, o and H, coincide as sets and their
norms are equivalent. In fact, elementary calculations give the fol-

v
06[0,§ ’

lowing inequalities

m* (@)lulls < llulls,o = |4°/3(ar)ul]

< ||A*2u|| = ||ull, fors>0, (7.7)
llulls < llulls,a < m*(a)lulls fors <0,
where || - ||, as usual, is the norm in H.

As the phase space for problem (7.4) we shall take the space X, o =
H,41,0 X H, . The scalar product in X, , is defined by
(u’ v)xc,a = (‘ll(), vO)a+l,a + (ulyvl)s,a
= (ACHTY2(a)ug, ACHD/ 2 (a)vg) (7.8)
+ (A (e)uy, A*(a)v))
where (-,-), as usual, is the scalar product in H. The norm in X, o
will be denoted by the symbol || - ||x, .; when o = 0 we shall use the
notation X,, (-, )x, and || - ||x,.
From (7.7) it follows that for an arbitrary @ € X, (or, what is the
same, @ € X, o)
m**t()|ldllx, < |ldlix, . < ll¥llx,, s>0,
m**(@)||dx, < ||#lx, .. < m*(@)lldllx,, s €[-1,0], (7.9)
ldllx, <lldllx,,. <m*()ldllx,, s < -1,
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The same space-scale X, o, s € R, is constructed from the space
Xo,a = H1(A(a))x H by the standard procedure described in Chapter

: = _ [A(a) 0 \.
5, with the help of the unbounded operator A(a) = ( 0 A (a))'
D(A()) = D(4*?(a)) x D(A(e)) C Xo — Xo -

The latter enJoys all the properties required by this procedure. The
spectrum of A(a) consists of the numbers {A\f = A¢(a)}2, , each
Ak (a) corresponding to two linearly independent eigenvectors, nor-
malized in Xj:

i) = (™ ”20(“)"”‘) YR ACEIE

The operator A/2(a) establishes a one-to-one correspondence be-
tween X3+1;a a'nd X’;a’ and ||A1/2111|Xt,a = ”gllxl-fl,a'
Let us introduce one more notation,

@)= (_4te) o)

which is the principal part of the operator a(a). It is easy to verify
that ag(a) also gives a one-to-one correspondence between X,.; o
and X, o, and ||lao(@)d]|x, ., = ||4l|x.,, .- Moreover

(a0(@)@, 9)x,,, = —(#, ao(@)?)x,, (7.10)
for arbitrary @, v € X;41,a-
We begin our analysis of the problem (7.1), with the investigation
of some linear problems.

7.2 Linear problems
The problem

8 i(t) = aii(t) + §(t), =0 =¥ (7.11)
0 I

is the object of our attention. Herea = | Ayl is the same as

in the preceding section, g(.) = ( g?_)) is a fixed element of L, 1,.(R, X,)

with p > 1 and s € R, and (t) = (Z‘:Eg) is function we seek. We
want to prove the solvability of (7.11) in the space X, for an arbitrary

¥ e X,. The main energy relation for the problem is

2 dtllﬁ(t)llx. = =yl )12 + (9(2), wr(t))s , (7.12)
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which follows from (7.11) multiplied in X, by (t) and from the prop-
erty (7.10) when o = 0. By using (7.12) it is easy to estimate ||u(t)||x,
through ||¥||;, and If(: llg(7)||sd7]. But it does not reflect the impor-
tant property of the solutions of the problem (7.11): that is, the
exponential decay of ||@(t)||x,, when ¢ — 400, of solutions of the
homogeneous equation (7.11) (i.e. when g(t) = 0) and the bound-
edness of ||#(t)|lx, on the semi-axis ¢ € Rt in the general case if
sup,cg ||9(t)|ls < +oo0. This can be proved by different means. One
of them is to develop the solution #(t) in a Fourier series by the
eigenelements of the operator a. The expansion enables one to know
the behaviour of ||i(t)||x, when t — co. However we would prefer a
different procedure, keeping in mind the further applications of the
results of Part I to the problem (7.3). As in section 7.1, we introduce
the functions

#(t, o) = C(a)il(t), C(a) = (1 ‘1’) , (7.13)

«

where (t) are solutions of (7.11) and « is a number obeying the
inequalities (7.6). The (¢, «) are solutions of the following problem:

0iii(t,a) = a(e)dl(t, @) + §1(t),
ls=o = $(a) = (a\Il(:I,-: \1’1) (7.14)

where a(a) = (_:féi) —(via)I)' In coordinates (7.14) looks

like
Orug(t, ) = —aue(t,a) + ui(t, o),
Oruy(t,a) = —A(a)ue(t,a) — (v — a)ui(t,a) + g(t), (7.15)
uole=0 = Yo(a) = Yo, u1]t=0 = ¥1(a) = a¥y + ¥, .
The following relation holds:
1d

'2'5{”“(%0)“3(.,0
= —afluo(t, @)ll341,6 = (v = @)|ust, )7
+(9(1), ma(t, @))s 0
which is the analogue of (7.12) for (7.14). It is the result of the
multiplication of (7.14) in X, o by #(t, @), bearing in mind property

(7.16)
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(7.10). The inequalities
- vla(e, a)llx. o = 1F@D)Ils e
< —IW(t,a)IIX. - (7.17)
< —all@#t, o)llx, . + 1§()1]sq

follow from (7.16), because we assumed that o € [0, /2], while from
(7.17) we may deduce the following estimates

l@(t, @)lix, .. < e |0, a)llx, ..

t 7.18
+/ e"’(‘—')||g(r)||,,ad1',t € RY, (7-18,)
0

"ﬁ(t’ a)“Xl,or -<— e'—Vt“a(O, a)”xo,a

0
+/ e=#=)||g(7)||, ad7,t € R~ .
t

These inequalities allow us to obtain estimates of the same kind for
l|@(t)||x,. In fact, for an arbitrary u € X, and d(a) = C(a)d, where
C(a) is defined in (7.13), the inequalities

l@@)llx, < m(@)lallx, < pi()llE)llx, , (7.19:)
where p(a) = max{\/l_-T-—o?, \/1+a/\f +a?A] } are confirmed
routinely. From (7.19;) and (7.9) we deduce the inequalities

ldllx, < mi(s, a)lli(e)llx,.

