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PREFACE

On April 29, 1814 Napoleon landed on the island of Elba, surrounded with a
personal army of 1200 men. The allies, Russia, Prussia, England and Austria,
had forced him into exile after a number of very costly defeats; he was deprived
of all his titles, but could keep the title of “Emperor of Elba”. History tells us that
each morning he took long walks in the sun, reviewed his army each midday
and discussed world matters with newly appointed advisors, following the same
pattern everyday, to the great surprise of Campbell, the British officer who was
to keep an eye on him. All this made everyone believe he was settled there for
good. Napoleon once said: Elba is beautiful, but a bit small. Elba was definitely
a source of inspiration; indeed, the early morning, March 6, 1815, Metternich,
the chancellor of Austria was woken up by one of his aides with the stunning
news that Napoleon had left Elba with his 1200 men and was marching to
Paris with little resistance; A few days later he took up his throne again in
the Tuileries. In spite of his insatiable hunger for battles and expansion, he is
remembered as an important statesman. He was a pioneer in setting up much
of the legal, administrative and political machinery in large parts of continental
Europe.

We gathered here in a lovely and quaint fishing port, Marciana Marina on
the island of Elba, to celebrate one of the pioneers of integrable systems, Hirota
Sensei, and this at the occasion of his seventieth birthday. Trained as a physicist
in his home university Kyushu University, Professor Hirota earned his PhD in
’61 at Northwestern University with Professor Siegert in the field of “Quantum
Statistical mechanics”. He wrote a widely appreciated Doctoral dissertation on
“Functional Integral representation of the grand partition function”. As a young
researcher, he entered the RCA Company in Tokyo to do research on semi-
conductor plasmas. He then joined the Faculty of Science and Engineering of
Ritsumeikan University in Kyoto and then later Hiroshima National University
and Waseda University, until his recent retirement.

We are also celebrating another birthday, namely the birth, some thirty years
ago, of multisoliton solutions for the KdV equation, the representation of in-
tegrable equations as bilinear equation and Hirota’s D-operation. All this hap-
pened in the period 1971 through 1974.

Professor Hirota was led to model the Toda lattice as a non-linear network
of ladder-type LC circuits. The self-dual case led to equations very reminiscent
of the Sine-Gordon equation, with much the same features (existence of one
soliton, soliton-soliton interaction, etc)

ix



X Preface

Meanwhile, At RCA, Hirota Sensei was looking for applications of solitons
to multi-channel communication systems. As an important requirement, they
needed to be stable in the presence of a ripple. Taking a 2-soliton interaction,
letting one of them become very small, led to the stability of a 1-soliton so-
lutions. What about the stability of two solitons? Professor Hirota argued as
follows: If one wants to use the same method, one should look for three-soliton
solutions and again let one soliton become very small. In the beginning, most
naive guesses turned out to be wrong. Finally the answer came from an inge-
nious use of the Bécklund transformation and a superposition principle, for the
sine-Gordon equation. In this way. Professor Hirota expressed the three-soliton
solution, in terms of sums of exponentials with phases linear in x and ¢. These
same kind of methods could then be applied to the non-linear self-dual network
equation, the Toda equation and finally to the KdV equation.

In his celebrated 1971-paper: “Exact solutions of the KdV equation for
multiple collisions of solitons”, Hirota gave the multisoliton solution to the
KdV equation in terms of the second logarithmic derivative of a determinant
of exponentials and showed most importantly that the determinant satisfies a
bilinear equation of order 4. So Hirota’s bilinear equation was born.

The story goes that Professor Scott who was visiting Japan in the summer
1971 remarked: why do you want to replace the KdV equation by a much more
complicated equation, namely the bilinear equation, which after all is 4th order?
This seemingly negative comment had striking consequences. Having written
bilinear equations for all those integrable PDE’s, Professor Hirota became very
concerned with finding simple ways to express them, which he did in a paper in
1974, where he introduced the operation, known these days as Hirota symbol
or Hirota D-operator. This amazing intuition turned out to have profound con-
sequences. Beyond being an ingenious device, it had a lasting impact onto the
field. It gave rise to the famous tau-function theory, which by now has become a
classic chapter of mathematical physics. One might say that the Hirota symbol
has become one of those tools that everyone is using without referring to it in
the bibliography, just like Schwarz’s inequality or Stokes’ theorem.

Hirota’s career is specked with striking and stunning discoveries, often based
on simple, but ingenious observations. They unleashed a great tide of energy
and activity; all hell broke loose. In the 70’s, one miracle came after the other,
the field literally exploded in the most fascinating directions that we all know
and worship. This week here in Elba will be a tribute to his work!

This NATO-sponsored workshop here in Elba was dominated by an enor-
mous wealth of subjects around integrability, ranging from geometric to analytic
questions, from Lie groups, quantum groups and W-algebras to combinatorics
and quantum field theory. We would like to thank the participants for hav-
ing delivered these interesting lectures. Also many thanks to those who have
contributed to this volume.



Preface Xi

The organizing committee consisted of Professors Franklin Lambert, Frank
Nijhoff, Ludwig Faddeev and Pierre van Moerbeke. Last but not least, we would
like to express our gratitude to Professor Franklin Lambert. It was his idea to
organize the conference on this theme, he picked this wonderful spot, he was
the real engine behind this enterprise, he did an enormous amount of work.
Thank you Franklin!

Ludwig D. Faddeev
Pierre van Moerbeke
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THE CKP HIERARCHY AND THE
WDVYV PREPOTENTIAL

Henrik Aratyn
Department of Physics, University of Illinois at Chicago,
845 W. Taylor St., Chicago, IL 60607-7059

Johan Van de Leur
Mathematical Institute,
University of Utrecht,

P.O. Box 80010, 3508 TA Utrecht,
The Netherlands

1 THE WDVYV PREPOTENTIAL

In terms of the so-called flat coordinates x!, x2, . .., x" asolution to the Witten—
Dijkgraaf—Verlinde—Verlinde (WDV'V) equations [1, 2] is given by a prepoten-
tial F(x!, x2, ..., x") which satisfies the associativity relations:
i PFx) 5, PFx) Z PFx) 5, PFX)
v X 0xPoxd | 9xvox0xs Pyt 0x29x?9x® " 0xYdxPoxr
(1
together with a quasi-homogeneity condition:
- o OF .
Z(l + 1 — U)X Y = (3 — d)F + quadratic terms. 2)
X
a=1
where u;,i = 1, ..., n and d are constants.
Furthermore, expression
33 F(x)
A 3
oxeaxPoxt 4P 3)

defines a constant non degenerate metric: g =) p=1 Nap dx* dx’.
As shown by Dubrovin (e.g., in reference [3]) there is an alternative de-
scription of the metric in terms of a special class of orthogonal curvilinear

1

L. Faddeev et al. (eds.),
Bilinear Integrable Systems: From Classical to Quantum, Continuous to Discrete, 1-11.
© 2006 Springer. Printed in the Netherlands.



2 Henrik Aratyn and Johan Van de Leur

coordinates uy, ..., u,
g= Y Napdx*dx? =" hju)du;)’ )
af=1 i=1

called canonical coordinates. These coordinates allow to reformulate the prob-
lem in terms of the Darboux—Egoroff metric systems and corresponding
Darboux—Egoroff equations and their solutions. In the Darboux—Egoroff met-
ric the Lamé coefficients hl.z(u) are gradients of some potential and this ensures
that the so-called “rotation coefficients”
5 1 9h;

Y h j ou j ’
are symmetric B;; = B;;. The Darboux—Egoroff equations for the rotation co-
efficients are:

i, l<i,j=n, )

d . .
5o Bii = BixPj» distinct 7, j, k (6)
ke ;
Y —Bi=0. i#]j. (7)
=1 8uk
In addition to these equations one also assumes the conformal condition:
n
a
Z u—PBij = —Bij- (®)
=1 Buk

The Darboux—Egoroff equations (6)—(7) appear as compatibility equations of
a linear system:

0D;;(u, :

# = Bu)Pyj(u,2), i Fk ”
U
> 90w, 2) _ 2®;j(u, 2) "
- ouy

Define the n x n matrices ® = (®;j)i<i j<n, B = (Bij)i<ij<n and V; =
[B, Eji]l,where (E;j)u = 8i18;;. Then the linear system (9)—(10) acquires the
following form:

0P (u, z) .

T=(2Eii+Vi(M))<D(M,Z), i=1,...,n, (11)
S 22D ). (12)
=1 8uk

Let, furthemore ®(u, z) have a power series expansion
oo
O, z) =Y 2/ 0Vw) = V@) + 20V W) + 2P+ (13)
j=0
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and satisfy the “twisting” condition;
O, 20~ O (u, —2) =1 (14)

Equation (11) implies ZZ=1 ud®(u, z)/ou; = (zU + [B, U])®(u, z), with
U= 22:1 uy Eyy. For a matrix [ B, U] which is diagonalizable the conformal
condition (8) leads to

1 0D (u, 2) 0D (u, 2)
3 200 _

+ O, D, p=diag(ur, ... ty) (15)
Buk 9z

k=1
where p is a constant diagonal matrix obtained by a similarity transformation
from the matrix [B, U]. The constant diagonal elements u; entered the quasi-
homogeneity condition (2).

Define

n

Pa(u,2) =Y BLDpa(u, 2)

=1
= o) + 260 (w) + 2P w) + PP+ (16)
then, in terms of the flat coordinates x!, ..., x"
¢ ) = nupx(w) (17)
p=1
and the prepotential is given by a closed expression (see e.g., [4] or [5]):
1 @) BN 2)
F=—2¢7w+ 3 ;mm; (u). (18)

2 THE CKP HIERARCHY
The CKP hierarchy [6] can be obtained as a reduction of the KP hierarchy,

a
a L= (L"), L], forL =L(t,d) =8, + £V "+ 252+,
' (19)
where x = 1, by assuming the extra condition

L*=—L. (20)

By taking the adjoint, i.e., * of (19), one sees that % = Oforn even. Date, Jimbo,
Kashiwara, and Miwa [6], [7] construct such L’s from certain special KP wave
functions ¥ (¢, z) = P(t, z)e=i ¢ (recall L(t, d) = P(t, ) P(t, d)~"), where
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one then puts all even times ¢, equal to 0. Recall that a KP wave function
satisfies

Ay (t, 7)

Ly (t,z) = 2y (1, 2), o (L)1 (1, 2), 21
and
Res v (t, )Y *(s, z) = 0. (22)
The special wave functions which lead to an L that satisfies (20) satisfy
Y, 2) =¥, —2), where 7= (—)""s. (23)

We call such a ¢ a CKP wave function. Note that this implies that L(z, 9)* =
—L(7, 0) and that

Res ¥ (t, 2)y¥ (5, —z) = 0.

One can put all even times equal to 0, but we will not do that here.
The CKP wave functions correspond to very special points in the Sato
Grassmannian, which consists of all linear spaces

WcCcH ®@H =Clzl®z 'Cllz7']],

such that the projection on H, has finite index. Namely, W corresponds to a
CKP wave function if for any f(z), g(z) € W one has Res f(z)g(—z) = 0. The
corresponding CKP tau functions satisfy 7(f) = t(¢).
We will now generalize this to the multi-component case and show that
a CKP reduction of the multi-component KP hierarchy gives the Darboux—
Egoroff system. The n component KP hierarchy [8, 9] consists of the equations
int), 1<i<n j=12,...
a j 0 j
k= [(Lic), L], G = [(Lic), . (24)
J J
for the n x n-matrix pseudo-differential operators
L=0,+L" Vo + L2072 4.,
Ci=Ei+c "7 +¢c202 + -, (25)
1 <i <n,wherex = tfl) + tfz)
has the form

(n)

+ .-+ 1. The corresponding wave function

W(t,2) = P(t,2) exp (Z > rj“sz,-,») ,

i=1 j=1

where P(,z) = I + PPz + -+,
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and satisfies

LW(t,z) =2z¥(t,z), CiV(t,z)=V(t, 2)E;,
ow(t, )
6)
o1

=(L'C) (@, 2) (26)

and
Res (¢, 2)¥*(s, 2)7 = 0.

From this we deduce that L = P(t, d,) 9, P(¢, d,)"' and C; = P(t, d,)E;;
P(t, 3,)~". Using this, the simplest equations in (26) are
ow(t, z)
a1

= (ZEii + Vi)V (1, 2), 27)

where V;(t) = [B(t), E;;] with B(t) = PTV(#). In terms of the matrix coeffi-
cients B;; of B we obtain (6) for u; = t{').

The Sato Grassmannian becomes vector valued, i.e.,

H, ® H = (C[z])'®z ' (Cllz~'I)".
The same restriction as in the 1-component case (23), viz.,
U(t,7) = U7, —z), where 7' = (—)""t.
leads to L*(f) = —L(t), C}(f) = C;(t) and
Res W(z, 2)¥ (S, —z)7 =0, (28)

which we call the multi component CKP hierarchy. But more importantly, it
also gives the restriction

Bij(t) = Bji(D). (29)
Such CKP wave functions correspond to points W in the Grassmannian for
which
Res f(2)" g(—2) =Res ) _ fi(2)gi(=2) =0
i=1

forany f(z) = (f1(2), @), ..., (2", g = (g1(2), 82(2), ..., gu()T
e W.
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If we finally assume that L = 9,, then W, W also satisfy

B\Il(t Z) . Z 8‘11(2)2) . Z\IJ(I, Z), ZW C w (30)

and thus B;; satisfies (7) for u; = tf’) Now differentiating (28) n times to x for
n=20,1,2,...and applying (30) leads to

W(t, )W(F, —2)" =
These special points in the Grassmannian can all be constructed as follows [10].
Let G(z) be an element in GL,(C[z, z~']) that satisfies

G()G(-2)" =1, 31)

then W = G(z)H,. Clearly, any two f(z), g(z) € W can be written as f(z) =
G(2)a(z), g(z) = G(2)b(z) with a(z), b(z) € Hy, then zf(2) = zG(2)a(z) =
G(2)za(z) € W, since za(z) € H. Moreover,

Res f(2) g(—2) = Res a(z)” G(2)T G(=2)b(—z) = Res a(z) b(—z) =
If we define M(t, z) = W(¢, z)G(z), then one can prove [10, 11] that
M(t,2) = MO0 + MOz + MO0 + -

We want to change M(t, z) a bit more. However, we only want to do that for
very special elements in this twisted loop group, i.e., to certain points of the
Grassmannian that have a basis of homogeneous elements in z. Let n = 2m
or n =2m + 1, choose non-negative integers u; for 1 <i <m and define
Mny1—j = —pj and let p,, | = 0if n is odd. Then take G(z) of the form

G(z)=N@S'=Nz "5, where u=diag(ur, pa, ..., 1)

and N = (n;j)1<i, j<, a constant matrix that satisfies

N'N = Xn:(—l)“’Ej,nJrlfj (32)
=1
and
S = no2mt1 Emt1mt1 + Z\/_
X(Ejj+iEnt1—jj+ Ejnv1—j —1Ent1—jnt1-j)-
Then [11]

Zi 0IV(2) _ 9W(2)
01" T

i=1 j=
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from which one deduces that

o0 8 ;
>3 i~ g, @
J

i=1 j=I

Define n = (nij)lfi»jfn =S5's = Z:-l:l E; ,+1-; and denote by ®(z,z) =
M(t,z)S = W(t, 2)G(z)S = (¢, 2)N(z), then ®(t, ) satisfies the following
relations:

o1, z) = D0%) + V(1) + P12 + - - -

od(¢,
# = Ei + Vi) (1, 2)
ot
" od(t, 2
Y 2D e,
=1 o
n& ad( ) D, 2)
Z ]t;) (l) =z Py + o, ).

i=1 j=1

We next put t(’) =0 for all i and all j > 1 and u; =1\, then we ob-
tain the snutatlon of Section 1. Define ¢, (u, z) as in (16), then ¢V(u) =
Z;ﬁzl NayXx?(u) and the function F(u) given by (18) satisfies the WDVV
equations.

3 AN EXAMPLE

We will now give an example of this construction, viz., the case that n =
3 (for simplicity) and pu; = —pu3 = 2 and puy = 0. Hence, the point of the
Grassmannian is given by
7720 0
0 0 22
More precise, let n; = (ny;, ny;, n3;)! and e; = (1,0, 0)7, e; = (0, 1,0)7 and
ez = (0,0, 1)7, then this point of the Grassmannian has as basis

-2 -1 2 2 2 3 3
nz “,mz ,np,Nnp,NZ,N27Z,e12°,e7°,e37",e172,e27, ...
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Using this one can calculate in a similar way as in [12] (using the bosonfermion
correspondence or vertex operator constructions) the wave function:

W(t,z) = P(1,2) exp (Z t}”z«"E,»,-),
1

im1 =
z (ték) - Skj(ﬁZ[)_1>
where Pj;(t, z) = 20 )
2 (1 = ()
Pij(t,z) = 77! 20
and where
n St ny S ) ni 0 ni2 0
n1$:0®)  ny $1(t?) nai 0 nn 0
#(1) = det n3150%Y) 03 8,?) nsi 0 n3 0

n Sy n S ) nn Sy ny npSiEY) np
n183(t?)  naS(t?) nySi(t?P) na np$it?) ny
n31853(t) n3180Y) 1381t ny nSi®) nyp
The functions S;(x) are the elementary Schur polynomials:

2 3

X X
Si(x) =x1, S(x) = ?1 +x2, $3(x) = Zl + xx1 + x3.

The tau function 7;;(¢) is up to the sign sign(i — j) equal to the above determi-
nant where we replace the jth row by

(n1S1¢?) nin 0 0 0 0).
Next we put all higher times t;i) for j > 1 equal to O and write u; for tfi).
Then using the orthogonality-like condition (32) of the matrix N to reduce
long expressions, the wave function becomes:

13
W(u,z)= (I + — Z [(—w?) + w(lz)(ui +uj)— wﬁl)uiuj) 7!

T(u) .
I 2\ -
+ (wﬁ up — w )> z 2] nilnleij> v,

i,j=1
where, for convenience of notation, we have introduced some new “variables”
3

@ 1 k
w; = % E Upnyginey,
=1

and where

T(u) = w(13)w§1) - w?)wgz).
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Note that in this way we also have determined the rotation coefficients

(3) (@) )
ij=——\—w +w (u; tuj)—w uu)nn,
/31] ‘E(u) ( 1 1 ( i ./) 1 “ilj i17j1
which is a new solution of order 3 of the Darboux—Egoroff equations.

Recall that n = Z?:l E; 4—;. It is now straightforward but tedious to deter-

mine the flat coordinates x% and the ¢§,j ) for j > 1. One finds that for £ > 0
and p=1,2,3:

(£+2) (e+1 ()
TWw + Tiw + w
— 14 14 14 (34)

(=)
b 200 — Dt

and
(_Z_Mp) — 8 (_l_l"p) — _8 1 (_Mp) — 8 2 35
P p3s P p3 ) s P p3 27 s ( )

where

o =wPw?® —ww®

2) (4 3)\2
rzzwi)wi)—(wi)).

Note that (34) also holds for p =1 and £ = 1, 2, it is easy to verify that

i_l) = 50) = 0. Using (17), one has the following flat coordinates:
Y
2t

1
x = 2— (‘L'u)?) +17 w;z) + 'czwgl)> ,
T

1
x3 = 4— (‘L’u)(ls) + ‘L’1w§4) + ‘L'zwf)) . (36)
T

From all this it is straightforward to determine F'(u), given by (18):

(%] (5) @) 3
F=_2_ (‘L'w +nw® 4 nw )
16‘[2 1 1 1 2 1

2 ( (6) ) <4>>
——(Tw, + 71w, + Thw
4872 \ 1 S

7 6 5
(rwg ) + rlwi ) -+ 'ngg )>

9672
1
+@ (rwf) + 1 w;z) + rzw(zl)) (rw(24) + 1 wf) + rzwg)) .

We shall not determine the explicit form of this prepotential in terms of the
canonical coordinates here, because it is quite long. However, there is a problem
even in this “simple” example. We do not know how to express the canonical
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coordinates u; in terms of the flat ones, the x“’s and thus cannot express F
in terms of the flat coordinates. Hence we cannot determine the desired form
of F. This can be solved in the simplest example, see [12], viz. the case that
1 = —p, = 1 and all other u; = 0. This gives a rational prepotential F (in
terms of the flat coordinates).
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QUANTUM INVARIANCE GROUPS
OF PARTICLE ALGEBRAS

M. Arik
Bogazici University, Department of Physics, Bebek 80815, Istanbul, Turkey

Abstract The boson and fermion algebras as well as their various generalizations
posess invariance under quantum groups. One example is FIO (2d, R),
the fermionic inhomogenous orthogonal quantum group which is the
inhomogenous quantum invariance group of the d-dimensional fermion
algebra. Another is BISp(2d, R), the bosonic inhomogenous symplectic
quantum group which is the inhomogenous quantum invariance group
of the d-dimensional boson algebra. Complexification, sub(quantum)
groups and quantum group manifolds of these quantum groups will also
be discussed.

