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Preface

The k(GV') problem has recently been solved, completing the work of a
series of authors over a period of more than forty years. The objective of
this book is to describe the developments, the ideas and methods, leading
to this remarkable result. All details of the proof will be presented.

Let G be a finite group. The number k(G) of conjugacy classes of G,
which is just the number of irreducible complex characters of G, is certainly
an invariant of G of special interest. For some families of finite groups, like
the symmetric groups and some of the finite classical groups, this invariant
is known to some extent. From the point of view of abstract group theory,
however, little can be said about k(G) in relation to the group G. Of
course k(G) < |G|, with equality if and only if G is abelian. If N is a
normal subgroup of G, then it is easy to see that k(G) < k(N) - k(G/N)
but there are examples where k(N) > k(G) (e.g. in the dihedral group of
order 10). This makes it difficult to bound k(G) by inductive methods.

A unifying notion in group theory is the concept of representation. So
finite groups often appear as subgroups of permutation groups or linear
groups. The “geometry” of a group (as permutation group or linear group,
or as a group of Lie type etc.) should be used in order to describe basic
invariants. Here we just assume that G is embedded into the linear group
GL(V) of some finite vector space V over some prime field F, = Z/pZ, and
we wish to bound k(G) by a function of |V| = p™. A weak form of the
k(GV) problem is the question whether k(G) < |[V| — 1 in the case where
G is a p'-group (p 1 |G|). Here equality can happen since GL(V') contains
cyclic subgroups of order |V|—1, the so-called Singer cycles. The restriction
to p’-groups is essential, because GL(V) = GL,,(p) has abelian subgroups
of order pL%QJ.

Now consider the semidirect product GV (also written GxV or V : G).
Since k(GV) > k(G), one can strengthen the question above by asking
whether k(GV) < |V| when G is a p’-subgroup of GL(V). This is known
as the k(GV') conjecture.

The k(GV) conjecture is a special case of Brauer’s celebrated k(B)
problem [Brauer, 1956]. The k(B) conjecture predicts that the number
k(B) of ordinary irreducible characters in a p-block B is bounded above
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viii The Solution of the k(GV) Problem

by the order of a defect group D of B (Problem (X) in [Feit, 1982]). In
the situation of the k(GV') conjecture, the group GV has a single p-block
with the unique defect group D = V. [Brauer and Feit, 1959] established
the general upper bound k(B) < 1+ |DJ%. This bound has since only
been slightly improved. The conjectured estimate k(B) < |D| has been
proved for cyclic and rank 2 abelian defect groups D, and for some families
of finite groups, including the symmetric and finite general linear groups.
There is reason to believe that the k(B) conjecture is one of the most
difficult problems proposed by Brauer.

[Nagao, 1962] noticed that the k(B) conjecture holds for p-solvable
groups provided it holds for semidirect products as discussed above. So the
k(GV') theorem implies Brauer’s conjecture for such groups. This was the
original motivation for treating the k£(GV') problem which is, on the other
hand, of interest in its own right.

In the proof of the k(GV') conjecture Clifford theory plays an impor-
tant role. This theory may be loosely described as using normal subgroups
to pass from the module of interest to lower-dimensional, more tractable
modules. This can be fruitfully applied to many problems in group repre-
sentation theory. In a typical sequence of reductions one tries to show that
the module in question may be assumed to be irreducible, then absolutely
irreducible, then primitive, then tensor indecomposable, and finally tensor
primitive. If one tries this approach on the k(GV) problem, where V is a
faithful coprime IF,G-module, the first two steps are easy, but the third is
not. Indeed, the final stage of the proof of the k(GV') conjecture was the
rather difficult verification of the problem when V is induced from a certain
module with cardinality 52.

Nevertheless, Clifford theory is crucial, in a manner we now wish to ex-
plain. We consider the centralizers (stabilizers) Cq(v) as v ranges over the
vectors in V. It is easy to see that k(GV) is the sum over the k(Cg(v)) when
v ranges over a set of representatives for the G-orbits on V. Remarkably,
however, the main theoretical results in the solution of the k(GV') problem
assert that the existence of one vector v in V' with C¢(v) satistying suitable
conditions is enough to imply that k(GV) < |V]|.

The most elementary of these centralizer criteria asserts that it suffices
to find v € V such that Cg(v) = 1 (Theorem 1.5d of this book). Knérr
established two more general centralizer criteria which had great influence
on later work [Knorr, 1984]. He showed first that k(GV) < |V] if Cg(v)
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is abelian for some v in V' (Theorem 3.4d). Even more important was his
second criterion, because it allowed one to assume, in many cases, that
V' is primitive, thus partially overcoming the major obstacle to the direct
Clifford-theoretic approach. Knorr’s ideas are related to some general tech-
niques developed in [Brauer, 1968].

Gow advantageously reworked Knérr’s ideas and proved the result in
the case that V is a self-dual G-module [Gow, 1993]. In [Robinson, 1995]
it was noticed that it suffices to find v € V such that the restriction of
V to Cg(v) is self-dual. The most powerful criterion then was established
in [Robinson and Thompson, 1996]. The Robinson—Thompson criterion
(Theorem 5.2b) asserts that k(GV') < |V| if there exists v in V' such that
the restriction of V to Cg(v) contains a faithful self-dual summand (with
real-valued Brauer character). Such a vector v will be called a real vector.

This criterion is sufficiently easy to verify, and it is compatible with
the Clifford-theoretic reduction, and so led to much progress towards a
solution of the k(GV') problem. At the end of the reduction steps one is
left with a pair (G, V') admitting no real vectors, such that the generalized
Fitting subgroup of G has the form E - Z(G), where E is normal in G and
absolutely irreducible on V', and where either F is a group of extraspecial
type or is quasisimple. Such a pair (G, V) will be called nonreal reduced.
Robinson and Thompson already showed that this can happen only when
the characteristic p < 530,

In Chapters 6 and 7, we use counting arguments to show that nonreal
reduced pairs do exist only when p is 3,5,7,11,13,19 or 31 and V has
dimension 2,3 or 4. It follows that the k(GV') conjecture is true when the
characteristic p is not one of these seven primes. We give a new treatment
of the extraspecial case, using ideas from [Robinson, 1997], [Riese-Schmid,
2000], [Gluck-Magaard, 2002a] and [Riese, 2002]. In the quasisimple case
our approach is based on work of [Liebeck, 1996], [Goodwin, 2000], [Riese,
2001] and [Koéhler—Pahlings, 2001]. Much is simplified by systematically
using properties of characters related to extraspecial groups (Heisenberg
groups). The counting techniques usually lead to “small” groups G and
modules V of “small” degrees, often affording minimal “Weil characters”.

After the analysis of the extraspecial and quasisimple cases was com-
pleted around 2000, one had to deal with arbitrary pairs (G, V') admitting
no real vectors. In some Clifford-theoretic sense then (G, V) “involves” a
nonreal reduced pair, but a priori this seemed to be hard to control. So it
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was striking, and a surprise, that V is just obtained by module induction
from a nonreal reduced pair, and that G is close to being a full wreath
product with respect to the corresponding imprimitivity decomposition of
V' (Theorems 8.4 and 8.5¢). This crucial result was accomplished in [Riese—
Schmid, 2003] using ideas developed in [Gluck—-Magaard, 2002b).

In the final stages of the proof of the k(GV') theorem, one therefore had
to treat imprimitive modules induced from nonreal reduced modules. Here
one requires bounds on the number of conjugacy classes in a permutation
group. Liebeck and Pyber have established the general upper bound 27!
for the number of conjugacy classes in a permutation group of degree n
(Theorem 9.3). In this manner the proof was completed by Riese and
Schmid for p # 5, and by Gluck, Magaard, Riese and Schmid for p = 5.

Chapter 11 addresses the question of when one can have equality
kE(GV) = |V|, without giving a conclusive answer, however. In the final
two chapters we briefly describe some consequences of the k(GV) theorem
for general block theory and consider the problem of bounding k(GV') when
G is completely reducible on V but |G| and |V| are not coprime.

At present the proof of the k(GV') conjecture relies on the classification
of the finite simple groups; see Chapters 7 and 9. But often I argue on
the basis of general counting arguments, which do not refer to a certain
simple group and which reduce the discussion to groups of low order. Most
challenging are indeed the classical groups. For solvable groups the proof
is independent of the classification theorem.

I hope this monograph will be comprehensible to a graduate student
with some background in group theory and representation theory. Much of
this general background is provided by Isaacs’ book [Isaacs, 1976]. Some
knowledge of the finite simple groups is also needed; the “Atlas of Finite
Groups” [Conway et al., 1985] contains much of the necessary information.
For the convenience of the reader appendices are included on the cohomol-
ogy of finite groups, on parabolic subgroups of some finite classical groups,
and on the Weil characters of such groups.

I am indebted to Walter Feit for drawing my attention to the k(GV)
problem, and for his long-standing support. Thanks also to David Gluck,

Kay Magaard and Udo Riese for critical comments and valuable suggestions
during the preparation of this book.

March 2007 Peter Schmid, Tiibingen
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Chapter 1

Conjugacy Classes, Characters,
and Clifford Theory

For the proof of the k(GV) theorem many of the standard methods and
techniques from ordinary and modular representation theory will be ap-
plied. In this section we describe the necessary concepts and tools from
ordinary character theory. The reader is referred to [Isaacs, 1976] for the
relevant background and some basic results used but not proved here. This
book is cited as [I] in the text.

1.1. Class Functions and Characters

Fix a finite group X of order | X| and exponent exp (X) =e. Let K = Q(¢)

for & = e2mi/e,

Each complex character x of X has its values in K, even in its ring
of integers Z[e], because for each x € X there is a basis such that an
underlying representation carries x to a diagonal matrix consisting of eth
roots of unity, and x(z) is the trace of this matrix. This x is constant on
conjugacy classes of X, a class function, and if ¢ = ¢, is the conjugacy
class of X containing z (¢, = 2% = {2 = t~lat| t € X}), we may write
x(c¢) = x(z). The distinct class sums ¢ = > .y form a basis of the
centre Z(CX) of the semisimple group algebra CX (and of Z(KX)). It
follows that the set C4(X) of conjugacy classes of X is in bijection with the
ordinary (complex) irreducible characters of X, i.e.,

(1.1a) k(X) = |COX)| = |Ier(X)].

If x, ¢ are K-valued class functions on X, their inner product is denoted
by (x,¥) = (x,¥)x = WHZzeX x(@)Y(z) = ﬁzcece(x) le| - x(e)ib(c).
One knows that Irr(X) is an orthonormal basis for the K-vector space
of class functions on X [I, 2.17]. The (nonsingular) square matrix X =
(x(¢)) xerrx) (rows and columns somehow arranged) is the character table
ceCe(X)

of X. For some simple groups (of small order) these tables can be found in
[Conway et al., 1985], which we usually refer to as the [Atlas].

1



2 The Solution of the k(GV) Problem

Orthonormality of the irreducible characters may be expressed by the
matrix equation X - T X = I, where T is the diagonal matrix with entries
m for € ¢ and Cx(z) is the centralizer (Jc|] = |X : Cx(«)|). This

gives X' X =T and hence the second orthogonality relations:

e X X
1.1b x _ ) Cx(@)| ifz® =y*
( ) erlrr(X) X( )X(y) { 0 otherwise
In particular [ X[ = 7 1. (x) x(1)? is the sum over the squares of the

degrees of the irreducible characters.

A generalized character xy of X is a rational integer combination of
irreducible characters of X (x € Z[Irr(X)]). A subgroup F of X is called
p-elementary if E = P x Z where P is a p-group for some prime p and 7 is
a cyclic p’-group, and it is elementary if it is p-elementary for some prime
p. We have Brauer’s characterization of characters:

Theorem 1.1c (Brauer). Let x be a complex valued class function on X.
Then x € Z[Irr(X)] if and only if the restriction Resy (x) € Z[Irr(E)] for
any elementary subgroup E of X. In fact, each generalized character of X
18 a Z-linear combination of characters of X induced from linear characters
of elementary subgroups.

For a proof see [I, 8.10 and 8.12]. Induced characters will be discussed in
Sec. 1.2 below. Since linear characters (of degree 1) can be realized over
their value fields, using elementary properties of the Schur index we get:

Theorem 1.1d (Brauer). K is a splitting field for X, that is, for all
characters x of X there is a matriz representation over K or, equivalently,
a KX -module affording x.

It is immediate, then, that K is a splitting field for all subgroups of X. The
Schur index will be briefly discussed in Sec. 1.3.

If V and W are (right) K X-modules affording the characters x, v,
then V @& W affords x + ¢ (sum), and the K X-module V @ ¢ W (diagonal
X-action) affords y1 (product). V@gV = Sym?(V) @ Alt*(V) decomposes
into the symmetric squares and alternating squares.
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1.2. Induced and Tensor-induced Modules

Suppose Y is a subgroup of X and W is a (right) KY-module affording
the character 6. Let n = |X : Y| be the index of Y in X, and let Y\X =
{Yt|t € X} denote the (transitive) X-set with respect to right multipli-
cation (Yt,z) — Ytx. Then the normal core N = Corex(Y) = (),ex Y
is the kernel of this permutation representation. Hence G = X/N is a
transitive subgroup of the symmetric group S,. If Y # X (n > 1), then
Uiex Y # X and there are at least n — 1 permutations in G without fixed
points. See also [Serre, 2003] for a recent discussion of this classical result
by Jordan.

Theorem 1.2a (Frobenius). There is an embedding of X into the wreath
product YwrS, = Y™ : S, which is uniquely determined up to conjugacy.

The wreath product is defined by letting S,, act on the nth direct power
Y™ of Y permuting the direct factors (so ()7 = (¥i)ixr = (Yir—1)i, sending
an entry in the ith position to the imth position). The wreath product may
be identified with the group of all monomial n X n-matrices with entries in
Y. “The” Frobenius embedding is obtained by choosing a right transversal
{t:}"; to Y in X. Associate then to x € X the element (x;) - m, in the
wreath product, where 7, : 7 — dx in G C S, and x; € Y are defined
by t;x = x;t;z. Replacing {¢;} by {y;t;} for certain y; € Y leads to an
embedding conjugate under (y;)~!.

Now the base group B = Y™ of the wreath product acts diagonally
onto W =W @ --- @ W (n direct summands) via (w;) - (y;) = (wiy;),
and S,, through (w;); - ™ = (w;z—1);. This makes W) into a K[YwrS,]-
module. The induced K X-module V = Inds (W) is obtained through “the”
Frobenius embedding of X into Y'wrS,, (where conjugate embeddings yield
isomorphic module structures). Fixing a transversal {¢;} the character of
X afforded by V is given by

(1.2b) Indy (0)(z) = 20, O(tiwt; 1),

where we set () = 0 for elements outside Y.

Induction and restriction are maps on class functions adjoint to each
other, namely related by the Frobenius reciprocity

(1.2¢) (Indy (6), x)x = (6, Resy’ (x))v-



4 The Solution of the k(GV) Problem

In terms of modules this says that if W is a KY-module, V' a K X-module,
every KY-homomorphism f : W — Resy (V) extends uniquely to a K X-
homomorphism Ind;s (f) : Indss (W) — V.

We often will use Mackey decomposition for characters (and modules).
Suppose Y and H are subgroups of X. Then H acts on X\Y, and if {r;}
is a set of representatives for the distinct H-orbits (or double cosets of X
mod (Y, H)), for a character 6 of Y we have

(12d)  Res}y(Ind¥(6)) = X, Ind{lr; y (Resy py (679)).

Here for x € X we define the (conjugate) character % of Y* = z=1Yz by
0% (y*) =0(y) fory € Y.

One can define Indys (W) = W @ky KX (viewing KX as a left KY-
module). Let now W®" = W ® ---® W (n factors, the tensors over K).
Again B = Y (™ acts diagonally on W™ via (®iw;) - (y:) = ®;w;y;, and Sy,
acts as (®;w;) - ™ = ®;w;r—1. This makes W into a K[Y wrS,]-module.
Then the tensor-induced K X-module V = Tenys (W) = W®" is obtained
through “the” Frobenius embedding of X into the wreath product. Mackey
decomposition (for modules) carries over to tensor induction in the obvious
(multiplicative) way. So if {r;} is a set of representatives for the cycles
(orbits) of an element = € X in its action on Y\ X, and if the jth cycle has

size n; (so that rjz"ir; 1€ Y), then
(1.2¢) Teny (0)(z) = I1; Otjamit; ")

describes the character ¥ of X afforded by V = Tensy (W). In order to prove
this it suffices to consider the case where V =W @ Wz ® - - - @ Wan~1
(with 2™ € Y). If b is a basis of W consisting of eigenvectors for a2,
then the w;, ® wj,z ® - - - @ w;,_,z" "', with w;, € b, form a basis of v
for which the matrix of x is monomial. Only basis vectors of the form
v =w; @ Wiz ® - - Q™ 1, with fixed w; € b, are eigenvectors of = on
‘7, and if w;x™ = ¢;w; with ¢; € K, then v;x = ¢;v;. Hence X(z) = 6(z™),
as desired.

1.3. Schur’s Lemma

Suppose V and W are K X-modules affording the characters x, 1, respec-
tively. Then
<X, 1/}> = dim KHOme(V,W).
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If x, % are irreducible, Hompg x (V,W) = 0 if x # ¢ and Endgx(V) & K
if V.= W (Schur’s lemma). Of course this yields the first orthogonality
relations. In particular, if p : X — GL,(K) is a (matrix) representation
of X affording x € Irr(X), only the scalar matrices are permutable with
all p(z), x € X. Extending p linearly to KX we get a K-algebra homo-
morphism into M, (K) and, by restriction to the centre, a homomorphism
wy 1 Z(KX) — K, the central character associated to . If ¢ = ¢, = 2% is

the conjugacy class of x € X,

2 = X(@)|X:Cx(x)] _ x(c)|c]
(1.3a) wy(€) = L2 = X7

The values of w,, are algebraic integers since the product of class sums is a
(nonnegative) integer linear combination of class sums. This is important

o 1 ~NT 7 N
for block theory (Chapter 2). Writing 1 = (x, x) = % 2 cecex) wx(©)x(c)

we see that |ﬁl) is an integer (being rational and an algebraic integer).

Clifford theory will even yield the following (see also [I, 3.12 and 6.15]).

Theorem 1.3b (It6). The degree x(1) of an irreducible character x of X
divides | X : V| for any abelian normal subgroup V of X.

We used that irreducible representations over K are absolutely irre-
ducible. Replacing K by the field Ky = Q(x) generated by the values of
X, there is a unique irreducible Ky X-module V', up to isomorphism, whose
character contains y. Then V affords the character my where m = m(x) is
the Schur index of x (over the rationals). D = Endg, x (V) is a Kp-division
algebra with centre Ky and dimension m? [I, 9.21].

We give some further examples where Schur’s lemma is involved. Let
z € X and x € Irr(X), and let x be the complex conjugate character. Then
x(x) = x(z) = x(z71) (see Sec. 1.5). We assert that

(1.3¢) X(@)? = (c0)(@) = 35 Tyex x([:9)).
Here [z,y] = 2~ '2¥ denotes the commutator of # and y. Let p be a

representation of X affording x. The sum on the right is the trace of
PV S p(0) = o) i (@)|Cx ()] = plIx (), and the
assertion follows.

We see that |x(x)] = x(1) if and only if x([z,y]) = x(1) for all y € X.
Note that Ker(x) = {z € X|x(z) = x(1)} is the kernel of p, and Z(x) =
{z € X| |x(z)| = x(1)} consists of those x € X for which p(z) is a scalar
matrix.
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Suppose next that X = (Y,z) for some subgroup Y, and that 6 =
Resy (x) is (still) irreducible. We assert that then

(1.3d) Dyey IX(@y)? =Y.

The 1-character 1x is contained in yy with multiplicity 1, because we have
(1x,xX) = (x,x) = 1. Similarly (1y, Resy (xx)) = (1y,08) = 1. Clearly
Resy (1x) = 1y. Soif ¢ # 1x is an irreducible constituent of yx, Resy (1))
does not contain 1y. Hence if W is a K X-module affording ¢ and 7 is an
underlying representation, then > .y 7(y) = 0 as

dim KCw(Y) = dimKHOme(K,W) = <1Y7¢>Y =0.

It follows that > . ¥(zy) = 0 by considering the trace of 7(2) >y 7(y)-
We conclude that »° oy (xX)(zy) = > ,cy Lx(zy) = [Y].

1.4. Brauer’s Permutation Lemma

Suppose G is a finite group acting on the finite set Q (from the right, by
permutations). Then we write C£(G|Q2) = orb(G on Q) for the set of orbits
of G on . So C4(X) = C¢(X|X) with X acting by conjugation. By the
Cauchy—Frobenius fixed point formula

(1.4a) ICUGI)| = &7 Xyec [Calg)l-

This is sometimes also called Burnside’s lemma; it is easily proved by means
of the counting principle or using Frobenius reciprocity [Serre, 2003]. Each
orbit is a (transitive) G-set and so isomorphic to H\G for some subgroup
H, which is determined up to conjugacy in G (being a point stabilizer). The
isomorphism type of the G-set € is determined by the “marks” |Cq(H)| for
all (nonconjugate) subgroups H of G [I, 13.23]. We associate to the G-set
Q the permutation character mq of G, counting the fixed points of each
element.

Theorem 1.4b (Brauer). Suppose G is a finite group which acts on Irr(X)
and on CL(X) such that x?(c?) = x(c) for all x € Irr(X), ¢ € CUX)
and g € G. Then for each g € G, the number ky(X) = |Ccyx)(9)]
of g-invariant conjugacy classes agreas with the number |Cr.(x)(9)| of g-
invariant irreducible characters of X. In particular, the permutation char-
acters moyx) = Tr(x) of G agree.
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The proof [I, 6.32] is based on the fact that the character matrix of X is
nonsingular. It follows, in view of Eq. (1.4a), that G has the same number
of orbits on Irr(X) and on C/(X). Of course, this does not mean that these
sets are permutation isomorphic (unless G is cyclic).

1.5. Algebraic Conjugacy

Let I’ = Gal(K|Q) be the Galois group of K over the rationals. We have a
natural action of I" on Irr(X). We also have a permutation action on X as
I' > (Z/eZ)*, where 2% = ™ if 0 € T corresponds to the coset of n modulo
e = exp (X). This preserves C¢(X). Let x € Irr(X). If &; € K are the
eigenvalues of x appearing in a representation to y, the eigenvalues for ="
are the €]'. It follows that

In order to apply Theorem 1.4b one has to alter the action of T on X (say)
by assigning (z,0) — 2° . This works since I is abelian. Notice that if o
is complex conjugation (restricted to K), x?(z) = x(z) = x(z) = x(z~1).

So the number of real-valued irreducible characters of X is equal to
the number of real conjugacy classes ¢ of X, satisfying ¢=! = ¢ (Burnside).
X is called a real group if all its conjugacy classes are real, that is, if all
x € Irr(X) are real-valued.

Suppose X has odd order. Then {1} is the unique real class of X. Since

k(X)—1
x(1) = x(1) is odd, we get [ X| =37, o xy X(1)? = 14230, 7 (1+2n;)°
for certain integers n; > 1. Consequently

(1.5a) |X| = k(X) (mod 16),

a well known result due to Burnside.

Recall that a character of X takes only values which are algebraic
integers. If a # 0 is such an algebraic integer with the distinct conjugates
a; over the rationals (1 <14 < n), then > I, |a;| > n, with equality only if
« is a root of unity. For by the arithmetic—geometric mean inequality we
have

(1.5b) 2 2 feil = ([Teal) ™ = IN(a)],
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with equality only if all |o;| are equal. But the norm N(a) =[], o is a
nonzero rational integer. Hence the assertion holds, with equality only if
all |o;] are equal and N(a) = 1. In this case |o;| = 1 for all 4, whence «
is a root of unity (since only finitely many powers of «a are distinct).

Lemma 1.5¢ (Gallagher). Suppose y € X is such that x(y) # 0 for each
x € Irr(X). Let N = [(y), X|. Then k(X) <|Cx(y)| — (|X/N|—k(X/N)).

Proof. We follow [Gallagher, 1962]. N is the (normal) subgroup of X
generated by all commutators [¢,z], t € (y), z € X. By the second orthog-
onality relations (1.1b),

ICx(y)] = Z IX()?] = £1 + o,

xEIrr(X)

where the first sum is over those x with |x(y)| = x(1) and the second sum
is over the others. Now |x(y)| = x(1) if and only if y € Z(x) (as described
in Sec. 1.3), and this happens if and only if N is in the kernel of x and so x
may be viewed as a character of X/N. Thus ¥; = |X/N|, and the number
of irreducible characters of X in ¥; is equal to k(X/N) = [Irr(G/N)].

For each ¢ in I' = Gal(K|Q) we have |x?|° = (x-X) = x°X° = |x°|*.
Thus ¥; and Yo are Galois stable. By hypothesis the average over the
Galois class of |x(y)?| is > 1 (and is equal to 1 only if x(y) is a root of
unity). Consequently o > k(X) — k(X/N), and the result follows. O

Theorem 1.5d. Suppose X has an abelian normal Sylow p-subgroup, V,
for some prime p. Then X = GV for some p-complement G in X, uniquely
determined up to conjugacy. For each v € V,

K(GV) < [Ce()]- V] = (1G] - k(G)).

In particular, if Ca(v) =1 for somev € V, then k(GV) < |V| and equality
only holds if G is abelian.

Proof. By a simple cohomological argument X = GV is as claimed
(Appendix Al; Schur—Zassenhaus theorem). Let v € V. We assert that
x(v) # 0 for each y € Irr(X). By Theorem 1.3b, x(1) is not divisible by
p. Letting p be a prime ideal above p in the ring of integers of K, we
have x(v) = x(1) (modp) (cf. Chapter 2). Hence the assertion. Now
N = [{(v),X] = [v,G] is a normal subgroup of X contained in V, and
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Cx(v) = Cg(v)V. By an elementary counting argument, carried out in
Theorem 1.7a below, k(X/N) < |V/N| - k(G). Thus by the preceding
lemma k(X) < |Ca(v)] - [V] = [V/NI(|G] = k(G)).

From Cg(v) = 1 it follows that k(X) < |V, and then k(X) = |V| only
if |G| = k(G), that is, if G is abelian. O

1.6. Coprime Actions

If G is a finite group and V is a finite G-module of order prime to |G|,
then all (Tate) cohomology groups H"(G, V') vanish (Al). For n = 1,2 this
leads to the Schur-Zassenhaus theorem (already mentioned). For n = 0, —1
this tells us that the fixed module Cy (G) is the image of the trace map
v Y ,eqvg on V oand that the commutator module [V,G] = [V,G,G] is
its kernel. Then Cy(G) N[V, G] =0 and so

(1.6a) V=0v(G) @ [V,G.

Irr(V) = Hom(V,C*) is the character group of V, and [Cr.v)(G)| =
|Irr(V/[V,G])| = |V/[V,G]| = |Cv(G)|. The corresponding holds for all
subgroups of G. Hence we have the following.

Proposition 1.6b. If V is a G-module where V. and G have coprime
order, then Vand Irr(V') are isomorphic G-sets.

The proposition is true without assuming that V is abelian. In fact, if G
acts on X by automorphisms and |G| and | X| are coprime, then Irr(X) and
Cl(X) are isomorphic G-sets. This result is due to Isaacs and Dade. Its
proof makes use of the Feit-Thompson theorem. So either G is solvable,
in which case a proof can be found in [I, 13.24], or X is solvable, where
a proof can be found in [Isaacs, 1973]. We do not need this result in this
general form.

Theorem 1.6c (Glauberman). Suppose G is a cyclic group acting on X by
automorphisms where |G| and | X| are coprime. Let & be a character of the
semidirect product GX = X : G for which x = Resx (§) is irreducible. Then
there is a unique irreducible constituent 0 of the restriction to Y = Cx(QG)
of x, a unique linear character p of G and a unique sign + such that

§(gy) = £u(9)0(y)

for all generators g of G and ally € Y. If G is a p-group for some prime
p, the sign is such that (x,0)y = £1 (modp).
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This is a special case of a more general character correspondence. For a
proof we refer to [I, 13.6 and 13.14]. The character £ = & - i is the so-
called canonical extension to GX of x, determined by the fact that its

~

determinantal character det(§) has X in its kernel.

1.7. Invariant and Good Conjugacy Classes

Let N be a normal subgroup of X, and let G = X/N. Then G acts on
CL(N) in the natural way, and ky(N) = [Cayn)(g)| is the number of g-
invariant conjugacy classes of N for each ¢ € G. The conjugacy class g
of g is called “good for N” provided Cx (x)N/N = Cg(g) for any (some)
x € g (with Nz = g). This is well-defined. Suppose N is abelian. Then the
class of g is good for N if Cx(x)/N = Cg(g) for = € g, that is, whenever
a commutator [x,y] € N for some y € X then [z,y] = 1. In this case each
conjugacy class of G is good for N if and only if N is central in X and no
nontrivial element of N is a commutator in X.

Theorem 1.7a (Gallagher). Let Y be a subgroup of X, and let N =
Corex (Y) be its normal core. Let G = X/N.

1) kYY) < |X : Y| - k(X) and k(X) < |X : Y] Ek(Y), the latter
inequality being proper unless Y = N. Moreover,

(1.7b) k(X) < k(N) - k(G),

where equality holds if and only if each conjugacy class of G is good for N.

(ii) Let ¢ = Nz for some x € X. The conjugacy class in CL(N)
of an element y € N is fized by g if and only if Cy(y) # &, and then
|Cy(y)| = |Cn(y)|. The number of g-invariant conjugacy classes of N is

(1.7¢) kg(N) = 137 Xyen |Cn(@y)].
Proof. We follow [Gallagher, 1970]. By (1.4a) k(X) = |71| Y owex [Cx ()]

The first inequality in (i) is immediate from Cy (z) C Cx(z). Using the
inequality |Cx(z)| < |X : Y| |Cy(z)| and the counting principle we have

Yo ICx@)| <X Y] [Cy(@)] =X YY) ICx (),

reX zeX yey
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and this is at most equal to |X : Y2 > yey [Cy(y)|. We have equality if
and only if Cx(z)Y = X for all z € X, and in this case any two conjugate
elements of X are Y-conjugate. Then Y is normal in X.

Before proving (1.7b) we settle (ii). Let ¢ € N. Then tx € Cy(y) <
yltay = to = zyz~l =t lyt < y® = yt. Hence Cyly) # @ if
and only if y" is fixed by g~! (or g), and then Cy(y) = Cn(y)tz for some
t € N. So |Cy(y)| = [Cn(y)] if ¥ € Coyw)(g) and Cy(y) = @ otherwise.
We conclude that

1
kg(N) = Z 1/IN:Cn(y)| = 1] Z 1Cy(y)].
yeN:yNeCcu(n)(9) yeN

Counting the pairs (tz,y) € g x N satisfying (tz)y = y(tz) we see that
dten [On(tz)] = > c N |Cy(y)|. This proves Eq. (1.7c), and completes
the proof of (ii).

For each z € X we have Cx(z)/Cn(z) & Cx(x)N/N C Cg(Nz).
Hence

Y Cx(@)| <Y [Ca(Na)|- [On ()] = Y [Calg)] Y ICn ()],

rzeX zeX geG teg
and 30, [On ()] =22 e [Cg ()] < 3o en [On(y)] by (ii). Hence

Yo ICx@)] <) [Cala)l Y ICNn ),

reX geG yeEN
where equality holds if and only if Cx(Nx) = Cx(z)N for each x € X
(and each X-class of N is an N-class). We are done. O

Theorem 1.7d (Keller). Let Y be a proper subgroup of X, N = Corex (YY)
and G = X/N. Let Q = C{N|X) with N acting by conjugation, which
is a G-set (with G acting by conjugation). Then we have a partition Q =
LﬂgGG Qg where g is the set of N-orbits contained in the coset g.

(i) For each g € G the centralizer Ca(g) is the stabilizer in G of Qg,
and |Qg] = kg(N).

(i) Let g1 = 1,92, - s 9r,Gr41," - Gr(c) be representatives for the
distinct conjugacy classes of G, the first r classes being just those meeting
H=Y/N. Then

k(G)
B(X) =) [CUCa(9:)|%.)| < k(Y) + (K(G) 1) - M
i=1

where M = max{ky(N)| g & U,c H'}.
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Proof. This is a recent result due to [Keller, 2006]. Let g € G. It is obvious
that Cq(g) is the stabilizer in G of ;. By the Cauchy—Frobenius formula
(1.4a) and part (ii) of the preceding theorem,

|Qg|=|—§,|2|cg<y>|= S 1IN Oxly)l = ky(N).

yeEN yEN:yNECQ1 (9)

This proves (i). Each G-orbit on © is of the form (z™)¢ for some unique
conjugacy class X € C/(X), and determines the conjugacy ¢g¢ of G de-
fined by Nz = g or, equivalently, by 2V C g (¥ € Q,). In particular,
k(X) = |CUG|Q)]|. For h € G we have |Cl(Cq(g")|Q4n)| = [CUC(g)[2)]-
This yields the identity given in (ii). For 1 < i < r we may pick the rep-
resentatives g; € H, belonging then to certain distinct conjugacy classes of
H. Of course r < k(H), and k(G) > r by Jordan’s theorem. By what is
already proved (applied to Y'),

D 1CUCG(90)12)] < D ICUCH(9:)[Q,)] < k(Y.

i=1 i=1
For the remaining k(G) —r conjugacy classes g¢ of G, for which g is not in
Uieq HY, we take the trivial estimate |Cl(Ca(g)[Qg)| < [Qg], and use the
fact that |Qg| = kq(N). O

1.8. Nonstable Clifford Theory

Let N be a normal subgroup of X. Then X acts on N via conjugation
(as a group of automorphisms), and on Irr(N). We have induced actions
of G = X/N on C{(N) and on Irr(N), and Theorem 1.4b applies. Fix
0 € Irr(N). The stabilizer of 6 (in X) is called the inertia group T = Ix (),
and T/N = Ig(0). If x € Irr(X|0) is an irreducible character of X above
0, that is, 6 is a constituent of Resx (), there are just s = | X : T'| distinct
X-conjugates 8 = 64, --, 0 of 8 and

(1.8a) Resy(x) = ex 21—y b
for some integer e, > 1, the ramification index of x with respect to IV.

Theorem 1.8b (Clifford). Let T = Ix(0). The map 1 — x = Indi (1)) is
a bijection from Irr(T|6) onto Irr(X10). The ramification indices e, = ey
are divisors of |T/N]|.

For a proof we refer to [I, 6.11 and 11.29].
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1.9. Stable Clifford Theory

Let again N be a normal subgroup of X, and let G = X/N. Suppose that
0 € Trr(N) is G-invariant (I¢(d) = G). This is a necessary condition for
the existence of a character x of X extending 6. If such a y exists then
Irr(X10) = {xA = x ® A| A € Irr(G)}, and this has cardinality k(G) [I,
6.17]. Moreover, then {xA| A € Irr(G), A(1) = 1} is the set of all characters
of X extending 6, and this has cardinality |G/G’|. Here G’ = [G, G] is the
commutator subgroup of G, the kernel of the characters of G' of degree 1.

In general we proceed as follows. Let Ky = Q(6) be the field generated
by the values of 8, and let W be an irreducible KyN-module affording m#,
where m = m(6) is the Schur index. Then D = Endg,n (W) is a centrally
simple Ko-algebra with dim i, D = m? (1.3). Since N is normal in X and
0 is stable under G, each conjugate module Wg = W ® g (affording 09)
is a KoN-module isomorphic to W (g € G). Choose KyN-isomorphisms
7, : Wg — W (with 71 = idw). We have Resx (Ind])\(,(W)) =@, Wy,
and by Frobenius reciprocity (1.2c) the 7, extend uniquely to units in the
G-graded ring End, x (Indy (W)) = @, e D7y. Then 7, D7y = D for
all g € G. By the Skolem—Noether theorem [Bourbaki, 1958, Chap. 8, §10]
we may choose the 7, such that they centralize D (via conjugation). Then
Tg_thgTh = 7(g,h) - idw for some nonzero scalar 7(g,h) € K.

We have a projective representation of G with 2-cocycle 7 € Z?(G, K{),
where the multiplicative group K§ = (Ko ~ {0}, -) is viewed as a trivial G-
module. The cohomology class of 7 depends only on 8, K, and the group
extension N — X — G it is written pug,c(#). This “Clifford obstruction”
is functorial in that it maps onto the corresponding cohomology class when
replacing Ky by an extension field.

Proposition 1.9a. The Clifford obstruction ur,c(0) € H?(G,K}) van-
ishes if and only if there is a character x of X extending 0 and satisfy-
ing Ko(x) = Ko. The order of uk,c(0) is a divisor of the number of
|G|th roots of unity in Ko. There is a distinguished central group extension
Z — G(0) - G, where Z is a cyclic group of order exp (N), whose coho-
mology class maps onto pxa(0) through an (appropriate) embedding of Z
into K*. The exponent of G(0) is a divisor of e = exp (X).

Proof. If pk,c(0) vanishes, by definition one can give W = W the struc-
ture of a KyX-module satisfying Endg,x (W) = D. This W affords my
where x € Irr(X) extends 0, with m(x) = m = m(0). It follows that



14 The Solution of the k(GV) Problem

Ky = Q(x). The converse is proved similarly. The order of ug,;(0) divides
|G| by an elementary property of cohomology groups (Appendix Al). It
also divides the number of roots of unity in Ky [Dade, 1974] which, however,
will not be used here. We briefly discuss the further (basic) statements.

Replacing K by the complex number field we are just concerned with
Schur’s theory of lifting projective representations. The Schur multiplier
M(G) = H2(G,Z) of G fits into the natural universal coefficient exact se-
quence (Appendix A5)

0 — Ext(G/G', K}) — H*(G, K) — Hom(M(G), K}) — 0.

Passing to the complex number field, and noting that C* is divisible, we see
that H2(G, C*) is nothing but the dual of M(G). So there is a (complex)
character y of X extending 6 if M(G) = 1. Of course, then Q(x) C K and
so prc(0) vanishes. Let K7 = Q(e1) where £ is a primitive exp (N)th root
of unity, and let Z = (g;). By Theorem 1.1d this K; is a splitting field
for N. Let W be a K1 N-module affording 6, and let 7(g,h) = Tg_hlquh be
a 2-cocycle with class pg,¢(6). We wish to show that there is a unique
element in H2(G, Z) mapping onto this cohomology class.

Consider the long exact cohomology sequence to Z — K7 — K7 /Z:
HY(G, K}/Z) % H%(G, Z) — H*(G, K}) — H2(G, K} /7).

Either K} /Z is torsion-free or |Z| is odd and (—1)Z is its unique torsion
element. At any rate, J is the zero map, and it suffices to show that g, ¢(6)
has trivial image in H?(G, K{/Z). In order to prove this, as well as for the
proof of the final statement, we may assume that G is a p-group for some
prime p (A4). The construction of G(#) will show that its exponent divides
exp (X). Arguing by induction on | X | we may also assume that 6 is faithful,
because Ker () is normal in X, and that there is no proper subgroup X of
X covering G such that Ng = XgNN has a G & X /Ny-invariant irreducible
character 6 satisfying ur,c(00) = pr, () in H3(G, K7). This reduction
will lead us, in the case where G is a p-group, to X = G(9).

On the basis of Theorem 1.1c, we find a p-elementary subgroup X of X
covering G and an Xg-invariant irreducible character 6y of Ny = XoNN such
that (6g, 0) N, is not divisible by p [I, 8.24]. But this implies that px, ¢(6p) =
i, ¢ (0). In order to see this, let U be a Kj Ng-module affording 6y, and
consider the Kj-space H = Hompg, n,(U,W). By Frobenius reciprocity
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each f € H extends uniquely to a Ky Xo-morphism Indf\,(f]J (U) — Indx (W),
preserving the G-gradings. Since the G-graded ring End g, x, (Indﬁg (U )) =
@geG K04 is a crosssed product, the maps f — O'g_lng may be considered
as elements ¢, € GL(H). We obtain that

ok bgtn = o(g,h) " 7(g, h) - idy

where o(g,h) = Ug_hlagah € K7 is a factor set with class g, ¢ (6p). Taking
determinants we get that 0% and 7¢ agree modulo the coboundary obtained
from g — det(¢py). Here d = dimg, H = (0o, 0)n,. Since G is a p-group,
hence so is H(G, K7), and since p does not divide d, the cohomology classes
of o and 7 agree. Thus by our choice X = X is p-elementary.

Let next M be a G-invariant abelian subgroup of N of maximal order.
Since X is p-elementary and X/N a p-group, it follows that Cn(M) =
M. Let A € Irr(M) be an irreducible (linear) constituent of Res};(6) and
X1 =1Ix(A\), Ny = In(A\) = Xo N N. Let 6; € Irr(N71]|A) be the unique
character satisfying Imd%1 (1) = 0 (Theorem 1.8b). By a Frattini argument
X, covers G and, by the same argument as before, ux,c(01) = pr,c(6)
since (01,0)n, = 1. Thus X = X; and Ny = N. It follows that Res};(6) =
O(1)A and that M C Z(N) as 0 is faithful. But Cn(M) = M. Hence
N = M is central in X and 6 = A is linear.

Now px, ¢(0) is the image of the cohomology class of the central exten-
sion N - X — G under the map induced by § = 0= : N — K}. Indeed,
choose 74 : w ® ty — w for some transversal {t;}sec to N in X. Letting
t(g,h) = t;}bltgth be the corresponding factor set, pg,c(0) is the class of
the factor set (g, h) — 0(t(g,h)~1) of G, which has its values in Z. O

Definition 1.9b. The group G(6) in the preceding proposition is called the
representation group of 6 (with respect to G). The extended representation
group is defined as the “fibre-product” (pull-back; “diagonal group” in the
terminology of the Atlas)

X(0) = G(O)AcX

of G(#) and X amalgamating G = X/N. Letting 7(g,h) = Tg_thgTh be a
2-cocycle with values in Z (viewed as a group of scalar multiplications) and
class pxc(0) in H2(G, K*), we may write G(#) as the group consisting of all
pairs (g, 2z) € GxZ with multiplication (g, z)(h, 2’) = (gh, zz'7(g, h)). Then
X (0) counsists of all elements ((g, z), z) for which Nz = ¢g. By Proposition
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1.9a, X () has the same exponent as X. Hence K is a splitting field for
X (0) by Theorem 1.1d.

Suppose W is a K N-module affording 6. By construction W = W gets
the structure of a K X (0)-module through w((g, 2), ) = (zwz)7y = (2w) T4
for w e W C Indy(W), g € G, z € Z and x € X (with Nz = g). For
x € N we have v((1,1),z) = vz. Thus W is an extension of W when viewed
as a module for Ker(X(0) - G(6)) = N.

We may replace K by any subfield which is a splitting field for 6. In
this manner we find a character 8 of X (0) extending 6, when viewed as a
character of Ker(X(0) — G(0)), which can be written in this same field.
This applies in particular when the Schur index m(6) = 1 (which is true in
prime characteristic).

Theorem 1.9c (Clifford). Let N be a normal subgroup of X, let G = X/N
and let 0 € Irr(N) be stable in X. Let 6 € Irr(X(0)) extend 6 in the above
sense, and let 0= be the unique irreducible (linear) constituent of 9 on
Ker(X(0) — X) = Z. Then ¢ < x = 0®( is a 1-1 correspondence between
Irr(G(0)|6) and Irr(X|6). Moreover [Irr(X|0)| = |Irr(G(8)]0)] < k(G).

Proof. Let x € Irr(X16), and view x as a character of X () by inflation.
Since 6 extends 6 when viewed as a character of Ker(X(0) - G(0)) = N,
there is a unique (irreducible) character ¢ of G(6) such that x = B¢ (see
above). But Ker(X(#) - X) = Z is in the kernel of x. It follows that
¢ € Irr(G()|A) where 0 is as described. Conversely, every ¢ € Irr(G G(0)]6)
gives rise to an irreducible character Y =0 ® ¢ in Irr(X16).

For the final statement we may assume that X = G(0), N = Z is
central in X and § = 6. By Frobenius reciprocity (1.2¢) we then have
Indy () = > xetr(xo) X(1)x, and this vanishes outside N and agrees with
|G|0 on N. For x € Irr(X|0) we have |x(z)]* = |X| ZyEX x([z,y]) by
(1.3c) and, of course, |X| =" .y |x(2)|*. Hence

R DYDY |x<x>|2=|'§'2 S 6(l ).

a:EX x€lrr(X|0) [:ffe)l(\f

. G
T(hlS) is at most equal to % dozex DyeCx(Nx) L = ‘G| Y ozeq|Cal(® )| =
k(G).
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We now shall discuss Clifford theory of tensor induction. Suppose N
is a nonabelian normal subgroup of X which is the central product of the
X-conjugates of some (proper) subgroup Ny. Let Xy = Nx(Np) be the
normalizer, and let G = X/N and Gg = Xo/Ny. Assume 6 € Irr(N) is
stable in X, and let 6y € Irr(Ng) be the unique irreducible constituent of
6 on Ny. As 6 is absolutely irreducible, € is the (tensor) product of the
| X : Xo| distinct X-conjugates of 6y [I, 4.21].

Define X(0) and Xo(6) as before, with the same Z, and let Z =
IndﬁO(Z ) be the (induced) permutation module.

Theorem 1.9d. Keeping these assumptions, let 50 be an irreducible char-
acter of Xo(0o) extending 0y (as above). Then there is a group extension

7 — X — X mapping onto X (0) such that = Ten)X/{ (50) is a character
0
of X(0) extending 6, Xy being the inverse image in X of Xj.

Proof. Let pg : Ng — GL(W)y) be a K-representation affording 6y (Theo-
rem 1.1d). Let {t;} ; be a right transversal to X in X. Let h = [[; A}’
be an element in N (with all h; € Np). Then p(h) = ®7_,po(hl) is a
K-representation of N on W = @), Wyt; affording §. Since 6, is stable
in Xg, we may extend pg to a projective representation py : Xg — GL(Wp).
We may choose py such that its factor set 7o € Z2(Xy, K*), being inflated
from Gy, has order dividing |Z| = exp (Ny). Let z € X, and let t;x = z;t;s
be as in Sec. 1.2 (with z; € Xj). Then p(z) = ®F,_,po(z;) defines a pro-
jective representation of X tensor induced from py which extends p and has
factor set

n
?0(37, y) = H T()(.’L‘i, yza:)
i=1

This 7y is co-induced from 7y (and inflated from G). We have h* =
[1;(h{")t= and so

p(h") = @_1po(hi*) = p(a) ™" p(h)p(x).

Thus the class of 7 = 7y in H?(G, K*) is nothing but uxg(), and p lifts
to an ordinary representation of X (0), say affording 6.

The group extension X represents the cohomology class obtained from
Xo(6p) under the natural isomorphism H?(Xy, Z) = H?(X, Z) underlying

Shapiro’s lemma (A3). Here the group X () is the image of X under the
map Z — Z sending (z;)%; to [\, z; (2 € Z). O
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1.10. Good Conjugacy Classes and Extendible Characters

Let N be a normal subgroup of X, and let G = X/N. Let § € Irr(N)
be G-invariant. The conjugacy class of an element ¢ = Nz in G is called
“good for 0" provided 6 can be extended to (N, x,y) for all y € X satisfying
[z,y] € N [Gallagher, 1970]. By virtue of Theorem 1.9¢ this may be studied
by passing to G(6). Hence we may assume that N = Z is cyclic and central
in X and that § = 6 is linear. Assume also that 0 is faithful. If there is a
(linear) character A of Y = (N, z,y) extending 6, then Y/N is abelian (as
[z,y] € N), Y/Ker()) is abelian and N N Ker(\) = Ker(§) = 1. Hence YV
is abelian. Conversely, if Y is abelian, then 6 can be extended to Y. We
have proved the following.

Theorem 1.10a. Suppose 0 € Irr(N) is stable under G = X/N. Then
|Irr(X0)| is the number of conjugacy classes of G which are good for 6.

Combining this with Theorem 1.8b we obtain the Clifford—Gallagher for-
mula

(1.10b) k(X) = Cgermv) ko (1(0)) /|G + 1c(0)],

where kg(Ig(0)) is the number of conjugacy classes of I(6) which are good
for 6. Observe that kg(Ig(0)) = k(Ig(0)) whenever 6 can be extended to
Ix(0), that is, whenever px(9)(0) vanishes. This happens for instance if
all Sylow subgroups of I (6) are cyclic, because then its Schur multiplier
is trivial by (A4).



Chapter 2

Blocks of Characters and
Brauer’s k(B) Problem

Keeping the assumptions and notation of the preceding chapter we proceed
now to modular representations and to block theory. The reader is referred
to [Feit, 1982] for the relevant background as well as for results not proved
here. This book is cited as [F] in the text. We describe some ideas of
Brauer and Feit when attacking the k(B) problem. The study of (major)
subsections will motivate us (once again) to consider point stabilizers when
dealing with the k(GV) problem. On the basis of the Clifford theory of
blocks developed by Fong we shall verify the k(B) problem for p-blocks of
p-solvable groups, assuming that the k(GV') theorem is already settled.

2.1. Modular Decomposition and Brauer Characters

Let p be a rational prime. Denote by |X|, = p® the p-part of the order
of X (= order of a Sylow p-subgroup of X), and let X+ be the set of p’-
elements (or p-regular elements) of X. Let Z,) denote the localization of
the integers at the prime (p) = pZ. Then R = Z[e] is a Dedekind ring
with only finitely many nonzero prime ideals, all lying above p. Hence R is
a principal ideal domain, with quotient field K = Q(e). Letting p be any
of the (Galois conjugate) nonzero prime ideals of R, the field F' = R/p is
finite of characteristic p, and is a splitting field for all subgroups of X (as
follows from Theorem 1.1d, or from the fact that Schur indices are trivial).

If x, ¢ are K-valued class functions on X/, we define

\71| 3 x(@)C@).

:cGXp/

060 = (X Ox, =

For irreducible characters x,( of X we define m,¢ = (x,()p’ (which is
symmetric), and we say that they belong to the same p-block, B, of X
provided their central characters agree mod p. See Eq. (1.3a); recall that
the central characters have their values in Z[e] C R. This defines a partition
of Irr(X) (which turns out to be independent of the choice of the maximal

19
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ideal p). For the time being, the block B is just a certain nonempty set
Irr(B) of irreducible characters of X. Define

wp(€) = wy(¢) +p

for any x € Irr(B), and all conjugacy classes ¢ of X.

If x is a class function on X, we let X = X (p®) be the class function
on X taking the value p®x(z) for € Xy, and zero otherwise. For x,( in

Irr(X) we have p®m,¢ = (X,¢) = (x, ¢)-

Lemma 2.1a. If x € Z[Irr(X)] is a generalized character, then so is X.
Then even pa%di € Z[Irr(X)] where d < a is the smallest integer (if any)

such that ﬁx(m) € R for all x € X .

Proof. We apply Theorem 1.1c. Let E = P X (@ be an elementary subgroup
of X, where P is a p-group and @ is a p’-group. Then |P| = p® with b < a.
Let p be the character of P afforded by the regular representation. Then
Resy (X) = (p*~*p) ® Resg (x) is a generalized character of E. Thus X is a
generalized character of X. It follows that —t3¥ € Z[Irr(X)] if and only if

pafd

( X:C) €Zp)=RNQ

pafd

for all ¢ € Irr(X). But for z € Xy and ¢ = 2% we have |c| = |X : Cx(2)|

and J (=)
1 1 _ P C(x™
— > —xXW)y ) = x(z) - =———— € R.
Iﬂggpd Cx (@], |Cx ()
Use finally the fact that x vanishes on p-singular elements of X. (I

Reduction mod p is an isomorphism from the exp (X),th roots of unity
in K to those in F'. Let V be an F.X-module. Each p-regular z € X,/ is
semisimple (diagonalizable) on V, its eigenvalues being such roots of unity
in F. Lifting these eigenvalues, and summing up, we get a class function
v : Xp» — K. This ¢y is called the Brauer character of X afforded by V/
(with respect to p). If X is a p’-group, ¢y is an ordinary character of X.
If V is an irreducible FG-module, oy is called an (absolutely) irreducible
Brauer character. The set IBr(X) = IBr,(X) of (absolutely) irreducible
Brauer characters of X is a basis for the K-vector space of class functions
on X, [I, 15.11], or [F, IV.3.4]. It follows that
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(2.1b) [IBr(X)| = |CE(Xp)]

is the number of p’-classes in X. The reader is referred to [Jansen et al.,
1995] for tables of Brauer characters for some simple groups of small orders;
this book will be quoted as [B-Atlas].

Theorem 2.1c. Let x € Irr(X). Then x, = Res%p, (x) is a Brauer char-
acter, hence X, = ZweIBr(X) dyop for some unique nonnegative integers
dy, called the decomposition numbers of x.

Proof. By Theorem 1.1d, there is a K X-module W affording x. Let {w,}
be a K-basis of W, and let U be the R-submodule of W generated by all
wjz, £ € X. Then U is finitely generated and torsion-free, hence a free
R-module. U must have rank x(1) = dimgW, and U is stable under X.
Thus U is an RX-lattice affording x. It follows that V' = U/pU is an
FX-module affording the Brauer character x, = Resx ,(x). This x, is
independent of the choice of the lattice U affording y. ’ O

2.2. Cartan Invariants and Blocks

Let B be a block of X. We say that an irreducible Brauer character ¢ of
X belongs to B, ¢ € IBr(B), provided d,,, # 0 for some x € Irr(B).

Theorem 2.2a. Let B be a block of X, and let ¢ € IBr(B). Then dy, =0
whenever x does not belong to B, and ¢ is a Z-linear combination of the
Xp' for x € Irr(B). Moreover:

(i) The associated “projective character” @ =3, c1,p(p) dxoX vanishes
off p-reqular elements, its degree (1) is divisible by p®, and it satisfies
(@, 0)p =1 and (p,¢)p =0 for ¢ # ¢ in IBr(X).

(ii) For ¢, ¢ in IBr(B) let ¢y = (@, 1)) be the “Cartan invariant”, and
let Cp = (cpyp)p,s- The Cartan matriz Cg of B is symmetric and positive

definite, and Cgl = ({@s )p") -

Proof. Suppose dy, # 0. Let V = U/pU be an FX-module affording
Xp'- Then some composition factor of V affords ¢. Each class sum ¢ acts
as a scalar multiplication on V, thus defining a central character w, (with
values in F'). This w, must be the reduction mod p of w,. In other words,
w, = wp for some unique p-block B.
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For the second statement, observe that modular decomposition may be
seen as a map from generalized characters to generalized Brauer characters,
which commutes with restriction to subgroups and induction (defined for
Brauer characters like for ordinary characters). Hence by Brauer’s induc-
tion theorem it suffices to consider the case where X = P X @) is elementary
(P a p-group, @ a p’-group). But in this case every ¢ € IBr(X) has P in its
kernel, because Cy (P) # 0 for each irreducible FX-module V, and Cy (P)
is X-invariant as P is normal in X. It follows that ¢ = X, for some unique
x € Irr(X).

The surjectivity of the decomposition map is equivalent to the state-
ment that the elementary divisors of the decomposition matriz Dp = (dy,)
of B, with x € Irr(B) and ¢ € IBr(B), are all 1. For ¢, 9 in IBr(B) the
Cartan invariant R

Coyp = <¢7 7ZJ> = Z dxapdxw
x€lIrr(B)
and so Cg = (Dp)' - Dp is a positive definite symmetric matrix with
nonnegative integer entries.

By the second orthogonality relations (1.1b), for any regular xz € X,
and any singular y € X we have

Yo e@aly) = > x(@)x(y) =0.

@€eIBr(X) xEIrr(X)

Since the irreducible Brauer characters are linearly independent, @(yA) =0
for each ¢. Thus if P is a Sylow p-subgroup of X, then (¢, 1p)p = % is
an integer. Varying ¢ = ¢, over the p-regular conjugacy classes of X the
second orthogonality relations show that (¢(c))e,c- (#(c)), . is the diagonal

matrix with cyth entry |Cx(z)|. It follows that for ¢, in IBr(B),
1

B = Y aP@)Y() = by
c=c, €CL(X,/) |CX($)|
From @y = 3, cipe(p) Copth We infer that C3' is as asserted. O

We define a graph with Irr(X) as its vertex set by linking y,¢ in
Irr(X) if there exists ¢ € IBr(X) such that dy, # 0 # d¢,. This is
called the Brauer graph (mod p). By Theorem 2.2a, Irr(B) is a union of
connected components of the Brauer graph. We also let eg = erhr( B) €x

where e, = % > zex X(z)z is the centrally primitive idempotent of KX
associated to x (wy(ey) =1 and wy(ec) = 0 for ¢ # x).
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Theorem 2.2b (Osima). We have ep =} .ccy(x) aB(c)C for unique ele-
ments ag(c) in R, and we write eg and ap(c) also for the reductions mod
p. Thenap(c) =0 (in F) if ¢ is a p-singular class, and wp(eg) = 1. Also,
Irr(B) is a connected component of the Brauer graph.

Proof. By Theorem 2.2a we have ag(c) = ‘71| Y pet(p) P(L)@(c) =01if ¢
is not a p’-class. If c is a p’-class, then

)= = 3 FH0

| X
©€IBr(B)

is in R, because p® is divisor of $(1) by Theorem 2.2a. Replacing Irr(B)
by a connected component B C Irr(B) of the Brauer graph, and IBr(B)
by {¢ € IBr(X)| dy, # 0 for some x € B}, the corresponding statement
holds for e = er% ey. Then an irreducible character x of X belongs to
B if and only if w, (e) # 0 (mod p). We conclude that B = Irr(B). O

2.3. Defect and Defect Groups

Let x € Irr(B). By Theorem 1.3b, x(1), < p®. If x(1), = p?~¢ is as small
as possible in Irr(B), then d = d(B) is the defect of B, and x is said to be
of height zero in B. In general x(1), = p®~¢*" with height h = h, > 0.

Theorem 2.3a. Let B be a block of X with defect d and let x € Irr(B)
be of height zero. Then for any ¢ € Irr(B), pPmy.¢ is a nonzero rational
integer whose p-part is equal to the height of (. In particular pdcgl s a
positive definite symmetric matrix with integer entries.

Proof. Let X € Z[Irr(X)] be as in Lemma 2.1a. From Theorem 2.2a it
follows that my¢ = 0 if {( ¢ Irr(B). Hence x¥ = ZCEI”(B)@Z, ¢)¢ is in

Z[Irr(B)]. Since wy(c) = % . % € R for c= 2% and x € X, zﬁ%
1

is a generalized character (in B) by Lemma 2.1a. But Wf( is not in
Z[Irr(B)], because if P is a Sylow p-subgroup of X then

1 = a—
W@Q 1p)p = x(1)/p*~ "

is not an integer. It follows that there is # € Irr(B) such that (¥, 8)/p®—¢
is a unit in R. Then (1), = pa:d_ Let ¢ € Irr(B) and ((1), = p*~4+h,

There are similar statements for ¢. By definition p*m, = (X, () = (x,¢).
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Thus p?m, is an integer whose p-part equals ((1),. Note that <>2(’C> =

(1)
<(3<(’19)> (mod p), because w¢ and wy agree mod .

For the final statement observe that for x, ¢ € Irr(B) we have

My¢ = Z dye - (@, ¥)pr - dey-
0, €IBr(B)

Thus (p?myc)y.c = Dp(p?Cz')DYL. Now use the fact that by Theorem
2.2a all the elementary divisors of Dg are equal to 1. (Il

Let ¢ = 2% be a conjugacy class of X. Then a Sylow p-subgroup of
Cx(x) is a defect group for ¢. By Theorem 2.2b there exist ¢ such that
ap(c) #0 and wp(¢) # 0. Then c is called a defect class for the block B.

Lemma 2.3b. Let B be a block of X and let D be a defect group of some
defect class for B. Let ¢ be any conjugacy class of X.

(a) If ag(c) #0 (in F), then D contains a defect group for c.
(b) If wp(c) # 0, then D is contained in a defect group for c.

For a proof of this Min-Max lemma see [I, 15.31] .

It follows that the defect groups of the defect classes for B form a
single conjugacy class of p-subgroups of X, called the defect groups of B.
If D is a defect group of B then |D| = p? where d is the defect of B.
Indeed, let x € Irr(B) be of height zero, whence x(1), = p®~ <. Let ¢ = ¢,
be a defect class for B. Then w,(¢) # 0 (modp) by definition. Since
x(x) € R, this shows that |c[/x(1) € RNQ = Z, is not divisible by p.
Hence |D| > p? as |c|, = p®/|D|. On the other hand, also ag(c) # 0 and
so in view of Theorems 2.2b and 2.2a there is some ¢ € Irr(B) such that
¢(c) # 0 (modp). Using that we(c) € R it follows that ((1), < |c[,. Hence
D] < pt.

The principal block of X is the block containing the 1-character 1x.
Its defect groups are the Sylow p-subgroups of X.

Theorem 2.3c. Let B be a block of X with defect group D, and let P be
a normal p-subgroup of X. Then |D| = p® where d is the defect of B, and
D D P. The block idempotent eg of B is a central idempotent of FCx (P),
and if Cx(P) C P, then B is the unique p-block of X and hence D a Sylow
p-subgroup of X.
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Proof. We have already proved the first statement. Let N = Cx(P),
which is normal in X. Let ¢ € C4(X). If some x € c is contained in N,
then ¢ C N. Assume ¢ € N. Then each P-orbit on ¢ (by conjugation) has
size divisible by p. Let V be an irreducible F X-module. Then P C Cx (V)
(as seen above). It follows that V¢ = 0. Consequently ¢ is in the Jacobson
radical of Z(FX), hence is nilpotent.

Now let ¢ be a defect class for B with defect group D. Then wg(¢) # 0
and so ¢ is not nilpotent. Thus ¢ C N = Cx(P) and P C D.

Let ep = ). ap(c)c be as in Theorem 2.2b. We have seen that either
ce J(Z(FX))orce ClX) is centralized by P. Since ep is an idempotent,
it follows that ep € Z(FX) N FN.

Let b be a block of N covered by B, that is, some x € Irr(B) lies over
some 6 € Irr(b). It follows from Theorem 1.8b that the blocks of N covered
by B form a unique X-conjugacy class of blocks. Thus eg-e; # 0 and ep is
the sum of the distinct X-conjugates of e,. Define w;' (€) = wy (> e nre ©)
for any conjugacy class c of X. If ¢ Z N, then cN N = @ and wi* (¢) = 0 by
definition. Then also wp(¢) = 0, for otherwise D C C'x (z) for some x € ¢ by
the preceding lemma, whence z € Cx (D) C Cx(P) = N, a contradiction.
If c C N, then ¢ € Z(FN) and wp(¢) = wy(¢) = wiX(¢), because central
characters agree if they agree on central idempotents (knowing that F is a
splitting field for Z(FN)). We conclude that wp = wi* is determined by b,
i.e., B =0b% is the unique block of X covering b.

In particular, if Cx(P) C P, then the principal block b is the unique
p-block of N = Z(P) and so B is the unique p-block of X. O

2.4. The Brauer—Feit Theorem

In what follows we fix a block B of X with defect group D, |D| = p.
We let k(B) = |Irr(B)| and 4(B) = |IBr(B)|. We have k(B) > ¢(B) since
the Cartan matrix Cp is nonsingular. One even has k(B) > ¢(B) unless
d = 0, in which case k(B) = 1 = ¢(B) [F, IV.4.19]. Brauer’s celebrated
k(B) conjecture is the assertion that always k(B) < pZ.

Theorem 2.4 (Brauer-Feit). We have k(B) < 1+ 1p**. If B contains an
irreducible character of positive height, then even k(B) < %de_Q.

Proof. Let kj, = ki(B) be the number of irreducible characters in B of
height h, so that k(B) = ;5 kn. Let x € Irr(B) be of height zero. By
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Theorem 2.3a, pa%d)z = dem(B) n¢¢ where each ne = pim, ¢ = saa L (X, <)
is a nonzero integer with p-part equal to p™<. From

1
d d/. d
Piny = (P M) = (g X dx > n?
4 P Celrr(B)

we get pin, > n? + (ko —1) + D oh>1 knp?". Tt follows that

1
k(B) <Y knp™ <14pny—nd <1+ ZPQd
h>0
because £ p — t? takes its maximum in ¢ = %Pd~ We also see that

Zh21 khp2h < 1 2(1 and so Zh>1 kh 1 2(1 2
Suppose there is a character ¢ € Irr( ) with height A = h¢ > 0. Then
—w ¢ € Z[Irr(B)]. Arguing as before this yields that kop? < p%u —u? for

P
u = pd’hm“. Hence ko < 1p2d 2, and the result follows. ([l

2.5. Higher Decomposition Numbers, Subsections

In order to improve Theorem 2.4 one is led to pass to certain subgroups of
X and blocks related to B. Let Y be a subgroup of X and b be a block of
Y. We say that the induced block bX exists provided the map w,;X , defined
by wik (€) = wp(X ey e @) for any conjugacy class ¢ of X, is an F-algebra
homomorphism on the centre of FX. In this case wi,x determines a unique
block B = b¥X of X.

Example 2.5a. Suppose b is a block of the subgroup Y of X containing
an irreducible character 6 such that x = Indff (0) is irreducible. Then,
by formula (1.2b) for induced characters, wy (¢) = wp(D>_,cy e 2) for each
conjugacy class ¢ of X. Thus in this case B = b is defined, and x € Irr(B).

If' Y contains DCx (D) for some p-subgroup D of X, then for any block
b of Y the induced block B = b¥X is defined, and the defect groups of b are
contained in certain defect groups of B [F, I11.9.4 and 9.6]. If Nx(D) C Y,
then by Brauer’s First Main Theorem on blocks b — bX is a bijection from
the blocks of Y with defect group D to the blocks of X with defect group
D [1, 15.45], or [F, I11.9.7].

Let B be a block of X with defect group D, and let y € Z(D) be a
central element of D, say of order p™. Let Y = Cx(y). Then b is defined
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for each p-block b of Y, and there exists b such that bX = B and D is a
defect group of b [F, V.9.2]. Fix such a block b. Since y is in the centre of
Y, for each irreducible character x of X and any ¢ € IBr(Y), there exist
unique dy, € Z[g] C R such that

X(xy) = Z dxgo‘lo

@EIBr(Y)

for all p’-elements z € Y. The numbers d¥, = > ycr,,(v) (X, 0)y - Ao(y) - doys,
where Res@ (0) = 0(1)\g, are called the higher decomposition numbers
with respect to y. They are algebraic integers in the field of p™th roots of
unity over the rationals. It follows from Brauer’s Second Main Theorem on
blocks [F, IV.6.1] that if d¥, # 0 for some ¢ € IBr(b), then x belongs to
b* = B. Using the second orthogonality relations (1.1b) one checks that
> xeln(B) dy,dy., is the (o, 1)-entry of the Cartan matrix Cj, of b.

Definition 2.5b. The set of columns (d¥,)yenr(n), With ¢ varying over
IBr(b), is called the (major) subsection (y,b) associated to b*X = B (where
the term major indicates that b and B have a defect group in common).

For x,( in Irr(B) we define
b
m;yc )= > o (0 )y, - dgy

@,w@Br(b)

By definition m;yC ) = mg( ) and, by Theorems 2.2a and 2.3a, p m(y b i

an algebraic integer in R and is nonzero if x is of height zero in B. Let Qy
denote the quadratic form obtained from the Hermitian form defined by
the positive definite symmetric matrix pdC; ! with integer entries. Then

by definition Qp(z) = p m&x ) if 2 = (dz)l(tp)LPGIBr(b)'

Lemma 2.5c. Let (y,b) be a major subsection to B = bX, with defect d.
Then Y m%&b) = {(b) and, for each x € Irr(B), the trace

x€Irr(B
Trig(p*m%?) > [K : Q] - min Qy(2),

where z = (2,) varies over all nonzero vectors with integral coordinates.

In the case that Y- cip, ) d%,9(1) # 0 (modp) for all x € Irr(B), it suf-

fices to take the minimum over those vectors for which - cp, ) 2o (1) #
0 (modp).

Proof. Consider the k(B) x k(B)-matrix M = (m ;'y( )) ¢- By direct com-

putation, using that C; ' = ({#,¥)y,,)p,p by Theorem 2.2a, one obtains
that M2 = M [F, V.9.4]. Since the rank of M equals the rank of p¢C; !,
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which is £(b), we infer that the trace of M is equal to £(b). It follows that
Zx m%&b) = {(b). For the statement concerning the field traces we may
replace K by Ky = Q(go) where ¢ is a primitive p"th root of unity such

that all m;yC ) € Ky. Then use that TrKO|Q(50) p"~Lif j is divisible by
p"~! but not by p", and zero otherwise [F, V.9. 14]. O

Theorem 2.5d (Brauer). Let (y,b) be a major subsection to B (defect d).
(i) Assume that Qp(z) >

L(b) for each nonzero vector z = (z,) with
integer coordinates; if 3 e, d%,%(1) #Z 0 (modp) for all x € Irr(B),
consider only those vectors for which - cip,p) (1) # 0 (mod p). Then

k(B) < p?.