ll#(a)llx,,. < ma(s,a)lldllx, ,

(7.18,)

(7.19;)

where

_ [ m(@)m=¢+(a), for s> -1
mi(e.0) = { (o)

— [11(0), for s >0
ma(s, @) = {pl(a)m’(a), for s<0

For a satisfying requirements (7.6), because of (7.19;) and (7.7) we
obtain from (7.18;) the main a priori estimates:

Na)llx, < ma(s, a)e™**||@(0)||x,
+m4(s,oz)/0 e"”("T)Hg(T)ll,d‘r,
lE@)llx, < ma(s,x)e™|@(0)]ix,

0 .
+ma(s,0) [ e DNg(n)ldr,
t

(7.20,)

(7.20,)
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for t € Rt and ¢t € R~ respectively, where
m3(s,a) = my(s,a)msy(s, a)
and

m4(3, a) = ml(sya)if 52 0 ’

m4(s,a) = mi(s,a)m’(a) ifs<0
for solutions of the problem (7.11). The explicit dependence of my(-)
on s and on « is not important for us. The essential things are:

(a) the requirements (7.6) enable us to choose a positive and
deduce that, for an arbitrary s € R, ||@(t)]|x, tends to zero
when t — +o00.

(b) when a tends to zero, p;(a), m(a) and my(s,a) tend to 1.

Now let us go on to prove the unique solvability of the problem
(7.11).

We shall call a weak solution of the problem (7.11) a function 4:R —
X, for which all projections (ug(t), ¢r), (u1(t),d%), k = 1,2,... are
absolutely continuous functions of ¢ € R and, for almost any ¢, satisfy
the following equalities:

Ot (uo(t), o) = (ua(t), é) ;
Or(u1(t), dk) = —Ae(uo(t), dr) — v(u1(?), ék)
+(9(t), 6x) ; (7.21)
(40, B1)li=0 = (Po, %) ,

(u1a¢k)lt=0=((pl,¢k); k: 1,2,... .

In this terminology the number r is deliberately ignored despite the
fact it appears in the condition 4#:R — X,. Its value is insignificant,
only the fact that r > —oo being important. It should be remembered
that for the elements © € H, and v € H_,, (u,v) is the number
(A*/?u, A=*/2v) — the inner product in H of elements A*/?u € H
and A~*/2v € H. This is the meaning of the brackets (u.(t), ¢x) in
(7.21).

It is easy to prove the following theorem

Theorem 7.1

Problem (7.11) has no more than one weak solution.
We shall apply this theorem to linear and nonlinear problems as a
means of identifying their solutions when we have preliminary and
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incomplete information, but when we know that they are weak solu-
tions of a problem of the type (7.11).
Let us prove the following existence theorem:

Theorem 7.2

If g € Lpi1oc(R,H,), s €R, p> 1 then problem (7.11) for an
arbitrary ¥ € X, has the unique solution @ € C(R,X,) with 0;u €
Lp1oc(R,X;_1). For almost all t it satisfies the equation (7.11) (in
space X,_1) and the energy relation (7.12). For this solution the
estimates (7.20;) are true (for allt). Any weak solution of problem
(7.11) coincides with this 4. If, additionally, g € C(R,H,_,) then

0:4 € C(R, X;_1) and equation (7.11) 1s fulfilled for allt € R.
It is easy to prove that all the statements of Theorem 7.2 are true if
Wo = Too, akde, W1 = T bedw, and g(t) = T4l gx(t)én with

gr € Lp, loc(R) or gr € C(R).

Now let ¥ be an arbitrary element of X, and g(-) an arbitrary el-
ement of Ly 1,.(R,H,). The sums of their Fourier-series, UV and
gV ("), containing only o1,... ,¢N, approximate ¥ and g(-) when
N — oo as follows: ¥™ — ¥ in the norm X,, and gN()) — g("),
in the norm L,((—T,T),H,), for an arbitrary T' < +oco. Because
of this and the fact that the estimates (7.20;) hold for the solu-
tion @N(t) of the problem (7.11), corresponding to ¥V and ¢V (),
and their differences @™V*(t) — @™V2(t) for arbitrary N;, Ny < oo, the
sequence {@"(-)}%_, is fundamental in the spaces C({-T,T), X,).
for any T < +o0o. Since the spaces C([-T,T],X,) are complete,
the sequence {#™(-)}%_, converges in their norms to an element
i € C(R,X,). Hence aiwt™(-) converges to aw(-) in the norm of
C([-T,T), Xs-1) (one must remember that a € L(X, — X,_1)).
Furthermore, as 8@ (t) = a@™ (t) + gV (t) and §V¥(-) — () in the
norms of Ly([-T,T},X,), T < 400, then 8;@N(-) converges in the
norms of Ly([-T,T], X;-1) to an element of L, ,.(R, X,_1), which,
according to the theory of generalized derivatives, is equal to 0,1(-).
If, additionally, ¢ € C(R, H,_;), then §V(-) converges to §(-) in the
norms of C([-T, T}, X,-1) and 8@ (-) converges to 8@ in the same
norms. In this case equation (7.11) will be fulfilled (in X,_,) for all
t, and in the first case (i.e. for g € Ly 10¢(R, X,)) for almost all ¢. Re-
lation (7.12) is fulfilled (for almost all t), since it is true for all u™(t)
with g(t) = g™ (t), and each term of its right hand side converges to
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the corresponding term of the right hand side of (7.12) in the norms
of Ly((-T,T)), T < +oo.

The uniqueness follows from Theorem 7.1 since the solution (t) is
a weak solution of problem (7.11).

Theorem 7.2 for the case g(t) = 0 guarantees the existence of the
operators U; € L(X, — X,) associating to ¥ € X, the solution (t)
of the problem

Byii(t) = aii(t), Wi=o = ¥, (7.22) .
The inequalities (7.20;) give the following estimates:

NUillL(x,—x,) < ma(e, s)e™*, t e R, (7.231)

IUtllL(x,—x.) < ma(a,8)e™, tER™ . (7.23,)

It is obvious that {U;,t € R, X,} is a continuous group of linear
bounded operators.