I am honored to present this talk in this conference dedicated to celebration of
professor Hirota’s monumental work in Bilinear Integrable Systems. This talk
is not directly related to his work in content. My hope is that it is in the same
spirit. The historical road from classical mechanics to quantum field theory is
most effectively summarized by the following steps. The first is the replacement
of the Poisson bracket

{pi,qi} =8 (1

by the commutator
i[pi, 4i = 8 . @

The second is the passage, via a harmonic oscillator hamiltonian, to creation
and annihilation operators which satisfy

[ai,a;1=0

lai, a¥] = 5, 3)
so that the number operator

N = Z a,»*ai (4)

has integer eigenvalues. The third entails the replacement of the discrete in-
dices i, j, ... by the continuous momentum indices pi, p», . .., and interpret-
ing a*(p), a(p) as creation and annihilation operators of a particle of momentum

13
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p thus generalizing (3) to

la(p)), a(p2)] =0
la(p1), a*(p2)] = 8(py — pa). 5

This simple procedure can be applied to bosons posessing integer spin and
additional quantum numbers. Fermions, however, require the replacement of
the commutator in (3) by the anticommutator. For the sake of clarity we will
use the discrete form (3) although all our results can be generalized to the
continuous form (5).

We start with the bosonic and fermionic particle algebras

[ci,cjly = cicj Fejei =0

[ci,cj]xzcich:cjci=8,-j,i,j=1,2,...,d (6)
and look for inhomogenous linear transformations
C,~—>aij®cj+ﬁ,j®cjf+yi®l @)

which leave the commutation relations (6) invariant. oy, B;;, ; are assumed
to belong to a possibly noncommutative *-Hopf algebra where the coproduct,
counit, and coinverse are respectively given by the matrix product, the identity
matrix and the matrix inverse. The (2d + 1) x (2d + 1) matrix corresponding
to the transformation (7) is given by

a B vy
M= a y*|. ®)
0 0 1

Here «, 8, a*, B*, are d x d square submatrices, y and y* are d x 1 columns.
* entails hermitean conjugation without taking the transpose of the subma-
trix. If the Hopf algebra A is taken to be commutative then the answer is well
known. For bosons one obtains the inhomogenous symplectic group ISp (2d, R)
which is also the linear invariance group of the classical Poisson bracket (1).
For fermions one obtains the orthogonal group O(2n, R), the inhomogenous
parameters y; (and their hermitean conjugates) being constrained to be zero.
Nonzero y; require A to be noncommutative and give rise to a matrix quantum
group [1]. What is somewhat surprising, however, is that when the condi-
tion that A is commutative is relaxed, for the bosonic case one also obtains a
quantum group which contains ISp (2d, R) as a subgroup. Thus the bosonic
inhomogenous symplectic group BISp(2d, R) (upper signs) and the fermionic
inhomogenous orthogonal group FIO (2d, R) (lower signs) are defined by [2, 3]

[Vis )/f]zp =8 — Olikajk + B _;Z
Vi vils = £Buctic — B )
[Aj, Tkl =0
[Aj, Arel_ =0
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where A; = (o, oe;., Bij» /3;), I'i = (¥, y7) and summation over repeated
indices is implied. Putting both sides of the first two equations equal to
zero gives ISp (2d, R) and GrlO(2d, R), the second one differing from the
well known I0(2d,R) by the anticommutation relations satisfied by the
inhomogenous parameters y;, y;*. Putting 8; = 0 in (9) gives the quantum
groups BIU (d) and FIU (d) which are quantum group generalizations of the
well known inhomogenous group /U (d). For these quantum groups M can be
reduced toa (d + 1) x (d + 1) matrix

_ (@ V
M_<0 1). (10)

Comparing with the Cartan classification of semisimple Lie groups one finds
that BIU (d) and FIU (d) are type A, BISp (2d, R) is of type C and FIO (2d, R)
is of type D. FIO (2d + 1, R) which corresponds to type B can be obtained
by performing a similarity transformation on M in (8) to put it into real form
where each matrix element is hermitean. Then,

A T
M = (O 1) (11)
where for the fermionic case
(I, il = 65 — AuAp
[Alj’ Fk]+ =0
[A;, Arel_=0.

These relations define FIO (2d, R) for i, j,k =1,2,...,2d and FIO (2d +
I,R)fori, j,k=1,2,...,2d 4+ 1. Whether there exist generalizations corre-
sponding to exceptional types is an open question.

Finally taking o, B, v, in (9) as independent elements of A rather than as
hermitean conjugates of «;;, 8;;, ; one obtains the “complex” quantum groups
BISp (2d,C) and FIO (2d, C). Similarly deleting the condition that A;, I'; in
(11) are hermitean, one obtains FIO (n, C) for even or odd n. Quantum sub-
groups of these can be obtained by considerations similar to the real case.

The quantum groups considered in this talk are the simplest generalizations
of Lie groups to quantum groups in the sense that the noncommutativity of the
underlying Hopf algebra is introduced only via the inhomogenous parameters
I';. When these inhomogenous parameters are set to zero one obtains a Lie group
which is the homogenous part of the inhomogenous quantum group. Another
related feature is that when the Killing—Cartan metric of the (inhomogenous)
quantum group is constructed considering the Cartan—-Maurer 1-form M ~'d M,
the inhomogenous parameters drop out and one obtains [4] a Riemannian man-
ifold related to a Lie group manifold. This Riemannian manifold is given by
the GL (2d, R) manifold for BISp (2d, R), a region of the GL (n, R) manifold
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for FIO (n, R) and a region of the GL (d, C) manifold for BIU (d) and FIU (d).
The regions mentioned are specified by the condition that the C*-norm of the
matrix A in (11) is less than unity. These regions have the structure of a semi-
group. I would also like to remark that the quantum groups BISp (2d, R) and
FIO (2d,R) can be regarded as deformations of their respective particle alge-
bras, i.e., setting the homogenous parameters A; equal to zero gives back the
respective particle algebras. In fact, the representations of A are most easily
constructed by writing the elements of .4 in terms of the related particle alge-
bra. Hopefully, their further consideration will give a better and more consistent
approach to interacting field theory.
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ALGEBRAIC HIROTA MAPS

Chris Athorne
Department of Mathematics, University Gardens, Glasgow, G14 9LZ

Abstract We give definitions of Hirota maps acting as intertwining operators for
representations of SL, (C). We show how these reduce to the conven-
tional (generalized) Hirota derivatives in the limit of the dimension of
the representation becoming infinite and we discuss an application to the
theory of gp-functions associated with hyperelliptic curves of genus 2.

1 INTRODUCTION

The Hirota derivative has been with us since the early days of soliton theory.
Over the intervening years it has developed and influenced the subject to a
degree extraordinary for so simple an idea: the replacement of the Leibnitz rule
for derivations with a skew rule. The beauty of the bilinear forms of soliton
equations coupled with this hint of perversity lends to the Hirota derivative an
irresistible lure of mystery.

It is, of course, not a derivative at all, properly speaking. So the issue of its
precise nature is crucial. There are two approaches. Firstly, the operator parts
of the bilinear equations comprising soliton hierarchies have a natural role in
the theory of Kac—Moody Lie algebras [1] as actions on Schur polynomials.
Secondly, Hirota derivatives themselves can be associated with a simple invari-
ance property [2] which essentially characterizes them unambiguously as well
as allowing their extension to multilinear products.

The current paper generalizes the latter approach in two ways. Firstly we
construct a Hirota-like operator (Hirota map) acting on representations of finite-
dimensional Lie algebras almost as an intertwining operator. This allows us
to construct highest weight vectors of irreducible representations. Such irre-
ducibles are associated with polynomial functions but in the limit of infinite-
dimensional representations the Hirota map becomes the Hirota derivative act-
ing on analytic functions.

Secondly, we are able to push this procedure through for SL,(C), con-
structing Hirota maps, analyzing their actions on representations and their
infinite-dimensional limits, recovering old and new Hirota derivatives. The
Hirota derivatives of [2] can be regarded as intertwining for the Hiesenberg
algebra. The new class of Hirota derivatives are partially intertwining either

17
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for SL,(C) or the n-dimensional Heisenberg algebra, but not, in general,
both.

As evidence for the potential usefulness of these operators we cite their
occurrence in the theory of genus 2 hyperelliptic functions.

2 BASIC DEFINITIONS

We will deal mostly with S L, (C)-modules and the action of the algebra s/,,(C).
By h we will mean a Cartan subalgebra with basis {h, ..., h,_1} (to be made
explicit shortly) and by ¢;;, for i # j, nilpotent elements of the algebra associ-
ated with the roots. The roots «;; are elements of h* and the e;; are eigenvectors
under the adjoint action of h:

[h,epl =< h,aj >ej, Yheh. (D

where < -, - > is the natural pairing between § and its dual.
Any (finite-dimensional) SL,(C) (or s/,(C)) module I' decomposes into a
finite number of irreducible modules each associated with a highest weight,

w:
r= EB r,. (2)

The highest weight w is associated with a highest weight vector which is
both an eigenvector under the § action and is annihilated by the nilpotent part
of a maximal, solvable (Borel) subalgebra (which is the same for all I',, in the
decomposition).

Recall that irreducible representations of SL, (C) are associated with Young
tableaux [3]: The irreducible of highest weight v = (wy, ..., ®,—_1) is associ-
ated with the tableau of row lengths (Z;’;ll w;, Z;’:_zl i, Z;’z_; Wiy ooy Wy_1).

We are going to define Hirota maps on tensor products of s/, (C) modules
which are (almost) intertwining operators for the s/, (C) action. But to do this we
need some explicit expressions for the e;;. These would be rather complicated in
general. However all modules appear in the decompositions of tensor products
of modules of a relatively simple kind, which we denote I"y .

A basis of I'y is labeled by all n-tuples, (k1, ka2, . . ., k,,), with positive integer
entries satisfying

Sk =N, ()
i=1

We use this label interchangeably with the basis element itself. The simplest
such module is the invariant one, I'y. I'; is n-dimensional and I'y itself the
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symmetric N-fold tensor product,

Iy = Sym™Ty. 4)
Then we can associate with I'y a homogenous polynomial of degree N in
variables x1, xp, . .., x, with suitably normalized coefficients,
TRUCTE RS E N ) ko kb
’ LERER A e k]kz...kn ’ LA B 1 2 e p o
ki 44k, =N
(5)
linear in the basis elements. From the SL,(C) action on the variables x;,
n
Xi — 8ijXj, detg = 1, (6)
j=1
we obtain the s/, (C) operators
E o #J (7
ij=EXiT—, l )
J ax; J
0 a ..
I{ij=[Eij’Eji]Exia_xi_xja_xia i # ], 3)
©)

and define the s/,(C) action, which we denote e;;, on the basis elements by the
requirement

EijifM, .. x) =ej fNV00, .0 x0), (10)
Hii M0, x0) = hij fN, . x). (11)

For example, let n = 3 and N = 2. Then

FPx1, x2, x3) = (2,0, 00x% 4 (0, 2, 0)x7 + (0, 0, 2)x3
+2(1, 1, 0)xyx2 + 200, 1, Dxaxs +2(1, 0, Dxyx3

and
EinfPrr, x2, x3) = 200, 2, 0)x122 + 2(1, 1, 0} +2(0, 1, Doxyxs.
Comparison of coefficients of monomials yields actions

e2(2,0,0) =2(1, 1,0),
en(1,1,0) = (0, 2,0),
en(1,0,1) = (0, 1, 1),

the others vanishing.
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This construction is slightly round the houses. After all we could simply ex-
tend the action on I'; to the symmetric tensor product without introducing the
artificial, auxiliary x; variables. However, the present approach serves both to
connect the construction with the classical approach to s/,(C) invariant theory
represented in, say, Hilbert’s classical lectures [4], where the explicit expres-
sions are reminiscent of Hirota bi- and multilinear forms, and to connect the
Hirota maps we shall define shortly with the Hirota derivative itself [5] in the
limit that N — oo.

Quite generally for the s/,(C) module I'y, the ¢;; act thus

eij(... ki, .. kj, .. )=k(...,kk—1,...,kj+1,..)). (12)
We can take a basis of § to be the set of n — 1 elements
hi=hiy, i=1,...,n—1 (13)
whose action on basis elements of Iy is
hi(ky, ko, .oy ky) = (kip1 — ki)(ki, ko, oo k). (14)

The Hirota maps are defined on g-fold tensor products of 'y, but itis simplest
to start with the case g = 2. Fori # j,
]D)l.lj2 Ty, ® Ty, = Tyt @ Iivy 1 (15)
®(...li...lj+1...)—(...ki...kj‘i‘l...)@(...li+1...lj...).
It is important to note that there are, up to linear dependence, n — 1 such
D operators and that they alter the weights of the modules on which they act.
Their crucial property is the following. They commute with the e;; except when
one of their indices coincides with the first of the indices on e;;:
DY} i=k, j#I
Goewl =D} j=ki#l (16)

17} 4

[D
0  otherwise.
and they commute with most of the Cartan subalgebra:
12 T .
D i=1#j—-1
—ID)}J.Z i—1=1#j
— 2 ;
hl=4§ D j=l#i-1 a7
0 otherwise

12
[D,'j )

Consequently, if v € I'y, ® I'y, is a highest weight vector according to some
choice of Borel subalgebra, 98, there will be a subset, Dy, of the Hirota operators
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defined above which commute with the nilpotent part of the % action, so that
D(v) € I'y,+1 ® 'y, 41 is again highest weight, with respect to 9, but with a
different weight value (because of the nontrivial relations (17)). This will hold
for any of the irreducible submodules in the tensor product.

Hirota maps ]D)il jJ on g-fold tensor products

]D)iljj3FN,®"'®FN,®"'®FN,®"'®FNg
>IN ® Ty ® TN, 11 ® - ®Ty, (18)

are defined by applying the rule (15) to the /th and Jth terms in the tensor
product. Their commutation rules are unchanged.

In passing it should be remarked that the definition of the I/ jj given here is
slightly different to that given in [6]. Firstly it applies to s/, (C) with n arbitrary
whereas the former held only for s/,(C). Secondly in the present definition the
tensor arguments are of arbitrary weight and only the weights of two of the
arguments are altered. In the former case a tensor product of g copies of one
module was mapped to a product of g copies of the module of higher weight.

To illustrate these ideas we give some examples from the s/,(C) and si3(C)
theories.

3 EXAMPLES FROM s/,(C)

In the sl,(C) case life is quite simple. Irreducible modules, I'y, have bases
{(N,0),(N —1,1),(N —2,2),...,(0, N)} with the s/,(C) action,
enn(, j) =i — 1,7+ 1),
en(, j)=jG+1,j—-1,
hy(, j) =G =D, Jj),
and the single Hirota map (on 2-fold tensor products) D}%(i , j) abbreviated
to D,
D@ H®Um}=>0+1, )06 j+D)—-0Gj+DGC+1,j). (19)
Consider 'y ® ')y with N > M. Because, in this case (n = 2) only, D
commutes with the full (s/,(C)) action, it is a genuine intertwining operator
and we can write,
D D D
Fv®Ty < Ty 1 ®@Ty—1 < Tnepy1 T < Ty ®To. (20)
For example,

A, N-1H®O,M) D

x € Tyo1 @ Ty 2D
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and
(ZsN_2)®(O$M) D2
Fv®@Tys -2(ILN-D® 1, M—1) < (0, M-2)®(0, N-2)eI'yno @Iy
+O,N)R2,M-2)
(22)
It is clear that
Fy®Ty =T @ DT vo1 @ Ty—1). (23)

The weight of I'y is N and its dimension N + 1. The modules I'y_, ® 'y,
have highest weights M + N — 2p and dimensions M + N —2p + 1. The
dimension of I'y ® T'ys is (N + 1)(M + 1). The maps D' give the plethysm

M

Ty ® Ty = P aD{O0, N — i) & (0, M — i)} (24)
i=0

where g(-) denotes the action of the lie algebra on a highest weight vector to
generate an irreducible, and the identity

M
(N+1)(M+1):ZN—M+1+2:‘ (25)
i=0

expresses this decomposition in terms of dimensions.

4 EXAMPLES FROM si3(C)

As with many issues in representation theory the general case is better rep-
resented by the s/3(C) theory. The irreducible modules, I'y, have bases
{G, j, k)i + j + k = N} with the s/5(C) action,
en(, j,k)=i( —1,j+1,k), en(i, j,k)=jG+1,j—1k),
613(ia ]7k) = l(l - 17 jsk+ 1)7 e3l(i7 ,]7k) = k(l + 13 ]7k - 1)7
623(1.1 ja k) = ](Zv ] - 17 k + 1)7 632(i’ j7 k) = k(l7 ] + 17 k - 1)’
There are three Hirota maps (on 2-fold tensor products)

DG, j, k@A mn) =G+ 1,7, k)1 m+1,n)
_(l$J+1ak)®(l+lam7n)7

DG, j, k)@ U,m,n) =G, j+1,k) @1, mn+1)
— (i, j k+ 1)U m+1,n),

DG, j, k)@ (U, m,n)=(, j,k+ DU+ 1,m,n)
—((+1, 00U, mn+1).
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We will choose the Borel subalgebra B = h @ {ej2, €23, €13}. The opera-
tor Dg commutes with the nilpotent part and satisfies the following relations
onf:

DY, h] = —Di3, [D33, ha] = 0. (26)

Consequently if v € 'y ® I'y, is a highest weight vector of weight (p, g) €
72, Dg(v) will be a highest weight vector in I'y; ® "y, of weight (p +
1, g).

The module I'y has weight (0, N) but not all s/3 modules are of this type.
I'®T't =T, ® I, is a nine-dimensional module. The obvious highest
weight vector (given our choice of B, is (0, 0, 1) ® (0, 0, 1) which has weight
0, 2),

h1{(0,0,1) ® (0,0, 1)} =0, 27)
h2{(0,0,1)® (0,0, 1)} =2(0,0,1) ® (0,0, 1),

and application of s/3 generates the six-dimensional module I'ip2) = I'2. I'g ®
[y has a single element (0, 0, 0) ® (0, 0, 0) of weight (0, 0) which is mapped
into an element of weight (0, 0) + (1,0) = (1,0) in I'; ® I'; by DJ3:

D3%{(0,0,0) ® (0,0,0)} = (0, 1,0) ® (0,0, 1) — (0,0, 1) ® (0, 1, 0). (28)
This element generates a three-dimensional irreducible module. Thus,

Fon®Ton =To2 @l (29)

Hed-tHe o

The next obvious case is 'y ® I', = I'(,2) ® [(0,2)- The element (0, 0, 2) ®
(0,0,2) generates a I'y =I04 of dimension fifteen. The two high-
est weight elements in 'y ® '} are (0,0,1)® (0,0,1) mapping under
D% to (0,1,1)®(0,0,2) - (0,0,2)®(0,1,1) eI ®I'; and (0,0,1)®
0,1,0)—(0,1,0) ® (0, 0, 1) mapping under ]D)ﬁ to —(0,0,2) ®(0,2,0)+
2(0,1,1)®(0,1,1) —(0,2,0) ® (0, 0, 2). These elements have weights (1, 2)
and (2, 0) respectively and generate modules of dimensions fifteen and
SIX:

or

T2 @02 =To4®Ta2®leo), (€29)

or, diagrammatically,

| L] (32)
® - ® ®
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By similar arguments one obtains

Foy)®To2 =T03 ®Can, (33)
H | (34)
® = D L |
and
Fo2y®To3 =Tos ®lusn @2, 1), (35)
® = D D L |

and all other plethysms of the form I' ) ® I'(, m).

It is clear that the action of D3 on Young tableaux is simple: it adds a box
to the top row. In this it seems to be behaving as a very simple type of vertex
operator [7].

5 EXAMPLES FROM sl4(C)

Briefly, for sl4(C), b is three-dimensional and the choice of Borel subalgebra
spanned by b and the ¢;; with i < j determines exactly one Hirota map, D34.
This Hirota map augments the weight of a highest weight vectorby § = (0, 1, 0).
Thus we obtain the decompositions:

Co,0,0 ® T',0,0 = T0,0.2) D T'0,1,0)
0,02 ® 0,02 =004 ® 01,2 ® o020
0,03 ® 0,03 =006 @014 D022 ® 03,0

Diagrammatically,
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and for this choice of Hirota map, D14, the effect is seen to be to add a single box
to each of the top two rows because the tableau associated with § = (0, 1, 0)
is

6 THE CLASSICAL HIROTA DERIVATIVE

We will consider only the cases of s/,(C) and s/3(C) in this section since these
are the cases of direct relevance to the classical Hirota derivative and will
confine ourselves to some remarks concerning the general case. We shall also
give expressions for tensor products of order two with the understanding that
everything can be extended to arbitrary tensor products in the manner described
in earlier sections.

We start by defining a Hirota-like derivative on tensor products of homoge-
neous polynomials of the kind defined in (5). Because the Hirota map changes
the weights of modules we are led to consider a sequence of such polynomials

with degrees N € Z*. The polynomial f™)(x, y) has coefficients ("jf) G, )
where i + j = N. Define a D operator

(N 4+ DM + DD M (x, y) © g™ (x, y)}
= % fN D, ) @ 3,gMV(x, y) — 3y FN(x, y) ® 3 g MV (x, ).

It is easy to check that
DM, ») @ g™, Y =DM, @ e™x, ) (37)

where the D operator acts on the variables and the ID operator acts on the
coefficients, (i, j).