(ii) If B contains no irreducible character of positive height, then we
have k(B) < p®\/€(b).
Proof. (i) By hypothesis and Lemma 2.5c¢, TrK‘Q(p A4y > [K : Qe(b)
for each x € Irr(B). Using that 3 1,5 mxx = {(b) we get the estimate
p?K : QJ¢(b) > k(B)[K : Q]¢(b). Hence the result.

(ii) Now m;yc’b) # 0 for all x, ¢ in Irr(B). Therefore, varying o over the

Galois group I' = Gal(K|Q) and ¢ over Irr(B), by the arithmetic—geometric
mean inequality (1.5b) we have

b BT b
1< ([ m" 7)) |r\ Zp2d| )

¢,o
The term on the right equals 1 \FI > (p* ) . Use finally once more
that 3° m(yb = {(b). O

Remark. One knows that the k(B) conjecture is true for blocks with cyclic
defect groups, even for abelian defect groups of rank at most 2. The best
general result so far for p-blocks B of defect d > 2 is the Brauer—Feit
bound k(B) < p??~2, which follows by combining Theorems 2.4 and 2.5b
[F, VIL.10.13 and 10.14].

2.6. Blocks of p-Solvable Groups

X is called p-solvable provided each composition factor of X either is a
p-group or a p’-group. Then X contains a p-complement, G, and each p'-
subgroup of X is contained in a conjugate of G (P. Hall; the proof is easily
worked out by induction applying the Schur—Zassenhaus theorem). The
block theory for p-solvable groups has been developed in [Fong, 1962].
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A p-solvable group X is p-constrained, that is, if P is a Sylow p-
subgroup of O, (X), then Cx (P) C O, ,(X) (Hall-Higman lemma). Here
0,(X) and O, (X) are the largest normal p-subgroup and p’-subgroup of
X, respectively, and O, (X) /Oy (X) = O,(X/0p (X)).

Theorem 2.6a. Suppose X is p-solvable with Oy (X) = 1. Then X has
a unique p-block B. Assume the k(GV') theorem has already been proved.
Then k(B) < |D|. We even have k(B) < |D| unless X = Z(X) x GV
where G is a p-complement in X acting faithfully on the elementary abelian
p-group V, and if k(GV) = |V|.

Proof. Let P = O,(X). Since Oy (X) = 1, we know that Cx(P) C P.
Hence by Theorem 2.3c¢ the principal block is the unique p-block of X.
We first show that k(X) < |D| and that this inequality is proper if D is
nonabelian. We argue by induction on |X]|, following [Robinson, 2004].
Let G be a p-complement in X. Suppose GP # X. Then by induction
k(GP) < |P| and either P is abelian or k(GP) < |P|. From part (i) of
Theorem 1.7a it follows that

k(X) < k(GP)-|X : GP| = k(GP)-|D : P| < |D|,

and that equality only holds if k(GP) = |P|, N = GP is normal in X,
k(X/N) = |X : N| and kx(N) = k(N). Hence if equality holds, then P
and X/N = D/P are abelian, and the p-group D/P fixes each conjugacy
class of the p’-group N/P = G. Hence D/P centralizes N/P. But D/P
acts faithfully on N/P as O,(X/P) = 1. Thus from k(X) = |D] it follows
that X = GP. We therefore may assume that D = P and X = GP.

Choose a minimal normal subgroup M of X, which is an elementary
abelian p-group. By induction k(X/M) < |D/M| and k(X/M) < |D/M|
if D/M is nonabelian. Now the estimate (1.7b) yields that k(X) < |M] -
kE(X/M) < |D|, and equality only holds if D/M is abelian, M is central
in X and no nonidentity element of M is a commutator in X (see the
beginning of Sec. 1.7). But since D is nonabelian, M = D’ has order p and
is generated by commutators in D.

So let D = P be abelian (and normal in X = GD). We have Z(X) =
Cp(G) as Op(X)=1,and D = Z(X)xV where V = [D, G] by Eq. (1.6a).
Let V = V/U be the Frattini quotient of V, which is a faithful F,G-module.
By the k(GV') theorem and (1.7b)

k(X) <1Z(X)|-|U]-k(GV) < |D],
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and equality only holds if k(GV) = |V| and U is central in X. But then

U=1and V =V, completing the proof. (I

Theorem 2.6b (Fong). Let X be p-solvable, N = O, (G) and G = X/N.
Let B be a p-block of X. Suppose B covers some 0 € Irr(N).

(i) There is a unique block b of T = Ix(0) covering 0 such that
= B, and b, B have a defect group in common. Induction defines a
bijection from Irr(b) and IBr(b) to Irr(B) and IBr(B), respectively.

(ii) Suppose 0 is X -invariant (T = X ). Then the Clifford correspon-
dence of Theorem 1.9¢c, restricted to Irr(B) resp. 1Br(B), describes a bijec-
tion onto Irr(By) resp. IBr(By) for some unique p-block By of the repre-
sentation group G(0) preserving decomposition numbers. In fact, Irr(By) =

Irr(G(0)|6). The defect groups of B and By are Sylow p-subgroups.

Proof. (i) Let x € Irr(B) and let ¢ € Trr(T') occur in Resy (). Then 1 €
Irr(T'|0) and so Ind7' () is irreducible by Theorem 1.8b. Thus Indy (1) = x
by Frobenius reciprocity. Note that x(1) = |X : T'|¢)(1). Let b be the block
of T containing ¢. By Example 2.5a, B = bX. Let c be a defect class for
B with defect group D. Then wg(¢) # 0 by definition and so wy(¢y) # 0
for some conjugacyc class ¢y C ¢ of T. By Lemma 2.3b, a defect group Dy
of b is contained in a defect group of ¢y, so that we may pick Dy C D. But

bX

by character degrees both b and B have the same defect.

(ii) Let 6 be a character of X(6) extending 6 in the sense of Definition
1.9b. Like 6 this 0 is irreducible as a Brauer character, and by Theorem
1.9¢ it defines a bijection from Irr(X|#) onto Irr(G(6)|6) (where 6 is a
linear character of the cyclic central subgroup Z of G(6) of order exp (N)).
The Clifford correspondence xy = 0 ¢ < ¢ extends to Brauer characters

preserving decomposition numbers. It follows that Irr(G(6)|6) is a union of
irreducible characters belonging to certain blocks of G(6).

We may assume that p | |G]. Then P = O,(G(#)) # 1 since Z =
Op (G(0)) is in the centre of G(0) (and G(0) is p-solvable). We have
Ca)(P) = P x Z. There is a unique block by of PZ covering #. Hence

by Theorem 2.3c, By = bOG(e) is the unique block covering by (and 5) Thus
Trr(By) = Irr(G(9)|§). Let D be a Sylow p-subgroup of G(6). There is a
character ¢ of D x Z extending 6. Then p 14(1), and there is an irreducible
constituent ¢ of Indg(ZQ)(lb) whose degree is not divisible by p. Now ( lies
over 6 and so ( € Trr(Byp). Hence D is a defect group of By.

Of course X, X (0), G, G(#) have isomorphic Sylow p-subgroups. O
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Theorem 2.6¢ (Nagao). Assume that the k(GV') theorem has been already
proved. If X is a p-solvable group and B is a p-block of X with defect group
D, then k(B) < |D| where the inequality is proper if D is nonabelian.

Proof. We proceed by induction on |X|, = p® [Nagao, 1962]. By Theorems
2.6a and 2.6b we may assume that Z = O, (X) is nontrivial and central
in X, and that D is a Sylow p-subgroup of X (|D| = p%). Also Irr(B) =
Irr(X|0) for some irreducible (linear) character 6 of Z. Thus

K(B) = In(X[0)] < k(X/2)
by Theorem 1.9c. Now O,/ (X/Z) =1, and so Theorem 2.6a applies. Hence
k(X/Z) < |D|, even k(X/Z) < |D| unless DZ/Z = D is abelian. O

2.7. Coprime F,X-Modules

Let V be an irreducible F, X-module. By Wedderburn’s theorem Fy =
Endx (V) is a (commutative) finite field, which we may embed into F.
Viewing V' = Vj as an (absolutely) irreducible FpX-module, Fy ®r, V =
@, Vi is the direct sum of its Galois conjugates over the prime field. Let
X € IBr(X) be the Brauer character of X afforded by Vj. Let K be the
subfield of K generated by the exp (X),/-roots of unity, the inertia subfield
of K for p (or p), and let Kp be the decomposition subfield. Thus Kp C K
and Gal(K;|Kp) = Gal(F|F,) is cyclic generated by the Frobenius auto-
morphism. So Fj corresponds to the intermediate field Ky = Kp(x), and
we associate to V' the trace character X = Trx, 1k, (X) = X oecal(ro k) X7 -

Now assume X is a p’-group (K = Kj). Then x is an ordinary ir-
reducible character of X. For each 7 € Gal(K|Q) there is an irreducible
[F, X-module V7 affording X™ = Trg, |k, (x"), which is not isomorphic to
V unless 7 € Gal(K|Kp). But V, Vp and V7 are isomorphic as G-sets. Use
the fact that the Fy-dimension of Fy @ Cy (Y) = Cryev(Y) equals

G Ly)y = [Fo - Fpl{x, ly)y = (X7, Iy)y

for each subgroup Y of X. Thus |Cy(Y)| = |Cy,(Y)| = |Cv-(Y)], which
gives the result (cf. Secs. 1.3 and 1.4).

Remark. Let X be p-solvable. The Fong—Swan theorem tells us that then
every (absolutely) irreducible Brauer character of X can be lifted to an
ordinary character. This is proved via Clifford theory [F, X.2.2], which
even yields a p-rational lift (having its values in Ky). Arguing as above
one sees that every irreducible F, X-module has a lift affording a p-rational
character.



Chapter 3

The k(GV) Problem

Let p be a rational prime. We consider the situation where X = GV is the
semidirect product of a finite p’-group G acting faithfully on an elementary
abelian p-group V. Then O,/(X) =1 and so V is the unique defect group
of the unique p-block of X (Theorem 2.3c). The k(GV) problem is the
special case of the k(B) conjecture asking whether k(GV) < |V, or not.

3.1. Preliminaries

We often write the F,G-module V' additively. In this coprime situation V'
is completely reducible (Maschke). All irreducible characters of X = GV
have degree prime to p by Theorem 1.3b and so are of height zero in the
unique p-block, B. For each v € V the centralizer Cx(v) = Cg(v)V has a
unique p-block b, as well. We have bX = B, and the subsection (v,b,) is
major.

It follows from Theorem 1.5d that k(X) < |V| provided there is a vector
v € V such that Cg(v) = 1, even k(X) < |V| unless G is abelian. This
may also be deduced from Theorem 2.5d. It will turn out that such regular
vectors v (belonging to regular G-orbits) exist fairly often. In Theorem
3.4d below we shall see that it even suffices to find a vector with abelian
point stabilizer, a result due to [Knorr, 1984].

Proposition 3.1a. Let V =V, @ V3 be the direct sum of Fp,G-modules V;,
and let G; = Cq(V/V;). Suppose k(G;V;) < |Vi| and k((G/G;)V;) < |V}
fori# j. Then k(GV) < |V, and if k(GV) = |V| then G = G; X G4 and
K(GiVi) = Vil fori=1,2.

Proof. Cleary G, is faithful on V; (i = 1,2), and G/G, is faithful on V; for
j # 1. Consider the normal subgroups N; = G;V; of X = GV, and observe
that N = N7 x Ny is a normal subgroup of X too. Applying (1.7b) to the
N; yields that k(X) < |V1]|Va| = |V]. If we have equality, then necessarily
k(G;V;) = |Vi| for i = 1,2, and k(X) = k(N) = |V|. Moreover, then
every conjugacy class of X/N is good for N (Theorem 1.7a). By Brauer’s

32
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permutation lemma (Theorem 1.4b) then every irreducible character 6 of
N is invariant in X, and each conjugacy class of X/N is good for §. Hence

VI=k(X)= > KkX/N)=|V]-k(X/N)
O€Irr(N)

by the Clifford-Gallagher formula (1.10b). Thus N = X. O

Each irreducible (linear) character A of V' can be extended to its in-
ertia group Ix(A); indeed there is a unique extension A having Ig()A) in
its kernel. For each irreducible character 6 of Ig()\), inflated to Ix(A),
the induced character xx ¢ = Indﬁ()\)(xe) is irreducible (Theorem 1.8b).
By Proposition 1.6b, V and Irr(V) are isomorphic G-sets. We fix a G-
isomorphism v +— A, between these G-sets, with A\ = 1y, and we write
Xv,0 in place of x», 9. The Clifford-Gallagher formula gives the following.

Proposition 3.1b. k(GV) = >, k(Cg(v;)) where {v;} is a set of rep-
resentatives of the G-orbits on V. More precisely, for each v € V and
0 € Irr(Ce(v)) the character xu0 of X = GV is irreducible of degree
|G : Ca(v)|-60(1), and these are just all the k(Cg(v)) distinct irreducible
characters of X lying above \,.

In this manner the partition of V' into G-orbits gives rise to a corresponding
partition of Irr(GV). Since the p-section of any v € V in X = GV, that is,
the elements in X whose p-part is conjugate to v, is the union of conjugacy
classes of X represented by certain p-regular elements in Cx (v) = Cq(v)V,
the formula on k(GV) likewise follows from this observation (by conjugacy
of the complements to V in Cx(v)). (In the non-coprime situation, where
G is a complement of the abelian group V in X = GV, or where just
G = X/V, the corresponding formula holds replacing V by Irr(V) and
centralizers by inertia groups.)

We may compute k(GV) also as follows.

Lemma 3.1c. Let {g;} be a set of representatives for the conjugacy classes

of G (1 <j < k(G)). Then k(GV) = 3_; |CUCaq(g;)|Cv (9;))]-

Proof. For g € G let €1, denote the set of V-conjugacy classes contained
in the coset Vg. By Theorem 1.7d, [Q4| = |Cyv(g)|. Since g is a p’-element,

V=_Cv(g) eVl
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by Proposition 1.6a, and this is a decomposition of Cg(g)-modules. Of
course C(g) acts on , as well (by conjugation). Now for each v € V
we have (vg)V = vg"V = v[V,glg. The assignment (vg)V — v[V,g] is a
bijection from €, onto V/[V,g] = Cy(g) which is compatible with the
action of C¢(g). Hence the result. O

Replacing Cy (g) by V/[V,g] Lemma 3.1c also holds in the non-coprime
situation.

3.2. Transitive Linear Groups

Suppose G is transitive on V¥ =V ~ {0}. Fix any v € V. Then k(GV) =
k(G) + k(Cg(v)) by Proposition 3.1b. Such groups G exist. Identifying V/
with the additive group of a finite field and G with its multiplicative group
we get a cyclic subgroup of GL(V) of order |V| — 1 acting regularly on V.
These Singer cycles in GL(V') are conjugate since their generators have the
same irreducible minimum polynomial over the prime field.

Theorem 3.2. Suppose G is transitive on V. Then k(GV) < |V|, and if
k(GV) = |V| then either G is a Singer cycle in GL(V), or p™ = 23 and
G is a Frobenius group of order 21, or p™ = 3% and G is semidihedral of
order 16.

Proof. In the exceptional cases indeed k(GV) = |V|. We shall appeal
to [Hering, 1985] for the classification of the transitive linear groups (see
also [Huppert-Blackburn, 1982, XI1.7.5] for a summary of this work). By
Theorem 1.5b we may assume that H = Cg(v) is nontrivial, so that G
is nonabelian (and not a Singer cycle). Let |V| = p™. Note that the
semidirect product GV = V : G is a 2-transitive permutation group (of
degree p™). Embed G into GL(V) and let F be a maximal G-invariant
subfield of End(V) containing the identity (with G acting via conjugation).
Let |F'| = p" so that V' is a vector space of dimension 7* over F'. Using that
|G| is not divisible by p we obtain that one of the following holds:

(i) m = 2,r =1 and p is equal to 11,19,29 or 59, and G contains a
normal subgroup N = SLy(5).

(ii) m = 2 or 4, r = 1 (in both cases), and G contains a normal
extraspecial 2-subgroup E of order 2™*! such that Cq(F) = Z(E) and
G/E acts faithfully on E/Z(E). Moreover, if m = 2 then p = 3,5,7,11 or
23, and if m = 4 then p = 3.

(iii) m = r and G is a subgroup of I'L; (p™).
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In (i) N = SLy(5) is a maximal subgroup of the perfect group SLs(p) as
follows from Dickson’s list of subgroups of PSLy(p) [Huppert, 1967, 11.8.27].
Thus G/N maps injectively into GLz(p)/SLa(p) = F and has prime order.
Applying the estimate (1.7b) we get k(G) < k(N) - k(G/N) < k(SLz(5)) -
(p—1)=9(p—1). Since H = Cg(v) is faithful and completely reducible on
V, it must be cyclic of order dividing p—1. Hence k(GV) = k(G)+k(H) <
10-(p-1) <p*=|V].

Consider (ii). (Extraspecial groups are briefly discussed in Sec. 4.2
below.) Regard G as a subgroup of Go = Ngr,v)(E). If m =2 and p =3
then either E 22 Qg is a quaternion group, which is regular on V¥, or E = Dg
is dihedral, which is not transitive on V*#. In both cases Gy = T'L;(32) is
a (semidihedral) Sylow 2-subgroup of GL2(3), and we have G = Gy. (This
possibility will come up also in (iii).) For m = 2 and p > 5 we must have
E = Qg, for otherwise Gy would not be transitive on V. The cases p =5
and p = 7 are of special interest (cf. Sec. 6.1 below):

If p = 5, then Gy is a 5-complement in GLy(5) (of order 96) and Cg, (v)
is cyclic of order 4. Either G = Gy or |Gy : G| = 2, and Go/Z(Gp) = Sy.
If p=7, then Gy 2 X o Zg = X X Z3 where X is a Schur cover of S4, and
|Cq, (v)| = 3. In both cases k(GV) < k(GoV) < |V| by (1.10b).

For m = 2 and p = 11 we have Gy = GL3(3) x Z5 and |Cg, (v)] = 2
for any nonzero v € V. Thus G = Gq by assumption, and k(GV) < |V|.
The case m = 2, p = 23 is ruled out since then G = G is regular on V*.

Finally let m = 4,p = 3. Since |[V¥| = 80 and O} (2) is a 5'-group,
E = 2" ig extraspecial of negative type (and order 2°) and G/E is a
(3’-) subgroup of Oy (2) = S5 of order 5,10 or 20 (determined up to con-
jugacy). Hence GV is one of the three exceptional 2-transitive solvable
(Bucht) groups [Huppert—Blackburn, 1982, XII.7.4]. Here H = Cg(v) is
cyclic of order 2,4 or 8, respectively. In all cases k(GV') < |V|. The largest
Bucht group again is of special interest for us (Sec. 6.1).

It remains to consider (iii). So let G be a (nonabelian) subgroup of
I'Ly(p™), whence m > 2. Then G is a subgroup of T'= Ngr,v)(S for some
Singer cycle S in GL(V). This T = T'L; (p™) acts on S like the Galois group
of F,m|Fp, so that T/S is cyclic of order m. In this case F = S U {0} is
a maximal G-invariant subfield of End(V). Let N = GN S. Then G/N is
cyclic of order n, say, where n > 1 is a divisor of m. Note that n is not
divisible by p. Since S is regular on V* and G is transitive, H = Cg(v) is
cyclic of order dividing n. Hence k(GV) < k(G) + n.
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Assume Cp(N) > S. Then there is a proper divisor d of m such that
|N| divides p? — 1. Since G is transitive on V¥, we get that p™ — 1 < |G| <
m(p? — 1) and so m > 1 + p™~<. This is impossible as d < 5 and m > 2.
We conclude that N = C(N) is irreducible on V. Just the elements in N
of order dividing p™/™ — 1 are central in G, and if d | n then those of order
dividing p®™/™ — 1 are centralized by the subgroup of G/N with index d.
Hence using (1.7b) we get the (crude) estimate

1 -
~(" = 1)+t 1),

k(@) < Y S0 —1) <

d|n

Here we used that 7 < [3] and 3, 4, 2 (pdmin —1) < nZJLZlJ P
Suppose we have p™ = |V| < k(G) + n. Then we must have n = m.
In particular, m is not divisible by p. The resulting inequality

1 "
—(@" = 1) +m@EE 1) +m
m

p'f?l <
forces that p < 3, and that m < 2 for p = 3, while m < 4 for p = 2. We
conclude that p™ = 3% or p™ = 23, If G = T'L;(3?) then k(G) = 7 and
k(G) +m = |V|, and if G = T'L1(23) then k(G) = 5 and k(G) + m = |V|
likewise. So in these two cases k(GV') = |V, otherwise k(GV') < |V|. We
are done. ]

3.3. Subsections and Point Stabilizers

In this section let K, R and p|p be as in the previous chapter, but we
let T' denote the subgroup of Gal(K|Q) fixing the p’-roots of unity in K.
Since X = GV has the exponent exp (G) - p and G is a p’-group, I' =
Gal(Q(c,)|Q) where ¢, = €?™/P. The assignment g& + g~ is a bijection
from C¢(G) onto Cl(X, ) (Schur—Zassenhaus). Let B be the unique p-
block of X. Identifying Irr(G) with IBr(X) = IBr(B) via inflation, for
¢ € Irr(G) and x € Irr(X) the decomposition number dy, = (x, ¥)c. Thus
Ind3 (@) = erlrr(X) dy,X by Frobenius reciprocity (1.2c), and this may
be identified with the projective character @ in view of Theorem 2.2a.

It follows from (2.1b) and Theorem 2.2a that the projective characters

form a basis of the class functions on X vanishing off p-regular elements of
X. Hence we have:
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Lemma 3.3a. Induction of class functions yields a bijection ¢ — @ between
generalized characters ¢ of G and those of X = GV wanishing off p-reqular
elements. For ¢ € Z[Irr(G)] and g € G we have $(g) = |Cv (g)|¢(g).

Proof. It remains to verify the last statement. Let ¢ € Z[Irr(G)]. By
formula (1.2b) for induced characters (and class functions), noting that V'
is a (right) transversal to G in X, we have

pla)y=" > el ) =|Cv(9)lel9)

veVwzv—1eG

if x € X is conjugate to some g € G, and @(z) = 0 otherwise. O

Let 7y denote the permutation character of G on the set V' (as usual).
Let ¢,% be in Irr(G). Then Lemma 3.3a and Frobenius reciprocity tell us
that the corresponding Cartan invariant of B is given by

~

Cop = (0, )x = (v, ¥)a

Let Cp = (cyy) be the Cartan matrix. By Lemma 2.1a the class function
on X = GV taking the value |V| on p-regular elements, and the value zero
otherwise, is a generalized character of X. Thus by Lemma 3.3a

(3.3b) sv = [V1/mv

is a generalized character of G (dy(9) = |V : Cv(g)| for g € G). This
generalized character has been introduced (and studied) by [Knorr, 1984].
It follows from Theorem 2.2a that the (¢, 1) entry of |V|C§1, viewing ¢, 1
as characters of X/V | is given by

K X eVaiva) = (g X eV Crlalita) = (v vie

|X :EEXT)/ ‘X| geG

because each element of X, is conjugate to an element of G and v (g) is
the number of conjugates of g € G lying in the coset Vg.

We apply this to HV where H = Cg(v) for some v € V.
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Theorem 3.3c (Knorr). Suppose there is v € V such that for H = Cg(v)
we have {00y, 0)g > k(H) for all § € Z[Irr(H)] with 8(1) £ 0 (modp).
Then k(GV) < |V, and equality only holds if (xov,x)nm = k(H) for all
x € Irr(G).

Proof. Let C, be the Cartan matrix of the unique p-block b, of Y = HV,

and let @, be the quadratic form associated to |V|C, 1. As seen above the

(p, 1) entry of |V|C 1 is given by (pdy, ). Of course k(H) = £(b,).
Let (v,b,) be the corresponding (major) subsection to the block B.

Define m as in Sec. 2.5. For each irreducible character y of X = GV
we have x(v) = x(1) #Z 0 (mod p) by Theorem 1.3b. Hence

> dlue(1) = x(v) # 0 (modp).

pelrr(H)

Thus k(X) < |V]| by hypothesis and Theorem 2.5d, and this equality is
proper provided TrK‘@(|V|m(U b“)) > [K : Q] k(H) for some x € Irr(X).

Now let us investigate m(X,g *) when x € Irr(G) (inflated to X). Then

the higher decomposition number dy , = (X, ) is nothing but the multi-
plicity of ¢ € Irr(H) in the restriction to H of x. Thus

VimE& = 3" (aedm @y, e e ¥ e = (xov, X0

@, p€elrr(H)

This completes the proof. ([

The reader is referred to [Knorr, 1984] for a proof of the above result
avoiding block theory. Knorr noticed that the hypothesis in Theorem 3.3c is
fulfilled if there is a generalized character ¢ of H = Cg(v) such that ¢(h) €
p for h € H but (1) ¢ p, and such that &y > |1|?> on H (elementwise).
Then (0v, 0) g > (0, 0v) i for each 6§ € Z[Irr(H)] with p t (1), and

[HIO, Qi =Y 0(R)b(R)C(R) = 6(1)¢(1)¢(1) (mod p)

heH

for each ¢ € Irr(H), where p 1 ((1) by Theorem 1.3b. So each ¢ € Irr(H) is
contained in v, which gives the result. Following [Robinson-Thompson,
1996] we use the following slightly different concept, which will turn out to
be fulfilled when v is a so-called real vector for G.
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Theorem 3.3d (Robinson—Thompson). Let H = Cg(v) for some v € V.
Assume there is a faithful F,H-submodule U of V' and a rational-valued
generalized character v of H such that ¥? = 6y on H, or p is odd and
Y? = 6y on a subgroup N of H with |H : N| = 2, while ¢(h)? = %JU(h)
for h € H~ N. Then k(GV) < |V|, even kE(GV) < ”2—';3|V| in the latter
(odd) case, and in both cases the inequalities are proper unless [V, H] C U.

Proof. Let Y = HV, and observe that (v) is in the centre of Y. Suppose
o € I' sends ¢, to ;. Then for each h € H and each irreducible character x
of X (or Y) we have x?(hv) = x(hv)™ = x(hv®) (choosing s = 1 (mod |G|)
and representing hv = vh by a diagonal matrix with trace x(hv)).
Suppose first that 1?2 = 6 on H. Then 1 (h) is divisible by p for all
h € H¥ as H is faithful on U, and (1) = £1. As in Lemma 3.3a let
¢ = Ind}(¢), and let ne = (1h,¢) for ¢ € Irr(Y). Define

~ ¢(v7h
Y= ng C.
2

So {/; and ¥ = Inds (@Z) are pth cyclotomic integer combination of characters
of Y and X, respectively. Hence (U, x) € Z[e,] for each x € Irr(X). We
have 9(y) = |Cy (k)[4 (h) if y € Y is conjugate to hv for some (unique)
h € H, and 9(y) = 0 otherwise. Since there are |V : Cy (k)| - |H : Cy(h)|
elements in Y conjugate to hv for each h € H, by Frobenius reciprocity

[HI(, x)x = [HI(, )y = Y d()x(h ™) = x(v™") (mod p)
heH

for each x € Irr(X). Thus (¥,x) # 0 as p ¥ x(1) by Theorem 1.3b.
Moreover, (¥, x7) = (¥, x)? # 0 for each o € T'. Hence by the arithmetic—
geometric mean inequality (1.5b) - [(¥,x7)|? > p— 1.

Similarly ¥(z) = |Cy (k)| (h) if z € X is conjugate to hv for some
h € H, and zero otherwise. It follows that

(U, 0)x = (), )y |H| > [Cv () (h).
heH
Now 92 = 6y on H, and 0y = 0y - 6y if V. = U @ U’ as an H-module.
We conclude that (¥, ) < |V| and that this inequality is proper unless
oy = 1y, that is, [V, H] C U. This gives the result in the first case, as

(P = DEX) < 3per Xyenrx) XD = (= DT, ¥) < (p - D|V].
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Let now p be odd and ¢ = 6y on N but ¢(h)? = %6U(h) forh € HNN
(|JH : N| = 2). Let u be the linear character of H with kernel N, and
let ¢ = ¢ + pp. Then (h) = 2¢(h) for h € N, while ¢ vanishes on
H ~ N. Hence ¢(h) is an integer multiple of p for each h € H* while
(1) = 2¢(1) is not divisible by p. Like above we define the class function
® on X by letting ®(z) = |Cy(h)|¢(h) if z is conjugate to hv for some
h € H. Then, as before, (®,x7) = (®,x)? # 0 for each x € Irr(X) and
o €T, so that > [(®,x?)|> > p— 1 by (1.5b). Write ® = &) + ¥y,
where ®;(z) = u'(h)|Cy (h)w(h) if z is conjugate to hv for some h € H,
and 0 otherwise. Then at least one of (®;,x) # 0, ¢ = 0,1, and then
(Di, x7) = (P4, x)? # 0 for each o €T

Let S; be the set of irreducible characters of X = GV which occur
with nonzero multiplicity in ®;. If x € S; then Y [(®;,x)|*> > p—1 by
(1.5b). It follows that

(=18 <D D> 1@ xT)* = (p = 1)(Ps, i),

o€l xes;

where (®;, ;) = \T%II Y oheH |Cyv (h)]1(h)? is the same for i = 0, 1 and equals

Vi, vi
2 2

ﬁva(h)wU(hH% > ICvWisu(h)/p <

heN ‘ he H\N

Thus |S;| < %\V\ for 1 = 0,1 and, as above, these inequalities are proper
unless [V, H] C U. We also see that

(@0 = 1,00 = @) = o 30 AC I (0)/p < 2|V,

|H| heH~ N

Hence at most %|V| irreducible characters of X occur with nonzero multi-
plicity in &5 — @4, and again we only can have equality when [V, H] C U.
We see that |Sp ~\ S1| + |51~ So| < %|V| (arguing as above considering the
I-classes in Irr(X)). Now k(GV) = |So U S1| = (|So| + [S1] + S0 ~ S1] +

[S1~ Sol) < ‘g—l(Z : % + %) = pr|V|, completing the proof. O



The k(GV) Problem 41

3.4. Abelian Point Stabilizers

Suppose H # 1 is an abelian p’-subgroup of GL(V) = GL,,(p). If H
is irreducible, then F' = Endgy (V) is a finite field containing H. Hence
H = (y) is cyclic, F' = F,[y] and Cqy,vy(H) is a Singer cycle in GL(V'). So
|H| divides p™ — 1, but |H| does not divide p™ — 1 for 1 < n < m. Also, H
acts semiregularly on V¥. In this irreducible case define

where pg is the regular character of H. If H is a Singer cycle, then g =
dv is Knorr’s generalized character (on H). Otherwise let ¢ > 2 denote
the number of H-orbits on V. Then k(HV) =t + |H| = t + Wl%l by
Proposition 3.1b. From 1 < ¢t < |V| —1 we get that k(HV') < |V| and that

oy = (t‘H|+1)1H—tpH > (‘H|+]—)]—H_pH:5H

at each element of H, both functions taking only nonnegative real values.
Of course (0v,1p) =t(|H|—1)+1> |H| = (dm, 1g) by the choice of t.

Lemma 3.4a. Suppose H # 1 is an abelian p’-subgroup of GL(V'), and let
[V.H] = @;_, Vi be a decomposition into irreducible FpH-modules (so that
n > 1 and no V; is a trivial module). Let H; = H/Cy(V;) for each i, and
define 0y =[], 0n,, which is a generalized character of H. We have

oy > d0m

at each element of H, and (0v,1g) > (0m, 1g) unless oy = dy and each
H; is a Singer cycle in GL(V;).

Proof. By Proposition 1.6a, V = Cy(H) @ [V, H], and [V, H, H| = [V, H].
It is obvious that dy =[], dv;,. The result follows. O

We mention that H has a regular orbit on V', because picking arbitrary
v; € V} for each i and letting v = 3", v;, then
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Proposition 3.4c. Keep the assumptions of the preceding lemma, embed
each H; uniquely into the corresponding Singer cycle G; on V; and let G =
[1; Gi be the direct product. Then H embeds into G in a natural way. We
have (00v,0) g > |H| for each nonzero generalized character 0 of H, and if
(0v, 1) = |H| then necessarily H = G.

Proof. Of course G is a p’-group and H is a certain fibre-product of the H;
and so embeds into the direct product [[, H;, which is a subgroup of G. For
the first statement in the lemma it suffices to show that (06y,6) > |H| for
any generalized character 6 # 0 of H (which will be fixed in what follows).

Let us write H* = Hom(H,C*) for the character group. Restriction
from G to H defines an epimorphism from the character group G* =
[Ti-, Gi (direct) onto H*. For each subset I C N = {1,2,-- -, n} let
G7 = [l;e; Gi (direct), and let H} be its image in H*. Here each A € G}
is sent to A\; = [[;¢;
of A to H;. Define

A(%) where A(7) is the restriction of the ith component

o= [ = 260) = S (=)

i€l JCI

_ _ —|I
We assert that 6 = 6 = >,y 2 Il Z/\eG,;
true for n = 1 (since by definition v = 15). Proceeding by induction on n,

the assertion follows. Using that (0]yx[%,0) = (075, 07x) = 22, i+ (072, X)°
we obtain that

7a|?. By Lemma 3.4a this is

05,0 =Y 271 N (0,m00*

ICN (M X)EG;xH*

We define a map H* — P(N) assigning to each x € H* a subset I of N
of smallest cardinality, arbitrarily chosen, such that (0, Arx) # 0 for some
A € G7. Such subsets exist since § # 0 and H is faithful on [V, H]. Let
M(I) = M(I,0) denote the inverse image in H* of the subset I of N with
respect to this map. For xy € M(I) we have

O, 1x) = D>_(=DH0, 2 ;%) = (~=1)"1(0, Arx)

JCI

for all A € G%, and there is A € G such that (6, Arx) # 0. Clearly
H* is the disjoint union of the fibres M(I), and it suffices to show that

9= Z(A,X)GG;XH*<9’%\X>2 > |M(I)] for all I.
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Fix I C N, and let ¢ € H*. The Boolean group B = PB(I), which
is an elementary abelian 2-group with respect to the symmetric difference
JoJ' = (JUJ')~(JNJ'), acts on the set G5 x pH} via (u1,¢)” = (u”7, 15¢)
where p/ € G% is defined by p’(i) = pu(i)~! for i € J and p’(i) = (i)
otherwise. Indeed (17)”" = p/®7" and py(u’)y = pyer. If (N x) =
(1, ¢)7 is in the B-orbit of (i,¢) then

ax =G = p [ [ ) [TQ = w@) ™) T (0= p@) = ()Y,

JjeJ JjeJ ielI~J

so that (6, 7ax)? = (6,7,¢)?. Moreover, if C' is the stabilizer in B of (u, ()
then |C|~'y, is a generalized character of H. In fact, for J € C and
J' € B we have pujgpy = py and |[J @ J'| = |J| + |J’'| (mod2), whence
Yo = S gcits = 2 jec(=1)IYI7 for some generalized character T of H.
If not all J € C have even cardinality, those of even cardinality form a
subgroup of C of index 2 and then 3 ;. (—1)!/I = 0. It follows that

27 (0,10 = 1C17H,u0)?
Ax)€(p,C)B

is a nonnegative rational integer. Consider the set M (I) N H}, which can
be empty. We assert that the nonnegative integer

27 N (0,x)? = [M(1) N pH]|.
(MX)EG; xpH}

Varying over the subsets I of N and the cosets of H* mod Hj this will
show that (06, 6) > |H]|.

We may assume that M (I)NeH; # @. Let x = x1, -+, X» be its distinct
elements. By construction there is A = A\; € G7 such that (8,7\x) =
(=), A\rx) # 0. Since each XX;l € H} we find a; € G} such that
(o)1 = XX;I, and we put \; = Aa; for j =2,-- -, 7. We have

0,7, x5) = (DO, (A) ) = (=118, Arx) # 0.

It now suffices to prove that the (A;,x;) belong to different orbits under
B = B(I). Suppose (A;,x;) = (A, x)7 = (A, A;sx) for some J C I. Then
(o)1 = Xxj_l = A" and so the image of \; = Aa; in H} is the identity on
H. From x; € M(I) we can conclude that J = @. Hence \; = A7 = )\,
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aj = 1 and x; = x. Replacing x by x; we have \; = \;3;, where 3; =
ozjoz;l satisfies (B;)1 = XiX;l- So the same argument applies.

Consider finally the case where § = 1y. Then the map H* — P(N)
is uniquely determined, assigning to xy € H* the support of x, the smallest
subset I of N such that x € Hj. Suppose we have (dy,1y)y = |H|. By
Lemma 3.4a this forces that Res%(dy) = & and that H; = G; for each
i. Assume that H # G (so that there must be a certain amalgamation).
Then there is a subset I C N such that the map G7 — HJ is not injective.
Consider the set M (I) = M(I,1y) of characters in H* with support I.
Then @ # M(I) C Hf. Keep the notation of the preceding paragraph,
picking ¢ € H}. Hence for x = x;1 in M(I) we have A\; = x~! in H}, and
so on. By assumption there is u # A in G} with gy = A7. It remains to show
that the B-orbit of (u, x) is different from the orbits of all (A;, x;), because
this will yield the desired contradiction (&, 1) > [H|. If (1, x)” = (\j, x5)
for some J C I, then x; = psx = Asx and ! = Aj. Pick 7 € G7_; such
that TI~J — )\[\J. Then

(Le, mrwaxj) = (L, AregAsx) = (La, Arx) # 0.

We conclude that I~ J = I, that is, J = @. Hence x; = Ajx = x and
pu=p’ =\ =\, against our choice. This completes the proof. O

Theorem 3.4d (Knérr). Suppose there is v € V' such that H = Cg(v) is
abelian. Then k(GV) < |V, and we have equality only if k(HV) = |V| in
which case HV s the direct product of certain H;V; where H; either is a
Singer cycle on V; or H; = 1,|V;| = p.

Proof. This is immediate from the preceding proposition and Theorem
3.3c. 0

Unfortunately the search for abelian vectors v € V, for which Cg(v) is
abelian, is not compatible with Clifford reduction. So Theorem 3.4d will
not be relevant for the proof of the k(GV') theorem. We shall make use of
this theorem when discussing the question under which conditions we can
have equality k(GV) = |V| (Chapter 11).



Chapter 4

Symplectic and Orthogonal Modules

The ultimate target of this chapter is to show that the assumptions made in
Theorem 3.3d are fulfilled if the module carries a nondegenerate G-invariant
symplectic or orthogonal form. This makes necessary a discussion of self-
dual modules and of automorphism groups (holomorphs) of extraspecial
groups, which in turn lead us to a useful new concept of goodness for
conjugacy classes, and to Weil characters.

4.1. Self-dual Modules

Let V be a coprime FG-module, where F' = F,. is a finite field of char-
acteristic p. From Proposition 1.6b we know that V is isomorphic to
Irr(V) = Hom(V,C*) as a G-set. But usually we do not have an isomor-
phism of G-modules. The FG-module V* = Homp(V, F), with diagonal
action A*(v) = A(vz™!) for A € V*,z € G,v € V, is called the dual module
to V. The module V is self-dual provided V = V* (as FG-modules).

Lemma 4.1a. V is self-dual if and only if its Brauer character is real-
valued.

Proof. Let p be a matrix representation of G on V' (to some basis of V).
Then the matrix representation of G on V* with respect to the dual basis
is contragredient to p, sending x € G to p(z~1)t. So if V is self-dual, its
Brauer character is real-valued (Sec. 1.5). For the converse use that G is a
p’-group and so the Brauer character is an ordinary character (determining
the isomorphism type of V). O

So the dual of a matrix representation p of G is obtained by applying p
followed by the inverse transpose automorphism of the linear group. If G
is a real group, every representation of G is self-dual. The F'G-module
V is self-dual if and only if V carries the structure of a nondegenerate
G-invariant F-bilinear form, and in the coprime situation these forms are
symplectic or symmetric or orthogonal sums of those forms [Gow, 1993]:

45
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Theorem 4.1b (Gow). Let V be self-dual. Then V =U & W where U s
a symplectic FG-module (with even F-dimension), affording a G-invariant
nondegenerate symplectic form, and where W is an orthogonal FG-module,
affording a G-invariant nondegenerate symmetric bilinear form. The action
of G on W can be chosen to be trivial when p = 2.

Proof. Without loss of generality V' # 0. By hypothesis there exists an
isomorphism ¢ : V — V* of FFG-modules. Define

[v, w] = [v, W], = (v)(w)
for v,w € V. This is a nondegenerate F-bilinear form on V. For x € G we
have

oz, we) = p(vz)(w) = (o) () = P(v) (waz—) = v, u].
Hence the form is G-invariant. The form (v, w) — [v, w]4[w, v] is symmetric
and G-invariant, its radical being an F'G-submodule of V.

Suppose first that V' is an irreducible FG-module. We assert that V'
is a symplectic F'G-module or that p # 2 and V is an orthogonal F'G-
module. The above symmetric form is nondegenerate or is zero. If it

is zero and p # 2, the form [-,-] is symplectic (alternating), and we are
done. So let p = 2. The symmetric form is now symplectic, too, and we
may thus assume that it is zero. Then [, -] is symmetric and the radical

Vo = {v € V| [v,v] = 0} is an FG-submodule # 0 of V' of codimension at
most 1. It follows that Vo = V and that our form is symplectic.

In the general situation let U be a (proper) irreducible FG-submodule
of V. If the form [-,] is nonzero on U, it is nondegenerate, as U is irre-
ducible. Then U is self-dual, and the preceding paragraph applies. Other-
wise U is contained in U+ = {v € V| [v,U] = 0}, which is an FG-module,
and we have dim gV = dim U + dim pUL as the form is nondegenerate.
By Maschke V = U+ @ Uy for some FG-module Uy. The map A : U — Uj
given by

Au)(uo) = [u, uo]
is an F'G-module homomorphism. Its kernel cannot be U for otherwise we
had Uy € U*. Hence )\ is injective, and it is surjective since dimplU =
dim pUy = dimpUj. Therefore U = Uy, whence U* = (U§)* = Uy. The
form on U @ Uy, given by

(u + wo, u + up) = [uo, v'] = [ug, ul,

is symplectic and G-invariant. One verifies that this is nondegenerate using
again that Uy € U+. The result follows by induction on dim pV. O
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Lemma 4.1c. Suppose V is a faithful irreducible F'H-module for the
abelian group H, and let n = dimgV. Ifn = 1 and V is self-dual (as
an FH-module), then |H| =1 or 2. Let n > 2. Then V is self-dual if and
only if n = 2m is even and |H| a divisor of r™ + 1.

Proof. From Sec. 3.4 we know that H = (y) is cyclic and that Cqp,v)(H) is
a Singer cycle in GL(V'). We may identify V = F,.» = F,.[y]; |H| is a divisor
of r™ — 1 but not of * — 1 for 1 < i < n. Clearly y € F,» is an eigenvalue
of the F-linear map on the extension field given by multiplication with
y. So the eigenvalues of y on V are the different conjugates 4" of Fy|F,
(0 < i <n-—1). Suppose V is a self-dual FH-module. Then for each
eigenvalue the inverse must be an eigenvalue too. If n = 1 then necessarily
y =y tand |[H| = 1or 2. Let n > 1. Then |H| > 2, and no eigenvalue
to y is equal to its inverse. Hence n = 2m is even, and if y~! = ¢y for
some j < n — 1, then |H| is a divisor of r/ + 1. It follows that |H| is a
divisor of 7?7 — 1 and so 2j = n = 2m. We conclude that |H]| is a divisor of
r™ + 1. Conversely, if n = 2m is even and |H| is a divisor of ™ + 1, then
y~! =y, Then for each eigenvalue to y the inverse is an eigenvalue too,
whence V is a self-dual F"H-module. O

It follows that V' is a self-dual module for a Singer cycle in GL(V) = GL,,(r)
if and only if ™ = 2 or 3. Since GL(V') contains Singer cycles, the standard
module V is self-dual for GL(V) only when n = 1, » = 2 or 3, or when
n =2 r=2 It is self-dual for SL(V) only when n = 1 or 2, because the
intersection of a Singer cycle in GL(V') with SL(V) is irreducible and has
order (r"™ —1)/(r — 1).

One knows that the symplectic group Sp,,,(r) and the orthogonal
group O, (r) have unique conjugacy classes of Singer cycles, which by
definition are cyclic and irreducible. They have order 7 + 1.

4.2. Extraspecial Groups

Let ¢ be a prime (usually ¢ # p). A finite nonabelian ¢g-group E is called
extraspecial if the centre Z = Z(F) has order ¢ and U = E/Z is elementary
abelian, hence a vector space over F,. Thus E is a central product of
nonabelian groups of order ¢. Let |E| = ¢! ™2™,

Groups q't2™ : Let ¢ be odd and E = Q(E), ie., exp(E) = q.
Then E = ¢'+?™ = ™™ is determined by its order. Choosing a gen-
erator z of Z, E has the generators z;,z} for ¢« = 1,- .., m, satisfying
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the relations [x;,z]] = z, 27 = 2 = (2})? = 1 for all i, the other gen-
erators centralizing each other (and z is central). The commutator map
(xZ,yZ) — [x,y] is a (well-defined) nondegenerate symplectic F,-form on
U, identifying Z with F,. Every symplectic transformation on U can be
lifted to an automorphism of E centralizing Z. Let A = Cayy(g)(Z) and
C(E) = A/Inn(E) = Coue(r)(Z). We have Aut(E) = A : (o) where a per-
mutes the elements in Z* transitively, induces on U = Inn(E) a symplectic
similitude of order ¢ — 1 and on C(E) = Sp,,,(¢) the unique outer (diago-
nal) automorphism of order 2. In order to see this, let a be a generator of
Fy and define a by z; — xf , 2} = 2} (i = 1,---,m) and 2z + 2%. This

preserves the defining relations and generates CSpam(q)/Spay, (4)-

Groups 2172™ : Let ¢ = 2. Then either £ = 2}r+2m is the central product
of m dihedral groups of order 8, or E 2 21+2™ ig the central product of m
quaternion groups Qs. (Observe that DgoDg = Qg0Qs.) The squaring map
rE" — 22 is a (well-defined) nonsingular quadratic form Q on U = E/Z
giving, together with the commutator map, a system of defining relations
on E. Thus C(E) = Out(E) = O(U, Q), that is, C(E) = O3, (2) if E is of
positive type and C(E) = Og,,(2) otherwise. (This refers to the fact that
U has Witt index m (plus) or Witt index m — 1 (minus); cf. Appendix
B.) Except for Of (2) = SswrS, there is a unique subgroup Qi (2) in
O;tm(Z) with index 2, the kernel of the Dickson invariant. The extension
Inn(E) — Aut(E) - C(FE) is nonsplit when m > 2 (Appendix A10).

Groups 2§72™ : We have 2f2m 0 Zy = 272™M o 7, and the isomorphism
type of this group is written 257", If E = 2,**™ is such a group of
extraspecial type, its centre Z = Z(E) = Zy. Let A = Cauy(g)(Z) and
C(FE) = A/Inn(F). An argument similar to before shows that C'(FE) 2
Spa,, (2) via the commutator map on U = E/Z. We have Aut(E) = A : (a)
where « is the noninner central automorphism of E, which inverts the
elements of Z and centralizes U = Inn(FE) and C(E). BothU — A — C(E)
and U — Aut(E) — C(F) x (a) do not split for m > 2 (Appendix A10).

We write £ = qi_fozm to indicate that E is one of the above groups.

These groups are, up to cyclic central factors, the g-groups of symplectic
type all of whose characteristic abelian subgroups are cyclic and central (P.
Hall); cf. [Aschbacher, 1986, (23.9)].

The character theory of E is easy. E has ¢(|Z]) (Euler function) faith-
ful irreducible characters which are determined on Z = Z(FE) and vanish
outside the centre. They have value field Q(e?™%/121), degree ¢™ and are
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conjugate under field and group automorphisms. Their Schur index is 1

except when E 22 2172™ in which case it is 2 and then each field in which

—1 is a sum of two squares is a splitting field [I, 6.18 and 10.16].

4.3. Holomorphs

Let £ & qli‘fgm, and let 6 be a faithful irreducible character of E. A group
X is called a weak holomorph of E provided E is a normal subgroup of X
such that Cx(F) = Z(F) = Z(X) and X/E = C(F) is the resulting (full)
symplectic resp. orthogonal group on U = E/Z(E). Then X is determined
by E up to isoclinism, and E is the unique minimal nonabelian normal
subgroup of X unless ¢ = 2,m = 1. By definition 0 is stable in X, and we
call X a holomorph of E if, in addition, there is x € Irr(X) extending 6.
Then x is faithful, of degree x(1) = (1) = ¢™. Since the faithful irreducible
characters of E are algebraically conjugate, this does not depend on the
choice of 8. By stable Clifford theory each weak holomorph is a holomorph
if the Schur multiplier of C'(F) is trivial.

Since C'(E)/C(E)" is of order 1 or 2 unless E 2 3172 (where it has order
3) or E = 21" (where it is elementary of order 4), the faithful irreducible
characters of degree ¢ of a holomorph X of E have the same value field.
We say that the holomorph X is standard if this character field is as small
as possible. It will turn out that standard holomorphs exist and that their
isomorphism type is determined by this field (which is the gth cyclotomic
field for odd ¢ and contained in the 8th otherwise). Our approach is based
on work by [Griess, 1973, [Isaacs, 1973] and [Schmid, 2000].

Proposition 4.3a. Let X be a standard holomorph of E = qifozm, Let
F be a field of prime characteristic p # q such that the character field of
X fitsinto F. Let V be an FE-module affording 6 as a Brauer character,
embed E into GL(V') through 6 and let Go = Ngrvy(E). Then Gy = XoZ
is a central product over Z(E) = Z(X) where Z = Cg,(E) = F*.

Proof. Let x € Irr(X) extend 6. This y is irreducible and faithful as a
Brauer character mod p as it is 6 (p # ¢q). Since Schur indices are 1 in prime
characteristic, there is an F'X-module affording x as a Brauer character,
and this may be identified with V. We may embed X into Gy through
X. Since F is absolutely irreducible on V, Cq,(F) = Z = F* consists of
scalar multiplications. Of course, Gy induces on E only automorphisms
centralizing Z(F) = Z N E. Hence the result. O
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Examples 4.3b. (i) Let £ = Dg = 21++2. Then the dihedral and semidi-
hedral groups of order 16 are the unique (weak) holomorphs X of E, up
to isomorphism. The two faithful irreducible characters of X have Schur
index 1 and the value field Q(v/2) if X is dihedral and Q(y/—2) otherwise.

(ii) Let B = Qg = 22 Then GLy(3) = 275, and (the binary
octahedral group) 275, are the unique (weak) holomorphs of E. These
groups are the two Schur covers of Sy. (We use the Atlas notation, writing
27 S,, for that extension in which the transpositions of S, lift to involutions.)

The two faithful irreducible characters of degree 2 of 2*S4 have Schur index
1 and value field Q(v/=2), those of 2~ S, have index 2 and value field Q(v/2).

(iii) Let F = Qg o Z, = 2}, Embed E into GLy(5) via some faithful
irreducible character, and let X = Ngp,(5)(E). We have seen in Theo-
rem 3.2 that X is transitive on the nonzero vectors of V = Féz). It is a
5-complement in GL2(5), unique up to conjugacy (| X| = 96). The represen-
tation of the 5’-group X on V can be lifted to a Q(4)-representation. Hence
X is a standard holomorph of F, and is the unique one up to isomorphism.

(iv) Let £ = 3?2. The symplectic group Sp,(3) has a subgroup
X = FE : Spy(3) mapping onto a maximal parabolic subgroup of PSp,(3) =
Qg (2). Here the centre Z = Z(X) is generated by elements in the classes
3ApBy, and |X/X'| = 3 [Atlas, p. 26]. The image of X is contained in a
subgroup of type E : GL2(3) of PSp,(3).2 = Og (2) which is nontrivial on
Z. So there is an automorphism « of X inverting the elements of Z. Note
that GL2(3) and SLo(3) have trivial Schur multiplier, and that all their
cohomology groups on the standard module vanish. Thus X is a weak
holomorph for E. Up to conjugacy under F, there is a unique complement
S 2 Sp,y(3) to E in X which is stable under «.

Let £ be one of the two faithful irreducible characters of Sp,(3) of
degree 4, which are fused by a [Atlas]. Evidently Resx () = x + A for some
faithful irreducible character x of X (of degree 3) and some linear character
A. We have Q(x) = Q(¢) = Q(v/—3). Hence X is a standard holomorph
of E. There are two further holomorphs of F isoclinic to X. However,
these further holomorphs appear in X o Zg and their character value fields
require the 9th roots of unity. (Cf. [Atlas, p. xxiii], and observe that x
does not vanish on all elements of X \ X’.) Thus X is the unique standard
holomorph, up to isomorphism. Each faithful irreducible character of E
has |X/X'| = 3 extensions to X, but these are conjugate under central
automorphisms corresponding to Hom(X/X’, Z(X)).
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Theorem 4.3c. Let E = q}r”m, q odd. Up to isomorphism, there is a
unique standard holomorph X for E and its value field is K = Q(e2™/9).
There is an automorphism « of X permuting the nontrivial elements in
7Z = Z(E) transitively and leaving invariant a unique, up to conjugacy
under E, subgroup S = Sp,,,(q) complementing E in X. This o induces
on S the outer (diagonal) automorphism of order 2. The faithful irreducible
characters of X of degree q¢" have Schur index 1 and are conjugate under
automorphisms of X.

Proof. By the above we may assume that (m,q) # (3,1). Then Sp,,,(q)
is perfect, and its multiplier is trivial by (A6). Let A = Cpyuy(g)(Z). Recall
from Sec. 4.2 that A/Inn(E) = C(E) = Sp,y,,(¢). Now Sp,,,(¢) contains
nontrivial scalar multiplications, which are fixed point free on U = Inn(FE)
in coprime action. Hence H*(C(F),U) = 0 for all n by (A2). So there is
a faithful action of Sp,,,(q) on E centralizing Z. Let X = E : Sp,,,(q) be
the corresponding semidirect product. Here the complement S 2 Sp,,.(q)
to F in X is determined up to conjugacy. X is a weak holomorph of F,
and it is the unique one, up to isomorphism, as X = X’ is perfect.

X is a standard holomorph of E. For each faithful irreducible character
0 of E is stable in X, and M(S) = 1 and X = X’ imply that there is a
unique x € Irr(X) extending 6. This forces that K(x) = K(0) = K. It
remains to show that the automorphism « of E described above can be
extended to X. Since it will permute then the nontrivial linear characters
of Z transitively, and hence the faithful irreducible characters of E, this
will prove that all faithful irreducible characters of X of degree ¢ are
conjugate under automorphisms of X. Also we may alter it by an inner
automorphism, if necessary, such that it fixes S.

Recall that A = X/Z = X. Using that X and S are perfect and
M(S) = 1, and that H'(S,U*) = 0 (U = U* as S-modules) from (A2),
(A5) we infer that H%(X, Z) is the dual group of M(X) and that

es : _, — R
Res: H*(X,Z) — H*(U, Z)

is injective. Since a fixes the conjugacy class of E in H?(U,Z), being
an automorphism of FE, it therefore fixes the cohomology class of X in
H2(X, Z). This implies that o can be extended to X, as desired. We even
see that X = A is the (universal) Schur cover of A, because the image of the
restriction map is centralized by S = X /U, and H2(U, Z) = U* @ A2(U)*
as an S-module by (A8). We conclude that [M(A)| = [H3(4,2)| = |Z],
which gives the result. O



52 The Solution of the k(GV) Problem

Theorem 4.3d. Let £ = 2(1J+2m. Up to isomorphism, there is a unique
standard holomorph X for E and its value field is K = Q(i). The faith-
ful irreducible characters of X of degree 2™ have Schur index 1 and are
conjugate under automorphisms of X.

Proof. Let Z = Z(E) and U = E/Z. Recall from Sec. 4.2 that Aut(E) =
A {a) where A = Cay(g)(Z) and where a is an involution inverting the
elements of Z & Z, and centralizing U = Inn(F) and C(E) = A/Inn(FE) =
Spy,(2). Note that « is not an inner automorphism on A. Let 0 € Irr(E)
be one of the two faithful irreducible characters of E. Then Q(0) = K.

Let first m > 3. Then S = Sp,,,(2) is a simple group, and the mul-
tiplier M(S) = 1 unless m = 3 (where it has order 2). In this situation it
suffices to show that a weak holomorph for F exists, and a holomorph when
m = 3. Embed F into GLam (K') through 0 (uniquely up to conjugacy). Let
B be the block ideal in the group algebra KE to 6. This B is a centrally
simple K-algebra isomorphic to Maom (K) which is stable under the action
A. By the Skolem—Noether theorem there is a function 7 : A — GLam (K)
such that conjugation with 7, = 7(x) is application of © € A. We have
Toy = ToTy - T(2,y) for z,y € A, where 7(z,y) is a scalar matrix. Thus 7
is a projective representation of A with 2-cocycle 7 € Z2(A, K*). We may
arrange matters such that (7(Inn(FE))) = E.

Let Xy be the subgroup of GLam (K) generated by 7(A). Since the
index |Xo : Z(Xo)| = |A4] is finite, by a transfer argument due to Schur
[Huppert, 1967, IV.2.3], X = X is finite. Then Z(X) consists of scalar
matrices in K = Q(4) of finite order, that is, |Z(X)| is a divisor of 4. Since
A = A’ is perfect and contains 7(F) = E, X is the desired holomorph.

The case m =1 is already treated above. For m = 2 we have S = Sg
In this case consider Ey = EoE where E = F = 21+2 and where 6y = 020
is a faithful irreducible character of Ey. Let X be the standard holomorph
of Ey and xo € Irr(Xo) be the character extending 6. Let X = Cx, (E).
Then X o F is a subgroup of Xy on which xg decomposes as x ® 9. Then
X € Irr(X) has its values in K. So X is a standard holomorph of F, and
its uniqueness follows by noting that the other extensions 4.Ag4.2 isoclinic
to X require the 8th roots of unity. Also, the two extensions of 6 to X are
interchanged by a central automorphism of X.

It remains to show that « can be extended to an automorphism of X.
Let first m > 4. Then H%(S, Z) = 0 by (A5) since S = S’ and M(S) = 1.
Also, U* = HY(U, Z) is the dual module for S, and H!(S,U*) = H'(S,U)



Symplectic and Orthogonal Modules 53

has order 2 by (A9). From (A2) we infer that the kernel of the restriction
map Res : H2(A4,Z) — H2(U,Z) has order 1 or 2; its image is in the
fixed subspace under S. Now the inclusion Fy ~— Z induces the zero map
Ext(U,F3) — Ext(U,Z). It follows that the universal coefficient exact
sequence splits naturally and so by (A8) yields the decomposition

H*(U, Z) =2 U* & A*(U)*

of S-modules. As S is absolutely irreducible on U, Homg(U ® U*) =
Endg(U) has order 2. Hence the commutator form to E in A?(U)* =
Hom(A2(U), Z) is the unique nontrivial element in H?(U, Z) fixed by S.
Consequently [M(A)| = |[H?(4, Z)| has order dividing |Z| = 4. However,
Z » X — Ais a proper extension (Z C X’). Hence X = X’ = A is the
universal Schur cover of A. By (A5) « can be lifted from A to X, and this
lift cannot centralize Z as it is not inner on A.

For m < 3 consider Ey = E o E where E = 2(1)+2. If Xy is the
standard holomorph of Fy and g a corresponding automorphism of X,
then X = Cx, (E) is the standard holomorph of E and g leaves E and X
invariant. Argue first for m = 3, then for m =2, m = 1. O

Theorem 4.3e. Both E = 2}~_+2m and E = 217%™ have two isomorphism
types of standard holomorphs, with value fields Q(v/£2) and Schur indices
1 or 2, the latter occurring when E is of negative type and the value field is
Q(v2). The two standard holomorphs of either type (positive or negative)
agree on the inverse images of inm(Q), and the faithful irreducible charac-
ters of degree 2™ are rational-valued on these subgroups. These characters
are always conjugate under group automorphisms.

Proof. Let E be one of 2?27" or 217%™ We may assume that m > 2.
Let 6 be the unique faithful irreducible character of E. Let K = Q(v/—2).
Observe that K is, in each case, a splitting field for F (as —1 is a sum of 2
squares in K). Arguing as in the proof for Theorem 4.3d we get a subgroup
Xo of GLam (K) for which Z(X,) consists of scalar matrices (including
+1) and Xo/Z(Xo) = Aut(FE), and we obtain that Y = X represents an
extension of C(E)’ = OF (2)' by E.

Now OF,(2) = QFf (2) is simple except when E = 21++4. At any
rate, let g = E o Ey with Ey 2 Dg, and let Yy = Y]] be the corresponding
perfect subgroup of GLom+1(K). So Yo/E = C(Ep)" has index 2 in C(Ey) =

Oi

2(7n+1)(2)' There is € GLgm+1(K) interchanging two involutions in F4
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and centralizing E such that (Fp,x) is the semidihedral holomorph for
Dg (which can be embedded into GLy(K)). So x induces an orthogonal
transvection on Uy = Ey/Z(Ep), and 22 € E;. Since x is determined by
this action on Ey up to multiplication with a scalar matrix, [Yp, (z)] C ¥j
and Xy = (Yp, ) is a holomorph for Ey. It follows that X = Cx,(F1) is a
weak holomorph for E. The faithful irreducible character of Xy (given by
its embedding into GLym+1(K)) remains absolutely irreducible on X o Fj.
We conclude that X is a holomorph of E.

By construction there is x € Irr(X) extending 6 which can be written
in K = Q(v/—2). In particular Q(x) C K. Let T be the inverse image in
X of QF (2). We assert that Resy (x) is rational-valued. This is obvious
when X’ = T, because 6 is rational-valued and all extensions to X agree
on X’. The case where E = 2?‘4 may be treated using that the elements of
QF (2) are just those which are products of an even number of transvections
or reflections [Aschbacher, 1986, (22.14)], and appealing to Theorem 4.4
below. There are just two extensions of # to X which agree on T', and these
are interchanged by a central automorphism of X.

We claim that X is a standard holomorph of E. Write E = Fj o E
with E 2 Dg. Then X = Cx (Eo) is a (standard) holomorph of Dg. The
restriction of x to Ey 0 X is irreducible and its value field is that of X. Thus
Qx) =K if X is a semidihedral group and Q(x) 2 Q(v/2) if it is dihedral.
But the latter cannot happen as Q(x) C K. However, replacing X by the
isoclinic variant (with respect to 7') we obtain the value field Q(v/2). O

4.4. Good Conjugacy Classes Once Again

We introduce a concept of “goodness” adapted to extraspecial groups. Sup-
pose X is a finite group containing some E = qi:ozm as a normal subgroup.
Let Z = Z(F) and U = E/Z. Following [Isaacs, 1973] an element = € X is
called “good for U” provided Cy(z) = Cg(x)/Z. In other words, whenever
[z,y] € Z(E) for some y € E then [z,y] = 1. This depends only on the

conjugacy class of Zz in X/Z, and also only on (Zx).

Theorem 4.4. Let © € X. There are exactly |U : Cy(x)| cosets of Z in
Ex which are good for U, and these are conjugate under E. Assume X has
a faithful character x which is absolutely irreducible on E. Then x is good
for U if and only if x(z) # 0, and then |x(z)|? = |Cy(z)|. Furthermore,
if © is a ¢'-element, then x is good for U, and x(x) is a rational number
provided X is g-rational.
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Proof. Let Cy(x) = C/Z and D = Cg(C). Then D/Z = (C/Z)* is
the orthogonal complement of Cp(x) with respect to the (nondegenerate)
symplectic commutator form on U. Hence |E : D| = |C : Z| and, therefore,
|D : Z| = |E : C|. The group of automorphisms of C' centralizing U = C/Z
and Z is isomorphic to

Hom(C/Z,Z) = C/Z =2 E/D,

because C/Z is elementary and Z cyclic. Hence there is y € F inducing
the same central automorphism on C as it does z. It follows that zy~!
centralizes C. Clearly Cy(zy~ ') = Cy(x). Hence xy~ ! is good for U (and
in the coset Ex). Now suppose z itself is good for U (for simplicity). Then
all elements in the coset Dz are good for U. Conversely, to t € E~ D there

exists ¢ € C such that [¢,¢] = z for some z # 1 in Z. It follows that
[tz,c] = [t, ][z, c] = [t,c] = 2,

whence ¢ is not good for U. Thus Dz is the set of elements in Fx which
are good for U, and its cardinality is equal to |D| = |Z| - |E : C|.

Now let x € Irr(X) be as indicated. Suppose x(x) # 0. Without loss
of generality assume that X = (E,z). Then [z,y] = x~!2¥ € E for all
y e X. If [x,y] & Z then x([z,y]) = 0 (as x is an extension of a faithful
irreducible character of E). If [z,y] = z for some z € Z, then

x(z) = x(2¥) = x(v2) = x(z)

We conclude that x(z) = x(1) and so [x,y] = z =1, whence y € Cx(z). In
particular z is good for U. (The argument even shows that x is good for Z
or, equivalently, for the unique linear constituent of x on Z.) Noting that
x is irreducible on X and applying Eq. (1.3c) we get

@2 = XD S (e y)) = >|()((1)X(1)|CX($)|~

- |X| yeX

Now use that x(1)? = |U| (by the character theory of groups of extraspecial
type) and that | X : Cx(x)| = |E : Cg(z)|.

Suppose z is good for U. The set Dz consists of |E : C| distinct cosets
mod Z, which are permuted by E via conjugation. But the stabilizer in £
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of Zx is C. So these cosets are permuted transitively by E. By virtue of
Eq. (1.3d) and using that y vanishes on elements bad for U we therefore

have
B = Ixw)P =Y xw)?=[E:C D [x(za)]*.

yeklE yeD z2€Z
But for z € Z we have |x(zz)| = |x(x)|. Thus |x(z)]* = |Cy(x)|.

Suppose z is a ¢’-element. Then Cg(x)/Z = Cy(z) by coprime ac-
tion. Moreover, we have an orthogonal decomposition U = Cy(z)L[U, z]
with respect to the symplectic commutator form, and z acts faithfully and
symplectically on [U, z] = [U,z,x]. Hence |Cy(z)| = ¢* for some integer
n, and if Ey is the inverse image in E of Cy(z), then Ey is of extraspecial
type (and Cg(Ep) maps onto [U,z]). It follows that |x(x)| = ¢", because
z is good for U. By Theorem 1.6¢

x(@) = 2ub(1)
for some sign and some root of unity p of order dividing o(z). Hence if in
addition yx is g-rational, then x(z) is a rational number. O

4.5. Some Weil Characters

The classical groups GL,,(q), Sps,,(¢) (for odd ¢) and GU,,(q) admit Weil
characters. Usually these are faithful irreducible characters of smallest pos-
sible degree. The Weil characters of the symplectic groups were discovered
by [Weil, 1964], [Ward, 1972] and [Isaacs, 1973].

Theorem 4.5a (Weil, Ward, Isaacs). Let S = Sp,,,(q7) for some power ¢*
of the odd prime q and some m > 1, and let U be its standard module. Then
S has a pair of (disjoint) “generic” complex characters & # £°, conjugate
under an outer diagonal automorphism of S, such that (€ = iy (= £°€°)
18 the permutation character on U. We have & = &1 + & where the & are
irreducible characters of degree & (1) = (¢7™—1)/2 and &(1) = (¢/™+1)/2
(and similar statement for £°). The following hold:

(i) The field of character values for £,& and & is Q(1/(—1)@=1D/2q)
if f is odd, and Q otherwise. The characters take only rational values on
q' -elements of S.

(ii) Just one of &1,&y is faithful for S, and & is faithful if and only if
¢/™ =1 (mod4). Moreover, & is irreducible as a Brauer character in any
characteristic different from q, & in every characteristic different from q
and from 2, and & = 1g + & on 2'-elements of S.
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Proof. The trace map F,s — F, carries the symplectic F,s-form on U to
one over [F; which remains nondegenerate and S-invariant. This yields an
embedding of S = Sp,,,(¢7) into SPs ¢ (q), hence an embedding of S into
the standard holomorph of E qrrzfm (Theorem 4.3¢). Let Z = Z(F) and
identify U = E/Z (as S-modules). The above discussion carries over to the
symplectic holomorph X = E : S (contained in the standard holomorph
of E). Recall the definition of the automorphism « of E in Sec. 4.2, via
a decomposition U = W & W™ into totally isotropic subspaces. As before
we may extend this a to X and pick S to be a-invariant. Then « induces
the outer (diagonal) automorphism of order 2 on S and permutes the ¢ — 1
nontrivial linear characters of Z transitively. The restrictions to S of (the)
q — 1 faithful irreducible characters of X of degree ¢/™ lying above these
linear characters give rise to two distinct gemeric Weil characters &, £°
of S conjugate under a. For (m,q’) = (1,3) we have additional central
automorphisms, and here we we pick &, £° such that they do not contain
the 1-character of S (cf. Example (iv) in 4.3b).