As in the finite-dimensional case, the solution #(t) of problem (7.11)
may be represented by means of Duhamel’s principle as follows

t
() = U, + / Uy (r)dr . (7.24)
0

This can be proved using the above mentioned properties of the
operators U; and the fact that ¢ € L(X, — X,_,). But, otherwise,
the representation (7.24) is true for the finite-dimensional approxi-
mations @ (t) and the estimates (7.20;) allow us to pass to the limit
when N — 0o and to obtain (7.24) for @(¢) as the limit of @™ (¢).

Problem (7.11), as proved above, is connected with the problem:

OZu(t) + vdu(t) + Au(t) = ¢(t),

(7.25)
uli=0 = Yo, Ouli=o ="y

in the following way. The first component ug(t) of the solution 4(t) is

the solution u(t) of problem (7.25) and the second component of (t)

is equal to J;u(t). Therefore from Theorem 7.2 for problem (7.25) we

get:

Theorem 7.2’

If g € Ly1,c(R,H,), s €R, p > 1, then problem (7.25) has
the unique solution u € C(R, Hy41) with 8;u € C(R, H,) and d%u €
Lp1oc(R,Hs_1). The solution u(t) for almost allt € R satisfies the
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equality (7 25) (in Hy,_1) and the energy identity

= (Ol + 181) 726

= —v||0cu(@)l? + (9(t), deu(?))s
If, in addition, g € C(R, H,_1) then equation (7.25) is satisfied for
eacht €R (in H,_,). The estimates (7.20;) are fulfilled for

1. = [u®llZe + low@iZ]

The estimate
NOZu(@)ls=1 < llu®)|ls+1 + VIOcu(@)lls—1 + [lg@®)lls-1 (7.27)

is also true.
The last statement follows from (7.25). The following theorem holds:

Theorem 7.3
If the function g:R — H, is absolutely continuous and O:g €
Ly 10c(R, Hy ) r€R, p>1, then for the solution & = (u‘l’) of problem
(7.11) with ¥ = 0, 8,@ € C(R, X,), uo € C(R, H,,2) and fort € R*
the estimates

|10:a@(t)||x, < ma(e,r)e™*|g(0)||r
t
+m4(a,r)/ e‘“(""')”atg(r)”,dr,
0

lluo@)llr+2 < ell@:@@®)lx, +llg@ll- , (7.29)

hold. Here c = \/-2_ma.x{1,w\1_1/2}.

The proof is based on Theorems 7.1 and 7.2. Theorem 7.2 guarantees
the existence of @ € C(R, X,.), the estimates (7.20;) with 4(0) = 0
and s = r, as well as 3,4 € C(R, X, _;).

The latter implies ad;i = 0;a@ € C(R,X,_2) and from @ €
C(R, X,) it follows that at’ € C(R,X,-1). So, all the members in
the equation (7.11) are elements of C(R, X,_;). Furthermore, since
both terms on the right hand side of (7.11) are differentiable in ¢
and their derivatives are elements of C(R, X,_3) and L, 1,.(R, X,),
respectively, then 0;4 also is differentiable in ¢, 4% € Ly 10c(R, Xr-2)
and 0;u is a solution of the problem

O, w(t) = aw(t) + 8,g(t), wli=o = §(0) (7.30)
belonging to C(R, X,_;). On the other hand, the same Theorem

7.2, when applied to the problem (7.30), guarantees the existence
of the solution @ € C(R, X, ) as §(0) € X, and 8;§ € Ly 1,c(R, H).

(7.28)
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Since 0,4 and W are both weak solutions of (7.30), they must coincide
according to the uniqueness theorem, i.e. 0;4% = w € C(R, X,). The
estimate (7.28) is nothing but the estimate (7.20,) (with s = r) for
W and the estimate (7.29) follows from the fact that @(¢) = (:‘:Eg) =

(8"‘53)), where u(t) is the solution of (7.25).

7.3 On global unique solvability of the nonlinear

problem

In this section we investigate the global unique solvability of
problem (7.1) or, what is the same, of problem (7.3). We shall use
both of these formulations and the relations v(t) = vo(t), G,v(t) =
v1(t) between the solutions v(t) of (7.1) and #(t) = (:‘:Eg) of (7.3). We
choose X as the phase-space and (according to this choice) impose
on f the following conditions:

(a) f: Hy — H, f(0) = 0 and for all u;,us € H;
I (u1)—f(u2)ll < @r(max{[juslls; [JuzlliHllur—u2lls. (7.31)

Here and below, ®; are some functions, ®;:R™ — R¥, their
explicit form being insignificant; we only assume that these
functions are continuous and nondecreasing when each of
their arguments increases.

(b) For any k = 1,2,... and all u;,us € Hy
|(f(u1) = f(u2), éx)
< @ (k, max{||ui |1, ||uzlls PDllur — uell ;
(¢) f is a potential operator with the continuous potential
F:Hy — R, F(0) = 0 such that for every u € C(R, Hy)

with 6;u € C(R, H) the function F(u(.)):R — R is abso-
lutely continuous and

(7.32)

d
37 (@) = (f(u(?)), bru(?t)) - (7.33)
Moreover, for all u € H;y, F(u) must satisfy the inequality
1
—F () < (5 = w)llulli + e (7.34)

with some v; € (0, %] and ¢; € RY.
From (7.33) it follows that

1
Flu) = /0 (f(tw),wdt, Vue H, (7.35)
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and from (7.35) and (7.31) the estimate

1
17 ()] < 5Pa(llell)lulla]u]

1
< 2\//“@1(”"”1)”"”? = &3(]lull1)

(7.36)

follows.
The following theorem holds:

Theorem 7.4

Let h € H, ¥ € Xo and f satisfy the conditions (a)-(c).
Then problem (7.3) has the unique solution U enjoying the following
properties: ¥ € C(R, Xy), 6:v € C(R,X_1); equation (7.3) is fulfilled
Jorallt €R in X_y; ¥(t) is given by

7(t) = Uy(#(0)) + /0 Vis (_ o (OT)) N h) dr,  (1.37)

where Uy € L(Xo — Xo) are the solution operators of problem (7.22);
the energy relation holds:

d . . ,
FLE®) = —vllm @)’ te R, (7.38)
where the function £: Xg — R is defined by
— 1 1
L(#@) = 5lluolly + 5 llull* + F(uo) — (h, uo),

u (7.39)
a:(u‘l’). 7.39

For the solution ¥(t) the estimates (7.45)—(7.46%) hold.