We now show that we recover exactly the classical Hirota derivative when
we look at the projective variable { = Nx/y and allow N — oo. Then the
polynomials in x and y are replaced by analytic functions in z and the s/,(C)
action is replaced by an action of the Heisenberg algebra,

[9:.z] =14 (38)

where f is a “‘counting” operator.
To this end put

FMe,y)=yNe™M(0) (39)
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so that
N! ¢k
o) = —— (k1. ko)~ (40)
kl-%;N ki'K>! Nk
N— > 1
— ) 0 =), (41)
k=0 "**
where we have abbreviated (ky, k,) to (k) forky = kand k, = N — k.
The sl,(C) action on ¢V is easily obtained by a change of variables:
1, d
= - —% —, 42
enp=¢ NC T 42)
N 9 (43)
ey = —,
21 ac
hy=—-—N+2 9. (44)
1 — ; 8; £
and as N — oo we define
ép=ep —> ¢, (45)
1 0
&y = vz~ ac (46)
- 1
hy=—H , 47
1=y - g 47

where f is understood to be the “unit” derivation, e.g., f(a ® b) = l.a ® b +
a® 1.b =2.(a ® b). It effectively counts the number of entries in the tensor
product.

We also need to understand the Hirota map in this limit of infinite-
dimensional representations. Using (37) one shows that

D3 (y" o™ @ yMy ™) = yNo g™ @ yMy M — yNo™M @ yM oy,
(48)
and assuming we may take factors of y through the tensor product in the infinite
limit we recover the identity

Dip @y} =000Y¢ —d @3¢ = Di{¢p Y} (49)

where D acts on the coefficients (k) in the analytic expansions of ¢(¢) and
¥ (¢) and where we recognize D as the conventional Hirota derivative. More
precisely, if we symmetrize over the tensor product,

Sym D (¢ @ V) = ¢ — P,
Sym D} (¢ @ V) = eV — 2V + pie
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In this limit the Hirota derivative, D, or D, intertwines with the Heisenberg
action:

[D;,0:1=0, [D;,¢]1=0, [D;, 8] =0. (50)

This property of the classical Hirota derivative has been discussed and ex-
ploited in [8].

In verifying these relations directly one must take care that the Heisenberg
acts by derivation over tensor products. Thus, for example,

[D;,¢1@@VY)=D; (@Y +dRLY) —L(d @Y — ¢ R Yy)
=P QY - QY+ ¢ LY — P Q(LY),
P QY — P QLY + TP QY +¢ QLY

=0.

As an aside, it seems logical to introduce a further “Hirota operator” related
to ¢ as D is related to d,, namely

ZpRY) =PV —p LY. (5D
This operator is also intertwining for the Heisenberg action,
[Z,0,1=0, [Z,£]=0, [Z,8]=0. (52)

but is trivialized by symmetrization. Further D, and Z satisfy the commutation
relation

[Dy, Z] =1 (53)

Note that in [2] Hirota derivatives are taken to be differential operators
defined by the relation (in conventional notation),

D (e t(0) - e 0 (0)) = ¥ De(1(¢) - 0(2)) (54)

and since ¢ is the group element generated by the infinitesimal action of ¢
we see that this is consistent with the definition given in this paper written in
terms of the group action,

gla®b)=ga®gbh (55)
so that

where g is any element of the full group SL,(C). Thus in addition to the

condition (54) we should also require commutation with the translation operator
e

D(t(§ +€)-0(l +¢€)=D(t-0)¢ +e). (57)
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Moving on now to the case of s/3(C) the irreducible modules are labeled
by pairs of positive integers, (M, N), so that there is a one-parameter family
of limits labeled by the ratio A = % as both M and N tend to infinity. Actions
on polynomials in three variables become actions on analytic functions of two
variables, ¢(¢, n). The réle of the Heisenberg in s/,(C) is now played by the
larger algebra sl,(C) x H, where H, is the two-dimensional Heisenberg. The
sl,(C) action is given by

oy, 19, $0; — ndy; (58)
and the H, by
1 1
2+ X)n, Ady, —2r+ D, 2+ X)C, Ade. (59)
The three Hirota maps become Hirota derivatives:
Di(¢p®V)=0: Y — ¢ ® Yy, (60)
Dy(@p@Y)=¢, @Y% — ¢ Q Yy, (61)
Dy @) =y @y — by @ Y. (62)

They do not commute completely with the s/,(C) x H, action. In fact Dy,
commutes with the s/,(C) part, but not with the H, part:

[D¢ys nl = —Dy, (63)

[D{rp ;] = Dr]; (64)

while D, and D, commute with the H, but not the s/,(C) part:

[D¢, £dy] = Dy [D;, §0; —ndyl = Dy, (65)
[Dy, nd;] = D, [Dy, £0; —ndyl = —Dy. (66)

The Hirota operator D, is therefore not a Hirota derivative in the sense of
[2]. Nevertheless it arises in the infinite-dimensional limit in the same way as
the conventional Hirota derivatives D, and D, and plays a similar role in the
representation theory of two-dimensional systems, as we shall see in the next
section. For example,

Sym D2,(6 ® §) = ﬁ; ; ﬁ; : ©7)
= Peyy — by (68)

a common invariant appearing in, say, the Monge—Ampére equation.
In the case of infinite-dimensional limits of representations of s/, (C) we will
obtain an sl,_1(C) x H,_; action with Hirota derivatives Dy, D», ..., D,_1,
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commuting with the Heisenberg part, H,_;, and a set of “mixed” Hirota maps,
D;;, commuting with the s/, _;(C) part.

7 HYPERELLIPTIC FUNCTIONS OF GENUS 2

The situation described in the previous section, the infinite-dimensional limit
of s/3(C) modules, actually occurs in a very specific and important situation [9,
10].

The family of genus 2, hyperelliptic curves,

¥ = gex® + 6gsx” + 15g4x* + 20g3x° + 15g2x” + 6g1x + go (69)

is permuted under transformations

s 0
M
YT Gty a

in such a way that the coefficients g; transform as a seven-dimensional, irre-
ducible representation of SL,(C).

Variables ©; and u;, on the associated Jacobian variety are defined by the
differential relations

dx; d
duy = 28 482 (72)
Y1 2
d d
duy = 2 240 73)
Y1 »

where (x1, y1) and (x3, y,) are a pair of (regular) points on the curve.

Under the transformation described above the pair (u;, u,) transform as a
two-dimensional, irreducible representation of SL,(C).

Three double-index objects, {11, £12, §£22}, can be defined [11] as rational
functions in the x; and y; and satisfying integrability conditions,

d d

a—ul&)zz = a—uz@lz, (74)
0 0

a—ulplz = a_uzéoll- (75)

Consequently the g;; are second derivatives, with respect to the u;, of some
scalar (SL,(C) invariant) potential and themselves form a three-dimensional
representation.
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They satisfy the following set of five fourth-order partial differential
equations,

1
— =0 + 207, = 8286 — 48385 + 381 + gapn

3
—2g85012 + ge11 (76)
1 1
—3 P21 + 200p1n = E(glge — 38285 +28384) + &322
—2g412 + 85811
1 2 4, 1 )
—5802211 + 5@226011 + 5@12 = g(gogﬁ —9g185 + 8g3) + g2

— 283012 + 411

1 1
3P+ 20091 = (8085 — 38184+ 28283) + 8190
—2g2012 + &3911
1
—3Pun+ 2071 = go84 — 48183 + 385 + oo
—281012 + L2011
The terms in these equations can be associated with basis elements of ir-
reducible representations of SL,(C). For example, the five four-index objects
§22222, §22221 etc. are a five-dimensional representation, as are the quadratic terms

50222, §226212, and so on. Likewise the terms quadratic in the g;. Schematically
we might represent the five equations (76) as

P;s & (P; ® P3)s = (G7 ® G7)5s ® (G7 ® P3)s, (77)

where the subscripts denote dimensions or projections onto irreducibles.
It can be further shown that

2

3u; B,

Pij = — Ino(uy, us)

where o is an entire function on the Jacobian, analogous to the Weierstral o -
function. Consequently,

1
®ij = —pD,’DjO' iNes (78)

1
Qijki — 2819k — 201 — 2000k = _pDiDjDleo' o (79)
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Then, and remarkably this formulation appears explicitly in Baker’s 1907
book [11], o satisfies the following bilinear equations:

1 1 1
<5Di+§&Di—&DmDm+§%Di—&%+4&&—3ﬁ>U'U=0
|
(gDizDul +g3D; —2g4Dy, Dy, +g5D;, —g1g6+3gzgs—2g3g4> o-0=0
(Dy, Dy +382D,, —6g3Dy, Dy, +384D;, —g086+98185—883) 0 - =0
1
(gDuzDil +81D,, 282Dy, Dy, + 83Dy, —gogs+3g1g4—2gzg3) o-0=0

1 4 1 2 1 2 2
¢ Dut 580D, —81Duy Du, + 582D, — 8084 +48183—38; ) 0 - 0 =0
(80)

But now we have a pair of conventional Hirota derivatives, D,, and D,,,
together with an s/,(C) action on the pair (1, uy), that is, we have exactly a
sl,(C)x H, action with which they commute as in the preceding section. There
is therefore an accompanying Hirota derivative of the form D, ,, which com-
mutes with the s/,(C) action but not the H, action. A treatment of the theory
which reflects this underlying group action is naturally formulated using Hirota
derivatives: that is, all the identities satisfied by the o -function are expressed
via the Hirota derivatives. Not only this, but all identities can be classified ac-
cording to the irreducible representations of s/,(C) and “highest weight” iden-
tities are naturally constructed using the intertwining properties of the Hirota
derivatives.

It is also, of course, clear that there is an underlying finite-dimensional
sl3(C) action, because the curve is the canonical form of a family of projective
varieties, homogeneous of degree 6, in variables X, Y, and Z, say. But it is
not immediately clear how this collapses to the above infinite-dimensional
limit.

A specific instance, other than Eq. (76), is the quartic identity satisfied by
the ;;, the equation of the Kummer surface (the Jacobian variety factored by
the involution, y; —> —y;. The leading term is [Sym D? (p ® )]* and the

Uujuy
remaining terms are invariants constructed in a more complex manner:

86 —3gs 3g4+200  —g3— 2012
_ —3gs 9g4 — 4 —9g3+2p012 38+ 21 @1)
3g4+2020 —9g+2p12 92 —4pu —3g
—8 — 2012 38+ 2pu —3g1 20

= 16(p}, — Pr1o2)* + - -



32 Chris Athorne

Further either of the top or bottom equations of (80) are easily seen to
be equivalent to a Boussinesq equation. The full system is then a restricted
Boussinesq equation for which a Lax pair can be written down by applying the
group action to that for the Boussinesq itself.

All these issues are discussed fully in the references [9, 10].

8 CONCLUSIONS AND FURTHER WORK

In this paper we have emphasised the relationship between the representation
theory of s/,,(C) and certain Hirota maps which are directly related to Hirota
derivatives in the infinite-dimensional limit. We have made no attempt to ex-
plain how these observations contribute to an understanding of the solutions
of bilinear equations. To do so it would appear to be necessary to think of
such equations as the infinite-dimensional limits of relations between generic
finite-dimensional representations, relations which are themselves open to ge-
ometric interpretation perhaps along Grassmanian lines [12]. On a related tack
it is clearly of interest to see if the Hirota derivatives D., D, Dy, and so
on provide useful constructions when the Heisenberg algebra is embedded in
infinite-dimensional algebras such as the Virasoro or Kac-Moody algebras.
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BOUNDARY STATES IN SUSY
SINE-GORDON MODEL

Z. Bajnok, L. Palla*, and G. Takéacs

Abstract  After reviewing briefly the basic concepts and problems of boundary
integrable theories we outline a boostrap solution leading to the spectrum
of boundary states in SUSY sine-Gordon model with supersymmetric
integrable boundary condition.

Keywords: Integrable field theory, field theory with boundary, bootstrap, supersym-
metry, sine-Gordon model

1 INTRODUCTION

The aim of this investigation [1] is to determine the spectrum of boundary
states and the associated reflection amplitudes in N = 1 SUSY sine-Gordon
model with supersymmetry and integrability preserving boundary conditions.
This boundary super sine-Gordon model (BSSG) is an integrable boundary
theory, therefore to put our problem into proper context we review first the
basic concepts and problems of boundary integrable theories.

The simplest way to obtain a boundary integrable theory is to take a bulk
integrable one and restrict it to the x < 0 half line by imposing integrability
preserving boundary conditions at the x = 0 end [2]. Technically it means that
the action of the boundary theory is written as

00 0 [e'¢)
S = /dt/de[CD(x,t)]+/a’tVB[CD(x:O, 1], (1)

where £ is the Lagrangian of the (integrable) bulk theory, and the role of
the boundary potentail Vp is to impose the boundary conditions. The theory
defined by this action is said to be integrable, if it admits conserved higher spin
quantities. Since the Lagrangian is a local quantity the excitations (particles)
of the original bulk theory are present also in the boundary theory, furthermore
their local interactions (S matrices) are also not effected by the boundary.

* Conference speaker, e-mail: palla@ludens.elte.hu
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Nevertheless, because the presence of the boundary, these bulk particles may
now reflect on the boundary. The integrability of the model guarantees, that the
number of particles is conserved in these reflection processes, thus they can be
characterized by the reflection amplitudes Rj;(6); and a particle of type a with
rapidity 6 reflecting as particle of type b is described as

A“(0)|B) = R;(0)A"(=6)|B).

The reflection factor has to satisfy three rather restricting, complicated alge-
braic equations [2] namely the boundary versions of the Yang—Baxter equation

R 4,(02)S5%(01 + 2R , (01) S5 (61 — 6)

ac

= SO0 — 0)RM ., (01) S0 (01 + 02)R™ 1,(62),

aca

unitarity
R(O)R"(—0) = §“,,

and crossing
RY), (% - 9) = 5% (20)R" (% + 9) ,

that contain as an input the bulk S matrix. Now suppose a solution of this system
of equations is found. If it has poles in the physical strip 0 < Imf < 7 that can
not be explained by the boundary version of the Coleman—Thun mechanism,
then they must be interpreted as signaling the presence of new, “excited” type of
boundary states [2]. If the pole is at §) then we can envisage that a particle of type
a with rapidity 6, when reflecting on | B) becomes ‘bound’ to it, transforming
it into a new state | B) with energy (mass) E = m, cosh 6y. Once the existence
of this new state is established the problem of bulk particles reflecting on the
new boundary emerges. The solution of this problem is given by the bootstrap
procedure: exploiting the model’s integrability one obtains:

|B)R(6) = S3(6 — 60)R*(0)Si(6 + ).

If this new reflection factor has poles in the physical strip that must be inter-
preted as even “higher excited” boundary states, |B), then the bootstrap must
be repeated once more to obtain the new reflection factors. This procedure
ends only—i.e., the bootstrap becomes “closed”, if in one of the new sets of
reflection amplitudes there are no new, unexplained poles.

We carry out this procedure in the BSSG model, when the Lagrangian is that
of the bulk SUSY sine-Gordon model:
m2
B2

1 - -
E:EBMCI)WCD—{—i\IJy“a,L\If—{—m\IJ\IJcosgCD—}— 5 cos D,
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v

with ® being a real scalar and W = ( v

the boundary potential is [3]
Vy = &9y +iada — 2f5(®)a(y F ) + B(P))|x=o-

The functions f and B are fixed up to two free parameters by the requirement
of integrability and supersymmetry. A surprising feature of this boundary po-
tential is the appearance of the boundary fermionic degree of freedom a(t),
which is necessary to obtain the two two parameter sets of integrable and su-
persymmetric boundary conditions corresponding to the two choices of the
signs.

The main idea is to look for the reflection amplitudes in this model in a
form where there is no mixing between the supersymmetric and other inter-
nal quantum numbers. This means an Ansatz for the reflection amplitudes as
a product of two terms one of which is the ordinary (bosonic) sine-Gordon
reflection amplitude, while the other describes the scattering of the SUSY de-
grees of freedom. These ideas are motivated on the one hand by the successful
description of the bulk scattering while on the other by the fact that the spectrum
of boundary states together with the the reflection amplitudes in the ordinary
sine-Gordon model are known [4].

) a Majorana fermion fields, and when

2 BULK SUSY SINE-GORDON MODEL

The spectrum consists of the soliton/antisoliton multiplet, realizing supersym-
metry in a nonlocal way, and possibly a few breather multiplets (that are bound
states of a soliton with an antisoliton) upon which supersymmetry acts in the
standard way. The supersymmetric solitons are described by RSOS kinks K5, (6)
of mass M and rapidity 6, where the RSOS labels a, b take the values 0, % and
1 with |a — b| = 1/2, and describe the supersymmetric structure, while ¢ = +
corresponds to topological charge £1. The multikink states obey the nontriv-
ial “adjacency” condition. The two-particle scattering process allowed by this
condition

K& (0)) + K2(62) — K2(62) + K5 (61)

has an amplitude of the form [5, 6]:

a d
SSUSY ( b c
where Ssysy is identical to the S matrix of the tricritical Ising model perturbed by

the primary field of dimension % and Ss¢ coincides with the usual sine-Gordon

S matrix (but the relation A = %—’3 — % is different from the sine-Gordon case).

0 — 02) X Ssa(01 — 63, M2,
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Ssusy has no poles in the physical strip, thus the only poles that describe bound
states (breathers) come from the sine-Gordon part.

The bulk theory has two supersymmetry charges of opposite chirality Q and
Q; their algebra contains a central charge {Q, O} = 2MZ, that can take the
values O or =1. In the basis {KO%, Kl%, K;o’ K%l} the central charge and the
fermion number can be written as )

10 0 o0 010 0
o1 0 o IV E
Z=10 0 -1 o '=CED"=1y 0 0 1

00 0 -1 001 0

This representation of SUSY describes BPS saturated objects. The SUSY action
on breather states and the breather S matrices can be derived using the bootstrap.
It turns out that the central charge Z (as well as the topological charge T) vanishes
identically for the breathers. For further details we refer to [5, 6].

3 REFLECTIONS IN BOUNDARY SINE-GORDON MODEL

The most general reflection factor of the soliton antisoliton multiplet |s, §) on
the ground state boundary, satisfying the boundary versions of the Yang—Baxter,
unitarity and crossing equations was found by Ghoshal and Zamolodchikov [2]

Py Qo o, wo (v, u) (Pt Q
R=|(° ) Ro(y)———————= = _
(Qo Py ) o(w) cos 17 cosh ¥ o P
POi = cos Au cosh ¥} cos  F sin Au sinh @ sin n
Qo = —sin Au cos lu
where u = —i6, X is the parameter in the bulk S matrix while  and ¢ are two

real parameters that characterize the solution.
The spectrum of excited boundary states was determined in [7, 4]. It can be

parametrized by a sequence of integers |ny, no, ..., ny), whenever the
b4
52”n1>wn2>"'20 (2)
condition holds, where
n nwn+1) n wk—1)
vy=—-———— and wy=w— - — —.
A 2A A 2\

The mass of such a state is

Mgy = M Z cos(vy,) + M Z cos(wy,).

i odd i even
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v, and wy give the poles of certain reflection amplitudes, thus the condition in
(2) guarantees that these poles are in the physical strip and cannot be explained
by the boundary Coleman—Thun mechanism. The soliton/antisoliton reflection
amplitudes on excited boundaries Q\n, n,....n) (N, U, 1), Plizcl,nz,‘..,nu(n’ ¥, u) are

obtained from the ground state ones by multiplying them with appropriate CDD
factors [4]. The breather sector can be obtained again by bootstrap.

4 BOOTSTRAP IN THE BSSG MODEL

The last bit of information needed to start the bootstrap in the BSSG model is
the form of the single boundary supercharge O or Q_ corresponding to the
choice of sign in the boundary potential. In [3] it is shown, that

0
Os = f (e, 1) £ 3(x. ) dx + Qp(x = 0. 1),

where g and g are the local densities of Q and Q and Qp is the boundary
contribution. One can argue [1], that the relation 0% = 2(H 4+ M Z) holds
between the boundary supercharge, boundary Hamiltonian and central charge.
The action of the boundary supercharge on asymptotic states is expected to be
given by

0.=0+0+ 0, Qp=1T,

where Q, Q act on the particles as in the bulk theory and y is some unknown
function of the parameters appearing in the boundary potential. This choice is
supported by the classical considerations in [3] and also guarantees that O
commutes with the bulk S matrix.

Now according to our main idea we suppose that the reflection matrix fac-
torizes as Rsysy(6) X Rsg(6). In this special form the constraints as unitarity,
boundary Yang-Baxter equation and crossing-unitarity relation [2] can be sat-
isfied separately for the two factors. Since the sine-Gordon part already fulfills
these requirements, we concentrate on the supersymmetric part.

From the RSOS nature of the bulk S-matrix it is clear that the boundary must
also have RSOS labels and the adjacency conditions between the nearest kink
and the boundary must also hold. Thus the following reflections are possible:

Ku(0)|Ba) =Y R(0)Ky(—0)|Be),

or in detail

K, 0)B1) = R1, (O)K,1(=0)|B1); a=0.1,
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and (forb #aa,b=0,1)

K1, (0)]B) = Ri(0)K 1,(~0)| Ba) + Riy(O)K 1,(~0)|By).