Let j be the central involution in S. Let z € S. We claim that x is
good for U. Let ¢t € E such that Zt € Cy(x). Since j inverts the elements
in U, we have t/ =t~z for some z € Z and

[x,t] = [2,t] = [z,] = [x,t 7 2] = [z, 8] L

Using that ¢ is odd this implies that [z,¢] = 1. Hence the claim. It follows
that (¢€)(z) = |€(z)|> = |Cy(x)| by Theorem 4.4. Thus (€ = mp is the
permutation character of S on U. In particular |£(5)|? = |Cy(j)] = 1 and
so £(j) = %1 as it is a rational number. Since S is transitive on U* (by
Witt’s theorem), it follows that

Consequently & = & + & for two distinct irreducible characters &; of S. So
&(7) = £&(1) for ¢ = 1,2. Tt follows that just one of the characters §; has
j in its kernel, and that & (1) = (¢/™ £ 1)/2. Choose notation such that
&(1) =&(1) + 1.

Let 2 € S be a symplectic transvection. Then |£(2)|? = |Cy(z)] =
¢f@m=1 " Since S is generated by the symplectic transvections, this gives
the result on the character field of £, up to the sign. For the precise sign
we refer to [Isaacs, 1973] (Theorem 5.7), from which one also infers that
€(4) = 1 if and only if ¢/™ = 1(mod4) (see also [I, 13.32]). Use further
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that 15 + &1 and & agree on g-elements (as proved in the next paragraph),
and that & is faithful if and only if & (j) = =& (1), that is, if and only if
£(j) = +1. (We mention that ¢° = £ if and only if f is odd.)

Let us pass to characteristic p for some prime p # ¢q. Let F be the
residue class field of Z,) [e27%/9] modulo some maximal ideal, and let V' be
an F'S-module affording ¢ as a Brauer character. Then, as before, V®p V*
is the permutation module of S over F' on the set U (with two orbits). Thus

Endps(V) = HOI’Ilps(V RF V*,F)

has F-dimension 2. If p # 2 then V = [V, j] & Cy (j) is a proper decomposi-
tion into F'S-modules, because j is in the kernel of just one §;. So let p = 2.
Then j acts trivially on each irreducible F'S-module, but it is nontrivial on
V as it is nontrivial on U. Hence Cy (j) is a proper submodule of V' and
V is not completely reducible. As before V/Cy (j) = [V, j] as F'S-modules
(via the commutator map v — [v,j]). We cannot have Cy (j) = [V, j] as
q is odd. We cannot have Cy(j) C [V,j] (properly), because then Cy (j)
were irreducible and [V, j] = Cy (j) @ 1g, which is impossible. We conclude
that [V, j] is irreducible and of codimension 1 in Cy(j), the quotient being
the trivial module (affording 1g). The proof is complete. (I

The characters &, &1, & of Sp,,,(¢f) obtained in Theorem 4.5a, and their
conjugates, are called the Weil characters of the symplectic group. For
m > 2 the irreducible Weil characters are the unique faithful irreducible
characters of Sp,,,(q/) of degree less than ¢/™ — ¢ (see Appendix C).

Theorem 4.5b. Let X be a standard holomorph of E = 21++2m, m > 3,
and let x be one (of the two) faithful irreducible characters of X of degree
2™, Write E as a central product of m dihedral groups (a;,af) of order 8,
with involutions a;,a. Let A= (a1, -, am) and A* = (af,---,ak,).

(i) There exists a unique subgroup L = L,,(2) of X normalizing both
A and A*, so that A is the standard module for L and A* its dual. We
have Nx (L) = ZL(t) where 72> € Z = Z(E) and where T interchanges A
and A* and induces the inverse transpose automorphism on L.

(ii) Resy (x) = ma = 2- 11, + € where & is an (absolutely) irreducible
(Weil) character of L which is rational-valued (with Schur index 1). This &
1s irreducible modulo every odd prime p not dividing 2™ — 1, and reducible

otherwise.

Proof. We use the Atlas notation for the projective special linear groups.
So at present L,,(2) = PSL,,(2). Let Z = Z(E) and U = E/Z.
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(i) Recall that X = X/E = OF, (2). Let W = AZ/Z and W* =
A*Z/Z. Then U = W & W* is a decomposition into maximal totally
singular subspaces. Let P = Nx (W), a maximal parabolic subgroup of
QF (2) (see Appendix B). Let L = Np(W,W*) be a Levi complement, so
that L = L,,(2) and W is the standard L-module, W* its dual.

See Appendix (C1) for the existence (and unigeness) of the subgroup
L of X. This L is faithful on A and A*, and maps isomorphically onto
L. For each i let e; = a;Z and el = a;Z, and let 7; be the orthogonal
transvection of U with centre ¢; - €. Then 7 = 7y - - - Ty, is an involution in
X interchanging each e;, e}, hence W and W*. Also, 7 normalizes L and
induces on it the inverse transpose automorphism.

The L-modules W and W* are not isomorphic (Lemma 4.1c). Hence
Nx (L) permutes {W, W*}. Since L = Nx(W,W*), we see that Nx (L) =
L{7) = Aut(L). We observe that U = Ind?Ut(L)(W) as an Aut(L)-module
and so
H"(Aut(L), U) = H"(L, W) = H"(L, W*)

by Shapiro’s lemma (A3). This vanishes for n = 1,2 when m > 6 by
(A9). Then we find 7 € X mapping onto 7 with 72 € Z, and replacing
7 by a suitable E-conjugate, if necessary, this 7 normalizes L. Note that
Ng(L) = Z as L has no fixed points on U = E/Z. It follows that Nx (L) =
L{7)Ng(L) = L{7)Z maps onto Aut(L). For 3 < m < 5 we argue as follows.
Consider Ey = E o Ey, with F; & 2?2(64"). Let Xy be the standard
holomorph of Ey having the same value field as X. Then X = Cx, (E;) (by
uniqueness). Let Ly 2 Lg(2) be the subgroup of Xy normalizing Ay = (aq, -
-, ag) and A = (af,---,af). Then L = Cr,(FE1), because this centralizer is a
subgroup of X isomorphic to L,,(2) which normalizes A and A*. For each i
let 7; € (;4; Cx,({aj,a})) be an element of the holomorph of (a;, a;) within
Xy mapping onto 7;. Let 79 =7y - - - 76. Then LoZ and L’ Z are conjugate
in ELO = (ELo)TU (as Hl(Lo,Uo) = 0 for UO = Eo/Z(Eo)) Hence there
are y; € (a;,a}) such that for yo = y1 -+ ys we have (LgZ)™% = LyZ, hence
Ly = (LY Z)' = Ly. Also Toyo normalizes F; and hence L = Cp,(E1).
Now 7 =7, -+ Tu¥1 - - - Y maps onto 7 and centralizes F4, hence is in
X = Cx,(E1). Using that 7; permutes with y; for j # i and that L is
centralized by 7;,y; when i > m we see that 7 normalizes L.

(ii) It follows from Appendix (C1) that Resy (x) = my = 2- 11 4+ £ for
some irreducible character £ of L. Since L = I/ C X', the Weil character £
of L is rational-valued and independent of the choice of x.
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Let p be an odd prime. We investigate the (transitive) permutation
character my: = 17, +¢, and its reduction mod p. Let M be the permutation
F,L-module affording my: (as a Brauer character). If p 2™ — 1 then
M = My® 1, where My is (absolutely) irreducible (affording £ as a Brauer
character). So let p | 2™ — 1. Then 1, appears at least twice in M, namely
in the socle and in the head. (One can show that the “heart” M of M, the
section remaining, is irreducible (and not trivial): Since L = L’ is perfect,
M cannot have 1, in the socle or in the head. By [Seitz—Zalesskii, 1993]
each composition factor of M either is trivial or has dimension >2m—m—1.
We have 2- (2™ —m — 1) > 2™ — 3 = dim M. Hence M is irreducible.) [

Remark. Replace E 2 217%™ by Ey = E o Zy =2 2™ (m > 3). There
is a corresponding result for the standard holomorph X, of Ey. More
precisely, let Y = Nx, (E). Then Y/Ey = O (2) is a maximal subgroup of
Xo = Xo/Ey = Sps,,(2). As before we find L = GL,,(2) in Y normalizing
A and A*. For L = LE,/Ey we have N, (L) = L(7) as before, and we find
7 € Xy mapping onto 7, normalizing L and interchanging A, A* such that
72 € Z(Ep) and Ny, (L) = L{7)Z(Ej).

4.6. Symplectic and Orthogonal Modules

Now we state and prove two results, due to [Isaacs, 1973] and [Gow, 1993],
which will be crucial for our approach to the k(GV') theorem.

Theorem 4.6a (Isaacs). Let V is a coprime symplectic F,G-module. There
exists a rational-valued character x of G with x> = my, and this yields a
rational-valued generalized character ¢ of G with ¥ (1) =1 and ¥* = 5y .

Proof. We may assume that G is faithful on V. Let |[V| = p?™. In the odd
case let x be the restriction to G of a generic Weil character of Sp,,,(p)
(Theorem 4.5a). Otherwise identify V = FE/Z(FE) via the commutator form
on E = 2072™ and let T be the standard holomorph of E (Theorem 4.3d).
By the Schur—Zassenhaus theorem we may embed G into T'. Let then x be
the restriction to G of one of the (two) faithful irreducible characters of T
of degree 2. Apply Theorem 4.4.

Let X = GV be the semidirect product, and view x as a character of X
by inflation. By Lemma 2.1a, me X is a generalized character of X, because
x(1) = p™ and |X|, = |[V] = p*™. Define ¢(z) = =x(2)/|Cv(z)| =
p"x(x)/|Cv ()| for x € G. By Lemma 3.3a, ¢ is a generalized character
of G. We have (1) = 1 and ? = -, and ) is rational-valued. O
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Theorem 4.6b (Gow). Suppose V is a coprime orthogonal F,G-module
for some odd prime p. Let N = Ker(u) be the kernel of the linear character
w of G afforded by the determinant in its action on 'V (|G/N| =1 or 2).
There is a rational-valued generalized character ¢ of G such that ¥(1) =1
and ? = 6y on N, ¢(x)? = %6‘/(1‘) forxz € GNN (if any).

By virtue of Lemmas 2.1a and 3.3a it suffices to construct a rational-valued
generalized character x of G with the following properties: If dim V' = 2m is
even, then x(1) = p™, x?> = 7y on N and x ()% = %|Cv(x)\ forx € GNN.
If dimV = 2m + 1 is odd, then x(1) = p™*1, x(z)? = p|Cy(z)| for z € N
and x(x)? = |Cy(z)| otherwise.

We need two lemmas. Let 7 = [, -] be the G-invariant, nondegenerate
symmetric bilinear form on V. If dimV = 2m is even, we write (V) =1
if 7 has Witt index m and (V) = —1 otherwise. Similar notation for
nondegenerate subspaces of even dimension (¢(0) = 1 for the zero subspace).
We set d(V') = 1 if the discriminant of 7 is a square in F} and d(V) = —1
otherwise. Thus e(V)d(V) = (=1)®"~D/2 if dimV = 2m. In the odd
dimensional case dim V = 2m + 1, we define £(V) = (=1)®"~1/24(V), and
extend this definition to nondegenerate subspaces of odd dimension.

Lemma 4.6c. Let I(V) be the set of vector v € V' for which T(v,v) = 0,
and let J(V') consist of those with T(v,v) = 1.

(i) If dimV = 2m, then [I(V)| = p*™ 1 + &(V)(p™ — p™~ 1) and
[J(V)] =p>m~t —e(V)pm L.

(i) If dim V = 2m+1, then |I(V)| = p*™ and |J(V)| = p*™ +(V)p™.

Proof. Recall that V =U; L --- 1LU,,_1 1V, with hyperbolic planes U; =
(ug,v;), satisfying 7(u;,u;) = 0 = 7(vs,v;) and 7(u;,v;) = 1, where either
Vo = U, is a hyperbolic plane (dimV = 2m and ¢(V) = 1), or Vj =
(U, V) With T(Upm, Vi) = 0, T(Um, U ) = 1 and 7(vp,, v, ) = —c for some
nonsquare ¢ in Fy (dim V' = 2m and (V) = —1), or Vy = (v,,) where either
T(VUm, Um) = 1 Or T(Vp, V) = ¢ is a nonsquare (dimV' = 2m+1). It is easy
to verify the assertions when dim V' < 2. Observe that if U is a hyperbolic
plane, to every isotropic u # 0 in U there exists a unique isotropic v # 0 in
U such that {u,v} is a hyperbolic pair, and then the set of vectors au, av
for a € IF,, are just all isotropic ones in U (including 0). Hence

[I({U)|=2p—1and |JU)|=p—1.
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So let dim V' > 3, and write V= U_LW where U is a hyperbolic plane. One
checks the following recursion formulas (dim W =k = dimV — 2):

[L(V)] = p*t = p* + plI(W)],
[J(V) = 2p = DITW)| + (p = D" = [J(W))).

The lemma follows. O

Clearly I = I(V) and J = J(V) are stable under the action of G.
We consider the permutation characters m; and 7y of G on these sets, and
define

x=e(V)(mr —my)

if dimV = 2m is even. Then x(1) = p™. Let dimV = 2m + 1. Then we
let X' = —&(V)(n; — 7s) and define x by x = p—;lx’ + %X’ - 1, that is,
X =px' on N and x(z) = x'(x) for z € G~ N. Then x(1) = p™*L.

The computation of this rational-valued generalized character y of G

will prove that it has the asserted properties, hence will complete the proof
of Theorem 4.6b.

Let x € G. Since G is a p’-group, we have an orthogonal decomposition
V = [V,z]LCy (x) into nondegenerate subspaces. If det(z) = 1 then [V, z]
has even dimension, whence dim V' and dim Cy (z) the same parity, whereas
dim [V, z] is odd if det(x) = —1. Let dim Cy (z) = r, and e, = ([V, z]).

Lemma 4.6d. (i) Let dimV = 2m. Then x(z) = de,pt 3! where the sign
+ holds if det(z) = 1 or det(z) = —1 and p = 3 (mod 4).

(ii) Let dimV = 2m + 1. Then x(z) = te pt™s ) where the + sign
holds if det(z) = 1.

Proof. Suppose first that det(z) = 1. If dimV = 2m, then r, is even
and by Lemma 4.6¢, the very definition of y, and elementary properties of
the Witt index, we get x(z) = e(V)e(Cy (x))p™=/? = e p™=/2. If dimV =
2m + 1, then 7, is odd, and we obtain x(z) = £(V)e(Cy (z))pr=+1/2 =
Ezp(”Jrl)/Q.

Suppose next that det(x) = —1. Then 7, is even precisely when dim V'
is odd (and then |“=t | = Z=). We obtain that

X(@) = —e(V)e(Cy (x))pt 7.

It is elementary to show that e(V)e(Cy(x)) = ¢, if dimV = 2m + 1 and
e(V)e(Cy(z)) = (=1)P=D/2¢, if dim V = 2m. We are done. O



Chapter 5
Real Vectors

The Robinson-Thompson theorem shows that k(GV') < |V| provided there
is a real vector in V' for G. This is fundamental for our approach to the
kE(GV') problem. Here a vector v € V is called real for G if the restriction
to Cq(V) of V contains a faithful self-dual submodule (with a real-valued
Brauer character). The search for real vectors is compatible with Clifford
reduction and leads to the nonreal reduced pairs (which will be classified in
the next two chapters).

5.1. Regular, Abelian and Real Vectors

Throughout V is a coprime FG-module, not necessarily faithful, where
F =T, is a finite field of characteristic p. Let v € V and let H = Cg(v).
The vector v is called regular for G provided H = C¢(V), and it is called
abelian (cyclic) if H/Cg (V) is abelian (cyclic). If G is faithful on V, then
E(GV) < |V| by Theorem 3.4d if there is an abelian vector in V for G.
We say that v is strongly real for G provided the restriction to H of V is
self-dual, and it is called real if Res$ (V) contains a self-dual submodule T/
such that Cy (W) = Cq(V).

Of course regular vectors are abelian and are strongly real, whereas
there is no hierarchy between abelian and (strongly) real vectors. There
are examples (G, V) where there are neither abelian vectors nor real ones,
or vectors of just one kind (see for instance Secs. 6.1, 7.1 below).

Example 5.1a. We are going to describe the permutation pairs (G,V).
Let p > d+1 and let E = Ag41 be the alternating group of degree d+1 >
5. Then the deleted (shortened) permutation FE-module V of degree d
is coprime, faithful and absolutely irreducible. It is the “heart” of the
permutation module W = @?:0 Fw;, where {w;} is a permutation basis
(wis = w;s for s € E). It consists of all >, c;w; with >, ¢; = 0in F (as
p{d+1). Embed E into GL(V), and let G = Ng,v)(E). Then G = S x Z
where Z = Z(G) = F*, and where we may choose S = S;11 such that it
acts on V as its natural shortened permutation module. (For d+1 = 6
note that PGLy(9) and Mjo do not have faithful actions on 5-dimensional
coprime modules.) There exist vectors of (almost) every kind here.

63
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(1) There is always a strongly real vector v € V for G:

Let v = dwg — Z?:l w;. If g =uzfixesv (x € §, 2z € Z), then zw;, = w;
for some positive 4,7, hence z = 1, and g = z must fix wy and permute
{wo — w;}&,. Therefore H = Cg(v) = Sy and Res% (V) is the natural
permutation over F', which gives the result.

(i) There is always an abelian (cyclic) vector in V for G:

A vector u = Zj:o c;w; in W is regular for S if and only if all ¢; € F
are distinct. So there are H?zo(r — 4) regular vectors in W for S. If
> ¢ =c (#0), there is a (first) index j such that ¢; — ¢ # ¢; for all i # j,
because p > d + 1. Hence there are H?Zl(r — 1) vectors in V regular for S.
If w is regular for S, then Cg(u) is cyclic of order dividing |Z] =r — 1.

(iii) There is a regular vector in 'V for G if and only if r > d+ 4:

We have seen that there are ﬁ H?Zl(r —i) = ﬁ (Tgl) regular S-orbits

on V% So we have one such orbit when
r = d+ 3. In these two cases (where r = p) there cannot be a regular
G-orbit on V*#, because each regular G-orbit on V*# is a disjoint union of
|Z| = r — 1 regular S-orbits. Let r > d + 4 in what follows.

Suppose g = zz (x € S, z € Z) is an element in G of prime order s
which fixes a vector u = ), c;w; in V' belonging to a regular S-orbit. Then
Cig = ¢;z for all 4, hence jo = j if some (unique) ¢; = 0, and the other cycles
of x have the same size s = o(x) = o(2), with ¢;,, = ¢;2,++, Ciws = ¢;2° = ¢;.
Hence s is a divisor of r — 1 and of either d or d + 1, and z is determined
by z. Let § = d; € {0,1} be (unique) such that s | d + . We see that g

[

s _
fixes at most [], 2, 1(7‘ —1—14s) vectors in V regular for S. There are just

% elements in S = Sg41 of the cycle shape of x [James—Kerber,
s s ((T)'

1981, 1.2.15]. Using that each group of order s has s — 1 generators we
(d+1) ((r—l)/s

-1 \(d+9)/s
S-orbits which are fixed by bubgroups of order s in G. Summing up over

the primes s dividing both d(d + 1), i.e., d + &5 for some §, € {0,1}, and
r — 1 one obtains that

1 r—1)/s
(d+1)!z<((d+6 //5) <HT—Z

This implies that there is a regular vector in V for G, because there is
a vector regular for S which is not fixed by any nontrivial element of G.

get that there are at most ) vectors in V' belonging to regular
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Confirm the inequality first for r = d + 4, where r = p is odd, d is even

and only s = 2,3 can appear (the latter when 3 | » — 1); use that » > 7

(even r > 11). For any s we have Tg—l — %1 > @ — d':&. Therefore

( ((;:;S))/ /SS) < ( ((;J:&lz))/ /22), blowing up the (d+d5)/s-subsets of an (r —1)/s-set

to (d + d2)/2-sets in an underlying (r — 1)/2-set. Hence it suffices to show
r—1)/2 d . —1 .

that (gd+6;§2) > Sil < ﬁ [ (r—19) = d%rl(rd ) Blowing up the

(d 4 6)/2-subsets of an (r — 1)/2-set to d-sets in an underlying (r — 1)-set

we get that (Tgl) > a((r_l)m) where

(d+6)/2
r—1—(r—-1)/2 (r—1)/2
o= (aluran )2 (72 = e-ne-as

Here (r —1)/2 —[d— (d+6)/2] > 2 as we assume that d+1 <r —3. It is
thus enough to check that

D I

S

with s ranging over the primes dividing r» — 1 (say). This is immediate

for r = 11,13. If s is an odd prime divisor of r — 1, then 2s | r — 1 and
1 1, 1 1 1 1 L

<l L Thus Y, A5 < Zt|r—1 1=-L Zt‘r_l t, which is known to

r

be O((r — 1)) for each € > 0. For r > 17 we have Dot < (r— 1)2/8.

Lemma 5.1b. Let G be faithful on V, and assume that G = X o Z is a
central product over Z(X) where Z acts on V as a group of scalar multi-
plications. Let H = Cx (v) for some v € V¥ If |Nx(H) : H| is relatively
prime to |Z : Z(X)|, or if Nx(Zv) = H x Z(X), then Cg(v) = H. Hence
if v is (strongly) real (or abelian, regular) for X, then it is so for G.

Proof. We write Zv = vZ regarding the elements of Z (acting) as scalars
(modules being right modules). Clearly N = Nx(Zv) is contained in
Nx(H), and Cg(v) € Ng(Zv) = NZ. To any y € N there exists a
unique z = z, in Z such that yz € Cg(v). Conversely, each z € Cg(v)
may be written as * = yz with y € X and z € Z, and then y € N and
z = zy. The assignment y — z, is a homomorphism from N to Z with ker-
nel H = C'x(v). Under either assumption the image of this homomorphism
is in Z(X), whence Cq(v) C NZ(X) C X. O

Remark. We have Cg(v) N Z = 1 and Cg(v)Z/Z = Cg/z(Zv) for each
nonzero vector v € V. In most situations Z = F* will be the group of all
scalar multiplications. Then Zv = (Fv)* and Cg/z(Fv) = Cgz(Zv) is
nothing but the stabilizer of the point F'v in the projective 1-space P; (V).
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5.2. The Robinson—Thompson Theorem
We begin by combining Theorems 4.1b, 4.6a and 4.6b.

Lemma 5.2a. Suppose V is a coprime F,G-module and v € V is real
for G. Let H = Cg(v) and let U be a self-dual Fp,H-submodule of V' with
Cu(U) = Ca(V). Then there is a rational-valued generalized character
of H and a subgroup N of H with |H : N| < 2 such that (1) = 1, ¢* = 6y
on N and (h)? = %5U(h) whenever h € H~ N. We have N # H if and
only if p is odd and some element of H acts with determinant —1 on U.

Proof. According to Theorem 4.1b we may write U = Uy ® Wy where U is
a symplectic F, H-module and W} is an orthogonal module, the action of H
on Wy being trivial when p = 2. By Theorem 4.6a there is a rational-valued
generalized character ¢y, of H satisfying ¢y, (1) = 1 and 9f, = dy,. If
H acts trivially on Wy, then we let N = H and 9w, = 1g. Otherwise
p # 2, and we let N be the kernel of the linear character of H afforded by
the determinantal action of H on Wy (and on U). By Theorem 4.6b there
is a rational-valued generalized character ¥y, of H satisfying ¢, (1) = 1,
Uy, = 6w, on N, and ¢, (h)? = Lsw, (k) for h € H ~ N. Now define

T

1/) = on1/)Wo' g

Theorem 5.2b (Robinson-Thompson). Suppose V is a faithful coprime
F,G-module and some v € V is real for G. Then k(GV') < |V| and equality
can only hold when v is strongly real for G. Also, k(GV) < |V| ifp > 5
and some element of H acts with determinant —1 on V.

Proof. Let H = Cg(v), and let U, v be as in the preceding lemma. Since
V is faithful by hypothesis, U is a faithful (self-dual) F, H-submodule of
V here. Thus U and 1 are as assumed in Theorem 3.3d. It follows that
k(GV) < |V and that equality only holds when [V, H] C U. But in this
case V. =U @ U’ as an F,H-module with H acting trivially on U’. Thus
V itself then is self-dual for H.

Suppose p is odd and some element of H acts with determinant —1 on
V. Assume k(GV) = |V|. Then V is self-dual for H, as seen above. So
Lemma 5.2a and Theorem 3.3d apply. We conclude that k(GV) < %|V|,
and this is less than |V| when p > 5. O

In [Robinson—Thompson, 1996] the conditions under which the as-
sumptions in Theorem 3.3d are fulfilled have been carefully studied. Let



Real Vectors 67

us describe this briefly. Assume (without loss of generality) that V is irre-
ducible (Proposition 3.1a), and faithful, and let ¥ be the Brauer character of
G afforded by V. So, as in Sec. 2.7, x = Trg ()| xp, (x) for some ordinary
absolutely irreducible character x of G, where Kp is the decomposition
field of p in K = Q(e?7/¢) for e = exp (G). This  is the Brauer charac-
ter of G afforded by some absolutely irreducible constituent of V', and it
is faithful as algebraically conjugate characters have the same kernel. Let
I' = Gal(K|Q) and I'p = Gal(K|Kp). Let H = Cg(v) for some v € V.

If 0 is an irreducible constituent of Res$(x), then § = Tr,, 0)5p (0) is
a Brauer character of H afforded by some irreducible constituent W = Wy
of Res% (V). By Lemma 4.1a, W is self-dual if and only if 6 and 6 are
Galois conjugate over Kp. (Use that I' is abelian.) If 7 € I' \ I'p, then
W7 = Wy~ affords Trg 9y, (07) and is an irreducible F, H-module not
isomorphic to W. But dy - = dw (see Sec. 2.7). Moreover, W7 is self-dual
if and only if W is self-dual.

Now consider first all irreducible constituents 6 of Resg(x) for which
(x,0)sr > 2. Then Res$ (V) contains a submodule Uy = Wy @ Wp, and
v, = 07y, Consider next those 6 for which both § and 67 are irreducible
constituents of Res$(x) for some 7 € '\ T'p. Then Res% (V) contains a
submodule Uy, = Wy © Wy, and again dy, . = 5%,0. Let Uy be the sum of
all these submodules Uy, Uy . of Resg(V). Then there is a rational-valued
generalized (Knérr) character 1g of H such that g = d,.

If Uy is a faithful F,, /-module, we are done. Otherwise we may search
for irreducible constituents 6 of Res$ (x) for which # and 6 are conjugate
over Kp. In this case Uy = Wy is self-dual, and Theorems 4.1b, 4.6a and
4.6b apply. If we add all these modules to Uy, the resulting F, H-module
U is a submodule of Res% (V), and it can be faithful, or not.

Proposition 5.2c. Let V be a coprime, faithful, irreducible F,G-module
affording Tr i, () k» (X) for some (absolutely) irreducible character x of G.
Let H = Cg(v) for some v in V. Suppose there are irreducible constituents
0; of Resg(x) which are pairwise not algebraically conjugate and satisfy
one of the following: (0;,x)u > 2, (07, x)m > 1 for some 7 € T \Tp,
or 0; is conjugate to 0; over Kp. If then > 0i is a faithful character of
H, the assumptions in Theorem 3.3d are fulfilled (for appropriate U and v
determined by the 0;).

Proof. Clear in view of the above discussion. O



68 The Solution of the k(GV) Problem

5.3. Search for Real Vectors

Let now V be an arbitrary coprime FG-module, not necessarily faithful. It
is obvious that if the direct summands of V' admit (strongly) real vectors,
then so does the module itself. Our objective is to ensure that the search
for (strongly) real vectors is compatible with Clifford reduction.

Proposition 5.3a.. Let V = Ind%(U) be induced from the FH-module U.

(i) If there is a (strongly) real vector in U for H, there is a (strongly)
real vector in 'V for G.

(ii) If there is a regular vector in V for N = Coreg(H), there is a real
vector in 'V for G.

Proof. Let {t;} be a right transversal to H in G (so that N =, H').

(i) Let w € U be real for H, and let v = >, ut;. Let W be a self-
dual FCpx(u)-submodule of U with Cyg(W) N Cyx(u) = Cu(U), and let
Vo = @, Wt;. Then V is a subspace of V. Now Cg(v) NH" centralizes ut;
and so Wt; is self-dual as an F[Cq(v) N H']-module. Inducing up this self-
dual module to C¢(v) yields a self-dual F'Cg(v)-module by Lemma 4.1a. By
Mackey decomposition (1.2d) V; is a direct sum of such modules (taken over
a set of representatives for the orbits of C(v) on the cosets Ht;). It remains
to show that Cq(Vo)NCq(v) = Cq (V). Now the centralizer in Cg(v) of Vo
preserves each coset Ht; and so lies in N. It follows that Cq(Vy) NCq(v) C
NN Cyg(W)NCx(u) = Cn(U). Similarly Ca (Vo) N Ca(v) C Cy(Ut;) for
each i, and (), Cn(Ut;) = Cq(V). The statement for strongly real vectors
is treated similarly.

(ii) Let v = >, ut; be a regular vector in V for N. We may assume
that all v; = ut; # 0. Let Ht;Cq(v) be the different double cosets of G
modulo (H,Cg(v)). By Mackey decomposition once again

G C, (v)
Resg, () (V @1 Ao s (U5)-

Let Vo = D, Inngg;mHU (F'vj). Then Vp is a permutation module for
Cc(v) over F, hence self-dual. Since each Fv; has a C(v) N H'%-invariant
complement in Ut; (Maschke), and since module induction respects direct
sums, Vp is a direct summand of V. As before Cq(Vo)NCq(v) € N. Hence

Ce(Vo)NCe(v) CNNCg(v) =Cn(w) =Cq(V), as desired. ]
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Proposition 5.3b. Suppose V. =U®prW for some (coprime) FG-modules
U, W with 2 <d=dim pU < dim pW (say).

(i) If there are (strongly) real vectors in U and in W for G, there is a
(strongly) real vector in V' for G. Similar statement for reqular vectors.

(i) Let {u;}, {w;} be F-bases of U and W, respectively. Let v =
Zle u; @ w;, and let Wy be the subspace of W generated by wy, - - -, wq.
Then Vo =U @p Wy is a self-dual FCq(v)-module.

(iil) Assume that there is a (d —1)-dimensional subspace W of W such
that Ca(W)/Ca(W) has a regular orbit on W. If G induces all scalar

multiplications on W, there is a real vector in V' for G.

Proof. (i) We have Cq(U)NCq(W) C Ci(V), the elements in C (V') being
those elements of GG inducing on U and W scalar multiplications which are
inverse to each other. For if w € U, w € W are nonzero vectors, v = u ® w
and g € Cg(v), then v = vg = ug®wg implies that ug = cu and wg = ¢~ 1w
for some unique scalar ¢ = ¢4(v) € F*. If u,w are regular vectors for G,
that is, Cg(u) = Ce(U) and Cg(w) = Ce(W), then Cg(v) = Ca(V).

Let w € U and w € W be real vectors for G. Let Uy and W, be
self-dual submodules of U and W for C¢(u) and Cg(w), respectively, with
Ce(u) N Cq(Up) = Cq(U) and Cg(w) N Ca(Wy) = Co(W). We may and
do assume that v € Uy and w € Wy. (Otherwise replace Uy by Uy & Fu;
Wo by Wo @ Fw.) Let v =u®w and Vo = Uy @p Wy. If g € C(v) then,
for some ¢ € F*, ¢ g fixes u and cg fixes w and so g acts on Vy. If ¢
centralizes Vj, then g acts as scalar ¢ on Uy and as the scalar ¢~ on Wy (as
u € Up and v € Vp). Hence Cg(v) N Cq (Vo) = Ca(V). (For the statement
in parentheses take Uy = U and Wy = W.)

(ii) Let g € Cg(v). Let (ai;) be the matrix of g on U with respect to
the given basis. Then

v=vg = Zuig ®wig = Z(Z aijuj) @ wig = Zuj ® (Z aijw;)g-
i j j i

i

= E?Zl a;;jw; for each j =1,---,d. It follows that g acts on

Thus w;jg~
W, through the inverse transpose matrix (a;;)~*. This shows that Wy and
Vo are FCg(v)-modules. Lifting the eigenvalues of g on U and on Wy to
characteristic 0, we see that if ¢ is the Brauer character of Cg(v) on U,
then @ is that on U @ p Wy. By Lemma 4.1a, V) = U @ Wy is a self-dual

FC¢(v)-module.
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(iii) Choose notation such that W is generated by wy,- - -, wg_1. By
hypothesis we find w = wgy in W outside W such that Ca(Wy) = Ca(W)
for the subspace W of W generated by W and w. Define v and v as before,
so that Vo = U @ Wy is a self-dual FCg(v)-module affording ¢@ = |¢|?.
It remains to show that Cg(v)/Cq(V) is faithful on Vy. Let g € Cg(v)
act trivially on Vy. Then |p(g)|*> = d? and so |¢(g)| = d. Thus g acts
on U by multiplication with some scalar ¢, whence on Wy via ¢~!. By
hypothesis there is gy € G acting as scalar multiplication with ¢~ on W.
Then gg; ' € Ca(Wy) = Ca(W) and so g = go on W and g € Ce(V). O

Remark . Replacing G by G x Z for some suitable subgroup Z of Z(GL(W))
(acting trivially on U) one can achieve that G induces all scalar transfoma-
tions on W. Every vector in V' which is real for G x Z is real for G.

Proposition 5.3c. Suppose V. = Ten$ (W) for some (coprime) FH-
module W with dim pW > 2. If there is a (strongly) real vector in W
for H, then there is also a (strongly) real vector in 'V for G.

Proof. We prove the lemma for the case of real vectors, the proof for
strongly real vectors being similar (and easier). Let {t;}7, be a right
transversal to H in G (with ¢; = 1). For € G let i — ix be the per-
mutation (on the indices) induced by z, as in Sec. 1.2. Let wg € W be
real for H, and let Wy be a subspace of W which is a self-dual FCg(wo)-
module satisfying Cg(wo) NCr (W) = Cir(W). Without loss of generality
we assume that wy # 0 and, replacing Wy by Wy & Fwy if necessary, that
wy € Wy. Let vg = wot1 ® - - - ® wot, and Vg = Wity Qp - - - Qp Wot,.
Then V; is a subspace of V = Wt; Qp - - - @ Wit,,. We assert that Vj is a
self-dual FCg(vg)-module satisfying Ca(vo) N Ca(Vo) = Ca (V).

Let @ € Ci(vo). Then there are scalars ¢; € F such that [[]_, ¢; =1
and wot;x = c;wpt;, for each 7. Hence x acts on Vj, and ci_ltixti;l IS
Cr(wp). Let Ht;(z) be the distinct double cosets of G modulo (H, (z)).
Suppose the (x)-orbit of Ht; has size n;, and let the scalar b; be the product
of the scalars ¢; belonging to this orbit. Then > ;n; = n, [[;b; = 1,
tja™ tj_1 € H and bj_ltjx”jtj_l € Cpg(wo) for each j. By formula (1.2¢) the
Brauer character x of G afforded by V takes the value

z) =[] otz Ha b ltamit;)
j
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where 6 is the Brauer character of H afforded by W. Passing from H, W
to Cpr(wp), Wy (character 6y) we get the character xo of C(vg) afforded

by Vo. Thus xo(z) = Hj HO(bj*ltjx"jtj). Apply Lemma 4.1a.

Suppose & € Cg(vg) acts trivially on Vy. Then i — iz is be the identity
permutation, whence z € Coreg(H). Also, for each i then c; 't;xt; " acts
as a scalar on Wy, and centralizes wg € Wy. Hence C;Itixtfl e Cg(Wy) N
Cr(wy) = Cy(W). It follows that x acts on the ith component of V' =
Ten (W) as the scalar ¢;. Using that [], ¢; = 1 we get that 2 € Cg(V), as
desired. d

5.4. Clifford Reduction

Let V be a faithful, irreducible, coprime F'G-module in characteristic p.
Assume there is no (strongly) real vector in V for G but that (G,V) is a
minimal counterexample in the following sense:

e Whenever Gg is a central extension of a subgroup of G by a p’-group
and Vj is a FyGy-module for which char(Fp) = p and dim p, Vo < dim gV,
then there is a (strongly) real vector in Vp for Gy. e

Theorem 5.4. Suppose (G, V) is a minimal counterexample in the above
sense (for real or strongly real vectors). Then G has a unique minimal
nonabelian normal subgroup, say E, and this is either quasisimple or of
extraspecial type. Moreover E is absolutely irreducible on V', and all abelian
normal subgroups of G are cyclic and central.

Proof. We concentrate on real vectors, the argumentation for strongly real
vectors being similar. We only make use of results holding for both kinds
of vectors. It is clear that G is not abelian, because otherwise there were a
regular G-orbit on V by (3.4b), and d = dim pV > 2 as G is faithful on V.
We proceed in several steps.

(1) V is an absolutely irreducible FG-module:

For otherwise embed F' (properly) into the field Fy = Endpg(V), and let
I' = Gal(Fo|F'). Then Fy ®@rV = @, Vi for some absolutely irreducible
FyG-module Vy. Then Vj is faithful and dim g, Vp < d. Thus V; contains a
real vector vg for G, that is, Res& «(vo) (Vo) has a faithful self-dual submodule
U, say. Let I'y be the stabilizer of U in I', and let W = der/ro U and
v =) ,erro - Vo and V are isomorphic as G-sets (see Sec. 2.7). It
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follows that Cg(v) = Cg(vg) and, since field and group automorphisms
commute, that W is a self-dual FCg(v)-submodule of V. This contradicts
our choice of V.

(2) V is a primitive FG-module:
Otherwise V = Indg(U) for some proper subgroup H of G and some F H-
module U. Since dim pU < d there is a real vector in U for H by the choice

of V. But then by part (i) of Proposition 5.3a there is a real vector in V
for G, against our assumption.

(3) The irreducible constituents of ResS (V) are absolutely irreducible
for all normal subgroups N of G:

Otherwise choose N maximal such that the assertion is false. Then N # G
by (1), and there is an irreducible submodule W of Res% (V) such that
Fy = Endpn (W) is a proper extension field of F. Let I' = Gal(Fp|F),
and let Fo @p W = @, U7 for some absolutely irreducible Fy/N-module
U. By (2) W is G-invariant. Hence to every x € G there exists a unique
0 = o, € I' such that (Uz)? = U, and the assignment x — o, is a
homomorphism making Fj into a “G-field”. The kernel of this Galois action
of GG is a normal subgroup Ny containing N. Let 'y be the image in I" of
G (so that G/Ny = I'g). Then Wy = €D, p,, U7 is an irreducible F'No-
module with End gy, (Wy) = Fy. Hence Ny = N by the choice of N and so
G/N 2= T. It follows that

Fo@p V =Wd§(U)

and that Res$ (V) = W is irreducible. We have dim s, U < d. By the
choice of V' there is a real vector in U for N, and thus there is a real vector
in Fy @ p V for G by part (i) of Proposition 5.3a. As in (1) we get a real
vector in V for G.

From (1), (2), (3) it follows that every abelian normal subgroup of G
is cyclic and central in G (acting by scalar multiplications). Without loss
of generality we may assume that G induces all scalar multiplications on
V. The generalized Fitting subgroup of G is nonabelian for otherwise G
were cyclic and so had a regular orbit on V.

(4) Res§ (V) is absolutely irreducible for all nonabelian normal sub-
groups N of G:

Otherwise, in view of (3), there is a nonabelian normal subgroup N of
G such that the restriction of V' to NN is a proper multiple eU of some
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absolutely irreducible F’N-module U (e > 2). This U is faithful. Let 6 be
the Brauer character of N afforded by U, and let G(#) be the extended
representation group of 6. By Theorem 1.9¢ there is an FG(6)-module U
extending U (in the usual sense), and there is an FG(#)-module W such
that V = U @ W (viewed as an FG(#)-module). Thus dim pU < d and
dim pW = e < d. By the choice of V there are real vectors for G(6) in U
and in W. But then by part (i) of Proposition 5.3b there is a real vector
in V for G.

(5) Conclusion:
Let E be a minimal nonabelian normal subgroup of G. By (4) Res& (V) =
W is absolutely irreducible. In view of (2), (3) Cq(E) = Z = Z(G) and
EZ is the generalized Fitting subgroup of G.

Suppose first that E is solvable. Then it is a g-group of “symplectic
type” for some prime g # p. Either ¢ is odd and E = Q;(EZ) is of exponent
q, or E is a 2-group of extraspecial type. Also, E is the unique minimal
nonabelian normal subgroup of G. This is clear when ¢ is odd or ¢ = 2
and |Z(E)| = 4 (E of type 0). Suppose E = 217" for some m. Note that
G is irreducible on E/Z(E) as each proper G-invariant subgroup of E is
cyclic and central in G. Thus E cannot be dihedral of order 8, and E is
unique except possibly when |Z| is divisible by 4. But then F is the unique
minimal nonabelian G-invariant subgroup of F o Zj.

Let E be nonsolvable. Then E is the central product of the distinct
G-conjugates of some quasisimple group Ey, and W is the tensor prod-
uct of n = |G : Ng(Ep)| distinct G-conjugates of the unique absolutely
irreducible constituent Wy of Resgo(W). Assume E # Ey (n > 1). Let
0, 0y be the Brauer characters of N, Ny afforded by W, Wy, respec-
tively, and let G(0), Go(fy) be the extended representation groups. So
Go(bp) is a central extension of Go by a cyclic p’-group. By Theorem 1.9¢
there 1s an F'Gy(6p)-module Wo extendmg Wy (in the usual sense). Smce
dim FWO dim pWy = (dim FW) w = ¥/d < d, there is a real vector in WO
for G(6y). Since Res$ (V) = W, we have G(f) = G. By Theorem 1.9d there
is a finite extension G of G by an abelian p’-group, containing a subgroup
CAT'O mapping onto Gy(#), such that

/G\ —
V= Tenao (VV())
(We may arrange matters such that the Clifford correspondent of 6 is triv-

ial.) By Proposition 5.3c there is a real vector in V' for G, a contradiction.
Hence FE = Ej is quasisimple. O
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5.5. Reduced Pairs

The group G is said to be reduced if all abelian normal subgroups of G
are central and if G has a unique minimal nonabelian normal subgroup, F,
called the core of G, which is either of extraspecial type or is quasisimple.
If G is reduced with core F and V is a faithful, coprime F'G-module, then
(G,V) is a reduced pair (over F) provided E is absolutely irreducible on
V. Then Cq(E) = Z(G) acts as a group of scalar multiplications on V
and Z(G)FE is the generalized Fitting subgroup of G. We say that the pair
(G,V) is “large” if Z(G) = F*, that is, if G induces all scalar transforma-
tions on V.

The pair (G, V) is nonreal reduced if it is reduced and if there is no
real vector in V for G. The minimal counterexample (G,V) described
in Theorem 5.4 is a nonreal reduced pair. The objective of the next two
chapters is to give a complete classification of such pairs. In the quasisimple
case we even shall describe all reduced pairs (up to isomorphism) admitting
no regular vectors.

We say that two reduced pairs (G, V) and (G, V) over F are isomorphic
if there is a group isomorphism « : G — G making V into an FG-module
isomorphic to V. In other words, identifying G = G the Brauer characters
afforded by V and V are conjugate under an automorphism « of G.

It is immediate that this notion of “isomorphism” for reduced pairs
preserves (regular) orbits, (strongly) real vectors, and abelian vectors.

5.6. Counting Methods

The approach to the classification theorems generally is in two steps: First
we use counting arguments in order to reduce the discussion to “small”
groups, often Atlas groups. Then we proceed by a case-by-case analysis of
the remaining groups. Sometimes we use the computer, and then we refer
to [Groups, Algorithms, and Programming, 2006]. This will be briefly cited
as [GAP].

Let us describe the basic methods. Suppose (G, V) is a reduced pair
over F' = F,., r being a power of the prime p not dividing |G|, and let
d = dimgV. Embed G into GL(V), and let Go = Ngrv)(E). Then
Z = Z(Goy) = Cg,(E) = F* is cyclic of order r — 1. Assume (G, V) is large
(replacing G by GZ, if necessary). Let Gy = Go/Z and G = G/Z, which are
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subgroups of Aut(E) (as ZNE = Z(E)). For each v € V¥ Cg(v)NZ =1
and Cg(v)Z/Z = Cs(Zv). Hence there is a 1-1 correspondence between
the G-orbits on V* and the G-orbits on the projective 1-space P;(V), with
corresponding point stabilizers.

Define the bottom G(G) of G (and similarly for each finite group) as
the set of all noncentral subgroups of G of prime order. If there is v € V
such that Cq(v) # 1, the stabilizer contains at least one subgroup in 3(G)
(Sylow). Hence if [, cg(q) Cv(7) # V, there is a regular vector in V' for
G. Usually we show that }_ 5 [Cv(7)| < [V, ignoring zero spaces or
possible intersections. But sometimes this will be improved using common
diagonalization, or arguing “projectively”, because if

(5.6a) nyeﬁ((;) ICp, oy < [PL(V)],

then there is a regular G-orbit on V as well. Arguing in this manner,
for any given 4 € B(G), choose a subgroup v of G of smallest possible
order mapping onto 4. Then -y is a cyclic group of prime power order. If
Go = X o Z is a central product over Z(FE), clearly we may pick v as a
subgroup of X, and then -y either has prime order or v N Z(E) # 1.

Let 6*(G) denote the set of all noncentral subgroups of G which are
cyclic of order 4 or of odd prime order. Then

(5.6) U sy Cv(n) #V

implies that there is some v € V such that Ce(v) is an elementary abelian
2-group. Then v is a strongly real vector for G (and Cg(v) has a regular
orbit on V by Eq. (3.4b)). For a set w of primes we denote by G%(G)
the set of w-subgroups in G*(G); define 8, (G) similarly. If for instance
U, epue) Cv(7) # V, there is v € V such that Cg(v) is a w’-group.

Let g € Gog. We define the fized point ratio by

(5.6¢) f(g) = f(9,V) = dim pCy(g)/dim pV.

Of course f(g) = f((g)) depends only on (the generators of) the group
(g). For z € Z = F* the fixed space Cy (2 1g) = V.(g) is the eigenspace
of g on V to the eigenvalue z, or it is zero. (It is for instance zero if the
order o(z) of z does not divide o(g).) We have .., V.(9) € V, with
equality if and only if g is a p’-element and F is large enough (containing
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all eigenvalues of g). Note that ¢ is faithful on V. There are at most
d = dim gV distinct eigenspaces of g on V. Hence if f(zg) < f for all
z € Z then |, ., Cv(zg)| < d-r¥.

The following estimate will be applied very often. Let g € Gy. Suppose
again that f(zg) < f for all z € Z, and assume that § < f < 1. Then if
z; € Z are the distinct eigenvalues of g on V,

z€Z

(5.6d) 10y (27 g)| < rldf) 4 pd=ldf) < opdf,

In order to verify this, without loss of generality we may assume that g is
a p’-element and F' is large enough, so g has the (distinct) eigenvalues z;
on V with the multiplicities d; > 1, 1 < ¢ < n, such that Z?:l d; = d.
Arrange these eigenvalues such that d; > do > - -+ > d,,. By assumption
d > df > d/2 and df > |df] > di. Suppose d is another such decreasing

sequence of positive integers for j = 1,- - -, n/, satisfying Z?;l d; = d and
df > dj. Then Y77 r% < 3% r% if and only if (d1, da, ) < (d5,dj, )
in lexicographical ordering. Consequently » 7" | rdi < pldfl 4 pd=Lldf] wwhich
is at most 2rl¥) if f > %, and at most 2r¥ if f = %

Notation. Suppose g has on V the eigenvalues z; with multiplicities d;,
1 < i < n. Arrange these such that d; > ds > -+ > d,. Then we indicate
the spectral pattern by writing

d

) o 2] = (dy, - ),

gV:[Z n

the latter (weak form) in the case when only the dimensions of the eigen-
spaces are of interest. Thus Y ! ; d; < d = dim gV, and we have equality
if and only if g is a p’-element of order dividing  — 1. It is obvious but
important in applications that each element of Gy in the conjugacy class
of g has the same spectral pattern of the first kind, and each element in
the coset Zg has the same weak pattern. In particular, |Cp, (v)(Zg)| =

Til Z?:l(rdi - 1)
Now we turn to character theory. Let x be the Brauer character of Gg

afforded by V, and assume we know x (to some extent). Let g € Gy be a
p’-element of order s, say. Then V is a projective F(g)-module, Resg‘)> (x)

an ordinary character and so (Sec. 1.3)

(5.6¢) dim £Cy (9) = (X, 1)(g) = £ >i_; x(g").-
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Hence the fixed point ratio f(g) is just the average over the ratios x(g*)/x(1)
for i = 1,- -+ s. Recall from Sec. 1.5 that the yx(g*) for the generators g*
of (g) are the algebraic conjugates of x(g). If for instance s is a prime,
therefore the strong pattern gy is determined by x(g) since the sth roots of
unity # 1 are linear independent over Z (and their sum equals —1). We can
compute the spectral pattern from the character table (in terms of F' = TF,.).

5.7. Two Examples

To illustrate the counting methods we discuss in some detail two reduced
pairs, one of extraspecial type and one of quasisimple type.

Example 5.7a. Let (G, V) be a large reduced pair over F' =, with core
FE = 5}r+2. Since F is faithful and absolutely irreducible on V', we have
char(F) =p#5,d=dimpV =5and 5 | r — 1. Hence r > 11. Embed G
into GL(V') = GLs(r), and consider Gy = Ngrv)(£). From Theorem 4.3c
and Proposition 4.3a it follows that

G():XOZ

is a central product over Z(E), where X is the standard holomorph of F
and where Z = Z(Gy) = F*. We also know that X = E : S is a semidirect
product where the complement S 2 Sp,(5) is determined up to conjugacy
(under E). We are going to show that there is a regular vector in V' for G.

By definition of a reduced pair G is irreducible on U = E/Z(E) =
EZ/Z. If p =2 or 3, then G/EZ has order 3 or is a quaternion group of
order 8, respectively, and it is easy to show that there is a regular G-orbit on
V. Solet p > 5. Then Gy is a p’-group, and it is enough to consider G = Gj.
(Usually we are treating this “worst” case ignoring whether Gy is a p’-group
or not, counting scalar products with the 1-character “symbolically” as
dimensions of fixed spaces.) Let x be the Brauer character of X (and of G)
afforded by V. This x is one of four faithful irreducible characters of degree
5 of the holomorph X which, however, are conjugate under automorphisms
of X by Theorem 4.3c, so lead to isomorphic reduced pairs. Therefore we
shall sometimes speak of “the” character associated to X. By Theorem
4.5a, Resa (x) = € is “the” generic Weil character of S. In the terminology
of the [Atlas, p. 2], £ = x2 + X7 or X3 + X6-

We may identify X = X/Z(E) with G/Z. Each prime order element
Z(E)z of X is represented either by a (noncentral) element of E (of order
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5) or lies in a coset Ex for some element x € S of prime order. There
are (52 — 1)/4 = 6 subgroups of order 5 in U = E/Z(E), their generators
having weak spectral pattern [1(5)] as x vanishes on noncentral elements
of E. Thus at most -5 - 5(r — 1) = 30 points in P;(V), or 6(5r) = 30r
vectors in V', are fixed by these subgroups. There are two conjugacy classes
5A0 By of elements in S of order 5, and if y belongs to 54, then £(y) = v/5
(and y~! belongs to 5By with £(y~') = —/5). There are 315A0By| = 6
(conjugate) subgroups in S of order 5. By Theorem 4.4, y is good for U
and |E : Cg(y)| = 5. We compute that dim rCy (y) = 1 and

Yyv = [Eg2)75;2)= 1(1)} = [2,2, 1]

for some primitive 5th roots of unity €1 # €5 which are inverse to each other
(5|r—1and &1 +¢2 is a square root of 5 in F'). By Theorem 4.4 the coset
Ey contains just |U : Cy(y)| = 5 good cosets of Z(E) (which are conjugate
under E). So there are 52 —5 = 20 bad cosets of Z(E) in Ey. If an element
yo in By is bad, then x(yo) = 0 and so o(yo) = 5 and (yo)v = [1)] (weak
pattern). We therefore have

S ICv ()] < 30r + 6(5(20% + 1) +20(5r)).
vE€Bs(G)

Let Z € X have order 3, and let € S be such that Z is contained in
FEx. Then z belongs to the unique conjugacy class 3Ag of elements of order
3in S. It determines the coset Fx in X, which in turn determines the coset
ZEx in G. There are |S : Cg(z)| = |3Ap| = 2-10 cosets of E in X conjugate
to Ex under S. By Theorem 4.4 the coset Z(FE)z is good for U, and the
good cosets lying in Ex are conjugate under E (and so have the same weak
spectral pattern). From y(z) = —1 we deduce that |Cy(z)| = x(z)? = 1,
hence |U : Cy(x)| = |U| = 52, and that

Ty = [Z§2)a Zéz)a 1] = [27 27 1]

if 3| r — 1, where z; # 2o are primitive 3rd roots of unity, and xy = [1]
otherwise (dim rCy (x) = 1). It follows that in Ex there are just 52—5 = 20
bad cosets Z(E)z’'. Since x(z') = 0, the bad element 2’ cannot have (prime)
order 3. But each coset of Z(E) in X of order 3 can be represented by an
element of order 3. Hence we may ignore the bad cosets. We conclude that

> [Cv(y)] £10-5%(2r +7)
v€B3(G)
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if 3| r — 1, and we may replace 2r2 + r by r otherwise.

Let j € S represent the unique (central) involution in S (belonging to
1A7). We have |Cy(j)| = x(1)? = (=1)2 = 1 and so |U : Cy(j)| = 5°.
Arguing as before we get 27652@) |ICv(y)| < 5%(r3 + 7?). Consequently
> ena) [Ov(y)| < 25r° + 585r% 4+ 940r. This is less than [V] = r® for
r > 10. Hence there is a regular G-orbit.

Example 5.7b. Suppose (G, V) is a large reduced pair over F' = F,., with
core E = 2.Ag, and d = dim pV = 4. Then p > 7 by coprimeness, and V'
affords, as an F'E-module, one of the characters xs, x9 as a Brauer character
(Atlas, p. 5). These characters are the Weil characters &1, £ of Spy(9) in
the terminology of Theorem 4.5a. So they are rational-valued and fuse in
2.A6.25. But we are in an exceptional situation: The characters extend to
2.A4¢.21, requiring /£3. More precisely, ys extends to 2t Sg requiring v/3
and to 27 S requiring v/—3, and for g it is vice versa. Recall that 2t S
is that covering group of Sg in which transpositions lift to involutions (and
for which the characters are given in the Atlas).

In the following we assume that y = x9 on E, for convenience. Ex-
changing the conjugacy classes 34, 3B leads from one character to the other.
Similarly, exchanging the conjugacy classes 64, 6B leads from one isoclinic
variant of 2.A4¢.2; to the other. So the arguments will carry over.

Embed G into GL(V), and let Go = Ngrv)(E). Then Z = Z(G) =
Cq,(F) =2 F*. In the counting argument we assume (implicitly) that F
contains a square root of 3 or —3 (or both, which happens when 4 | r — 1).
Let us consider the (worse) case that v/—3 € F and that

G=Gy=XoZ

where X = 27S5. We ask whether there is a regular G-orbit on V, or a
real vector in V for G, at least.

Let z € E be an element of order 3 belonging to 34, (mapping onto
3-cycles in Sg). Then y(z) = 1 and 2y = [1?)2(?)] for some primitive
3rd root of unity z (viewed as an element of Z). In particular W = Cy ()
has dimension 2. If an element in E fixes a nonzero vector in V, then
it is conjugate to z [Atlas]. Let y € Cg(z) be an element of order 3 in
the class 3By (mapping onto double 3-cycles). Then x(y) = —2 and so
yv = [, 2?)]. Of course W is stable under 3, and we have

yw = [Z(l)’z(l)].
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In order to see this, we have to exclude that y acts as a scalar multiplication
on W. In that case, zy and zy? would have nontrivial fixed points on V' by
common diagonalization. But zy and xy? do belong to the class 3B,. We
have |3A4g| = |3Bg| = 40. Since these are the unique conjugacy classes of
order 3in E and in G, we have 5. ) [Cv (V)] < D(r2+2r)+L(2r?) =
6072 + 40

On the two conjugacy classes 5A4¢By of order 5 in F the character
X = X9 takes the value —1 and so the weak pattern is [1,1,1,1] if 5 | r —1
and empty otherwise. From [5Ag| = |5Bg| = 72 we see that there are
just 3[5405B0| = 72/((5 — 1)/2) = 36 subgroups of order 5 in E. Hence

> veps(c) [Cv(v)] < 36(4r).

Let g € X be an element of order 6 in the class 64 such that g2 = x.
Then x(g) = £v/—3, and j = ¢3 is an involution in the class 2B, (mapping
onto transpositions), which satisfies x(j) = 0. If an element in X <\ FE
fixes a nonzero vector in V, then it is conjugate to j [Atlas]. Hence jy =
12, —1®)] and

gw = jw = [-1?)]

)

because g = jo~' = £~ has no fixed points on V*. The conjugacy classes

2A and 2C in Sg lift to classes of elements of order 4 in X, and these have
to be considered when 4 | » — 1. Using that x vanishes also on 24, and
2C, we then get the contribution

(|12B| + |24] + |2C])(2r?) = (15 + 45 + 15)(2r?) = 15072,

There is a regular G-orbit on V provided (60r? + 40r) + 144r + 150r? <
r* = |V|. This is true when r > 16. Hence r = 7,11 or 13. We cannot
have r = 11 since 3 | » — 1; we can exclude r = 11 also when assuming
that /3 € F using that then 4 { r — 1, replacing the summand 15072 by
3072. One can also show that there is a regular G-orbit on V when r = 13.
Either one argues as in the r = 7 case below (where there is no regular
orbit, however), using that

is independent of F', or applying the method to be developed in Proposition
7.3c below.

So let r = 7 in what follows. For each nonzero vector v € V we have
Cg(v) = (z) if v e W = Cy(x) and Cg(v) = 1 otherwise (see above). So
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we have E-orbits on V*# of size |E : (z)| = 240 and regular orbits. Let A
be an E-orbit of size 240. Then ANW # @ and |[ANW| = |Ng(W) : (x)].
Since Ng(W) 2 Ng({(z)) and |Ng({z)) : (z)| = 12, we can infer that
Ng(W) = Ng({z)). Moreover, from |[W# = 72 — 1 = 48 we deduce that
there are exactly four E-orbits A; of size 240, each satisfying |A;NW| = 12
(0 <i<3). From |V¥# = 7% — 1 = 2.400 we conclude that there are just
two regular F-orbits 1, Q.

Write —j for the product of j with the generator of Z(X). We know
that —j centralizes W and acts as —1 on V/W. Hence each A; remains
an X-orbit, with point stabilizer (z, —j) = Zs. The element x(—j) belongs
to the class 64p in X and is conjugate to g. Since x(g) = +v/—3 and g is
diagonal on V, from Lemma 4.1c it follows that no vector in the A; is real
for X (as 6 does not divide 74 1 = 8). On the other hand, Oy, fuse in
X, because —j does not fix any vector in Q; or Qy and X = (F, —j). So
Q =y UQy is a regular orbit for X.

From yw = [z,Z] we see that there are just 6 + 6 = 12 (nonzero)
eigenvectors of y in W. The group (Z(X),y) & Zs acts semiregularly on
W, and if A;NW contains an eigenvector of y for some i, all six eigenvectors
of y to the given eigenvalue belong to A; N U. Hence there exists A; such
that A; N U does not contain an eigenvector of y.

Consider the action of (yz) on Vi, Clearly Q1,9 and Q are fixed by
yz. Hence there is v; € ; such that Cgz(v;) = (yz). From Lemma 4.1c it
follows that no vector in 2 is real for EZ, hence not real for G = X Z. Note
again that yz acts diagonally on V and that 3 does not divide 7+ 1. Also,
(yz) acts on the E-orbits A;, and such a A; remains an EZ-orbit if and
only if there is w; € A; N W such that Crz(w;) = (x,yz) (by conjugacy
of y,y~! in E). From the observation in the preceding paragraph we infer
that just one orbit, say Ao, is preserved by (yz), and the other ones are
fused. So A = A; UAy U A3 is an EZ-orbit with point stabilizer (x), and
Ay has the stabilizer (x,yz). The vectors in A are real for EZ, those in Ag
are not.

We conclude that Q, A and Ag are the distinct G-orbits on V¥, with
point stabilizers conjugate to (yz) & Zs, (x(—j)) = Zs and (z(—j),yz) =
Z3 X S3 (= ZzwrSs), respectively. No vector in V' is real for G.



Chapter 6

Reduced Pairs of Extraspecial Type

In this chapter we classify the nonreal reduced pairs of extraspecial type,
up to isomorphism. In terms of their cores we have just three types (Qs),
(25) and (33), the pairs being defined over certain prime fields (of order 3,
5, 7 or 13).

6.1. Nonreal Reduced Pairs

Throughout (G,V) is a reduced pair over a finite field ' = F,. of charac-
teristic p where the core F = qlifOQm is of extraspecial type (Sec. 5.5). So
either F is an extraspecial g-group of odd exponent ¢ # p and order ¢' 2™,
or ¢ =2 # p and F is extraspecial of + or — type and order 2'*2™ or E is
the central product of such a 2-group with a cyclic group of order 4 (type
0). By the character theory of E we have d = dim gV = ¢™. Furthermore
|Z(E)| is a divisor of r — 1. Without loss of generality we assume that

E =252 when ¢ = 2 and F contains the 4th roots of unity (4 | r — 1).

We now give a detailed description of certain nonreal reduced pairs,
including orbit structures and point stabilizers (which will be of relevance).
With one exception the pairs are large. The target will be to show that
there are no further nonreal reduced pairs of extraspecial type.

Type (Qs) : Let » = p be one of the primes 5,7,11 or 23. In Sec. 3.2 we
have seen that the quaternion group E = Qg embeds into GLy(p) such that
G = Ngr,(p) (E) acts transitively on the nonzero vectors in V' = IE‘I(?). This
G is a p’-group. The stabilizer in G of any nonzero vector is cyclic of order
4,3,2 or 1, correspondingly. Complete reducibility and Lemma 4.1c¢ imply
that (G, V) is a nonreal reduced pair when p=5or p="7.

For p = 5 this G is the standard holomorph of 2(1)+2 ~ FoZ; (and a
5-complement in GL2(5)). For p = 7 we have G = X o0 Zg = X x Z3 where
X = 2-8, is the standard holomorph of E = 22 with value field Q(v/2)
(since 2 is a square mod 7). This G has a unique subgroup G 22 Sp,(3) x Z3
of index 2, which evidently gives rise to a further nonreal reduced pair
(G1,V).

82
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Let r = p = 13. Embed FE into GL2(13). The normalizer G =
Ngi,(13)(E) has two orbits on nonzero vectors in V' = Fg?, with cyclic
stabilizers of order 4 and 3. Again (G, V) is a nonreal reduced pair.

Type (25) : Let GV be the largest Bucht group studied in Sec. 3.2.
Here G is faithful on V and transitive on V¥, any point stabilizer H being
cyclic order 8. Also, F = Fs, dimpV = 4, and G contains E = 2!
as a normal subgroup, which is absolutely irreducible on V (G = E.(Z5 :
Z4)). Complete reducibility and Lemma 4.1¢ imply that (G, V) is a nonreal
reduced pair (as 8 | 32 — 1 but 8¢ 3% + 1).

Let r = p = 7. Embed E = 2" into GL4(7). Then G = Ngr,,(7)(E)
is isomorphic to X o Zg where X is the standard holomorph of E with value
field Q(\/i? Here G is a 7’-group and has two orbits on nonzero vectors
in vV =F
for G (cf. Prop. 6.6b below). Similar statement for the unique subgroup
G1 =Y o Zs of index 2 in G, where Y/E = Q (2).

Type (32) : Let X = E : Spy(3) be the standard holomorph of E = 312,
and let x be one of the faithful irreducible characters of X of degree 3,
which by Theorem 4.3c are conjugate under automorphisms of X. In view
of the discussions in Theorem 4.5a there is, up to conjugacy in X, a unique
complement S 2 Sp,(3) to E in X such that Resg (x) = ls + & contains
the 1-character. Here &5 is an irreducible Weil character of degree 2, with
Q(&2) = Q(vV=3).

Let r = p =7 or 13. Let V be a (coprime) FX-module affording x
as a Brauer character. Embed F and X into GL(V) through yx, and let
G = NgLv)(E) = X o Z,_1 (Proposition 4.3a). For 7 = 7 there are three
G-orbits on V* with point stabilizers S.1, Z3.2 = Zs and Z§2).2 = Z§2) X g
(where A.B indicates that A is the stabilizer taken in X). It follows that
both (X,V) and (G,V) are nonreal reduced pairs. For r = 13 we have
six G-orbits on V#, with point stabilizers S.1 (four X-orbits fusing in G),
732 = Zg (3 times), 272 = ZI? x Z, and Z,.4 = Z; (one regular
X-orbit). Just the pair (G, V) is nonreal reduced in this r = 13 case.

, with point stabilizers Zg resp. SLa(3). No vector in V is real

Theorem 6.1. Up to isomorphism there are just 9 nonreal reduced pairs
of extraspecial type, and these are described above. All other reduced pairs
(G, V) of extraspecial type admit a strongly real vector v € V' for G such
that Cg(v) has a regular orbit on V.

This will be established in the course of this chapter.
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6.2. Fixed Point Ratios

Let (G, V) be reduced of extraspecial type, as above. We embed the core E,
and G, into GL(V) and let Go = Ngr,(v)(E). If r is odd and 4 { 7 — 1, the
field F' contains a square root either of 2 or of —2. Hence from Theorems
4.3c, 4.3d and 4.3e we deduce, in view of Proposition 4.3a, that

(62a) GQ =XoZ

is a unique central product over Z(E) where X is that standard holomorph
of E fitting into GL(V). (This refers only to E = 2™ where we have
two standard holomorphs determined by the value field Q(v/2) or Q(v/—2).)
There is an ordinary irreducible character xy of Gy which agrees on p'-
elements with the Brauer character of G afforded by V. This is an obvious
extension to the central product of “the” character associated to X, that
is, of one of the faithful irreducible characters of X of degree ¢™ (conjugate
under automorphisms of X and so leading to isomorphic reduced pairs).

(6.2b) U=E/Z(E)=EZ/Z

carries in the natural way the structure of a symplectic resp. orthogonal
F,Go-module. In fact, X = X/E = Gy/ZE = Gy may be identified with
SPay,,(q) for odd ¢ and for ¢ = 2 and r = 1 (mod4), and with O, (2)
otherwise (the sign depending on F). By definition G = GZ/ZFE acts irre-
ducibly on U, because E is the unique minimal nonabelian normal subgroup
of G and all abelian normal subgroups are cyclic and central (contained in
Z(G) = ZNG@G). The concept of “good” elements for U applies to all
(noncentral) elements of Go; in particular (4.4) applies.

Theorem 6.2c. Suppose g € Gy is a noncentral p’'-element of order s
where s is a prime or s = 4.

(i) Suppose q | s. Then dim pCy(g) < 2¢™~ ' when s = q is odd, and
dim pCy (g) < 2(2™ + (s — 1) - 2™~1) otherwise. If g is not good for U,
then even dim pCy(g) < g™ L.
%(qm + (s —=1)gm 1), If s is
g™+ (s —1)gm72).

Proof. Of course we use that dim Cy(g) = (x, 1)y by Eq. (5.6¢).

(ii) Suppose q ts. Then dim rCy (g)

<
odd and s > q + 1, then even dim pCy (g) <
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(i) If g is not good for U, then x(g) = 0 by Theorem 4 4. Then
vanishes on each generator of (g) and so (x, 1), = q— =¢™ ! when s = ¢q
is a prime. For s = 4 (and ¢ = 2) observe that x(g? ) = —qmif g?> € Z, and
otherwise x(g?) is an integer of absolute value at most qm_1 by Theorem

4.4. The result follows.

Suppose g is good for U. Then |x(g)|> = |Cr(g)| by Theorem 4.4. Since
g is not central in Gy, |x(g)|?
case ¢ = 2. If s = 2, then x(g) is an integer, hence n is even and x(g) =
+27/2 1t follows that (x, 1), = 2(2™ +27/2) < 1(2™ +2m~1). Suppose
next that g has order s = 4. Then x(9) € Z[i] (i* = —1). If n is odd, there
are signs &; such that y(g) = 2°7 (61 +igg). Then x(g71) = 2"771(51 —iga).
Either the integer x(g?) = 0 or = 2" if g* € E, and |x(g?)| < 22m~1
otherwise (Theorem 4.4). It follows that (x, 1) < (2m +3-2m7 ) as
desired. If n is even, then 2 < m—1 and x(g*) < 2™~ !, and we obtain the
same estimate.