The solution operators V; of problem (7.3) form a contlinuous group
{Vi,t € R,Xo}; the corresponding semigroup {V;,t € R* Xy} is
bounded. ’

First we obtain the basic a priori estimate for the solutions of problem

(7.3). To this end we rewrite (7.3) in the form
8,9(t) = av(t) + §(t), Th=o=V, (7.40)

where

§(t) = §(t; ¥) := (g(t(;)\l’))

= fl#t) +h = (—f(:))o(t))) + (2) '

The dependence of § on the functional parameter ¥ is due to the fact
that the solution ¥ of problem (7.3) depends on V.

(7.41)
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Equation (7.40) has the form (7.11) and therefore the solutions ¥
of (7.40) satisfies (79.12) with s = 0 (provided ¥ is smooth enough,
see above). The last term in (7.12), because of condition (c) with
v1(t) = Grvo(t), is equal to

(9(2), v1(8)) = (= F(vo(?)) + h , Brvo(t))
d
=+ [=F(vo(t)) + (h, v0(?))] -
Therefore, (7.38) is nothing but the relation (7.12) with s = 0.
From (7.38) and (7.36) it follows

£@®)+ [ In(rlPar
= L(#(0)) (7.43)
< I+ 3%l + s({1¥olly) + Al ol
On the other hand, from (7.34) we deduce
L)
> Sllo (@I + 3ot

(7.42)

1 _1/2 (7.44)
-(5- v)lleo@)1 = e1 = [RIAT Y |lvo ()]s
1 n —
> §||v1(t)||2 + 7””0(0”? —c1 — 2 d) 7RI
Now (7.43) and (7.44) give the “a priori” estimate:
t
o1 (&)I|? + v llwo(®)IIF + 21//0 llvi (7)|12dr
< 21 + (v ha) IR + 12 + (1ol (7.45)
+203([|Wollz) + 2[RIl Foll AT
= 04(]|¥]|x,) -
In particular,
15)]1xo < ®s(|¥llx,), teERY, (7.461)
17#)lx, < ®s(lt], 1¥]lx,), tER™. (7.465)

The explicit form of the functions ®5 and ®¢ is not significant to our
purpose; note that ®g(|[t|,£) — +oo when t — —oo.

We shall construct the approximate solutions #™(t), m = 1,2,... of
(7.3) by means of the Galerkin-Faedo method using the eigenfunctions
{#x}52, of the operator A as the basis in H,. Namely, we look for
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(L) = (a'::,,ft()t)) where v™(t) = Y_,-, ¢7*(t)$: and the coefficients
c*(t) = (v™(t),¢e), £ = 1,...,m are the solutions of the Cauchy

problem for the following system of m ordinary differential equations:
87, (v™ (1), d&) + vO, (v™ (1), b))
+ A (v™(1), 61) + (F(v™ (@), dk) = (R, 6k) (7.47)
cL"(O) = (\I’o,¢k) ’ 6tc7,"(0) = (\I’1,¢k) ’ k= 1, N
Let us prove that the “a priori” estimates (7.46;) hold for 9™ (t) :=
(31::"('8))’ and, hence, for any T € R*:
[T Ollx, < Oo(T, [¥llx), m=12,...,  (148)

where (T, |[¥llx,) = max{®s([[¥llxo); @s(T; 1¥][x0)}-

We multiply the k-th equations (7.47) by 0:cf*(t) and sum the
results for k = 1,...,m. It is easy to verify that this yields for
7™ (t) the equality (7.38), from which the estimates (7.46;) follow.
The estimates (7.48) for the solutions of (7.47) and our hypothesis
on f guarantee the global unique solvability of the problem (7.47).
The coeflicients ¢*(t) are twice continuously differentiable in ¢ and,
hence, v™(t) and 8;v™(t) belong to C(R, X¢). To perform the limit
along some subsequence m; — +o00, let us estimate the quantities
|(82v™ (1), ¢ )|, using (7.32) and (7.47). Namely,

|(820™ (2), x|
< vdw™ @Ol + Xl Ol
+@a(k, [lo™ O™ )] + 1]
= Ba(k, (|7 (t)1x,) -

By (7.48) and (7.49) we may choose from {t™(t)}_, a subsequence
{#™i(t)}52, enjoying the following properties:

(7.49)

(1) {v™i(-)} converges to some element v € C(R, H) in the norms
of spaces C([-T,T)], H), with any T € Rt;

(2) {v™i(-)} and {8,v™i(-)} converge weakly in the Hilbert
spaces Ly((—T,T),H,) and Lo((—T,T),H), VT € R*, re-
spectively; hence, v € Ly o(R, Hy) and 0;,v € Ly ,.(R, H)
and for almost every ¢
le@ll: < lim o™ (@©)]l; and |G| < Lm [[6:0™ @]

j—

J—©

(3) For any (fixed) k = 1,2,..., {8icy () = (8v™i("), da)} 2y
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converges in C([-T,TY), VT € R, to 8ick(-) = (8:v(-), d%) €
C(R).

From (1) and the hypothesis (7.32) it follows that (f(v™i(-)), dx)
converges (as j — +00) to (f(v(-), ¢x) in C([-T,T)), VT € R*. Thus,
for a fixed k, all terms in (7.47) except the first one have the appro-
priate limits in C([-T,T)), VT € R*. Hence, 83(v™(-), #x) also has
a limit (in the same sense) and this limit is 8% (v(-), #x) € C([-T,T)),
VT € R*. Now, we may conclude that the limit v(-) satisfies the
equations:

atzt(v(t)a ¢k) + Va‘(v(t)’ ¢k)
+ A (v(?), di) + (f(v(2), k) = (b, 6¢)
(v1¢k)'t=0 = (\I’Oy ¢k)a at(va ¢k)lt=0 = (‘I’h¢k) ]
k=12,...,
and, besides, v € C(R,H) N Laj,.(R, Hy) and 0iv € Lo 10c(R, H).
Moreover, g(-,¥) = —f(v(-)) + h is an element of Lo 10c(R, H) and