In the second process the label of the boundary state has changed, which shows
that | By) and |B;) form a doublet. All of the constraints mentioned above fac-
torize in the sense that they give independent equations for the reflections on
the boundary | B;,») and on the doublet | By ). Since the ground state boundary
is expected to be nondegenerate we assume it is a |By,») state and first con-
centrate on reflection factors off the singlet boundary | By ,»). For the boundary
supercharge we need the action of @, Q, and I on the boundary ground state
[B1)2):
Q|B1)=0, Q|B:)=0, T|By)=|Bi).

Combining this with the square of Q. gives the interpretation of y:y?/2 is
nothing else but the ground state energy.

The solutions of the boundary Yang Baxter, crossing and unitarity conditions
for RY, have been discussed in the literature [8, 9]; the new angle we add is

that we insist on boundary SUSY from the onset - somewhat similarly as in
[10]. The two choices Q. give different solutions. If the boundary supercharge
Q. commutes with the reflections (BSSG™ theory) then we obtain

RY,(0) =R}, () =277 P()

|k o r(k o
_ -o/xi ﬁ 2mi 2mi

{6 < —0}
r(kle)r(k+19_)/

4 2mi

S]]
1=
¥l
INT]

If, however, it is O _ that commutes with the reflections (BSSG ™) then the result
is

R}, (0) = (cos % + i sinh g) K©® —i&)K@im —0 —i£)27" p(#)
Ril(g) = (COS % -+ i sinh %) K(Q — li—')K(”-[ —6 — ié;)zfe/nip(g)’

where £ is related to y as y = —2+/ M cos % Note that symmetry of the re-

flection under I" requires R?,6 = R}, (0) thus in the first case (BSSG™) the
22 22

reflections also commute with the operator I', while in the other case (BSSG™)

they do not. Remarkably there are no poles in the physical strip in any of these
reflection factors and they contain no free parameters.
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We start the quest for boundary states with the analysis of the complete
ground state reflection factors R{,(6) x R(¢), where the SUSY component

has one of the two forms above. Since the only poles of these reflection factors
are due to the sine-Gordon part (R) their explanation has to be similar to that
in the bosonic theory. The boundary dependent poles of R, which describe
boundary states, are located at —if = v,. At the position of these poles we

associate boundary bound states to the reflection amplitudes R{,,a =0, 1
22

)= 17

| = Bl )

2 2

where the g-factor is the SUSY part of the boundary coupling. The two states
(a =0, 1) for a given n form a doublet in two senses: on the one hand it is the
K 1g kinks that can scatter on it, while on the other they span a two dimensional

representation space for the boundary supercharge.
The SUSY reflection factors of K 1g off |a, 1/2|n) can be computed from the

bootstrap principle with the result (in the case of the simpler BSSG™" theory):

la,1/2In) = K,y )

1
—>, where
2

11/2)
8la,1/21n)

1

! . & v, . (0
R;(0)= PO)K(O +ivy)K@®O —iv,)=F | apcOs <?> 4 84.1-5 SIN %))
2 i
8a

having no poles in the physical strip. The full reflection factor on the
la, 1/2|n) excited boundary can be obtained by multiplying this result with
1

the appropriate excited bosonic reflection factor: ij(e) x Qumy(n, ¥, 6) or
1

be(Q) X Pli;(n, ¥, 6). The poles of these expressions that describe boundary
states come again from the sine-Gordon factor at precisely the same condition
(w,, < v,) as in the non SUSY theory.

Repeating the bootstrap procedure for the next level excited states [1] made
it clear that the general boundary bound state has the structure

1 1
ag ... —-,dy, <

2 2

1 1 1
Ng...,my, N or —,ak...—,41, =

2 2 2

mk,nk---,ml,n1>,

i.e., is characterized by a sequence of integers and an RSOS sequence. This
shows that in the supersymmetric case the excited boundary states have a non-
trivial degeneracy in contrast to the bosonic theory, the degeneracy being labeled
by the RSOS sequences. The energy of the boundary states depends only on
the integers and is identical to the result obtained in the sine-Gordon model.
The associated reflection factors can be computed from successive application
of the bootstrap procedure [1]. Thus a two parameter solution of closing the
bootsrap is found in the BSSG* models.
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As open problems we mention the clarification of the relation between the
n, ¥, y parameters appearing in bootstrap and the ones in the boundary potential
or the pCFT description of BSSG™.
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GEOMETRY OF DISCRETE
INTEGRABILITY. THE CONSISTENCY
APPROACH

Alexander I. Bobenko*
Institut fiir Mathematik, Fakultdt 2, Technische Universitdt Berlin,
Strasse des 17. Juni 136, 10623 Berlin, Germany

1 ORIGIN AND MOTIVATION: DIFFERENTIAL GEOMETRY

Long before the theory of solitons, geometers used integrable equations to
describe various special curves, surfaces etc. At that time no relation to math-
ematical physics was known, and quite different geometries appeared in this
context (we will call them integrable) were unified by their common geometric
features:

¢ Integrable surfaces, curves etc. have nice geometric properties,

e Integrable geometries come with their inferesting transformations
(Bécklund—Darboux transformations) acting within the class,

e These transformations are permutable (Bianchi permutability).

Since “nice” and “interesting” can hardly be treated as mathematically for-
mulated features, let us address to the permutability property. We explain it for
the classical example of surfaces with constant negative Gaussian curvature
(K-surface) with their Biacklund transformations.

Let F : R? — R? be a K-surface and F| g and Fy ; its two Biicklund trans-
formed. The classical Bianchi permutability theorem claims that there exists
a unique K-surface F;; which is the Bicklund transformed of Fj o and Fy .
Proceeding further this way for a given point Fy o on the original K-surface
one obtains a Z? lattice F, «.¢ of permutable Bécklund transformations. From the
geometric properties of the Biacklund transformations it is easy to see [1] that
Fi ¢ defined this way is a discrete K-surface.

The discrete K-surfaces have the same properties and transformations as
their smooth counterparts [2]. There exist deep reasons for that. The classical

* Partially supported by the SFB 288 “Differential geometry and quantum physics” and by the
DFG research center “Mathematics for key technologies” (FZT 86) in Berlin
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Figure 1. Surfaces and their transformations as a limit of multidimensional lattices

differential geometry of integrable surfaces may be obtained from a unifying
multidimensional discrete theory by a refinement of the coordinate mesh-size
in some of the directions.

Indeed, by refining of the coordinate mesh-size,

F:(eZ)) >R — F:R>—> R,

discrete surface € — 0 smooth surface

in the limit one obtains classical smooth K-surfaces from discrete K-surfaces.
Starting with an n-dimensional net of permutable Bicklund transformations

F:(61Z) x --- x (€,Z) — R?

in the limit ¢, —> 0,¢; — 0,63 =--- = ¢, = 1 one arrives to a smooth K-
surface with its n — 2-dimensional discrete family of permutable Bicklund
transformations:

F:R>*x7"?% > R

This simple idea is quite fruitful. In the discrete case all directions of the
multidimensional lattices appear in quite symmetric way. It leads to:

e A unification of surfaces and their transformations. Discrete surfaces and
their transformations are indistinguishable.

¢ A fundamental consistency principle. Due to the symmetry of the discrete
setup the same equations hold on all elementary faces of the lattice. This
leads us beyond the pure differential geometry to a new understanding of the
integrability, classification of integrable equations and derivation of the zero
curvature (Lax) representation from the first principles.

e Interesting generalizations to: n > 2-dimensional systems, quantum sys-
tems, discrete systems with the fields on various lattice elements (vertices,
edges, faces etc.).
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As it was mentioned above, all this suggests that it might be possible to de-
velop the classical differential geometry, including both the theory of surfaces
and of their transformations, as a mesh refining limit of the discrete construc-
tions. On the other hand, the good quantitative properties of approximations
delivered by the discrete differential geometry suggest that they might be put at
the basis of the practical numerical algorithms for computations in the differ-
ential geometry. However until recently there were no rigorous mathematical
statements supporting this observation.

The first step in closing this gap was made in the paper [3] where the conver-
gence of the corresponding integrable geometric numerical scheme has been
proven for nonlinear hyperbolic systems (including the K-surfaces and the
sine—Gordon equation).

Thus, summarizing we arrive at the following philosophy of discrete differ-
ential geometry: surfaces and their transformations can be obtained as a special
limit of a discrete master-theory. The latter treats the corresponding discrete
surfaces and their transformation in absolutely symmetric way. This is pos-
sible because these are merged into multidimensional nets such that their all
sublattices have the same geometric properties. The possibility of this multi-
dimensional extension results to consistency of the corresponding difference
equations characterizing the geometry. The latter is the main topic of this paper.

2 EQUATIONS ON QUAD-GRAPHS. INTEGRABILITY
AS CONSISTENCY

Traditionally discrete integrable systems were considered with fields defined
on the Z? lattice. One can define integrable systems on arbitrary graphs as flat
connections with the values in loop groups. However, one should not go that
far with the generalization. As we have shown in [4], there is a special class of
graphs, called quad-graphs, supporting the most fundamental properties of the
integrability theory. This notion turns out to be a proper generalization of the
77 lattice as far as the integrability theory is concerned.

Definition 1 A cellular decomposition G of an oriented surface is called a
quad-graph, if all its faces are quadrilateral.

Note that if one considers an arbitrary cellular decomposition C jointly with
its dual C* one obtains a quad-graph D connecting by the edges the neighboring
vertices of C and C*. Let us stress that the edges of the quad-graph D differ
from the edges of C and C*.

For the integrable systems on quad-graphs we consider in this section the
fieldsz : V(D) > C are attached to the vertices of the graph. They are subject to
an equation Q(zy, 22, 23, 24) = 0, relating four fields sitting on the four vertices
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22

Figure 2. A face of the labelled quad-graph

of an arbitrary face from F (D). The Hirota equation

4 _ oz Bz1 0
2 Bz —azy
is such an example. We observe that the equation carries parameters ¢, 8 which
can be naturally associated to the edges, and the opposite edges of an elementary
quadrilateral carry equal parameters (see Figure 2). At this point we specify the
setup further. The example illustrated in Figure 2 can be naturally generalized.
An integrable system on a quad-graph

0(z1, 22,23, 2450, B) =0 ()

is parametrized by a function on the edges of the quad-graph which takes equal
values on the opposite edges of any elementary quadrilateral. We call such a
function a labelling of the quad-graph.

An elementary quadrilateral of a quad-graph can be viewed from various
directions. This implies that the system (2) is well defined on a general quad-
graph only if it possesses the thombic symmetry, i.e., each of the equations

0(z1,24, 23,20, B, 0) =0,  0(z3,22,21,24;8,0) =0

is equivalent to (2).

2.1 3D-Consistency

Now we introduce a crucial property of discrete integrable systems which later
on will be taken as a characteristic one.

Let us extend a quad—graph D into the third dimension. We take the second
copy D’ of D and add edges connecting the corresponding vertices of D and D’.
Elementary building blocks of so obtained “three-dimensional quad-graph” D
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Figure 3. Elementary cube

are “cubes” as shown in Figure 3. The labelling of D can be extended to D so
that the opposite edges of all elementary faces (including the “vertical” ones)
carry equal parameters (see Figure 3).

Now, the fundamental property of discrete integrable system mentioned
above is the three-dimensional consistency.

Definition 2 Consider an elementary cube, as on Figure 3. Suppose that
the values of the field z are given at the vertex 7 and at its three neighbors
21, 22, and z3. Then the Eq. (2) uniquely determines the values 713, 23, and
213. After that the same Eq. (2) delivers three a priori different values for the
value of the field 73 at the eighth vertex of the cube, coming from the faces
[z1, 212, 2123, 213, [22, 212, 2123, 223], and [z3, 213, 2123, 223), respectively. The
Eq.(2) is called 3D-consistent if these three values for 7113 coincide for any
choice of the initial data z, 71, 22, 23

Proposition 3 The Hirota equation
212 _ 0271 — o2
Zz o121 — 0222
is 3D-consistent.
This can be checked by a straightforward computation. For the field at the
eighth vertex of the cube one obtains

(b —li)ziza + (s — b3)zazz + (L — 312123

2123 = 3)
123 (s — l)z1 + (31 — h3)za + (i — 1a1)23

where ;; = .
In [4, 5] we suggested to treat the consistency property (in the sense of
Definition 2) as the characteristic one for discrete integrable systems. Thus we

come to the central.
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Figure 4. Zero curvature representation from the consistency

Definition 4 A discrete equation is called integrable if it is consistent.

Note that this definition of the integrability is conceptually transparent and
algorithmic: for any equation it can be easily checked whether it is integrable
or not.

2.2 Zero Curvature Representation from the 3D-Consistency

Our Definition 2 of discrete integrable systems is more fundamental then
the traditional one as systems having a zero curvature representation in a
loop group. Here we demonstrate how the corresponding flat connection in
a loop group can be derived from the equation. Independently this was found
in [6].

We get rid of our symmetric notations, consider the system

0(z1, 22,23, 2450, ) =0 “4)

on the base face of the cube and choose the vertical direction to carry an
additional (spectral) parameter A (see Figure 4).

Assume the left-hand-side of (4) is affine in each z;. This gives z4 as a
fractional-linear (M&bius) transformation z, with the coefficients depending
on zy,z3 and «, 8. One can of course freely interchange zi, ..., z4 in this
statement. Consider now the equations on the vertical faces of the cube in
Figure 4. One gets v, as a Mobius transformation of i

Yo = L(z2, z150, M)[Yr],

with the coefficients depending of the fields z;, z;, on the parameter « in the
system (4) and on the additional parameter A which is to be treated as the spec-
tral parameter. The mapping L(z», z1; ¢, A) is associated to the oriented edge
(z1, 22)- Going from ; to V3 in two different ways and using the arbitrariness
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of Y} we get

L(z3, 22; B, M) L(22, 21500, &) = L(z3, 24500, A)L(z4, 215 B, A). 5

Using the matrix representation of Mobius transformations

az+b a b
cz+d_L[z], where L_<c d>’

and normalizing the matrices (for example by the condition det L = 1) we
arrive at the zero curvature representation (5).

Let us apply this derivation method to the Hirota equation. Equation (1) can
be written as Q = 0 with the affine

0(z1, 22, 23, 24, @, B) = (2223 + 2124) — B(z324 + 2122).

Performing the computations as above in this case we derive the well known
zero curvature representation (5) with the matrices

o —)\.ZQ
L zah)=| A _ 2 (6)
Z1 21

for the Hirota equation.

3 CLASSIFICATION

Here we classify all integrable (in the sense of Definition 2) one-field equations
on quad-graphs satisfying some natural symmetry conditions.
We consider equations

Q(x,u,v, y;a, ) =0, (7

on quad-graphs. Equations are associated to elementary quadrilaterals, the fields
x,u,v,y € C are assigned to the four vertices of the quadrilateral, and the
parameters «, B € C are assigned to its edges. We now list more precisely the
assumptions under which we classify the equations.

1. Consistency. Equation (7) is integrable (in the sense it is 3D-consistent).
2. Linearity. The function Q(x, u, v, y;«, B) is linear in each argument (affine
linear):

Ox,u,v,y,a, B) =aixuvy + --- + ai, (8)

where coefficients a; depend on «, 8. This is equivalent to the condition that
Eq. (7) can be uniquely solved for any one of its arguments x, u, v,y € C.
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3. Symmetry. The Eq. (7) is invariant under the group Dy of the square sym-
metries, that is function Q satisfies the symmetry properties

Q(x,u, v, y;a, B) = eQ(x, v, u, y; B, ) =0 Qu, x, y, via, )~ (9)

with ¢, 0 = £1.

4. Tetrahedron property. The function z123 = f(z, 21, 22, 23; 01, 02, ®3), €X-
isting due to the three-dimensional consistency, actually does not depend on
the variable z, that is, f, = 0. This property holds (3) for the Hirota equation
as well as for all other known integrable examples.

The proof of the classification theorem is rather involved and is given in [5].

Theorem 5 Up to common Moébius transformations of the variables z and
point transformations of the parameters o, the three-dimensionally consistent
quad-graph equations (7) with the properties (2—4) (linearity, symmetry, tetra-
hedron property) are exhausted by the following three lists Q, H, A(x = z,u =
2,V =122,y =212, = a1, B = ).

List Q:

QD a(x —v)u —y) — B(x —u)(v — y) + 8%af(a — B) =0,

Q2) a(x —v)u —y)—px —uw)(v—y)+afla —p)x+u+v+y)
—af(a — B)a* —af + ) =0,

(Q3) (B* — a?)(xy + uv) + Bla® — D(xu + vy) — a(f? — D(xv + uy)
— 8%(a® — BH)(a* — 1)(B* — 1)/(4ap) =0,

(Q4) agxuvy + aj(xuv 4+ uvy + vyx + yxu) + ax(xy + uv) + a(xu + vy)
+axv+uy)taz(x+u+v+y)+as=0,

where the coefficients a; are expressed through («, a) and (B, b) with a> =
r(a), b*> = r(B), r(x) = 4x3 — gox — gs, by the following formulae:

apg=a-+b, a; = —fa— ab, oy = ,32a + &2b,

_ ab(a + b) 2 ( 2 &
-7 — (202 = 2,
a 2@ —B) + B a o 4)
b b
3= AED oy (82,
2(8 — @) 4
a :&a —&al Cl4:g—§d — 8341
3 ) 0 4 s 16 0 3dq.

List H:

HD) x—y)u—-v)+p—a=0,
H2) x—u—-v)+B—-a)x+u+v+y)+p2—a?=0,
(H3) a(xu +vy) — Bxv + uy) + 8(a® — ) = 0.
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List A:

(AD) a(x +v)u +y) = B(x + w)(v + y) = Sapla — ) =0,
(A2) (B* — o) (xuvy + 1) + B(e? — D(xv +uy) — a(B® — D(xu +vy) = 0.

Remarks

1. The list A can be dropped down by allowing an extended group of Md&bius
transformations, which act on the variables x, y differently than on u, v. So,
really independent equations are given by the lists Q and H.

2. In both lists Q, H the last equations are the most general ones. This means
that Egs. (Q1)—(Q3) and (H1), (H2) may be obtained from (Q4) and (H3),
respectively, by certain degenerations and/or limit procedures. This resem-
bles the situation with the list of six Painlevé equations and the coalescences
connecting them.

3. Note that the list contains the fundamental equations only. A discrete equa-
tion which is derived as a corollary of an equation with the consistency
property usually loose this property.

4 GENERALIZATIONS: MULTIDIMENSIONAL AND
NON-COMMUTATIVE (QUANTUM) CASES

4.1 Yang-Baxter Maps

It should be mentioned, however, that to assign fields to the vertices is not
the only possibility. Another large class of two-dimensional systems on quad—
graphs build those with the fields assigned to the edges.

In this situation each elementary quadrilateral carries amap R : X% > X2,
where X is the space where the fields take values. The question on the three—
dimensional consistency of such maps is also legitimate and, moreover, be-
gan to be studied recently. The corresponding property can be encoded in the
formula

Ry3 0 Ri30 R = Rip o Ri30 Ros, (10)

where each R;; : X3 > X acts as the map R on the factors i,j of the cartesian
product X and acts identically on the third factor. The maps with this property
were introduced by Drinfeld [7] under the name of “set-theoretical solutions of
the Yang-Baxter equations’, an alternative name is “Yang-Baxter maps” used
by Veselov in his recent study [8].

The problem of classification of Yang—Baxter maps, like the one achieved
in the previous section, is under current investigation.
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4.2 Four-Dimensional Consistency of Three-Dimensional Systems

The consistency principle can be obviously generalized to an arbitrary dimen-
sion. We say that

a d—dimensional discrete equation possesses the consistency property,
if it may be imposed in a consistent way on all d—dimensional sublattices
of a (d + 1)-dimensional lattice

In the three—dimensional context there are also a priori many kinds of sys-
tems, according to where the fields are defined: on the vertices, on the edges,
or on the elementary squares of the cubic lattice. Consider three—dimensional
systems with the fields sitting on the vertices. In this case each elementary cube
carries just one equation

0(z, 21, 22, 23, 212, 223, 213, 2123) = 0, (11)

relating the fields in all its vertices. The four—dimensional consistency of such
equations is defined in the same way as in Section 2.1 for the case of one
dimension lower.

It is tempting to accept the four—dimensional consistency of equations of the
type (11) as the constructive definition of their integrability. It is important to
solve the correspondent classification problem.

We present here just one example of the equation appeared first in [9].

Proposition 6 Equation

(z1 — z23)(22 — 2123) _ (z — z13)(z12 — 223)
(z3—z2)zis—z21) (213 —212)(223 — 2)

(12)

is four—dimensionally consistent.

4.3 Noncommutative (Quantum) Cases

As we have shown in [10] the consistency approach works also in the noncom-
mutative case, where the participating fields live in an arbitrary associative (not
necessary commutative) algebra A (over the field KC).

In particular the noncommutative Hirota equation

L L= B/ouv™!
(B/a) —uv= "

belongs to this class. Now x, u, v, y € A are the fields assigned to the four

vertices of the quadrilateral, and «, 8 € K are the parameters assigned to its

edges. Note that Eq. (13) preserves the Weil commutation relations. This yields
the quantum Hirota equation studied in [11].

VX (13)



Geometry of Discrete Integrability 53

Proposition 7 The noncommutative Hirota equation is 3D-consistent.