Suppose that s = ¢ > 3. Then x(g) € Z[g,] (g, = €27/9). Let q be
the unique prime ideal in Z[g,] above ¢ (totally ramified). Since q = g

and y(9)x(g) = |x(9)]> = ¢", and since Q(,/(%)q ) is the (unique)

= ¢" for some n < 2m — 1. Consider first the

quadratic number field contained in Q(g,), we infer that X(g)/((%)q)%

is a g-adic integer. It follows that this is even an integer in Z[e,]. From

|X(g)/((771)q)5| = 1, and using that the conjugates over Q have absolute
value 1 likewise, we obtain that X(g)/((%)q) % — ¢ is a root of unity (with
€24 = 1). If n = 2a is an even integer, then x(g) = +eq?, and from a < m—1

it follows that (x,1)(y < 1(¢™ + (s — 1)¢™~"), which is not greater than
m— : - -1

2¢™ !, Solet n = 2a + 1 be odd. Using that (71)(1 = 2221(2)5’;

(Gauss) we obtain that

x(g) = ia‘q\/T :Z_:

Adding or subtracting eq® > §_ i ’; = 0 we see that the maximum possible

@\w

multiplicity of an eigenvalue of g on V is 2¢*. Hence dim pCy (g) < 2¢* <
2(]71771 < 2¢g™m1L.

(ii) In this coprime case, g is good for U and |x(g)|? = |Cu(g)| (The-
orem 4.4). Also, Ey = Cg(g) is a proper extraspecial subgroup of FE, or
of extraspecial type (mapping onto Cy(g)). Let |Eo/Z(Ep)| = ¢*", and
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let 6 be the unique irreducible constituent of Resgo (x). Then 6(1) = ¢"
(n <m—1). By Theorem 1.6¢ there is a sign + and a linear character p of
(g) such that x(y) = £u(y)0(1) for all generators y of (g). Moreover, the
sign is such that

q" " = (x,0)g, = £1 (mod s)

when s is an odd prime. In this case

(6 1)) < < (g™ + (5~ DO)),

and the result follows. For s = 4 use again that x(g?) = —¢™ when ¢ € Z,
and apply Theorem 4.4 otherwise.

Assume in addition that s is odd and s > ¢+ 1. If (1) < ¢™ 2, the
result follows. So let #(1) = ¢™~! (n = m — 1). Then the sign must be
negative, s = ¢ + 1, and x(y) = —p(y)0(1) for all generators y. Indeed
s = 3 and ¢ = 2. If p is the trivial character of (g), even (x,1)(y =
(g™ — (s —1)g™ 1) = 0. If p is not trivial, (x, 1)y = $(2™ +2™71) as
the sum over the 3rd roots of unity is zero. O

Remark. The bounds given in Theorem 6.2c apply also to the eigenspaces of
g on V replacing g by zg for the elements z € Z of order dividing s = o(g).
For all v € 5*(G) (Sec. 5.5) we have the following “generic” upper bounds
for the fixed point ratios (depending only on ¢): f(7) < (1 + %) when
qg >3, f(7) < % when ¢ = 3, and f(v) < % for ¢ = 2. Observe that
% <ia+ %) <i(1+ %) for ¢ > 3. If g is an involution, then f(g) < %.
6.3. Point Stabilizers of Exponent 2

Recall that G is an irreducible p/-subgroup of Gy = Sps,, (¢) when ¢ is odd
org=2and 4 | r—1, and of Gy = O3, (2) otherwise. For small r this
usually implies that G is a proper subgroup of Gy. So we require some
information on the maximal subgroups of these classical groups, but only
for m < 7 and ¢ < 3. The reader is referred to [Aschbacher, 1984] and
[Liebeck, 1985] for thorough studies of this topic (see also [Kleidman and
Liebeck, 1990]). We quote from [Dickson, 1901, pp. 94, 206]:

1SP2m (@) = 4™ (¢*™ — 1)(¢*™ D —1) - - (2 — 1),

105,,(9)] = 2(¢™ F g™ " V(Y = 1) - (¢° — 1).
This yields the estimates [Sp,,(¢)| < ¢2™ +™ and |OF,, (q)] < ¢*™ —™m+1,
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Lemma 6.3a. Assume G # Go. Then |G| < ¢*™** or G is isomorphic to a
subgroup of Go from a certain distinguished finite list, the proper irreducible
subgroups of Gy of mazimal order being known.

This refers to Theorems 4.2, 5.2, 5.4 and 5.5 in [Liebeck, 1985]. The cor-
responding lists of (nonparabolic) maximal irreducible subgroups can be
found in Tables 3.5.C, 3.5.E and 3.5.F in [Kleidman—Liebeck, 1990]. For
example, if Gy = Sp,,,(2) the list consists of Spy (2)wrS; where m = k¢
with £ > 1, Spyy (2').Z; where m = k€ with £ prime, OF, (2), and of So,, 12
when m is even, and O, (2) is “the” proper irreducible subgroup of maxi-
mal order (m > 3).

Theorem 6.3b. There exist v € V such that Cg(v) is an elementary
abelian 2-group except possibly when ¢ =2 and m <5, or when ¢ = 3 and
m < 3.

Proof. Suppose V' = |, c4- () Cv (7). In view of the estimate (5.6b) it
suffices to show that then necessarily ¢ = 2 and m < 5, or ¢ = 3 and m < 3.
Our estimates will be rather crude, at first. Of course, it suffices to consider
only those v where the Cy () are different. We use that each v € 5*(G)
has at least two generators.

Let first ¢ > 3. Then f(y) < (1 + %) by Theorem 6.2c. Using that
there are at most dim pV = ¢ distinct eigenvalues on V for each g € G
we get 2|V| = 277" < pa" 20" /Bgm2m G Since |G| = |GZ/EZ| <
ISPy, (4)] < ¢2™ ™ this yields that

re (L6 < (¢

The function m — "f;j_zlm is decreasing for m > 1 (and ¢ > 2). So it

suffices to consider the case m = 1 in order to see that we have r < 8 for
g > 11. But |Z(E)| = ¢ is a divisor of |F*| = r — 1, so that we indeed have
q < 7. For g =7 we get r < 16 for m = 1, and r < 3 for m = 2. Since r
is a prime power congruent 1 mod 7, the only possibility is m = 1, r = 8.
But in this case G is an irreducible subgroup of Spy(7) of (odd) order 21,
and we get a contradiction (namely r < 8).

For ¢ =5 we get r < 29 for m = 1 and r < 7 for m = 2, and so the
only possibilities are m = 1 and r = 16 or r = 11. We have seen in Example
5.7a that for m = 1 there is always a vector v € V such that Cg(v) is an
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elementary abelian 2-group (even with Cg(v) = 1). So we are reduced to
the cases where ¢ = 2, 3.

Let ¢ = 3. Then f(vy) < f =2/3 for each v € 8*(G) by Theorem 6.2c.
Using (5.6d) we get 2|V| = 273" < (#2377 43" ")32m|@G|, which gives

32m

1 _
<5 (1 =)iel

3m— 1

From |G| < |Sp,,,(3)] < 32™° ™ we obtain that m < 5, and for m = 5 we
must have r = 2. But the case ¢ = 3, r = 2 cannot happen.

It remains to rule out the case m = 4 (¢ = 3). The above estimate
yields that we must have r < 5. Then r = 4 (as ¢ = 3 | r — 1). Now
G is a proper irreducible subgroup of Spg(3) (of odd order) and so |G| <
ISp4(9).2)] = 219 3% . 52 . 41 by [Liebeck, 1985, Theorem 5.2]. This bound
suffices to get a contradiction.

Let ¢ = 2. Then f(y) < f = 3 for each v € *(G) by Theorem
6.2c. Note that f2™ is an integer for m > 3. (For the time being we only
discuss the cases where m > 6.) Applying (5.6d) we get 2|V| = 2r?" <
(r52" 7 4 ¢3277°)22m|G| and thus

m— 1 ~
P 2 (14 |G
-

This yields at once that we must have m < 8. For m = 8 we obtain that
r = 3 (since 7 is odd). In this case Gy = 035(2). Knowing that G is a
3/-group and that 37 is a divisor of |03;(2)| this case is ruled out.

For m = 7 we obtain that r < 7. Again the case r = 7 is ruled
out using the upper bound for the order of Oli4(2) in place of that for
Sp14(2). For r = 5 we also have |G| < |O74(2)|, by the comment after
(6.3a), and this suffices to get a contradiction. For r = 3 we use that the
order of a proper irreducible (3'-) subgroup of Oli4(2) is bounded above by
|GU7(2)| = 221 -3%.5.7-11 - 43 [Liebeck, 1985, Theorems 5.4, 5.5]. We
obtain a contradiction.

Let m = 6. The usual estimate gives that r?* < 239 hence r < 13.
Since |Sp;,(2)] is divisible by each (odd) prime p < 13, we have |G| <
|015(2)] by Lemma 6.3a, and this leads to » < 5. Consider r = 5. By
Lemma 6.3a we are led to a study of the irreducible 5'-subgroups of 0%, (2)
and of Sy4 (viewing U as shortened Sis-permutation module over Fs). In
the first case we get |G| < |GUg(2)| = 2'°-3%.5-7-11 by the theorems of
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Liebeck quoted above, and this bound is good enough. There is no problem
with the bound |G| < |Sy4/.

So let r = 3. We get the desired contradiction (to the above inequal-
ity) if we can show that that the order of an irreducible 3’-subgroup of
Oli2(2) is bounded above by 227. Observe that 4m + 4 = 28. We argue by
inspection of the list of maximal subgroups of the orthogonal groups. The
maximal subgroups of OE(Z) which are irreducible are either isomorphic to
O¢ (2)wr Sz, OF (2)wrS3 or to almost simple groups for which the 3/-part
of the order is less than 227, like for GUg(2) or Of (4).2 (cf. Table 3.5.E
in [Kleidman-Liebeck, 1985]). The maximal subgroups of O},(2) which
are irreducible are either isomorphic to Oy (2)wrSs or to Og (4).2, or are
certain almost simple groups for which the 3’-part of the order is less than
227 like for S13 (cf. Table 3.5.F in [Kleidman-Liebeck, 1990]). From this
last table one infers that the 3’-subgroup of Og (4).2 have the desired small
order. Hence the result. O

Comments 6.3c. Theorem 6.3b reduces the discussion to some few cases.
One can show that then there are point stabilizers of exponent 2 (or 1)
when r is large enough:

Suppose ¢ = 3 and m = 3. The crude bound }__ 5. (o) [Cv(7)] <
%(r%yn +733™) . 32m . |G| used in the above proof is sufficient to show,
taking the upper bound |G| < |Spg(3)| = 210 -39 . 5.7 13, that there is
v € V such that Cg(v) is an elementary abelian 2-group provided r > 19.
For m = 2 the corresponding holds provided r > 157, and for m = 1
whenever r > 211, but it is easy to improve these estimates on the basis of
Theorems 4.4, 4.5a. See Sec. 6.5 below.

Let ¢ = 2. If m = 5, the analogous estimate, taking the upper bound
|G| < |Spyo(2)| = 22°-36.52.7-11-17-31, yields that there is v € V such that
C¢(v) is an elementary abelian 2-group provided r > 37. In the orthogonal
case, taking the upper bound |G| < |07,(2)| = 22! -36.52.7.11-17, this
holds for r > 23. For m < 4 we argue a bit more carefully:

m = 4: In Spg(2) there are just ¢ = 346.832.896 elements of order at
most 4 [Atlas, pp. 124, 125]. By Theorem 6.2¢, |Cy (y)| < r'0, 78 79 for
v € B3(G), Bi(G) or Bs(G) for a prime s > 5, respectively. If there is no
vector v € V such that Cg(v) is an elementary abelian 2-group, then in
view of the estimate (5.6d)

2.p16 < 28a(7“10 + 7’6) +28. (ISps(2)| — a)(rg + 7’7).
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Using that [Spg(2)| = 26 -37.5%.7.17 this forces that r < 71.

m = 3: In Spg(2) there are just a = 80.707 elements of order at most
4 [Atlas, p. 47]. By Theorem 6.2¢, |Cy(v)| < 7, r5, r* for v € B3(G),
B35 (G) or B5(G) for a prime s > 5, respectively. From 278 < 26a(r® +13) +
26(|Spg(2)] — a)(2r*) we get 7 < 147. Hence there is v € V such that Cg(v)
is an elementary abelian 2-group provided r > 139.

m = 2: In Sp,(2) = Sg there are just b = 480 elements of 2-power order
or of prime order. Hence at most 480 cosets of Gy mod Z contain noncentral
elements of order 4 or of odd prime order. From 2 - 7% < 2% .480(r? + r?)
we get r < 83.

m = 1: From 2 -r% < |Go/Z|(2r) = 48r we get 7 < 23.

The corresponding bounds for the orthogonal cases are somewhat better.
We emphasize that a more careful computation yields much better estimates
which, however, do not suffice for our purposes.

This makes the following case-by-case analysis necessary. We attempt
to avoid computer calculations, and this is possible in the present situa-
tion. We shall use both (elementary) counting methods and theoretical
arguments.

6.4. Characteristic 2

Theorem 6.4. Let p = 2. Then there is a strongly real vector v € V for
G such that Cq(v) has a regular orbit on V.

Proof. Here G has odd order (by coprimeness) and so is solvable by the
Feit—-Thompson theorem. By virtue of Theorem 6.3b we can assume that
g = 3 and that m < 3 (and dim pV = 3™).

Of course, F is a field of order r where r is a 2-power and r — 1 is
divisible by 3. By Theorem 4.3c there is a subgroup S 2 Sp,,,(3) which
is a complement to F in X. Let H be the subgroup of S mapping onto
G = GZ/EZ. We know that H is faithful and irreducible on U = EZ/Z,
whence O3(H) = 1. Also, H has odd order. For m = 1 this forces that
H = 1. Hence it remains to examine the cases m = 2,3. By Theorem 4.5a
Resa (x) = € is a Weil character of S and & = & + & = 2&, + 15 on 2'-
elements of S, where the &; are irreducible characters of S. Thus there is v
in V¥ such that Cs(v) D H (by coprimeness). We have Np(Fv) # E as E is
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irreducible on V. Moreover, Ng(Fv) is H-invariant and so Ng(Fv) = Z(E)
as H is irreducible on U. It follows that

Hence Cgz(v) = Cyg(v) = H by Lemma 5.1b, and v is strongly real for
G provided ¢ takes only real values on H. Recall from Theorem 4.5a that
£ takes rational values on the 3'-elements of H.

Let m = 2. Then ¢ = ya+X21 (resp. € = x3+X22) in the Atlas notation
[Atlas, p. 26]. Checking the list of (irreducible) maximal subgroups of
Sp4(3) we see that H must be in a group of the form 2.(2% : Aj5) or of
the form 2.Sg. In both cases necessarily |H| = 5 and {(x) = —1 for each
generator = of H (belonging to the conjugacy class 5A4).

Let m = 3. The irreducible odd order group H can only be contained in
(almost maximal) subgroups of Spg(3) of the following types: 2.45, Sp,(13),
SL3(3), Us(3).2, Spy(3)wrS3 and Sp,(27) : 3 [Atlas, p. 113]. Considering
the maximal (and second maximal) subgroups of these groups we get that
either H is cyclic of order 7 or is a Frobenius group of order 21. Note
that H cannot be of order 13 or of type 13 : 3, because 7 is the unique
Zsigmondy prime divisor of 3¢ — 1 which divides 3% + 1 = 28, the order of a
Singer cycle in Spg(3). This implies that H is contained in groups of types
Sp5(13) or PGL4(7) (embedded in Us(3).2), which are real groups, or in a
group of type Sp,(27) : 3 (but not in Spy(27) unless |H| = 7). Also, H is
uniquely determined in Spg(3) up to conjugacy. By the character table of
Spe(3) the elements h € H of order 7 have {(h) = —1 and dim pCy (h) = 3.

We may assume without loss that H is Frobenius of type 7 : 3. We
have to show that £ takes only real values on the elements of order 3, and
that there is a regular H-orbit on V. Inspection of the character tables
of Sp,y(13), Us(3).2 = G5(2) and Spy(27) : 3 yields that we must have
&(y) = 0,3 or —9 for each element y € H of order 3, as desired. Since
the fixed spaces of h or y on V have dimension at most 11, and since
21 - 't < 727 for r > 4, there is a regular H-orbit on V. O

Remark. Theorem 6.4 solves the k(GV') problem in characteristic 2, in
view of our previous results. The Robinson—Thompson Theorem 5.2b tells
us that it suffices to find a (strongly) real vector in V for G. Arguing by
induction on dim V' by Theorem 5.4 we are led to the situation that (G, V)
is a reduced pair, and then Theorem 6.4 applies. A different approach (for
groups G of odd order) has been given in [Gluck, 1984].
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6.5. Extraspecial 3-Groups

Theorem 6.5. Suppose p and q are odd. Then there exists a strongly
real vector v € V' such that Cg(v) has a regular orbit on V, except when
(G,V) is isomorphic to one of the three nonreal reduced pairs of type (33)
forr=p=7,13.

Proof. By Theorem 6.3b we may assume that ¢ = 3 and m < 3. Thus
p > 5and 3| r— 1, whence r > 7. By Theorem 4.3c, X = F : S is
a semidirect product of E 2 372" with S = Sp,_ (3), the complements
being conjugate unless m = 1 (in which case S - Z(F)/Z(FE) is determined
up to conjugacy in X/Z(FE)). Also, each element of S - Z(F) is good for
U = E/Z(E). Recall also that Ress (x) = ¢ is a Weil character of S
(Theorem 4.5a). Let j be the central involution of S, which inverts the
elements of U.

Let m = 1. Then Gy is a p’-group. Without loss of generality let
G = Gy. The character table of S = Sp,(3) can be found in [I, p. 288].
Using the notation used there & = yo + X7 (resp. & = x3 + xg)- We apply
the counting techniques described in Sec. 5.6. There is one conjugacy class
of elements x in S of order 4 with |S : Cs(z)| = 2-3. We have &(z) =1
and hence xy = [1,i,—i] if 4 | » — 1 and zy = [1] otherwise, and |U :
Cy(z)| = 3% There are two conjugacy classes of elements of order 3 in S,
represented by y and ! where £(y) = iv/3 say. So yy = [2(?), 1] for some
primitive 3rd root of unity z, and |E : Cg(y)| = 3 (and |S : Cs(y)| = 4).
By Theorem 4.4, E permutes the good cosets of Z(F) in Ey transitively by
conjugation, and so there are just 32 — 3 = 6 cosets of Z(F) in Ey which
are not good for U. Also, x vanishes on the elements of order 3 in these bad
cosets (so that each eigenvalue has multiplicity 1). Similar statement for
the noncentral elements of E (of order 3). Since there are four subgroups
of order 3 in U = E/Z(E), we get

S ICv() <3-323r) +4-3(r7 + 1)+ (4- 6+ 4)(3n).
YEB*(G)
This is less than |V| = r3 provided r > 20. For r = 19 we may replace the
first summand on the right by Zweﬁz(G) ICy(7)] < 3-3% (as 4119 — 1).
This gives the result for r = 19. The remaining cases are r = 13 and r = 7,
which lead to the nonreal reduced pairs of type (33).

Let m = 2. Now S 2 Sp,(3) has order 27 - 3% . 5. For p # 5 we
may assume that G = Gp, and otherwise G is an irreducible (solvable)
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5'-subgroup of Sp,(3). We have £ = x2 + x21 (resp. € = x3 + X22) in the
Atlas notation [Atlas, p. 27].

The usual counting method yields that 3> 5. g [Cv(Y)] < [V] =7r?
for r > 10, but not for r = 7. An even more precise estimate gives this
inequality also for r = 7, but this requires the computer [GAP]. So we only
sketch the estimate, and then proceed by giving the (theoretical) argument
proposed in [Gluck—Magaard, 2002a] for m = 2 and m = 3.

There three conjugacy classes 2By and 4Ag,4A4; of elements of order
4 in S 2 Sp,(3) lead, on the basis of (4.4), to the estimate

D> ICv()] <34 135(r% + 3r%) + 32 270(3r%) + 34 - 270(2r° + 12 + 7).
v€B; (G)

Similarly we obtain }: 5 ) [Cv ()] < 1.296 - 34(4r? + r). There are
four conjugacy classes 349By and 3Cy, 3Dy of elements of order 3 in S,
and there are 40 subgroups of order 3 in U. This yields the upper bound
> veps(a) [Cv(V) <3 40(r8 +73) +32-120(2r* +7) + 3% - 240(r® + 2r%) +
(40 4 40(3* — 3) + 120(3* — 32) + 240(3* — 3?))(3r®). Now sum up.

In what follows let either m = 2 or m = 3. Let P be the stabilizer in
S of a maximal totally isotropic subspace W of U. Thus P = R : L is a
maximal parabolic subgroup of S where W is the standard module for L =
GL,,(3) and where the unipotent radical R = Sym?*(W) is an irreducible L-
module and L'-module (Appendix B and Appendix AT). AlsoU = WaoW*
where the dual L-module W* is not isomorphic to W by Lemma 4.1c. For
m = 3 we know that W and W* are not even isomorphic as modules for
L’ 2 SL3(3) 2 PSL3(3) (L = L' x (j)). For m = 2 the modules W = (ey, e2)
and W* = (e}, e3) are isomorphic L’-modules, but the unique further (L-
conjugate) irreducible L’-submodules (e; +¢e5, e —ef) and (ea +e7,e5—e1)
of U are nondegenerate. In terms of this hyperbolic basis, let 7 € S be the
linear (symplectic) map on U sending e; to e} and e to —e; (as in Theorem
4.5b). Then 72 = j and, at any rate, Ng(L') = Ns(L) = (L, ). Of course
7 interchanges W and W*. Each element of L is conjugate to its inverse
within Ng(L). Hence x = ¢ is real-valued on L.

In view of (A2) HY(L,W) = 0 = HY(L,W*) (as j € L). Identifying
W* = Hom(W, Z(E)), and W = (W*)*, therefore by (A7) there exist L-
invariant elementary abelian subgroups A, A* of E mapping isomorphically
onto W, W*, respectively. Both Cy (A) and Cy (A*) are 1-dimensional, and
distinct. Let V = Cy (A) @ Cy (A*). Since both direct summands of V are
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L-invariant, L' acts trivially on V. Also, 7 interchanges A = [A x Z(E), L]
and A* = [A* x Z(E), L], hence also Cy(A) and Cy (A*). Thereisv € V
outside Cy (A4) and Cy (A*) which is not an eigenvector of 7 (as r > 7).

Let H = Cg,(v). We assert that H N ZE = 1. Otherwise, since
Cz(v) =1, HNZE is a nontrivial L'-invariant elementary abelian subgroup
of ZE whose image in U = ZFE/Z is nonzero and totally singular and so
must be W or W*. Since H contains [H N ZE, L], which is A or A*, it
follows that A or A* centralize v. This contradicts the choice of v. Hence
the assertion.

We know that Ng, (L") = Ng(L) = (L,7) x Z. Assume H C Ng,(L).
Using that H N ZE =1 and that (L,7)/L’ is elementary abelian (of order
4) then even H C L x (—1). In this case v is a strongly real vector for G.
Also, Ca(v) = HNG has a regular orbit on V. This is immediate for m = 2
(as r > 7). For m = 3 and p # 13 the group L = GL3(3) is a p’-group
(p > 5) and so has a regular orbit on each faithful irreducible L-submodule
of V' (which exists) by Theorem 7.2a below (see also the remark after this
theorem). When p = 13 use a simple counting argument, noting that every
involution in L’ has r'° fixed points on V, and that every element of order
3 at most r'? (character table), and that dim pCy (j) = 14.

So the proof is accomplished if we can show that H C Ng, (L) or, at
least, that v can be chosen in Vj such that this holds for its stabilizer. At
any rate we have H' C S. To see this use that 72 = j. We have j € L/,
even j € L"” = Qg when m = 2, whereas j ¢ L' for m = 3 (in which case
L =L x{(j)). Since T interchanges Cy (A) and Cy (A*), we get that j acts
on Vp as 1 or —1. Hence j normalizes Fv and so [H,j] C H. But j maps
onto the central involution in Go/ZE = Sp,,,(3) and so [H,j] C HNZE =
1. It follows that indeed H' C Cg,(j) = (SZ) =5 = S.

Recall that L' C H (but 7 € H). Since Hy = H'L’ centralizes v and
& does not contain the 1-character, Hy is a proper subgroup of S. Suppose
that Hp normalizes W. Then A = Hom(W, Z(E)) is an irreducible Hy-
module which agrees with W* = W7 on L'. We have H!(L’, A) = 0, either
by (A2) since j € L' (m = 2), or by (A9), (A7) since A = W™ (m = 3).
We claim that Hy normalizes A. For m = 2 we know that j € Hy and so
Exty,(W,Z(E)) =0 by (A2) and (A7). For m = 3 we have either Hy C L
or Hy is a subgroup of P containing the (irreducible) unipotent radical
R = O3(P). In the latter case A and R are nonisomorphic irreducible Hy-
modules. Application of the exact inflation—restriction sequence (Appendix
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A2) yields that H'(Hy/R, A) = H'(Hy, A). In fact, the sequence
0 — H'(Hy/R,A) — H'(Hp, A) — Homp, (R,A) = 0

is exact. Now Hp/R = L or L’ and A & W* as L-module. We conclude
that Extg, (W, Z(E)) = H*(Hy, A) = 0, as before. It follows that there is
an Hy-invariant subgroup of F mapping isomorphically onto W, and this
must be A = [A x Z(E), L'], as claimed. Hence Hy normalizes Cy (A) and
H{ centralizes Vy = Cy (A) ® Fv, whence Cy (A*). Clearly Ng(Cy (A*)) D
A*Z(F), and we must have equality since |E : Ng(Cy (4*))| > dimpV =
|E : A*Z(E)| and E is irreducible on V. Therefore H{, normalizes W*
likewise, which implies that Hj C L. We conclude that Hy C Ng(L) =
Ng(L') and H C Ng,(L'), which gives the result. A similar argument
works when H' normalizes W*.

Let m = 3. Then Ng(L) = L(r) is a maximal subgroup of S = Spg(3)
[Atlas, p. 113]. From 7 ¢ H we get that H' O L’ is contained in a maximal
parabolic subgroup stabilizing either W or W*. We are done in this case.

Thus it remains to consider the case m = 2 (and r = 7). We inspect
the overgroups of L' in S which do not normalize L' [Atlas, p. 26]. Let
y be an element in L’ of order 3. Since £(y) is real and y centralizes Vj,
y belongs to the class 3Dy of S (see above). It follows that L’/(j) cannot
be in a maximal subgroup of type 2* : A5 of S/(j) = PSp,(3), because
each element of order 3 in Ay centralizes a Vj-subgroup in the shortened
permutation module 2* over Fy, whereas |Cs(y)| = 2 - 54. Also, L’ cannot
map into a maximal subgroup of PSp,(3) of type 3172 : Sp,(3) as j € L. So
L’ must be contained in maximal subgroups X 2 Sp,(3)wrZs or Y = 2.54
of S.

X permutes the two nondegenerate irreducible L’-submodules of U, so
is the unique overgroup of L’ of this kind. Further, L’ must be diagonally
embedded in the base group B = L; x Ly of X (L' = L; = Sp,(3)). We
claim that Hy 2 Oo(X) & Qs x Qs. Otherwise Hy N O2(L;) C Z(L;) for
each i, because L' acts irreducibly on O2(L;)/Z(L;). A Sylow 3-subgroup of
Hy acts on O2(Hp)NB C O2(L')Z(X) = Qg X Zs, inducing at most an auto-
morphism group of order 3. We conclude that |Hy|s = 3, because otherwise
there is an element of order 3 in Hy ~\ L’ centralizing L' = (y, O2(L")). We
infer that L’ has index 2 or 1 in HyN B, which is impossible by assumption.
Now

Res () = & ® &
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where ; is an (appropriate) Weil characters of L; (corresponding to a cen-

o 31++2; cf. Lemma 7.7b for more details).

tral decomposition E = 3?2
Since each &; is the sum of two irreducible Weil characters of degree 1 and
2, which remain irreducible on Os(L;), we obtain that Os(B) = O2(X)

fixes exactly one point in P;(V'), hence at most one point in P; (V).

Suppose L' C Y. Then Y is the unique 2.Sg subgroup of S contain-
ing L’. This may be seen by using that PSp,(3) = 25(3) and noting that
Y/(j) = Oy (3) is the stabilizer of a minus point in the orthogonal space
[Atlas]. Also, since L' embeds into X, its central quotient group centralizes
a 1-dimensional plus type subspace [Atlas]. If L’ were contained in two
different 2.5 subgroups of S, the fixed space of L'/{j) = A4 on the orthog-
onal space is (at least) 3-dimensional and so A4 has a faithful irreducible
module over F3 of dimension 5 — 3 = 2, which is not true. Now any two
Ay subgroups of Ag are conjugate under Aut(Ag), and each A4 subgroup
is contained in exactly two A subgroups of Ag [Atlas, p. 4]. We conclude
that L’ is contained in exactly two 2.S5 subgroups of Y, each of which can
fix at most one point in Py(V). Each solvable subgroup of Y above L’
normalizes L.

Consequently, if we remove from P;(V), besides Cy (A), Cy(A*) and
the eigenspaces of 7, eventually further 3 = 1+ 2 points ([P, (V)| =r+1 >
8), there remains a 1-dimensional subspace Fv for which Cg, (v) € Lx(—1).
This completes the proof. ([

6.6. Extraspecial 2-Groups of Small Order

Proposition 6.6a. Let E = 21502. There exists v € V such that Cg(v)
is an elementary abelian 2-group unless (G, V) is isomorphic to one of the
four nonreal reduced pairs of type (Qs) for p=r =5,7,13.

Proof. We cannot have F = 23:'2, because then X either is dihedral
(r =7 (mod 8)) or semidihedral (r = 3 (mod 8)) of order 16 and cannot be
irreducible on U = E/Z(E). So E 2 Qg or E >~ Qg o Z (in case 4 | r — 1).
In both cases |Go| = 24(r — 1) and G¢/Z = S,. Since G is an irreducible
p/-subgroup of G = S3, we have p # 3, and we may take G = Gy.

There are at most six noncentral cyclic subgroups v in G of order 4
(and at most three if 4 1 r — 1), each having a fixed space on V' of dimension
at most 1, because dim pCy (7) < 1(2+3-1) < 3 by Theorem 6.2c. There
are at most eight noncentral subgroups of order 3 in G (and at most four
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such subgroups if 3 1 r — 1), each having a fixed point space of dimension
at most 1 by Theorem 6.2¢ (with s = 3, ¢ = 2). Hence

S oCv()| < lr <=V
v€6*(G)

provided r > 14. For r = 11 the sum on the left is at most 7r. (For r =11
we know from Sec. 3.2 that G = G = GLy(3) x Z5 is transitive on V¥ and
that |Cg(v)| = 2 for each non-zero vector v.) For r = 5,7,13 we get the
nonreal reduced pairs of type (Qg) described in Sec. 6.1. O

Proposition 6.6b. Let F & 21;61. There exists v € V' such that Cg(v) has
a regular orbit on V', and this vector v is strongly real for G unless (G, V)
is isomorphic to one of the three nonreal reduced pairs of type (2°).

Proof. We treat the three types for E separately.

(i) Let E = 21++4. Then G is an irreducible p’-subgroup of Gy =
Of (2) = S3wr Sy = 32 : Dg. Therefore we have p # 3, and we may assume
that G = Gy. Further r — 1 is not divisible by 4 and so r > 7. For r = 7 by
[GAP] computation (or directly) one finds v € V' such that Cg(v) & Do,
which is a real group and has a regular orbit on V. So let r > 7 (hence
r>11).

Let S be a Sylow 3-subgroup of X (mapping onto O3(X)) and let
Y = Nx(S). By the Frattini argument YE = X. Hence Y is irreducible
on U = E/Z(E) and so Y N E = Z(E). There are two Y-orbits on S¥ of
sizes 4. Let g1, g2 in S represent these orbits, and choose notation such that
|Cu(g1)] = 1 and |Cy(g2)| = 22. In fact, g1 permutes the 6 nonsingular
vectors in U in two orbits of size 3 and g2 fixes 3 of them. (Consider a
central decomposition F = Qg o Qg.) From Theorem 4.4 it follows that
x(g1) = £1 and x(g2) = +2. Computation of dim pCv (g;) = 5 (4+2x(g:))
shows that x(g1) = 1 and x(g2) = —2. We have (g1)y = [1?, 21, 23] and
(g2)v = [zf)7 252)], provided 3 | r — 1, z1 # 29 being the primitive 3rd roots
of unity. For each noncentral involution z in E we have zy = [1(2), —1()],
There are 9 = 15 — 6 singular points in U, hence 2 -9 noncentral involutions
in E. We have

1874+ > [Cy(g)| <187 +2-2°(r? 4 2r) +2- 32(2%) <t = |V]
Y€EB3(G)

since 7 > 11. Hence there is a vector v € V such that H = Cg(v) is a 2-
group satisfying HNZE = 1. It follows that H is isomorphic to a subgroup
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of a dihedral group Dg. Hence y takes only rational values on H, because
exp (H) |4 and 41r — 1. It is obvious that H has a regular orbit on V.

(ii) Let E = 2'™. By (A9) there is a subgroup T of X such that
T-Z(E)=X and TNE = Z(E), and this is determined up to conjugacy.
(Here U = E/Z(E) is the projective Steinberg module for X’ = Q; (2).)
Assume 7" = As. Then inspection of the character table, on the basis
of Theorem 4.4, shows that Res3,(x) = x1 + X2 or x1 + X3 or x4 in the
Atlas notation [Atlas, p. 2]. However, in these cases the character x takes
the value 1 on the conjugacy class 3A of elements of order 3 in A5 and
so these elements have trivial fixed space on U by Theorem 4.4. But the
elements of order 3 in O, (2) stabilize singular or nonsingular points in U.
Consequently T' =2 2.S55 and

Resy (x) = X6 + X7

where xg, X7 are algebraically conjugate but fuse to a rational-valued char-
acter of T. (The characters xs of degree 4 are ruled out by their values
xs(649) = £v/—3.) Let y represent the unique conjugacy class of ele-
ments in T of order 3. Then |T : Cr(y)| = 2- 10 and x(y) = —2. Hence
dim pCv (y) = 3(4 — 2 —2) = 0 and, when 3 | 7 — 1, then yy = [z%Q),zf)]
where 21 # 2o are the primitive 3rd roots of unity. In view of Theorem 4.4,
y is good for U and |E : Cg(y)| = 22. It follows that 2oepsa) ICv (V)] <
22.10(2r?) =80r? if 3 | r — 1, and U, eps(c) Cv(7) = 0 otherwise. There
are two conjugacy classes 5A4¢By in T of elements of order 5, represented
by g,97! say. Then |T : Cr(g)] = 6 and x(9) = —1. It follows that
|E : Cr(g)] = 2%, by (4.4), and that Cy(g) = 0. Hence each noniden-
tity eigenvalue of g on V occurs with multiplicity 1 (if 5 | » — 1). Thus
2 vesse) [Cv (V) < 2% . 6(4r) = 384r. There are five singular points in U,
hence 5 - 2 noncentral involutions in ZF, each having a 2-dimensional fixed
space on V. Letting B(G) be the union of 85(G), B5(G) and the subgroups
generated by these involutions, we therefore have the estimate
> ICv()] < 90r% + 384r.

~

Y€B(G)
This is less than |[V| = 7% if » > 11. For r = 11 the right hand side may
be replaced by 10r? + 384r. Hence there is v € V outside UWEE(G) Cv ()
when r > 11. Then H = Cg,(v) is a 2-group and H N ZE = 1. So H is
isomorphic to a Sylow 2-subgroup of S5, which is dihedral of order 8. As
in (i) v is strongly real for G, and Cg(v) has a regular orbit on V.
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It remains to examine the cases r = 3 and r = 7. In the former case
G is a 3'-group and so G maps into O, (4) = 5 : 4, but O5(G) # 1 as it
is irreducible. If GV is not the largest Bucht group, C(v) has order 1,2
or 4 for each v € V¥ Then v is strongly real for G by Lemma 4.1c. Let
r = 7. There is a subgroup S 2 SLy(3) of T, containing the element y say.
Then x splits up on SAz, Z3 the 1-character. If G O X’ x Z3, we obtain a
vector v € V¥ such that Cg(v) = SLy(3), and v is not real for G. In this
case there is only one further orbit on V*, with point stabilizer Z3 or Zg
(depending on whether G = X’ x Z5 or X x Z3), and Lemma 4.1c applies.
Exclude now these two nonreal reduced pairs of type (2°) just described.
Then either G C X, or G must map again into O, (4). The above estimate
applies ignoring the elements of order 3 and 5.

(iif) Let F = 25%* (so that 4 | » — 1). By (A9) and the character
table of Gy 2 Sp,(2) = Sg there is a subgroup T = 2.Ag of X such that
Z(T) =TnNZ,and Resy (x) = xg or Yo in the Atlas notation [Atlas, p. 5].

Consider first the case p = 3. Then G is an irreducible 3/-subgroup of
Go. Inspection of the maximal and second maximal subgroups of Sg [Atlas,
pp. 4, 2] shows that G is isomorphic to a subgroup of 05 (4).2 = 5 : 4.
Without loss of generality we may assume that G' = O; (4).2, in which case
the elements of order 2 (and 5) in G belong to O (4) C Ag. Let © € T be
an element of order 5 whose coset generates O5(G). Then x(r) = —1 and
Cy(z) = 0 [Atlas] and |E : Cg(z)| = 2% by Theorem 4.4. It follows that
Y ovessa) [Cv (V)| < 24(4r) (assuming the worse case 5 | 7 — 1). Let 84(G)
be the set of cyclic subgroups of G of order 4 or 2 mapping onto the five
subgroups of order 2 in G. Let 7 be an involution in G. Then U = E/Z(E)
is the regular Fy(g)-module. There is yo € T mapping onto g, and this
yo has order 4 and satisfies y2 € Z(E) and x(yo) = 0 [Atlas]. Thus yq is
bad for U, Cy (yo) = 0 and (yo)v = [i®, —i®]. Let (y) € B4(G) be such
that y maps onto §. If Z(E)y = Z(E)yo, then this coset describes one of
the |Cy ()] = 4 complements to U in (U, Z(E)yo), which are all conjugate
to (Z(E)yo). So assume that Z(E)y # Z(FE)yo. Then y cannot be an
involution and Z(FE)y has order 4. If y is bad for U, then 32 is an involution
in EX.Z(E) and so x(y) = x(y?) = 0 and yy = [i, —i, 1, —1]. If y represents
one of the four good cosets, then |x(y)|?> = 4 and yy = [£i®,1,-1] or
[+1®) i, —i]. Hence

Z |Cv(7)] < 5(4(27"2) + %8(47") + %4(7"2 + 27")).
YEB4(G)
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It follows that Zveﬁs)(G)U@(G) |Cyv ()| < 50r? + 164r, which is less than

r* = |V|since r > 9 (as p =3 and 4 | r — 1). Hence there is v € V such
that Cg(v) = Cpz(v) is an elementary abelian 2-group.

Let next p = 5. Then G is an irreducible 5'-subgroup of Sp,(2) = S,
and we may assume that G' =2 O} (2) = 32 : Dg [Atlas]. For r = 5 we find,
using a random search, v € V such that H = Cg(v) is a Sy group. Then
the nontrivial H-submodule W of V is the deleted permutation module or
its tensor product with the sign character, and H has a regular orbit on
W. So let r > 25. We may argue as for (i), but using the character table
(for T'). We find v € V such that C¢(v) maps isomorphically into a Sylow
2-subgroup of G. Using that the elements in G of order 4 belong to Ag and
that x vanishes on the elements of order 4 in T" = 2.Ag we see that v is
strongly real for G. Also, C(v) has a regular orbit on V.

Let finally p > 5 (r > 13), and let G = Gy. Write E = Ey o Z, with
Ey = 24" Let Xo = Ng(Ep). Then Xy = Xo/ZE = 0 (2). As in the
second paragraph of the proof for (i) let S be a Sylow 3-subgroup of X,
which maps isomorphically onto S = O3(Xp), and let Y = Nx,(S). Then
Y.-ZE =Xoand YNZE = Z. Let P be the stabilizer in X, of a maximal
totally singular subspace Wy of Uy = Eo/Z(Ep). Thus P = A*(W;) : L
where W, is the standard module for L =2 GL(W;) & S3 (Appendix B). Also
Uy = W1 ®Wo = W1 ®W3 where the W; are all the distinct, but isomorphic,
irreducible L-submodules of Uy 2 U (noting that |Homp (Uy /W1, Wa)| = 2).
Since H™(L, W;) = 0 for all n > 1, in view of (A2), there exist a subgroup L
of Xo = Ngr(v)(Eop) mapping onto L and L-invariant elementary abelian
subgroups A; of E mapping onto the W;. By Appendix (C1l) we may
choose L such that L = GL(A4;) & S3. The fixed spaces Cy(A;) are 1-
dimensional, pairwise distinct, and centralized by L’. Since an involution ¢
in L acts as £1 on these spaces, we may replace t by tz for the generator
z of Z(FEy), if necessary (and L correspondingly), so that L centralizes at
least two of these fixed spaces, say Cy (A1) and Cy(Az). We may choose
v € Cy (A1) ® Cy(Az) outside all Cy (4;).

We claim that Nzg(Fv) = Z. For otherwise Nzg(Fv)/Z would be an
irreducible L-submodule of U = U, and hence one of the W;. It follows
that LA; C Ng, (Fv) and that A; centralizes v, because L centralizes v and
[A;, L] = A;. Hence the claim. In particular Czg(v) = 1. Let H = Cg(v),
and let H be its isomorphic image in G.

From the character table we infer that H # G. If H = Ag, S5 or As,
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then H is a real group, and H has a regular orbit on V' by Theorem 7.2a
below. H is a real group in the cases where H is contained in a maximal
subgroup of Sg of type Sy X Z5 or in a solvable subgroup of S5 (as H D L),
and then H has a regular orbit on V' (as r > 13). It remains to investigate
the case where H is contained in a maximal subgroup of type Of (2) = X,
of Sg. Then H C X, since Xy is the unique 3-Sylow normalizer in Gy
containing L. We assert that H C L x Zy, which will complete the proof.

Otherwise O3(H) = O3(Xy) and O3(H) = S. Changing notation, if
necessary, we may let S = O3(H). Then H CY = Nx,(S) and Y/ZS =
Dg. Since S centralizes v and is faithful on V', by Proposition 1.6a we have
a proper decomposition

V==Cv(S) e[V, 5]

of FY-modules (p # 3). This is impossible since Y is irreducible on V, as
follows from Theorem 1.8b. For Resy (V) is the sum of four nonisomorphic
1-dimensional F'S-modules corresponding to an Y-orbit on S* when 3 | r—1,
and of two 2-dimensional modules otherwise. ]

Proposition 6.6¢c. Let E = 2176, There exists a strongly real vectorv € V
for G such that Ce(v) has a regular orbit on V.

Proof. Og (2) contains no irreducible 3'-subgroup [Atlas, p. 26]. Hence
p>3andr >7(as4fr—1). For r =7 by computation with [GAP] (or
directly) one finds v € V such that Cg, (v) = Sy, which is a real group and
which obviously has a regular orbit on V' (dim V' = 8). So let » > 11 in
what follows.

Let Y = 3172 : GLy(3) be a maximal subgroup of X 2 Og (2) which
is irreducible. Let S = 312 be a subgroup of X such that S = SE/E =
O3(Y), and let Y = Nx(S). By the Frattini argument Y covers Y and so
is irreducible on U = E/Z(E). Each faithful irreducible representation of
S has degree 3 or 6 depending on whether the underlying field of scalars
contains a primitive 3rd root of unity or not. Since S is faithful on U (and
Z(S) fixed point free), therefore even S is irreducible on U. Note that
Y inverts the elements of Z(S). It follows that Y N E = Z(FE) and that
Cx(Z(S)) =Y'Z(F) hasindex 2 in Y, mapping onto the maximal subgroup
Y’ = GU3(2) of Qg (2). Using that GL2(3) has trivial Schur multiplier we
see that Y'Z(E) = Y’ x Z(E) and that Y is a weak holomorph of S = 312
(as M(Sp,(3)) = 1).
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We show that Y’ is the standard holomorph of S, that is, Y’ splits
over S. In view of (A2) we find a subgroup Lo of Y’ such that LyS =Y’
and LoN S = Z(S). We have to exclude that Lg/Lj is cyclic (of order 9).
In this case Lo, hence Qg (2), had an element of order 18, which is false
[Atlas, p. 27]. Hence there is a subgroup L = Sp,(3) in Y’, and Y’ = LS.

Since S is faithful on V' and Y inverts the elements of Z(S), there
is a faithful irreducible F'Y-submodule Vi of V of dimension 6. In fact
V1 = [V, Z(S)] and the restriction to Cx(Z(S)) =Y’ x Z(E) of V; affords
the sum of two distinct (absolutely) irreducible characters ¢, @ of degree 3,
which are faithful and which are interchanged by Y. Let Vy = Cv(Z(95)),
so that

V=WoeWn

is a decomposition of F'Y-modules (Proposition 1.6a). Since Y is transitive
on (§/8)% (and dim pVy = 2), it follows from Theorem 1.8b that Vy =
Cy(S). We assert that L is faithful and irreducible on V. Assume there is
an element x € L of order 4 which is trivial on V. We have p(z) = 1 = @(x)
as Resf(np) is the sum of two irreducible characters of degrees 1 and 2. It
thus follows that y(z) = 14+1+2 = 4, hence |Cy(z)| = 16 = 42 by Theorem
4.4. Now the image Z of x in Og (2) has order 4 and preserves an Fy-
structure on U, because Z € SU3(2). Since Z is a unipotent transformation
onU = Ffl?’), it must have two Jordan blocks on U of sizes 1 and 2. But this
forces that 2 = 1, a contradiction. Thus 2 does not centralize V. Since
L/Z(L) = A4 has no faithful irreducible F-representation of degree 2, we
see that L is faithful and irreducible on Vj, as asserted.

We infer that L maps injectively into Y/Cy (Vy). Since both Z(E)
and Z(L) act as —1 on Vj, it follows that |Cy(Vp) : S| = 2. Moreover
Cy (Vo) = S as Z(FE) centralizes S but Z (L) inverts the elements of S/Z(S).

At most 8 points in P;(Vp) are fixed by some nonidentity element in
L/Z(L) = A4, because the elements of order 4 in L do not fix any point
(as 417 —1). We conclude that there is v € Vj such that Np(Fv) = Z(L)
(as 7 > 11). Since S C Cy(Vp) is irreducible on U = E/Z(FE) and E
is irreducible on V', we have Ng(Fv) = Z(E). It follows that the index
|Cy (v) : Cy (V)| < 2 and that Cy (v)' = S. Let H = Cx(v). Since H D S
acts irreducibly on U, we have H N E = 1. Thus H maps isomorphically
onto an irreducible subgroup H of X.

By (A9), (A10) Nx(Fv) maps onto a proper (irreducible) subgroup
of X 2 Og4(2) and so its Sylow 3-subgroups have order |S| = 33 or 3%
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In the latter case S C Sy for some Sylow 3-subgroup Sy of Nx(Fv). But
then Sy € Nx(S) =Y, even Sy C Y’ = LS. Since S centralizes Vj, it
follows that Nr(Fv) contains an element of order 3, contradicting the fact
that Np(Fv) = Z(L). Consequently Nx(Fv)/Cx(v) is a (cyclic) 2-group
(of order dividing » — 1). Now |[Nx(Fv) : Cx(v)] =2 as 4t r —1, and
Nx(Fv) = Cx(v) x Z(E). From Lemma 5.1b we infer that Cq,(v) =
Cx(v) = H. We shall prove that H CY and so H/S has order 2 or 4.

Assume H ¢ Y. If H is contained in a conjugate of Y, the Sylow 2-
subgroups of H' are cyclic, because the Sylow 2-subgroups of Y /S = GLy(3)
are semidihedral and S is a Sylow 3-subgroup of H. By a simple transfer
argument H' has a normal 2-complement. But then H C Nx(S) =Y. So
H, being irreducible, is contained in a maximal subgroup Py = 33 : (Syx Z5)
of X = 05 (2) = PSp,(3) [Atlas, p. 26]. Here Sy = PGL3(3) is irreducible
on R = 3%, because P = R : GL3(3) is a maximal parabolic of Sp,(3)
stabilizing an isotropic line W, and R = Sym?*(W). Now S is a Sylow
3-subgroup of H of order 33, which by assumption is not normal in H. We
may assume that |[R N S| = 3% (Sylow). No element of order 3 in Py/R
centralizes RNS = RNH and so |Cz(RNH) : RN H| < 2. Tt follows that
H/Cg(RNH) is a subgroup of GL(3) having no normal Sylow 3-subgroups,
hence containing SLa(3). On the other hand, this is a homomorphic image
of a subgroup of Sy X Z3, which is impossible.

Resy () is rational-valued, because on X the values of x lie in Q(v/2)
or Q(v/=2) by Theorem 4.3e, and the exponent of H is 6 or 12. Hence
it remains to show that H has a regular orbit on V. There are at most
3 - 3% = 81 involutions in H, each having at most 7° fixed points on V. If
y is one of the 2 - 13 elements of order 3 in H, then dim Cy (y) < 4 by
Theorem 6.2c. Asr > 11, 35 55 [Cv (V)] < 81r¢ +13rt < r® = |V|. O

6.7. The Remaining Cases

We often shall use that certain groups cannot appear as subgroups of X,
e.g., by the nonsplitting properties stated in (A9), (A10). Other groups
will be ruled out on the basis of Theorem 4.4 and the character table. For
example, let m = 5 and let X be the holomorph to any of 21;010. Assume
Y = Ag occurs as a subgroup of X. Then there must be a nonnegative
integer combination Resy (x) = Z?:l n;x; of the first six irreducible char-
acters of Ag [Atlas, p. 37] such that >, n;x;(1) = 2% and | >, nixi(y)[> =0

or a 2-power (y € Y). This is impossible.
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Proposition 6.7a. Let F = 2f2m form > 3. There exists a strongly real
vector v € V' for G such that Cg(v) has a regular orbit on V.

Proof. By Theorem 6.3b it suffices to consider the cases m = 3,4,5.
By Theorem 4.5b there is a subgroup L = L,,(2) of X normalizing two
elementary abelian subgroups A, A* of F yielding a decomposition U =
W @ W* into totally singular subspaces. Here A = W is the standard
module of L and A* = W* its dual. Recall also that Resy (y) = 2-114¢ for
some rational-valued irreducible (Weil) character £&. We further know that
Nx (L) = LZ(E)(r) where 7 interchanges A and A* and induces the inverse
transpose automorphism on L (72 € Z(FE)). Now Cy(A) and Cy(A%)
are distinct 1-dimensional subspaces of V, and L = L’ centralizes vV =
Cy(A) @ Cy(A*). Also, T interchanges Cy(A) and Cy (A*) and fixes no

point in P (V) if 72 # 1 (as 4 { r — 1) and two points otherwise. We
choose v € V outside Cy (A4) and Cy (A*) and, if possible, such that v is no
eigenvector of 7. Thus if 7 stabilizes F'v, then r = 3 and 7 is an involution.

Let H = Cg, (v).

Assume HNZFE # 1. Since HNZ =1, HNZFE then is an L-invariant
elementary abelian subgroup of ZF whose image in U = ZE/Z is nonzero
and totally singular and so must be W or W*, because U = W & W* and
W, W* are irreducible and nonisomorphic L-modules (Lemma 4.1¢). Since
H contains [HNEZ, L], which is A or A*, it follows that A or A* centralize
v. This contradicts the choice of v. Hence H O L map injectively onto
subgroups H 2 L of Gy = 03, (2).

Let 7 = 7ZE. Suppose H contains Ng, (L) = (L,7). Then there
is an element 79 € H with 70ZF = 7, and then L = L™ must agree
(within H). Thus 79 and 7 act on L in the same manner. We deduce that
TT(;I € Czr(L) = Z. As 7y centralizes v, T fixes Fv. Thus r = 3 and 7 is
an involution.

By (A9), (A10) H is neither Gy = O3, (2) nor Q3 (2), nor is any sub-
group of odd index in these groups by (A4). If H is contained in a maximal
parabolic P of 3 (2) stabilizing a maximal totally singular subspace of
U, this subspace must be W or W* = W7, by the action of L on U, and
necessarily H = L as the Levi complement L is irreducible on the unipotent
radical R = A%2(W) resp. A2(W*) of P (Appendix B and Appendix A7).

Let m = 3. Then H = L or r = 3 and H = L{r) = PGLy(7), the
further possibilities H = Ay, Sy being ruled out by Theorem 4.4 and the
character tables. The extensions of £ to PGLy(7) take only real values
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[Atlas, p. 3]. Also,

Z ICv ()] < 2178 4+ 287° + 287% < 8 = V|
YEB(H)

for r > 3. For r = 3, HN G is contained in groups of type D1 (not in L)
or 7:2 (not in L). An involution of H in L has r° fixed points on V, an
involution outside r°. Use that 5r® + 475 < r® respectively 7r° + r? < r8.

Let m = 4. We assert that then H = L. We inspect the maximal
subgroups of Og (2) [Atlas, p. 85]. The possibilities H = Ag, Sg are ruled
out by the character tables. H cannot be in a maximal subgroup of Og (2)
of type Spg(2) X Za, the stabilizer of a nonsingular point (as H 2O L). If
H # L, then H must be contained in an (irreducible) Spg(2) group [Atlas,
p. 46], which in turn contains an Sg subgroup. Thus if H # L, then 7 € H,
r = 3 and either H = L(7) & Sg or H = Spg(2). But in this case x restricts
to an Sg subgroup as 2x; + x3 (Atlas notation) where, by Theorem 4.4,
Xx3(2C) = —4 on the involutions 2C' outside Ag. But then x3(104) = +1
and x(104) = 3, contradicting Theorem 4.4. Hence the assertion. The
counting method yields a regular orbit on V for H NG for » > 3 (hence
r > 7). For r = 3 use that H N G is contained in groups of type 2% : 22,
23:7,5:4 or 5:2? [Atlas], and that 26712 < 116,

Let m = 5. Then H =L orr =3 and H = L{7) & L5(2) : 2 by
inspection of the maximal subgroups of Of,(2) [Atlas, p. 146]. Observe
that ¢ extends to real-valued characters of Ls(2) : 2 [Atlas, p. 70]. As
before we get a regular orbit for H N G. O

Proposition 6.7b. Let E = 2(1)+2m for m > 3. There exists a strongly real
vector v € V' for G such that Cq(v) has a regular orbit on V.

Proof. By Theorem 6.3b we only have to examine the cases m = 3,4, 5.
Write E = EyoZ, where Ey 2 212", Let Y = Nx(Ey). ThenY = Y/E =
O;"L

L= L, (2) of Y and L-invariant elementary abelian subgroups A, A* of E,

(2) is a maximal subgroup of X = Sp,, (2). As before pick a subgroup

of order 2. Again Res} () = 2-1 +£ for some rational-valued irreducible
(Weil) character £. We also find 7 € X inducing the inverse transpose
automorphism on L such that Ng,(L) = LZ(7) and 72 € Z(E) (see the
remark to Theorem 4.5b). This 7 interchanges A = [Q1(AZ(FE)), L] and
A* = [ (A*Z(E)), L]. Now L = L’ centralizes V = Cy (A) & Cy (A*), and
7 interchanges the 1-dimensional fixed spaces Cy (A) and Cy (A*). Multiply
7 by a scalar in Z, if necessary, such that its order is as small as possible.
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Let m = 3. Choose w € V outside Cy(A) = and Cy(A*) and, if
possible, such that 7 centralizes w. Let H = Cg,(w). As before one
shows that H N ZE = 1. So by (A10) H O L map injectively onto proper
subgroups H 2O L of Gy = Spg(2). We cannot have H = A;, S; by the
character tables and (4.4). Similarly H is not isomorphic to Qg (2) = As.
It remains to study the situation where H is contained in a maximal G5 (2)
subgroup of Gy [Atlas, p. 46]. We cannot have H = G3(2) by the character
table and (4.4). Suppose H = G3(2)'. Then H = H' C G}, = X’ and [Atlas,
p. 14] Resy(x) = x1 + x4 or x1 + X5, where x4 and x5 are algebraically
conjugate and not real-valued (but fuse in G2(2); Resy(x) = x1 + x3 is
excluded by considering the value on the conjugacy class 6A4). There is a
unique Go(2)" overgroup of L in Gy, namely that normalized by 7 = 7ZE.
(To see this, recall that Ng, (L) = L(7) by Theorem 4.5b, and use that
Spe(2) contains a unique conjugacy class of G2(2)’ subgroups and that each
G2(2)’ group has a unique conjugacy class of (maximal) L3(2) subgroups.)
Hence both H and H™ contain L and map (isomorphically) onto H (7 & H).

Now U is the unique (absolutely) irreducible Fo H-module of dimension
6 (arising naturally from the action of G2(2) on the Fy Cayley algebra
[Atlas, p. 14], [B-Atlas, p. 23]). One knows that H!'(H,U) has order
2 [Sin, 1996]. Using that H = G2(2) is perfect and has trivial Schur
multiplier we see that there are just 2 conjugacy classes of complements
to F in HE. If two such complements, say H and H”, are conjugate
under E, say H” = HY ' (y € E), then LY = {z[z,y]|z € L} C H and
[L,y C HNE =1, that is, y € Z(E) C Z. We conclude that either
H =H",or H# H™ are the unique overgroups of L mapping onto H.

Clearly (H, A) D E as H is irreducible on U = E/Z(FE). Hence H = H'
does not centralize Cy (A). It follows that C(H) = Fw. If 7 fixes Fw,
then by the choices of 7 and of w it centralizes w. But 7 ¢ H = Cg, (w).
We conclude that 7 does not fix Fw, whence H # H™, and these two groups
fix just the two points Fw and Fwr in Py (V). Note that [P (V)| > 6. If we
choose v € V such that Fuv is different from these two points, different from
Cy(A) and Cy (A*), and if possible such that Fv is the eigenspace of 7 on
V to the eigenvalue 1, then Hy = Cg, (v) either is L or 7 is an involution
and Hy = L{T) 2 PGL2(7). This v is strongly real for G, and in the worst
case we get the estimate

> ICv()] < 2100 + 28r° + 280
YEB(Ho)
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This is less than |V| = 7® except when r = 5. But in this exceptional case
Hy, being a 5’-group, has a regular orbit on V' by Theorem 7.2a below.

For m = 4, 5 we choose v € V outside Cy (A) and Cy (A*) such that
Fv is not fixed by 7. Then H = Cg,(v) agrees with L, and L N G has
a regular orbit on V. In the m = 4 case this follows by inspection of the
maximal subgroups of Spg(2) [Atlas, p. 123]. In the m = 5 case we deduce
from Lemma 6.3a (and Table 3.5.C in [Kleidman-Liebeck, 1990]) that the
(isomorphic) image of H in Sp;y(2) must be properly contained in OF;(2)
subgroups, and inspection of the [Atlas, pp. 146, 147] yields H = L. O

Proposition 6.7c. Let E = 217%™ with m > 4. There exists a strongly
real vector v € V for G such that Cg(v) has a regular orbit on V.

Proof. By Theorem 6.3b we only have to consider the cases m = 4,5.
Decompose E = Ey o Ey where Ey = 217" and By & Qg. Let Xy =
Cx(F1) and X7 = Cx(Fp). Then Xy is the standard holomorph of Ey (in
F) and X; that of Fy (in F'). Moreover, the central product Y = Xj o X3
(amalgamating Z(Ep) = Z(F1)) is a maximal subgroup of X. As an Y-
module we may decompose V' = Vo® g V7 where V; is the natural module for
Xp and V; that for X;. Recall that X; = 275, = GLy(3) if r = 3 (mod 8)
and X; =2 275, if r =7 (mod8) (41 r —1). Let xo and x; denote the
obvious characters of Xy and X, respectively, so that Resff (X)) =x0®x1-

Let Ly & Ly—1(2), Ao, Af and Wy, W be defined for X as in Theorem
4.5b. Hence Uy = EgZ/Z = Wy & W where W, is the standard module
for Ly and W is its nonisomorphic dual. Here Vo = Cy, (Ao) ® Cty (AZ) is
a 2-dimensional subspace of V; which is centralized by Lo = L{. Further
Nx,(Lo) = LoZ(Ep)(r0) for some 7y which induces the inverse transpose
automorphism on Lo (78 € Z(Ep)). We know that Resfg (x0) =211, +&o,
where the Weil character & is rational-valued.

For r = 3 pick any v, € Vlﬁ, so that Cx, (v1) = S3, and choose vy € ‘70
outside C\70 (Ap) U C’% (Af), and let v = v9 ® v1. Otherwise r > 7, and we

choose v € V = Vy @p Vi which is not centralized by Ap, A nor by any
element of prime order (2 or 3) in (79) X1 Z. (We have at most 12 subgroups
of order 3 and at most 24212 involutions in (79) X1 Z outside Z, each with
at most r2 fixed points on V, and 38r2 < r* = |V|.) Let L = Lo x Cx, (v1)
for r = 3 and L = Ly otherwise. Of course x takes only rational values on
L. In view of the m = 3, m = 4 cases of the proof for Proposition 6.7a it is
clear that there there is a regular (L N G)-orbit on V.
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Let H = Cg,(v), so that H O L. We assert that H N ZE = 1.
Otherwise H N ZE is an Lg-invariant elementary abelian subgroup of ZFE
mapping onto an Lg-submodule # 0 of

U= Uy LUy = (Wo & W) LU

U is a completely reducible Fs Lo-module, Wy, W being irreducible and U,
centralized by Lg, each point in U; being nonsingular. Hence the image of
HNZE must be W or W*. But this implies that one of A or A* centralizes
v, in contrast to the choice of v. Therefore H O L map isomorphically onto
(proper) subgroups H 2 L of Gy = O, (2).

The element 7o = 0 ZE of Xy = O;(m_l)(Q) is not in H when r > 3.
For otherwise H contains an element 7 with 7ZFE = Ty, both L = Ly and
L™ being subgroups of H mapping onto L = L™. Thus Ly = L, and both
70, T induce the inverse transpose automorphism on Lg. We conclude that
T- 7'0_1 € Cyzp(Lo) = ZE; and so 7 = 1ox12 € H for some x; € F; and
z € Z, against our construction.

Let m = 4. Inspection of the maximal subgroups of Gy = Og (2) [Atlas,
p. 89] shows that H must be contained in subgroups of the following types:

(i) A Go-conjugate of Y = Y Z/ZE, isomorphic to Of (2) x 05 (2) =
Sg X 83.

(ii) A maximal parabolic stabilizing a maximal totally singular sub-
space of U.

(iii) The stabilizer Spg(2) X Z3 of some nonsingular point in U.

Here we already ruled out the possibility that H is contained in an irre-
ducible PGLy(7) subgroup of Og (2). In this case L = PSLy(7) would be
normal in H =2 PGL(7) and act on U with irreducible constituents of
equal dimensions (Theorem 1.8). In (i) we have H C Y by the action of
L on U and, as in the proof for Proposition 6.7a, we get H = L or r = 3
and H = PGLy(7) x S3. In (ii) the parabolic P is the stabilizer of Wy or
W§ = Wg“, and PO L=L™. So P=R: L, where the unipotent radical
R is a central extension of Wy ® Uy by A?(Wy) if P = Ng, (W) (Appendix
B2). H cannot contain A%(Wj) (resp. A2(W{)) for otherwise H contains
an overgroup of Ly mapping isomorphically onto a maximal parabolic of
Q4 (2), contradicting (A10). Using that Lo is irreducible on A%(Wj) (resp.
A?(Wg)) we get H = L. In (iii) the nonsingular point must be in Uy, hence
r > 3. Here H is contained in an Spg(2) group by the choice of v, because
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the direct factor Z is such that it preserves U; and centralizes Uy = UlL.
We cannot have H = Spy(2) or Og (2), Q¢ (2) by (A10). By inspection of
the maximal subgroups of Spg(2) and G2(2) [Atlas, pp. 46, 14], and using
that 7y ¢ H, we obtain that either H = L or H = G5(2)". In the latter
case H C X and

Resyy (x) = 2x1 + X4 + X5

in the notation of the Atlas (p. 14), where x4 and x5 are algebraically
conjugate and fuse in G2(2) to a rational-valued character. Also HNG has
a regular orbit on V in this case, because

ST 10y ()] < 63012 + 3361 + (28 + 288)r* < 116 = [V,
YEB(H)

Let m = 5. Consider the maximal subgroups of G = O7,(2) [Atlas,
p. 147]. Recall that Ag does not occur as a subgroup of Gy. Furthermore,
O (2) x 07 (2) and Og (2) x OF (2) cannot be overgroups of H (by their
action on U), nor Mo : 2 (missing in the [Atlas]) and GUs(2) : 2 (as they
do not have L4(2) subgroups). It remains to consider cases (i), (i), (iii)
defined as in the m = 4 case. This leads to H = L or r = 3 and H is of type
Ss x S5 or Spg(2) x S3, which are ruled out as in the m = 4 case of the proof
for Proposition 6.7a. In (iii) H is contained in a stabilizer Spg(2) x Za of
a nonsingular point, necessarily in U, which implies that r > 3. It follows
that either H = L = Lo or H 2 Sp,(6) maps onto on irreducible subgroup

H of Of (2) [Atlas]. However, then H contains Lo(7y) = Sg, which has also
been ruled out. g

This completes the proof for Theorem 6.1.

At this stage the k(GV) conjecture is settled for solvable groups G and
modules V in characteristic p # 3,5,7,13 (by virtue of Theorems 5.2b and
5.4). Moreover, if G is a (solvable) group with a normal 2-complement, the
conjecture holds. For the property of having a normal 2-complement is pre-
served when passing to subgroups, quotient groups and central extensions,
so that Theorem 5.4 applies.

In particular, the k(GV') conjecture holds for supersolvable groups

[Knorr, 1984], which have a normal 2-complement, and for groups of odd
order [Gluck, 1984].



Chapter 7

Reduced Pairs of Quasisimple Type

The main task of this chapter will be to determine the reduced pairs (G, V)
of quasisimple type where there is no regular G-orbit on V. The classifi-
cation of these pairs has been achieved by the efforts of [Liebeck, 1996],
[Goodwin, 2000], [Riese, 2001] and [K&hler and Pahlings, 2001]. From this
it is easy to classify the nonreal reduced pairs of quasisimple type.

7.1. Nonreal Reduced Pairs

Throughout (G, V) will be a reduced pair over F = F, with quasisimple
core, E. By coprimeness, and by the Feit-Thompson theorem, r is a power
of some odd prime p. Embed E and G into GL(V) and let Go = Ngr,(v)(E).
Again we distinguish these pairs by their cores. It turns out that, in this
sense, there are just 3 types of nonreal reduced pairs with quasisimple cores.
Here all characters involved are Weil characters and, up to three exceptions
in type (Sp4(3)), the pairs are large.

Type (2.A5) : Let r = p be one of the primes 11, 19, 29 or 59. We
have seen in Sec. 3.2 that then GLsy(p) contains a subgroup E 2 2. A5 such
that Go = Ngr,(p)(E) acts transitively on the nonzero vectors in V' = ]FI(JQ).
Here G = Gy = E o Z,_1 is a p-group, E is absolutely irreducible on V/,
and the centralizer in G of a nonzero vector is cyclic of order 5, 3, 2 or 1,
respectively. We conclude, in view of Lemma 4.1c, that (G, V) is a nonreal
reduced pair for » = 11 and for r = 19.

The Brauer character of E afforded by V is one of the two faithful
irreducible Weil characters (of degree 2) of SLa(5), which are algebraically
conjugate and fuse in 2.A45.2. There are other primes p > 11 where GLa(p)
contains a copy E of 2.45 = SLo(5), because this only requires that 5 is
a square mod p. We get a further nonreal reduced pair (G,V) for p =
31, where G = 2.A5 x Z15 has two orbits on nonzero vectors with point
stabilizers of order 3 and 5.

Type (2.Ag) : The group F = 2.Ag has two faithful irreducible characters,
Xxs and xg, of degree 4 [Atlas, p. 5]. These are Weil characters for F =

110
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Sp,(9), and they fuse in 2.A44.25. There is a nonreal extension of yg to
27 Sg (not given in the Atlas), and a nonreal extension of xg to the isoclinic
variant 2S¢, each requiring a square root of —3.

Let 7 = p = 7. Then /=3 is in F = F; but V3 is not. Let V; be an
FE-module affording x;, embed E into GL(V;) and let G; = Nar,(v,)(E)
(i = 8,9). Then G; is isomorphic to (27Sg) X Z3 resp. to (27Ss) x Z3.
There are three orbits of G; on Viﬁ7 the point stabilizers being of type
Zs, Zs and ZzwrZg = Zs x S3 (in both cases). This has been proved in
Example 5.7b, where we also showed that no vector in V; is real for G;. We
have two nonisomorphic nonreal reduced pairs (G;, V;) where, however, the
underlying groups are isoclinic and the modules behave similarly.

Type (Sp4(3)) : The group E = Sp,(3) has two faithful irreducible (Weil)
characters x = y21 or X229 of degree 4 which are algebraically conjugate and
which fuse in Sp,(3).2 [Atlas, p. 27]. So the resulting reduced pairs are
isomorphic. There are unique conjugacy classes of subgroups S 2 SL(3)
and T = 31+Jr2 : Qg of E on which y splits off the 1-character, and no proper
overgroups have this property [Atlas]; Z(S) is generated by an element in
class 24 and Z(T') by one in classes 34¢By. By considering the elements of
F in the classes 6 F, and their powers, one gets Resg (x) = 1g+A+& where
A # 1g is linear and &, is an irreducible Weil character (Q(&2) = Q(v/=3)).