llg(t, B)|I < @1(le@) )o@l + [1bl]
< @4(@(T, [ ¥ol|x0)) @7 (T, ¥ollx,) + IIAl - (7-51)
= ®3(T, || ¥ollx) ,
fort € [-T,T)]. Hence 9() = (6':5())) may be interpreted as a weak so-

lution of the linear problem (7.40) with g € Lo 10c(R, H) and ¥e Xo.
On the other hand Theorem 7.2 guarantees for this problem the ex-
istence of a solution in C(R, Xj), and because of Theorem 7.1 this
solution must coincide with #. Using this result and, in addition the
hypotheses on f and applying Theorem 7.2 we obtain all the state-
ments of Theorem 7.4 except the last one and the uniqueness for prob-
lem (7.3). In order to prove the uniqueness suppose that the problem
(7.3) has another solution #'/(t) possessing all the properties of v(t).
The difference w(t) = 9(t) — ¥'(t) may be regarded as a solution of
the linear problem (7.40) with the free term §(t) = (_ f(vo(i)(-)i' f(u;,(t)))

and ¥ = 0. Since @ € C(R, X,) and §(-) € Lo 10c(R, Xo), for w
the energy equality (7.12) holds. We estimate the last term in (7.12)
using (7.31) and (7.46;):

[(=f(vo(t)) — f(vo(t)), wr(2))]
< @y (max{|[vo@)ll1, ol Dllwo@llu flwr (DI (7.52)
< STk, -

(7.50)
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Hence u')'(t) satisfies the inequality

2 i LB, + v OIF < SISO, (7.53)

and since w(0) = 0 we conclude that w(t) = 0. Consequently, prob-
lem (7.3) has the unique solution with the properties indicated in
Theorem 7 4.

Thus we have proved that the solution operators V¥ € Xo —
#(t) € X, are defined for all ¥ € X, and ¢ € R; they are single-valued
and because of (7.45), (7.46;) are bounded (i.e. they map bounded
sets into bounded sets). The family {V;,t € R, X} has the group
property: Vi, 41, = Vi, V4, for all t;,¢, € R. In order to prove that t_pe
operators V; are continuous on Xo, let #(t) = Vi(¥) and 5(t) = V;(¥).
As in the proof of uniqueness, we have for w(t) = #(t) — (t) the
inequality (7.53) with

Bo(lt]) = 5@ (max (oIl [50(2)l:)) .

By (7.46x), ®s(|t|) < ®10(lt], p), where p = max{||¥||x,, || ¥|Ix,} and
consequently .

;;t” ()%, + vllwi(@)]1? < @1o(lt], o)) 1%, - (7.54)

The integration of this inequality ylelds

lo®lix, = V() = Ve(®)llx0 < @ua(1t], p)1F — ]|, (7.55)

for all \Il,\I’ belonging to the ball B,(0) C X of radius p. This
inequality guarantees the uniform continuity of V; on every ball B,(0).
Since V;(¥) is continuous in ¢ for each ¥ € Xy, Vi(¥) is continuous
in (t,\i;) € R x X, i.e. the group {V;,t € R, X} is continuous.

Finally the boundedness of the semigroup {V;,t € Rt, X} follows
from the estimate (7.46,).

7.4 On differentiability of solution operators

Let us consider the differentiability of the solution operators
V; of problem (7.3). Assume that the conditions of Theorem 3.4 hold
and, in addition, f is differentiable in the following sense:

(d) for all u,% € Hy
f(@) = f(u) = fl(u)(& —u) + ry(G,u) (7.56)
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where f'(u) € L(H, — H) and

W' (|eco -y < Rr2(lfully) ; (7.57)
the remainder r; (1, u) satisfies the inequality

Iy (i, )l < Dsg(maxlalls, lulls Dyl — wllo)lla —
(7.58)
where 7: Rt — Rt is a continuous function, v(0) = 0.
Due to hypothesis (a) (see (7.31)) condition (d) is a new restriction
only for 4 close to u.
In this situation we shall prove that V; is differentiable in the fol-
lowing sense:

Vi(F + s€) — Vi(¥) = sU(t, 9)€ + R(t,s, ¥, §) (7.59)

for ¥ € Xo, s € [—s0, s0] and € € X with ||€]|x, = 1. Here U(t, ¥) €
L(Xo — Xo) and R(...) satisfy the inequality

B2, 5, %, &)llx, < Bra(lt], lsl, 1¥]1x,) , (7.60)

where ®,4:R3® — Rt is a continuous nondecreasing function of its
arguments and |s|™1®4(|t], |s|,||\il.||x0) — 0 when s — 0. The oper-
ator U(t,¥): Xo — X is the differential of V; at the point ¥. We
shall use the notation (¢, \i;) for Vt(\i;), and vg(t, \il.), k=0,1, for its
components.

If the representation (7.59) really holds then it is easy to verify that
Uf(t, \il.)f is a solution of the linear problem

8,i(t) = ai(t) + B(t, W)i(t), h=o=¢, (7.61)

where B(t, ¥)i(t) = (_f,(v(t’o@))uo(t)).

Formally, to obtain (7.61) one has to subtract from the equation
(7.3) for V(¥ + 5€) the same equation written for V;(¥), to divide the
result by s and then pass to the limit when s — 0. Equation (7.61) is
the so-called equation in variations for (7.3) (on the solution v(%, \i;))

It is easier to obtain the equation in variations for the scalar prob-
lem (7.1). This equation is

OZu(t) + voyu(t) + Au+ f'(vo(t, ¥))u(t) =0 (7.61")

The relations between u(t) and (t) are u(t) = ug(t), G,u(t) = uy(t).
Equation (7.61) is the vector form of equation (7.61').

The hypothesis (7.57) implies that B(t,¥)d € X, for any @ € X

and £ (vo(t, ¥))uoll < @ra(lvolt, D) lluolls- )
The unique solvability of problem (7.61) for any £ € X and ¥ € X
is proved as for problem (7.3) (see Theorem 7.4) but with essential
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simplifications due to the linearity of problem (7.61). Its solution (t)
enjoys the following properties:

#€C(R,Xo), B(t,¥)i(t) € Xo,
B, ¥)i(t)lx, < 1s(lt], 1¥]1x,)
Ol € Loo,loc(R; X—l) )

equation (7.61) is fulfilled in X_, for all t € R and the main energy
relation

5 dtll i)k, = —¥lwi @I = (F (vo(t, ¥))uo(t), w1 (2))(7.62)
holds. From (7.62) and from the assumption (7.57) the estimate
U B)|L(xo—x0) < Br6(l], I1F]1x,) (7.63)
is derived in the standard way.
Generally, ®;6 — +00 as |t| — +o0.