Similar to the commutative case the Lax representation can be derived from

the equation and the consistency property. It turns out that finding the zero curva-
ture representation does not hinge on the particular algebra A or on prescribing
some particular commutation rules for fields in the neighboring vertices. The
fact that some commutation relations are preserved by the evolution, is thus
conceptually separated from the integrability.
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Abstract Chaos is frequently associated with orbits homoclinic to unstable modes
of deterministic nonlinear PDEs. Bilinear Hirota method was success-
fully employed to obtain homoclinic solutions for NLS with periodic
boundaries. We propose a new method to analytically generate homo-
clinic solutions for integrable nonlinear PDEs. This approach resembles
the dressing method known in the theory of solitons. The pole posi-
tions in the dressing factor are given by the complex double points of
the Floquet spectrum associated with unstable modes of the nonlinear
equation. As an example, we reproduce first the homoclinic orbit for
NLS, and then obtain the homoclinic solution for the modified nonlinear
Schrodinger equation solvable by the Wadati—-Konno-Ichikawa spectral
problem.

1 INTRODUCTION

Alongside with solitons as stable solutions of nonlinear integrable PDEs with
important applications in physics and mathematics, these equations can admit
unstable waves such as homoclinic orbits. The existence of homoclinic solutions
serves as an indicator of chaotic behavior in a perturbed deterministic nonlinear
dynamical system.

The role of homoclinic solutions in the generation of chaos was shown for
the damped-driven sine-Gordon [1, 2] and perturbed NLS [3—6] equations with
periodic boundary conditions. Extended reviews of analytical and numerical
methods in this topic are given in [7, 8]. Different approaches have been pro-
posed for derivation of homoclinic solutions for integrable PDEs: while the
bilinear Hirota method [9] was used in [3], the Biacklund transformations were
employed in [1, 2, 5]. Up to now homoclinic structures were obtained for non-
linear equations associated with the Zakharov—Shabat spectral problem, which
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is exemplified by the linear dependence on the spectral parameter, including
the Manakov [10] and Davey—Stewartson [11] equations.

We propose here a new regular method to construct homoclinic solutions
for nonlinear integrable wave equations with periodic boundaries which makes
it possible to go beyond the Zakharov—Shabat spectral problem. It resembles
closely the dressing method [12] developed for generating soliton solutions.
In order to explain basic ideas, we first reproduce in Section 1 the known ho-
moclinic solution of NLS by our method. Then in Section 2 we consider the
modified NLS (MNLS) equation which is integrated by means of the Wadati—
Konno-Ichikawa spectral problem [13] and has important applications in non-
linear optics [14] and plasma physics [15]. It should be stressed that MNLS
provides the first example of treating the homoclinic orbits for the spectral
problem with nonlinear dependence on the spectral parameter.

2 HOMOCLINIC SOLUTIONS FOR NLS

The NLS equation
i, = tyy +2(Ju* — )u, o € Re (1)

arises as a compatibility condition for the Lax pair equations ¥, = Uy and
Y, = Vi with the matrices U and V of the form

U=iko; +i0, Q= (2 g)

V =iQ2k* — 0* 4+ w)o3 + 2ikQ + 03 0.,

k is a spectral parameter, w is a real constant. We are interested in periodic
solutions of NLS (1) with a spatial period L, u(x + L, t) = u(x, t). Hence,
the Floquet theory should be applied to the spectral equation ¥, = Ur.
The fundamental matrix M(x, k) is defined as a solution of the spectral
equation with the boundary condition M(0, k) = I, I is the unit matrix. The
Floquet discriminant is defined as A(k) = trM (L, k) and the bounded eigen-
functions of the spectral problem correspond to A(k) satisfying the condition
—2 < A(k) < 2. The Floquet spectrum is characterized by the simple periodic
points {k3|A(k}) = £2, (dA/dk);; # 0} and the double points {k;’|A(k;’) =
+2, (dA/dk)k; =0, (dzA/dkz)k(/g # 0}. We will deal with the complex dou-
ble points indicating linearized instability of solutions of a nonlinear wave
equation because these points label the orbits homoclinic to unstable solutions.

We will consider the orbits homoclinic to the periodic plane wave solution
uo of NLS (1) taken in the form

Uy = cexp[—2i(c2 — w)t], 2)
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where c is a real amplitude. Simple calculation gives the fundamental matrix
as

Mx, k) = (05K +itk/p)sinpx  i(c/p)e 2= gin px
T i/t @ =9 sinpux  cos pux — i(k/p)sinpx )

W=+ k2

and hence A(k) = 2 cos L. Thereby, the Floquet spectrum comprises the real
axis of the k-plane (the main spectrum) and a part of the imaginary axis lying be-
tween the simple periodic points &-ic. Besides, there exists an infinite sequence
of real double points k,‘f = [(n7/L)* — c?]"/2, ¢* < (nm/L)*, n are integers,
and a finite amount of complex double points k;.i, j are integers, situated on
the imaginary axis within the interval (ic, —ic), (jm/L)* < c?.In what follows
we choose ¢ and L in such a way that we will have a single pair of complex
double points kld = +i[c? — (w/L)*]'/?, that is a single unstable mode of the
solution.

Diagonalizing the transfer matrix M(L, k), R-'M(L, k)R = diag(e'**,
e'*L), we define the Bloch solution § = M(L, k)R of the spectral problem.
Demanding the Bloch solution to satisfy both equations of the Lax pair, we
obtain it explicitly as

—k
1 K

~ _  —i(c*—w)to; c ip(x+2kt)os
X =e€ w—k . e .

c

In the following, it will be more convenient to work with a modified Bloch
function y = j exp[—ikxo3 — i(2k* 4+ w)toz] which satisfies the equations

e =Ux —ikxos,  xi=Vx—iQk*+w)xo; 3)

and admits the asymptotic expansion started with the unit matrix, x = I +
k=1 D 4+ O(k=?), while the potential Q is reconstructed via

0 = —los, x"1. “4)

Suppose now that a solution of NLS homoclinic to the plane wave (2) can
be obtained from Eq. (4) with the Bloch function x being a result of dressing
the Bloch function o which satisfies Eq. (3) with u = u:

X = Dxo. (5)

Here D(k, x, t) is the dressing factor,

ki —k ki —k
K lP, D’l=1+1 1

D=1 -
k—kl k_kl

P, (6)
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P is a projector of rank 1, i.e., P>=P and P = (|n)(n|)/(n|n), (n| =
|n)t, |n) = (n1, ny)" is a two-component vector. As regards the choice of
the pole k; in (6), it is the point where we encounter a crucial difference from
the standard applications of the dressing method. The positions of the poles in
the dressing factors are usually taken quite arbitrary, without a reference to the
seed solution u#(. Contrary, it is the seed solution uy which determines these
poles in our case. Namely, we take the complex double points as the poles of
the dressing factors. Therefore, k; = k{.

Expanding Eq. (5) in the asymptotic series w.r.t. k~! we obtain new solution
of NLS in terms of the old one and the dressing factor:

Q = Qo — lo3, D'V, (7

where D = I + k~'DW 4+ O(k~2). Hence, we need know the vector |n) to
obtain new solution Q.
Differentiating (5) w.r.t. x gives

U(k) = =D(3; — Up(k)D™", ®)

where Uy = U (ug). Evidently, L.H.S. of (8) is regular in points k| and k;, while
R.H.S. has simple poles in these points because of the dressing factors. From
the condition of vanishing residue in the point k; we obtain |n), = Uy(k,)|n),
and, similarly, |n), = Vy(k;)|n). These equations are easily integrated and we
obtain

/l.]*iko

In) = ¢~ -o; (Aexpgﬂlx — 2koprt) — == exp(—ipix + 2k0,ult)>.
AP0 exp(ipuyx — 2kopit) + exp(—ipwix + 2kopit)
©)
Here A = const, u; = u(ky), k| = iko. Evidently, DV = —(k; — k)P and
hence u = ug+ 2(k; — ky)P» with Py = (n1712)/(|n1)? + |n2|%). Inserting
here the vector |n) and introducing notations
A =exp(p +ip), T=o0t—p, ¢=p—m/2,
o = 4kou, w1 +iro = ce'’?,

we obtain the homoclinic solution in the form

cos 2p — sin p secht cos(2u x + ¢) —isin2p tanht 500
_ ce ;

h 1 + sin p secht cos(2ux + ¢)

(10)

which coincides with the solution obtained in [5] by means of the Bicklund
transformation.
It is easy to see that this solution is indeed homoclinic to the plane wave:

t = +oo: uy— exp(:|:2ip)ce_2i(cz_w)’.
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In the case of N unstable modes the above procedure can be iterated. However,
more efficient way to deal with multiple double points will be described in the
next section.

3 HOMOCLINIC SOLUTIONS FOR MNLS

3.1 Floquet Spectrum and Bloch Solutions
The MNLS equation
ity = ey +ia(ulPuw); + 2(|ul® — whu, (1D

o and w are real constants, admits the Lax representation with the matrices U
and V of the form

. . 1 2 0 u
U=iho3+ikQ, A(k) = —(1 — k%), 0=\ _ ; (12)
o i 0
V =iQo3 +2ikAQ — ik’ Q%03 + ko3 O, +iakQ?, Q) =2A + w.
As for the NLS equation, we take the plane wave solution of MNLS (11)
uy = cexp[—2i(c* — w)t] (13)

as a periodic solution with a spatial period L. The fundamental matrix M (x, k)
is obtained in the form

A ck _,; .
cospux +i—sinpux i—e 2C " gin px

M= , " a A ,

. (o) A
i—eH O ginpux cos ux — i — sin ux
m

n
where 1 = (A% + ¢*k?)'/2. Hence, A(k)=2cosuL and four complex
double points  k; = (1 — (1/2)a>c? iacl)'?1; = [1 — (1/4)ac? —
(jm/cL)*]'/2, lying in four quadrants of the k-plane, correspond to each
unstable mode. We choose ¢ and L in such a way that only the single unstable
mode exists, i.e., 112 > (0 and l]2. < Ofor j > 1. The linearized stability analysis
confirms that the above four complex double points k; = (1 — (1/2)a?c? —
iacl)'?, ky = —ky, k3 = ki, and ky = —k; are associated with the exponential
instability.

The Bloch function which solves both Lax equations takes a surprisingly
simple form:

ok, x, 1) = exp[—i(c* — o)tos] | , _ A ck

ck
xexp[in (x + QA 4+ ac?)t) 03] .
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Now we define a modified Bloch function y = ¥ exp(—i Ax — i€2t)o3 which
satisfies the linear equations y, = Uyx —iAxo3, x, = Vx —iQxo3, and
admits the asymptotic expansion y = x@ + k~!x D + O(k2). Therefore, we
obtain for the plane wave potential

xolk, x, 1) = exp[—i(c? — w)to3] _A ck

ck
x expli( — A)(x + 2At)o3] exp [i(apc® — w)tos]

and the leading term of the asymptotic series y\ = e~ (/2ac*x+G/2ac’nos ¢
should be stressed that this leading term is not a unit matrix, as for the NLS equa-
tion. The reason is that MNLS does not a canonical equation for the Wadati—
Konno-Ichikawa spectral problem and hence does not admit the standard nor-
malization of the associated Riemann—Hilbert problem [16]. Therefore, we
perform now one more transformation of the Bloch solution, ¢ = x @'y, to
have the unit matrix in the asymptotic expansion: ¢ = I + k~'¢" + O(k~2).
¢ satisfies the linear equations

¢ =U'¢p — i Apo3, ¢ = V'p —iQeos, (14)
where
U' = iAoy +ikQ + %a@Q’Z, (15)

V' = iQ0y+2ikAQ — ik Q"0s +koy 0}, — S [0, 0)] - 7003 0"

Here new potential Q' relates with the initial one Q as

Q' =x""ox". (16)
Evidently, Q"> = Q2. Besides, ¢ is expressed via the potential as follows:
o
9 = 030" a7

3.2 Dressing

Suppose that a new solution of the linear equations (14) follows from the known
one ¢ by dressing ¢ = D¢y. Here D(k, x, t) is the dressing factor:

D) = (1 kz_EQP I k]_EIP (18)
B k—k  ° k—& ')

_ ki — ki ky — ka
D 'k)y= (1 P (1 P ).
(k) <+k—k1 l><+k—k2 2)




Homoclinic Orbits and Dressing Method 61

P;(j =1,2) is a projector of rank 1, i.e., P]2 = P;, which is represented by
means of a 2-vector |p;) = (p;l), 1!7;2))L as

t

2
PP (pil=IppIl.

(pilp;) =1p""P +1pS
As before, we take the complex double points as the poles of the dressing
factors. Therefore, four multipliers in the dressing factors (18) correspond
to four complex double points (k; = k;’). Expanding the relation ¢ = D¢y
in the as?/mptotic series gives in accordance with (17) and (16) Q =
X(O)(Xéo)_ Qoxéo) + (2/a)o3 DD x @~1 Because ¢p(k = 0) and X(()O)_l satisfy
the same equation, we get x© = X(()O)DO_ ' Dy = D(k = 0) which results in
the connection between new and old solutions of MNLS:

(Do) |: 2 ( .9 354 ) (l)i|
U= ug+ —exp | —icc’x — —a°c’'t | D . (19)
Do | « P 2 12

A successive application of both elementary multipliers in the dressing factor
(18) to the solution ¢y would not be an optimal strategy. Instead we decompose
the dressing factor into simple fractions which results into

2 .
7 Voot U
D) =1 g;k_EuNS).m, =7 Q0

where for simplicity we right |j) instead of |p;). Differentiating the relation
¢ = D¢g w.r.t. x gives U'(k) = —D(0, — U(’)(k))D’l. From the condition of
vanishing residues in the points k; and k, we obtain the equations

17)x = Ug(k I i), 1) = Vokplj),  j=1,2. (21

Note that the vector |2) is expressed in terms of |1) because of the symmetry
[16] Uj(ka) = Uy(—k1) = o3U;(k1)o3: |2) = o3]1). Hence,

(1(1) (2[1) (1o3[1)
S = — = - N SH1 = — = — = —S.
i b2 N T T Ltk 12
As a result, we obtain Dy and D" entering the formula (19) in the form
2 (I (D1 2 (1) (12
D = 1 + -, D = =,
o ki S11 — S ? ki Si1+ S
ph— 2 0 1 (DD = S07")
(1) (1D21(S11 + S21)™ 0

Because S;; are expressed in terms of the vector [1) (see (20)), we have
to obtain it explicitly. In the next section we will account for the explicit
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(x, t)-dependence of the vector |1) and justify the name “homoclinic” for the
solution (19).

3.3 Homoclinic Solution

Integrating linear equations (21), we obtain

[ (2 3 24 1 :
[1) = exp e xos Jexp| —i| ¢ —w—Ja'c tos | exp §(y+t,3)

eié—r +e—i§+r
X [e~(TH®iE—1) _ prt®p=ilE=11)]0i/2) ] -

Here y and B are real integration constants, | = u(k;) = /L, & = pui(x +
2ac’t) + (1/2)B, t = 2cpilit — (1/2)y,
1 1 +OlM1 ll OlCll

d=-1o , tanhy = ——, tand = ——————.
4 gl—ap,l * %—i—%ac 1—%0{%2

Hence, the matrix elements are written as
Sip = 2e"(A+ B)(k; — ki)', So1 = 2e"(A — B)(ky + ki),
where

A(&, ) = cosh2t + cos 2&,
B, 1) = cosh2(t + ®) — cos(2§€ — Ay — A_),

and

]ﬂklA + ]EIB _ ei(®_8)

_ kl ]EIA + le _ e_i(@+5)
kikiA+k B ’

E_lklA + kB
® 1ki—kiA—-B
tan — = — = y
2 iki+k A+ B
P2 3. 24 1)
exp(—iac x)exp —5latc t) Dy,
ol —ié/2 : . ) .
_ _ZO‘IEI]Z‘I:E k]’B/ ) [(ezr i ezzg) o®ike _ (e—2r +e—21$) e—<1>+z)\,]u0.

Substituting the above formulas into (19), we obtain explicitly the homoclinic
solution of MNLS equation:

2ily e/
u = 1 _—
{ kiA+k B

o1 , Dy =

[(le +62i§) eCI>7i)ur _ (672r+672i$) €CD+“L]} u0672i(-).

(22)
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The solution (22) is indeed homoclinic to the plane wave because

T — +o00: u — ugexp[—2i(Or + d1)],

O, = lim © = +arct el
= lim ® = Farctan ,
T oo 2(1 = Ja2c?) (1 — fo2c?) + (achy 2
1 2cl
b, =+ arctan%.
2 i — 213

In the ¢ — 0 limit consisting in representing the spectral parameter k as k =
1-— %OMNLS + O(a?), where AnLs is that for the NLS equation, the solution
(22) reproduces the NLS homoclinic orbit (10).

4 CONCLUSION

We have elaborated a new method to derive homoclinic solution in time for a
soliton equation with periodic boundaries. Our method has much in common
with the well-known dressing method for generating soliton solutions, with
the important difference that the positions of poles in the dressing factor are
not arbitrary but coincide with the positions of the complex double points of
the Floquet spectrum for the seed solution of the nonlinear equation. We have
demonstrated the method on the example of the modified NLS equation which
is integrable by means of the Wadati—Konno-Ichikawa spectral problem with
the quadratic dependence on the spectral parameter. We especially stress the
distinctive role of the Bloch solution to the Lax representation. For the case of N
unstable modes in the seed solution, the only computational difficulty consists
in inverting some 2N x 2N matrix. Though we restrict our consideration to
soliton equations solvable via the quadratic bundle, it is evident that because of
a wide applicability of the dressing method, our approach is feasible to more
general class of nonlinear equations.
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T. Grava
International School of Advanced Studies (SISSA), Via Beirut n. 24,
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There are many problems in pure and applied mathematics that can be solved
in terms of a Riemann-Hilbert (R-H problem). The list includes the remarkable
class of nonlinear integrable equations, namely nonlinear equations that can
be written as the compatibility conditions of linear equations. This class con-
tains a large variety of equations: ODE’s, PDE’s difference equations, etc.
Furthermore, the R-H problem formulation provides a powerful technique
for obtaining asymptotic results for solutions of ODE’s and PDE’s of this
class [1].

A remarkable application of this asymptotic technique is the derivation of
asymptotic for orthogonal polynomials which is related to the universality con-
jecture in one-matrix models (see [2] and [3] and reference therein). In this case
the associated rank two R-H problems are formulated on hyperelliptic Riemann
surfaces. The integrable structure of multiorthogonal polynomials and in par-
ticular biorthogonal polynomials was pointed out in [4]. Asymptotic results
for multiorthogonal polynomials necessarily involves nonhyperelliptic curves
and higher rank R-H problems, which now attract much attention, because of
their application to multimatrix models and approximation theory. Regarding
two-matrix models, some asymptotic results have been obtained for the genus
zero case (namely the analog of the one-cut case in one-matrix models) and the
corresponding genus zero nonhyperelliptic Riemann surface has been derived
in terms of the external potential [S]. Regarding approximation theory for mul-
tiple orthogonal polynomials some results have been obtained in [6], [7] and
more recently, using Riemann-Hilbert techniques in [8].

The principal aim of our investigation is to give effective and explicit solu-
tions to a class of higher rank R-H problems associated with nonhyperelliptic
curves. This article is a review of the paper [9].

The Riemann-Hilbert problem in its classical formulation consists of deriv-
ing a linear differential equation of Fuchsian type with a given set D of singular
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2

2m+1

‘kal

Figure 1. The contour £

points and a given monodromy representation
M : 1 (CP\D, o) = GL(N,C), N >2. (1)

An element y of the group 77;(CP'\D, X) is a loop contained in CP'\ D with
initial and end point Ay, Ao & D (see Figure 1). Not all the representation (1)
can be realised as the monodromy representation of a Fuchsian system, [10,
11]. In dimension N = 2 the R-H problem is always solvable [12] for any
number of singular points. For N > 3, every irreducible representation (1) can
be realised as the monodromy representation of some Fuchsian system [13, 14].
In general, among the solvable cases, the solution of the matrix R-H problem
cannot be computed analytically in terms of known special functions [15, 16].
Nevertheless, there are special cases when the R-H problem can be solved
explicitly in terms of 6-functions [17-19]. Our article discusses one of these
cases.

The method of solution proposed by Plemelj [20] consists of reducing the R-
H problem to a homogeneous boundary value problem in the complex plane for
a N x N matrix function Y (1). For this reason, boundary value problems in the
complex plane are often referred to as R-H problems in the modern literature. In
the case under study, the boundary can be chosen in the form of a polygon line
L. Assuming that the set of points D = {A1, ..., Ayys1, Aamso = 00} satisfy
the relation

ReA; < ReAs < ReAs; < --- < Rei, < ReAyytr.
the oriented polygon line £ is given by the union of segments
L =[00, MTU A1, 221U A2, A31U -+ U [Aom, Aams1] U Aoy, 001

The line £ divides the complex plane into two domains, C_ and C, (see
Figure 1). Let y1, 2, . . ., Y2m+2 denote the set of generators of the fundamen-
tal group 77;(CP'\D, A0), i.e., the homotopy class y; corresponds to a small
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clock-wise loop around the point A, (see Figure 1). Then the matrices M(y;) =
My € SL(N,C),k=1,...,2m + 2, form a set of generators of the mon-
odromy group. Since the homotopy relation

Y10 Y20...0 Y2 = Ao,
the generators M, satisfy the cyclic relation
Mo Moyyr .. . My = 1y,
where My,,1» = M. Let us construct the matrices G defined by
Gi=MMy_y...My, k=1,...,2m+2. (2)

The homogeneous boundary value problem is formulated as follows [20]
find the N x N matrix function Y (1) which satisfies

(i) Y (1) is analytic in CP'\ L;
(ii) The L,-limits Y1 (A) as A — L satisfy the jump conditions

Y_(A) =Y (A), for A€ (o0,Ar)
and
Y_A) =Y, (MG, for Ae g, Agrr), E=1,...,2m+1;

(ii1) for0 <€ < 1;

1 €
Y(k)(x) — 0 as i — oo,
Yi()\.)()\.—)\.k)é—)o asA—> A, k=1,...,2m+ 2,

over C, or C_ respectively;
@iv) Y(ho) =1y, Ao CL\D.