Let F =F, forr =p = 7,13 or 19, and let V be a (coprime, faith-
ful) FE-module affording x as a Brauer character. Embed E into GL(V)
through x, and let G = Ngpv)(E) = Eo Z,_1. For r = 7 we have two
G-orbits on V# with point stabilizers S.3 = S x Z3 and T.3 = T x Zs
(where A.B indicates that A is the point stabilizer taken in E). For r = 13
we have four G-orbits with stabilizers 5.3 = S x Z3, T.3 = 3172 : Sp,(3),
Q5.6 = SLa(3) 0 Zy and Z3.6 = ZswrZy. For r = 19 there are five G-
orbits with stabilizers S.3 = S x Z3, T.3 = 3?2 : Sps(3), Qs.3 = SLa(3),
Z3.3 = Z?()Q) and 1.Zg. In each case (G, V) is nonreal reduced, as it is (E, V)
for r =7 and (E o Zs, V) for r = 13, 19.

Theorem 7.1. Up to isomorphism there are exactly 11 nonreal reduced
pairs of quasisimple type, and these are described above. All other reduced
pairs (G, V) of quasisimple type admit a real vector v € V such that Cg(v)
has a reqular orbit on V.

This theorem will be derived from the classification of the reduced pairs of
quasisimple type admitting no regular orbits.
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7.2. Regular Orbits

We have seen in Example 5.1a that if (G, V) is a “permutation pair” over
F of degree d and r = p is equal to d + 2 or d + 3, then there is no regular
G-orbit on V. These reduced pairs admit always strongly real vectors, and
regular vectors if r > d + 4.

Theorem 7.2a. Suppose the pair (G, V) does not admit a reqular orbit.
Then Go = Ngrv)(E) is a p’-group. Up to a few isoclinisms, the iso-
morphism class of (Go, V') is determined by Gy, d = dim gV, and possible
r = |F|. Ezcluding the isomorphism classes of the permutation pairs these
are listed below, together with the isomorphism type of a point stabilizer
H = Cg,(v) of smallest possible order (depending on r):

Go d |r minimal stabilizer(s)
As x Z 3 |11 Zo
2.As o Z 2 11,19,29,31,41,49,61 |75, Zs, Zs, L3, Lo, Lo, Zo
3.A¢ o Z 3 19,31 Lo, Lo
2~SG o VA4 4 7 Z3
2.A7 o Z 4 11 Zg
L2(7) X Z 3 11 Z2
Sp4(3) [©] Z 4 7, 13,19,31,37 Hl,HQ,Zg,Zg,ZQ
PSp4 (3) X Z 5% 7, 13, 19 S4, Vv47 Z2
PSp,(3).2x Z |6 |[7,11,19 D12, Va, Zo
Spe(2) x Z |7 [11,13,17,19 283 Vi, Za, Zs
U3(3) X 7 P Z2
Us(3).2 x Z [T B Zo
61.U4(3).220Z 6 13,19,31,37 S4 X ZQ,S:), X ZQ,V47ZQ
(Us(2) x 2).2 10 [7 Vi
2.05(2) o Z B |11,13,17,19,23 Sy X Zo, 84,85, Vy, Zy
2.Jy o Z 6 11 S

Remarks. There are six isoclinic but not isomorphic pairs in the above list
(2% S, the unitary groups 6;.U4(3).220 7 for r = 19, 31, and the orthogonal
groups for r = 11,19,23). For the groups Sp,(3) o Z the point stabilizers
Hy =S1Ly(3) x Z3 (r =7) and Hy = ZzwrZs (r = 13) already appear in
Sec. 7.1, and these are the only nonreal reduced pairs where there is no
cyclic point stabilizer. It is easy to determine the possible subgroups G of
G for which there is no regular orbit, too.
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Except for Gy = 2.A50 Z, d = 2, r = 49 always r = p is a prime.
Here we deal with the two Weil characters of E' = 2. A5 of degree 2 , which
require v/5 and which fuse in 2.S5. Their sum is the Brauer character of an
irreducible (but not absolutely irreducible) F7E-module V' which extends
to G = NGL(% (E) = (2.A5 0 Z4g).Z5. There is no regular G-orbit on V
(minimal stabilizer H 2 V}).

There is only one further example of this kind: E = L(7) has a
faithful irreducible module V' of degree 6 over F' = [F5 which, as before, is
not absolutely irreducible (affording x2 + x3 in the Atlas notation, p. 3).

This extends to G = NGL(;) (E) 2 (La(7) X Za4).Zo, and there is no regular

G-orbit on V (minimal stabilizer H 2 Z5).

The proof for Theorem 7.2a will be carried out in Secs. 7.3 till 7.10.
We now state some consequences.

Corollary 7.2b. The reduced pairs described in Sec. 7.1 are the unique
ones, up to isomorphism, which are nonreal of quasisimple type.

Proof. 1t suffices to consider the reduced pairs listed in Theorem 7.2a. If
the minimal stabilizer H = Cg,(v) is a real group, the result follows. It
therefore remains to show that real vectors exist in the following two cases:

Case 1: G = 2A7 X Z5, d= 4, F=F_

Let E = 2.A;. Note that x = x10 resp. xi11 in the notation of the
Atlas (p. 10). Straightforward computation shows that there is v € V such
that H = Cg(v) is generated by an element of order 3 in the conjugacy
class 3B, where y takes the value 1. The normalizer Ng(H) is a 5'-group.
Hence Cg(v) = Cg(v) by (5.1b) and so v is a strongly real vector for G.

Case 2: G = Sp4(3) X 215, d= 4, F = ]F31

We prove that there is a real vector v € V for G with Cg(v) & Zs.
(There is no strongly real vector in this case). Let F = Sp,(3). Note that
X = X21 Tesp. Xa22 in the notation of the [Atlas, p. 27]. We first show that
there is a regular F-orbit on V' = V,,. The elements of order 4 and 5 in E' do
not have nonzero fixed points on V. Each of the 45 noncentral involutions
in E has r? fixed points, the 2-40 elements belonging to the classes 34¢By
have r fixed points each, and the 2 - 240 elements belonging to 3Dy have
r? fixed points on V. Now use that 4572 + 40r 4 24012 < r* = |V| (as
r = 31). Solet v € V* belong to a regular F-orbit. Let y € E be an
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element in the (unique) conjugacy class 54y of E of elements of order 5,
where y takes the value —1. Then v, vy, vy?, vy>, vy* are linearly dependent
(d = 4). Hence vy = vz for some z € Z = Z3q of order 5. It follows that
H = Cg(v) contains 2z~ 1y and that Ng(Fwv) contains y. But Cg(y) = (y)
and Ng(F) is cyclic (isomorphic to a subgroup of F* = Z3;). We conclude
that Ng(Fv) = (y) and, in view of Lemma 5.1b, that H = (271y). We
have (z'y)y = [1, 22, 2%, %] and so Res% (x) affords 15 + A2 + A3 + \* for
some linear character A of order 5. The FH-module affording 17 + A2 4+ A3
is self-dual, faithful, and is a submodule of Res% (V), as desired. O

Corollary 7.2c. Suppose (G,V) is a reduced pair of quasisimple type
having no regular orbit on V. Then there is v € V such that Cg(v) has a
reqular orbit on V', and v can be chosen to be real for G unless (G, V) is
nonreal reduced. Whenever H is a subgroup of Gy satisfying HNZ =1
which is isomorphic to a minimal stabilizer as given in Theorem 7.2a, then
H has a regular orbit on Py (V).

Proof. From Eq. (3.4b) it follows that if H is abelian with HN Z = 1,
then H has a regular orbit on P (V). If (G,V) is a permutation pair (of
degree d), by Example 5.1a there exists v € V such that H = Cg(v) = Sy
and Resg(V) is the permutation module for Sy over F', which has a regular
orbit on V. The assertion also holds for the two pairs studied in Corollary
7.2b. The minimal stabilizers H appearing in Theorem 7.2a which are real
groups, are easily treated (with the help of the character tables).

Hence it remains to examine the nonreal reduced pair of type (Sp,(3))
for r = 7,13, where H = Hy or Hy. So let E = Sp,(3) and x = xa1
resp. Xx22 [Atlas, p. 27]. Consider first the situation where r = 7 and
H 2 SLy(3) x Z3. The unique central involution in A must map into the
class 24 of EZ/Z = Uy(2) and so fixes just 2(r + 1) = 16 points in P;(V)
(since x(2Ap) = 0). There are four conjugacy classes of elements of order
3in E. The elements in the classes 34¢B, have spectral pattern [¢(®), 1]
for some primitive 3rd root of unity ¢, hence fix (r® —1)/(r — 1) + 1 = 58
points in P;(V). Elements in the class 3Cy fix 2(r + 1) = 16 points (since
x(3Cy) = —2), and those in 3Dg just (r + 1) + 1+ 1 = 10 points (as
X(3Dg) = 1). We assume the worst case that all elements of order 3 in
H belong to 349By. Let Y be a noncentral subgroup in H of order 3.
Then the four H-conjugates of Y generate a subgroup S = SLo(3) of H,
and the subgroups in S of prime order fix at most 16 4 4 - 58 = 248 points
in P (V). Noting that |P (V)| = (r* — 1)/(r — 1) = 400, there are thus
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at least 400 — 248 = 152 points which belong to regular orbits of S on
P (V). Hence there are at least 7 regular S-orbits on P;(V), including a
total number of 7-|S| = 168 points. There are three (central) subgroups (of
order 3) in H outside S. By common diagonalization the intersections of the
3-dimensional eigenspaces of their generators on V' have dimension at least
2. Hence the three subgroups of H outside S leave at most 584 2-50 = 158
points in P;(V) invariant. There is a point which is not fixed by any of
these subgroups and belongs to a regular orbit of S, as desired.

In the r = 13 case H = Zswr Sy has four subgroups of order 3 and
three subgroups of order 2, each fixing at most 1 + (r? + r + 1) points in
Py (V). The result follows. O

7.3. Covering Numbers, Projective Marks

For convenience we assume that the pair (G,V) is large (Z C G). Recall
that its core E = E’ is perfect, L = E/Z(F) is nonabelian simple and
that Z(FE) is part of the Schur multiplier M(L). So E is an epimorphic
image of the unique (universal) covering group of L (Appendix A). Usually
M(L) is “small”, and is cyclic in most cases. At any rate, Z(F) is a cyclic
part of M(L). The groups G = G/Z and Gy = G/Z are subgroups of
Aut(L) containing L (as a normal subgroup). So G and Gy are almost
simple groups, and we say that G, Go are almost quasisimple (just meaning
that they are almost simple over their centre). The group of (outer) auto-
morphisms Out(L) of L is known to be solvable (Schreier conjecture), and
usually it is “small” as well. For example, if L is one of the 26 sporadic
simple groups, then M(L) is cyclic and Out(L) has order 1 or 2, and if it
has order 2, then it inverts the elements in M(L).

We associate to (G, V) the Brauer character x of G afforded by V,
which may be understood as an ordinary (absolutely) irreducible character
of E extended to G. So we are interested in the faithful irreducible char-
acters of E or, more generally, in the projective irreducible representations
of L. The character x may be regarded as afforded by a faithful projective
representation of G. By Schur every projective C-representation of G can
be lifted to an ordinary representation of its Schur cover.

In order to prove Theorem 7.2a we have to work through the classi-
fication of the finite simple groups. Usually we proceed in two steps: We
use counting arguments as described in Sec. 5.6, as well as lower bounds
for d = dim g(V), to reduce the discussion to “small” simple groups L and
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“small” degrees d, and “small” r. It turns out that in most of the remaining
cases G = Gy = X o Z where either X = F.a is an Atlas groups or where
X is a Weil character. Whenever this does not suffice to finish a proof, we
use computational methods following [K6hler—Pahlings, 2001].

Let Ro(G) be the smallest integer dg > 1 such that there is a projective
irreducible representation of G of degree dy in characteristic 0. Since G
is a p’-group, Ro(G) = R,(G) (similarly defined), hence d > dy. Lower
bounds for Ry(G) are given in [Schur, 1911] and [Rasala, 1977] when G is
an alternating or symmetric group, and in [Tiep-Zalesskii, 1996] when G
is a simple classical group (Appendix C), for all simple groups of Lie type
by [Seitz—Zalesskii, 1993]. For linear groups GL,,(¢), symplectic groups
SPa,n(q), g odd, and unitary groups SU,,(¢) this minimal degree is, with
few exceptions, attained by the Weil characters (Appendix C and Theorems
4.5a, 4.5b). Being able to treat these Weil characters one can proceed to
the characters of the second and third lowest degrees.

We usually begin by applying the following crude estimate, already
used in [Liebeck, 1996]. For any nontrivial element x in the automorphism
group of the simple nonabelian group L let us define the covering number
¢(z) as the minimum number of L-conjugates of  required to generate the
subgroup (L, z) of Aut(L). (This is not common terminology!) Let then

(7.3a) ¢(L) = max{c(z) : 1 # x € Aut(L)}.
Upper bounds for ¢(L) are available (see below).

Lemma 7.3b (Liebeck). The fized point ratio f(g,V) < 1—1/c(Zg) for
any g € G\ Z. If there is no reqular G-orbit on V, then

r< (2|Gv|)c(L)/d < (2|Aut(L)|)C(L)/RO(L),

Proof. Write ¢(g) = ¢(Zg). Since the [V, g]* = [V, ¢*], © € E, generate
V = [V, E], by definition dim [V, g] > d/c(g). By Proposition 1.6a, V =
[V,g]® Cv(g). Hence dim pCy (g) < d—d/c(g). Of course ¢(L) > ¢(g) > 2.
By (5.6d) > .., [Cv(z9)] < 2rd=4/¢(9) If there is no regular G-orbit on V/,

therefore
Td < 2‘G|rd7d/c(L) .

This gives the final statement. O
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Now suppose G = X o Z where X = n.L.a is an Atlas group (and
Z(X)=ZnNX hasorder n). Then we may identify G with the almost
simple group X = X/Z(X). Choose a set {X;}5_; of representatives for
the conjugacy classes of the subgroups of X, and let X; be any (small)
subgroup of X mapping onto X;. Define m;; as the number of fixed points
of X, in its action on the transitive X-set X;\X of right cosets mod X;.
The isomorphism type of X;\ X is determined by the ith row vector of the
table of marks (m;;). Arranging matters such that |X;| < |X;| for i < j
this is a lower diagonal matrix with m;; = |[Ng(X;) : X;| on the diagonal.

Proposition 7.3c. Let t be any positive integer divisible by n = |Z(X))|
and dividing exp (X). For each i there exists a distinguished rational poly-
nomial u;)—(i of degree less than d = x(1), with the following property:
Whenever r is a power of a prime not dividing | X| such thatt |r—1 and x
can be written in I = F,., afforded by V =V,,, then Gy = X o Z; has exactly

7";1 -u’; <. (1) orbits on V't admitting a point stabilizer mapping onto X;.

Proof. The crucial point will be the computation of these polynomials
(their existence being somehow evident). Given r we usually regard the
,u; %, 8s polynomials in r (omitting the argument). Of course, Z; denotes
the subgroup of order ¢t of Z = Z,._; and G} is the central product over
Z(X). If for instance ! ; vanishes (at 7), there is no regular Gy-orbit on
V', hence no regular orbit for G = X o Z. If N;,l does not vanish and ¢ is a
proper divisor of 7(X) = ged(r — 1,exp (X)), we have to consider, finally,
the polynomial ,u;(f). Sometimes it happens that Cg, (v) = Cg(v) for each
v belonging to a regular orbit for Gy, that is, these orbits fuse to regular

orbits for G. Then M§,1 = ,u;(j(), so the polynomial only depends on t.
Let us construct the polynomials. Identify Gy = G;/Z; with X. Recall
that Cg,(v)NZ; =1 and Cg,(v)Z;/Z; = Cg,(Zsv) for each nonzero vector
v € V, so that the G4-orbits on V*# are in 1-1 correspondence with the X-
orbits on Q = {Zv| v € V#}. (We have Q = Py(V) when Z; = Z.) As an
X-set, Q2 J, i+ (X;\X) for certain multiplicities j;, counting the number
of X-orbits with stabilizer conjugate to X;. Then |Co(X;)| = >, pi - my;
for each j. It is easy to compute these multiplicities once the row vector
(|Ca(X1)], -+ |Ca(Xy)|) of marks of X on Q is known, and this is given by

X )| = _ 1 06N x5
[Ca(X;)| = |Ca(X;)| = ;;(T =1
for all j. Here the sum is taken over all linear characters A of X; of order di-
viding ¢ (and dividing exp (X)). This is a polynomial in 7 of degree at most
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d. Solving (uniquely) the system of linear equations (u1,- - -, ps)(mi;) =

(ICa(X1)],- - -, |Ca(Xs)|) we obtain these multiplicities ;. Now, observ-
ing that [Cp, (v)(X;)| = Tfl - |Ca(X;)|, we define u;)—ﬁ = Tfl g (as a
polynomial in r). |

For almost all Atlas groups X = X/Z(X) of interest for us the table of
marks is given in the [GAP] library, and these tables contain generators
for the X; which enable one to compute the character tables of the X;
and hence the projective marks |Cp,(vy(X;)|. On this basis Kéhler has
implemented an algorithm for the computation of the polynomials [K6hler,

1999]. We shall also refer to the results given in [Kohler—Pahlings, 2001].

Example 7.3d. Let L = A5 = X Then Xl = 1,X2 = ZQ,Xg = Zg,X4 =
V4,X5 = Z5,X6 = Sg,X7 = -D107X8 = A4,X9 = A5 is a set of repre-
sentatives for nonconjugate subgroups of X. The table of marks is given
by

60
30
20
15
(miy) = | 12
10
6
5
1

R NDNOWON
— N O = O ON
=0 OO oW

—_ 0 = O N

—_ o0 O

=

1
1 1

Let us consider one of the (conjugate) Weil characters, x, of degree 2 for
E =2.L = SLsy(5) = X (characters xg, x7 in [Atlas, p. 2]). Here exp (X) =
60 and G = Go = X o Z. Let V =V, over F = F, (with r a power of a
prime p > 7, and F containing a square root of 5).

Given any even, positive divisor ¢ of exp (X) we compute the polyno-
mials u;& by picking r such that ¢t = r(X) = ged(r — 1,exp (X)). Thus
we consider the action of G = X = A5 on Q = P;(V). For r(X) = 2,
the corresponding mark vector is (r + 1,0,0,0,0,0,0,0,0). This vector is
(r+1,2,0,0,0,0,0,0,0) for r(X) =4, and it is (r+1,0,2,0,0,0,0,0,0) for
r(X) = 6. The mark vector is (r +1,2,0,0,0,0,0,0,0) for »(X) = 10, (r +
1,2,2,0,0,0,0,0,0) for »(X) =12, and (r+1,2,0,0,2,0,0,0,0) for r(X) =
20. Ttis (r+1,0,2,0,2,0,0,0,0) for »(X) = 30, and (r+1,2,2,0,2,0,0,0,0)
for r(X) = 60. We obtain the following polynomials (in r):
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fiy, = (r+1)/60, p2 ¢ =0fori>1,

:U';L(,l = (r —29)/60, “;Xz =1, /L;Xi =0 fori > 2,

p§1 = (r —19)/60, /J/i’)’(s =1, 'ui,)?i = 0 otherwise,

oy = (r—11)/60, 1% =1, p\’¢ =0 otherwise,

/6121 = (r —49)/60, H;?XQ =1= “;2,)’(37 ui%Xi = 0 otherwise,
pxh = (r —41)/60, Ni?;(,z =1= Mi?;(s, Mi?)—(i = 0 otherwise,
ﬂi(,)l = (r —31)/60, #i?j(s =1= “i(,))’(y ui?)—(i = 0 otherwise,
P‘?(?l = (r — 61)/60, ui?)—(i =1 for 1 = 2,3,5 and 0 otherwise.

Hence there is a regular G-orbit on V*# if and only if r is different from
11,19,29, 31, 41, 49, 61. One also can read off the minimal stabilizers
listed in Theorem 7.2a. There is no real vector in V for G if r € {11, 19, 31},
because then there are only stabilizers of order 3 or 5. For r = 49 observe
that ged(r — 1,60) = 12, in which case we have four G-orbits on V# with

point stabilizers of order 2 (and 5+ 1S | (49) = 4 regular orbits for X o Zg).

7.4. Sporadic Groups

Let L be a sporadic simple group. Then the (abbreviated) character table
of L and all possible groups n.L.a can be found in the [Atlas]. Using
the information given in the Atlas one can bound ¢(L). It turns out that
¢(L) < 6 except possibly for the Fischer groups (c(Figz) < 8,¢(Fiag) <
7,¢(Fib,) < 12). In view of Lemma 7.3b this reduces the discussion to
some few groups L admitting faithful projective representations of small
degrees.

Let L = Mj; be the smallest Mathieu group. Then L = E and G =
Go = E x Z. Consider the character x = x2 of degree 10 [Atlas, p. 18]. Let
x be one of the [2A4] = 165 (conjugate) involutions in L. From x(z) = 2 we
infer that 2y = [10), —1®]. Let y be one of the |3A] = 2 - 220 (conjugate)
elements in L of order 3. From x(y) = 1 we infer that gy, = [1(%), z%g), zég)]
where the z; are the primitive 3rd roots of unity (provided 3 | —1). Let
u be one of the |5A4| =4 -396 (conjugate) elements in L of order 5. From
x(u) = 0 we infer that each 5th root of unity occurs with multiplicity 2 as
eigenvalue of ¢t on V' (provided 5 | r — 1). Each primitive 11th root of unity
occurs with multiplicity 1 as eigenvalue of the elements of order 11 on V'
(if 11 | » — 1). Assume that there is no regular G-orbit on V. Then

rt0 < 165(r% 4 r*) 4+ 220(r* + 2r3) + 396(5r) + 1.440(107).
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But this implies that r < 5, a contradiction. All other 9 irreducible char-
acters x; of My, are treated similarly. (Using that ¢(Mi1) < 4 only the
characters of degree 10,11, 16 need to be considered.)

Let L = M3, where M(L) and Out(L) have order 2 [Atlas, p. 33].
One checks that ¢(Mp2) < 5 by considering the maximal subgroups. So as
before only the characters x = x; of small degrees have to be examined,
namely X2, X3 of degree 11 and x4, x5 of degree 16 of Mo (which fuse in
Aut(Mi2)), and the characters of degree 10,10, 12,32 of 2.M;5 (extendible
to 2.M715.2). In each case there is a regular orbit.

The other sporadic groups are treated in the same manner, except
when L = J; is the second Janko group or L = Suz is the Suzuki group.
Let us treat these groups (briefly).

Let L = J,. One checks that ¢(J2) < 5. Using Lemma 7.3b this reduces
the discussion to the case where ' = 2.J; and V = V, with x = x22 or
X23 in the Atlas notation [Atlas, p. 43], both characters of degree 6 fusing
in 2.J5.2. Hence X = FE is the Schur cover of L and G = Gy = F o Z.
The usual counting technique yields the existence of a regular vector when
r > 26. Since p > 7 by coprimeness, and since F' = F,. contains a square
root of 5 by the values of x on 5-elements, we must have r = p equal to 11
or to 19. On the basis of the table of marks for L = J; [GAP] we compute
(observing that exp (2.J2)3 = 3)

piy = (r=11)(r+1)(r +11)(r? — 193)/|L],

uS =2 — (r* — 14r + 265)/1.080,

= p2 = 7(r — 11)/300.
This shows that there is a regular orbit for » = 19 but no regular orbit for
r = 11. In this latter case the smallest stabilizer H is isomorphic to S5 (as
is seen by computing the corresponding polynomials). Since the characters

X22, X23 involved are conjugate under a group automorphism of 2.J,, we
have a unique isomorphism type.

Let L = Suz. One checks that ¢(Suz) < 6. As before this reduces the
discussion to the case where £ = X = 6.Suz and x = x115 is of degree 12
[Atlas, p. 130]. Here G = Gy = X oZ and V = V,, comes from the action of
X on the complex Leech lattice. The usual counting argument yields that
there is a regular orbit when r > 23. Since p > 13 and 6 | » — 1, it remains
the case where r = p = 19. (Since an involution z of 6.Suz belonging to
the class 24 has the spectral pattern zy = [—18,1%] and |24,| = 135.135,
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the counting method fails for » = 19.) The table of marks for Suz is not
available in [GAP], but [Kohler—Pahlings, 2001] indicate, on the basis of a
different orbit algorithm, that a regular orbit exists also in the r = 19 case.

Remark. As for Theorem 7.1 it suffices to find a (strongly) real vector v
such that Cg(v) has a regular orbit on V*# (r = 19). The group X = 6.Suz
has a subgroup Y = Z, x 3% : M, which in turn has a subgroup H = M,
of pure permutations acting transitively on the 12 coordinates of the Leech
lattice, a point stabilizer being a maximal Ly(11) subgroup [Atlas, pp. 131,
18]. Tt follows that Res$; (x) = 1z + x5 where ;s is the irreducible character
of H 2 M, of degree 11 (which is rational-valued). Let Cy (H) = Fv and
N = Nx(Fv). Either H is contained in a 2.M;5 subgroup of X, on which
X is irreducible however, or N is in (a conjugate of) Y, with H acting
irreducibly on Y/Z(X) = 35. We conclude that Cx(v) = H and that
N = H x Z(X). Application of Lemma 5.1b yields that Cg(v) = H. One
also easily checks that H has a regular orbit on V.

7.5. Alternating Groups

Let L = A, for some n > 5, acting on = {1,---,n}. Then Aut(L) = 5,
unles n = 6 (Out(A4g) = V) and |M(L)| = 2 unless n = 6,7 (M(Ag) =
M(A7) = Zg). It is well known that c¢(x) < n — 1 if x is a transposition (as
(12),(13),- - -, (1n) generate S,). For 1 # z € S,, we generally have

(7.5&) ( ) >~ fm] + 2,

except when n = 6 and x is an involution of cycle shape (23), where c(z) =
5 [Hall et al., 1992]. In addition c(z) < n/2 for n > 7, unless = is a
transposition [Guralnick-Saxl, 2003].

As usual we exclude the deleted permutation module, which is the
Specht module S("~L1 for S, and which for n > 7 is the unique faith-
ful module of minimal degree. By [Rasala, 1977] for n > 10 the Specht
module S("~22) to the partition (n — 2,2) is the unique faithful module of
the second minimal degree, n(n — 3)/2. This module is known to be irre-
ducible for S,, [James—Kerber, 1981, 7.3.23]. Using the branching rule for
Specht modules one shows, by induction, that S22 is irreducible also
for A,,. From [Schur, 1911, Sec. 50] one knows that for n > 7 the minimal
faithful character degrees for 2.4,, and 2.5, are 2L("=2)/2] and 2l(n—1)/2]
respectively.
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Proposition 7.5b. For n > 8 there exists a regular G-orbit on V.

Proof. The character table for A, and its related groups is in the [Atlas]
for n < 13. Assume first that n > 14. Then by the above

(7.5¢) d>n(n-3)/2

for n > 16, because then 2"2°/ > n(n —3)/2, and d > 64 for n = 14, 15.
Suppose = € S, is nontrivial with n — |orb({z) on Q)| > 3. Then by
(7.5a) c(z) < [232] +2 < (n+9)/4 unless n = 14, z has cycle shape
(27) and c(z) < 6. If n — |orb((z) on Q)| < 3, then z has cycle shape
(2),(3),(2%),(4),(3,2) or (2%). Then c(x) <n —1,n/2,n/2 and, in view of
(7.5a), three times ¢(x) < [(n—2)/3]+2 < (n+6)/3. There are (3), 2-(3),
3-(3),6-(3), 20- (g) and 15 - (g) elements in S, of these cycle shapes,
respectively. Assume there is no regular G-orbit on V. Let first n > 16.

Then by Lemma 7.3b
rd/2 < |8, [rd0-ws) 4 (Z)rd“‘nl—l) + [(g) +3<Z>}rd(1—ﬁ)

+[6() +20() + 1)}

Since r > n > 16 and d > n(n — 3)/2 by (7.5¢), it follows that
onl > pAd/(n+9) _ 3d/(n+9)+2 _ 2d/(n+9)+4 _ .d/(n+9)+6

The second, third and fourth terms on the right are all less than %r‘*d/ (n+9),
Consequently n™ > 4n! > r4d/(n49) 5 p2d/(n+9) and so n > 4d/(n +9) >
2n(n — 3)/(n+9). But this implies that n < 12.

Let n = 14 or 15. We have the same estimate, replacing the term
|Sn\rd(17$) by |S,,[r*1=5). Since then the difference of the terms on the
left hand side and the right hand side is an increasing function of d, we
may pick d = 64. We get that

r64/2 < 151958 4 105r°9 + 5.005r° + 2.761.670r°%.

But this implies that r < 14, which is a contradiction (p > 14).

Let finally 8 < n < 13. Recall that 7 > p > n. By Lemma 7.3b
we may assume that r¢ < Q(Z)Td(l_ﬁ) + 2nlrd1=3). So for n = 8 only
the characters xy = x3,x15 of degrees d = 20,8, respectively, have to be
examined [Atlas, p. 22]. Here, as in all further cases, the counting method
works. [

It remains to investigate the cases n = 5,6, 7.
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n = 5: The Weil characters of 2. A5 = Sp,(5) of degree 2 have been already
treated in Example 7.3d. Let x be one of the Weil characters of degree 3
of PSpy(5) = As. So x = x2 or xs [Atlas]. Further £ = A5 = X and
G=Gy=FExZ, and exp(X) =30. Let V=1V, over F = F, (so r is
any power of a prime p > 7, and F' contains \/5) As above let 7(X) =
ged(r—1,exp (X)). If r(X) = 2, then r —1 = 2u for an odd u divisible only
by primes larger than 5, and the mark vector on P;(V) is the row vector
given by (r? +r + 1,7 +2,1,3,1,1,1,0,0). This row vector is (r? + r +
1,r+2,3,3,1,1,1,0,0) for r(X) =6, is (r*+r+1,7+2,1,3,3,1,1,0,0) for
r(X) =10, and is (r> +r+ 1,7 +2,3,3,3,1,1,0,0) for r(X) = 30. Using
the table of marks for A5 given in Example 7.3d we get:

pi = (r—9)(r—>5)/60, Mi)_f =(r—15)/2, ui?xizlforizélﬁ,?,

(
,u%1 = (r? —14r+25)/60, ,u X = (r-5)/2, ”i,Xi =1fori=3,4,6,7,
:ux, (T )( - /60 /j/ Xo (7"—5)/27 M;?Xl =1fori= 47 5763 77
,uX . = (r—13)(r — 1)/60, uX %, =(r—1>5)/2, ui?fﬁ =1lfor3<i<T.
In all other cases ,uX ¢. = 0. Using that Fy3 does not contain a square

root of 5, one concludes that there is a regular G-orbit on V*# if and only if
r # 11. For r = 11 there are point stabilizers of order 2.

The character x = x4 of A5 [Atlas, p. 2] is afforded by the deleted
permutation module, which case we have excluded. (There is no regular
Go-orbit if and only if Gy = S5 x Z with r = 7, in accordance with 5.1a.)

The character x = x5 of A5 of degree 5, which splits on Sj, is treated
by the usual counting argument. For the characters y = xg and xg of 2.A45
of degrees 4 and 6, which extend to any 2.A5.2, the counting argument
applies as well.

n = 6 : The counting method rules out all cases except the following ones.

(i) E = Ag, x = x2 resp. xs3 of degree 5, which extend to Ag.2; = Sp
but fuse in Ag.25 = PGL2(9) and Ag.25 = Mjg. Here xa2 is the character of
Ag afforded by the deleted permutation module. So we have to investigate
x3 only. But x5 is obtained from y» via an (exceptional) outer automor-
phism of Ag, and the same for the extensions to Sg. So the corresponding
reduced pairs are isomorphic. (Therefore they do not appear in the list of
Theorem 7.2a!) Of course the polynomials for y2, x3 agree. We know from
Example 5.1a that there is no regular Go-orbit on V,, for x = x2 or xs, if
and only if r = 7. From 4§ (19)(34y(s67) = (" —1)(r —3)(r —5)/24 we obtain
two orbits with point stabilizers of order 2.
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(ii) E = 2.46, x = xs resp. Xo of degree 4, which extend to both
isoclinic variants X = 2.4¢.27 and fuse in the 2.A4g.25. This has been
already treated in Example 5.7b, but let us argue also on the basis of
Proposition 7.3c. For x = x9 and X = 2+ Sg the polynomials have 7 as the
only positive root coprime to |E|, and

Sy = (r—3)(r —7)(r+11)/720.

Hence there is no regular orbit for r = 7. Considering the subgroups
X3 = ((123)(345)), X4 = ((123)(45)) and X, = {((123)(456), (123)(45))
of X = Sg we have

6 6 6
MX7X3 - (T o 1>/6’ 'u'X7X4 = ‘uX,Xs =L

Hence there are just three G-orbits on V* for r = 7, and the point stabilizers
are isomorphic to Zs, Zg, Z3 x S3. This is as stated in Theorem 7.2a, and
known from Example 5.7b. We have also seen that there exists no real
vector in this case.

(iii) There are four algebraically conjugate characters, x, of E = 3.A4g
of degree 3 which pairwise fuse in 3.4¢.21, 3.46.22 or 3.4.23. So we have
to consider X = F and G = Gy = X o Z. The splitting fields F' = [, for
x require the 3rd roots of unity and the square roots of 5. The counting
argument yields that there are regular orbits when r > 53. Hence if there
are no regular vectors, then r = 19,31 or 49. It suffices to compute:

151 = (r —19)(r = 25)/360, k3 1934y, = (r —15)/4;

Ni?l = (r—13)(r — 31)/360, Ni?<(12)(34)> =(r—27)/4.

It follows that there is no regular orbit for » = 19 and r = 31, in which
cases there are orbits with stabilizer of order 2. For r = 49 observe that
there are "5t - 1S | (47) = 16 regular E o Zg-orbits on V# by Proposition
7.3c. Using that exp (E) = 22-3-5 and that each involution of G is in FoZg
we see that these orbits fuse to 2 regular orbits for G. So the polynomial
133 = pS | depends only on ¢ = 6.

(iv) For E = 3.Ag there is a pair of algebraically conjugate irreducible
characters x = x15 of degree 6 [Atlas, p. 5], which extend to X = 3.44.23
(requiring a square root of —2). So G = Gy = X o Z. Assuming that there
is no regular orbit,

1
r0 < 240|(r* 4+ 72) 4+ [340Bo|(3r%) + 5\5AOBO|(r2 + 4r)

=45(r* +r2) + 12072 + 36(r2 + 47).
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This implies that r < 8, hence r = 7. This is ruled out by the method of
Proposition 7.3c; in fact, the polynomial ,ufc’l has only the root 1.

n = 7: The counting argument rules out all cases except when £ = 2.A7,
X = X1o0 resp. x11 of degree 4, which fuse in 2.5;. We get regular orbits
for r > 23. Since p > 7 and a splitting field F' = F,. for x requires a square
root of —7, and since SL4(17) and SL4(19) are 7’-groups, we must have
r = 11. In this case the multiplicities p}°) = (r — 11)(r? 4 121 — 7)/2.520
and “;(,)((123)(456)) = (r — 5)/6 give the result as stated in Theorem 7.2a.

7.6. Linear Groups

Let L = L,,(¢q) = PSL,,(q) for some integer m > 2 and some prime power g.
Since Ly(3) is solvable and Ly(4) = Lo(5) = As, L2(9) = Ag and L4(2) =
Ag, we may and do exclude the pairs (m,q) = (2,3),(2,4),(2,5),(2,9)
and (4,2). [Guralnick and Saxl, 2003] have given upper bounds for ¢(L).
Ignoring the groups excluded one has ¢(L,(q)) < 4,4,6 for m = 2,3,4,
respectively, and

(7.6a) c(Lm(q)) <m

in all other cases. From Appendix (C1) we know that

(7.6b)  Ro(Lm(q)) = { EZJ _1)1/)g /C((i](q__l)l’ ? i > ;

except when (m,q) = (3,2),(3,4), (4,3) (again ignoring the groups already
ruled out). One has Ro(L3(2)) = 3, Ro(L3(4)) = 6 and Ro(L4(3)) = 26,
and otherwise Ro(Ln(¢)) is just attained by the degree of Weil characters.

Recall that G C Aut(L). The Schur multiplier and the automorphism
group of L (and of any group of Lie type) has been determined in [Steinberg,
1967]. Each automorphism is a product of an inner, a diagonal, a field
and a graph automorphism. In the present case the graph automorphism
(of the Dynkin diagram) is just the inverse transpose automorphism, and
the diagonal automorphisms are induced by conjugation with the diagonal
matrices in GL,,(¢) with determinant # 1. So Out(L) and M(L) are known.



126 The Solution of the k(GV) Problem

Proposition 7.6¢c. If there is no reqular G-orbit on V, then m < 3 or
L>=L,3) andd <52, L= L5(2) and d =30, or L = Lg(2) and d = 62.

This readily follows from the above information by applying Lemma 7.3b.
Note that Lg(2) is not an Atlas group. We know from Theorem 4.5b that
Lg(2) has a Weil character of degree d = 26 — 2 = 62. This is the unique
irreducible character of this degree; the second lowest degree is 217.

m = 2 : Suppose that there is no regular G-orbit on V. Let first g be even.
Then Lemma 7.3b implies that ¢ < 16, hence ¢ = 16 or ¢ = 8. From the
character table one reads off that, for each character x # 11, of L = Lo(16)
or a possible extension to Aut(L) = L.4, no element of prime order in
Aut(L) has eigenspaces of dimension greater than (1) — 6. Thus (5.6d)
yields that 78 < 2|Aut(L)| in this case, giving the contradiction r < 6. It
remains to exclude the case L = Ly(8). Consider for instance the character
X = X2 of degree d = 7 of E = Ly(8) extendible to X = Aut(L) = L.2
[Atlas, p. 6], letting G = X x Z and V =V, over F = F,. Determining
spectral patterns of elements of prime order we get

1 1 1
r’ < 24|(r* 4+ %) + §|3A|(2T3 + )+ §|7ABC\(77“) + §|3B|(7“3 + 2r?).

Here |24| = 63,|3A] = 56,|7A| = |7TB| = |7C| = 72,|3B| = 84, which
gives r7 < 63r* + 161r3 + 8472 + 784r. We obtain that r < 5, which is
a contradiction since |L| = 23 - 3% . 7. The other characters are treated
similarly.

So let ¢ be odd, ¢ = s/ for some (odd) prime s. Assume q > 37.
Consider first the case where f =1 (¢ = s). We assert that then d > ¢ — 1.
For otherwise y is one of the Weil characters &; # & of Spy(q) for i = 1,2,
of degree (¢ &+ 1)/2, where the pairs of algebraically conjugate characters
must fuse in GL3(¢) (see Theorem 4.5a and Appendix C2; the character
table of Sp,(g) can be found in [Schur, 1911]). Hence G = L = Ls(q). From
Theorems 4.4 and 4.5a we infer that y takes the value (—1+./%¢q)/2 on the
noncentral elements of order g. So these elements have (¢ &+ 1)/2 distinct
eigenvalues on V = V,, whence no eigenspace has dimension greater than 1.
For a noncentral element g € Sp,(g) of prime order # ¢ we have x(g) = 0 or
+1, which implies that no eigenspace has dimension greater than (¢+5)/4.
Since ¢ = s and |L| = q(¢® — 1)/2, it follows that

P0D/2 < g(? —1)/2 - qlat5)/4.
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From ¢ > 37 we infer that r < 5, a contradiction. So we indeed have
d > q—1. Using ¢(L) < 4, Lemma 7.3b yields that r < (q(¢* — 1))ﬁ,
which again leads to a contradiction. Hence we must have f > 1. Using
that |[Aut(L)| = fq(¢®> — 1) from Lemma 7.3b we now get

r < (2fq(q? — 1))V,

and this gives a contradiction as before. Consequently ¢ < 37, that is,
g < 31. Now L = Ls(q) is an Atlas group, and with the usual counting
arguments one can rule out all cases except for ¢ = 7.

So let L = Lo(7). Let x be one of the Weil characters x2, xs = X2 of
L of degree 3, which fuse in PGLy(7) [Atlas, p. 3]. Hence G = Gy =L x Z
in this case. If there is no regular G-orbit on V =V, then

1 1
3 < 24|(r* +7) + 513413r) + 3|7AB|(3r) = 2177 + 129r.

Thus r < 26. Since x, and hence F' = F,., requires a square root of —7, this
implies that = 11,23 or 25. Let H be generated by an involution of L (in
the unique class 24). One finds:

W20 = (= 9)(r — 10)/168, 12, = (r—T)/4,
py = (r* = 20r +43)/168, S 5 = (r—7)/4.

Hence there is no regular orbit when r = 11, in which case there are 75t

2
(r — 7)/4 = 6 orbits with point stabilizers of order 2 (conjugate to H).
Now ged(r — 1,exp (L)) is 2 for r = 23, and is 12 for r = 25. It follows
that there are regular orbits in these cases. For r = 25 observe that the
25 - uS 1 (r) = 4 regular orbits for L x Zg must fuse in G = L x Zpy since
each involution in G is contained in L X Zg.

Let next x = xg be of degree 6, which extends to X = PGLy(7)
(affording a square root of 2). We have to consider G = X x Z, and the
counting method yields that there is a regular orbit when » > 11. Hence
the only questionable case is r = 5, which is ruled out by showing that
fiy1 > 0atr =5

For all other characters the counting method applies and yields that
there are regular orbits.
m = 3 : Using that ¢(L) <4 and d > Ro(L) = (¢>—1)/(q—1), application
of Lemma 7.3b shows that a regular orbit exists unless ¢ < 5. Thus we only
have to examine the cases L = L3(3) and L = L3(4).
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Let L = L3(3). If d # 12 or 13, no prime order element of Aut(L)
has an eigenspace of dimension greater than d — 8 [Atlas, p. 13]. Then
r® < 2|Aut(L)| forces that r < 4. Hence there is a regular orbit. For the
characters y = x2 and y3 of degrees 12 and 13 the usual counting method
works.

Let L = L3(4). Recall that Ry(L) = 6, and this minimal degree just
happens for the faithful irreducible characters x = x41 of X = 6.L.21 [Atlas,
p. 25]. This y is rational-valued on E = 6.L and requires v/2 or v/—2 on
X (depending on the isoclinism type of X). Of course also 6 | r — 1. Let
us describe the situation carefully. We have exp (X) = 23-3-5-7. The
conjugacy class 24 of L lifts to two conjugacy classes 24, 2A3 of involutions
in £ (x(240) = —2,x(243) = 2). Since Z(E) C Z and |24| = 315, this
gives the contribution 315(r* + r2). From x(2Bp) = 0 and |2B| = 280 we
get the contribution 280(2r3). From x(3Ap) = 0 and [34| = 2.240 we get
the contribution 1.120(3r2). The two conjugacy classes 5AB of L (|5A| =
|5B| = 4.032) lift to two conjugacy classes 5408y of elements of order 5 in
E, with x(5A40) = x(5Bo) = 1. Hence the contribution 1.120(r? + 4r) if
5| r —1 and 1.120(r?) otherwise. The two conjugacy classes TAB of L lift
to two conjugacy classes TAgBy of order 7, with x(7Ay) = x(7By) = —1.
From |7A| = |7B| = 2.280 we obtain the contribution 960(6r) if 7 | r — 1
and 960r otherwise. Thus if there is no regular orbit, then

r® < 315r* + 5601 + 4.795r2 + 10.240r.

This forces that » < 19. Since 3 | r—1 and r > 7, we must have r = 13. But
+2 are not squares mod 13. Therefore G =EoZ or G =Gy = (Eo0Z).2
(and r = 13). The table of marks for L = L3(4) is contained in the [GAP]
library, and one gets that the polynomial ufl does not vanish at r = 13.
So there is a regular vector v € V for E o Z, and this is regular also for Gg
since otherwise Gy = (Cg, (v)E) o Z.

All other irreducible characters for groups n.L3(4).a can be treated by
the usual counting method.

m > 4 : By the proposition only the following cases have to be treated.

(i) L = L4(3) and d < 52: In all cases where 26 < d < 52, no eigenspace
of a noncentral prime order element of G has dimension greater than d — 13
[Atlas]. Hence 13 < 2-|L| -8 forces that r < 5. For the characters x = xa
resp. xs of L, which fuse in L.2; but split on X = L.2;, we similarly
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conclude from
7?0 < |2D|r* + |L.25|2r1°

that necessarily r < 7. Thus there is a regular orbit for G = X o Z.

(ii) L = L5(2) and d = 30: Here y = x2 is the unique minimal (Weil)
character (of degree 2° — 2) of L discussed in Theorem 4.5b. It is rational
and extends to X = L.2 requiring a square root of 2 [Atlas, p. 70]. So
G=LxZorG=X xZ. The largest dimension of an eigenspace on V of
a prime order element in X is 22 [Atlas]. From r® < 2-|X| we obtain that
r < 9. There are regular orbits.

(ili) L = Lg(2) and d = 62: Then again x = £ is the Weil character
of L studied in Theorem 4.5b (see also Appendix C1). Since Lg(2) is not
an Atlas group, we must go into some details. By uniqueness ¢ extends to
X = L.2 = Aut(L), and we consider G = Gy = X x Z. We assert that
dim Cy (g) < 48 for each noncentral element g € G of prime order. In
order to prove this we may enlarge F, if necessary, by adjoining the 8th
roots of unity. (If Fp is an extension field of F' and V) = Fy @ V, then
dim g, Cy;, (g9) = dim pCy(g).) Embed L into a standard holomorph T to
Q =212, By (4.5b) there is a subgroup (L, 7) of T mapping onto X and
satisfying 72 € Z(Q). There is z € Z such that (27)? = 1, so that X and
G appear as subgroups of T'Z. Since £2 are squares in F, by Theorem
4.3e there is a faithful irreducible F[TZ]-module W (of F-dimension 2°),
and V is a constituent of its restriction to G since W affords the character
&+2-1p on L by Theorem 4.5b. Applying Theorem 6.2c we get

3
dim FOV(Q) S dim FCW(Q) S Zdlm FW = 48,

as asserted. There is a regular since 762 > 2 |L.2|r*® for r > 11.

7.7. Symplectic Groups

Let L = S2,,(q) = PSp,,,(q) for some integer m and some prime power g.
Since S2(q) = La(q) and S4(2) = Ag are already treated, we assume that
m > 2 and exclude the pair (m,q) = (2,2). From [Guralnick—Saxl, 2003]
one knows that then ¢(L) < 2m+1 (and ¢(L) < 2m if ¢ is odd and m > 3).
Up to few exceptions |M(L)| = (2,¢q — 1), and this is also the order of the
group of outer diagonal automorphisms, and for m > 3 there is no proper
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graph automorphism [Steinberg, 1967]. As stated in Appendix (C2), one
hasd > (¢™—1)/2if gisodd and d > (¢"™—1)(¢" —q)/(2(¢+1)) otherwise.

Proposition 7.7a. There is a reqular G-orbit on V except possibly when
m < 6 and one of the following holds:

e (m,q) =(2,3) and d < 30, (m,q) =(2,4) and d < 34, (m,q) = (2,5)
and d < 40, (m,q) = (3,2) and d < 35, or (m,q) = (4,2) and d < 85.

e (m,q) = (2,7),(2,9),(2,11),(3,3),(3,5),(4,3),(5,3),(6,3) and x is
one of the irreducible Weil characters of the symplectic group.

This follows from the above information by applying Lemma 7.3b.

The groups S4(7), S4(9), S4(11) and Sg(5), Ss(3), S10(3), S12(3) are not
Atlas groups. From Theorem 4.5a we know a great deal about Weil char-
acters of symplectic groups (see also Appendix C). We need some more

details on fixed point ratios.

Let E = Sa1,(q) or E = Sp,,,,(¢) for some m > 2 and some odd g = qg

(go prime), assuming that x is on E one of the irreducible Weil characters
&1, & of degree (¢™ — 1)/2 and (g™ + 1)/2, respectively. Recall that just
one of these characters is faithful for Sp,,,(q), and that & is faithful if
and only if ¢™ = 1 (mod4). The characters are not invariant in F.2 and
require a square root of £¢q if ¢ is not a square Theorem 4.5a. In particular
G =Go=FEoZ. Let U be the standard module for S = Sp,,,(q).

Lemma 7.7b. Suppose the character x of G afforded by V is a Weil
character on the (symplectic) core E. Let g € G be a noncentral element of
prime order, say S.

(i) If s is odd, then dim pCy (g) < 5=(¢™ + (s — 1)¢™ ') if s # ¢, and
otherwise dim rCy (g) < ¢™~ 1 — 1 or ¢! depending on whether x = &
orx =& on F.

(ii) Suppose E = L = Sa,,(q) and that g is an involution in L lifting
to an element of order 4 in S = Sp,,,(q). Then x(g) = £1.

(iii) Suppose either that g = ¢’ is a (noncentral) involution in E = S =
SPo,,(q) or that E = Sa,,,(q) and g is the image of such an involution ¢’ in
S. Let |Cy(g)| = ™, so that m' is an integer with 1 < m' < m, and let
m” =m —m/. Then Cs(g') = Spy,,/(q) X Spa,, (), and

1 /

mw:i;w

m// ]_ m/ m//
—q )7&w52i5@ +qm),

the positive signs holding precisely when ¢™ =1 (mod 4).
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Proof. Pick &1,&; such that & = & + & is a Weil character of S (and
X = & or & on E). Let j be the central involution of S, as usual. Let
T be the standard holomorph to @ = (qo)fsz (Theorem 4.3c). Recall
from Theorem 4.5a that @ : S is a subgroup of T, that U = Q/Z(Q) is the
standard module for S, and that £ is the restriction to S of some faithful
irreducible character of T', which will be also written £. Note that ¢ is a
divisor of |E| and so ¢o # p by coprimeness. Enlarging F' if necessary (so
that go | » — 1) there is an FT-module W affording £&. Write Res’ (W) =
Vi @ V3 with V; affording &;. Embed Z(Q) = Z(T) into Z such that £ and
X lie over the same linear character of Z(Q).

(i) Since s is odd, we may identify g = zz where x € S and z € Z is
an sth root of unity. Let z act trivially on T, and extend & to a faithful
character of T, = T'(z) such that £(z)/&(1) = x(z)/x(1). (We have T, =T
if s=g¢qp and T, = T x (z) otherwise.) From Theorem 6.2c it follows that
dim pCy (g) < [2(¢™ + (s — 1)¢™ 1) ] if s # ¢ and dim pCy(g) < 2¢™ !
otherwise. Clearly

Cw(g) = Cv,(9) ® Cv,(9).

By Theorem 4.5a, & = &1+ 15 on 2'-elements of S. The assertion follows by
using that dim rCw (g) = (§,1)(g) = (§, V) (z) Where v is the linear character
of (x) defined by v(z) = x(2)/x(1), and similar statement for the V;, &;.
Note also that |(2¢™~! —1)/2] =¢™ ! — 1 and |[(2¢™ ' +1)/2] = g™,

(ii) Let g € S have image g, so that §g> = j. Let V = V, afford the
Weil character £, which is not faithful for .S, and let V} afford the the other
irreducible Weil character &, (with & = &, + &). Then j acts as —1 on
Vi, so that Cy,(g) = 0 and Cy(g9) = Cw(g). By Theorem 4.5a, £(g) is an
integer, and £,(g) = £.(9) is an integer as ¢ is an involution. Hence &,(g) is
an integer. Since g2 = j, the eigenvalues of § on V; are 4i. We infer that
&(g9) = 0. Further |Cy(g)| = 1 and so £(g) = £1 by Theorem 4.4, because
g is good for U. Hence x(g) = &.(g9) = £(g) = £1.

(iii) Notice that ¢’ and ¢’j belong to different conjugacy classes of S
(but both mapping onto g if g # ¢’). So the following depends on the
choice of the inverse image. We have a proper (orthogonal) decomposition
U=[U4d]®Cy(g)=U @U", where U—,U" are the eigenspaces of ¢’
to the eigenvalues —1 and +1, respectively. This corresponds to a central
decomposition Q = Q' o Q”, where Q' = (qo)i“m/f and Q" = (qo)fzmﬁf,
and yields embeddings of the standard holomorphs, and of the “Young
group” Y = Spy,..,(q) X Spa,,,»(¢) into S. Since £ is (absolutely) irreducible
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on (Q' : Spa, (q)) o (Q" : Spy,,(q)), we obtain a tensor decomposition

Resy (§) =¢' @ ¢”

of Weil characters. Just by considering character degrees we get that
Resy (§1) = & ® &5 + & @ & and Resy (§2) = § @ &' + & @ & Here
the irreducible Weil characters have to be chosen properly.

One knows that there are precisely m — 1 conjugacy classes of noncen-
tral involutions in S = Sp,,,(¢), the conjugacy class of an involution being
determined by the order of its fixed point group on U [Dieudonné, 1971,
pp. 25, 26]. This readily gives the statement for Cs(g’). Moreover, the
conjugacy class of ¢’ is determined by the integer m’, and ¢’ is conjugate
in S to the element 1’ x j” in Sps,,,/(q) X Spa,,(q), j” being the central
involution in Sp,,,~ (q). The character values are obtained by using that &/
is faithful on Sps,,.(¢q) by Theorem 5.4a, satisfying &/ (") = —(¢™" —1)/2,
if and only if ¢™" =1 (mod4). 0

We now discuss the cases remaining by virtue of Proposition 7.7a.
m = 2: We have to examine the following.

(i) L = S4(3) and d < 30: Let us consider first the Weil characters. So
let x be faithful for E = Sp,(3) of degree 4 (characters xa1, x22 in [Atlas,
p. 27]). We have G = Gy = E o Z, and F = F, requires a square root
of —3, that is, » — 1 is divisible by 3. Of course r is coprime to |L| and
so not divisible by 2,3,5. The usual counting argument (on the basis of
the character table) yields that there is a regular G-orbit on V if r > 61.
Hence r € {7,13,19,31,37,43,49}. We proceed by computing the relevant
polynomials N;,r The table of marks for L 22 Uy(2) is in the [GAP] library.
We obtain:

uxlf( 7)(r —13)(r —19)/|L],

,uX 1= (r+11)(r —13)(r — 37)/|L],

p30 = (r—31)(r* — 8r 4 223)/|L|.
We conclude that there is no regular orbit if and only if r € {7,13,19, 31,
37}. For r = 43 note that ged(r — 1,exp (F)) = 6, and for » = 49 by

Proposition 7.3c we have 4 - ,u}fl(49) = 4 regular orbits for E o Z;5 which
fuse in G = F o Z4g as each involution of G is in E o Zqs.

Computing the polynomials for nontrivial subgroups of X = L leads
to the results stated in Theorem 7.2a. We know from Corollary 7.2b that
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for r = 31 the pair (G, V') admits a real (but not strongly real) vector. The
information given in Sec. 7.1 for r = 7,13, 19, basically obtained by a study
of the [Atlas], manifest that we have six nonreal reduced pairs here.

Let next x = x2 or xs for E = L = S4(3), a Weil character of degree
d =05 Here G=Gy=LxZand 3| r—1. By the counting principle
we get regular orbits unless r < 56. So r is as before. Computation with
[GAP] yields

g = (r="7)(r—9)(r—13)(r - 15)/|L],

pya = (r="5)(r = 7)(r—13)(r - 19)/|L],

le_ﬂxl %andﬂxl_:u‘xl_%‘

We conclude there are no regular orbits if and only if r € {7,13,19}. We
similarly get the minimal stabilizers as stated in Theorem 7.2a.

Let x = x4 in the Atlas notation, a rational (Weil) character of L
U4(2) of degree 6 which extends rationally to X = L.2. So G = Gy = X x Z.
The counting argument yields the existence of a regular orbit unless r < 47.
The method of Proposition 7.3c shows that there are no regular orbits if
and only if r € {7,11,13}, and one gets the minimal stabilizers listed in
Theorem 7.2a. For the remaining projective representations of S4(3) the
counting principle works.

(ii) L = S4(4) and d < 34: Consider first the minimal character x = x2
of degree 18, which is rational and extends to X = Aut(L) = L.4 requiring
v/—1 [Atlas, p. 45]. Assuming that there is no regular orbit we have

8 < 2AB|(r'? + %) + 120|(r"° + ®) + [2D|(2r%) + |L|(37%)

=510(r'2 + r%) + 3.825(r'0 4 r8) 4 2.720r% 4- 28 - 33 . 52 . 7r6.

This implies that » < 9, which is impossible (by coprimeness). For the
representations of L.2 of dimension 34, no prime order element has an
eigenspace of dimension greater than 22, and the result follows.

(iii) L = S4(5) and d < 40: For the minimal Weil characters (of degree
12) of 2.L = Sp,(5) the counting argument (based on the character table
[Atlas, pp. 62-63]) gives a regular orbit (unless r < 6). For the other
Weil characters (of degree 13) of L the result is similar. For the character
X = x4 of L of degree 40, which extends to L.2, the largest dimension of
an eigenspace of a prime order element is 26, and the result follows.
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(iv) L = S4(7) and x is a Weil character: Here L is not an Atlas group.
We argue on the basis of Lemma 7.7b. By Theorem 4.5a, F' requires a
square root of —7. Either y = & is faithful for E = Sp,(7) (of degree
d=(7"-1)/2=24) and G = Gy = EoZ, or x = & , d = 25 and
G=Gy=Lx Z. Let g € G be a noncentral element of prime order s.

If g is not an involution, then dim pCy (g) < 2= (7> + (s — 1)7) if s #£ 7
and dim pCy (g) < 7 otherwise. So the fixed point ratio f(g,V) < 3, at
any rate. Suppose next that y = & and z is an involution in F = L that
lifts to an element of order 4 in Sp,(7). Then x(z) = +1 by the lemma,
whence f(g,V) < 32 when g = zz for some z € Z. Let finally « € E be a
noncentral involution which is not of this type. By the lemma

X(@) = —5(T+7) = -7
if x = &, and x(x) = 0 otherwise. So f(g,V) < & when x = & (for any
g), in which case there is a regular orbit since 712 > 2|Sp,(7)| for r > 6. So
let x = &. Then f(g,V) < % for each g, so that we have to inspect when
the inequality
) > 2|8,4(7) =2°-3%.5%.74

does hold. This indeed holds for r > 9, implying that there is a regular
orbit also in this case.

(v), (vi) L = S4(9) and L = S4(11), with x being a Weil character:
These are treated in exactly the same manner as (iv).

m = 3 : By Proposition 7.7a the following cases have to be examined.

(i) L = S(2) and d < 35. Consider first the character y = x2 of L
of degree 7 [Atlas, p. 47]. Here we have G = Gy = L x Z. The counting
argument shows that there is a regular orbit when r > 80. So r = p can
be any prime between 11 and 79 at this stage (by coprimeness). We use
projective marks. The table of marks for L = Spg(2) is in [GAP]. We get

pia = (r=>5)(r=7)(r=9)(r —11)(r — 13)(r — 17)/|L],

pS = (r—="7)(r—13)(r —19)(r® — 23r* + 187r — 325)/|L|,

14 _ 2 1 42 _ 6 1
Py = Hx1— 7 and Fx1 = HMx1— 7

We deduce that there are no regular orbits if and only if r € {11,13,17,19}.
The minimal stabilizers listed in Theorem 7.2a are obtained from the cor-
responding polynomials to the appropriate nontrivial subgroups of L.
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Consider next the character x = x31 of degree 8 of E = 2.Sp(2). The
counting method yields that there are regular orbits for G = F o Z except
possibly when r = 11. This is handled by showing that the polynomial u;?l
is positive at r = 11.

(i) L = Se(3) and x is a Weil character: Here L is an Atlas group
[Atlas, pp. 110-113), and the usual counting arguments work. There is a
regular orbit.

(iii) L = Sg(5) and x is a Weil character: Here L is not an Atlas group.
By Theorem 4.5a the field F' requires a square root of 5. Either y = &; is
faithful (of degree (5% —1)/2 = 62) for E = Spg(5) and G = Gy = Eo Z, or
x =& and G = Gy = L x Z. If g is a noncentral element in G of odd prime
order, then dim pCy (g) < §(5° + 2-5?) by Lemma 7.7b (taking the worst
case o(g) = 3), whence f(g,V) < 3. If G = Lx Z and g € L is an involution
which lifts to an element of order 4 in Spg(5), we have x(g) = &2(g) = £1
by the lemma and so f(gz,V) < % for any z € Z. If g € L is an involution
which is not of this type, then x(z) = &(z) =15. If x =& andz € Fisa
noncentral involution, then x(g) € {10, =10} by Lemma 7.7b.

We conclude that f(g,V) < % for any noncentral element g € G if
G=FoZ and f(9,V) < 3 if G = L x Z. In the second (worse) case we
verify that

r?* > 2|84(5)| =2'-3%.5%.7.13.31

for » > 5. Hence there are regular orbits.

m = 4 : By Proposition 7.7a the following has to be treated.

(i) L = Ss(2) and d < 85: Then d = 35,51 or 85 [Atlas, p. 124].
If d = 35 or 85 (characters xs, x4 in the [Atlas]), then no prime order
element has an eigenspace on V of dimension greater than d — 15. From
r15 < 2.]53(2)| we obtain that r < 6. Hence there is a regular orbit. For
d = 35 (character x2) no prime order element, except the involutions in class
2A, have eigenspaces of dimension greater than 23, and the involutions in
2A have the spectral pattern [-1(2®) 1(T]. From

%% < 2A|r* 4 2|L|r* = 255r%° +217.3%. 5% . 7. 17

we obtain that < 9. Hence there is again a regular orbit.

(ii) L = Sg(3) and x is a Weil character: The field F' requires a square
root of —3 by Theorem 4.5a, and &; is faithful for E = Spg(3) (of degree
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40). SOoG=Gy=FEoZif x=&,and G=Gy=Lx Zif x=¢&. Let g
be a noncentral element of G of prime order s. If s is odd, by Lemma 7.7b
we have dim Cy (g) < 32 — 1 = 26 when y = & and dim rCy(g) < 27
otherwise, considering the worst case s = 3. If x = & and g € L is
an involution lifting to an element of order 4 in Spg(3), then x(g) £ 1
by the lemma. If ¢ € L is an involution which is not of this kind, then
x(g) = &(g) € {9,—15}. If x = & on E and g € F is a (noncentral)
involution, then x(g) € {0,12,—12} by Lemma 7.7b.

We conclude that, for all g, f(g,V) < % when x = &1, and f(g,V) <
% when y = &. Assuming that there is no regular G-orbit on V, in the
first case we have

7% < 2|Spg(3)] = 26310 .52.7.13 .41,

which forces that r < 16. Since r is coprime to 13 (and to 2-3-5-7) and
since —3 is not a square modulo 11, we obtain the desired contradiction.
In the second case the inequality r'® < 2|Sg(3)| only holds if » < 21, and
it remains to rule out the case r = 19. We have to improve the estimate.
By (5.6d) we may replace the factor 2 by (1 + -15), which is not sufficient,
however.

Consider the conjugacy class 2B of involutions in Sg(3) where x = &
takes the value —15. By Lemma 7.7b, |2B]| = |Spg(3)]/(|Spg(3)]-|Sp2(3)]) =

2-3%.5.41. We may replace the above inequality by
i < 12B|(r% 4 r13) 4 S (3)[ (127 4 1),

This implies that r» < 19, as desired.

m = 5,6 : By Proposition 7.7a we have merely to treat the Weil characters
for Sp,,,,(3). One argues as for Spg(3).

7.8. Unitary Groups

Let L = U,,(q) = PSU,,(q) for some integer m > 3 and some prime power
g. The case (m,q) = (3,2) cannnot happen since L is simple, and we
exclude (m,q) = (4,2) since Uy(2) = S4(3) has been already treated in
Sec. 7.7. The automorphism group of L, and its Schur multiplier, is known
[Steinberg, 1967]. Recall that the centre Z(SU,,(q)) is (cyclic) of order
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ged(g+1,m). By [Guralnick—Saxl, 2003] ¢(L) < m+1 except when m = 4,
in which case ¢(L) < 6, and ¢(L) < m for m > 5. By [Tiep—Zalesskii, 1996]

[ (@"—=q)/(g+1) ifmisodd
Ro(Um(Q))) = { (gm _ (i)/qq_F 1) otherwise ’

except when (m,q) = (4,3) (see Appendix C3). Then if d = x(1) <
Ro(L)+1, x is a Weil character of SU,,(¢q). Using that d > Ro(L) one gets
the following, on the basis of Lemma 7.3b.

Proposition 7.8a. There is a reqular G-orbit on V except possibly in the
following cases:

e (m,q) = (3,3) and d < 21; (m,q) = (4,3) and d < 45; (m,q) = (5,2)
and d < 55; (m,q) = (6,2) and d < 56.

e (m,q) = (3,4),(3,5),(3,7),(4,4),(5,3),(7,2),(8,2),(9,2) and x is
one of the Weil characters of SU,,(q).

The groups U4 (4), Us(3), U7(2), Ug(2) and Ug(2) are not Atlas groups.
So we need some general information on their Weil characters. Some crucial
facts have been described in Appendix (C3). Let U be the standard module
for G, = GU,,(q), and let A, be a fixed linear character of Z,, = Z(G,)
of order g + 1 (noting that Z, is cyclic of order g + 1). There is a generic
Weil character &, of G, which is rational-valued and satisfies £2 = 7.
There are precisely ¢ + 1 irreducible constituents &g, &y, - -, & of &, all
remaining irreducible and distinct when restricted to S, = SU,,(¢). The
Weil character §; is the (irreducible) constituent of &, lying above the linear
so that & = >27_&. We have §(1) = % and
£(1) = &) — (=1)™ for j > 0. Let ¢ = €2™/(@+1) and let z, be the
generator of Z,, satisfying A, (z,) = e.

character \/

u

Lemma 7.8b. Suppose the character x of G afforded by V' agrees on the
(unitary) core E with an (irreducible) Weil character. Let g € G be a
noncentral element of prime order s.

(i) Suppose g induces on E an inner or diagonal automorphism, and
assume that st q+ 1. Then dim pCy (g) < m(qm + (s —1)g™~ 1) when
stqors=2]gq, and dim pCy(g) < q%qm otherwise.

(ii) Suppose g is an involution inducing an outer field automorphism
on E. Then either x(g) =0 or x(g) = £q* for some integer a < 3.
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Proof. Let q = qg, qo prime. Since ¢ is a divisor of |E|, qo # p by
coprimeness. Enlarging F, if necessary, we may assume that F' contains the
goth roots of unity when ¢ is odd, and the 8th otherwise. G,, acts faithfully
on a go-group @ such that Q/Z(Q) = U is the standard module and Z(Q)
is centralized by G,, where Q = (q0)1++2fm for odd ¢ and Q = 2(1)+2fm
otherwise. Let T be the standard holomorph to @, and let £ be a faithful
irreducible character of T' of degree ¢™. Then @ : G, is a subgroup of
T, and Resgu (&) = &, - p where p is the linear character of G, of order
ged(g + 1,2) (Appendix C3). Embed Z(Q) = Z(T) into Z such that & and
x lie above the same linear character.

(i) By assumption g = zz for some sth root of unity z € Z and
some € E, because GG, induces all diagonal automorphisms on E and
|Gy/Su| = g+ 1. Since Z(S,) C Z, and s 1 |Z,] = ¢+ 1, we may let
(z) act trivially on T' and regard £ as a faithful character of Ty = T'(z)
with £(2)/£(1) = x(2)/x(1). (Either s = go and T'= Ty or Tp = T X (z).)
Identify x with the (unique) element of S,, of order s mapping onto z (so
that ¢ = xz gets an element of Ty). Let v be the linear character of (x)

with v(z) = iﬁg From Theorem 6.2¢ it follows that

®w | =

)@ = (&g < =™+ (s —1)¢" )

if s #qors=2]|q, and (§, V) < 2¢™~! otherwise. By hypothesis no
eigenvalue # 1 of & on U has order dividing ¢ + 1. Hence letting dy be the
dimension over F,2 of Cy(z), and letting dj, = 0 otherwise, by Appendix

(C3)

(=nHm ! de ki (D™ { ((*Q)do JF‘]) ifj=0

(x) = — I = - . . .
&(@) g+1 ;)( %) g+1 (=)™ —1) ifj>0

We just use that ¢/ # 1 for j = 1,- - -, ¢ and that >ioo e’k = 0. We infer
that the &;(x) for j > 0 agree, and that & (z) — §;(x) = (—1)". There is
a corresponding statement replacing = by any power 2 # 1. The assertion
follows noting that &, = >-7_y ;-

(ii) Exclude (also) the case (m,q) = (6,2) (where x(g) = 0 or x(g) =
+23 by [Atlas, p. 117]). Then some distinguished group Y appears in T,
where Y = G,,.2 is a field extension group in the odd case and Y/Z(T') =
G,.2 otherwise (Appendix C3) Since Out(L) is the semidirect product of
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the cyclic groups of outer diagonal automorphisms (induced by G,) with
that of field automorphisms, by assumption (L, Z(F)g) is isomorphic to a
subgroup of G,.2/Z,. So (E, g) is a section of Y. Observe that G, /S, = Z,
as modules for the group of field automorphisms. The outer field automor-
phism of order 2 inverts the elements of Z, = (z,), because it sends z, to

-1
w

zl==z

Consider first the case that ¢ is even (hence ¢ + 1 odd). By the con-
struction of the irreducible Weil characters the outer field automorphism
of G, of order 2 leaves &y invariant and fuses the other characters pairwise.
Hence by assumption y = & on F and E = L (as y is faithful and Z,, is the
kernel of &). Let ¢’ € Y map onto g. Then x(g) = &(g’), the character
&o suitably extended to Y. We have £(¢’) = £&o(g’) as the §; for j > 0
are fused pairwise by ¢’. Hence x(g9) = ££(¢’). By Theorem 4.4 either
£(g') = 0 or ¢ is good for U and £(¢')? = |Cy(g)|.- Suppose x(g) # 0.
Then

x(9)* =€(9')* = 1Cu(g)] = |Cu(g'2)]
for all z € Z,. Certainly Cy(g') N Cy(9'2,) = 0. Hence dimp, Cy(g') <
3dimp, U = 32m = m and x(g) = +¢* for some integer a < m/2.