Thus we may take this fact for granted and estimate the remainder
term

R(t,s,¥,8) = 9(t, ¥ + s€) — #(t, ¥) - sii(t, ¥,§),
where @(t,¥,€) = U(t,¥)E. It is clear that R € C(R, X,). If we

subtract from equation (7.3) for #(t, ¥ + s{) the same equation for
#(t, ¥) and s times equatlon (7.61) for @(t, ¥, €), we obtain for R(...) :

6¢R(t,...) = aR(t,...) +Bl(t) s (764)
where B (t) = (B,((t),...)) and

Bi(t,...) = —f(vo(t, ¥ + s&)) + f(vo(t, ¥))
+ sf'(vo(t, ¥))uo(t, ¥, ).
Moreover, it is evident that
Rli=0=0. (7.65)
From the estimates (7.46,) and (7.63) and the assumption (7.57)
we deduce that By € Lo 1oc(R, H). The vector-valued function R:t -
Xo may be regarded as a solution (from C(R, X;)) of the linear prob-
lem (7.11) with the free term §(t) = B;(t) and with zero initial value.
According to Theorem 7.2 the following energy relation holds:

S SR, I, (1.66)
= —v||Ry(t,.. )|I* + (B:(t,...), Ri(t,.. ).
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Bi(t,...) using (7.56) may be represented in the form
Bi(t,...) = ~f'(vo(t, ¥)) Ro(t, 5, ¥,£)
— ry(vo(t, ¥ + 5), vo(t, ¥))
where Ro(t,...) is the first component of the vector ﬁ(t, ...); note

that the second component R,(t,...) appeared in (7.66). The last
term in (7.66) may be estimated as follows:

|(B1(t,...), Ra(t,.. )|
< @12(|[oo(t, ©)[|)I|Ro (2, - - 1l Ra (2, - I
+ ®13(max{||vo(t, ¥ + s€)l1, |lvo(t, ¥)|11})
-¥(|lvo(2, ¥ + s&) — vo(t, F)||1) (7.67)
[vo(t, ¥ + s€) — vo(t, B)|l1l| Ru (2, ..
< Sar(ltl, M lxa)IIRCE, - - ik,
+ @as(ltl, [s], (W] xo )R, - llxo
where ®,5(...) is such that |s|~1®5(|¢], |s|, ||¥||x,) — O when s — 0.
We have used the assumptions (7.57), (7.58), the estimates (7.46x)
for the solutions #(t, ¥ + s€) and #(t, ¥), and the estimate (7.55) for
their difference. Substituting (7.67) into (7.66) and integrating the
resulting inequality, keeping in mind (7.65), we obtain the desired es-

timate (7.60). Let us summarize the obtained results in the following
theorem.

Theorem 7.5
Let the assumptions of Theorem 3.4 and the condition (d) be
fulﬁlled Then for allt € R the operator Vi is differentiable at each
point Ve Xo, ils dzﬁerentzal U(t, \Il) belongs to the class L(Xo — Xo)
and the norms ||U(t, ‘I’)”L(Xo-»xo) are uniformly bounded for ¥ €
B,(0) C Xo, Vp > 0. The estimates (7.60) hold.

7.5 On the affiliation of the semigroup
{V;,t € RT, X;} to the class AKX and attractors
We shall prove the following

Theorem 7.6
Let the conditions of Theorem 7.4 and the following condition

be satisfied
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(e) At every point of u € Hy, f has a derivative f'(u) €
L(H — H_145) where § is a number belonging to (0,1] and

IF (L= H_1ys) < Pro(llull1) . (7.68)
Then the semigroup {V;,t € R*, X} belongs to the class AK.
Let E(t,\i;) be a solution of problem (7.3) guaranteed by Theorem
7.4. Its representation (7.37) holds and it may be interpreted as the
representation of the operators V;: Xog — Xj in the form

Vi=U+W, teRt, (7.69)

where U;: Xog — X are the resolving operators of the linear problem
(7.22) and W;: Xo — X are defined by the equality

Wi(F) = /0 U, (_ S (T(,’ §)+ h) dr. (7.70)

Let us show that (7.69) allows us to use Theorem 3.3, and thus to
prove that the semigroup {V;,t € R*, X} belongs to the class AK.
We already know that [|U:||L(x,—x,) — 0, when ¢ — +00; therefore
we only have to prove the compactness of the operators Wy, t > 0.
To this end it is sufficient to prove that each W; (¢ > 0) transforms
any set B, bounded in Xy, into a set bounded in X3, § > 0. We also
know that
#(.,¥) € C(R*,X,) and
sup |[#(t, ¥)|lx, < ®20(]|¥]lx,)
teR+

where ®20(||¥|x,) = (max{1;v; '} @4(||¥]Ix,))!/ (see (7.45)).
From this and from condition (a) it follows that
g(’: ‘i;) = "‘f(UO(°, ‘i;)) +h
belongs to C(R*, H) and

sup [lg(¢, )| < sup [@1(l[vo(t, B)lIn)llvo(t, )l +[A]] -
teR+ teR+

Additionally, because of condition (e), g(t, \il.) is differentiable in ¢,
8:g(t, ¥) = — f'(vo(t, ¥))Bevo(t, ¥)
= —f'(vo(t, ¥))v1(t, ¥) € H_145
and
19:9(t, B)l|-145 < Bro(llvo(t, )lfo)lle(t, D)]| -
Therefore sup,cg+ ||0:9(t, ¥)||-145 < ®21(||¥||x.)-

We can consider W;(¥) = (¢, ¥) as a solution of the linear prob-
lem (7.11) with the free term g(¢, ¥) and zero initial data and use
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Theorem 7.3. All its conditions are fulfilled when r = —1 4 §, hence
wo(-, ¥) € C(R, Hiys), wi(-, ¥) = Bywo(-, ¥) € C(R, Hy)

and, as is easy to verify, from (7.28) and (7.29) we get the estimate
sup IWe(9)llxs < B2(I|¥]lx,), §>0. (7.71)

Thus Theorem 7.6 is proved as X; with § > 0 is compactly embed-
ded in Xp.