There is always a solution of (i)—(iv) such that det Y (1) # O for A 7% D. The
analytic continuation of the solution Y (A) along a small loop y; around A; is
determined by the matrix M, = Gy Gk__ll, namely

YG) = YOMy, AeC+\D, k=1,...,2m+2.

The solution Y (1) of the R-H problem (i)—(iv) satisfies a Fuchsian equation

dy () Zmil Ar

da N ©)

k=1
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if one of the monodromy matrices is diagonalisable [10] and [11]. Without this
condition, Plemelj original argument does not go through.

The method of [20] was used by Deift, Its, Kapaev, and Zhou [17] to
solve the 2 x 2 matrix R-H problem when all the matrices G,; are diago-
nal and all the matrices Gy_1,k =1, ..., m + 1, are off-diagonal. The idea
of the construction in [17] is to consider a hyperelliptic covering C over CP!
which is ramified in D and uses the natural monodromy of the hyperelliptic
curve. The application of methods of finite-gap integration [21, 22] allows
to obtain a f-functional solution for the problem depending on 2m parame-
ters. Similar results were obtained by Kitaev and Korotkin [18] by another
method.

The extension of the 2 x 2 matrix R-H problem to higher dimensional
matrices leads naturally to non-hyperelliptic curves. This fact was pointed
out by Zverovich [23], who considered the N x N problem (i)—(iv) when
all the matrices Gy are diagonal, and the nonzero entries of the matrices
Gy—_1,k=1,... . m+1are

(Go-1)ii-1#0, i=2,...,N,
(Ga—1h,n #0.

The solubility of the corresponding N x N matrix R-H problem is proved by
lifting it to a scalar problem on the N-sheeted Riemann surface Cy

Cnm:={0ny), YW =¢""p0)}, (4)

g =[]0 =20, p)=]]* = rasn).
j=1 j=0

Such surface can be identified with N copies (sheets) of the complex A-plane
cut along the segments £y = UZ1:+11 [A2k—2, A2¢] and glued together according
2 ... N—-1
2 3 ... N 1
pasted to the second, the second to the third and so on. On this surface, the
projection map (which we still denote by A) onto CP' is a function of degree N
and we think of y as a function of the point P € Cy ,, in the sense that y sends
P € Cy , into y(A(P)). Let P(gs), s =1,..., N, be the points on the s-th sheet
of Cy ,, having the same X, projection onto CP!. We define Yo i= y(A(P(J(]))).

Then y(A(P®)) = 277 yy,.

The algebraic-geometrical approach to the R-H-problem was developed fur-
ther by Korotkin [19]. He showed that for quasi-permutation monodromy ma-
trices (in which each row and each column have only one non zero element), the

to the permutation rule , that is the first sheet is
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R-H problem can be solved in terms of the Szego kernel of a Riemann surface.
The procedure to obtain the Riemann surface from the monodromy matrices
relies on Riemann existence theorem. First, all the nonzero entries of the mon-
odromy matrices M are set equal to one, so that all the monodromies become
permutation matrices. Then it is proved that there is a one-to-one correspon-
dence between permutation representations of 7;(CP'\D, () and N-sheeted
compact Riemann surfaces realised as a ramified covering of CP' with pro-
jection of branch points over CP! equal to D (see e.g. [24]. In our case the
permutation representation obtained by setting equal to one all the nonzero

entries of the matrix Gy, k= 1,...,2m + 2,18
1 2 ... N—-1 N
Vzk—1—>(2 3 N 1) k=1,....,m+1, (5)
1 2 ... N-—-1 N
Vzk—><N 1 N—2 N—l) k=1,...,m+1. (6)

In this case it is straightforward to verify that the above permutation representa-
tion corresponds to the curves Cy ,,. However, the Riemann existence theorem
is just an existence theorem, that is, it does not produce explicitly algebraic
equations for the coverings. Tools for the computation of families of coverings
from the permutation representation, are given in [25].

Our derivation of the solution of the R-H problem (i)—(iv), incorporates both
the method of [17], implemented for hyperelliptic curves and ideas of [19].
First we solve the so-called canonical R-H problem, namely the problem (i)—
(iv) when all the matrices G, are set equal to the identity and all the matrices
G4 are set equal to the quasi-permutation Py, where

0 0 ... 0 0 (=DM
1 0 0 0
0 1 0 0 0
Pv=1 ... 0 0 )
0 0 1 0 0
0 0 0 1 0

More precisely the canonical R-H problem consists of finding a matrix val-
ued function X(A) analytic in the complex plane off the segment Ly =
UZ[:II [A2k—1, A2k ] such that

X_-(A)=X,(M)Pn, Are€ Ly, 3
X(ho) =1y, XoeCy. 9)
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The entries of the matrix X(A) can be expressed in terms of the Szegt kernel
with zero characteristic, S[0](P, Q), defined on Cy ,,. We show that

1 JdHQ)dI(P) NZ_I (q(MP»p(x(Q»)‘%*% 10
N A(P)—MQ) P(A(Q))g(A(P)) ’
where P, Q € Cy. . Then the N x N matrix X (1) with entries

X,(1) = S[0](P®, Pg%M (11)

VAAQ)dA(P)

e fam ) T D
=y 2\ ) AP

where P® = (1, ¢2"*¥ y) and Pér) = (Ao, €% yo), 7, s = 1, ..., N, denote
the points on the s-th and r-th sheet of Cyy ,,, respectively, solves the R-H problem

S[01(P, Q) =

k=0

(8). When N =2 and .} 4% — 1 guch formula coincides with the canonical

p(ho)
solution obtained in [17].

The quasi permutation matrices Gy, k = 1, ..., 2m + 2, of our problem are
parametrised by a set of 2(N — 1)m nonzero complex constants ¢y, ..., ¢(N—1ym
and d,, ..., dn_1ym as follows as

0 0 ... 0 0 (—DN "¢,
Cim o9 0 0
Ck c
0 o9 . 0 0
Ck4m
Guor=| . 0 0 ’
0 0 Cht(V—2m 0 0
Ck+(N—3)m |
0 0 .. 0 _ 0

Ck+(N—2)m

for k=1,...,m and Gy, = Py, where Py has been defined in (7); the
diagonal matrix Gy reads

N—2
. 1
Gy = dig (dk’ ditms - s Akt (N=2m>s | | ) ,

j=0 dk+jm
fork=1,...,mand Gy,42 = ly.
The solution Y (1), of the full R-H problem (i)—(iv), where the constant matri-
ces Gy, k =1,...,2m + 1, are parametrised by 2(N — 1)m arbitrary complex

constants, is obtained, following [19], using the Szegd kernel with nonzero
characteristics. From the relation (10), we are able to write the global solution
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Y (1) of the R-H problem (i)-(iv) in the form

8 P®
2 [e] [ dv;T
Py 6(0; IT)
Y s(A) = X,;(1) r,s=1,..., N,

P 1) . ’
o [ dv;l 9[6}(0’1_[)

(12)
where dv is the basis of normalised holomorphic differentials on Cy ,,, I1 is

the period matrix of dv, 6 [2] is the canonical #-function with characteristics

€ and § defined by the relations

1 sm
€lom = ——log XM o0, N—2, k=1,...,m— 1,

2771 Chk4-1+4sm

1
€m = —logeg, s=1,...,N—1,
27‘[1

1
O = —logdy, k=1,...,(N—1)m.
27[1

We remark that the genus of the curve Cy ,, is equal to g = (N — 1)m and we
have introduced a set of 2m(N — 1) parameters in the monodromy matrices.
In this way, there is a one to one correspondence between the 2(N — 1)m
6-function characteristics and 2(N — 1)m monodromy parameters.

It can be proved that detY (1) = 1 thus showing that the solution (12) is non
singular. The solution (12) exists if

)
9[6}(0;1'1)#0,

that is if I16 + € ¢ (®), where (®) is the 8-divisor in the Jacobian of the
Riemann surface. The monodromy matrices My = GG, ', can be written in
the form

My =C'e*™'"C,, k=1,....,.2m+1, C, € GL(N,C), (13)
where the matrix oy reads

—-N+1 —N+3 N-3 N—-1
2N 2N 2N 2N

(14)

g o e ey N

oy = diag (

The matrix Y (A) has regular singularities of the following form near the
points Ay

Y(O) = Vi) — A)NCE, reCy k=1,...,2m+1,
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where the matrices Y;()) are holomorphic and invertible at A = Ay, C ,j = Cy
and C; = CiGy_1,k=1,...,2m+ 1.
It follows from the above expansion that % Y (%) is meromorphic in CP!

with simple poles at A, A2, ..., Ayuio. Therefore Y (1) satisfies the Fuchsian
equation

dY()\,) 2m+1 Ak

= Y(L), 15

- k;j YW (15)
where
dYy(n)
Ay = Ar(ha, oo, Aot M, oo Moyq 1) = Respioyy TY()»)

= Y Oon Y 0w), k=1,....2m+1.

If none of the monodromy matrices depend on the position of the singular
points Ay, k = 1,...,2m + 1, the function Y (A; Ay, ..., Ayy41) in addition to
(15) satisfies the following equations

9 Y (L) Ax Ax YO, k=1 2m+1.  (16)
- — — s =1,...,4m .
Ik Ao — M A — Ak
Compatibility condition of (15) and (16) is described by the system of
Schlesinger equations

0 A [Ar, Aj]  [Ax, Aj]

— A=

M A—hj  ho— A,

2 2%‘ ([Ak, Al (A Aj])
O p = _ .
Ik AT \Nhe= 2 ko= A,

Thus the solution of the R-H problem (i)-(iv) leads immediately to the particular
solution (16) of the Schlesinger system (17).

The t-function corresponding to the particular solution (16) of the
Schlesinger system, has the form

. J#FKk a7

6 [i] (0: 1)
T(A, oo A1) = W
m N2_1 n N2
[T Qg =A™ [T (Rok — Ai) v
¢ kshik=0 k<i,k,i=1
2m+1 N2t
[T —arp)mv
i<jiij=1

(18)
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We remark that the factor not containing 6 [g ](0; IT) in the above expression,

is related to the Bergmann projective connection of the surface. For N = 2 the
above formula coincides with the one obtained in [18].

Finally, we investigate in detail the case N = 3 and m = 1. The monodromy
matrices read

0 0 ¢ 0 l—jl 0
M=% 0 o], Mm=]| o0 0 cod |,

0 () o0 ﬁ 0 0

0 0 dd 010
My=|4 0 0 |, Mo=[0 0 1],

0 712 0 1 00

where ¢y, ¢2, di, d; are nonzero constants. Then the solution of the R-H problem
(i)—(@v) is defined in terms of the Szegd kernel of the genus two Riemann
surface

C31:y° == A)h — k> (A — A3).

The automorphism group of C ; is isomorphic to the dihedral group Ds. For this
reason Cs ; is a two-sheeted cover of two elliptic curves that are 3-misogynous.
As a result the solution of the R-H problem and of the Schlesinger equations
can be expressed explicitly in terms of Jacobi’ ¢-functions. The t-function of
the Schlesinger system reads

M o— A3
(A1 — A2)(A2 — A3)
y S Onler+ea+3T (1 482); 6TV (€1 — €2+ T (8 —82); 2T)
93(0; 6T)03(0; 2T) + 02(0; 6T )9(0; 2T) ’

where ¢, i = 2, 3 are the Jacobi’s ¥ -functions,

2
5
) eZni[T(Slz+8|82+§§)+6151+€282]

T(A1A2, )»3)2(

€ = zimlogc,, 8 = —110ga’,, i=1,2
and
_iV3F(3.3.11-1) LR
3 F(L AL T -
Here F (%, %, 1;1 — t) and F %, %, 1; t) are two independent solutions of the

hypergeometric equation

2
t(1—F + (1 —20)F — sF=0.
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The function T = T'(¢) is in general not single-valued. For T belonging to the
Siegel upper half space modulo the modular group I'y(3) the function t = #(T')
is single-valued and reads

(93(0;3T) — 95(0; 7))
(305(0;3T) + 9§(0: T))*
Clearly, the above expression is automorphic under the action of the group

I'0(3). From the classical theory of the hypergeometric equation it follows that
the function ¢ = #(T') satisfies the Schwartz equation (see for example [26])

t =2705(0;37)

l:2
{t, T} + Ev(t) =0,

dt

where f = T

{, } is the Schwartzian derivative,

di 1/F\°
. Th=-—>— (5
aTri 2 \i

and the potential V(¢) is given by

1_[32 1_y2 ﬂ2+]/2_0l2_1 1
V 1= + + ) o=, = == O
O=—"*i"y (-1 3 P
From the function ¢ = #(T') it is possible to derive an expression for the solution
of the corresponding general Halphen system equivalent to the one derived in
[27] in terms of Dedekind n-function [26]. Indeed the functions
1d f 1d f 1d

=—=—1In , =—=—1In——r, =—=—1In-,
OEToar Ce—1 T T2ar Vi—1r T Ta2ar i

solve the general Halphen system

W] = ww3 — wi(w2 + w3) + R,
Wy = wjw3 — wr(w1 +w3) + R,

w3 = wjwy — wi(w] +w) + R,

where

1
R = 5(601 — w2)(w3 — wy).
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ANALYTIC AND ALGEBRAIC ASPECTS
OF TODA FIELD THEORIES AND
THEIR REAL HAMILTONIAN FORMS

V.S. Gerdjikov
Institute for Nuclear Research and Nuclear Energy
72 Tzarigradsko chaussee, 1784 Sofia, Bulgaria

Abstract One of the paradigms which stimulated the development of powerful
methods in mathematical physics is the Toda field theory in 1 41 di-
mensions. It enhanced the development of graded and Kac-Moody alge-
bras and the method of reductions in the inverse scattering method. Here
we outline the basic ideas and some of their latest developments which
allowed to relate to each TFT a family of its real Hamiltonian forms.

Keywords: Solitons, Toda field theory, Hamiltonian systems, Tau function.

1 INTRODUCTION

The famous paper by Hirota [1] started a new trend in soliton theory. It stim-
ulated both the construction of soliton solutions of new nonlinear evolution
equations (NLEE) and the development of the algebraic approach to soliton
theory via the method of the tau-functions, see [1, 2]. Special role here play
the conformal and the affine Toda field theories in O + 1 and 1 + 1 space-time
dimensions [3, 4, 5].

In the present paper we analyze some of the analytic and algebraic aspects
of the affine Toda field theories (ATFT) in 1 4 1 dimensions. Next we show
that the well known ATFT can be viewed just as a member in the family of real
Hamiltonian forms (RHF) of these theories. A nontrivial example of RHF for
the ATFT is given explicitly.

2 PRELIMINARIES

To each simple Lie algebra g one can relate both conformal and affine versions
of a TFT in 1 4 1 dimensions. It allows Lax representation:

[L,M]=0 (1)
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where L and M are first order ordinary differential operators whose potentials
take values in g:

d
Ly = (id— —iqu(x, 1) — Uo) Yx,1,A) =0, (2)
X
My 2 11( Ny, ,2)=0 (3)
=(i—— =I(x, x,t,A)=0.
Yar T x
Here g(x, t) € b—the Cartan subalgebra of g, g(x, t) = (¢, . . ., g,) is its dual
r-component vector, r = rank g, and
Jo=Y E. Ix,0)=) e “PE, 4)
oaET oET
If 7 is the set of simple roots 7 = {«y, ..., o, } of g then we get the conformal
TFT; if 7 is the set of admissible roots, i.e., 7 = {og, a1, ..., o} where o

is the minimal root of g then the corresponding TFT is the affine one. The
equations of motion in the latter case is of the form:

3%q - G
=D njae D, )
=0

0x0t

where n; are the minimal positive integers for which ZZ':o njoa; =0.

The operators L and M are invariant with respect to the reduction group Gg =~
Dy, [3] where £ is the Coxeter number of g. This reduction group is generated by
two elements satisfying g/ = g2 = (g1g2)> = 1 which allow realizations both
as elements in Aut g and in Conf C. The invariance condition has the form:

CeU(x, 1, k(M) = Ux, 1, 24),  Cr(V(x,t,k6(A) = V(x,1,4) (6)

where U(x, t, X)) = —ig,(x,t) —AJpand V(x,t, 1) = —%I(x, t). Here Cy are
automorphisms of finite order of g, i.e., C{l = C% = (C1Cy)* = 1 while k(1)
are conformal mappings of the complex A-plane. The algebraic constraint (6)
are automatically compatible with the evolution.

Lemma 1 Let g be a simple Lie algebra from one of the classical series
A, B.,C, or D, and let h be its Coxeter number and Ny—the dimension
of the typical representation. Then the characteristic equation of Jy taken in
the typical representation has the form:

™" —1)=0, ro=Ny—h. (7)

Remark2 The constantrg =0forg>~ A,,C,;ro=1forg>~ B, andry =2
for g >~ D,. Solving the inverse scattering problem in the last two cases requires
special treatment of the subspaces related to { = 0.
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3 THE SPECTRAL PROPERTIES OF L

The reduction conditions (6) lead to rather special properties of the operator L.
Along with L we will use also the equivalent system:

dm

me,t,)» =i
( ) T

+igem(x, t,A) — A[Jo, m(x,1,1)] =0, (®)
where m(x, t, \) = ¥(x, t, L)e'**  Combining the ideas of [6] with the sym-
metries of the potential (6) we can construct a set of 2/ fundamental analytic
solutions (FAS) m,(x, ¢, A) of (1.8) and prove that:

1. the continuous spectrum X of L fills up 2A rays [, passing through the origin:
A€l argh=0—Dn/h;

2. my(x, t, A)is a FAS of (1.8) analytic with respect to A in the sector 2,;: (v —
Dr/h < argh < vm/h satisfying lim; _, oom,, (x, 1, A) = 1;

3. to each [, one relates a subalgebra g, C g such that g, N g, = @ for v #
mod (&) and Uszl g, = g. The symmetry ensure that each of the subalgebras
g, 1s a direct sum of s/(2)-subalgebras;

4. on X the FAS m,(x, t, 1) satisfy

mv(x,t, )") =mv—1(x’ta )\.)GU(X,I, )\')s AE lvv (9)
Gy(x,t,\) = e*i()»fox#f()h))lGO »() el Jox+f) ¢ G,, (10)

where G, is the subgroup with Lie algebra g, and f(}) is determined by the
dispersion law of the NLEE: f(A) =Y i _o E_g,/A;
5. the FAS of (8) satisfy:

Cl(mv(xs t5 (l))\,)) = mU—Z(Xa t? )\')s )\' E lU—Za (11)

where C is equivalent to the Coxeter automorphism:

~ _ i 1
CI(X)EC11XC1, C1=€2h H”, ;0=EZCU; (12)

a>0

obviously Cfl =1and C,(Jy) = w ' Jy;
6. the FAS m,(x, t, 1) satisfy one of the following two involutions:

Calmy(x, 1, XN = Calmiy_, 1 (x, 1, 1), (13)
where C», C22 = 1 is conveniently chosen Weyl group element, or

(my(x, 1, =A")" = mp_py2(x, 1, 1). (14)
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These relations lead to the following constraints for the sewing functions
Gy, (1) and the minimal set of scattering data:

C1(Go,u(@1)) = Go,y—2(0), (15)
Ca(Gl (W) = Gy by, a0, (16)
G, (—1) = Gop—via(M). (17)

If L has no discrete eigenvalues the minimal set of scattering data is provided
by the coefficients of G 1(A), A € [} and Gg (), A € [. All other sewing
functions Gy ,(A) can be determined from them by applying (15), (16) or
(15), (17).

4 THE REAL HAMILTONIAN FORMS OF ATFT

The Lax representations of the ATFT models widely discussed in the literature
(see e.g., [3-5, 7] and the references therein) are related mostly to the normal
real form of the Lie algebra g. Our aim here is to:

1. generalize the ATFT to complex-valued fields g© = gy + ig;, and
2. describe the family of RHF of these ATFT models.

We also provide a tool to construct new inequivalent RHF’s of the ATFT. This
tool is a natural generalization of the one in [8] to 1 4 1-dimensional systems.
Indeed, the ATFT can be written down as an infinite-dimensional Hamiltonian
system as follows:

dq dp

a Sl =), as)
o0 ] r R

Hurer = / dx | =(p(x, 1), p(x, 1)) + ane—(q(x,r),ak) ’
—o0 2 —

where p = dg/dx and g are the canonical momenta and coordinates satisfying
canonical Poisson brackets:

{ar(x, 1), pj(y, D} = 8x8(x — y). 19)

Next we introduce an involution C acting on the phase space M =
{qk(x), pr(x)};_, and satisfying:
1) C(F(px, 1)) = F(C(px), C(qr)),

2) CUF(pr, qr), G(pr, q)}) = {C(F), C(G)},
3) C(H(px, qx)) = H(pr, q1)-
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It is important also that the Hamiltonian H (py, gx) is an analytic functional of
the fields g, (x, t) and pi(x, t).