Let ¢ be odd. Then the outer field automorphism of G, of order 2
leaves &y and §(441)/2 invariant and fuses the other irreducible Weil char-
acters pairwise. Hence x = &y or x = §(441)/2 on E. Let &, & denote the
irreducible constituents of Resi (¢) having the kernels Z, = (z,) and (22),
respectively. So §q = &o and & = {(g41)/2 on Gy, if m is even (Ker(u) 2 Z,,),
and vice versa otherwise. Also, E = L unless m is even, x = &, on E and
q = 3(mod4), in which case (E,g) is isoclinic to a subgroup of Y/{22).
There is a 2-element ¢’ of Y mapping onto Z,g (identified with Z(E)g).
We have x(g) = ££.(g") or £&(¢'), possibly x(g) = +i&(¢’) when E # L
and the isoclinism is proper. By Theorem 4.4, ¢’ is good for U (as ¢ is odd).
From Theorem 4.5a we infer that £(¢'z) is rational for all 2z € Z,,, because
g’z is a g{-element.

We have £(¢") = £(¢9'2) = €u(9") + &(¢') when z is a square in Z,, and
&(g'z) = €.(g") — &(g') otherwise. As before Cy(g') N Cy(g'z,) = 0. The
map u — u(l 4 z,) is an injection from Cy(g’) into Cy(g'z,), because

u(l+2,)g =u(l + 2,1 = (u(l + zu))zgl

for u € Cy(g'). Similarly, the map v — v(1 + z;!) is an injection from
Cy(9'zy) into Cy(g'). Hence dimp, Cy(g') = dimp, Cy(g'z,) < m. More-
over £(g')* = |Cu(g")] = |Cu(g'zu)| = &(g'2u)? and so £(g') = £€£(9'2u) as
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both are integers. It follows that
€alg") +&(9') = £(&ld) — &(9).

Consequently &,(g") = 0or &(g’) = 0. Thusif x(g) # 0, then x(g9) = ££(¢")
as both are integers, and

x(9)? =1Cu(d) = ¢*
for some integer a < m/2, as desired. O

Because of Proposition 7.8a we have to examine only some few cases.
As before we proceed starting with the lowest rank of the groups involved.

m = 3 : We have to consider the following.

(i) L = Us(3) and d < 21: Suppose first x = x2 is the Weil character
of (minimal) degree d = 6 [Atlas, p. 14]. This y is rational-valued but
extends to X = L.2 = G3(2) requiring the 3rd roots of unity. If there is no
regular orbit for X x Z, then

1 1 1
S <24|(r* 4+ r%) + 5\3A|(2r3) + 5|3B|(3r2) + 5 |7TAB(6r) + |2B|(2r%)

= 63(r* 4+ 72) + 567> + 1.00872 + 2.592r + 50412,

This implies that » < 11. Hence r = 5 (by coprimeness), and these case
cannot happen for X x Z. So consider G = L x Z and r = 5. One checks
that ui’l vanishes at r = 5, so there is no regular orbit for G. Also, the
minimal point stabilizers in G are cyclic groups of order 4 which however
get larger in Go = Ngr,(v)(L) = G.2. (Consider elements in the classes 4C
and 8C of L.2). We show that there is v € V such that Cg,(v) = Ss, as
stated in Theorem 7.2a.

Let x be an element of L in the class 3B. Then Ny ((z)) & S5 has no
fixed points on V¥, but x does. Let v be a nonzero vector fixed by z. Then
Cr(v) = (z), and from Lemma 5.1b it follows that H = Cg(v) = S3. We
assert that Cg,(v) = H. Otherwise H is of index 2 in this group, which
forces that Cg, (v) = H x Zs since Z(S3) = 1 and Aut(Ss) = Ss. Here the
generator of Zy belongs to the conjugacy class 2B of L.2, whose elements
do not centralize elements in the class 3A [Atlas]. Hence the assertion.
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Let next x = x3 be the Weil character of degree 7 which extends
(rationally) to X = L.2 = G2(2). So G = Gy = X x Z. The counting
argument yields regular vectors unless r < 8. For » = 5 we compute

pd = (r = 5)(r5 + 6r* 4 311 — 15912 — 1.760r + 2.457) /| X,

and we get some point stabilizer of order 2. For the algebraically conjugate
(Weil) characters x = x4, x5 of L, which fuse in G2(2), the counting argu-
ment again gives regular vectors unless r = 5. As before there is no regular
orbit for G = Gy = L x Z4, when r =5, and a point stabilizer of order 2.

For all other irreducible characters of L = Us(3) no prime order ele-
ment of Aut(L) = G2(2) has an eigenspace of dimension greater than d —8,
and from r8 < 2|G2(2)] it follows that r < 4.

(i) L = Us(4) and x is a Weil character: The character x = x2 of
degree 12 extends to X = L.4, and for G = X x Z the counting method
works. Similar statement for the other four Weil characters of L which fuse
pairwise in L.2 and together in L.4. There are always regular orbits.

(ili) L = Us(b) and x is a Weil character: In each case no noncentral
element of Aut(L) = L.3 or of 3.L.3 of prime order has an eigenspace of
dimension greater that d — 8. From r® < 2|3.L.3| it follows that r < 7.

(iv) L = Us(7) and x is a Weil character: In the representations of
degree at most 43 no prime element of Aut(L) = L.2 has an eigenspace of
dimension greater than n — 18. From r!® < 2|L.2| it follows that r < 3.

m = 4 : By Proposition 7.8a we have to examine the following.
(i) L = Uy(3) and d < 45: Assume there is no regular orbit. For the

21-dimensional representations of Aut(L) = L.Dg (character y = x2 in the
[Atlas, p. 54]) we then have

r? < [2D[r'® + |2BJrtt + |2A]r'3 4 2|Aut(L)| -

= 126715 + 540r14 + 2.835r13 + 52.254.720711,

which implies that » < 7, a contradiction. For the 35-dimensional represen-
tations of L.21 and L.25 no prime order element has an eigenspace of dimen-
sion greater than d — 10, and from r!* < 2|Aut(L)] it follows that r < 6.
The 20-dimensional representations of 2.L and 4.L are treated similarly.
For the 15-dimensional representations of 31.L.25 (characters x = ys6) the
counting method yields that » < 7, a contradiction. For the 36-dimensional
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representations of 32.L (or 35.L.23) and 125.L, and for the 45-dimensional
representations of the former group(s), the same method applies.

It remains to investigate the (faithful) 6-dimensional representations
of X = 6;.L.25 (as a complex reflection group). The isoclinism type of X
does not matter, and the character x of X is an extension of one of the
two algebraically conjugate characters 72 (requiring /—3) [Atlas]. The
counting argument gives the existence of regular orbits for G = Gy = X o Z
when r > 157. Now the table of marks for L = U4(3) (and for L.2;) is
available in [GAP], and from that it is not difficult to compute the table of
marks for X = L.2, (extension by a diagonal automorphism). One obtains
that

pS 1 = (r—13)(r —19)(r — 25)(r — 31)(r — 37)/|L.2|,

and that pf ; = pS | for all multiples ¢ of 6 dividing exp (X) =2%-3%-5-7.
So there are no regular orbits if and only if » € {13,19,31,37}. Similar
computation leads to the minimal stabilizers as given in Theorem 7.2a.

The two isoclinic variants of X = 61.U4(3).22 get isomorphic in G =
X o Z when r = 13 or r = 37, because then (r — 1)/6 is even.

(i) L = Uy(4) and x = &; is a Weil character: Here L = E = SU4(4)
is not an Atlas group, and G,, = GUy4(4) = L x Z,, where Z, = (z,) is
cyclic of order 5. Aut(L) = L.4 permutes cyclically the nontrivial elements
of Z,, = Z(G.), hence the Weil characters &1, &2, 3,84 (of degree 51). Let
g € G be a noncentral element of prime order s. If s # 5, by Lemma 7.8b
(picking s = 2)

dim pCy (g) < —(4* + (s — 1)43) < 32.

1
55
Let s = 5. Write g = zz where € Land z € Z. Let e = >/ and
let dy = dy(z) = dimp,, (2, z) for k = 0,- - -, 4, where U is the standard
module for G,. By Appendix (C3) {;(x) = Zk o(—4)%eki . Since x is
faithful on U, di < 3 for each k. We conclude that the eigenspaces of x
(and of g) on V are at most 13-dimensional when x = £, on L, and at most
12-dimensional otherwise.

Let g € G be an involution inducing an outer field automorphism on
E = L. Then x = & on L (of degree 52), and we consider the worst case
G = Gy = L4 x Z. By Lemma 7.8b either x(g) = 0 or x(g) = £4* for
some integer a < 2 = 2. Hence dim pCy (g) < 1(52 4+ 4%) = 34. From

r® <2.|L4]=2%.3%.5%.13.17
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we obtain that r < 4. Hence there is a regular orbit, in all cases.
m = 5: We only have to examine the following.

(i) L = Us(2) and d < 55: We have to deal with the three Weil
characters &, = x2 (degree 10) and & = x3, &2 = x4 [Atlas, p. 72]. For
the other characters (x5 of degree 44 and x¢ of degree 55), no prime order
element of L.2 has an eigenspace of dimension larger than d — 16, and the
result follows.

Let us consider first y = &y. Suppose X = L.2 and G =Gy = X X Z.
The usual counting argument yields that there are regular vectors unless
r < 15. (The involutions in the class 24 have weak spectral pattern [8, 2],
so one cannot improve the estimate without additional arguments. On the
other hand, the counting argument yields the existence of strongly real
vectors.) The only possibilities are r = 7 and r = 13 (by coprimeness). But
the character & requires 2¢/—2 on L.2 outside L, and —2 is not a square
mod 7 or 13. Hence we are left with the cases » = 7,13, but we have to
consider G = Lx Z (and Gy = (L x Z).2). The table of marks for L = Us(2)
is in [GAP] (but not that for Us(2).2). For Us(2) we obtain that the only
roots of the polynomials 49 ; and )2 are 1,5 and 7. So there is no regular
orbit just when r = 7. In this case all polynomials ,u; g for subgroups H
of order 2,3 vanish at » = 7 but not for a Klein 4-group H =2 Vj. So there
is v € V such that Cg(v) = H. We assert that Cg,(v) = H as well.

From the [Atlas] we read off that two involutions in H must belong
to the class 2B and one to 2A4. If Cg,(v) # H, it is a dihedral group
of order 8 containing an involution in the class 2C', which centralizes the
involution in H in class 2A and interchanges the other ones. Notice that the
elements in class 4D square to elements in class 2B and cannot exchange
two involutions in different classes. But N(2A4) is enlarged when passing
from L to L.2 by replacing a split extension with 2. 44 on the top by a 2.54
[Atlas], and for this one needs an element of order 8. Hence the assertion.

For x = &, j > 0, we have to consider G = L x Z. The counting
argument yields regular vectors unless » = 7. Here the polynomial ,u§<71 is
irreducible over F7. Hence there is a regular orbit.

(ii) L = Us(3) and x is a Weil character: Here L is not an Atlas group.
Let G, = GUs(3) = L x Z,, where Z, = Z(G,) = (z,) has order 4. Recall
that (1) = 60 and &;(1) = 61 for j > 0. Either Go = L x Z and x = &
or 3 on L,or Gg = L.2x Z and x = & or &. Let G = Gy. Suppose g is
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a noncentral element of prime order s in G. If s # 2, then by Lemma 7.8b
(picking s = 3)

dim £y (g) < [=(3° — (s~ 1)3%)] < [ (3° +2-3%)] =33,

If g = 2z is an involution, with € L and z € Z, then &;(z) = ((—3)% +
(—=3)4i7 4 (—3)%24% 4 (—3)%4%7) by the formula given in Appendix (C3).
Here dy = di(z) = dimp,Cy(z;%2) (and 2 = —1). This yields that

Ix(z)| < $(3* + 3%+ 2) = 23 and so dim pCy (g) < 42.

Suppose that g is an involution inducing an outer field automorphism
on L. Then by Lemma 7.8b either x(g) = 0 or x(g) = £3 for some integer
a < F = g So the eigenspaces of g on V are at most of dimension 30.
Since for any g the fixed point ratio f(g, V) < 32, and since r'” > 2|L.2| =

213.310.5.7.61 for r > 10, there exist regular orbits in each case.

m = 6 : By the proposition we only have to examine L = Ug(2), with d <
56. For the 56-dimensional representations of 2.L.2; the largest dimension
of an eigenspace of a noncentral element of prime order is 40, and we obtain
a regular orbit. So it remains to consider the Weil characters (£, = xo of
degree 22, the others corresponding to y7g in the Atlas notation [Atlas, p.
116-121]. The counting method applies.

m = 7 : By Proposition 7.8a we just have to examine the Weil characters
of L = SU7(2). Recall that G,, = GU7(2) = L x Z3 and that &y(1) = 42,
&;(1) =43 for j > 0. Consider G = G, so either G =LxZ or G =L2xZ
and x = & on L. Let g € G be a noncentral element of prime order s. If
s > 5, then for any possibility for x = &; by Lemma 7.8b

dim £ Oy (9) < [5-(27 + (s 1)2°)] < 25.

Let s =3, and let g =2z for x € L and z € Z. Let e = ¢*™/3 and d, =
dy(z) = dimp,Cy(z;%x) for k = 0,1,2, where U is the standard module
for G,. By Appendix (C3), x;(z) = F((—=2)% + (=2)hed + (—2)%2e%).
Using that € + £ = —1 and that &;(z) is an algebraic integer one obtains
that &o(x) € {0,—-3,6,9,12, 21} and that &;(x) € {—2,4,10,1 + 12¢,1 +
1262, -5 + 3¢, —5 + 3e2,1 — 21e,1 — 21€2} for j = 1,2. We deduce that no
eigenspace of x (or g) on V has dimension greater than 21 when y = &,
and greater than 22 when x = &; or &.
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Let s = 2. Consider first the case that g induces an outer field auto-
morphism on L. Then x = £y on L, and by Lemma 7.8b either x(g) = 0 or
x(g) = £2¢ for some integer a < 3 = % It follows that

1
dim pCy (g) < 5 (42 + 23) =25

in this case. Let finally g be an involution inducing an inner or diagonal
automorphism on L. We consider the worst case that x = &y on L, as
before. From Lemma 7.8b it follows that dim pCy(g) < 32. There is a
unique conjugacy class 24 of unitary transvections ¢ in G,, (which generates
SU,,(q); see [Aschbacher, 1986, (22.3) and (22.4)]). For this we have dy(t) =
dimp ,Cy(t) =m —1=06and &(t) = —22 (C3). Hence if g = (—1)¢, then
indeed dim pCy(g) = 32. For the other noncentral involutions t1,ts in
Gy, up to conjugacy, we have do(t1) = 5, x(t1) = 10, and dy(t2) = 4,
X(t2) = —6, so that the F-dimensions of their eigenspaces on V' are at most
26. Hence, combining the previous estimates, there is a regular G-orbit on
V provided
42 > 2|L.2r%¢ 4 |2A|(r%? + 119)

for r > 13. This is true since 2|L.2| = 22%.3%.5.7-11-43 and |24| = 2.709.
Observing that the centre [U,t] of the transvection ¢ consists of isotropic
vectors, the size of the conjugacy class 24 is nothing but (|I(U)|—1)/(¢*—1)
where I(U) is the set of isotropic vectors in U. As in Lemma 4.6b one
computes |[[(U)] = ¢>™~ 1 + (=1)"(¢™ — g™ ).

The remaining cases (Weil characters for SUg(2) and SUg(2)) are treat-
ed in the same manner.

7.9. Orthogonal Groups

Let L be a simple orthogonal group with associated module of dimension
m. Then the automorphism group and the Schur multiplier of L is known
[Steinberg, 1967]. By [Guralnick—Saxl, 2003] the covering number ¢(L) <
m+ 1, and ¢(L) < m for m > 5. Furthermore Ry(L) has been computed
by [Tiep—Zalesskii, 1996]. On the basis of Lemma 7.3b this readily gives
the following.

Proposition 7.9. There exists a reqular orbit except possibly when L =
Q7(3) and d <78, or L~ Qg (2) and d < 52, or L =2 QF (2) and d < 84.
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We have to examine these three cases and show that regular orbits exist
except when L = QF (2),d = 8.

Case 1: L = §7(3) and d < 78: We use [Atlas, pp. 106-108]. In the
78-dimensional representations of L.2, the largest eigenspace of an element
of prime order is 56. Since 7?2 > 2|L.2| for » > 3 (even), we are done.
For the 27-dimensional representations of 3.L the usual counting argument
works as well.

Case 2: L = Qg (2) and d < 52: For the representations of L.2 of
degree 34 and 51, the largest eigenspace of elements in the class 2D ([Atlas,
p. 88]; |2D| = 136) has dimension at most d — 7, and no other element
of prime order has an eigenspace of dimension greater than d — 12. From
r12 < 2|2D| + 2|L.2| it follows that r < 7. Hence the result.

Case 3: L = QF(2) and d < 84: For the characters of L [Atlas, p. 86]
X2 (degree d = 28, extendible to Aut(L) = L.S3), x3 (d = 35, extendible to
L.2), xs (d = 50, extendible to L.S3), and x7 (d = 84, extendible to L.2)
observe that the elements in the class 2F have no eigenspaces of dimension
greater than d — 7. All other elements of prime order have no eigenspaces
of dimension greater than d — 12, which holds also for the characters of the
above degrees which do not split in a proper extension of L. Since

r?8 > |2F|(r21 + r7) + 2|L.S’3|r16

for r > 7, there is a regular orbit. Similarly, for the 56-dimensional repre-
sentations of 2.L.2 none of the noncentral elements of prime order has an
eigenspace of dimension greater than 35, and the result follows.

It remains to consider some faithful character y = x54 of degree 8 of
E = 2.L, which is extendible to any X = 2.L.2. The multiplier M(L) is
elementary of order 4 but Aut(L) permutes its involutions. The isoclinic
type being irrelevant it suffices to consider X = W(Fjs), the Weyl group
of the root lattice Fg. The spectral pattern of an involution g in the class
2F is gy = [1(M, —1M)], and |2F| = 120. So it is clear that the counting
method cannot work. (We only get in this manner regular vectors when
r > 275.) The table of marks for X = X/Z(X) is available in [GAP]. One
gets:

Ni,l =(r—=T)(r—11)(r —13)(r —17)(r — 19)(r — 23)(r + 91)/|L],
1 = piq — (r=13)(r — 17)(r — 29)/11.520,
pS oy =pi, — (r—"7)(r—13)(r — 19)/38.880,
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= 2 = 7 = /150,
,u%1 = MX 1 — (r=9)(r —13)(r — 37)/11.520,
W2, = by — (r— 41)/150,

p3% = p$ 4 — (r—31)/150, and

pity = pt | —  for all positive even integers ¢.
One concludes that G = Gy = X o Z has no regular orbit on V if and only

if r € {11,13,17,19,23}. Further inspection gives the minimal stabilizers
listed in Theorem 7.2a.

The existence of a (strongly) real vector can be seen also as follows. The
representation of X of degree 8 comes from the action of X as automorphism
group on the 8-dimensional root lattice Fg. X is transitive on the 240
minimal vectors, and a point stabilizer is isomorphic to the real group
56(2) X Zg.

7.10. Exceptional Groups

Let L be a simple exceptional group of Lie type (including the twisted
Suzuki and Ree groups). Then Aut(L) and M(L) are known. By [Guralnick
and Saxl, 2003] the covering number ¢(L) < £+ 3, where £ is the untwisted
rank of L, except possibly when L = Fy(q) with ¢(L) < 8. From [Seitz—
Zalesskii, 1993] one has lower bounds for Ro(L). On the basis of Lemma
7.3b this yields the following.

Proposition 7.10. There are regular orbits except possibly when L =
G2(3) and d < 27, or L = G2(4) and d = 12, or L = Sz(8) and d < 56,
or L =3D4(2) and d < 52, or L =2F4(2) and d < 52, or L = Fy(2) and
d = 52.

The remaining groups to be examined are all Atlas groups, and the counting
method applies in each case.

This completes the proof of Theorem 7.2a.

At this stage, the k(GV') problem is settled in all characteristics p
different from 3,5,7,11,13,19 and 31. This is a consequence of the clas-
sification of the nonreal reduced pairs in Theorems 6.1, 7.1, in terms of
the Robinson—-Thompson criterion (Theorem 5.2b) and Clifford reduction
(Theorem 5.4). The challenge now is to describe effectively the pairs (G, V)
admitting no real vectors, which must “involve” nonreal reduced pairs in
some Clifford-theoretic sense.
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Modules without Real Vectors

In solving the k(GV') problem we may assume that G is irreducible on V'
(Proposition 3.1a) and that no vector in V' is real for G (Theorem 5.2b). We
show that then (G, V) must be a “nonreal induced” pair, that is, obtained
by module induction from a nonreal reduced pair. This is an important
step towards the solution of the problem.

8.1. Some Fixed Point Ratios

As usual F' =T, is a finite field of characteristic p not dividing the order
of the finite group G, and V is a F'G-module. Let Z = F™* be the group of
scalar multiplications on V.

Lemma 8.1a. Suppose V =W Qp --- Qp W, is a tensor decomposition
into FG-modules. Let g; € GL(W;) and g = g1 ® - - - ® g, in GL(V).

(i) If f(zg;,W;) < m for all z € F* and all i, then f(g,V) < m.

(ii) Let v = w1 ® - - - @ wy, for nonzero vectors w; € Wy. If G induces
all scalar transformations on the Wy, then Cg(v)/Cq(V) is isomorphic to

a subgroup of Cq(w1)/Ca(W) x « -+ x Ca(wy)/Ca(W).

Proof. (i) If some g; is a scalar transformation on W;, say with z;, then
f(271g;,Wi) = 1 and so the result is obvious (m > 1). So exclude this.
We argue by induction on n, the statement being obvious for n = 1. So let
n > 1, and let the €; € Z be the distinct eigenvalues of g; on W;. Then

Zf Lo, W) fejg2® 93 @ @ g, Wa @ -+ @ Wy,) <m

by induction since f(g-*lgl, wh) < 1.

(ii) Let g € Cg(v), and let g; € GL(W;) be induced by g. Then
w;g = w;g; = z;w; for some z; € Z, and 21 - - - z, = 1. By hypothesis
z; 1g; is induced on W; by some element in G (centralizing w;). Hence the
assignment g +— (2791, - -, 2, 'gn) is a homomorphism from Cg(v) into

148
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Cao(wy)/Ce(W7) X -+ X Cq(wy)/Cq(W,,). Tts kernel is Cg(V'), because if
g; = z; on W; for each i, then g is the identity on V. O

Lemma 8.1b. Let X = Hwr S, for some finite group H and some integer
n > 2. Suppose V.= W& for some faithful FH-module W of dimension
d= dimgW > 2, with X acting on V as usual (1.2). Let N = H™ be the
base group of the wreath product. Then f(x,V) < 1—7% forz € N\Cx(V),
and f(z,V) < l—ﬁ forz € X~ N. Moreover, ifv € X~ N is ap’-element,
then f(z,V) < L.

Proof. Since f(h,W) < (d—1)/d=1— 1% for each h € H*, the first state-
ment follows from Lemma 8.1a. Let z € X \ N, and observe that Cx (V') C
N. There exists y € N such that [z,y] € Cx(V). We have dimpCy(x) =
dim pCy(x71) = dimpCy(y~txy) and Cy (z~H)NCy (y~tay) C Cy (2, y]).
Hence

2 dim FC\/(X) < dimgV + dimFCV([X, y]) < dlmFV(l + (1 — é))
as [z,y] € N\ Cx (V). Hence f(z,V) <1— 5.

Suppose finally that x € X . N is a p’-element and Nz € S, is a
product of r disjoint cycles. Let x be the Brauer character of X afforded
by V, and let 8 be that of H afforded by W. Then y = Teny () where Y
is the stabilizer in X of some tensor factor W of V' (Y/N = S,,_1). By the
character formula (1.2e), x(x) is the product of < n—1 values of 6. Hence
Ix(x)] < 6(1)" < x(1)/d. Now dimrCy(x) < |x(x)| + >, dimpCy(z 'x),
the sum taken over all eigenvalues z; # 1 of z on V, and dimpCy(x) +
S dimpCy(z 'x) < dimpV = x(1). This gives the asserted estimate
2f(z,V) <3 +1. O

8.2. Tensor Induction of Reduced Pairs

Recall the Frobenius embedding of a group into a wreath product (Theorem
1.2a). We need a slight improvement.

Lemma 8.2a. Let Y be a subgroup of the group X with index n. Assume
that there is a normal subgroup C of Y such that Corex(C) = 1. Then
there is an embedding of X into YwrS, where Y =Y/C.

In the discussion of Theorem 1.2a replace the elements x; € Y by their
cosets Cx;.
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Proposition 8.2b. Suppose V = Ten$ (W) where (H/Cgx (W), W) is a
nonreal reduced pair of quasisimple type. If H is a proper subgroup of G,
then there is a strongly real vector in 'V for G.

Proof. As usual V is a coprime FG-module. We know from Theorems 7.1
and 7.2 that F =T, with p € {7,11,13,19,31} and that d = dimpW = 2
or 4. We may assume that H/Cy (W) = E o Z is large, that is, Z &= F*.
Here F is one of 2.45, 2¥S5 or Sp,(3). There exist pairs which are not large
only when F = Sp,(3) and p = 13 or 19. But we may certainly assume
that G induces all scalar multiplications on V' = W®" (see the comment
after 5.3b). If ¢ € G induces the scalar ¢ on V, it preserves each tensor
factor and induces certain scalars c¢;, with ¢ = ¢y - - - ¢,,. Using that F™* is
cyclic we see that H induces all scalar transfomations on W.

Let n = |G : H|. By hypothesis n > 2. By Lemma 8.2a there is
a (Frobenius) embedding of G/Cq(V) into T' = (EZ))wrS,. We regard
G/Cg(V) as a subgroup of Go = T'/Cp (V) (the wreath product acting in
the obvious way). Then

G():XOZ

where X is the image in Gy of EwrS,. Let N and Ny be the images
in Gy of the base groups of EwrS, and T, respectively. Then N C X
and Z(N) = Z(X) = Z(E) has order 2, and Ny = N o Z. Of course
Go/No =2 X/N = S,,. The elements of N will be written as n-tuples
(h1,- -+, hy) with h; € E (and the obvious central amalgamation).

Let Y be the stabilizer in X of some tensor factor W of V, so that
Y/N = S,_1. Let x be the Brauer character of X afforded by V, and
let A be that of E afforded by W. Then y = Tens (A) as in (1.2¢). We
sometimes view 6 as a (faithful) character of Ny = N o Z and x as a
character of Go = X o Z.

We have |W| = p? and |V| = p?". Let f be the maximum of the
f(z) = f(x,V) taken over all noncentral € X. Since |X/N| = |S,| = n!
and [N/Z(N)| = |E/Z(E)|", by (5.6d) there is a regular Ggy-orbit on V,
hence a regular G-orbit, provided

n

nl|B/Z(E)" (") 4 p" ") < p = V).

Now we examine each possible case.
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Type (2.A5) : Here E = 2. A5 = Sp,(5), 6 is a (faithful) Weil character of
E of degree d = 2, and p = 11,19 or 31 (Sec. 7.1). Also |E/Z(E)| = 60,
and f < % by Lemma 8.1b. There is a regular G-orbit on V if nl60" <

on—2
P

1+1/p2'n.—1 .
the cases n < 5. Then Gy is a p’-group, and we may take G = Gy. We use

that E, Ewr S, and, therefore, X are real groups.

Let p = 31. Then G = X x Z15. The above estimate also holds for
n = 5. By Lemma 8.1b we have f(g) < % if g € N is noncentral. Let n = 4.
Then all 5-elements of G are in Ny, and if z € X ~ N has order 3, then
Nz € Sy has two cycles (orbits) and so |y(z)| < 6(1)? = d? = 4. Tt follows
that x has the eigenvalue 1 on V' with multiplicity at most 8, because the
primitive 3rd roots of unity have real part —3 (and 9 — 7/2 > 4). Thus
f(z) < i, as before. Now |G| = 24-60*-30 < 318 = V|2, whence
|G| - [V|2 < |V|. We infer that there is v € V such that C(v) contains no
elements of order 3 or 5, that is, Cg(v) is a 2-group. Thus Cg(v) C X and
v is strongly real for G.

Let n =3 (and p = 31). For z € X ~ N of order 3 we have |x(z)| =
0(1) =2 (as Nz is a 3-cycle). Hence zy = [4,2,2]. Fix an element h € E
of order 5, and let g = (h,h,h) in N. Then Cx(g) has order 2 - 5% - 6, and
Cx(g) contains x. We infer that there are at most 2 - 53 = 250 subgroups
in X of order 3 outside N. There are 20% + 3 - 20% + 3 - 20 = 2 - 4.630
elements y € N of order 3, all satisfying x(y) = £1 (as 0(34) = —1). We
get yy = [3,3,2]. There are 24> + 3242 +3-24 = 4 - 3.906 elements of
order 5 in NV, all having eigenvalues on V with multiplicity at most 4 by
Lemma 8.1b. Since

This holds true for n > 6, and all p. It remains to investigate

250(p* + 2p*) + 4.630(2p” + p*) + 3.906(2p") < p® = |V|,

there exists v € V such that Cg(v) is a 2-group. We are done as before.
The n = 2 case is treated similarly.

Let p = 19. Then every 3'-subgroup of G is a real group. Let g € G
be of order 3. If g € Ny, then f(g) < % by Lemma 8.1b. If g & Ny
then its image in S, & G/Ny is a product of at most n — 2 disjoint cycles.
Consequently the real part

Re(x(9)) < |x(g)] < 0(1)" "2 =22"".

Let gy = [l(a), zib), zéc)] where z; # 29 are the primitive 3rd roots of unity
in F. Then f(g) = a/2" and Re(z;) = —%. For n = 5 we have Re(x(g)) < 8,
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which implies that a < 16 and f(g) < % Similarly a < 8 for n = 4, hence
f(g) < % as before. For n = 4,5 we have |G| = nl60" - 18 < 192"/2 = V|2
and so |G| - |V|2 < [V|. We deduce that there is v € V such that Cg(v) is
a 3’-group, as desired.

The case p = 19, n = 3 is handled by showing that Nx(Fv) is a 3'-
group for some v € V. By Lemma 5.1b then v is strongly real for G. There
are 2 - 103 elements of order 3 in N. Since 6(h) = —1 for each h € E of
order 3 [Atlas], for any y € N of order 3 we have x(y) = =1 and necessarily
yv = [3,3,2] (so x(y) = —1). As before we see that there are at most 4-303
subgroups of order 3 in X outside N (where we know the spectral pattern
already). Since

250(p* + 2p?) + 4.630(2p° + p?) < p° = |V,

there is v as required. In the n = 2 case we pick an element = (h, h) in
X of order 5 (h € E). If T is a subgroup of X containing z, then Nx (T')/T
is a 3’-group. The character table of E = 2. Ay gives that dimgCy(x) = 2.
Now let v be any nonzero vector in Cy (z), and let T' = Cx (v). By Lemma
5.1b this v is strongly real for Gj.

Let p = 11. Then G = X x Z5. Each 5-subgroup of G is real. For
n = 5,4 we claim that there is v € V such that Cg(v) is a 5-group. Let
g € G be an element of order 5. If ¢ € Ny then f(g) < % by Lemma
8.1b. Otherwise n = 5 and Nyg is a 5-cycle in Ss. Then |x(g)| = 6(1) = 2
and dimrCy(g) = 8 as each primitive 5th root of unity in F appears as
eigenvalue of g on V with multiplicity 6. Hence f(g) = % in this case.
Now use that |G| - |V|2 < |V|, which gives the claim. Let n = 3,2, and
let y = (h,h,h) resp. y = (h,h) for an element h € Y of order 3. Then
x(y) = 0(h)™ = (—=1)", and we deduce that dimrCy(y) = 2 in both cases.
Let v be a nonzero vector in Cy (y), and let C = Cx(v). Then Nx(C)/C
is a 5’-group. Now use that y takes only real values on X, and use Lemma
5.1b. This shows that v is a strongly real vector for G.

Type (2.Ag) : Here E = 2S5, d = 4 and p = 7. By Lemma 8.1b,
f< %. We obtain that there is a regular Gg-orbit on V provided n > 6.
So let n < 5. Then Gy is a p’-group, and we take G = Gy. By Lemma
8.1b now f < %. This yields the existence of a regular G-orbit on V for
n > 3. So let n = 2. Inspection of the character table [Atlas, p. 5],
noting that § = yg for E = 27Sg and 0 = yg for E = 27 S, yields that
f(g) < 3 for each noncentral element g € G of order 3. (If g € N either
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x(g9) = 1 and gv = [6,5,5], or x(9) = —2 and gv = [4,6,6], or x(g) = 4
and gy = [8,4,4].) The number of noncentral elements of order 3 in G is
at most 3 - (802 +2-80) < 78 = [V|2. It follows that there is v € V such
that Cg(v) is a 3’-group (contained in N). The restriction to Cg(v) of x
is rational-valued [Atlas].

Type (Sp,(3)) : Here E = Sp,(3), d = 4 and p € {7,13,19} (Sec. 7.1).
Recall also that § = x21 or x22 in the notation of the Atlas [Atlas, p. 27].
From the general estimate we get the existence of a regular G-orbit on V'
when p = 13 or 19 and n > 3, and when p =7 and n > 4.

Let p =19 and n = 2. Then Gy = X X Zy is a p’-group. Each element
of order 3 in G lies in Ny, and the number of such elements is at most
|Gol/2 < 198 = [V|2. Hence there is v € V such that Cg, (v) is a 3'-group.
Then the restriction to Cg, (v) of x is rational-valued [Atlas].

Let p =13 and n = 2. Then Gy = X x Zg is a p’-group. Let G = Go.
Each element in X of order 3 lies in N. If v = (h,1) or (1,h) with h € E
belonging to one of the conjugacy classes 34 By, then zy = [12,4] . There
are 2-80 such elements. For the remaining 80242402 +2-24044802+2-480 =
2-147.920 elements y of order 3 in X we have >-,_, |Cv (2y)| < p? +p° +p.
It follows that

> Cv(9)] < 80(p' +p*) + 147.920(p° + p° + p).
¥E8s(G)

Let g € N be a noncentral involution. Then g = (hy, ha) where either both
h; € E belong to the class 24 or one h; lies in 24y and the other is 1.
Then x(g) = 0 [Atlas] and so gy = [8,8]. There are 452 + 2 - 45 = 2.115
such involutions in N. It follows that 3> 5 ) [Cv(7)| < 2.115(2p%). We
have >°. s, (@) [Cv(V)| < [V] = 1316, We conclude that there is v € V
such that Cg(v) = Cx(v) is a {2, 3}-group. The restriction to Cx (v) of x
is rational-valued [Atlas].

Let p =7 and n = 2,3. As before we prove that 35 ) [Cv (V)] <

|V| = 72". There is v € V such that Cg,(v) = Cx(v) is a 3'-group, and
the restriction to C'x (v) of x is rational-valued [Atlas|. We are done. [

Proposition 8.2c. Suppose V = Ten (W) is a coprime FG-module where
(H/Cxg(W),W) is a reduced pair of quasisimple type. There is v € V such
that Cq(v)/Cq (V) has a regular orbit on V.
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Proof. We may and do assume that H induces all scalar transformations
on W. Let d = dimgW and let n = |G : H|. In view of Corollary 7.2c we
may assume that n > 2. Pick w € W such that C = Cy(w)/Cx (W) is a
point stabilizer of minimal order. That is, either C' = 1 or C is as listed
in Theorem 7.2a, or (H/Cy (W), W) is a permutation pair (Example 5.1a).
In this latter case either C =1 or r =p =d+ 2 or d + 3, in which case we
may choose w such that C' is cyclic of order dividing p — 1. In each case let

v=w®- - @we WO =V.

Let N = Coreg(H). So S = G/N is a transitive permutation group of
degree n, which is a p’-group (like G).

By Lemma 8.1a, Cn(v)/Cx (V) is isomorphic to a subgroup of C().
It follows that Cg(v)/Cg(V) is isomorphic to a subgroup of CwrS. In
particular, |Cg(v)/Cq (V)| is a divisor of |C|™ - n!. Let F = F,, so that
[W|=r¢and |V|=r?".

Suppose first that d > 3. Then f(g) = f(g,V) < 1 — 3 for each g €
G~.Cq(V) by Lemma 8.1b. Hence the number of vectors in V' centralized by
some nontrivial element in Ce(v)/Cq(V) is at most equal to n!|C|"|V|*~ 4.
There is a regular vector in V for C¢(v) provided this number is less than
|V|, that is, if

nljc)” <

This is fulfilled for all n > 2 when C = 1 or when |C| < p — 1 (handling
the cases where (H/Cy (W), W) is a permutation pair). Otherwise r = p
and |C| < 72 by Theorem 7.2a. Then the above inequality is fulfilled for
all n if d > 5. For d = 3 we even have p > 11 and |C| < 5, which gives
the result. Let d = 4. Then the above inequality holds for all n > 3.
So let n = 2. If |C] < 18, the result holds. Otherwise by Theorem 7.2a,
H/Cyg(W) 2 8Sp,(3)x Zs, d =4, r =7, and by Corollary 7.2c there exists a
regular vector w; € W# for C' = SLy(3) x Z3 such that (@) Nw,C = {w, }.
Let wo € W be any vector linearly independent from w;. Then wy ® ws is
a regular vector for C'wr Sy and hence for Cg(v)/Cq(V).

Let d = 2. Then f(g,V) < 3 for each nontrivial element in G/Cg(V)
by Lemma 8.1b. There is a regular Cg(v)/Cq(V)-orbit on V provided

2n72

nl|C|" <r

Since r > 3 is odd, this inequality holds when C' = 1. So let C' # 1, in
which case H/Cy (W) = 2.A50Z by Theorem 7.2a. If r # 11, then |C] < 3,
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and the inequality holds for all n > 2. So let F' = Fy; and |C| = 5. Then
the estimate holds for n > 5. Let n = 4. We have |P;(W)| = 12, and C
has on Py (W) two fixed points Fw = Fw; and Fws, say, and two orbits of
length 5 represented by Fws and Fwy (say). The vector w; ® wa ® ws ® wy
is regular for Cwr Sy and hence for Cg(v)/Ca(V). The cases n = 3,2 are
treated similarly. O

8.3. Tensor Products of Reduced Pairs

Proposition 8.3a. Suppose V. =U & W where both (G/Cq(U),U) and
(G/Ce(W),W) are reduced pairs. Then there is a real vector in V for G.

Proof. Without loss we may assume that G induces on U and on W all
scalar transformations. By Proposition 5.3b we may also assume that one
of the reduced pairs is nonreal, say the first one. Then d = dimpU = 2,3
or4and r=p € {3,5,7,11,13,19,31} by the classification of the nonreal
reduced pairs (F' = F,.). By Theorems 6.1 and 7.1, and by Corollary 7.2c,
there is w € W such that Cg(w)/Cqe(W) has a regular orbit on W. Hence
the assertion follows from part (iii) of Proposition 5.3b provided dim W >
d. But when dimgW < d, we may exchange the roles of U and W. O

Proposition 8.3b. Let W = Ten$ (W) where (H/Cy (W), W) is a reduced
pair of quasisimple type. Suppose V. =U @p W where (G/Cg(U),U) is a
reduced pair. Then there is a real vector in 'V for G.

Proof. Without loss of generality we may assume that G induces all scalar
transformations on U and on W. If H = G the result follows from Proposi-
tion 8.3a. Solet n = |G : H| > 2. Combining Propositions 8.2b and 5.3¢c we
see that there is a real vector in W for G, at any rate. If, in addition, there
is a real vector in U for G, the result follows from part (i) of Proposition
5.3b.

Hence we may assume that (G/Cq(U),U) is a nonreal reduced pair.
By the results in Chapters 6, 7 then dimrpU = 2,3 or 4. On the other
hand, dim FW > 2 and so dimpW = ( dim FW )™ > 4. By Proposition
8.2¢ there is w € W such that Cg(w)/Cq(W) has a regular orbit on W.
Therefore part (iii) of Proposition 5.3b applies again. (]

Proposition 8.3c. Let V = Uy ®p Uy @ Uz where the (G/Cq(U;),Us;)
are nonreal reduced pairs. Then there exists a real vector in V for G.
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Proof. We may assume that G induces all scalar transformations on the
U;. Suppose first that there are abelian vectors u; € U, for G at least two
times, say for the indices ¢ = 2,3. Let W = Us ®p Uz and let w = us ® us.
By part (ii) of Lemma 8.1a, w then is an abelian vector for G/Cgq(W).
Since dimgW >4 > dimrU; by Theorems 6.1, 7.1, the assertion follows
from part (iii) of Proposition 5.3b.

It remains to examine the situations where there are no such abelian
vectors. By Theorems 6.1, 7.1 then at least two of the pairs are of type
(Sp4(3)), say the latter ones, and p =7 or p = 13. Then U = Uy = Uz and
G acts on W = Uy ®p Us = U®? like the base group of (G/Cq(U))wrSs.
Hence the result follows from Proposition 8.3b. O

8.4. The Riese—Schmid Theorem

We call a pair (G, V) nonreal induced provided V is a faithful coprime FG-
module which admits no real vector for G and which is induced from some
nonreal reduced pair (H, W), that is, V = Indgo (W) for some subgroup
Gy of G satistying H = Go/Cg,(W). From the classification of the nonreal
reduced pairs it follows that then V' is an absolutely irreducible F'G-module
and F' = IF, for one of the primes p = 3,5,7,11, 13,19 or 31. Of course this
also forces that |G : Gyl is not divisible by p.

Theorem 8.4 (Riese-Schmid). Let V be a faithful, irreducible, coprime
FG-module admitting no real vector for G. Then (G, V') is nonreal induced.

Proof. Assume V is a counterexample with d = dimgV minimal. So
there is no real vector in V' for GG, hence G is nonabelian and d > 2.
Furthermore, whenever Vj is an irreducible coprime F(GGg-module for which
char(Fp) = p = char(F) and dim g,V < d, then there is a real vector in V;
for Gy, that is, for Go/Cq, (Vo), or (Go, Vp) is nonreal induced. We argue,
at first, like for Theorem 5.4.

(1) V is an absolutely irreducible FG-module:

For otherwise embed F' (properly) into the field Fy = Endpg (V). Then
Fy ®p V is the direct sum of the distinct Galois conjugates over F' of
some absolutely irreducible FyG-module V. This Vj is a faithful module
and dimp,Vo < d. Thus either Vj contains a real vector vg for G, or
Vo = Ind% (W) where (H/Cy (W), W) is a nonreal reduced pair (over Fp).
In the former case the sum of the distinct Galois conjugates over F' of vg is
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a real vector in V' for G. The second case cannot occur by the classification
of the nonreal reduced pairs, because Fy is not a prime field.

(2) V is a primitive FG-module:

Otherwise V = Indg(U) for some proper subgroup H of G and some F' H-
module U. Then dimpU < d. Hence either there is a real vector in U
for H, which implies that there is a real vector in V for G by part (i)
of Proposition 5.3a, or U = Ind¥ (W) where (Y/Cy (W), W) is a nonreal
reduced pair. By transitivity of module induction V' = Ind$ (W) in the
latter case.

(3) The irreducible constituents of Res$(V)) are absolutely irreducible
for all normal subgroups N of G:

Otherwise choose N maximal such that (3) is false. Then N # G by (1). As
in the proof for Theorem 5.4 one gets that Res$ (V) = W is an irreducible
FN-module with Fy = Endgy(W) being a proper extension field of F.
Moreover G/N = Gal(Fp|F') and

Fy®p V = Ind$(U),

where U is an (absolutely) irreducible constituent of Fy @ p W. If there is
a real vector in U for N, then there is a real vector in Fy @ V for G by
Proposition 5.3a, and we get a real vector in V. Hence by the choice of V'
we have U = Ind{y (Up) for some subgroup Y of N and some FyY-module
Uy, with (Y/Cy(Up),Uy) being a nonreal reduced pair. But such a pair
does not exist. Hence the assertion.

From (1), (2), (3) it follows that every abelian normal subgroup of G is
cyclic and central in G (acting by scalar multiplications). The generalized
Fitting subgroup of G is nonabelian for otherwise G were cyclic and so had
a regular orbit on V.

(4) There is a nonabelian normal subgroup N of G such that Res$ (V')
is not (absolutely) irreducible:

Assume the contrary. Let F be a minimal nonabelian normal subgroup of
G. By assumption and (2), (3), Res&(V) = W is absolutely irreducible.
Hence C¢(E) = Z = Z(G) acts via scalar multiplications on V and EZ
is the generalized Fitting subgroup of G. Suppose first that E is solvable.
Then it is a ¢g-group of “symplectic type” for some prime ¢ # p. Either ¢
is odd and E = Q(FEZ) is of exponent ¢, or E is an extraspecial 2-group
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or the central product of such one with a cyclic group of order 4 (when F'
contains the 4th roots of unity). Hence (G,V) is a nonreal reduced pair
with core FE, a contradiction.

Suppose next that E is not solvable. If F is quasisimple, we get a
contradiction as before. Hence F is the central product of n > 2 distinct
G-conjugates of some quasisimple group Eg. Let Gy = Ng(Ejy), so that
n = |G : Gp|. Then W is the tensor product of n distinct G-conjugates of
the unique absolutely irreducible constituent Wy of Resgo(W). Let 6 and
0y be the Brauer characters of F, E; afforded by W, Wy, respectively. By
Theorem 1.9¢ there is an FGo(6g)-module W, extending W, (in the usual
sense). The pair (GO(GO)/C’GO(GO)(WO),W\O) is reduced with quasisimple
core isomorphic to Fy. By Theorem 1.9d there is a finite extension G of
G = G(0) by an abelian p’-group, containing a subgroup @0 mapping onto
Go(fo), such that R

V = Ten (Wp).
Go

If there is a real vector in ﬁ/\o for CA?O, there is a real vector for G in V by
Proposition 5.3c. If there is no real vector in Wy for Gy, by Proposition
8.2b there is a real vector in V for G as well. This proves (4).

(5) Over some central extension G of G we have V = U @p W where
the pair (G/C5(U),U) is nonreal reduced and where W is an absolutely

irreducible and primitive FG-module with dim FW > 2:

By (4), (3) there is a nonabelian normal subgroup N of G such that the
restriction of V' to IV is a proper multiple eU of some absolutely irreducible
FN-module U (e > 2). This U is faithful. Now argue as in the proof for
Theorem 5.4, on the basis of stable Clifford theory. This gives the tensor
decomposition V = U Qpr W as asserted where dimpU > 2 and dimgW >
2. By (1), (2) both U and W are absolutely irreducible and primitive. For
it W= Ind%(W) were imprimitive, say, then V = Ind% (Res%((}) ®F W)
and (2) applies. Since both dimpU and dimpW are less than d, the
theorem holds for U and for W. At least one of these modules does not
contain a real vector by Proposition 5.3b, hence defines a nonreal reduced
pair by the choice of V. The situation being symmetric we assume that
(CNY'/C’a(U), U) is a nonreal reduced pair.

(6) We have F' =, for a certain odd prime p < 31. There is a real
vector in W for G, and (G/Cx(W), W) is neither reduced nor is obtained
by (proper) tensor induction from a reduced pair with quasisimple core:
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The first statement follows from (5) by the classification of the nonreal
reduced pairs. Apply furthermore Propositions 8.3a and 8.3b.

Now we proceed by showing that statements (3), (4) hold for W in
place of V.

(7) The irreducible constituents of Res%(W) are absolutely irreducible
for all normal subgroups N of G:

Otherwise there exists a proper normal subgroup N of G which is maxi-
mal subject to the property that W = Res%(W) has an irreducible sum-

mand which is not absolutely irreducible. Then W is irreducible, Fy =

End_~(W) is a proper extension field of I and G/N = Gal(Fy|F) =T
(as before). Furthermore, denoting by Wy an (absolutoly) irreducible con-
stituent of Fy®y W, we have Fy®p W = IndS ( o). Let Z = C~ (V). Then
G = G/Z as G is faithful on V, and Z 1nduces scalars from F* on both U
and W. By the (maximal) choice of N therefore Z C N. Let N = N/Z.
Since G/N = G/N is cyclic, G/C~( ) contains a normal subgroup map-
ping onto the core of G/Ca( ). It follows that U = Res%(U) is absolutely
irreducible. Let Uy = Fy ® r U. We conclude that

FoerV=FrU)Qr (Fo@r W)= Ind%(ﬁo ®F, WO)-

Hence, in view of (1), ‘N/O = ('70 ®F, WO is an absolutely irreducible FOK/'—
module, which is centralized by Z. By Mackey decomposition, identifying
I'=G/N,

Fy @p Res§ (V) = Res§ (Fy @p V) & EBVO

Tel’

By virtue of (3) and (2) this implies that Res$§ (V) 2 eV for some absolutely
irreducible F N-module V/ satisfying Fo ®F V 2 Vp, where the ramification
index e = |I'| = |G/N|. However, e = 1 since T is cyclic. This may be seen
by observing that if 6 is the Brauer character of N afforded by \7, then
the representation group I'() is a central extension of the cyclic group T
Hence I'(0) is abelian, and the Brauer character of G afforded by V' is of
the form x = 6 ® ¢ for some linear character ¢ of I'(#), where 9( ) =0(1).
We have the contradiction N = G.

(8) There is a nonabelian normal subgroup J\7/C’5(W) of é/Ca(W)
such that Res%(W) is not absolutely irreducible:
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Otherwise consider a normal subgroup E of G which is minimal subject
to the condition that its image in G/Cz(W) is nonabelian. As in step
(4) either (é/Ca(W), W) is a reduced pair, its core being the image of E,
or W is obtained by (proper) tensor induction from a reduced pair with
quasisimple core. Both cases are excluded by (6).

(9) Conclusion:

By (8), (7) and stable Clifford theory we may write W 2 Uy ® pUs over some
central extension G of (~¥, where both modules U; are absolutely irreducible
and primitive with dim rpU; < dimgW. Viewing U; = U as an FG-module
we have

V22U QrUs®FrUs.

Recall that the pair (@/C@(Ul), Uy) is nonreal reduced by (5). If the pairs

(@/C@(Ui), U;) are nonreal reduced also for i = 2, 3, then V' contains a real
vector for G by Proposition 8.3c. Hence, by the choice of V', one of these
modules, say Us, has a real vector.

Now U = Uy ®p Us is an absolutely irreducible and primitive F G-
module with dimension less than d = dim V. Thus either U contains a
real vector for G or (G/ Ca(ﬁ ),U) is a nonreal reduced pair. In the first
case by Proposition 5.3b there is a real vector for G in V = U ®p Us, a
contradiction. By the classification of the nonreal reduced pairs the latter
case can hold only when F = F;, dimpU = 4 and (@/C’a(Ul),Ul) is
nonreal of type (Qg). However, then |U;| = |Us| = 72. Since GLy(7) is a
5'-group, CA?/Ca((?) is a 5'-group too. But (@/C’a(ﬁ), U) is of type (25),
(2.46) or (Spy(3)), and |§/Ca((7)| is divisible by 5 in each case. O

8.5. Nonreal Induced Pairs, Wreath Products

Let (G, V) be a nonreal induced pair, say induced from the nonreal reduced
pair (H,W). Suppose
V=wie - --oW,

is an imprimitivity decomposition, where the G-conjugate reduced pairs
(Ne(W;)/Ce(W;),W;) are isomorphic to (H,W). Assume that n > 2.
Let E be the core of (H,W), and let F; = E be the core of H; =
Ne(W,;)/Cq(W;). Fix an isomorphism (Hy, Wy) = (H, W) of reduced pairs.
Inspection of Theorems 6.1, 7.1 yields that distinct normal subgroups of H
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are not isomorphic (and in most cases even determined by their order). Let
N =N, N¢(W;), and suppose that S = G/N acts (transitively) on the
set Q@ = {1,---,n} like on the {W;}. For each i € Q let T; = Cn(W;) and
N; = N/T;. Identifying each N; with NC¢q(W;)/Cq(W;) we have normal
subgroups of the H;, which are G-conjugate, hence have a common image
No = N; in H = Hy.

Since G is faithful on V| by Lemma 8.2a we may identify G with a
subgroup of HwrS. Our objective is to show that G is not far from being
the full wreath product. Define R; = (1, 7; for each i € €2, which are
G-conjugate normal subgroups of N (and which would agree with a direct
factor H; in the base group B = H™ = H; x - - - x H, of the wreath
product). We have R, NT; = 1, and

R=R; x---xR,

is a normal subgroup of G. Let Ry = R; = RCq(W;)/Cq(W;) be the
common image of the R; and of R in H = H,. Observe that Ry, Ny are
normal subgroups of H.

Lemma 8.5a. Ny has no regular orbit on W. Hence Ny is a nonabelian
normal (characteristic) subgroup of H and so Ny 2 E.

Proof. Assume that, for some ¢ € 2, there is w; € W; such that Cy, (w;) =
1. Since G is transitive on the {W;}, this is true then for all i € Q. Thenv =
>_; w; is aregular vector for N as Cn(v) = [1;cq On(wi) = N;cq On(Wi) =
1. But now by Proposition 5.3b (ii) there is a real vector in V for G, which
contradicts the (implicit) hypothesis in the lemma. The remainder follows
from (3.4b) and the definition of a reduced pair. O

For a subgroup Y of H we denote by Y'© the “stabilizer residual”
of Y, the intersection of all normal subgroups 7' of Y for which Y/T is
isomorphic to a subgroup of O (w) for some w € W#. We have to examine
these residuals only when (H,W) is of extraspecial type.

Lemma 8.5b. Let (H,W) be of extraspecial type. Suppose Y is a subgroup
of H which has no regular orbit on W. Then Y® ¢ Z(H) when p # 3,5,
andY D FE forp=>5. IfY is assumed to be subnormal in H, thenY O E.
Further, then Y s irreducible on U = E/Z(FE) except when p =3 or 5, or
when p = 7 and (H,W) is of type (33) with Y = E(j) or E{j)Z(H) for
some involution j inverting the elements of U.
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Proof. Clearly Y is nonabelian. Let Z = Z(H). From Theorem 6.1 we
know that Z = F7 unless p =7, £ = 3?2 and H = X = E : Sp,y(3) is the
standard holomorph of E. Otherwise we have H = X o Z where X is the
standard holomorph of E when 4 tp—1 and p # 3, and of FE o Z4 otherwise,
or we have p =7, E = 2™ and X/E = Q (2) for m = 1,2. Recall also
that for p = 3 we have type (2°), and X = 2174 : (Z5 : Zy) is related to
the largest Bucht group.

By Theorem 6.1 the point stabilizers either are abelian or (H, W) is of
type (22) with p = 7, or of type (3%) with p = 13, where SLa(3) = Qs : Z3
can appear. Hence either Y® D Y’ or we are in these latter situations, in
which cases Y D Y at least.

Let x denote the Brauer character of H afforded by W. We work
through the various types, making use of the knowledge of the H-orbit
structure on W given in Sec. 6.1.

Type (Qs) : Here E = Qs and X = 2754 or SLy(3) for p = 7, and
X ¥ (QgoZy).S3 for p=>5and p = 13. Let T = Ny (P for some Sylow
3-subgroup P of H. Then H = ET, ENT = Z(E) and T/Z = S5 or As. If
y € H is a noncentral element of order 3, then y is irreducible on U and so
|x(y)| =1 by Theorem 4.4. Hence (Zy) fixes 2 points in P, (W) if 3| p—1,
and at most 1 otherwise. Each noncentral involution in H fixes 2 points in
Py (W). It follows that T" has a regular orbit on W for p = 13. The same
holds true for p = 7, because then P = Z3 x Cz(w) for some w € W* (Sec.
6.1), and the involutions in T/Z leave F'w invariant. For p = 5 any such
stabilizer Cgr(w) is cyclic of order 4, and either T is regular on W* or has
two orbits of size 12. But in the latter case H/Z = (EZ/Z) : (T/Z) has an
element of order 4 whose square is in 7/Z, which is impossible.

Let next T be a subgroup of H such that Z(E) C ENT C E. Then
T contains no element of X of order 3 that is irreducible on U. It follows
that T//Z has order 4 and so has a regular orbit on Py (W). For p = 5 argue
as above, in which case T' can be dihedral of order 8 (having two regular
orbits).

Thus Y O E. Of course F 22 Qg has a regular orbit on W, and EZ
has a regular orbit on W if and only if p # 5. Hence Y® D Y’ ¢ Z for
p # 5, as desired. Finally, if Y is subnormal in H and not irreducible on
U,thenY = EZ and p =5.

Type (2%) : Here £ = 2™ and X = E : (Z5 : Z4) for p = 3, and
X = E.S5 or E.A5 for p = 7. The core E has 10 noncentral involutions
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corresponding to the 5 singular points in the orthogonal space U = E/Z(E).
Each such involution ¢ has two eigenspaces on W, both of dimension 2, and
so fixes exactly 2 - (p + 1) points in P;(W). Since t and ¢z for z € Z(E)
have the same eigenspaces, the number of points in P; (W) fixed by some
noncentral involution in E is at most 5-2- (p+ 1). This number is smaller
than |Py(W)| = p* +p?> + p+ 1 for p = 7 but not for p = 3.

Indeed for p = 3 there is no regular F-orbit on W. Here H is transitive
on W*, apoint stabilizer being cyclic of order 8 (Sec. 6.1). Since E is normal
in H, the E-orbits on W* have equal size, but |[IW#| = 80 is not divisible by
|E| = 25. Each proper subgroup of E has a regular orbit on W, however.

Suppose Y is subnormal in H. Then (Y NE)/Z(E) cannot be a proper
subgroup of U, because the normal closure of Y in Y'E then were a proper
subgroup of Y F and so Y centralizes a nontrivial quotient group of U. But
this implies that Y is a 5’-group, and that Y C EZ by the structure of H.
This in turn forces that p =3 and Y = E. For p = 7 we obtain that Y = X
or X’ and so Y is irreducible on U.

Let p = 7 in what follows, and assume that Y is not subnormal in H.
In the proof for Proposition 6.6b, part (ii), we have seen that there is, up
to conjugacy, a unique subgroup 7' = 2.S55 of X such that X = TF and
TNE = Z(E), and Resy (x) is the character obtained by fusing y¢ and 7
in the Atlas notation (p. 2). Let y € T be an element of order 3. Then
x(y) = =2 and yw = [z§2),z§2)] where 21 # 29 are the primitive 3rd roots
of unity. Hence y fixes 2-8 = 16 points in P, (W). The group EZ(y) has a
regular orbit on W, because EZ(y)/Z contains |E : Cg(y)| = |x(y)|? = 4
(conjugate) subgroups of order 3 and 80 + 4 - 16 < |P,(W)].

Each noncentral involution z € T' (x(z) = 0) fixes at most 2 -8 = 16
points in P (W). There are 16 subgroups isomorphic to Z(x)/Z in EZ(z)/Z
complementary to EZ/Z. Hence EZ(x) has a regular orbit on W since
80+ 16 - 16 < 400 = |P;(W)|. The subgroup Ty = 2.A45 of T has a regular
orbit on W but T o Z does not (see the remark to Theorem 7.2a). However
this does not matter since Y/Y® is solvable.

It remains to examine the situation that Y N E D Z(FE). We know
that YZE/ZE is not trivial and not of order 2 or 3. Suppose first that
Y maps onto SL2(3) or onto Qs. Then YZE/ZE is isomorphic to Ay
resp. to Zy X Zs. In both cases Y centralizes a singular point in U but no
nonsingular one [Atlas, p. 2]. By definition

Y CYNE and [YNE,Y]CY°.
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Thus from Y® C Z it follows that (Y N E)/Z(E) does not contain nonsin-
gular points. In other words, Y N E is elementary of order 4. But then a
simple counting argument shows that Y has a regular orbit on W.

Hence we are left with the case that Y® D Y'. If |Y| is divisible by
5, then Y is irreducible on U. Then even Y/ O E. Then Y® C Z implies
that Y Z/Z is abelian and that Y is a {2,3}-group. Moreover, YZE/ZE
must be isomorphic either to Zs x Z5 or to Sy x Az. The intersection of the
centralizers in S5 = Oy (2) of a singular and a nonsingular point of U has
order at most 2 [Atlas]. We conclude that in the former case Y N E either is
elementary abelian of order 4, which is handled as above, or (Y NE)/Z(E)
does not contain singular points. In the Ss x A3 case Y also centralizes no
nonsingular point. Thus Y N E is cyclic (of order 4) or isomorphic to Qg in
these cases. Again a simple counting argument shows that Y has a regular
orbit on W, in contrast to our hypothesis.

Type (32) : Here E = 31*2, X = F : Sp,(3) and p = 7 or 13. Each
noncentral element of E has 3 eigenspaces on W to different eigenvalues.
Hence every nontrivial subgroup of E/Z(E) fixes just 3 points in P, (W).
There are 3 + 1 = 4 such subgroups. Thus the number of points in P; (W)
which are fixed by some nontrivial element of E/Z(F) is at most 4-3 = 12,
which is less than |P (W] = (p3> —1)/(p — 1) for p = 7 and for p = 13. So
EZ has a regular vector in W.

If z is an element of order 3 in X outside E, then by Theorem 4.4
either Cg(x) = Z(E) and x(x) = 0, or Cg(y)/Z(E) = Cy(x) has order
(@)
at most 14 (p + 1) points, among them the eigenspaces of the noncentral
elements of E contained in Cg(z). If j is an involution in X, then j
inverts the elements of U and |x(j)] = 1 by Theorem 4.4. By Theorem
4.5a, or by inspection of the character table of Spy(3), x(j) = —1. Since
Sp5(3) has four elements of order 3 and a unique involution, and since
4-(p+2)+1-(p+2) < |Pi(W)] (for p =T and p = 13), every complement
to EZ/Z in H/Z has a regular vector in W.

If T is a subgroup of H with Z(E) C ENT C E, then T/Z cannot
contain an element of order 4. So counsider T = ZE(x,j) where x,j are
as above and Ej is a subgroup of E of order 3% normalized by x. Either
x centralizes Fy, and then EyZ/Z and Z(x)/Z together fix at most p + 2
points in Py (W), or these fix 2-3 < p+ 2 points. There are four subgroups
in T'/Z of order 3, and there are 3 subgroups in T/Z of order 2. Thus at

= 3. In the former case x fixes just three points in P; (W), otherwise
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most 3-(p+2)+ 3 - (p+ 2) points in P;(W) are fixed by some nontrivial
element of T'/Z. It follows that T has a regular orbit on W.

Consequently Y O FE. Assume that Y is subnormal in H but not
irreducible on U. Then Y does not contain an element of order 4, and no
element of order 3 outside F, whence |YZ/EZ| = 2. There are |U| = 9
involutions j in Y, hence at most 9(p + 2) elements in P, (W) are fixed
by any of them. Since the number of points in P; (W) fixed by nontrivial
subgroups of FZ/Z is at most 12, and since 12 +9 - (p + 2) < | Py (W)| for
p =13, we have p = 7. In the p = 7 case the result is as stated.

In general Y O FE contains an involution j inverting the elements of
U, or an element € X of order 3 outside E. In each case Y/Y N Z is
nonabelian, and Y® ¢ Z as the nonabelian point stabilizers are isomorphic
to SL2 (3) O

Remark. Let (H,W) be the unique, up to isomorphism, nonreal reduced
pair in characteristic p = 5. Then H is a 5-complement in GLo(5); the pair
(H,W) is of type (Qs) and will turn out to be exceptional (Chapter 10).
We have seen above that if Y is a subgroup of H having no regular orbit
on W, then Y properly contains the core £ = Qg of H. Indeed either Y
is one (of three) normal subgroups of H containing O(H) 2 Qg o Z4, or
Y = P = Z,wrZs is a Sylow 2-subgroup of H. Here P’ is cyclic of order 4
and subnormal but not normal in H (see Lemma 10.4a below).

Theorem 8.5¢ (Riese-Schmid). Let (G,V') be nonreal induced. Keeping
the notation introduced above we have Ry 2 E, except possibly when p =3
or 5. In the exceptional cases at least Ry O Z(E) (and Ny D E).

Proof. Since there is no real vector in V' for G, N has no regular orbit on
V' by Proposition 5.3b. From Lemma 8.5a we know that Ny has no regular
orbit on W, and Ny O E. Our argumentation will be different depending
on whether the core E of (H, W) is quasisimple or of extraspecial type.

Case 1: FE is quasisimple

Assume the assertion is false. Then Ry 2 E. Since Ry is normal in
H, by definition of reduced pairs this implies that Ry is abelian and Ry C
Z(H). So for each i € Q, using that G is transitive on € and identifying
N; = N/T; with a subgroup of H;, we have N; D E; and R; C Z(N;) where
R; = R;T;/T;. Also, for i # j in Q, T;; = T;T; is a normal subgroup of N
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with T”/T2 = TZJ/TJ and
Ti; /(Ti N T;) = T/ T; x T35/ T;.

Either T;;/(T; N Tj) is abelian and hence central in N/(T; N T}), or E; C
T”/E and Ej Q CTZJ/TJ

Define the subgroup Z; of N by Z;/T; = Z(N/T;) (i € ), and define
a binary relation on 2 by letting ¢ ~ j if Z; = Z;. This is a G-invariant
equivalence relation on 2. We assert that each equivalence class J has at

least two elements. In order to prove this we use that E is quasisimple.
Note that (), 7; = 1 and that [, Z; = Z(N).

There exists a quasisimple subnormal subgroup Y of N, a component
of N. Either YT;/T; 2 E; or Y C T;. In the former case Y = E;. (Use
that if the multiplier M(E) # 1, then F & 2.4 and M(E) = Z3, but Y
maps into N] = E; and Z(Y') C (), Z; where Z; /T; corresponds to Z(FE;).)
Let J = Jy be the set of those j € Q for which Y is mapped isomorphically
onto E;. Then J # @, and if J = {j} then Y C R; = (1, ,; T; were
abelian (as R; C Z(H;)). Hence |J| > 1. Let i # j be in J. Assume
i 4 5. Then Y = Y’ maps isomorphically onto a subnormal subgroup of
T;; /(T; NTj) which in turn maps onto the normal subgroup E; of T;; /T; and
on the normal subgroup E; of T;; /T;. This is impossible since T}, /(T; N T;)
has only 2 components [Aschbacher, 1986, (31.7)]. Alternately use that
in a direct decomposition of perfect groups the direct factors are uniquely
determined.

Thus J = Jy is an equivalence class with respect to ~, hence a G-block
on Q, with |J| > 2. For if g € G is such that Y9 =Y, then g stabilizes J,
and if Y9 £Y | then [Y,Y9] = 1 and JY9 = Jy. intersects J trivially. Pick
i # jin J, and write Z; = Z; = Z;. We assert that there are nonzero
vectors w; € W; and w; € W; such that

CN(’UJZ') N CN(wj) cC Zy.

By Theorem 7.1 we may choose w; such that Cy(w;)/T; is cyclic, except
when (H,W) is of type (Sp,(3)) with p = 7,13. In the cyclic case the
group C = Cn(w;)Z;/T; is abelian, and we pick w; in a regular C-orbit on
W;. In the exceptional cases we treat the (worst) situation that N, = N/T;
is isomorphic to Sp,(3) X Z(,—1)/2 so that Z;/T; = F;. By Theorem 7.1
we may pick w; € W; such that Cn(w;)/T; is isomorphic to SLa(3) x Z3
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(p = 7) resp. to ZzwrSy (p = 13). By Corollary 7.2¢, Cn(w;)Z;/Z; has
a regular orbit on P;(W;), and this depends only on the isomorphism type
of the point stabilizer. It follows that Cnx(w;)Z;/T; has a regular orbit on
W; likewise. Hence the assertion.