Now we shall use the theorems of Part I on attractors for semigroups
of the class AK; see Chapter 3. To this end we must prove at least
the point-dissipativeness of our semigroup.

Since, in this case, we have the good Lyapunov function £ (see
(7.39)) it is sufficient to prove the boundedness of the set Z of all
possible stationary points z' = (Z‘l’) Here z; = 0 and 2 is a solution
of problem

AZO + f(Zo) =h , 209 € H1 . (772)
Let us assume that f(-) has the property:
(f) for any u € Hy
L —(f(w),u) < (1= w)||u|)? + ¢z, 2 €(0,1], c; €RF . (7.73)
The inner product in H of (7.72) with zo and (7.73) give
lzoll} < (1 — wa)llzoll? + c2 + [IAll]=oll ;
hence the estimate
llzolls < e3 (7.74)

holds for any possible solution of problem (7.72).
This estimate and the hypothesis (a) on f allow us also to majorize
the norm ||2o/|2, namely

llzollz = || Azoll < [If(z0)l| + ||
< @1(|lzoll1)lz0ll2 + 1Al (7.75)
< ®1(e3)es + ||hl| = ea -
Thus the set Z lies in the ball B.,(0) C X, and is bounded in Xj.

Moreover, Z is closed in Xy (and in X; as well, see 7.31) and
therefore it is compact in Xp. |

So, if the conditions of Theorem 7.6 and hypothesis (7.73) are ful-
filled, then, according to Theorem 7.2, {V;,t € R*, X} has the set Z
as its attractor M and the attractor M is a connected compact set,
composed of Z and of all complete trajectories connecting the points
of Z. Moreover, the attractor M is a closed bounded subset of the
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space X5,6 > 0. Indeed, if ¥ € M, then #(t, ¥) = V;(¥) € M, for
every t € R, and for arbitrary ¢t and s we have

9, §) = Up_ o ((s, ¥))

[ vy

If s tends to —oo, then we get

7, ¥) = /_ ; U—s (_ Fvo (T(,) )+ h) dr,te R,  (7.77)

since M is a bounded set and the operators U; enjoy the property
(7.23,).
This is the integral equation for complete trajectories lying in M.
For M the following estimate holds

IMllx, < @22(IlMllx,) , (7.78)

where [|M||x = supg. ., 1¥]Ix .
Indeed, let ¥ € M. We can use (7.69) for V, with s > 0 and
represent 9 as follows:

¥ = V,(#(—s,¥)) = U, (#(—s, ¥)) + W, (¥(—s, ¥)),
where 7(—s, ¥) = V_,(¥) € M.
Then sup, g+ |15(~s, ¥)|Ix, < |IM||x,, because #(—s, ¥) € M,
and by (3.23;) ||U, (¥ =S, B)|lx, < ma(a,8)e=**||M||x,. For the
second term W,(¥(—s, ¥)) we have the estimate (7.71) and therefore

1¥]1x5 < ma(er, 6)e™ || M||x, + @22(|M|lx,) -

If s tends to 400 then we get (7.78).
So we have proved the following theorem:

Theorem 7.7

If h € H and f satisfies the conditions (a)-(c), (e) and (f)
(see (7.73)), then the semigroup {V;,t € R* Xo} has the compact
minimal global attractor M coinciding with the set Z of all station-
ary points. It is a bounded subset in the space X,. Its minimal global
B-attractor M is connected and compact in Xg, consisting of all com-
plete trajectories connecting points of the set Z. It is a bounded subset
in the space X5, § > 0. For the trajectories v(t,¥) = V;(¥) on M
the integral equation (7.77) holds.
Although Theorem 7.7 is meaningful, its practical application for de-
termining M requires a lot of additional work.
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That is why those cases where we can really find a bounded set By
containing the attractor M are very important. Now we do this by
supposing that F, besides the properties listed above, also enjoys the
following:

(g) for all u € Hy
v3F(u) — (f(u),u) < c3, (7.79)
with some v3 € (0,2) and c3 € RY.

As in the proof of the estimates (7.20;) we shall use ¥(¢, «) related
to the solution v(t) by means of (7.13); ¥(t, «) is the solution of (7.4)
and hence the corresponding energy equality of the form (7.16) with
s = 0 holds. Namely,

it @k,
= —a||fo(t, )|} 0 = (v — @)lloa (¢, )|
+ (—f('vo(t, a)) + h, vl(taa)) .
The last term may be transformed as follows:
(—f(vo(t,a@)) + h, ave(t,a) + Givo(t, @))

= 5= oo(t, @) + (b, wo(t, )]

- a(f(vo(t,a)), vo(t,a)) + a(h’ vo(t, a)) .

This enables us to rewrite (7.80) in terms of the function

- 1 1
Lo(d) = §||“0||f,a + §||ul||2 + F(uo) — (h,uo)

(7.80)

Namely
_La('-’.(t a))

= —allvo(t, @)|If o — (v — @)l (¢, @)||?
- a(f('"O(ta a))’ vO(t’ a)) + a(h’ ‘vo(t, a))

= —av3L4(7(t, a))
+ a[vaF(vo(t, @) — (f(volt, @), vo(t, )] (78D
+ a(1 — v3)(h,vo(t, @)

1
—a(1 = zm)lluot, )| o

1
—-(v—a- §GV3)||U1(t,0)||2 .