The complexification of the ATFT is rather straightforward. The resulting
complex ATFT (CATFT) can be written down as standard Hamiltonian system
with twice as many fields g,(x, t), p.(x, t),a = 0, 1:

Pr = pen+ipte,n, G50 =§0 0 +ig'(x, 1), (20)

{g0(x, 1), P2y, D)} = —{gi (x, 1), pi(y, D} = 81;8(x — y). @21
The densities of the corresponding Hamiltonian and symplectic form equal

Hirer = ReMarer(p° +ip', ¢° +ig") (22)

IR IR .
= 5" P = 5 Y+ ) _me @) cos((3", ),
k=0

w® = @dp’ Nidg® —dp' Adgh. (23)
The family of RHF then are obtained from the CATFT by imposing an
invariance condition with respect to the involution C = C o * where by * we

denote the complex conjugation. The involution C splits the phase space M®
into a direct sum M€ = ME @ MC where

MG =Mo®iM;, ME =iMyd M, (24)

The phase space of the RHF is Mz = M. By M, and M; we denote the
eigensubspaces of C, i.e., C(u,) = (—1)%u, for any u, € M,.

Thus to each involution C satisfying 1)-3) one can relate a RHF of the ATFT.
Due to the condition 3) C must preserve the system of admissible roots of g;
such involutions can be constructed from the Z,-symmetries of the extended
Dynkin diagrams of g studied in [7].

Example 1 We choose g >~ A, and fix up the involution C by:
C(Qk) = —q2ry2—k, C(Pk) = —P2r42—k>» k= 17 )
C(QH»]) = —q4r+1, C(PrJrl) = —Pr+1- (25)
The coordinates in M. are given by:

1 1
ar = 75(% F Goi2-4)s Pi= E(Pk F P2r42-k)s

Gry1 =9qr+1>  Pry1 = Prtls (26)
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wherek =1,...,r,ie.,dim M = 2r and dim M_ = 2r 4 2. Then the den-
sities HApgps @xppy for the RHF of AFTF equal:

r+l -
9,1 _
Hirer = Zp ——Zp +2e7%/V2 co (E_qu)

. _ Qi1 — 9k /42 9, -

+ 3 260NV gog [ TEL_Tk ) 4 9,47 /V2 o (— —q, )

; V2 i
r r+1

wirer = Y _dp Adg = dp; Adgy 27)
k=1 k=1

where pif = dgiF /dx. If we put q; =0and p; = 0 we get the reduced ATFT

related to the Kac-Moody algebra Dfﬁl [7].

The automorphism C is dual to an automorphism C* of the corresponding
Lax pair and the Lie algebra g. In fact C* = —C*(X") is a Cartan involution
of g and therefore the Lax pair of the RHF is related to a real form g of g.
The reduction condition (13) (or (14)) picks up the real form of the related
Kac-Moody algebra.

S DISCUSSION

Though some examples of RHF of ATFT have been known before [9], the
method proposed in [8] provides a tool for the systematic construction and clas-
sification of the RHF for any Hamiltonian system, not necessarily integrable.
It can be proved that the RHF of an integrable system is again integrable [8].
The solutions depending analytically on the initial parameters go into solutions
of the RHF. Such are, e.g., the soliton solutions derived by Hirota’s method in
[7]. Imposing the reduction conditions on these parameters one can obtain the
soliton solutions of the RHF of the ATFT. Their properties (stability, asymp-
totic dynamics etc.) however, will be different and deserve separate treatment.
The situation here is similar to the one for the Toda chain. The real Toda chain
allows only asymptotically free particles while the complex Toda chain and its
RHF contain also asymptotic bound states, see [10].

The consequences of these fact for the corresponding tau-functions has to
be investigated. It is important to find out all types of soliton solutions that the
RHF of ATFT possesses. The Z,- symmetries of the extended Dynkin diagrams
and the relevant reduction of the ATFT [7] can be used to classify all RHF of
ATFT.

Other integrable models, as e.g., the Z,-nonlinear Schrodinger equation [11]
and their RHF can be investigated along the same lines.
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A. Ramani and A.S. Carstea*
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Abstract We present the list of all known to date difference and g-discrete forms
of the Painlevé II equations. We show that, with the exception of two of
them, all these equations are symmetric reductions of equations with more
than one parameter and give the bilinearization of these systems. Finally
we point out the existence of another one-parameter discrete Painlevé
equation: the one-parameter d-Pyy;.

1 INTRODUCTION

The relation of (continuous) Painlevé equations to bilinearization goes a long
way back, to before the bilinear formalism was introduced. Having the Painlevé
property, the solutions of the Painlevé equations are meromorphic functions
[1]. This means that they can be expressed as ratios of entire functions. But,
precisely, the ansatz expressing the nonlinear variable as a ratio of entire, ,
functions lies at the heart of the bilinear approach. We can illustrate this in the
case of the continuous Py;. We start with the equation

w' =2wl+rw+ao (1)
and introduce the ansatz w = (log(F/G)) . Substituting into (1) we find that it
is possible to split it into a system of two equations:

F'G+ FG" =2F'G’ (2a)
F"G—-FG" +3(F'G"—F'G)=t(FG—-FG)+aFG (2b)

These two equations constitute the bilinearization of Py;. The bilinear approach
has been applied with success to all Painlevé equations, resulting into the

* Permanent address: Department of Theoretical Physics, Institute of Physics and Nuclear
Engineering, Magurele, Bucharest, Romania
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bilinear forms which can be of the utmost usefulness for constructing auto-
Bicklund transformations and special solutions.

In the case of discrete Painlevé equations (d-IP) we cannot rely on analytic-
ity arguments. However another property of d-P’s comes to the rescue of the
bilinear approach. As a matter of fact, discrete equations, integrable through
spectral methods (as is the case for the d-P’s), possess the singularity confine-
ment property [2]. This means that any spontaneously appearing singularity
disappears after some (a few) iteration steps. From a practical point of view
this means that if we try to represent the nonlinear dependent variable as a ratio
of functions which have only zeros (which would be the discrete analogue of
entire functions) only a finite number of such terms is needed. The bilinear
approach for discrete [P’s was systematically introduced in [3] and has been ex-
tensively used since. The bilinearization of what we have dubbed the standard
d-P family, was given in [4]. An interesting result of feedback was given in
that paper, where using the bilinear form of discrete Py; we have obtained the
bilinearization of its continuous analogue (a result that had eluded all previous
studies). Finally the bilinear formalism is the key ingredient in the geometrical
description and classification of d-P’s in terms of affine Weyl groups [5].

One remarkable property of discrete P’s is that there are so many of them. (In
[6] we have argued that an infinite number of d-P’s may exist). Since the names
of d-IP’s are based on their continuous limits and the latter are limited by the
existence of just six P’s it is natural to have more than one discrete analogue for
each continuous Painlevé equation. In a previous study [7] we have presented a
list of over 15 different forms of d-Py (and still the list is certainly incomplete).
In this paper we shall present a similar study for d-Py;. We shall give the various
forms of equations already identified as the discrete analogues of Pr;. We shall
show that for the majority of them the Py continuous limit results from an
artificial restriction of the degrees of freedom of the equation to just one. In the
present analysis the full freedom will be restored (which allows us to identify the
genuine difference and g form of Py;). The bilinearization of all these equations
will be equally obtained in full generality.

2 THE VARIOUS DISCRETE FORMS OF PAINLEVE II
EQUATION

As we have explained in the introduction, some equations are written as one-
parameter Py; but they can, in fact, be extended to equations with a higher
number of parameters. The best example, in order to illustrate this point, is
what we call the “standard” d-Py;. In full generality we have

(an + B)x, +v + 6(—1)"
1 —x?

3)

Xpt1 + Xp—1 =
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The presence of the (—1)" term suggests that we separate even and odd terms.
Putting X,, = xp,, and Y,,, = x2,,+1 we have

Zm+1/4Ym + A

Xm+1 + Xm = 1 — Yn21 (43)
Zm—1/4Xm +B
Y+ Y1 = W (4b)

where Z,, = Qam + B —a/2), A =y — §,and B = y + §, Thus the equation
which is a d-P;; when § = 0 requires an extra parameter for § % 0 and was
shown to go over to Pyy at the continuous limit [8].

Equations (3) and (4) are what, in the QRT [9] terminology, are called sym-
metric and asymmetric forms. The equations we shall list below possess for the
most part degrees of freedom which would suggest an asymmetric form. Still
for better legibility we shall restrict ourselves to symmetric forms. However
in every case we shall explicitly give the number of parameters of the equa-
tion (and the way they enter) as well as the affine Weyl group under which
the equation can be classified. The way the full freedom of the equation will
be obtained is through the application of the singularity confinement criterion.
The procedure is perfectly legitimate (as we have amply explained in previous
publications [10]). In every case we start from a mapping which is integrable
in its autonomous form and use the singularity confinement criterion just for
its deautonomization. In this setting singularity confinement is a sufficient in-
tegrability criterion.

1. The first example we shall give is that of the standard d-Py;. This equation
was first obtained through an orthogonal polynomial method by Periwal
and Shevitz (albeit in a zero-parameter form) in a field-theoretical model.
Simultaneously Nijhoff and Papageorgiou derived the same equation from
the similarity reduction of the discrete modified KdV equation (in a nice
parallel to what happens in the continuous case). The full form was obtained
in [11], and as we just said above (3) is

ZnXn + ay

&)

Xpt1 + Xp—1 = 1 — x,%
where z, = an + Banda, = y + §(—1)". As we explained above this equa-
tion has Pyyy as continuous limit. Its geometrical description was given in [12]
in terms of the A(;) affine Weyl group.

2. The “alternate” d-Py;

Zn Zn— 1 1
- =X+ —+2,+ 6
Xn+1Xn +1 XnXp—1 + 1 " Xn " H ( )
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where z, = an + f and p is a constant, with no further degree of freedom.
This equation was first obtained in [13] as a contiguity of the continuous
Ppy. It was studied in detail in [14] where it was shown that it possess
the property of self-duality. This means that the discrete equation govern-
ing the evolution along the parameter p (evolution obtained through the
Schlesinger transformations) is precisely the “alternate” d-Pyy itself. This
observation has made possible the geometrical description of not only (6)
(which was given in [15] in terms of the affine Weyl group 2A(11) ) but of all the
d-P’s.

. The g-discrete equation

Ay (xn - bn)

Xn+1Xn—1 Xn(Xn — 1) (7)
where loga, =an+ B+ (—1)"y,logh, =an+68§ — (—1)"y (so the
quantity a,b, does not exhibit any even—odd dependence) was obtained
in symmetrical form in [15] and in full freedom in [16]. This equation is one
of the few examples not possessing the property of self-duality. Its geomet-
rical description is given in terms of the affine Weyl group A(zl) + A(ll) ts
detailed study is due to Kajiwara, Noumi, and Yamada [17].

. Another g-discrete equation, of the same family exists:

Sppray = 220 0n) ®)
Xy — 1

where loga, = an + B+ (—1)"y + j"8 + j*'¢, (j being a cubic root of
unity), log b, = 2an + 6 — j"8 — j>*¢ (so the quantity a,b, does not ex-
hibit any three-fold dependence). This equation has five degrees of freedom
and its description can be given in terms of the affine Weyl group Dgl). The
full form of (8) was obtained in [16] where we have argued that this mapping
is a Miura transformation of the asymmetric ¢-Pyy, discrete Py, equation of
Jimbo and Sakai [18].
. A difference equation of the Pyy family also exists as a d-Py; when restricted
to symmetric form:

(Xn + 2n + ko) (x — b?)
Xn — 2Zn

(-xn+l + xn)(-xn + -xnfl) = (9)

The full freedom this equation is z, = an + B + j"y + j*'8,k, = ¢ +
(—=1)"@ — 3"y —3j%"8, so k is a constant (as implied in [15]) only in
the “symmetric” case y = § = 6 = 0. When all five parameters taken into
ac((ig)unt, the description of the equation is in terms of the affine Weyl group
EL.
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Three different equations from the g-P, family also exist as discrete Py;’s.
6. The first is

anXx,
(xn+lxn - 1)(.)6")6”71 - 1) = (10)
x, — b,

where a, = agr?* and b, = byA". The quantities a, b are related through
by+1/by—1 = a,/a,—1. This would suggest an even/odd degree of freedom
for b. However it is straightforward to absorb this extra parameter into a
trivial gauge and thus Eq. (10) has just one genuine parameter: it is a g-
discrete form of Py (something that was never before pointed out although
this equation is known for quite a few years). The geometrical description
of (10) can be given in terms of the affine Weyl group A(ll) + A(l]). This is
also one of the few cases which are not self-dual.
7. The second equation is

(xn+1xn - 1)(xnxn—1 - 1) = an(xn - bn) (11)

(as a matter of fact this equation does not appear in the classification of
d-P’s presented in [15]: this is an ommission). The full freedom of (11) is
obtained through loga, = 3an + B,logh, = —an +y + j*8 + j>¢. Its
geometrical description can be given in the framework of the affine Weyl
group Aﬁll) . In the symmetric case (6 = ¢ = 0) the continuous limit of
(11) is obtained through x = (1 + ew)/v/3,a = €3, e = —8/(3/3), ¥ =
(1 — ce3/6)«/§/2 and at the limit e — 0 we find (with t = ne), d’w/dt*> =
2w + 12tw + c.
8. Finally one last discrete Py; was identified in [15] in the form

(xn+lxn - 1)(xnxn—l - 1) = (1 - anxn)(l - xnbn) (12)

The singularity analysis of this equation results into the following expres-
sions for a, b compatible with the confinement property: loga, = an +
B+ (=D)'(ny +68)+i"¢ +(=i)"n,logh, =an +6 + (=1)"(ny +«) —
i"¢ — (—i)"n. The interesting thing in this case is the presence of the term
e+ (or § — k). One of the e~V term can be gauged out (only
the quantity § — « is fixed) so the total number of parameters is 5, and the
geometry is that of the affine Weyl group Eél). However, the remaining
D" cannot be gauged out and is indeed corresponds to one of the
genuine parameters, resulting into a term p*" (the sign depending on the
parity of n). This is really a unique feature: we do not know of any other
example where such a term appears.

To summarize, we have eight various forms of discrete Py, where two are
genuine discrete analogues of Py, (2) and (6), and the remaining six are sym-
metric reductions of equations with more degrees of freedom. Still, as they
stand all eight constitute discretizations of Py.
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3 BILINEARIZING THE DISCRETE P;; EQUATIONS

The bilinearizing ansatz, i.e., expressing the nonlinear dependent variable in
terms of 7-functions, can be guided by the singularity structure of the equation.
As we have explained in [3] one can guess the minimal number of 7-functions
necessary for the bilinearization on the basis of the various singularity patterns.
(However, it often turns out that a complete bilinearization necessitates also
the introduction of auxiliary 7-functions).

Let us present in detail the bilinearization of the standard d-Py; which will
serve as a guide for the remaining cases. In the case of d-Py; we have two sin-
gularity patterns, and so we expect two t-functions to appear in the expression
of x. We start with the pattern {—1, oo, +1}. The diverging x may be, related
to a vanishing t-function, say F, in the denominator. In order to ensure that
Xn—1 and x,,+1 are respectively —1 and +1, we choose x,, in the form x,, =
—1 4 Bt g must be expressed in terms of the second
T- functlon G.We turn now to the second pattern {+1, co, — 1 } related to the Van-
ishing of the T-function G. We find, in this case, x, = 1 + ”*‘ r=
where 7, s are expressed in terms of F. Combining the two express10ns in terms
of F' and G we find, with the appropriate choice of gauge, the following simple
expression for x:

X, = 14+ Fn+1Gn—1 —1—_ Fn—lGn-H (13)
F,G, F,G,

which satisfies both singularity patterns. Thanks to this particular choice of
gauge the relative sign is such that the continuous limit of (13), obtained through
X =e€w,is w = d;zlog g, i.e., precisely the transformation in the case of Py
we encountered in the introduction. Since, two t-functions are present here,
we expect d-Pyj to be given as a system of two bilinear relations. Equation
(13) does indeed provide the first equation of the system. By eliminating the
denominator F,,G,, we obtain

Fn+lanl +Fn71Gn+l _2FnGn =0 (14)

In order to obtain the second equation we rewrite d-Pyy as (x,+1 + x,-1)(1 —
xp)(1 + x,) = z,x, + a,. We use the two possible definitions of x,, in terms of
E G in order to simplify the expressions 1 — x, and 1 + x,,. Next, we obtain two
equations by using these two definitions for x,; combined with the alternate
definition for x,_;. We obtain thus

Fn+2Fn—1Gn—1 - Fn—2Fn+1Gn+1 = Fy%Gn(ann + an) (153)
Gn—ZGn+1Fn+1 - Gn+2Gn—1Fn—1 = GﬁFn(ann +a,) (15b)

Finally, we add Eq. (15a) multiplied by G,, and (15b) multiplied by F,,».
Up to the use of the upshift of (14), a factor F,,+1G,+1 appears in both sides of
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the resulting expression. After simplification, the remaining equation is indeed
bilinear:

Fn+2Gn—2 - Fn—ZGn+2 = Zn(Fn+lGn—1 - Fn—lGn-H) + 2anFnGn (16)

where a symmetric expression was used for x in the R.H.S., obtained as the
arithmetic mean of the two R.H.S. of (13). Equations (14) and (16), constitute
the bilinearization of d-Py;.

The bilinearization of the “alternate” d-Py; was presented in [14]. Two sin-
gular patterns exist {0, oo} and {oco, 0}. This suggests the introduction of two
t-functions and the substitution:

o F, n Gn—l
B Fn—l Gn
From the forms that appear in the denominators of the L.H.S. of (6) itis clear that
the only hope for a simplification is when there exists some relation between

numerator and denominator. This leads to the introduction of a first bilinear
condition:

a7

Xn

Fn+IGn71 +Fn71Gn+l :ZnFnGn (18)

However, even with the use of (18), the equation we obtain is quadrilinear. In
order to simplify it further we introduce a third, (auxiliary), T-function E:

Fn—HFn—l:Fnz'i'GnEn (]9)
Using (18) and (19) we can bilinearize (6). We obtain finally
G.Ey 1 — G E, = J10 M (20)

Equations (18), (19), and (20) are the bilinear expression of alternate d-Py;.
We turn now to the g-Py; equations, cases (3) and (4) above. Equation (7)
has the singularity patterns {1, co, 0, b} and {b, 0, oo, 1}. This suggests the

following ansatz:
Fn+2Gn71 anlGn+2

FnGn+l
= 2 o g, @1
Fn+lGn Fn+lGn Fn+1Gn

These three different definitions of x yield two bilinear equations:

FnGn-H = Fn—HGn + anFn+2Gn—1 = ann—HGn + Fn—lGn+2 (22)

Xn

Similarly for equation (8) we have the singularity patterns {1, oo, a, 0, b} and
{b, 0, a, oo, 1}. By under- and overlining we mean that the values of a are not
the relevant local ones but rather the precise values taken one step backward
and forward respectively. The bilinear ansatz is

F n—2 Gn+2

F,_1G, Fri2Gn-
10n+1 2912 _ (23)

Xy =——=1+4+a,——— =
" Fn+]Gn—l nFn—HGn—] Fn+lGn—]



92 B. Grammaticos, A. Ramani and A. S. Carstea

leading to
Fn—lGn+l = Fn+lGn—1 + anFrH—ZGn—Z = ann+lGn—l + Fn—ZGn+2 (24)

and Eq. (8) is identically satisfied.

For the bilinearization of (9), case (5), we start from the singularity patterns
{—z—k,z+k, 00,2b}, {22, 00,z + k, —z — k}, {b, —b}, and {—D, b}, where
under- and overlining have to be intepreted as above. We introduce the ansitze:

Fn+1anl Fn72Gn+2 MnNn
e TG, T TRe, VT EG,
My —1Nyt1
=—b+—— " 25
F.G, (25)
and introduce two auxiliary t-functions through
Hn—lGn+1 Fn—lKk+1

n = <n— knf E—— ) kn e — 26
Xn = Zn—1 + Kp—1 + F.G. Znt1 + kg1 + FG. (26)

We have thus five equations for the six t-functions. The remaining equation
can be obtained by substituting into (9). We find

Gn+2(Fn—2Fn+1Gn+1 + HnFnGn)Gn+1((Fn—3FnGn + Hn—an—lGn—l)
= (Fn—lGn+1Fn—2Gn+2 + MnMn—anNn+l) (27)

we remark readily that both sides are products of the form €2,,€2,,_;. This sug-
gests a separation which leads finally to the trilinear equation:

Fn—2Fn+lGn+1 + HnFnGn + MnNn—HFn—l =0 (28)

It turns out that it is possible, introducing the appropriate combination and using
some of the five equations mentioned above, to reduce the trilinear equation to
a bilinear one:

Gn72Fn+2 + 2(Zn + kn)FnGn = Gn+1Hn71 (29)

As a matter of fact, we could have obtained this equation directly if we had
introduced the ansatz:

Fn+2Gn—2
n = 22n + 2k, — 241 — ky— _ 30
X Zn + Zn—1 1+ F.G, (30)
(but there is no way one could have guessed that this was the proper ansatz
before obtaining (29) the hard way).
For Eq. (10), case (6), we have the singularity patterns {0, co, b} and
{b, 0o, 0}. We thus introduce the 7-functions through
Fn+1Gn71 anlGn+l

B S A R3] 31
= TFG, TG, ©1)
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yielding a first bilinear equation
Fus1Gno1t = by F,Gy + Fuo1 Gy (32)
Substituting into the mapping (10) we find
(Fu2Gp—1 — F,Gup))(Fu1Grn — Fy1Gy) = ay b 1 G F, Gy (33)
Putting a, = p,p,—1 We can separate this equation and obtain
Frp2Gnot — F, Gy = puFu1 G (34)

Note that, with this definition of p,,, we have b,,11/b,_1 = a,/a,—1 = pn/Pn—2
so b,y1 = p, 1s a constant if an appropriate gauge is used to eliminate the
spurious even—odd degree of freedom.