Thus there is v; = ZjEJ w; consisting of nonzero vectors w; € W;
such that Cn(vy) = ;c; On(wj) € Z;. Let v be the sum of the distinct
G-conjugates of vy. Then

Cn(v) € ((Z1)? = Z(N).
geG
So Cn(v) acts on each W; as a group of scalar multiplications fixing a
nonzero vector. This implies that Cy(v) = 1, a contradiction.

Case 2: FE is extraspecial

Here we argue as follows. Let the base group B = Hy x - -+ x H, of
the wreath product HwrS act on V.= W; @--- @ W,, diagonally (as usual).
Suppose N is any subgroup of B which has no regular orbit on V and for
which the image N; of N in H; is a subnormal subgroup of H;, for all i € .
Let T; = Cn(Wi), Ri = (), T and R; = R,T;/T; (as usual). We assert
that N; D E; and R; D Z(E;) for some i € 2, and even R; O E; for some
1if p# 3 and p # 5. We argue by induction on |N|.

So we ignore, at first, the group G and its transitive action on 2. Only
in a concluding step this will be used (yielding then the assertion for all
i € €, hence for the common images Ny of the N; and Ry of the R; = R;
in H = Hy).

Assume that this assertion is false (so that R; 2 E; for all i € 2, and
even R; 2 Z(E;) when p = 3 or 5). If for each i, N; has a regular orbit
on W, so does N on V. (Argue as for Lemma 8.5a.) So we may assume
that Ni, say, does not have a regular vector in W;. Then N; O E; by
Lemma 8.5b. We have Ry N Ty = 1, and T} contains R2,~ -+, R,,. Similarly
Ty acts faithfully on V= Wy @ .- - @ W,. The group N = Ry - T fulfills
all requirements. Since N; contains E; but N /T1 = Ry does not, we have
IN| < |N|. Since C~ (@D, W;) € R; for all i, by induction there must be

a regular vector v € V for N. We may write uniquely v = w; + v with
wy; € Wi and v = 2?22 w; for w; € W;. Here without loss we may assume
that all w; # 0. Let

C, = ﬂ CVN wz
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Then C} contains R as a normal subgroup. Clearly C1NT; = Cy(v)NT} =
1. So Oy = CT1/Ty is a subgroup H; which is isomorphic to C; and
contains R;. If there exists w; in W, which is regular for Cy, then w; + v
is a regular vector in V for N, a contradiction. Consequently C; has no
regular orbit on Wj.

Consider the action of C; on W; for i = 2,-- -, n. Let C; = C,T;/T;.
Then C; C Ch, (w;) for i > 2. These point stabilizers are well understood
by Theorem 6.1. It follows that 016 CR;y.

Let first p # 3,5. Suppose that N; is irreducible on Uy = E,/Z(Ey).
Then Ry C Z(N,) C Z(Hy). But then CP C Z(H;), which contradicts
Lemma 8.5b. Thus N; is not irreducible on U; (but still Ny D Ej). From
Lemma 8.5b it follows that then (H,W) = (H;, W;) must be of type (33%)
and p = 7. Moreover, then Ny = Ej - (j) or E1(j)Z(H1) for some involution
j of Hy inverting the elements of U;. Since C; has no regular orbit on
Wy, C¥ ¢ Z(H;) by Lemma 8.5b. Since C¥ is contained in all (normal)
subgroups of C; with index 3 (as Zg is a point stabilizer) and E; is a
3-group, this implies that Cy = Fy(j) or Ey{j)Z(H;). Since j inverts the
elements of U; and R; 2 By, C1/R; has an S3 quotient group. However, by
the structure of the point stabilizers C; /Cy° does not have an S3 quotient
group. This is the desired contradiction.

Let finally p = 3 (E = 2% or p = 5 (E = Qg). Then all point
stabilizers of nonzero vectors are cyclic 2-groups by Theorem 6.1. By as-
sumption Ry 2 Z(FEy). Since Ry is normal in N7 D Ej, this forces that
Ry = 1= CP. Hence C is an abelian 2-group. But then C; has a regular
orbit on W7, a final contradiction. This completes the proof. (I

In the nonreal induced (imprimitive) situation k(GV) < k(NV) - k(S)
by (1.7b). Here S = G/N is a transitive permutation group of degree n > 2.
The class number k(S) will be investigated in the next chapter. When
p # 3,5 by Theorem 8.5¢ the group N contains a normal subgroup of G
which is the direct product of n copies of the core E of (H, W) permuted
transitively by S. So G is indeed not far from being the full wreath product
HwrS. Observe that if G = HwrS, then GV = (HW )wr S.

Let us compute k(XwrS) for an arbitrary finite group X and an ar-
bitrary transitive permutation group S of degree n > 2. Let k = k(X),
and let 3, s be the set of partitions of the n-set & = {1,---,n} into s
parts, so that o, s = |2, s| is the Stirling number of the second kind to n
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and s. Counting the ordered n-sets of a k-set with repetition one gets the
combinatorial identity

zn:k(k‘—l)---(k‘—s—i—l)omszk'".

This identity is valid even when k < n (where the summands for s > k
vanish). For a partition o the stabilizer S, is the set of all elements of S
belonging to the Young subgroup of S,, determined by o.

Proposition 8.5d. For k = k(X) we have

MXwrS) =30 k(k—1) - (k—s+1)Yycn, . k(S2)/1S : Sol.

If S = Z,, is generated by an n-cycle, then k(XwrS)=(k™ — k)/n+kn if n
is a prime, and k(XwrS) <k™ — k + kn in general.

Proof. Every irreducible character x of the base group X (™) of G = XwrS
is of the form x = x1®-+-®xy, for unique irreducible characters x; € Irr(X).
This determines a partition o(x) of © consisting of those subsets on which
the components y; agree and which are maximal with this property. The
inertia group Is(x) = Sy(y)- One knows that x can be extended to the
inertia group XwrS,(y) of x in XwrS [James-Kerber, 1981, p. 154]. If
o € 3, is a partition of Q into s parts, there are k(k —1)--- (k—s+1)
irreducible characters x of X (") with o(x) = o if k > s, and none otherwise.
Hence k(G) is as stated.

Let S = Z,, = (z). If n is a prime, then S, = 1 unless 0 = . Hence
k(G) = k|S| + (k™ — k)/|S| by virtue of the above combinatorial identity.
In general the estimate follows, in a similar manner, once we have shown
that

D k(S)/IS 1 Sol < o
0€EY s
for each s > 2. Suppose o € ¥, ; is such that S, # 1. Let A be a set in o of
smallest cardinality. Then |A| = ¢ > 1 is a divisor of n and S, = (z%) (and
each set belonging to o has cardinality divisible by t). Pick any o € QA
say @ € I' € o, and replace A by AU {a}, I" by ' \ {a} and leave the
other sets in ¢ unchanged. We obtain 0o € Xy, with S, = 1. Noting
that ¢t < % and that at most 7,L on,s partitions in X, ¢ have nontrivial

stabilizer in S, the result follows since obviously 2z 57 e <o, O




Chapter 9

Class Numbers of Permutation Groups

Let Q = {1,---,n} for some integer n > 2. Permutation groups of degree
n are regarded as acting on 2. For each such group S one has the upper
bound k(S) < 2771, due to [Liebeck and Pyber, 1997]. We shall give a
sketch of proof for this theorem, and present a slight improvement.

9.1. The Partition Function

Since two elements of the symmetric group S,, are conjugate if and only if
they have the same cycle type, k(S,) = p(n) where p(n) is the partition
function on positive integers. There is no simple formula for p(n). Hardy
and Ramanujan showed that asymptotically p(n) ~ inif;;, which readily
yields the estimate

s L .m\/2n/3
(9.1a) p(n)<m e

for n > 2 (cf. [Erdds, 1942] for an elementary approach). We get the upper
bound p(n) < 0.2735 - 23790V" which is fairly good for n > 23. With
elementary means one can establish the following.

Proposition 9.1b. For n > 5 we have k(A,) < k(S,) <2772,

Proof. The assertion is verified for 5 < n < 10 by inspection [Atlas]. Let
n > 10. Let k4 be the number of conjugacy classes of elements in S,, with
shortest cycle length d, so conjugate to (12---d). Then either d = n (k, = 1)
or d < [ §]. Consider the elementwise stabilizer S¢g) = S, —q of {1,2,---,d}
for d # n in S,. Evidently kq < k(S(4)). By induction k(S(4)) < gn—d=2
for n # d since then n — d > 5. Thus

E(S,) <1423 4on=4 ... 4 ol51-2

which is certainly less than 272,

Let © € A,. If 25 = 24~ then associate to x the partition o defined
by x € S,,. If 25 # x4~ then ¢ is of the form (ay,- - -, a,) with a; > as >
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- > a, and all a; being odd. In this case 2" consists of two A,,-classes, and

we associate to these the different partitions o and o/ = (a1—1, as, -+, as, 1).
Hence k(A,) < k(S,,). Since the partition (n — 3, 3) is not associated to a
conjugacy class of A, in this manner, we even have k(A,) < k(S,,). O

One knows that roughly k(A4,,) is half of k(S,,) (Erdds).

9.2. Preparatory Results

We need some preparations. For a simple group L we denote by P(L) the
smallest degree of a faithful permutation representation of L, that is, the
index of a proper subgroup of L of largest order. Thus P(L) > Ro(L) +1
and P(L) > R,(L) + 1 for each prime p.

Lemma 9.2a. Suppose L is a finite simple group of Lie type of (untwisted)
rank £ =rk(L) over F, , where r = ¢* for some prime q.

(i) If ¢ =1, then L = La(r) = PSLa(r) and P(L) > r + 1 unless
r<1I1.

(i) If L =2Bsy(r) = Sz(r) is a Suzuki group, then P(L) = r?> + 1, and
if L =2G4(r) is a Ree group, then P(L) =r®+ 1.

(iii) In gemeral P(L) > (r**' —1)/(r — 1) except when L = Ly(7),
L2(11)) G2(4)7 3D4(2); 2F4(2),7 2B2(T) or QGQ(T)'

Statement (i) is a classical result of Galois (and Dickson) [Huppert, 1967,
I1.8.28]. The result on the Suzuki groups in (ii), where r = 2! with ¢ > 3
odd, is due to [Suzuki, 1962], and the result on the Ree groups, where
r = 3" with ¢ > 3 odd, can be found in [Ward, 1966]. (The Ree groups
2F4(2"), t > 3 odd, are not exceptional here.) The general lower bounds for
P(L) can be found in Table 5.2A for L classical, and in Table 5.3A for L
exceptional in [Kleidman-Liebeck, 1990]. In the cases L = G2(4), 3D4(2)
and for the Tits group 2F4(2)" one can take P(L) from the [Atlas], namely
P(L) =416, 819 and 1.600 respectively.

Lemma 9.2b. Let L, £ = rk(L) and r = q* be as before. Then |Out(L)| <
2(0 4+ 1)t exept when L = PQE(r), in which case |Out(L)| < 24t.

This is immediate from Steinberg’s description of the automorphisms of the
groups of Lie type in Chapter 10 of [Steinberg, 1967]. For L = Lo(r) we
have [Out(L)| = 2t if r is odd and |Out(L)| = t otherwise.
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Lemma 9.2c. Let L, { = k(L) and r = ¢' be as before.
(i) k(L2(r)) < r+1, k(Sa(r)) =r + 3 and k(*Ga(r)) =1 +8.
(i) In general k(L) < (67)°.

[Schur, 1911] has already computed the character table of Lo(r), [Suzuki,
1962] for the Suzuki groups (see also [Huppert—Blackburn, 1982, X1.5.10]),
and [Ward, 1966] for the Ree groups. Hence the statements in (i). State-
ment (ii) is due to [Liebeck and Pyber, 1997]. It is based on general results
on conjugacy classes in algebraic groups [Springer—Steinberg, 1970].

For a proof of the following fundamental result we refer to [Dixon—
Mortimer, 1996].

Theorem 9.2d (O’Nan-Scott). Suppose S is a primitive permutation
group of degree n. Then the socle of S has the form L™ for some simple
group L, and one of the following holds:

e Affine type: |L| = q for some prime q, S is a subgroup of the affine
group AGL,,(q) containing the translations, and a point stabilizer in S is
an irreducible subgroup of GL,,(q).

e Diagonal type: L is nonabelian (simple), n = |L|™~! with m > 2
and S is a subgroup of a wreath product with the diagonal action. Also,
S/L™) is isomorphic to a subgroup of Out(L) x S,,, and a point stabilizer
has a primitive action of degree m.

e Product type: L is nonabelian, n = b for integers b, d greater than
1 and S is a subgroup of TwrSq, in product action, for some primitive
subgroup T of Sy.

e Almost simple type: S is almost simple (m =1 and S C Aut(L)).

9.3. The Liebeck—Pyber Theorem

Theorem 9.3 (Liebeck—Pyber). If S is a permutation group of degree n,
then k(S) < 2n~1.

Proof. We argue by induction on n. Suppose S is not transitive, and
let Q1 be an S-orbit and Qs = Q@ ~\ Qy. Then N = Cs(9;) is faithfully
represented on )y as a permutation group of degree ny = [Q3] < n, hence

k(N) < 2"2~1 by induction. S/N is isomorphic to a subgroup of S,,, where
n1 = |Q4|, whence k(S/N) < 2™ ~1 By (1.7b)

k(S) < k(N) - k(S/N) < gm—1+n2=1 _ gn=2,
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Let T = S; be a point stabilizer, and assume 7T is not maximal in S.
Choose a proper intermediate group T'C H C S, and let C = Coreg(H).
Let |S: H|=b, |H:T|=d, and let by = |S : CT|, dy = |CT : H|. By
induction k(S/C) < 2°~! as S/C is isomorphic to a subgroup of Sy. Also,
C' has by orbits on Q = {1, -,n} of size dy, and the preceding argument
yields k(C) < (2%~1)bo, By (1.7b)

k’(S) < 2(d0—1)b0 . 2b—1 — 2n+b—b0—1 < 2n—1.

because bydy = n and b < by.

Hence we are reduced to the case that S is primitive. Let first S C
AGL,,(p) be of affine type (n = p™), and let M = Cs(M) be a minimal
(regular) normal subgroup of S. By Theorem 2.3c the principal block is
the unique p-block of S. Therefore by the Brauer—Feit Theorem 2.4,

1
E(S) <1+ Z|P|2

where P is a Sylow p-subgroup of S. Since P/M is isomorphic to a subgroup
of a Sylow p-subgroup of GL,,(p), which has order p™("=1/2 we have
k(S) <1+ %pm(mﬂ). We have to examine the cases where 1+ $p™(m+1) >
2¢" =1 that is, where p™(™*1) > 2" +1  This happens only when p = 2
and m < 4. Here the cases m = 1,2,3 are easily treated. Note that
every subgroup of GL3(2) has at most 7 conjugacy classes. In the m = 4
case consider the stabilizer C' = Cg(w) for some w € M*¥, so that C/M is
isomorphic to a subgroup of a parabolic subgroup R : GL3(2) of GL4(2),
with unipotent radical R = ZéS), and |S : C| < 15. Using (1.7b) we
conclude that k(S/M) < 15-7-8 < 20 and k(S) < 2, as desired.

Let next .S be of diagonal type. So the socle M of S is the direct product
of m > 1 copies of a nonabelian simple group L, and n = |L|™~!. Further
S/M is isomoprphic to a subgroup of Out(L) x S,,. Clearly k(L) < |L|/2
and |L| > 60. From the classification of the finite simple groups and Lemma
9.2b one has the very crude estimate |Out(L)| < |L|. (If L is an alternating
or sporadic simple group, then |Out(L)| < 2, except when L = Ag where
|Out(L)| = 4.) Consequently

E(S) < k(L)™|Out(L)| - k(Sy,) < |[L|™Tt.27m . oam=1 < |L|™ T

which gives the result.
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Let S be of product type. So n = b for integers b, d greater than 1,
and S is a subgroup of Twr Sy for some primitive subgroup 7' of S,. By
induction we know that every subgroup of T has at most 2°~! conjugacy
classes. Hence every subgroup of the base group N = T4 has at most
2(b=1)d conjugacy classes. Since S/SN N is isomorphic to a subgroup of Sy,
we have k(S/S N N) < 2471 By (1.7b) k(S) < 2(0-Dd . 2d=1 < obd—=1_ Of
course bd < b?.

So let S be almost simple, say L C S C Aut(L) for some simple
nonabelian group L. If L = A,, for n # 6, then Aut(L) = S,, and the result
follows (see above). If L = Ag or if L is a sporadic simple group, the desired
conclusion follows by inspection of the Atlas. Use that n is larger than the
degree of each faithful character.

So let L be a group of Lie type over F,, and L 2 A,. Let r = ¢
for some prime ¢, and let £ = rk(L). Clearly n > P(L). We use Lemmas
9.2a, 9.2b and 9.2¢, and we use (1.7b). The cases where L = Lo(r) or
L is a Suzuki or Ree group are easily treated using the information given
above. The groups G2(4), 3D4(2) and 2F4(2)" are treated with the help of
the Atlas. In the remaining cases we have

k(S) < (6r)f|Out(L)| < 20 =D/(r=1)=1 < gn—1,

as desired. O

9.4. Improvements

Recently [Mar6ti, 2005] has shown that, for n > 3, the Liebeck—Pyber
bound can be improved to k(S) < v/3"~'. When S is solvable or |S| not
divisible by 3, 5 or 7, this stronger bound had been established previously
by [Kovacs—Robinson, 1993] and [Riese-Schmid, 2003], and this suffices for
our purposes.

Lemma 9.4a. Let p be any of the primes 3,5 or 7. If S is a primitive
permutation group of order prime to p and of degree n > 7, then k(S) < 2% .

Proof. Of course we invoke the O’Nan—Scott Theorem 9.2d. Suppose first
that S is of affine type. Then S has a minimal normal g-subgroup M for
some prime ¢ # p, with Cs(M) = M and |[M| =n = ¢™ for some m. Also
S = M : H where H is an irreducible p’-subgroup of GL,,(g). Arguing as
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before we have to examine the cases where 1 + %qm(mﬂ) > 2! , that is,

where
gt > 9(a"+4)/2,

This implies that g =7, m =1lorq=3, m =2,30r q =2, m = 3,4,5
(noting that n = ¢™ > 7). If (¢,m) = (7,1), then p = 3 or 5 and k(5) <
n="7 If (g m) = (3,2), then p =5 or 7 and H may be any irreducible
subgroup of GL3(3). If 3 { |H|, then k(S) < 1+ 13* by (2.4), hence
E(S) <21 <292, Otherwise H = GLy(3) or SLy(3), in which cases we get
k(S) = 11, 10, respectively.

Let (¢, m) = (3,3). Then again H may be any irreducible subgroup of
GL3(3). If H = GL3(3), then k(S) = k(GL3(3)) + k(AGL3(3)) =24+ 11 =
35 by (1.10b), because the stabilizer in H of any nontrivial linear character
A of M is isomorphic to AGL2(3) and A extends to Ig(\) [Atlas, p. 13].
For H = SL3(3) we get k(S) = 12+ 11 = 23. In the remaining cases H is
solvable of order dividing 72, and |S| < 2%°/2,

Let (¢,m) = (2,3). If H = GL3(2), then p = 5 and k(S) = k(GL3(2))+
k(Sy4) = 6 +5 = 11 by (1.10b) since the stabilizer Iy (A) = Sy for any
nontrivial linear character A of M. Otherwise H is cyclic of order 7 or is a
Frobenius group of order 21, and we get k(S) < 8.

Let (¢,m) = (2,4). Then we must have p = 7 and, by inspection of
the possible irreducible 7’-subgroups of GL4(2), k(S) < k(4% : GLa(4)) <
2- (15 +4) < 29"/, For (¢,m) = (2,5), H must be cyclic of order 31 or a
Frobenius group of order 31 -5 (when p # 5), and the result follows.

Suppose next that S is of product type. Here n = b? for certain integers
b,d greater than 1 and S is a subgroup of TwrSq, T being a primitive
subgroup of S,. Let N denote the base group of TwrSy. By Theorem 9.3
each subgroup of T has at most 2°~! conjugacy classes. Thus k(SN N) <
2(0=1d_Since S/S N N is isomorphic to a subgroup of Sy we have k(S/S N
N) < 29=1 " again by Theorem 9.3. The result follows if bd — 1 < bd/2.
Since n = b% > 7, this is true unless b = 2,d = 3 or b = 3,d = 2. The
primitive permutation p’-groups of degree 8 or 9 are solvable, hence are of
affine type and already treated.

Suppose that S is of diagonal type. Here the socle M of S is the direct
power of m > 1 copies of some simple p’-group L, n = |L|™~! and S/M is
isomorphic to a subgroup of Out(L) x S,,. Hence

k(S) < k(L)™ - |Out(L)] - 2~ < |L)™+ < v T
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because k(L) < |L|/2, |Out(L)| < |L| and |L| > 60.

So we may assume that S is almost simple, say L C S C Aut(L)
for some simple p’-group L. The alternating groups are ruled out by as-
sumption. Also, the case p = 3 is easy since then L = Sz(q) is a Suzuki
group, and Lemmas 9.2a, 9.2c apply. The only sporadic groups meeting
the requirements are My, Mys and J3 for p = 7, for which the result holds
[Atlas]. For groups of Lie type we argue as in the proof for Theorem 9.3.
The exceptional groups in Lemma 9.2a, including the Ree groups 2Ga(r),
and the groups of rank 1 (L = Lo(r)) are treated as before. Letting L be
defined over of F, and ¢ = rk(L), as usual, we therefore have ¢ > 2 and
n> P(L) > (r'*' —1)/(r — 1), and it suffices to verify the inequality

(6r)e|Out(L)| < 2%(7J+1_1)/(r—1).

Using the bound for |Out(L)| given in Lemma 9.2b this inequality holds
unless £ = 2,7 < 4 or £ = 3,4 and r = 2. The corresponding p’-groups L
are all in the Atlas, namely the 5'-groups As(3), 242(3) = G2(2)', G2(3)
and 3D,(2), and the 7’-groups 2A43(2) = Q5 (2), C2(4) = PSp,(4), 2Aa(4),
2A4(2) and 2Fy(2)". The desired estimate holds in each case. (Except for
L = A(3) one can even replace v/2 by v/2.) O

Proposition 9.4b. Let again p be any of the primes 3,5,7, and let S C S,
be a p’-group. Suppose S has r orbits of size 2 and s orbits not of size 2.
Then k(S) <27 - \/?jnizrfs. In particular, k(S) < \/§n71 forn > 3.

Proof. Assume the proposition is false, and let S be a counterexample
with n minimal. Then §' is transitive. For if S has an orbit of size 2, then
k(S) <2.2rt. ﬁni?iz(ril)is by induction, using (1.7b). If S has no
orbit of size 2 but is not transitive, argue as in the proof for Theorem 9.3.
By inspection n > 5.

Suppose we have shown that S is even primitive. Then Lemma 9.4a
yields that n < 6. For n < 4 the result follows by inspection. For n = 5 we
have k(S) < 7. There are just four primitive (7’-) groups of degree n = 6,
which are isomorphic (as groups) to Ss, As, Sg or Ag, and k(S) < V3"

Consequently S is not primitive. Let T be a point stabilizer in S. We
first claim that if H is a proper intermediate group, 7' C H C S, then
|[S:H|=2o0r |H:T|=2. Let |S: H =band |H:T| =d, and assume
b>2and d> 2. Let C = Coreg(H) and |C : CNH| = |CT : H| = dy,
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|S: CT| =by. Then C has by orbits on Q = {1,---,n}, each of size dy. Of
course S/C' is a transitive permutation group of degree b, 3 < b < n, and

so k(S/C) < \/gb_l. If dy > 2, then by assumption and (1.7b)

k(s) S \/g(d[)*l)bo ) \/gb*l S \/gﬂ%’b*bofl S \/§n717

because n = body and by > b. Thus dy = 2 and by = 5. It follows that

C is an elementary abelian 2-group, with k(C) = |C| = 2%, and CT C H
1

(d > do = 2). Hence b < . Since 25 .37 < V3, we get the desired

result.

So letting H be a proper intermediate group, the following three pos-
sibilities have to be considered:

(i) T is maximal in H and |S : H| = 2;
(ii) H is maximal in S and |H : T| = 2;

(iii) There is a further intermediate subgroup X, such that T C H C
X C S say, and then H is maximal in X and X is maximal in S, and

|H:T|=2=|5:X]|

Case (i): Let d = |H : T|, and let N = Corey(T). Suppose first
that d > 7. Observe that H/N is a primitive permutation group of degree
d. Hence kE(H/N) < \/Qd by Lemma 9.4a. For any z € S ~\ H we have
NN =1 and k(N) = k(N®) = k(N - N*/N) < 3™ by induction
(d>3). Thusby k(H) <2-k(H/N)-k(N) < V2T /377 Since we are
assuming that k(S) > \/gzd_l, we have \/§d+2 > \/§d. But this is false
for d > 4 (even). Thus d < 6.

Note that p = 7 when S is not solvable. Let d = 6. Then by inspection
E(N) < k(H/N) < 11 and k(S) < 2 k(H/N) - k(N) < 242 < /3", If
d = 5 then k(H/N) < 7, k(N) < 7 and k(S) < 98 < v/3". For d < 4,
H and hence S are solvable. Consider d = 3. Then |S| < 2|H/N|? < 72.
Since k(SzwrSy) = 9 and k(S) > V32 > 16 by assumption, we have
|S] < 36, even |S| = 36 (for otherwise S were abelian). Then |H| = 18 and
[N| =3, and k(S) < 3-3-2 =12, a contradiction.

Let d = 4. Then by inspection k(H/N) < 5, and k(N/NNN?®) <5
for © € S~ H. This gives k(S) < 50, However, we are assuming that
E(S) > \/§7, hence k(S) > 47. This forces that k(H/N) = k(H/N®*) = 5.
Since H/N and H/N? are isomorphic to primitive permutation groups of
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degree 4, we see that H/N = N = S,. We conclude that S = Sywr Sy and
k(S) = 20.

Case (ii): Let b = |S : H|, and let N = Coreg(H). Here S/N is a
primitive permutation group of degree b, and N is an elementary abelian
2-group of order at most 2°. If b > 7 then k(S/N) < v/2"" by Lemma 9.4a.
It follows that k(S) < \/§+2b. Since by assumption k(S) > \/§2b71 this
forces that \/igb > \/gzb_l and b < 10.

Let b = 9. If S/N is solvable, then S/N is of affine type and so
k(S/N) < 11 as seen in the proof of Lemma 9.4a. This gives the result. If
S/N is a nonsolvable (primitive) 5'-subgroup of Sy, then it is isomorphic
to a (subnormal) subgroup of Ly(8) : 3 and so even k(S/N) < 9 [Atlas].
There is no nonsolvable primitive 7’-subgroup of Sy.

Let b =8 or 7. If S/N is solvable (of affine type), then k(S/N) < b,
which is as required. If S/N is a nonsolvable, primitive p’-subgroup of Sg,
then p = 5 and S/N is isomorphic to L3(2) or to L3(2) : 2 and k(S/N) <9,
or it is the affine group 2% : L3(2) of degree 8. We know already that
k(23 : L3(2)) = 11. We get the desired contradiction here, as well as for
b =7 where k(S/N) = k(Lx(7)) = 6.

Let b = 6. Then S is solvable or p = 7 and k(S/N) < 11, yielding the
result.

Let b = 5. If S/N is a nonsolvable (7’-) subgroup of Ss, then it is S5 or
As and so k(S/N) =7 or 5. From the [Atlas] we infer that S is isomorphic
to a subgroup of 2% : S5 = Zywr S5, which has just 36 conjugacy classes.
Since 2° is the natural permutation module for S5 over Fy, this may be
computed by means of formula (1.10b) and shows that S contains 2 : As.

At any rate, k(S) < 36 < V3 ’ The remainder is straightforward.

Case (iii): Let |X : H| = m and N = Corex(H), M = Corex(T).
Then MNM?* =1 for any x € S\X, N/M is an elementary abelian 2-group
of order at most 2™, and X/N is a primitive permutation group of degree
m (and order prime to p). Suppose that m > 7. Then k(X/N) < 2" by
(9.4a), hence k(X/M) < v2°". Further k(M) = k(M*M/M) < /3"
by induction. It follows that k(S) < 2 - \/igm . \/gzm_l. Since k(S) >
\/§4m71, this forces that m < 12. If X/N is solvable (of affine type), one
even obtains m < 9, and these cases are easily treated. So let X/N be not
solvable in what follows. Note that k(X/N) > 3™ /2™*+1 by assumption.
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Let m = 11. Then p = 7 and either X/N 2 L5(11) and k(X/N) = 8,
or X/N = My and k(X/N) = 10. We obtain the desired contradiction.

Let m = 10. Then p =7 and X/N either is a (primitive) subgroup of
Ag.2%, in which case k(X/N) < 22, or of S5 (in its primitive action on the
2-subsets of {1,---,5}).

The possibilities m = 9,8, 7 are ruled out using the information given
in Case (ii). For m = 6 we have X/N = Sg or Ag, but we have to argue
more carefully. Choose x € S~ X. Then N - M?® is a subnormal subgroup
of X. Thus either MN® C N and k(M) = k(MM?*/M) < 25, or NM*/N
is Sg or Ag, that is, NM? is a subgroup of X of index 1 or 2. The latter
case cannot happen since 1 = M NM* = M N (M*NN) and so M =
M(M*NN)/(M*N N) would be an elementary abelian 2-group (but M?
would not). Using (1.10b) we get k(S) < 2-11-26.26 < \/324_1. The
same argument works for m = 5. This completes the proof. (]

Examples 9.4c. The upper bound given in Lemma 9.4a can be improved
considerably for large degree n. For instance, in [Gluck et al., 2004] it has
been shown that if S is a primitive permutation 5-group of degree n > 20,
then k(S) < 2%5. On the other hand, there are examples (of imprimitive
groups) where one has proper lower bounds.

(i) Let S = Sywr Zy, for some integer m > 2, which is a transitive (but
imprimitive) permutation group of degree n = 4m. Since the base group of
the wreath product is a direct product of m copies of Sy and has index m
in S, by part (i) of Theorem 1.7a k(S) > % = %5%. By Proposition 8.5d,
k(S) < 5% 45 — 5,

(ii) Let S = Z,wr Z, for some prime p, which is a (transitive) Sylow
p-subgroup of S,, n = p?. By Proposition 8.5d, k(S) = pP~1 +p* -1 >
glog, p (vn—1)

(iii) Let S be a Sylow p-subgroup of S,, where n = p™*! for some
prime p and some m > 2. One knows that S = Z,wr Z,wr - - - wr Z,, with
m + 1 occurrences of Z,. By induction one gets that k(S) > prT o
where log, b= (p —2)/(p — 1). So for instance k(S) > 3% when p = 3.



Chapter 10

The Final Stages of the Proof

In proving the k(GV) theorem we may assume that G is irreducible on
V' (Proposition 3.1a). By the Robinson—Thompson Theorem 5.2b we may
assume that there is no real vector in V for G. Then, by the Riese—Schmid
Theorem 8.4, the pair (G, V) is nonreal induced. The proof is accomplished
now using that the class numbers for the nonreal reduced pairs are rather
small, and using the Liebeck-Pyber Theorem 9.3 and its improvement.
This actually works except for one case (p = 5), where some additional
considerations are needed.

10.1. Class Numbers for Nonreal Reduced Pairs

Throughout we let (H,W) be a nonreal reduced pair inducing the pair
(G,V). Let E be the core of H.

Proposition 10.1. Let Y be a subnormal subgroup of H.

(i) If Y D E then k(YW) < |W|/2 unless (H,W) is of type (Qg) for
p=>5 orp=7T. For the type (Qs) and p = 7 (where |W| = 49) we have
k(YW) < k(HW) = 27.

(ii) Let p = 3 (where (H,W) is of type (2°) and |W| = 81) and let
Y D Z(E). Then k(YW) < k(Z(E)W) = 42.

(iii) Let p = 5 (where (H,W) is of type (Qs) and |W| = 25) and let
Y # 1. Then k(YW) < k(HW) = 20.

Proof. We make use of Proposition 3.1b and knowledge of the orbit struc-
ture of H on W, including knowledge of the point stabilizers (Secs. 6.1
and 7.1). The class numbers k(H), k(YY) are computed using the Clifford—-
Gallagher formula (1.10b). We carry out only a few cases. The assumption
that Y is subnormal in H is crucial. Let Z = Z(E) and U = E/Z.

Type (Qs) : Let p = 5. Then H = (Qg o Z4).S3. There are k(S3) = 3
irreducible characters of H lying over each of the two faithful irreducible
characters of Yy = Qg o Z; (extendible to H since M(S3) = 1), and over

180
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each of its two Ss-invariant linear characters. (We use the notation which
will be introduced in Lemma 10.4a below.) Two further linear characters of
Y, are stable under a fixed involution in S3, each having two extensions to
this inertia group and induce up to H. Thus k(H) =3-2+3-2+2-2 = 16.
Of course k(Qg) = 5, k(Ys) = 10 and k(H') =7 (H' = Y3 = SLs(3)). For
the subgroup Y = Y; of H with index 2 we have k(Y2) = 14. Now use that
H is transitive on W¥ and that Cy(w) = Z4 for any w € W*. We obtain
that k(HW) = 20 and k(YoW) = 16.

The cases p = 7,13 are treated similarly.

Type (2°%) : Let p = 3. Then H = (2£+4) : H where H = Z5 : Z4. There
are k(H) = 5 irreducible characters of H over the unique faithful irreducible
character of E = 2'™ (as M(H) = 1). Since Zs is irreducible on U, Z4
fixes a unique singular point in U, and since the |H : Z3| = 10 nonsingular
points have stabilizer Zo in H, we get k(H) =5-1+4-1+2-1+k(H) = 16.
Using that H is transitive on W# and that Cp(w) = Zg for each w € W*
we get K(HW) =16 4+ 8 = 24. Of course k(E) = 17, and FE has 5 orbits on
WH of size 16, whence k(EW) = 17 +5-2 = 27. Also Z = Z(E) has 40
orbits on W# of size 2, so k(ZW) = 42.

Observe that if Y is generated by a noncentral involution in F, then
k(YW) = 54. So the assumption Y D Z(F) cannot be omitted.

Type (33_) :Let p=7and H = (3?2 : Sp2(3)) X Zy. There are three
H-orbits on W# with point stabilizers Zg, Z, x Z§2) and Sp,(3). Hence
k(H) =2(2-74+1) =30 and k(HW) = 30+ 6 + 18 + 7 = 61 (whereas
|[W| = 73). Similar computation for the subnormal subgroups Y containing
E =3t

Type (2.A5) : Let p=31. Then H = 2.45 x Z15 and k(H) =9-15 = 135.
There are two orbits of H on W# with point stabilizers Z3, Zs, hence
k(HW) = 135 + 3 + 5 = 143 (whereas |W| = 31%). The group E = 2.45
has 8 regular orbits on W# hence even k(EW) =9 + 8 = 17.

Type (2.Ag) : Here H 2% 86 x Z3 and p = 7, and we have three H-orbits
on W# with stabilizers Z3, Zg and Zzwr S,. Apply Proposition 3.1b.

Type (Spy(3)) : Let p = 7. Then H = Sp,(3) x Z5 and k(H) = 3-34 = 102
(Atlas). There are two orbits on W# with point stabilizers SLy(3) x Z3 and
(3}:”2 : Qs) X Zs3, which have class numbers 21 and 33, respectively. Hence
k(HW) = 156 (whereas |W| = 7%). The remainder is done similarly. O
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10.2. Counting Invariant Conjugacy Classes

By assumption we have an imprimitivity decomposition
V=wiag --oW,

for some integer n > 1, where the pairs (Ng(W;)/Cqe(W;), W;) are isomor-
phic to (H,W) and permuted transitively by G. From the classification
of the nonreal reduced pairs in Chapters 6 and 7 it follows that V is an
absolutely irreducible F,G-module, and that p € {3,5,7,11,13,19, 31}.

Let us write G; = Ng(W;) and H; = G;/Cq(W;) for each i, and let
N =, G; be the normal core. Let E = E; be the cores of (H,W) =
(H;,W;). Identify (H,W) with (Hy,Wp) say (as reduced pairs). Recall
that distinct normal subgroups of H are not isomorphic (and hence are
characteristic in H). Let S = G/N act (transitively) on the set Q =
{1, - -,n} like on the {W;}. Because of Proposition 10.1 we may assume
that n > 2. The degree n of the permutation group S is also called the
degree of (G,V). Since G is faithful on V, we may identify G with a
subgroup of the wreath product HwrS (Lemma 8.2a). Let T; = Cn(W;)
and N; = N/T; for i € Q, and denote by Ny = N; their common image in
H= H(). Let Rz = mj;ﬁi Tj = CN(@]‘;M W]) so that

R=Ry X -+ xR,

is a subgroup of N whose direct factors are permuted transitively by G (or
S). Let Ry & R; & RCq(W;)/Cq(W;) denote the common image in H.
We know from Theorem 8.5c that Ry 2 E except possibly when p = 3 or
p = 5. In the exceptional cases at least Ry O Z(FE), and always Ng D E.
Of course R is normal in GG, and both Ny and Ry are characteristic normal
subgroups of H = Hy (Ry C Ny). We let @ = N/R and Qo = Ny/Ryp.

We need some bounds for the number ky(N) = |Ccyn)(g)| of conju-
gacy classes of N fixed by some element g € GG. Let us call a vector v € V
an n-vector provided its support is €, that is, v = wy + - - - - +w,, with all
components w; € W; being nonzero.

Proposition 10.2a. Suppose S = (Ng) is cyclic (g € G). Then:

(1) kg(N) < min{|Nol, k(Ro) - kg(Q)}-

(ii) kg(NV) < min{[NoW [, k(RoW) - kg (Q)}-

(iii) kg(NV) < kg(N) + 3>, k(Cn(v;)) where {v;} is a set of represen-
tatives of the N-orbits on V¥ consisting of n-vectors.
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Proof. For later use we describe exactly the assumptions needed for the
argument. Of course g normalizes N and R, acts on () and permutes the
{R;} (and {H;}) cyclically. The nth power g™ normalizes each R; (since
g™ € N or, what is essential, since ¢g" induces the identity permutation on
the set {R;}).

There is a corresponding embedding of GV into the wreath product
(HW)wr S, having base group BV = H{W; x - -+ x H,W,,. Here RV =
RW; x - -+ x R,W, is a normal subgroup of NV, with quotient group
Q = (NV)/(RV), and g leaves NV and RV invariant and permutes the
{R;W;} cyclically. Therefore (ii) is immediate from (i).

Let us prove (i). For each y € N, Cn(gy) maps onto a subgroup of
Cq(gy) with kernel Cr(gy). Hence |Cn(gy)| < [Cq(gy)|-|Cr(y)|. By (1.7c)
therefore

1 1
kg(N) = ] Z ICn(gy)| < ] Z 1Cqlgy)| - |ICrgy)l.
yeN yeN

Now Cn(gy) NCn(W7) =1 for each y € N, because gy permutes the {W;}
cyclically and y leaves each W; invariant. Hence Cn(gy) maps injectively
into Ny = N/Cny(W1) = Ny and so |Cn(gy)| < |Nog|, for all y € N.
Consequently kq(N) < |Nol.

Let o = ﬁ > yen [Cqlgy)|- Let {t;} be a transversal to R in N, and

let g = Ryg. Since Cq(gtjz) = Cg(gt;) for each x € R, and since % = ﬁ,

we get

(07

= 51 2 1Calan) = (@)
yeq

again by Eq. (1.7¢). Let 8 be the maximum of the ITl?I > wer |Cr(gt;m)l,
with ¢; varying over the transversal, the maximum being obtained for ¢t; =
to say. The estimate in the preceding paragraph shows that k,(N) < - 3.
So we have to show that 8 < k(Rp). Let c = x1-- -z, and h = hy - - - hy
be elements of R (with x;,h; € R;). Assume g, and hence gty and gy =
gto(x/x1), map onto the cycle (12...n) in S. Then h is centralized by
gtor = gox1 if and only if A = hy,- -+ A% = h, and hy = A"

n—2

n—1 n n
Now (goz1)" = gial® x{° ...z and so hggoml) = h{"™ because h; is
centralized by R; for i # 1. We conclude that |Cr(gtoz)| = |Cr(gox1)| <
|Cr, (95x1)|. Just using that ¢gfy normalizes Ry, as before

1
T 2 [0 (aen)| = Ry (Ra) < K(R) = K(Ro).
r1E€R,
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R _
Thus ﬁ >arcr [Cr(gtomiza - - - )| < k(Ry) for all % = |Ro|"! ele-
ments (2, -+, Ty) € RaX---X R,. Consequently 8 = ﬁ Y wer |Cr(gtox)| <
k(Ro).

It remains to prove (iii). C¢(NV) and Irr(NV) are isomorphic (g)-
sets by Brauer’s permutation lemma (Theorem 1.4b). The partition V =
¥, v; IV into N-orbits corresponds to a partition Irr(NV) = ), Irr(NV[A),
with Cn(v;) = In(A;) when the \; € Irr(V) are chosen properly (Propo-
sition 3.1b). These partitions are preserved by g since Irr(NV|A;)9 =
Irr(NV|A]) for each j. Thus ky(NV') is the sum of the fixed points under g
in Irr(NV|A;), the sum taken over those A; corresponding to (g)-invariant
N-orbits on V. One such summand is k4(N), the number of fixed points
under (g) of Irr(NV|ly) = Irr(N). Since g permutes the {W;} cyclically,
only those N-orbits on V*# can be (g)-invariant which are represented by
n-vectors. Hence the result. g

We would like to have a substitute for Proposition 10.2a in the general
case. Let g € G. If B = [, By is a decomposition of the base group
according to the cycle decomposition of the permutation g = Ng in S,
the natural projection map N — []; By is a (g)-homomorphism, and it is
injective. However, letting IV; be the image of N in By, the induced map
CUN) — [],Cl(Ny) need not be injective. (An enlightening example
is S3A2,53.) So the map on the fixed point sets under (g) need not be
injective likewise. The following lemma is used only in the very last step
(p = 5) of the proof of the k(GV') conjecture (and for NV in place of N).

Lemma 10.2b. Let g € G. According to the the cycle decomposition of
Q under the permutation g = Ng in S, with orbits J, let Nj be the image
of N in By = [[,c; Hi- Then Ry = [[,c; Ri is a normal subgroup of N,
and both Ry and Nj are stable under g. For each J let kj be the maximum
of the |Ccyey)(gt)| where Y wvaries over all subgroups of Ny containing Ry
which are normalized by gt for somet € N. Then ky(N) <[], k.

Proof. Let Jy, -, J, be the distinct {(g)-orbits on 2. We argue by induction
on r. For r = 1 the assertion is trivial. Solet » > 1. Let M be the image of
N under the (g)-projection of B onto H:;ll B, with respect to By, . Since
the maps N — Nj,, 1 <14 < ¢ —1, factor through N — M, the inductive
hypothesis applies showing that k,(M) < [/} k...

Fix y,, € M such that y)/ € Ceyar)(g). Of course yhl = yN. Let
Y be the image of Cn(y.m) under the (g)-projection of B onto By, . Then
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Y D Ry . There exists t € N such that y9' = y,,. Since gt centralizes
ym and normalizes N, it normalizes Cn(ym) and Y (as the projection is
compatible with the action of gt). Let ™V be a (g)-invariant conjugacy class
of N which maps onto y*/. We may replace y € N by an N-conjugate, if
necessary, such that y maps onto y,,. Then y € Cn(ym ), and we may write
uniquely ¥y = Ym¥r = YrYm where y,. is the image of y in Y. There exists
to € N such that y9t =y, and we have

Ymydt =yt =yl = yloylo.

We conclude that y,, = y* and yJ* = yl (by uniqueness), hence to €
Cn(ym) and yY € Ceyy)(gt).

Now let gV be another (g)-invariant conjugacy class of N mapping
onto yM and choose ¥ such that y,, is its component in M. Write uniquely
U = YmUr = UrYm With 7, € Y and 7 € Ccuvy(gt), as before. If oy =qY,

then

gonwm) =y Y =y Y =y

and so yV = y». The result follows since, by definition, kg (Y) < kj.. O

Cn(ym)

10.3. Nonreal Induced Pairs

Theorem 10.3 (Riese-Schmid). Let (G,V) be properly induced (n > 2)
from the nonreal reduced pair (H,W). Then k(GV) < 1|V, except possibly
when p = 5.

Proof. We use the notation introduced in Sec. 10.2. In addition let
Y, =T, =N/Cn(W,) and let

Yi=CnWip1®©--- @W,)/Cn(Wi & Wip1 @& W)

fori=1,---;n—1. Since Cy(W;1®---®W,,) D R; and R;NCn(W; D ---®
W,) =1, K may be identified with a subnormal subgroup of H; containing
R;. So W; is a faithful F,Y;-module.

Suppose first that p # 3 (and p # 5). Then Y; D R; 2 E; by Theorem
8.5¢. Hence k(Y;W;) < 4|W| by Proposition 10.1 (i) unless (H, W) is of type
(Qs) with p = 7. In this exceptional case we have k(Y;W;) < 27 = 21|W/|.
Repeated application of (1.7b) yields that

V)< TTkoam) < ()'1V
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if (H, W) is not of type (Qs) with p = 7. In the exceptional case k(NV') <
(20)"|V|. Now by (1.7b) once again k(GV) < k(NV) - k(S), and k(S) <
2"~1 by the Liebeck-Pyber Theorem 9.3. Moreover, in the exceptional case
S is a 7’'-group and so k(S) < \/ﬁn_l for n > 3 by Proposition 9.4b. This
gives the assertion except when (H,W) is of type (Qs) with p = 7 and
n = 2,3. Note that (%)”\/37171 < % for n > 3. This is less than 0.502 for
n =3, and (37)?-2 < 0.61.

We have to improve the last bounds (for n = 2, 3). Here H = 27 S4x Z3
(p = 7). By Theorem 8.5¢, Ry 2 F = Qg. Let n = 2, and let S = (Ng)
be of order 2. Then @ = N/R is a quotient group of S3 x Zs. Hence
E(Q) <3-3=09, and if k(Q) = 9 then Ry = Qg and k(RyW) = 11. It
is easy to check that k(Q) - k(RoW) < 99 in each case. We know that
E(NV) < (35)2|V| = 729. By Proposition 10.2a (ii) at most ke(NV) < 99
of the at most 729 conjugacy classes of NV are (g)-invariant. By Theorem
1.4b at most 99 of the at most 729 irreducible characters of NV are stable
in GV. By (1.10b) therefore

E(GV) <2-994 (729 —99)/2 = 513,
which is less than i|V|. For n = 3 we have to examine the cases where
S = Az or S3. Use that k(NV) < 273 and that |H| - [W| = 3-48 - 27
conjugacy classes of NV are fixed by a 3-cycle in S by Proposition 10.2a.
Let p = 3. Then |[W| = 3% and k(Y;W;) < 42 by Proposition 10.1. By
Proposition 9.4b, k(S) < \/gn_l for n > 3. Hence

42\ n =n— 1
KGV) < K(NV) -k(S) < (5)"V8" VI < VI,
except when n = 2, in which case k(GV) < k(NV) -2 < (§)?-2 <

0.6]V'|. Again this bound is easily improved. The worst case happens when
Ry = Z(H) has order 2, in which case Q = H/Z(H). Then k(R\W) =
42 and k(Q) = 12. Hence by Proposition 10.2a at most 42 - 12 = 504
of the kK(NV) < 422 jrreducible characters of NV are invariant in GV.
Application of (1.10b) gives k(GV) < 2-504 + (422 —504) /2 = 1.638, which
is less that [V| (|V| = 812). The proof is complete. O

10.4. Characteristic 5

It remains to examine the case where (H, W) is the nonreal reduced pair of
type (Qs) with p = 5. Having established Theorem 10.3 in 2001, published
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in [Riese-Schmid, 2003], it took almost two years to handle this case too.
The thorough analysis made in [Gluck et al., 2004] yields in this case the
estimate k(GV) < $|V| as before (n > 2). In what follows we argue, using
some ideas from [Keller, 2006], on the basis of Proposition 10.2a and Lemma
10.2b. This makes the approach considerably shorter (though the result is
weaker). We use the notation introduced in Sec. 10.2.

For convenience of the reader we give some additional information on
the group H, which is a 5-complement in GLy(5) (uniquely determined
up to conjugacy). As already seen in Sec. 3.2, H is transitive on the
nonzero vectors of the standard module W = Fé2). Also, H is the standard
holomorph of Qg o Zy. Hence H/Z(H) = S4, but the two covering groups
2% 8, are not involved in H (nor a Singer cycle).

Lemma 10.4a. Let (H, W) be of type (Qs) with p = 5. There are up to
conjugacy just 11 subnormal subgroups Y, of H =Yy containing the centre
of the core E of H (listed below). The numbering is such that whenever Yy,
contains some conjugate of Y then a <b.

Ya k(Ya) k(Y W) k(Ya/Y11)
Yo=H 16 20 10
Y: = Os3(H) 14 16 8
Y, = H' = SLy(3) 7 8 4
Y},:O(H)%ng& 10 16 8
Y,=E=H" 5 8 4
Ys = Dy 5 14 4
}/6 = Z4 X Z2 8 14 4
Y; =Z(H) = Z, 4 10 2
Yy & 7, 4 10 2
Yo & Zo X Zo 4 16 2
Yo = Z(E) 2 14 1

The statements are easily verified (arguing as for Proposition 10.1). The
normal subgroups of H are determined by their order. The subnormal but
not normal subgroups of H are of type Y5, Ys,Ys and Yy, each having 3
conjugates under H. For each subgroup Y of H we have k(YW) < 20,
except for two conjugacy classes of abelian groups Y = Cy (w) respectively
Cr(w) x Z(H) for some w € W¥, where k(YW) = |W|. If Y # H is a
nonabelian subgroup, then k(YW) < 16 except when YV & ZywrZs, is a
Sylow 2-subgroup of H (in which case k(Y W) = 20).
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It is also easy to compute k(Y,/Y};) whenever Y}, is a normal subgroup
of Y,. Knowing that |Cy, (w)| = 1,2 or 4 for each w € W* which may
be deduced from the first row of the table, application of Proposition 3.1b
enables us to compute from k(Y, W) — k(Y,) the number of Y,-orbits on
WH. The subgroups of H of order greater than or equal to 8 have at most
5 orbits on W¥. (By direct computation or using [GAP] one can establish
the complete orbit structure for each subgroup of H.)

Lemma 10.4b. Let (H,W) be of type (Qs) with p = 5, and let n = 2.
Then k(GV) < 4|V

Proof. In this case S = (Ng) has order 2. Also G; = N = G5 so that
N = H1AgH, is a fibre-product of the H; = H amalgamating Q = N/R
(R = R1xR3). We also have an extension Ry — H — Q). As in the proof of
Theorem 10.3 we have k(NV) < k(N1 W7) - k(ReW2) < 20% (Ry = Oy (W)
and N1 = N/R2 = H)

Suppose G = HwrS, that is, Ry = H = Yy. Then GV = (HW)wrS
and so by Proposition 8.5e and Lemma 10.4a

K(GV) =2 k(HW) + k(HW) (k(HW) — 1)/2 = 230.

Suppose Ry = Y1,Y5,Y3, Y, or Y7. Application of Proposition 10.2a and of
Lemma 10.4a yields that

kg(NV) < k(RoW) - k(Q) = 32,32,48, 48, 50,

respectively. In the worst case, in view of Theorem 1.4b, at most 50 of the
at most 202 irreducible characters of NV are stable in GV. On the basis
of the Clifford-Gallagher formula (1.10b) we therefore obtain the estimate
E(GV) <250+ (400 — 50)/2 = 275.

It remains to examine the case where Ry = Y19. Then ky(N) <2-10 =
20 by part (i) of Proposition 10.2a, and part (ii) gives kg(NV) < E(RoW) -
k(Q) = 14 - 10. We improve this latter bound by applying part (iii) of this
proposition. We know that Ny is transitive on W} and that Cx(w1)/Rs
is cyclic of order 4 for each w; € VVlri Since R; = Cn(Ws) is fixed point
free on Wlﬁ7 Cn(w1) N Ry =1 and so Cy(wy) is faithful on Wy (of order
8). Similarly, Cy(v) = Cn(w1) N Cn(wy) intersects Ry trivially for each
wy € WE, whence |Cy(v)| = 1,2 or 4. We also know from Lemma 10.4a
that Cn(w;) has at most 5 orbits on WE. (Either Cy(w;) is cyclic with
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3 regular orbits on W2ﬁ7 or it corresponds to Yy having 4 orbits, or it is of
type Cg(w) x Y10 for some w € WQu, in which case one has 5 orbits.) Thus

ky(NV) < ky(N) +5 -4 < 40.

Noting that k(NV) < 20 -14 = 280 here, formula (1.10b) yields that
E(GV) < 2-40 + (280 — 40) /2 = 200. 0

The last estimate can be easily improved. In fact, in Lemma 10.4b the
upper bound k(GV') < 152 holds unless G = Hwr S,.

Proposition 10.4c. Let (H, W) be of type (Qs) with p = 5, inducing the
nonreal pair (G,V) as before (n > 2). Then for any g € G~ i, G; we
have ky(NV) < |V 5.

Proof. By hypothesis § = Ng is a permutation in S = G/N without
fixed points on 2. According to the cycle decomposition of § we obtain a
decomposition of the base group BV of (HW)wrS. By virtue of Lemma
10.2b we may replace g by one of its cycles, in the following sense:

Suppose g € (HW)wr S permutes Wy, -+, W,, cyclically and leaves NV
and RV invariant. Let Y be any subgroup of NV containing RV which is
normalized by g. Then prove that [Coyyy(g)| < V|5.

The crucial point is that Y O RV. In particular V = O5(Y) and Y/V
is a 5’-group. Note that RV is normal in Y as Y C NV. By the Schur—
Zassenhaus theorem we find a 5-complement NinY and, replacing g by
g for some v € V| if necessary, we may assume that g normalizes N. Then

R=NNRVisa g-invariant normal subgroup of N which is isomorphic to
R. In fact R; = C5(ED;4; W) is isomorphic to R; for each i.

By abuse of notation we write N= N, R =R and ]TEZ' = R;. Then, as
before, R is a g-invariant normal subgroup of N mapping onto the normal
subgroup Ry &£ R; of H = Yj, with Ry O Yjo in the notation of Lemma
10.4a. Let T; = Cn(W;) and N; = N/T; for each i, as before, which are
permuted cyclically by g. In contrast to our previous experience the N;
can be, at first, map onto subgroups of H which are not normal, possibly
not even subnormal. But they all contain Ry. So we may define again
Qo = No/Ry (where Ny = Np according to our convention).

In addition @ = N/R is a g-invariant quotient group as before. We do
not know whether ¢” is an element of the (new) group N (or NV), but g”
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normalizes each N; and each R;. Consequently Proposition 10.2a applies.
In particular

ky(NV) < [NoW| = [ No| - [W] < 96 - 25 = 2.400.

This is less than V|2 = |[W|% if n > 5. For n = 4 we have ||V|3 | = 5.343,
and |V|% = 625 for n = 3. Therefore we only have to consider the cases
n=2,3.

n = 2: Then HV\%J = 73. Keep in mind that Ny may be any subgroup
of H = Y; containing Ry 2 Yjo (unlike the situation in Lemma 10.4b).
Noting that 77 = Ry, 75 = Ry and R = R; x Ry we see that Qp = @ and
that

N = N1AgN,

is a fibre-product. We know from Lemma 10.4a that k(RoW) < 20, and
that k,(NV) < k(Q) - k(RoW) by Proposition 10.2a. If k(RyW) = 20,
then Ry = H, @ = 1 and ky(NV) = 20. We may thus assume that
k(RoW) < 16, and that k(Q) > 4. Inspection of Lemma 10.4a yields that
Ry must be contained in Y3 & Qg o Z;. We distinguish two cases.

Case 1: (@ is a 3'-group

Then Ny is a 2-group, hence contained in a Syow 2-subgroup P =
Zywr Sy of H. Note that P’ =Yg (up to conjugacy in H). Since Ry 2 Yig
is normal in H, we have k(Q) - k(RoyW) < 73 unless Ry = Y39 and either
Ny = P or Ny =Y; (Lemma 10.4a). Let us consider the (worse) case where
Ny = P. Then k(Q) = 10, |Ryg| = 2 and k(RyW) = 14. Hence ky(N) <
kE(Q) - k(Ro) = 20 by part (i) of Proposition 10.2a, and k,(NV') < 140 by
part (ii). This will be improved by using part (iii) of this proposition.

One checks that Ny = P has two orbits on W*¥, with point stabilizers
of order 2 and 4. Let v = wy + w3 be a 2-vector in V' (w; € VVZ-jj fori=1,2).
Then Ch, (w1) = Cn(w1)/Re has order 2 or 4. Since Ry = Cn(W2) is fixed
point free on W, Cy(wy) is faithful on Wy (of order 4 or 8). Similarly,
Cn(v)NR2 =1 and so |Cn(v)] is a divisor of 2 or of 4. If Cy(wy) is cyclic,
it has 6 regular orbits on W when |Cy(w;)| = 4, and 3 regular orbits
otherwise. If Cn(wy) is not cyclic and of order 4, it is of type Yy and has
4 regular orbits and 4 orbits of size 2. If |Cny(w1)| = 8 we have at most 8
orbits (Lemma 10.4a). We conclude that there are at most 5 orbits of N
on 2-vectors of V' with point stabilizers Cy(v) of order dividing 4, and at
most 8 such orbits with stabilizers of order dividing 2. Hence

kg(NV) < kg(N)+5-448-2 <56,
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as desired. The case where Ny = Y3 is treated similarly: The number of
N-orbits on V' consisting of 2-vectors is at most 3 - 8 = 24, with point
stabilizers of order 2 or 1. This yields that kg(NV) < kg(N) 424 -2 < 64
in this case.

Case 2 : |Q)| is divisible by 3

Then |Ng| > 24. There are two conjugacy classes of subgroups in
H which act regularly on W# namely Y3 = SLy(3), which is normal in
H, and the 3-Sylow normalizers Y 2 S3 x Z, in H. Since k(Q) > 4 and
Ry D Y10, we only have to treat the second case, with Ny = Y and Ry = Y.
Then k(Q) = 6 and k(RoW) = 14, and kg(N) < 12, kg(NV) < 6 - 14 by
Proposition 10.2a. We have to improve the latter bound. For any 2-vector
v = wj + wy the stabilizer Cy(w1) = Ry has 12 regular orbits on Wg, SO
that we get kg(NV) < kg(N)+12-1 < 24.

It remains to examine the cases where Ng = Yp or Y (Lemma 10.4a).
Let us consider the worse case Ng = Yy = H. Then we must have Ry = Yj,
Y7 or Yig. If Ry = Yy, then k(RyW) = 8 and k(Q) = 6. If Ry = Y7, then
E(RoyW) = 10 and k(Q) = 5. Thus it remains to examine the case where
Ry = Y1o. Here k(Q) = 10 and ky(N) < k(Q) - k(Ro) = 20 by part (i)
of Proposition 10.2a, and k,(NV) < k(Q) - E(RyW) = 140 by part (ii).
Again we improve the latter bound by using part (iii) of this proposition.
Let v = wy + wo be a 2-vector in V. Then w N = Wlti and Cy(w1)/Ra
is cyclic of order 4 (Lemma 10.4a). Cn(w;) is faithful on qu since it
intersects Ry = Cn(W3) trivially (being fixed point free on T/Vlﬁ ). Similarly
Cn(v) N Ry =1 and so |[Cn(v)] = 1,2 or 4. As mentioned above Cn(w1)
(being of order 8) has at most 5 orbits on W2ti At any rate,

kg(NV) < Ekg(N)+(1-5) -4 < 40.
The case Ny = Y7 is treated similarly.

n = 3: By Proposition 10.2a we may assume that 25|No| > 625 = [V|3.
Thus |Ng| > 24 and so Ny = Yy or Y7 by Lemma 10.4a, or Ny is a Sylow
2-subgroup of H = Y. Note that g permutes the T; = Cn(W;) cyclically
(i =1,2,3). Let T = T1T5, and let Ty be the image of T/Ty (= T/T5)
in Ny. Using that R3 = Ty N Ty we see that T/Rs = Ty x Tp. From
R = R; x Ry X Rz we infer that the T; are pairwise distinct, and from
T1R=T1R; and Ry, CT5 we get

T\RNTR = (TLRNTy)R = (T, N T3)RiR = R.
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Thus T/R = Qo X Qq, and

Q = (N1/R1)An/7(N2/R2) = QoAn, /1, Q0

is a fibre-product, identifying the R; with their images in N; = N/T;. We
have a group extension Ty/Ry — Q — Qo. Thus k(Q) < k(To/Ro) - k(Qo)
by (1.7b).

We assert that k,(Q) < |Qo|. For any y € N, the element gy does not
centralize a nontrivial element in Ty R/R = T1 R;/R. Hence Cg(gy) maps
injectively into N/T1 R = Ny/Ry = Qo, and by (1.7c)

kg(Q) > 1Calgy)l < 1Qul,

YyERQ

IQI

as asserted. By Proposition 10.2a, k,(NV) < kq(Q) - k(RoW). Hence we
may assume that |Qo| > 625/k(RoW) > 25. This forces that No = H =Y
and that RO = Y10~

Thus k(Qo) = 10 and k(RoW') = 14. Further T is a normal subgroup
of H, and by Proposition 10.2a we may assume that k(Qo) - k(To/Ro) >
kE(Q) > 625/k(RoW). It follows that k(Tp/Rp) > 5. This implies that
To =Yy, Y7 or Y3 (Lemma 10.4a).

Now T1/Rs = T, has 1 or 3 orbits on W¥ (depending on whether
To = Yy, Yq or Y3). Let v = wy + wy + w3 be a 3-vector in V' (w; € Wf
for i =1,2,3). Then w1 N = I/Vlﬁ and Cy(wy)/Th is cyclic of order 4, and
Cn(w1) has at most 3 orbits on W£. From the structure of No/Tj we infer
that Cn(w1)NT5 properly contains R3 (which has 12 regular orbits on W:f)
It follows that Cn (w1 +ws) = Cn(w1)NCx(w2) has at most 8 orbits on Wg
Clearly Cy(v)/Cr, (v) is isomorphic to a subgroup of Cn (w1 )/T. Similarly,
Cr,(v) € Cp (we2) and so Cr, (v)/Cr,(v) is isomorphic to a subgroup of
Cr, (wz)/Rs. Since Rj is fixed point free on Wg and Rz C Cn (w1 + wa),
therefore Cy (v) is a 2-group of order dividing 1-4-4 = 16, even |Cy(v)| < 8
unless Tp = H. In this latter case Cy(wy) is transitive on W2ﬁ At any rate,
since (3-8)-8 > (1-8) - 16, application of part (iii) of Proposition 10.2a
yields that

kg(NV) < kg(N)+(1-3-8)-8 < 288.

Here we use that k¢(Q) < |Qo| = 48 and so kq(IN) < kg(Q) - k(Ro) < 96,
in view of part (i) of that proposition. O
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Theorem 10.4d (Gluck-Magaard-Riese-Schmid). Let (G,V) be induced
from the nonreal reduced pair (H,W) in characteristic p = 5.
have k(GV) < |V|.

Then we

Proof. We argue by induction on the degree n of (G, V'), the degree of the
permutation group S = G/N. We may assume that n > 3 (Lemma 10.4b).
We may also assume that k(XV) < |V| for each proper subgroup X of
G. For otherwise repeated application of (1.7b) yields that there exist a
subnormal subgroup Y of X and an irreducible Y-constituent U of V such
that k((Y/Cy(U)) - U) > |U|. (Use that all modules are completely re-
ducible. Start with an irreducible X-submodule U; of V, let X; = Cx(Uy),
V1 = V/U; and note that

k(XV) < k((X/X1)U1) - k(X1 V7).

If k((X/X1)U1) > |Ui| take U = Uy. Otherwise pick an irreducible X;-
submodule Us of Vi, and let Xy = Cx, (Uz), Vo = V4 /Uy, ete. .) By Theo-
rem 5.2b there is no real vector in U for Y. By Theorem 8.4, (Y/Cy (U),U)
is induced from a nonreal reduced pair (in characteristic 5). But (H, W) is
the unique, up to isomorphism, nonreal reduced pair in characteristic p =5
by the classification of these pairs. Clearly the degree of (Y/Cy (U),U) is
less than n. Thus by the inductive hypothesis k((Y/Cy (U))-U) < |U], a
contradiction.

By Proposition 10.4c for any g € G\ J!—; G; we have ky(NV) < V|3,
Let 7 be the number of conjugacy classes of S = G/N = (GV)/(NV') which
are contained in (J;_; G;/N. We have k(S) > r > 1 (Jordan). Application
of Theorem 1.7d yields that

k(GV) < k(G1V) + (k(S) — r)|V]3.

By (1.7b) k(G1V) < k(HiW1) - k(Ca(Wh) - (We @ - - - @ W,,)). Clearly
|Ce(W1)] < |G|, hence k(Ce(W1) - V) < |V]. On the other hand Cq(W7) -
V=W xCe(Wy) (Wy&---®W,), and so k(CG(Wl) -(Wad-- @Wn)) <
|[W|n=1. Tt follows that k(G1V) < k(HW) - |[W|*~t =20 |[W|"~L. Since S
is a 5'-group and n > 3, k(S) < V3 ot by Proposition 9.4b. Consequently

2n

KGV) <20 WL+ (V3" S D)IWIF = (0.8 +e0)|V] < V]

for each n > 3, because c3 = 0.08 and ¢, < 0.6" in general. We just use
that [W| = 25. O
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10.5. Summary

Let G be a p’-subgroup of GL(V) = GL,,(p) for some prime p and some
integer m > 1 (|[V| = p™). With Theorem 10.4d the proof of the k(GV)
theorem is completed. Let us recall the basic steps:

e We may assume that G is irreducible on V' (Proposition 3.1a).
e We may assume that there is no real vector in V for G (Theorem 5.2b).

e The minimal counterexamples (G, V'), with respect to |V|, which admit
no real vector, can be described via Clifford theory and lead to the so-called
nonreal reduced pairs (Theorem 5.4).

e The nonreal reduced pairs have been classified (Theorems 6.1 and 7.1).

e If (G is irreducible on V and if there is no real vector in V for GG, then
(G, V) is induced from a nonreal reduced pair (H, W), and G is not far from
being a wreath product HwrS for some permutation group S (Theorems
8.4 and 8.5¢).

e The cases where (G,V) is nonreal induced, in the above sense, can be
treated using upper bounds for the class numbers of permutation groups
(Theorems 9.3 and 10.3, 10.4d).

Theorem 10.5a. We have k(GV') < |V|, where equality can hold only if
there is a strongly real vector in'V for G.

Proof. We have proved that k(GV) < |V]| (see above). Suppose we have
E(GV) = |V|. Then k(G;V;) = |V;] for each irreducible submodule V; of
V and G; = G/Cg(V;) (Proposition 3.1a), and G is the direct product of
the G;. Combining Theorems 10.3, 10.4d and 8.4 we obtain that, for each
i, there is a real vector v; € V; for G;, which by Theorem 5.2b must be
strongly real. Now v = ), v; is strongly real for G. (]

Theorem 10.5b. We have k(G) < |V|—1=p™ — 1, and equality holds if
and only if G is a Singer cycle in GLy,(p).

Proof. Note that k(G) < k(GV) as G is a proper quotient group of
GV =V :G. Ifk(G) = |V|—1, then G must be abelian and act transitively
on V* by Proposition 3.1b. Hence G is a Singer cycle in GL(V). The
converse is known from Sec. 3.2. O
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Possibilities for k(GV) = |V |

It appears to be rather intricate to characterize the pairs (G, V) where
E(GV) = |V| (in the usual coprime situation). By Proposition 3.la it
suffices to consider the case that G is irreducible on V. Assuming k(GV) =
|V| we shall establish certain congruences which indicate that, at least for
large characteristics, G should be a Singer cycle in GL(V'). Unfortunately
Clifford theory seems to fail in attacking this question.

11.1. Preliminaries

Let p be a prime, G a finite p’-group, and let V be a finite faithful F,G-
module. Assume (without loss of generality) that G is irreducible on V.

Proposition 11.1a. Suppose that k(GV) = |V|. Then we have the follow-
ing partial results:

(i) If G has a regular orbit on V', then G is abelian.

(ii) If G is transitive on V¥, then either G is a Singer cycle in GL(V)
or |V| = 2% and G is the Frobenius group of order 21, or |V| = 3% and G
1s semidihedral of order 16.

(iii) If there is v € V such that H = Cg(v) s abelian, then k(HV) =
|V| and H acts on each irreducible H-submodule of [V, H] as a Singer cycle.

(iv) There is a strongly real vector in 'V for G.

Proof. This has been established in Theorems 1.5d, 3.4d and 10.5a. (]

We know that k(GV) = |V| if G is a Singer cycle, and also in the two
further cases described in (ii) above. (For the dihedral subgroups G of
GL2(3) = GL(V) the equality also holds.)