By the assumption (7.79) the term enclosed in the square brackets
[-..] on the right hand side of (7.81) is no larger than acs. The sum
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of the remaining terms (except the first one) is no larger than acy,
where

ca =[(2 - vs)M1 ()]} (1 — wa)?[IA]l,
provided o satisfies the inequality (7.6). Now it follows from (7.81)
that

Lo(¥(t,a)) < —avsl4(7(t,a)) + acs (7.82)
with ¢s = ¢3 + c4. By integrating this inequality we obtain
Lo(9(t,a)) < e L (7(0,a)) + v5 'cs,t €RY . (7.83)

From (7.83) we want to deduce information about the solution
7(t) = C~Y(a)v(t,a) in terms of the norm in X;. We proceed
as above, where the estimates (7.20;) were deduced from (7.18;).
Namely, for arbitrary ¥, v(a) € Xy such that v(a) = C(a)v we have
(7.19;) with s = 0, i.e.

m2(0, &)llx, < 9(@)llxe.. < ma(0,e)l[Fllxy .  (7.84)
Using (7.84) and (7.36) we get
La(i(a))
< 5m30, @)%, + 2s(1Flxo) + AT 1lx, (7:85)
= & (ll7llx)

In order to estlmate L4(7(a)) from below we use (7.84) and (7. 34)
Lo(¥(a)) 2 mI2(0 o)||#ll%, - (- = w)|lllk,
—e1 = uhnxr”zumxo .

In addition to (7.6) we impose on « the following restriction
m72(0,a) — 1+ 21y = (uy(a)m™1(a))? -1+ 21
>4v4 >0

with some positive v4. Since uj(a) and m(a) tend to 1 as a — 0,
(7.87) always holds for a small enough. Now, (7.86) and (7.87) yield

La((e)) > va|#x, — €1 — (4vadr) 7 ||A1?
= wa|#ll%, — 5 -
From the inequalities (7.83), (7.85) and (7.88) it follows that
19, D)lI%, < e vi @as(lI¥lix,) + 5, t ERY,  (7.89)

where ¢ = v;'(ck + v3'¢cs). This estimate, being true for a solution
9(t, ¥) of (7.3) with arbitrary ¥ € X, shows that every bounded set

(7.86)

(7.87)

(7.88)
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B C X falls inside the ball
B3, (0) = {7: ¥ € Xo, ||¥]|x, < 2¢6} (7.90)
after a finite time ¢(B). Thus we have proved:

Theorem 7.8

If h € H and f satisfies the conditions (a)-(c) and (g), then
the semigroup {V;,t € Rt X} has the ball By, (0) for a B-absorbing
set.

Remark A representative class of nonlinear partial differential equa-
tions is that in which f(v) is a polynomial P,,(v) of degree m. If m is
odd and the coefficient of the principal term in P, (v) is positive, the
conditions (7.34) and (7.79) hold with »; = J in (7.34) and vy = ;ﬁq
in (7.79).

7.6 On the dimensions of compact invariant sets

We want here to estimate above dimg(.A) and dim;(.A) for
a compact invariant set 4 € Xy using Theorems 4.8 and 4.9. Let
[ satisfy the conditions of Theorem 7.5, its derivative f'(vo) at each
point vg € PA C H,, where P is the orthoprojector of Xy onto Hj,
belongs to L(Hy_3 — Hg) with some 8 > 0 and

sup ||f'(volll(e,-,—H,) <1, ¢ €RT. (7.91)

vo€EPA

We shall use the representation of problem (7.1) in the form (7.4)
and X , as the phase-space, supposing that o is subject to the re-
strictions (7.6).

The next inequality follows from (7.91):

sup  ||f'(volllL(t,_p a—Hp.a) < €1(@) (7.92)
vo€P(a)A
where P() is the orthoprojector of Xg o onto Hy 4.

Let us denote by Vi(a): Xo,o — Xo,a the solution operators of prob-
“lem (7.4). It is easy to verify that they have the same properties as
those V;: Xo — Xo of problem (7.3). Denote by U(t, o, \i;) the differ-
ential of V;(a) at the point ¥ € A. The family {U(¢, a, \I_;):Xo,a —
Xo,ayt € R*} is a collection of solution operators of the linear



68 Semigroups generated by evolution equations

problem
8ii(t, @) = a(a)i(t, a) + B(t,a, ¥)i(t, o)
= L(t,a, ¥)i(t,a), (7.93)
ﬂltzo = f-.,

where B(t,a, ¥)i(t,a) = (_f,(vo(t,a?@))%(t,a)) (see (761))
According to Theorems 4.8 and 4.9 we have to majorize the quad-
ratic form (L(t, a, ¥)#, @) x, , for an arbitrary @ € X . From (7.10)
and (7.91), we get (as in (7.16)):
((L(t’ a, ‘i;)'-‘.’ 1-i)Xo,m ;
< —afuo|l & = (v — &)||wyI*
— (' (vo(t, @, ¥))uo, uy)
< —alldllk,,, +I1f (vo(t, o, ¥))uollp allusll-p,
< —alldllk,,, + c1(@)luolli-p,allu1ll-5,a
< —alldllk,,, +c)lldllk_,,,
where c2(a) = 1ci(@). Thus, the condition (4.34) of Theorem 4.8
is fulfilled with ho(t) = o, m = 1 and h,,(t) = c2(a), 851 = 0.
Therefore dimg(A) < N where N is the minimal integer satisfying
the inequality
—aN + cy(a) Spy AP (a) < 0. (7.95)
Let us remember that
(o) = (A@ 0 -
A(a) := ( 0 A(a)) Ala)=A—-a(v-a)l.
The spectrum of A(a) consists of the numbers (@) = A(e) =
Ay —a(v—a), k=1,2,... where 0 < A; < A, < ... are eigenvalues
of A.
In order to estimate dims(.A) we suppose that

Sp, AP(a) < es(a)n'~?, n=1,2,... (7.96)
with some c3(a) € R*. Then, according to Theorem 4.9 dim;(A) <
N, where N is the minimal integer such that

—a+ ca(a)es(@)NP <0, (7.97)

We know that X, , and X, coincide as sets and their norms are
equivalent. Therefore the dimensions dimy(-) and dimy(-) of A as

subsets of the space Xo o and of the space X, are the same. So we
have proved the following theorem:

(7.94)
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Theorem 7.9

Let the conditions of Theorem 7.5 and condition (7.91) be
fulfilled, and a be a number satisfying the inequalities (7.6). Then
dimg(A) < N where N is the minimal integer satisfying the inequal-
ity (7.95). If the spectrum {A}32, of operator A s such that the
inequality (7.96) is satisfied, then dimy(A) < N where N 1s the min-
imal integer satisfying (7.97).
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