Recall that Knorr’s generalized character dy of G is given by dy (z) =
|V : Cy(2)|; cf. Eq. (3.3b). Let e = p-exp(G), K = Q(e*™/¢) and R
be the ring of integers of K. Let I' be the subgroup of Gal(K|Q) fixing
each p/-root of unity in K. So T' = Gal(Q(¢,)|Q) where g, = e?™/P. Let
p|lp be a prime ideal of R above p. Then py = p N Q(e,,) is the unique
(totally ramified) prime ideal of Ry = Z[ep] = RN Q(g,) above p. We have
Po = (1 — €p)R0.

195
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Lemma 11.1b. Suppose that k(GV) = |V|. Let v € V be strongly real
for G, and let p # 3. Then H = Cg(v) maps into SL(V'), and there is an
integer-valued generalized character v of H such that (1) = 1 and ¢* = dy
(on H). We have (¢x,0)g = 1 for all x € Irr(G) and 0 € Irr(H).

Proof. If H does not map into SL(V), clearly p is odd. Combining Theo-
rems 5.2a and 3.3d yields that then k(GV') < 1’2i3|V| But this is impossible
by assumption. By Lemma 5.2a there exists ¢ as asserted. From Theorem
3.3c it follows that (¢x,¥x)g = k(H) for all x € Irr(G). Let § € Irr(H).
Then

[HI(Wx,00m = Y w(h)x(M)O(h™") = x(1)0(1) (mod p),

heH

because (k)% = |V : Cy(h)| is a proper power of p for h € H*, as H is
faithful on V, and ¢(1) = 1. On the other hand, x(1)6(1) is not divisible
by p (Theorem 1.3b). Thus (¢x, 0) g # 0, and the result follows. O

Keep the assumptions of the above lemma. As in Theorem 3.3d define the
class function ¥ = ¥¥ on X = GV by letting U(z) = |Cy (h)|¢(h) if z € X
is conjugate to hv for some h € H, and letting ¥(z) = 0 otherwise.

Lemma 11.1c. For every x € Irr(X) the multiplicity (U, x) = +1 if
p =2 orif V is in the kernel of x, and otherwise it is a 2pth root of unity.
Moreover,

[H|(¥,x) = x(v") +pa

for some o € Z[ey).

Proof. We make use of Theorem 3.3d, and its proof. By its very con-
struction as an induced class function, ¥ is a Z[ep]-linear combination of
characters of X = GV. Let us write f, = (¥,x) for x € Irr(X). So
fx € Zley]. Using Frobenius reciprocity one gets

[H|fy = > w(h)x(hv™") = x(v™") + pa

heH

for some o € R, because v(h) is divisible by p for all h € H*. Observe
that y(v™!) € Ry = Z[gp] and x(v™') = x(1) # 0 (mod py) since p does
not divide x(1) (Theorem 1.3b). We see that @ € Q(e,) N R = Ry and, of
course, that f, # 0. As in Theorem 3.3d one also computes that (¥, ¥) =

1 Zonew [Cv(W)|(R)? = [V,
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Recall that for x € Irr(X), 0 € T and h € H we have x(hv) =
x(hv)? = x(hv*) if 0 maps €, to ;. It follows that

IR =(¥,x") #0.

Let N denote the norm for Q(e,,)|Q. We know that N(fy) = [[,cr f{ is a
nonzero integer. By the arithmetic-geometric mean inequality (1.5b)

1 2
— Z IFZ12 > IN(f) |77,

p el

and we have equality if and only if all [f7], o € ', agree.
Now by hypothesis k(X) = |V, that is, |Irr(X)| = |V]|. Observe that

p-DIVI=@E-1T¥H= > > I

x€lrr(X) o€l

Thus, for each x € Irr(X), we have equality above with |N(fy )| = 1, whence
|f7] =1 for every o € I'. Being a cyclotomic integer this implies that f, is
a root of unity (in Ry = Z[ep]). Hence f,, = (¥, x) = £1 when p = 2, and
otherwise it is a 2pth root of unity. If V' is in the kernel of x, then

Fr=(¥,x) ‘H|Zw = (¢, x)m = £1
heH
by the preceding lemma. This completes the proof. (I

11.2. Some Congruences

We keep the assumptions made in the preceding section. In particular V'
is an irreducible, faithful, coprime F,G-module, X = GV and k(X) = |V|.
The following congruences are established in [Schmid, 2005] and indicate
that G should be a Singer cycle when p is large enough. For p = 2,3 the
congruences tell us nothing. For p = 2 the group G has odd order and so
the Burnside congruence (1.5a) applies.
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Theorem 11.2a. For any irreducible character x of X = GV we have
x(1) = £1 (modp), and k(G) = |G| = £1 (mod p).

Proof. We may assume that p > 5. As above let v € V be strongly real
for G, and let H = C(v). Let ¢ and ¥ be the generalized characters of H
and G studied in Lemmas 11.1b and 11.1c, respectively.

Let x € Irr(X) be an irreducible character of X. Then (U, x) = £1
if p=2orif V is in the kernel of y, and (¥, x) is a 2pth root of unity
otherwise (11.1c). Letting Ry = Z[e,] and po = (1 —¢,)Ro be as before, we
have (¥, x) = 1 (mod po), at any rate. We have also seen that |H|(P, x) =
x(v™1) + pa for some o € Ry. We conclude that

+|H| = [H[(¥, x) = x(1) + pa = x(1) (mod po).

It follows that x(1) = £|H| (mod p). Taking for x the 1-character of X we
get that |H| = 1 (mod p), and this in turn shows that x(1) = £1 (mod p)
in general. Picking x = X,,1 as described in Proposition 3.1b, which is an
irreducible character of X of degree |G : H|, we get |G : H| = £1 (mod p).
Thus |G| = |H| - |G : H| = £1 (mod p). Finally

IGl= ) x(1)>=k(G) (modp),
x€lrr(G)

completing the proof. O

Theorem 11.2b. Let H = Cg(v) for any vector v € V.. Then k(H)
|H| = £1 (mod p) and (1) = £1 (mod p) for every 6 € Irr(H).

Proof. Let x = Xy,1 in the notation of Proposition 3.1b. So x is an
irreducible character of X = GV with degree |G : H|. Thus |G : H| =
x(1) = £1 (modp) by the preceding theorem. Similarly, for every 6 €
Irr(H) the degree xu,,c(1) = x(1) - 6(1) = £1 (modp) likewise. Hence
6(1) = £1 (mod p) and, therefore,

[H|= Y 6(1)* = k(H) (modp).
0elrr(H)

Use finally that |H| = |G|/|G : H|. O
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11.3. Reduced Pairs

Though Clifford reduction seems to fail in attacking the present problem,
it is of some interest to examine the reduced pairs (G,V). We use the
notation introduced in Sec. 5.5. Hence V is a faithful F'G-module where
F = T, for some power r of the prime p, the core F of G is absolutely
irreducible on V, and Go = Ngp,v)(E). Also Z = Cg,(E) = F*, and x is
the Brauer character of G (and of Gy) afforded by V.

Proposition 11.3a. Suppose (G,V) is a reduced pair of quasisimple type.
Then k(GV) < |V].

Proof. Assume k(GV) = |V|. Then by Proposition 11.1a, (i) there is
no regular G-orbit on V. We may appeal to Theorem 7.2a. The minimal
point stabilizers H = Cg, (v) listed there are abelian in most cases, in which
case part (iii) of Proposition 11.1a applies. If H is nonabelian, the desired
contradiction follows from Theorem 11.2b. For instance, the case r = 7,
H = Dqy is ruled out as there is ¢ € Irr(H) with (1) = 2.

Hence it remains to examine the permutation pairs (G, V'), where the
core F is an alternating group Agz41 and V is the deleted permutation
module over F' of dimension d, with p > d 4 2 (Example 5.1a). Since there
is no regular vector in V for G, r = p=d+ 2 or d + 3. At first, G can be
any subgroup of Gy = S x Z containing F, where S 2 53,1 acts on V in
the natural way. We know that there is a vector v € V' such that Cg, (u)
is cyclic of order dividing p — 1 (Example 5.1a). From k(GV') = |V| and
Theorem 11.2b we infer that |Cq(u)| = |Cg,(u)| = p — 1. This forces that
p—1=d+1.

We next pick a strongly real vector v € V for Gy as in Example 5.1a,
namely v = dwg — Zle w; (where {w;}%_, is a permutation basis). Then
Hy = Cg,(v) 2 Sq and Resg?) (V) is the natural permutation module. Since
the transpositions in Hy act with determinant —1 on V' and since p > 7,
H = Cg(v) = Ay by assumption and Lemma 11.1b. So |H| = 1d! =
%(p —2)!, and from Theorem 11.2b we get that

(p—2)! = 42 (mod p).

It follows that (p — 1)! = F2 (modp). On the other hand, (p — 1)!
—1 (mod p). This forces that p = 3, a contradiction.

o

Remark. Recently [Guralnick—Tiep, 2005] have shown that the inequality
k(GV) < $|V| holds for each reduced pair (G, V) of quasisimple type.
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Proposition 11.3b. Suppose (G,V) is reduced of extraspecial type. Then
k(GV) < |V| except possibly when r = 3.

Proof. Assume that k(GV) = |V| and that r # 3. Here E is a ¢-group
of extraspecial type for some prime q # p, and |E/Z(E)| = ¢*™ for some
integer m > 1. By Proposition 11.1a, (i) there is no regular G-orbit on
V. Similarly, there is no v € V such that Cg(v) # 1 is an elementary
abelian 2-group. For then r = 3 by part (iii) of Proposition 11.1a, which
has been excluded. There is also no strongly real vector v € V such that
H = C¢(v) # 1is cyclic. For then k(HV') = |V|, and from Proposition 3.1a
it follows that HV = H,Vj x --- x H,V,, where either H; = 1 (and |V;| =)
or H; # 1is a Singer cycle on V;. Since H is cyclic, the orders of the H; are
pairwise prime to each other. Since V is self-dual as an F'H-module, this
implies that each V; is self-dual as an F'H;-module (and H = H; for some
i unless p = 2). From Lemma 4.1c it follows that |H;| =2 and |V;| =3 =r
for some 4, against our assumption.

Probably the case r = 3 is not exceptional. But excluding r = 3
enables us to appeal to Theorem 6.3b. We get that ¢ =3, m < 3 or ¢ = 2,
m < 5, and r and p are suitably bounded above (Comments 6.3c).

Let first p = 2. Then we make use of Theorem 6.4 (including its proof).
WehaveEE?)fgm form=2or 3 and GZ = X o Z where X = E : H for
some point stabilizer H = Cg(v), where v is strongly real for G. If m = 2
then H is cyclic of order 5, which is impossible. So we have m = 3, in
which case H either is cylic of order 7 or is a Frobenius group of order 21.
The former case cannot happen. From Theorem 6.4 we also know that the
Weil character x = £ takes the value x(h) = —1 on the elements h € H
of order 7, and x(y) = 0,3 or —9 for the elements y € H of order 3. In
addition x(y) = 0 for the noncentral elements y of E.

The dimensions of the eigenspaces on V' of the noncentral elements of
X of prime order are not greater than 12. Since

21X |rtt =2-21-37rM < 27

for r > 4, there is a regular G-orbit on V, contradicting Proposition 11.1a.

Let next p be odd. If ¢ = 3 then p > 5, and we make use of Theorem
6.5 (and its proof). If m = 1, then either there is v € V such that Cg(v) is
an elementary abelian 2-group, or (G, V) is nonreal reduced of type (33)
and k(GV) < i|V| by Proposition 10.1. If m = 2, then we find v as
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before, or r = p = 7 in which case x is an irreducible character of G of
degree x(1) = 3% # +1 (mod 7), contradicting Theorem 11.2a. Let m = 3.
We must have r = 19,13 or 7 (Comments 6.3c). Here x is an irreducible
character of G of degree y(1) = 33, so that Theorem 11.2a applies for
r=p=19. For r = 13 or 7 we have G # Gg, and G maps onto a proper
irreducible subgroup G of Spg(3). Checking the possible groups G and their
irreducible character degrees gives the result.

Let ¢ = 2 (and p # 2). There is no problem with m = 1 (Proposition
6.6a). For m = 2 we have r < 83 (Comments 6.3c). If £ = 21" by
Proposition 6.6b we have p # 3, and there is a strongly real v € V for
G such that Cg(v) & D1z when r = 7 and Cg(v) & Dg otherwise (as
point stabilizers cannot be cyclic or elementary abelian 2-groups). But
then C¢(v) has an irreducible character of degree 2, in contrast to Theorem
11.2b. For E = 2'** cither we get nonreal reduced pairs of type (25) or
r > 11 and we find v as before. For p = 3, G maps into a 3’-subgroup
of 0} (2) = S5, and we get a regular orbit. If F = 2™, then we find a
strongly real v for G such that Cg(v) is an elementary abelian 2-group for
p = 3 and, otherwise, is isomorphic to S35 or Az or to other explicit given
groups. In all the p # 3 cases Theorems 11.2a and 11.2b apply.

Let E = 2'7% Here we have the (crude) bound r < 139 (Comments
6.3c). By Proposition 6.6¢ we have p # 3, and if r = 7 = p then there is
v € V such that Cg(v) = S4. Of course 24 # +1 (mod 7). For r > 11 there
is a strongly real vector v € V for G such that H = C(v) has a normal
Sylow 3-subgroup S = 3?‘2 with index 2 or 4, and Theorem 11.2b applies.

Let £ = 2}~_+2m with m = 3,4,5. For p = 3, by considering the
irreducible 3’-subgroups of O;m(Q), one gets an elementary abelian 2-vector
in V for G. Otherwise by Proposition 6.7a there is a strongly real vector
v € V such that Cg,(v) = GL,,(2). Similar statements when E = 257%™
(Proposition 6.7b). Apply Theorems 11.2a and 11.2b.

Let finally E = 272" with m = 4,5. As before one rules out the case
p = 3. Otherwise by Proposition 6.7c there is a strongly real vector v € V
for G such that Cg,(v) = GL,,(2), or m = 4 and Cg,(v) = G2(2)’. We
have r < 71 for m = 4 and r < 23 for m = 5 (Comments 6.3c). Again
Theorems 11.2a and 11.2b apply. ([

Remark. The proof is less laborious once better upper bounds for r are
available, and these can be obtained by computations with [GAP]. In our
investigations in Chapter 6 we attempted to avoid computer calculations.



Chapter 12

Some Consequences for Block Theory

There are various long-standing conjectures in modular representation the-
ory. Presumably the most outstanding conjecture, and the most difficult
one, is Brauer’s k(B) problem discussed in Chapter 2 of this monograph. In
that chapter we already proved that the k(GV') theorem implies Brauer’s
k(B) conjecture for p-solvable groups. We shall recover this in terms of
Brauer correspondence and blocks with normal defect groups.

12.1. Brauer Correspondence

Let p be a prime, and let B be a p-block of the finite group G with defect
group D. As usual ko(B) denotes the number of (ordinary) irreducible
characters belonging to B which are of height zero in the block. The Brauer
correspondent b of B for Ng(D) refers to Brauer’s first main theorem on
blocks (mentioned in Sec. 2.5) and is that block of Ng (D) with defect group
D for which b = B; sometimes b is called the germ of B (with respect to
D). Observe that D = O,(Ng(D)) by Theorem 2.3c.

Let us recall some conjectures in modular representation theory.
e Alperin-McKay conjecture: ko(B) = ko(b).
e Olsson conjecture: ko(B) < |D : D’|.
e Brauer’s height zero conjecture: ko(B) = k(B) if and only if D is abelian.
e Broué conjecture: k(B) = k(b) if D is abelian.
The Broué conjecture would follow from the Alperin—-McKay conjecture and
one-half of Brauer’s height conjecture. It would also be a consequence of
Alperin’s weight conjecture [Alperin, 1987], or of the overall conjectures by

[Dade, 1992]. From the k(GV') theorem it follows that the above conjectures
hold at least locally:

Theorem 12.1a. We have k(b) < |D| and ko(b) < |D : D'|. Further
ko(b) = k(b) if and only if the defect group D is abelian.

202
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So if the Broué conjecture holds, Brauer’s k(B) problem would be settled
for abelian defect groups. The Alperin—-McKay conjecture is known to be
true for p-solvable groups [Okayama—Wajima, 1980], and for some classes
of finite groups G (including the symmetric groups and certain groups of
Lie type). Brauer’s height conjecture has been also settled for p-solvable
groups [Gluck—Wolf, 1984]. Hence we have the following.

Corollary 12.1b. Suppose G is p-solvable. Then we have k(B) < |D| and
ko(B) < |D: D'|. Also, ko(B) = k(B) if and only if D is abelian.

12.2. Clifford Theory of Blocks

It has been shown by [Reynolds, 1963] that Brauer’s height zero conjecture
holds for blocks with normal defect groups. In order to prove Theorem
12.1a we have to appeal to his work. This is Clifford theory of blocks,
dealing with root blocks. If B is a p-block of G with defect group D, there
is a block b of H = DCg(D) with b = B (Sec. 2.5). Each such b is a
called a root of B in H. It follows from the first main theorem on blocks
that these roots form a Ng(D)-conjugacy class of blocks of H. Also, D
is the unique defect group of such a root b by Theorem 2.3c. The inertial
indez of B is defined as the index of the inertia group in Ng(D) of b (or
its canonical character, see below) over H, and it is crucial that this is a
p’-number.

As in Chapter 2 we let X,/ denote the set of p’-elements of a finite
group X, and x,/ = Resﬁp, (x) for a character x of X.

Lemma 12.2a. Suppose H = DCq(D) for some p-subgroup D of the
finite group G, and let b be a p-block of H with defect group D. Then b
contains a unique irreducible character 6 having D in its kernel, and 0,
s the unique irreducible Brauer character in b. This canonical character 0
belongs to a block of H/D with defect zero and is of height zero in b. We
have k(b) = k(D); indeed Irr(b) consists of the characters 0 for ¢ € Irr(D),
defined by 0. (y) = 6(y){(yp) if the p-part y, € D and zero otherwise.

For a proof we refer to [F, V.4.7].

Lemma 12.2b. Let D, H, b and 0 be as above. Let T = I(0) be the inertia
group in Ng(D) of 8. Then the block B = b% of G has defect group D if
and only if |T : H| is not divisible by p.
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Proof. By the first main theorem on blocks (and transitivity of block
induction) we may assume that G = Ng(D). Hence T = I¢(6). Since 6,
is the unique irrreducible Brauer character in b, T is the inertia group in
G of the block b, that is, T is the stabilizer of the block idempotent e to b
(by conjugation). Thus the central character wy of b is stable in G.

We know that D C Dy for some defect group Dy of B (Sec. 2.5). By
Lemma 2.3b there exists a conjugacy class ¢ of G with ¢g C H, ap(co) #0
and wp(¢y) # 0 (in characteristic p), such that Dy is a defect group of ¢
(see also Theorem 2.2b). Let = € ¢y with Dy C Cg(z), and let ¢ = z*.
Then ¢y = |J; ¢"* where the ¢; range over a right transversal of Ng(c) in G.
As in the proof for Theorem 2.3c,

0 # wp(Co) = ws(Co) Zwb ¢') = |G : Ng(c)|ws(©).

Since Ng(c) = Cq(z)H and Dy is a Sylow p-subgroup of Cg(z), it follows
that p does not divide |G : DoH|. Thus Dy C H if and only if |G : H| is
not divisible by p, and then Lemma 2.3b implies that ¢ and b have a defect
group in common. O

Lemma 12.2c. Let N be a normal subgroup of the finite group X such
that G = X/N s a p'-group, and let Z = (e) be generated by a primitive
exp (V) th root of unity €. Suppose 6 € Irr(N) is G-stable and 6,, € IBr(N).
Then the Clifford obstructions uc(0) = uc(0y) agree in H2(G, Z,).

Proof. Let K = Q(¢) and R = Z,)¢], and let p be a prime of R above p
and F' = R/p. This R is a principal ideal domain. By Proposition 1.9a we
may identify the Clifford obstruction ug(0) = pxe(0) with an element of
H*(G,Z) = H*(G, Z,) x H*(G, Z,). Since G is a p’-group by hypothesis,
H%*(G, Z,) = 0. Clearly the Brauer character 6,/ is G-invariant too.

By Theorem 1.1d there is a K N-module W affording 6. Now

Endgg (Ind§ (W) = P K7,
geG

is a crossed product for some units 7, sending W ® g to W (m = 1). By
the preceding paragraph we may choose these units such that the factor set
T(g,h) = Tg_thgTh € Zy for all g,h € G. Let {t;}4ec be a transversal to
N in X, with ¢; = 1, and let t(g,h) =t 't gt be the corresponding factor

gh "9
set. There are unique oy € GL(WW) such that

(w @ tg)Tg = (W)
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for all w € W, g € G. For y € N we have (wy)a, = (wy ® ty)1y =
(W ® tgy)Ty = (W ® tey'r)Ty = (W R ty)Tey's = (w)ayy's (where we used
that the tensor product is over KN and that 7, is a K X-automorphism).
One similarly shows that a(g, h) = a;,llagah is the map w — 7(g, h)wt(g, h)
on W.

Let {w;} be a K-basis of W. Let U be the R-submodule of W gen-
erated by all (w;y)ay, y € N, g € G. Since U is finitely generated and
torsion-free, it is a free R-module. Since U contains a basis of W and is
contained in W, the rank of U is §(1) = dimgW. From (w)ayy's = (wy)7y,
for w € W we infer that U is stable under N. From

(w)oymh = walg, h)agn = (T(g, h)wt(g, h))agn

and 7(g,h) € Z,, C R* (unit group) we see that (U)ay C U for all g € G.
Since aga,-1 = afg,g~ ") is the map u — 7(g,9 *)ut(g,9~ ") on U, which
is invertible, we may view the ag4, via restriction, as elements of GL(U) =
GLR(U). This in turn shows that U is a G-stable RN-lattice affording 6,
yielding a projective R-representation of G with the same factor set 7 as
before.

The FN-module V = U/pU affords 0,,. Identifying Z, with the group
Zy(1+p)/(1 +p) we get that pue(6y) = pra(fy) agrees with pre() in
H*(G, Z, ), as desired. O

Proposition 12.2d (Reynolds). Suppose B is a p-block of G with normal
defect group, D. Then there exists a group Gg having a normal Sylow p-
subgroup Dy = D and a p-block By of Go such that the irreducible characters
and Brauer characters of By and B are in 1-1 correspondence preserving
heights, and By, B have the same decomposition and Cartan matrices.

Proof. Let b be a root of B in H = DCq(D). By Theorem 2.3¢, B is
the unique block of G covering b. Let 6 be the canonical character of b,
and let T = Ig(0). Observe that D = O,(H) is the unique defect group
of b and that T contains the inertia groups of all irreducible characters or
Brauer characters in b. By Lemma 12.2b, p does not divide the inertial
index |T : H| of B. We have B = b“ = (b7)¢, and it follows from Theorem
1.8b that the blocks B and b? behave (via character induction) as asserted
for B, By (cf. Theorem 2.6b). Thus we may assume that T = G. Then b
is the unique block of H covered by B.

Let N = Cg(D). Recall that the block idempotents to B and b are in
the group algebra for N (Theorem 2.3c). Let by be the block of N having
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the same block idempotent as b. Then B is the unique block of G covering
by, and by is the unique block of N covered by B. Note that Z(D) = NND
is the unique defect group of by .

Let G = G/H, and let G(f) be the representation group of . Since G is
a p'-group, G(f) may be understood as a central extension of G with a cyclic
group Z,. of order exp (N),  (Lemma 12.2c). Let G(0) = G(0)AsG be
the extended representation group. By Theorem 1.9¢ there is 6 € Irr(G(0))
extending § when viewed as a character of Ker(G(0) — G(6)) = N Letting
=1 be the unique linear constituent of § on Ker(G(0) - G) = Z,» we have
a 1-1 correspondence y « ( between Irr(G|0) and Irr(G (9))|9) given by

=0®( (Theorem 1.9c¢).

By Schur-Zassenhaus there is a complement Y = Y/N to H/N in
G/N. The group Y acts on D in the natural way (with kernel V). Let
G=D:Y and G = D : Y be the semidirect products. Then G maps
onto G, and G maps onto G by replacing the direct product N x D by the
central product H = N o D over Z(D). The characters of G having the
“diagonal” of Z(D) x Z(D) (within N x D) in the kernel correspond to the
characters of G.

The group of the proposition is nothing but the extended representa-
tion group Go = G(6). This Gy has a normal Sylow p-subgroup Dy & D
with Cg, (Do) = Z(Dy) x Z,. By Theorem 2.3c there is a unique p-
block By of Gy covering 5, and this has defect group Dy. In particular
Irr(By) = Irr(Golf). By Lemma 12.2a, 0 is of defect zero in N/Z(D),
so that 6(1), = |[N/Z(D)|,. Also, 6, is the unique irreducible Brauer
character in by, and Irr(by) consists of the characters 6y, for each (lin-
ear) A € Irr(Z(D)), satisfying 0x(y) = 0(y)A(yp) if yp € Z(N) and = 0
otherwise. We have (6y),’ = 6, for each A. Hence the above Clifford cor-
respondence gives, by restriction to p’-elements, a bijection from IBr(B)
onto IBr(By) = IBr(Go|f). Note that (0) + is irreducible and (9) ,=0.

Fix A € Irr(Z(D)). Regard 8 € Irr(by) as a character of (N xD)/D &
N. The inertia group T\ = I5(A) = I5(0)) contains N x D. By Lemma
12.2¢, pup, (0x) is the restriction to Ty = Tx/(N x D) of ug(6). Hence we
may regard T (0y) as a subgroup of G(0). Let G and Sy be the subgroups
of G(6) and Gy, respectively, mapping onto T), so that |G(6) : G| = |G :
Sx| = |G : T)\|. By Lemma 12.2¢ we can further pick a character §>\ of Gy
extending 6 (in the usual sense) such that

(Ox)p = Resg\” (B,).
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Hence on the p’-group Z,., embedded into G}, @\)\ is a multiple of o-1. By
Theorem 1.9¢ we have a 1-1 correspondence 1) < ¢ between Irr(7T|0)) and
IIY(GQ|>\_1§)7 given by ¢ = 0, ®. Here we use that each ¢ € Irr(T|0)) lies
over A and that the diagonal of Z(D) x Z(D) in G must be in the kernel of
¢ when inflated to a subgroup of this group. It follows that Sy = I, ()\_15)
is the inertia group of )\_15, viewed as a linear character of Z(Dy) X Z,.
By Theorem 1.8b, x = Ind% () and ¢ = Indgf(gp) are irreducible. By
Frobenius reciprocity x € Irr(B), as B is the unique block of G covering

by, and ¢ € Irr(By) = Irr(Go|#). Furthermore

Xpr = Ind§, (), = Indg, () = (0), @ (-

The correspondence x < ¢ between Irr(B) and Irr(By) preserves heights,
and B, By have the same decomposition and Cartan matrices. (]

12.3. Blocks with Normal Defect Groups

In order to prove Theorem 12.1a we have to consider blocks with normal
defect groups. The following lifting property for blocks has been established
in [Kiilshammer, 1987].

Lemma 12.3a. Let D be a normal p-subgroup of G. Then the natural
map G — G /D’ induces a bijection beteween the p-blocks of G and that of
G/D’.

Proof. Let A = FG where F is a field of characteristic p. Let J be
the kernel of the natural map FG — F[G/D’']. Thus J is the (left) ideal
of A = FG generated by all t — 1, t € D’. But D’ is generated by all
commutators [z,y] for z,y € D, and

[z,y] —1=2""y ((z = 1)(y—1) = (y = 1)(z—1) € J(FD)* C J(A)?,

andzy—1 = (z—1)(y—1)+(z—1)+(y—1) = (z—1)+(y—1) (mod J(FD)?).
Consequently J C J(A)2. (Cf. [Jennings, 1941] for a more precise result;
in fact one may replace D’ by the Frattini subgroup of D.) For any central
idempotent e of A = FG, J +e is a central idempotent of A/J = F[G/D’].
If J+e=J+ f for a central idempotent f of A, thene—ef = (e—1)f is
a central idempotent of A contained in .J, hence is zero as J is nilpotent.
Hence e = ef and, similarly, f = ef, hence e = f.
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Now let € be a central idempotent of A/J. By the usual lifting prop-
erties of idempotents there is an idempotent e of A such that e = J +e [F,
1.12.3]. It remains to show that e is a central idempotent of A. Since € is
central (and €(1 — &) = 0),

J+eA(l—e)=J+e(l—e)A=J.

Hence eA(1 —e) C J C J(A)? and eA(1 —e) C J(A)?(1 —e). Suppose
we know already that eA(1 —e) C eJ(A)™(1 — e) for some integer n > 2.
Then eA(1 —e) CeJ(A)" teJ(A) (1 —e)+eJ(A)" (1 —e)J(A)(1—¢) C
eJ(A)"t1(1 —e). Since J(A) is nilpotent, this shows that eA(1 —e) = 0.
Similarly (1 — e)Ae = 0. For any element a € A we therefore have ea =
eae + ea(l — e) = eae and, analogously, ae = eae. Consequently ea = ae.
Thus e is a central idempotent of A = F'G, completing the proof. O

Theorem 12.3b. Suppose B is a p-block of G with normal defect group
D. Then k(B) < |D| and ko(B) < |D : D'|.

Proof. By Proposition 12.2d we may assume that D is a (normal) Sylow
p-subgroup of G. It follows that G is p-solvable. Thus k(B) < |D| by
Theorems 2.6¢/10.5a. By Lemma 12.3a there is a unique p-block B’ of
G/D’ corresponding to B. Clearly D/D’ is the unique defect group of B’.

Let x € Irr(B’). Then y is an irreducible character of G (via inflation)
with kernel Ker(x) 2 D’. Let 6 be an irreducible (linear) constituent of
Res$(x), and let T = I¢(#). By Theorem 1.8b,

V(1) = &[G TIO(L) = e, T

where the ramification index e, is a divisor of |T'/D|. Hence p does not
divide x(1). Therefore x is of height zero.

On the other hand, suppose x € Irr(B) is of height zero. Since the
defect group D of B is a Sylow p-subgroup of G, x(1) is not divisible by p.
Let 6 be an irreducible constituent of Res%(x). By Theorem 1.8b, (1) is a
divisor of x(1). Hence (1) is not divisible by p. Since D is a p-group, (1)
is a power of p. Hence 6(1) = 1 and so x has D’ in its kernel. By definition
X, as a character of G/D’, belongs to B’.

We have proved that ko(B) = ko(B’) = k(B’). From Theorem 10.5a
it follows that k(B’) < |D/D’|. O

Remark. The proof that k(B) = ko(B) if and only if D is abelian [Reynolds,
1963] is quite similar.



Chapter 13

The Non-Coprime Situation

As already mentioned in the preface, the inequality k(GV') < |V| does not
hold if one drops the assumption of coprimeness (of |G| and |V|), in general.

Examples 13.1. Let p be a prime and m > 2 be an integer.

(i) Suppose G is a Sylow p-subgroup of GL,,(p), consisting of the ma-
trices with ones in the main diagonal and zeros above it, and let V' = IE‘,(,m)
be the standard module. The structure of G is well understood [Huppert,
1967, III. §16]. One knows that G has (elementary) abelian normal sub-
groups of order pm2/4 if m is even and of order ]9(7”2_1)/4 otherwise. In
[Higman, 1960] it is proved that k(G) < (m — 1)!pl%). Following Hig-
man we show that k(G) > p=™ . Since k(G) > k(G/G') = p™!, we
may assume that m > 12. For positive integers » > s and r > t, with
2r + s +t = m, consider the elements of G consisting of block matrices of

the form
I,

A I,
J I
B I,

Here A is a r x s matrix having nonzero entries on the diagonal leading from
the bottom right corner and zeros below this diagonal, J an r X r matrix
with nonzero entries on its subsidiary diagonal and zeros otherwise, and B
is a t X r matrix having nonzero entries on the diagonal leading from the top
left-hand corner and zeros below this diagonal. Such (s, r,r,t) partitioned
matrices are conjugate in G only if they are equal. Now consider those
matrices where 7 = [%2] and s = |%]. The number of freely disposable
positions in matrices of the above form is ¢,,, = r(s+1t) —s(s+1)/2 —t(t +

1)/2 + 2, so that k(G) > p®~. One verifies that c,, > T5.

(ii) G = GL,,(p) acts irreducibly on V' = Fém). We claim that the affine
group GV = AGL,, (p) has class number k(GV) = k(G)+k(AGLn—1(p)) >
[V| (for m > 2). Tt is known that p™ — p™~! < k(G) < p™ — 1 [Green,
1955]. For A # 1y in Irr(V) we have Ig(A) = AGL,,_1(p). Now argue
by induction using (1.10b) and the fact that G is transitive on Irr(V)f. Of
course k(AGL1(p)) = p.

209
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(iii) G = GLa(p)wr Z,,, acts faithfully and irreducibly on V = IFI(fm)
(in the natural way). We have GV = (IF](gZ) : GL2(p))wr Zy, and

1 /p?>+p—1\m
> (£ - F -
KEv) = (P ) IV

by Theorem 1.7a, because the affine group AGLa(p) = ]FI(,Q) : GLa(p) has
class number k(GL2(p)) +k(AGL1(p)) = (p?> — 1) +p. (For p = 2 the group
GV = Sywr Zy, has been already studied in Example 9.4c.) On the other
hand, k(G) < (p? — 1) + (p? — 1)m — (p? — 1) < p®™ = |V| by Proposition
8.5d.

Proposition 13.2 (Liebeck-Pyber). If G is an irreducible subgroup of
GLy (p), then E(G) < p°™ for some constant ¢ < 10.

This is Theorem 4 in [Liebeck—Pyber, 1997]. One might conjecture that
here k(G) < p™ — 1, like in the coprime situation (Theorem 10.5b). The
recent work by [Guralnick—Tiep, 2005] gives some evidence that this might
be true at least when G is almost quasisimple.

We turn to the computation of k(GV'). Inspection of the proof for The-
orem 2.6¢ shows that if k(GV') < V| holds in some more general situations,
the k(B) conjecture holds for a corresponding wider class of p-constrained
groups. First two general observations.

Lemma 13.3. Suppose the finite group X has an abelian normal subgroup
V. Let G = X/V, and let GV =V : G be the semidirect product (with G
acting as before). Then k(X) < k(GV).

Proof. This is immediate from formula (1.10b) since linear characters of
V can be extended to their inertia groups provided these split over V. [

Lemma 13.4. Let V be a faithful F,G-module, and let Op(G) = 1. Let
V' be the direct sum of the composition factors of V' (in a fixzed composition
series). Then k(GV) < k(GV).

Proof. Note that G is faithful on V since O,(G) = 1 (and since G is faithful
on V). Let {g;} be a set of representatives for the conjugacy classes of G.
By Lemma 3.1c and (1.4a)

Z ‘Ce CG(gJ)lv/ V g] Z | )l Z ‘CV/[V,Qj](h”'

J heCaq(g;)
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Hence k(GV) = |—é‘ 2geG 2neca(g) |Cvyv,g)(h)]. There is a corresponding
identity for k(GV). Hence it suffices to show that

dim Cy /v g (h) < dim Cg 57, (h)

for all elements g € G and h € Cg(g). Let H = (g,h). For any short
exact sequence 0 — U — V — W — 0 of H-modules, U/[U,g] —
V/[V,g] — W/[W,g] — 0is an induced exact sequence of (h)-modules. This
in turn gives rise to the exact sequence 0 — (W/[W,g])* — (V/[V,g])* —
(U/[U,g])* for the dual (h)-modules, and then 0 — Ciw/w,g)-(h) —
Cwyv,g=(h) = Cwy,g+(h) is exact. By Theorem 1.4b the cyclic group
(h) has on any module M the same number of fixed points as on its dual
module M* = Irr(M). Consequently

dim CV/[V,g] (h) < dim CU/[U,g] (h) + dim CW/[VV,g} (h)
Now apply this (inductively) to the given G-composition series of V. [

Proposition 13.5 (Kovics—Robinson). Suppose the finite group X has a
normal elementary abelian p-subgroup V' of order p™. Assume G = X/V
is faithful and completely reducible on V. If G is p-solvable, then there is a
constant ¢, not depending on p or m, such that k(X) < c™|V]|.

This has been proved in [Kovéics—Robinson, 1993, Theorem 4.1]. Indepen-
dence of the constant ¢ from the prime p comes from the Fong—Swan the-
orem (mentioned in Sec. 2.7). In [Liebeck—Pyber, 1997] it has been shown
that one actually may take ¢ = 103. But by assumption and Theorem 2.3c,
X has a unique p-block. Since the k(B) problem is solved for p-solvable
groups, application of the Fong—Swan theorem, lifting the Brauer charac-
ters afforded by the irreducible summands of V' to p-rational characters of
G, and of a result by Schur [I, 14.19] therefore yields that

k(X) < X[, < p™/ @Dy

in this case, and k(X) < |[V|if m < p—1. Of course the constant ¢, =
p”/(]’_l)2 depends on the prime p, but ¢, < 2 for p # 2,3 and ¢, \, 1
when p tends to infinity. One might conjecture that k(X) < |V] in this
p-solvable situation, provided p > 5 is large enough. (By Example 13.1,
(iii) this is false for p = 2,3.) For arbitrary G a (weak) upper bound is
given in [Liebeck—Pyber, 1997].
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Proposition 13.6 (Robinson). Suppose the finite group X has a normal
abelian subgroup V' such that Cx (V) is a p-group. For any integer s > 0
let ks(X) be the number of irreducible characters of X such that p°x(1), =
| X|p. Ifk(X) < |V, then Y o, ks(X)/p* < 1/|V|, and equality only holds
when V' is a Sylow p-subgroup of X.

Proof. Let |V| = p™ and | X|, = p®. Then px(1), < p° for all x € Irr(X)
by Theorem 1.3b. Hence ks(X) = 0 for s < m, and

D k(X)/p* < R(X) /PP < VI[P =1/ |V].
s=0

Assume the equality is attained. Then > ?_  k(X)p?*~2™ = 1 and so

s=m 'S

ks(X) =0 for s > m. Thus p* = p™x(1), = p™, picking x = 1x. O

In this proposition the group X again has a unique p-block, and ks(X) is the
number of irreducible characters of X with height p®~* in this block (|X|, =
p®). This is motivated from [Brauer—Feit, 1959], counting characters with
prescribed height (see also [F, V.§9]).

Epilogue: There are lots of open questions in this area, and work con-
tinues. [Guralnick and Tiep, 2005] have studied thoroughly the case where
G = X/V is almost quasisimple and faithful, irreducible on V. They proved
that k(X) < 1|V| provided G does not involve 4,, for 5 < n < 16 or a group
of Lie type of (untwisted) rank at most 6 or a classical group with V' related
to the standard module. The exceptional cases have still to be examined.
In a forthcoming paper D. Gluck has treated permutation pairs (Example
5.1a) in the non-coprime situation. As I understand, he is also investigating
the question whether k(G) < p™ — 1 when G is an irreducible subgroup of
GLm (p)

Although the status of the classification of the finite simple groups is
satisfactory [Aschbacher, 2004], a proof of the k(GV') theorem independent
of that would be greatly appreciated. Likewise challenging is Brauer’s k(B)
problem. [Solomon, 2001] has the dream of returning in 100 years to ask
about the meaning of the sporadic simple groups. My dream is to return
in 100 years to ask, among others, about this mysterious Brauer problem.



Appendix A

Cohomology of Finite Groups

Let G be a finite group and let V be a (right) G-module. The (Tate) coho-
mology is a Z-sequence of abelian groups H" (G, V') defined by HY(G, V) =
V¢ /Vitrg, where V& = Oy (Q) is the fixed module and trg = > gec 9 in
the group algebra Z@, which all vanish if V = Ind¥(U) for some abelian
group U, together with connecting homomorphisms declared functorially
for short exact sequences of G-modules. The existence is guaranteed via

projective resolutions of the trivial G-module Z. For an introduction see
[Hilton-Stammbach, 1971], which will be quoted as [HS].

In this book basically 1- and 2-cohomology is used, where we have the
following familiar interpretations. Suppose V — X — G is an extension
of the G-module V, so that X is a group with normal subgroup V and
quotient group G = X/V, and X induces by conjugation the given G-
module structure on V. Choosing a transversal {t;}4cc to V in X we get
a factor set (2-cocycle) 7 € Z2(G,V) by defining 7(g,h) = t;hltgth. This
Z%(G, V) is an (abelian) group by pointwise multiplication. Passing to other
transversals gives a congruence relation on Z2(G, V), and H3(G, V) is the
corresponding quotient group. Conversely, each 7 € Z%(G, V) defines such
a group extension X = X (1), with underlying set G x V' and multiplication
(g,v) - (h,w) = (gh,vh + w + 7(g,h)). Thus H3(G,U) is in natural 1-1
correspondence with the (equivalence classes) of these group extensions,
the zero element describing the semidirect product GV =V : G.

In the semidirect product X = GV there may exist another subgroup
Go = {gvy| g € G} complementingV in X (Go NV =1and X = G,V).
Then a : g — v, is a crossed homomorphism (1-cocycle) of G in V, and
with respect to pointwise multiplication we get a group Z!(G,V) acting
regularly on the complements. Conjugacy of the complements in X (under
V) yields a congruence relation, and H(G, V) is the corresponding quotient
group. So H(G, V) = 0 if and only if all complements are conjugate.

Given any extension V »— X —» G of the G-module V, Z}(G,V)
may be identified with the group of all automorphisms of X centralizing
V and G, and HY(G,V) accords with the quotient modulo those inner
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214 The Solution of the k(GV) Problem

automorphisms of X coming from V. If V = V¢ is a trivial G-module (X
a central extension of G), then H'(G, V) = Hom(G, V).

Some general results on cohomology can be proved by describing them
in cohomological dimension zero, say, and extending them functorially by
dimension—shifting. This is due to the fact that there is a 1-induced G-
module V = Ind§ (Resf(V)) having V' as quotient and as submodule. For
n > 1 the groups H, (G, V) = H-+*1)(G, V) are called homology groups.

(A1) The exponent of H*(G,V) is a divisor of |G|. This is obvious for
n = 0, hence is true for all n. For n = 1,2 it leads, together with Sylow’s
theorem (and Feit-Thompson), to the Schur-Zassenhaus theorem.

(A2) Inflation, restriction: In dimension zero the restriction map Resg
for a subgroup H of G is defined by v + Virg v v+ Virg (v € V), is
induced from H — G — V on 1-cocycles, and is extended to all dimensions
by dimension-shifting. Observe that Resg(r/) is a 1-induced H-module by
Mackey decomposition. Let H be normal in G. Then V¥ is a G/H-
module in the obvious way, and so is HY(H, V), and H"(H, V) for each n.
The inflation map is v + VHtrG/H — v+ Virg (v e V%) in dimension 0,
is induced from G — G/H — VH »— V on l-cocycles, and is extended by
dimension—shifting. There is a natural exact sequence

0 — HY(G/H, V) ™ HY(G,v) " utm, v)¢/" - n2(G/H, v ™ K

where K is the kernel of Res : H*(G, V) — H?(H, V) [HS, V1.81]. One can
even describe the image of H2(G/H,V*) in K as the kernel of a certain
transgression map K — H! (G/H, H(H, V)), e.g., using spectral sequences.

(A3) Shapiro’s lemma: Let V = Ind% (U) for some subgroup H of G' and
some H-module U. Then restriction to H and H-projection of V' onto U
gives rise to natural isomorphisms H"(G, V) = H"(H,U). This is easily
verified for n = 0, hence holds everywhere (see also [HS], pp. 164 and 224).

(A4) Restriction, corestriction: Let H be a subgroup of G. The corestric-
tion map Corg is induced from the relative trace trp g : VH — V& (with
respect to any right transversal to H in G) in dimension zero, hence in gen-
eral. Composition CoroRes is multiplication with |G : H| on H*(G, V) (see
also [HS, VI.16.4]). It follows that if p is a prime not dividing |G : H|, then
the restriction map H*(G, V) — H™(H, V) is injective on the p-components
(which gives Gaschiitz’s splitting theorem).
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(A5) 7 = 7@ is the regular module (group algebra) over Z, which maps
onto Z with kernel Ig, the so-called augmentation ideal, and contains
Ztrg = 7. One gets H1(G,Z) & I¢/13 = G/G' [HS, VI 4.1]. The Schur
multiplier of G is defined as M(G) = Ha(G, Z) or, equivalently, by the Hopf-
Schur formula M(G) = RNF’/[R, F] in any free presentation R — F — G
of G [HS, VI.§9]. Suppose Z is any trivial G-module. Then, by the universal
coefficient theorem [HS, VI.15.2], there is a natural exact sequence

0 — Ext(G/G', Z2) ™M H2(G, Z) & Hom(M(G), Z) — 0.
Here Ext(G/G’, Z) governs the abelian extensions of G/G’ by Z, described
by symmetric 2-cocycles, and p sends the cohomology class of a central
extension Z — X — G to the (transgression) map M(G) — Z, which has
the image Z N X’. This may be derived on the basis of the Hopf-Schur
formula. Using that Ext(G/G’, Z) = 0 if Z is a divisible group we see that
H?(G, C*) is the dual group to M(G).

The central extension Z — X — G, with cohomology class x say, is
called proper if Z C X' (px epimorphic), and a covering group (or Schur
cover) if in addition M(G) = Z (via px). If G = G’ is perfect, there
is a unique (universal) covering group G of G, up to isomorphism; every
automorphism of G can be lifted to G.

(A6) The Schur multipliers of all quasisimple groups are known (Schur,
Steinberg, Griess and others). In particular: M(A,) = Z3 for n # 6,7
(M(Ag) = M(A7) = Zg); M(GLi(2)) = 1 for m # 3,4; M(Spy,,(q)) =
1 for all m and all odd prime powers ¢ except when (m,q) = (1,9);
M(Spy,,(2)) = 1 for m > 4; M(Q5,(2)) = 1 for m # 2,3 and with
the exception M(QF(2)) = Za x Zz; M(SU,,(q)) = 1 for m > 3 and
(m,q) £ (4,2), (4,3), 6,2).

(A7) Module extensions: Let U — V — W be an extension of G-modules.
We are only dealing with Z-split extensions. Even more, we shall be con-
cerned mostly with F'G-modules over a finite field F'. These extensions are
classified by Extpg(W,U) = HY(G,Homp(W,U)). Here Homp(W,U) =
W*®pU as FG-modules (via diagonal actions), and W* = Homp(W, F) is
the dual module to W. From projective resolutions of the trivial FG-module
F' it is immediate that only irreducible modules belonging to the principal
block can have nontrivial cohomology. If «y is a group or field automorphism
and V7 is the twisted FG-module thus obtained, H"(G,V") =2 H"(G,V)
via . (All Ext-groups vanish if char(F) { |G|; Maschke’s theorem.)
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Remark. Let V be an FG-module and T?(V) = V ®p V. Identify
A%(V) = Alt*(V) with the alternating square, and let Sym?(V) be the
symmetric square (fixed space of v ® w — w ® v). Let G = SL(V). If
char(F) # 2, then both A%(V) and Sym?(V) are irreducible FG-modules
and T%(V) = A*(V) @ Sym?(V), as in (1.1). Otherwise A%(V) is a sub-
module of Symz(V) with quotient module isomorphic to the twist V7 of
V under the Frobenius automorphism 7 of F, and T%(V) is a uniserial
FG-module with composition factors A%(V), V7, A%(V).

(A8) Let V = Fgm) for some prime p and some m > 1. Then M(V) =
A%(V) by the Kiinneth theorem [HS, V.3.1]. Letting R ~— F — V be a
free presentation of (minimal) rank 2m, we have a natural exact sequence
M(V) — R/[R,F]RP — V. This sequence splits, and splits naturally
through the pth power map when p is odd. The dual of this sequence
agrees with the universal coefficient sequence V* — H?(V,F,) — A?(V)*.
Now regard V = V* as the standard module for G = Sp,,,(p). Since G is
absolutely irreducible on V, Homg(V ® V*,F,) = Endg(V) = F,. In the
odd case H?*(V,F,) = V* & A?(V)* as a G-module, and there is a unique
alternating form # 0, up to scalar multiples, which is G-invariant. This
defines the extraspecial group pi”m (since the group of exponent p? does
not admit the symplectic group G). For p = 2 we have a similar result
replacing the symplectic group by O;tm(Q), defining thus the groups 247",

(A9) The cohomology of certain classical groups on their standard modules
and related modules is known [Griess, 1973], [Sah, 1977], [Bell, 1978]. It
vanishes by (A22 whenever a nontrivial scalar multiplication appears. Also,
HY(SLyn (q), FS™) = 0 for (m,q) # (2,27) with » > 1 and (m,q) # (3,2),
H2(SLm(q),F§m>) =0 for (m,q) # (2,2") with r > 2, (m,q) # (3,3") with
r>1, and (m,q) # (3,2),(4,2),(5,2), (3,5); H"(Spy,,(2),FS™) = Z5 =
H"(Spa,, (2) x Zg,Fézm)) form >1and n=1,2, but H2(Sp4(2)’,Fg4)) =0;
further Hl(Ozim(QL]Fézm)) = 0 except for m = 3 and positive type, and
H2(0Z, (2),FS™) = Z, for m > 2 and the same result for Q% (2) except
for QF (2) where the 2-cohomology vanishes (as it does for m = 1,2). — The
computer was needed to compute the 2-cohomology of some orthogonal
groups on the standard module, e.g., for Qf(2) and Q,(2) (Derek Holt).

(A10) The nonzero element, if any, of the 2-cohomology of the orthog-
onal groups O3, (2), Q% (2) and the groups Spy,,(2), Sps,,(2) X Zs, on
the standard modules is represented by the automorphism group of the
corresponding 2-groups of extraspecial type [Griess, 1973].



Appendix B

Some Parabolic Subgroups

The nonabelian finite simple groups fall into the following four classes: The
alternating groups A, (n > 5), the finite classical groups, the exceptional
groups of Lie type, and the 26 sporadic groups. In this appendix we are
concerned only (for convenience) with the classical groups Sp,,,(¢) and
S03.,.(q), SO3.,.(q) (¢ a prime power, m > 1). In Lie terminology the
symplectic group is the simply connected group of type C,, whereas the
orthogonal groups under consideration may be identified as those groups
of type D,, (plus type) and 2D,, (negative type) which are neither simply
connected nor adjoint. In the orthogonal case there is a subgroup Q% (q)
of index 2 in SOQim(q), which is the kernel of the Dickson invariant when ¢
is even, and this is the unique subgroup with index 2 unless we have plus
type and m =2 = gq.

Let U be the standard module for these classical groups, and write
G = G(U) for the related isometry group (introduced above; we write
G(U) = 0%, (¢) in the even orthogonal case). Let F = F,. Let 7 denote
either the symplectic form on U or the symmetric form to the quadratic
form @ in the orthogonal case.

A nondegenerate symplectic form requires even dimension, and then
the form on U is uniquely determined up to isomorphism (and so is the
group). In the orthogonal case Q : U — F satisfies Q(cu) = c2Q(v)
for c € F, u e U, and 7(u,v) = Q(u + v) — Q(u) — Q(v) defines the
associated (symmetric) bilinear form on U. The form @ is nondegenerate
if 7 is nondegenerate. If ¢ is odd, the theory of quadratic forms is that
of symmetric bilinear forms. If ¢ is even then 7 necessarily is symplectic.
Actually we are interested in quadratic forms only in characteristic 2, hence
the assumption that dimpU = 2m is even. There are up to isomorphism
two distinct nondegenerate quadratic forms Q = Q3. (Witt index m) and
Q = @3, on V (index m — 1). This means that U possesses maximal
totally singular subspaces of dimension m resp. of dimension m — 1; in
the symplectic case we have index m. Reference for all this is [Dieudonné,
1971].
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218 The Solution of the k(GV) Problem

(B1) Suppose U has index m. Then there exist totally singular subspaces
W, W* of dimension m such that U =W & W*. Let P = Ng(W) and let
L = Ng(W,W*) be the normalizer of both subspaces, R = C(W,U/W) be
the centralizer of both W and U/W. Then P = R : L where L = GL(W)
and W is the standard module of L and W* is the dual module. Also
R = Alt>(W) as module for L in the orthogonal case, and R = Sym?(W)
in the symplectic case.

Proof. By hypothesis there is basis {eq,- -, e} U{ef, - ek} of U such
that 7(e;,el) =1 for all ¢ and all other scalar products of the e;, e; vanish,
and that in adddition Q(e;) = 0 = Q(e}) in the orthogonal case. Then

the (e;, e) are hyperbolic planes in U, and W = (e, - -, €,) and W* =

(ef,- -+, er,) are maximal totally singular subspaces.

Let x € GL(W) and y € GL(W*). Then g 2 is an isometry of

the symplectic space U if and only if 7(e;z, ejy) = 7(e;, €]) = d;; for all 4, j.
This means that y = (z7!)! has to be the inverse transpose of z. In the

orthogonal case, observe that (g x0t> preserves W and W* and that

Q(w+ w*) =0 for w € W and w* € W* if and only if 7(w,w*) = 0. So

L{(g xot)|x€GL(W)}

may be viewed as a subgroup of G in each case, and it is the stabilizer in
G of W and W*. Of course, L = GL(W) and W is the standard module,
W* its dual.

It is clear that LN R = 1. Let z € P. We find y € L such that xy
centralizes W. But U/W = W* and so zy centralizes U/W as well, that
is,zy € R. Thus P=R: L.

By (A7) it is clear that R is an FL- submodule of

Homp(U/W, W) = Homp(W*, W) = T*(W).

Let a: U/W — W be a linear map. View « as an endomorphism of U via
inflation. Write eja =} a;je;. We have to examine when 1+ a is in G.
In the symplectic case this requires that

0=7(e;,ep) =7(e]+ > aiej, eq+ > axje;) = apr(e], e;) +aut(ex, f)
J i
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for all ¢, k. Thus the matrix (a;x) has to be symmetric. It is well known that
T?(W) is naturally isomorphic to M,,(F) (sending e; ® ey, to the elementary
matrix e;;), in which case Sme(W) maps onto the symmetric matrices and
Alt*(W) onto the skew symmetric matrices.

In the orthogonal case we compute

0=Q(c) = Qle; + Y aye;) = (e}, > age;) = ai
J J

and, for i £ k, 0= Q(e} +€;) = Q(ez‘ +e; + Zj(aij + akj)ej) = Qi) + ;.
Thus in this case the (necessary and sufficient) condition is that the matrix
(a;) is skew symmetric. The proof is complete. O

(B2) Suppose W #£ 0 is a totally singular subspace of U, and let P =
Ng(W). There exists a totally singular subspace W* of U such that U’ =
W @ W* is nondegenerate. Let U" = (U')*, L = Ng(W,W* U") and
R = Co(W,W+/W,U/W+). Then P = R : L and L = L, x G(U"),
where L, =2 GL(W) acts naturally on W and W* is the dual F L,,-module,
and where G(U") centralizes R,, = Cr(W=). Moreover, R, C Z(R),
R/Ry =W @p U" as an L = L, x G(U")-module, and R,, = Sym?*(W)
as an Ly-module in the symplectic case and R,, = Alt*>(W) otherwise.

Proof. By Witt’s theorem we may assume that T has the basis {e1, -, e, }
taken from the standard basis above (n < m). Let then W* = (e, - -, eX).
So (B1) applies to U' = W @ W*, and U = U’ LU” is an orthogonal sum
of nondegenerate spaces. Hence L = L,, x GL(U") is as asserted.

It is obvious that LN R = 1. As a P-module U/W+' = W* (through
the given nondegenerate pairing). Thus to « € P we find y € L,, such that
xy centralizes W and U/W=. We have W+ = W@ U”. Hence each element
in W+ /W can be written as W + u for some unique u” € U”. We get a
linear map « : U” — U” satisfying (W + u”)a = W + u”xy. It is easy to
see that « € G(U"). This proves that P = R : L.

The quotient R/R,, acts faithfully on W=, centralizing both W and
WL /W = U”, whence may be identified with Homp(U”, W). In fact, for
each linear map ¢ : W+ /W — W consider its inflation to W+, and then
1+ ¢ gets an isometry of W+, which extends to an element of G by Witt’s
theorem. Thus R/R,, = Homg(U"”,W) as an L = G(U") x L,-module.
Now use that U” is a self-dual G(U")-module.
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Since R, centralizes W+ = U/W and R centralizes U/W~ and W,
we have [U, R, Ry,] = 1 = [Ry,U, R]. Tt follows that [R,R,,,U] = 1 (by
the 3-subgroups lemma) and so R,, C Z(R). Now R,, centralizes U"” and
acts on the nondegenerate space U’ = W & W* and centralizes W, with
U'/W = W=*. Apply (B1) to U’. O

Remark. From (A7) we infer that L,, acts irreducibly on R,, unless p = 2
and G(U) = Sp,,,(¢) is a symplectic group (in which case R, is inde-
composable with 2 composition factors). Also, R/R,, =2 W ®r U” is an
irreducible L,, x G(U")-module unless G(U") = OF (2) or SO3 (q) for odd
g, where G(U") is not irreducible on the standard module.

(B3) Let W, P,R, L be as in (B2). Then P is a mazimal parabolic subgroup
in G = G(U), with unipotent radical R and Levi complement L, except
when G(U) = S03, (¢) and dim W = m, in which case P is a mazimal
parabolic in QO (q). The maximal parabolics are all of of this form, and
are determined up to conjugacy by the dimension of W (which may vary
from 1 to the Witt index).

Proof. It follows from the construction, and from (B2), that P = Ng(R) is
a proper subgroup of G and that R = O,(P). The order of P is determined
by n = dim W. Indeed dim U” = 2m — 2n and so

|R| — |R/Rw‘ . |Rw| _ qn(2m72n)+n(n:t1)/2,

where the positive sign holds in the symplectic case. One similarly computes
|L| = |GL(W)| - |G(U")|. This shows that P contains a Sylow p-subgroup
of G, even a p-Sylow normalizer, except when n = m and G = SO3,, (q).
So P is a parabolic in G or, in the exceptional case, in Q3. (g) (where there
are two classes which fuse in O3, (q)).

If P were not maximal in G (resp. in Q3. (q)), there were a maximal
parabolic Py = Ry : Lo properly containing P. Then at any rate Ry C R
and Uy = Cy(Rg) 2 W. We even have W C Uy N Uy = Uy, and U; is
Py-invariant. Either U is totally singular or ¢ is even, U is orthogonal, and
the subspace U] of Uy of singular vectors has codimension 1. But then Uj
is Py-invariant and U; 2O W. So P, stabilizes a totally singular subspace
Wo 2 W of U. Since P, is a maximal subgroup, Py is the normalizer of
Wy, and Wy # W as Py # P. We get a contradiction by comparing the
orders of R and Ry.

Witt’s theorem, and a survey of the Dynkin diagram, give the final
uniqueness statement. (I



Appendix C
Weil Characters

Let G be any of the classical groups SLy,(¢), Spa,, (q) or SUy,(q) for some
m > 1 and some power ¢ = p’ of a prime p, and let U be the natural
G-module over F, (resp. Fg2 in the unitary case). In the symplectic case
assume that ¢ is odd. Let G, be the associated wuniversal group, that is,
G, = GL,,(q), CSps,,,(q) or GU,,(q), respectively. Then G, /Z(G,,) is the
adjoint group, which may be identified with the normal subgroup of Aut(G)
generated by the inner and diagonal automorphisms. Stimulated by [Weil,
1964] one associates to G, and G certain distinguished characters related
to extraspecial groups (or Heisenberg groups). It turns out that, with few
exceptions, these Weil characters are faithful of minimal degree.

If Z is a trivial (additive) U-module, every biadditive map 7 : U x U —
Z is a factor set in Z2(U, Z), and if Z — E — U is an extension to 7, the
commutator map on F = E(7) induces the alternating (symplectic) form
given by [u,u'] = T(u,u’) — (v, u).

(C1) Let G = SLy,(q) and G, = GL,,(q) for some integer m > 2. The
permutation character of Gy, on U decomposes as my =2 - 1qg, + 23;3 s
where the &; are pairwise distinct (complex) irreducible characters of G,
satisfying §o(1) = (¢"—q)/(¢—1) and §;(1) = (¢"—1)/(¢—1) for j > 0. For
m > 3, and excluding (m,q) = (3,2),(3,4),(4,2),(4,3), these characters
remain irreducible on G, and we have

Ro(Lin(q)) = (¢" —q)/(q = 1).

Each faithful projective irreducible character of L,,(q) = PSL,,(q) of degree

=L then is such a Weil character ;.

q—1
Proof. Let U* be the dual F;G,-module to U, and let W =U @ U*. Let
further F, — E — W be the associated Heisenberg group. Thus E = E(r)
is the set of pairs (w,z) in W x F, with (w,2) - (v, 7)) = (w+ v,z +
z' + 7(w,w)) where the factor set 7 : W x W — F is Fy-bilinear, given
by 7((u, A), (v, \')) = A(v). For g € G, we define (u, A, 2)9 = (u9, \9*, 2)
where g* is the inverse transpose of g. It is immediate that in this manner

at most
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G, preserves the factor set 7 and so G, acts on E (faithfully) centralizing
Z(E) 2 F,. Even more, the subgroup A = U x {0} x {0} of E is G,-
invariant and is the standard module, and A* = {0} x U* x {0} is the dual
module.

Every nontrivial linear character A of Z(E) = F, gives rise to an ir-
reducible character yo of E by inducing up to E the character 14« x A
of A* x Z(E). Inducing up to E : G, the linear character 14+.q, x A of
(A* : G4) x Z(E) we obtain an irreducible character x of E : G, extending
Xo- Let £ be the restriction to G,, of this irreducible character. Using that
A is a set of right coset representatives for (A* : G,,) x Z(E) in E : Gy,
with G, acting transitively on A*, and using Mackey decomposition, we see
that £ = 7 is the permutation character of GG, on the set A = U. Of course
G, is transitive on UY.

Z(Gu) 2 F; has (¢™ —1)/(q — 1) regular orbits (cycles) on U*. Hence
we have ¢ — 1 distinct constituents 5;- of mye lying over the distinct linear
characters \; of Z(Gy), and all these & have degree (¢™ —1)/(q — 1).
The character &) lying above the 1-character of Z(G,,) is of the form & =
lg, + & with §o(1) = (¢™ —¢)/(g — 1). Let & = ¢&; for j > 1.

The G-sets U, U* are isomorphic through the inverse transpose au-
tomorphism. Thus W 22 U x U as G-sets and ¢? = my. Now G, has
exactly ¢ + 3 orbits on the set U x U (being transitive on the set of linear
independent pairs of vectors (u,u’) and on the sets (u,tu) for each t € F}).
From {=2-1¢, + Zf;ll ;and (€,€) = (€2, 1g,) = ¢+ 3 we conclude that
all ¢; are irreducible and pairwise distinct.

The restrictions to G = SL(W) = SL,,(q) of these characters need
not be irreducible (nor distinct) for small m. We refer to [Tiep—Zalesskii,
1996, Theorem 3.1] for the final statements in (C1). One has Ro(L.,(q)) =
3,6,7,26 for (m,q) = (3,2), (3,4), (4,2), (4,3), respectively. O

(C2) Let G = Spa,,(q) and G, = CSpy,,(q) for m > 2 and odd q. The
permutation character of G on U is of the form my = & - € = £° - €° for
G -conjugate “generic” Weil characters £ # £°. We have £ = &1 + & and
&0 =& + & with irreducible (Weil) characters £1,£S and &2,&5 of degree
(g™ —1)/2 and (¢"™ + 1)/2, respectively. Moreover,

and every faithful projective irreducible character of Sam(q) = PSpa,,(q) of
degree less than mmm —1)(¢™ — q) is one of &1,&2,£5,E5.
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The final statement is a result due to [Tiep—Zalesskii, 1996, Theorem
5.2]. The other assertions follow from Theorems 4.3c and 4.5a. Recall,
in particular, that £ and £° are obtained by restriction to Sps,,(¢q) of the
faithful irreducible characters of degree ¢ of the symplectic holomorph
E : Sp,,,(q), where E = pi”fm and where U = E/Z(E) may be identified
with the standard module.

(C3) Let G = SU,,,(q) and G, = GU,,(q), with m > 3. For convenience
exclude (m,q) = (3,2),(4,2),(6,2) and (4,3). Let X be the (standard)
holomorph of E = pi”fm for odd p and of E = 2(1)+2fm otherwise, with
X/E 2= Sp,,,(q) (say). There is a distinguished subgroup Y of X such that
Y NE =Z(FE) and such that YE/E = G,,.2 is a field extension subgroup
of Spa,,(q). We have a unique decomposition Y = Yy x Z(E) for odd g,
where we write Yo = G,.2 O G, and where Y' = G, otherwise. In both
cases U = E/Z(E) is the standard module for G, and the “generic” Weil
character of G, is defined as

u = Resgy, (X) - s

where x is any faithful irreducible character of X of degree ¢ and where
w is the linear character of G, of order ged(q + 1,2). This &, is well-
defined, rational-valued and satisfies €2 = ny. Fizing a linear character
A of Z(Gy) of order g + 1 (which exists) let §; be the constituent of &,
lying above M, (0 < j < q). Then &(1) = (¢™ + (=1)"q)/(¢ + 1) and
& (1) =& (1) —(=1)™ for j > 0, and the &; are pairwise distinct irreducible
(Weil) characters of G, and remain so when restricted to G. We have

_J @™ =q)/(g+1) ifmisodd
Ro(Un(q)) = { (Cq]m _ g)/(g +1) otherwise,

and each faithful projective irreducible character of Up,(q) = PSU,,(q) of

m m
degree at most qq:il for odd m, and qqﬂ" otherwise, is one of the &;.

Proof. For existence (and uniqueness) of G,,.2 in Sp,,,, (¢) see [Aschbacher,
1984]; in the odd case it is an (almost) maximal subgroup, and determined
up to conjugacy. Recall that G, /G = Z(G,) are cyclic of order ¢ + 1,
inverted by G, .2 since the outer field automorphism of order 2 sends any z
to 29 =271 Let Z, = Z(G,) = {zu), which acts on U as a group of scalar
multiplications (with norm z, -z4 = 1). By assumption and (A6) the group
G = SU,,(q) is perfect and M(G) = 1. Using (A2), (A5) one shows that
also M(G,) =1 = M(G,.2), and that H*(G,.2,U) = 0 for all n.
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Let « be an automorphism of X permuting the faithful linear char-
acters of Z(X) = Z(FE) transitively (Theorems 4.3c and 4.3d). By the
cohomological triviality stated above, we find Y in X as claimed, and a-
invariant. In the even case use that « is trivial on X/E. If |Z(E)| = p
is odd, p does not divide |G,.2/G| = 2(¢ + 1). In the even case G,.2/G
is dihedral (and ¢ + 1 odd). Thus Y = G,.2 x Z(FE) when ¢ is odd, and
Y’ = G, otherwise (A5), where G,, is a-invariant and « gets inner on G,
in each case. So the faithful irreducible characters of X of degree ¢ agree
on G, defining &,, and &, is rational-valued. As in Theorem 4.5a each
element of G, is good for U (use z,). Hence £2 = 7wy by Theorem 4.4.

Let ¢ = ¢>™/(a+1) " and choose A, such that A\,(z,) = e. Now Z, has
on U* just (¢™—1)/(g+1) regular orbits. It follows from Theorems 4.4 and
L6c that §,(2) = (—=1)™ (see also [, 13.32]). Let p = > 7_, A denote the
regular character of Z,,. We know that Resg;" €2)=x0 + q;*l+—11 - p. Hence
Resg’: (€) is not a multiple of p. Using that &,(z,) = (—1)™ and p(z,) =0,
and using elementary properties of sums of (¢ + 1)th roots of unity we get

c B a-er)\?L ‘ if m is even,
Resz" (§u) = { a-p+ Z;’.Zl A otherwise
q7n71

for some nonnegative integer a. Of course a = when m is even,

q'm_q
q+1 )
the linear character A, of Z,. Then &y(1) = a + 1 when m is even, and

&0(1) = a otherwise, and £;(1) = & (1) — (—1)™ for j > 0. So the &; (# 0)
are pairwise “disjoint”, and &, = Z?:o &;. Ome knows that G has just
g + 1 orbits on the set U [Aschbacher, 1986, (22.4)]. Hence ({u,&u)c =
(€2,1¢,)¢ = (mu, 1) = ¢+ 1. This shows that the ¢; are irreducible and
pairwise distinct even as characters of G = SU,,(¢). The final statements
in (C3) are due to [Tiep—Zalesskii, 1996]. O

q+1

and a = otherwise. Let {; denote the constituent of &, lying over

Remark. The values of the character £, and of the irreducible Weil char-
acters &; on G, = GU,,(q) have been computed in [Gérardin, 1977] and
[Tiep-Zalesskii, 1996]. Suppose ; lies over N, as before, and let again
2z, be the generator of Z, = Z(G,) with \,(z,) = ¢ = 2™/ (@tD Let
g € Gy, and let dj, = dj(g) be the dimension of Cy(z,%g) over F 2. Then

gu(g) = (71)m<7Q)d0 anda fOI‘j € {07 o 'aq}7

-1 d .
( Jr)l (_q)dk&_k].
q k=0

m

£ilg) =
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