For case (7), Eq. (11) we have the singularity patterns {b, 1/b, oo, 0} and

{0, 0o, 1/b, b}. This leads to the ansatz

Fn—lGn—H Fn+2Gn—2
= =p4 == 35
* F,G, " TERG, )
and a first equation
Fn—lGn—H =bF,G, + FVH—ZGn—l (36)

The second equation is obtained exactly as in the case (6) above, introducing
a, = p,pn—1 and splitting the equation obtained by a direct substitution of the
ansatz for x into the mapping. We find thus

Fn—lGn+2 - Fn+1Gn = pnFn+2Gn—2 (37)

The final case we shall examine is (8), i.e., Eq. (12). The singularity patterns in
this case are {1/a, a, oo, b, 1/b} and {1/b, b, 00, a, 1/a}. In this case auxiliary
t-functions, related to the central patterns {a, oo, b} and {b, 0o, @} must be
introduced. We have in all

1 F, »,G 1 F,,G,_
Xn=_<1+ n—2 n+2> =_<1+ n+2Yn 2) (38)
ay FnGn bn FnGn
Ez—lHn+l E1+1Kn—l
= 14— =b,4 |1 + ——
! ( " TFa, ~\'" Fa,
Gn—erH-l Gn-HNn—l
=b 14— ) =a, (| + ——
m ( * FnGVl -t * FnGn

We have thus five equations for the six t-functions. The sixth equation can
be obtained by direct substitution into the mapping (12). Working with the
auxiliary 7-function K we find that, as in the previous cases, the equation can
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be written as a product of the form €2,,€2,,_;. We introduce a,b,, = p,p,—1 and
separate obtaining the trilinear equation:

Kn FnGn + Gn—ZFn+1Gn+1 + Fn+2Gn—2Kn = pnGn+2Fn—1Gn—1 (39)

Similarly, working with any of the H,M,N we could have obtained equations
involving these t-functions. On the other hand one could have dispensed al-
together with them, work with just F, G, and the auxiliary K and obtain just
three equations which fully describe (12) in terms of 7-functions.

4 CONCLUSIONS
In the preceding sections we have investigated the various forms of discrete

Py equations. Eight different equations were analyzed. We have shown that the
equations

Z}’l anl 1
=— — 40
Xnp1Xn + 1 * XpXp—1 +1 it Xn o “0)
and
Fep1tn = DOty — 1) = —22 1)
X, — b,

are indeed discrete (difference and g respectively) forms of Py;. All the cases
correspond to symmetric reductions of equations with a higher number of
parameters. In two cases, (9) and (12), the discrete Painlevé equations involve
five parameters and their geometry is described by the affine Weyl group E, él).
At this point we must stress that more discrete forms of Py certainly exist, in
particular forms related to the affine Weyl groups Eél) and E él) which have not
been studied in detail yet.

A final remark is in order here. As in the continuous case d-Py; is not the only
one-parameter discrete Painlevé equation. As we have explained in [19] the one-
parameter Py is a Painlevé equation in its own right (its solution introduces
a Painlevé transcendent different from the other six ones). Discrete form of
one-parameter Py are known. No systematic search for equations that have
the one-parameter Py as their continuous limit in the symmetric case (i.e.,
when all, or maybe only some, periodic degrees of freedom are not taken into
account). But, quite expectedly there exist difference and g-forms of genuine
one parameter Pyy. The first is

<1+ i >(1+ ] )— 1 42)
Xn + Xn—1 Xpy1 + Xp B x,% —b?
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witha, = an + B and bis the single constant parameter. The second one cannot
be written at all as a single component equation but only as a system:

I +auy,
XpXpp] = —————— 43a
nAn+1 yn(byn T 1) ( )
14+ x,
YnYn—1 = bx_g (43b)

with loga, = an + B.

As this study clearly shows the richness of the dP’s surpasses even the most
optimistic predictions. Many more studies are certainly needed in order to
complete the exploration of this domain which was terra incognita a mere 10
years ago.
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ORTHOGONAL POLYNOMIALS
SATISFYING Q-DIFFERENCE
EQUATIONS

Luc Haine
Department of Mathematics, Université catholique de Louvain,
Chemin du Cyclotron 2, 1348 Louvain-la-Neuve Belgium

Abstract The Askey—Wilson polynomials are the most general orthogonal polyno-
mials, which are eigenfunctions of a second order g-difference operator.
I survey recent results aiming at constructing all orthogonal polynomials
which are eigenfunctions of a g-difference operator of an arbitrary order,
by means of the lattice Darboux transformation.

1 INTRODUCTION

The method of the Darboux transformation that was systematized by Matveev
and Salle (see [1] and references therein), is a basic tool in the theory of inte-
grable systems which generates the soliton solutions from the “vacuum”. It is
intimately related with Hirota’s bilinear method, via the theory of vertex oper-
ators, see [2, 3]. In this note, I want to explain that the method turns out to be
very useful to handle some problems in the theory of orthogonal polynomials,
going back to S. Bochner and H.L. Krall. The role of the “vacuum” will be
played by the classical orthogonal polynomials. A purely continuous version
of these problems was first considered and completely solved by Duistermaat
and Griinbaum [4]. Since then, the name “bispectral problem” is often attached
to this general area of research. In recent years, bispectral problems have been
shown to be related with various areas of mathematics, like representation
theory [5], noncommutative algebraic geometry [6] and combinatorics [7].

In 1938, H. L. Krall [8] posed the problem to find all families of orthogonal
polynomials { p,(x)}:2,, which are also eigenfunctions of a differential operator
ZT:O a;(x)(d/dx)" of an arbitrary order. In particular, he showed that the order
m must be even. When m = 2, the problem was already solved by Bochner
[9] in 1929. The only solutions are provided by the Hermite, the Laguerre, the
Jacobi and the (Iesser known) Bessel polynomials. The next case in line, m = 4,
was completely solved by H. L. Krall [10] in 1940. He discovered that, besides
the previous solutions, there are three new families of orthogonal polynomials,
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which are eigenfunctions of a differential operator of order 4. The easiest way
to describe them is via their weight functions, which are obtained by adding
one or two mass points at the boundary of the interval of orthogonality of some
instances of the classical orthogonal polynomials. Namely:

e *dx + r8(x) on [0, co[, Krall-Laguerre weight,
(1 +x)fdx +r8(x —1)on[—1,1], B > —1, Krall-Jacobi weight,
dx +r{6(x + 1)+ 6(x — 1) on [—1, 1], Krall-Legendre weight,

with r > 0, a free parameter, and §(x) Dirac’s delta function.

In 1996, jointly with F.A. Griinbaum [11], I was able to fit this result within
the apparatus of the lattice Darboux transform. This paper was the source of
a renewed interest in Krall’s problem, see [12-17]. In the sequel, I denote by
N the set of positive integers, and by 7Z the set of non-negative integers. For
the purpose of this note, I shall only mention the following generalization of
Krall’s result:

Theorem 1 ([14, 15]) The orthogonal polynomials with weight distributions
given by
x%e*dx + 3 r8®(x)on [0, 00, o €Z,,
finitely many keZ,
Krall-Laguerre type weight distribution,
(1 —x)*(1 4+ x)Pdx + » rn8®(x — 1)on [—1, 1],
finitely many k€Z
a€ly, B>-—1,0r
(1 —x)*(1 +x)Pdx + > rd®(x — 1)

finitely many k€Z
+ 3 si8®x +Don[—1,1], « BeZ,,
finitely many k€Z.
Krall-Jacobi type weight distribution,

where ry, s, > 0 denote arbitrary free parameters, and 8% denotes the k-th.
derivative of Dirac’s delta function, solve Krall’s problem, that is they are
eigenfunctions of a differential operator.

Some of the solutions described in Theorem 1 had already been found by
followers of H.L. Krall, see [18, 19-22] and references therein. However, sit-
uations involving derivatives of Dirac’s delta function were not considered in
these works. The reason might be that in these cases, there is no orthogonality
measure. My main message in this note is that by replacing in Krall’s original
problem the differential operator by a g-difference operator, the added mass
points split up and we do get an orthogonality measure. It is only in the limit
g — 1 that all the mass points accumulate at the boundary of the interval of
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orthogonality. The role of the Laguerre and the Jacobi polynomials will now
be taken up by the celebrated Askey—Wilson polynomials.

2 CHRISTOFFEL AND GERONIMUS TRANSFORMS

In the literature on orthogonal polynomials, Darboux transformations are better
known under the names of Christoffel and Geronimus transformations. In this
section, I review some basic facts about these transforms following [11, 13,
14, 17]. Consider a sequence {p,(x)};2, of monic polynomials defined by a
three-term recurrence relation

Pnt1(x) = (x = by)pp(x) = capp-1(x),  p1(x) =0, po(x) =1, (1)

with b, ¢, € C, and ¢, # 0, Vn > 1. A classical theorem of Favard, see [23],
asserts that, up to a non-zero constant factor, there is a unique quasi-definite
moment functional £ for which the sequence p,(x),n > 0, is an orthogonal
polynomial sequence (in short OPS), that is

LIpm(x)pa(x)] =0 form #n and  L[p,(x)] #O0.

We remind the reader that given a sequence {u,}52, of complex numbers,
a moment functional £ is a complex valued linear functional defined on the
vector space of all polynomials by £[x"] = u,,n =0, 1,2, ..., and extended
by linearity. It is called quasi-definite if and only if all the Hankel determinants
Ay =det(piv))} j—g # 0.
We denote by J the tridiagonal Jacobi matrix
bp 1 0 O
C1 b] 1 0
J = 0 (&) b2 1

It will be convenient to use the notations of difference operators. Denoting by
E and E~', respectively, the customary backward and forward shift operators,
acting on a function A4, by

Ehn :hn+l’ n 20’ E_lh():()y E_lhn :hnfla n= 15
we can write
J=Jn,E)=c,E"' +b,Jd+ E, )

with Id the identity operator. With the same conventions, we introduce the lower
and upper semi-infinite matrices L and U (with two diagonals) by

L=Ln,Ey=w,E"'+1d, U=Un,E)=8,1d +E. 3)
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Given A € C, the so-called kernel polynomials

pn+l()‘)
Pn(2)

are defined as long as p,(A) # 0, Vn. These polynomials form an OPS with
respect to the quasi-definite moment functional

PiOsx) = (x =) [Pn+1(x) - pn(X)] , “)

LY =(x—-ML, )

where (x — X)L is defined on an arbitrary polynomial m(x) by (x — A)
L[ (x)] = L[(x — M) (x)]. They can be obtained in terms of what is called in
[13] a Darboux transformation without free parameter and, according to [17],
should be called a Christoffel transform.

Proposition 2 ([13], [17]). Assume that p,(A) # 0, Vn. Then, the matrix
J — A 1d can be uniquely factorized as a product of a lower and an upper
matrix as defined in (3). The Jacobi matrix J* defined by the transform

J=21d+ LU — J* = Ald + UL, (6)

gives the coefficients of the three-term recurrence relation satisfied by the kernel
polynomials (4).

In [11], we observed that if one performs an upper-lower factorization
J—A2ld=UL,

instead of a lower-upper one, there is a free parameter in the factorization.
Indeed, solving inductively for the entries of L and U one finds
Cn

bn—l - ,Bn—l - )\’

with By a free parameter. In [11], we called the transform

:3n=

an:bnfl_ﬂnfl_)‘«a nZL

J=A1d+ UL —- J=x1d+ LU, (7)

a Darboux transform with free parameter, since this version of the Darboux
process can be made to fit within the framework proposed by Matveev and
Salle [1] in the context of a doubly infinite tridiagonal matrix. According to
[17], this transform was first considered in 1940 by Ya. L. Geronimus and
should be called a Geronimus transform.

Proposition 3 ([14]). If J satisfies the hypotheses of Favard’s theorem,
then the unique (up to a non-zero constant) moment functional L making the
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polynomials p,(x) defined by x p = J p a OPS, is given by

5 Mo
L[] = —, 8
[1] 5o (8)
LIx"(x —M)] = fty, n >0, )

with w, = L[x"] and L the moment functional of the OPS formed by the
pn(x)a n Z O'

Proof The monic polynomials defined by the recurrence relation Jp = xp
are given by p = Lp. Hence xp = Jp = Ap + ULp = Ap + Up, that is

Pa() = (x = )7 [Par1 () + Bupa(x)],  ¥n = 0. (10)
This shows that, up to a non-zero constant factor,
L=x-MNL, (11)

which establishes (9). From (10) withn = 0, we getx — A = p;(x) + By, which
gives

£lx — 2] = BoLI11. (12)
From (11) we have £[1] = £[x — A], which combined with (12) gives (8),
completing the proof. O

Defining for any polynomial 7 (x)

(Lt) [r(0)] = L [M} S — V@) = 7 (),
X — A X — A

the functional £ defined by (8) and (9) can be written as follows

o
F=— £+ Bk, (13)
X — A

Bo

3 THE ASKEY-WILSON POLYNOMIALS

I use the standard notations for basic hypergeometric series, following the book
of Gasper and Rahman [24]. In particular, I write

r
(alaaz’ LR ] ar;Q)k = H(az;Q)k’
i=1

with

(@;¢)oo = i
(@3 qh = . and  (a;¢)oo = ,l:!(l —aq'),
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for products of g-shifted factorials, where 0 < g < 1. The series expansion

o0
ap,a,...,a, (al7a2a---aar;Q)k|: k (k)]l+“‘7r k
3,2 | = —-1)"g* Z
rgbs[blvbz"--’ ;1 ] ,Z:(;(q,bh...,bs;q)k (-1

defines the ¢, basic hypergeometric series.
The celebrated Askey—Wilson polynomials [23] are defined as follows in
terms of basic hypergeometric series

abcdq"',q™", az,az”
ab,ac, ad

1
Pn(z;a,b,c,d)=4¢3[ ;q,q] n>0. (14)

They satisfy the three-term recurrence relation

An;u,h,c,dPrH»l(Z;aa ba C, d) + Bn;a,b,c,dPn(Z; a, b, c, d)
+ Cn;a,h,c,dpnfl(z;ay b7 C’ d) = (Z + Z_I)Pn(z;a7 ba C’ d)’ (15)

with
(1 —abg™ (1 — acqg™(1 — adq")(1 — abcdg"™")
An;a,b,c,d = m—1 2, 5 (16)
a(l — abedg? =11 — abcdg?™)
a(l —g"(1 — beqg" (A — bdg" (A — cdg"™")
Cn;a,b,c,d = 1 1 1 1 s (17)

(1 — abcdq®-2)(1 — abcdg®—1)
Bn;a,b,c,d =a+ a_l - (An;a,b,c,d + Cn;a,b,c,d)- (18)

The Askey—Wilson polynomials are also eigenfunctions of a second order g-
difference operator (they form, in fact, the most general class of orthogonal
polynomials with this property, see [25, 26]). This can be seen from a duality
relation that these polynomials satisfy. Putting

ab ac ad

a =+/qlabed, b =—, =—, d=— and x=dq",
a’ a’ a’

we have

—1 / /1
az,az ax,ax
Py(z;a,b,c,d) = ' s 5q,
n(Z ) 4¢3 a’b’,a’c’, ad q,9

= P,(x;d,b,c,d), ifz=uaq" meZ,.
Hence,
P,(aq",a,b,c,d) = P,(d'q";a',b,c,d), VYn,meZ,. (19)
From the duality relation (19), one deduces immediately the next result.
Proposition 4 ([25]) The Askey—Wilson polynomials satisfy

A(@)P(gzia,b, ¢, d) — [AQR) + Az )] Py(z;a, b, c,d)
+ A(Zil)Pn(qilz; a,b,c,d)= An;a,b,c,dpn(z;aa b, c, d)7 (20)
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with
(I —az)(1 — bz)(1 — cz)(1 —dz)
A(z) = 21
@ (1= 221 — 2 ’ @b
An;a,b,c,d = q7"(1 - q")(l — abca’q”*l). 22)

Notice from (15) that the Askey—Wilson polynomials are polynomials in z +
z~!. Putting 2x = z + z~!, one checks easily that, in order for the polynomials
to be monic in x, one must put

(ab, ac, ad; q)n
2na"(abedq"~"; q)

pn(x;a,b,c,d) = P,(z;a,b,c,d). (23)
The coefficients of the recurrence relation (1) satisfied by p,(x;a, b, c, d) are
given by

-1
a—+a - (An;a,b,c,d + Cn;a,b,c,d) _ (An—l;a,b,c,dcn;a,b,c,d)

bn = ) s Cn =

(24)
We denote the associated Jacobi matrix (2) by J, 5 ¢ 4. It is immediate to check
from (24) that

a+a!

Ja,b,c,d = Id + La,b,c,dUa,b,c,da (25)
with
Criabed
Lap.ca(n, E) = (—#E P4 Id),

Anabe
Ua,b,c,d(ny E)= <_%Id + E) (26)

In the rest of the paper, I shall assume that a,b,c,d are real and that
max(|al, |b], |c|, |d]|) < 1. Then, the Askey-Wilson polynomials are orthogonal
on the interval [—1, 1], with respect to the weight function

h(x, Dh(x, —Dh(x, g2)h(x, —q2) dx

;a,b,c,d) = , 27
Wby e ) = G b o d) T )
with h(x, o) = (az, 2z~ '; ¢)oo. One checks easily that
a+al
w(x,aq,b,c,d)=—2a|x — w(x;a, b, c,d). (28)

From (5), it follows that p,(x;agq, b, ¢, d) are the kernel polynomials defined
in (4) associated with the OPS p,(x;a, b, ¢, d), for . = % From (25), (26)
and (6) in Proposition 2, we deduce then that J,, 5 4 is a Christoffel transform
of J, p.c.qa- Precisely:
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Proposition 5

a+a!

Jaq,b,c,d = Id + Ua,b,c,dLa,b,c,d- (29)

In the sequel, it will be crucial to use the standard normalization for the
Askey—Wilson polynomials. I shall write the difference operator going with
the three-term recurrence relation (15) as

Ra,b,c,d = Ra,b,c,d(nv E) = An;a,b,c,dE + Bn;a,b,c,dld + Cn;a,b,c,dEil-
(30)
From (23), one computes easily that the effect of the Christoffel transform,
described in Proposition 5, on R, j . 4 reads

Ra,b,c,d = ((1 + ail)Id + Sa,b,c,dTa,b,c,d -
Raq,b,c,d = (a + ail)Id + Ta,b,c,dSa,b,c,d: (31)

with S, .4 and T, 5, .. 4 the difference operators

B 1
Sa,b,c,d(l’l, E) = (An;a,b,c,dId - Cn;a,b,c,dE 1) ' (32)
Pnia,b,c.d
Ta,h,c,d(fl, E) = wn;u,h,c,d(E - Id)’ (33)
with
B 1
Pnia,b,c,d = q—n — abcdq" ‘

4 RATIONAL DARBOUX TRANSFORMATIONS FROM
THE ASKEY-WILSON POLYNOMIALS

In this section, I sketch the main steps for constructing orthogonal polynomi-
als satisfying g-difference equations from the Askey—Wilson polyomials. The
crucial new idea is the concept of a rational Darboux transformation.

We start from the pair of equations satisfied by the Askey—Wilson polyno-
mials, normalized as in (14)

Rapcan, EYPy(zia,b,c,d) = (z+z ")Py(z;a, b, c,d), (34)
Ba,b,c,d(za Dz)Pn(Z; a,b,c,d)= An;a,b,c,dPn(Z;a, b,c, d)a (35)

with R, p ¢4 asin (30), Ay.q.p.c.a asin (22) and B, p...4(z, D) the second order
Askey—Wilson g-difference operator defined in (20)

Bub,c.a(z, Do) = A@)D; — [A(2) + Az HIld + Az D] !, (36)
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with A(z) as in (21), and D, and D !, respectively the forward and backward
g-shift operators acting on a function A(z) by D h(z) = h(qz) and D_ Th(z) =
h(g™'2).

Let us denote by

B = (Ra,b,c,dy Aa,h,c,d)y (37)

the algebra of difference operators generated by R, .4 and A, pcq, With
Ay b.c.q the diagonal operator A, p e a(n, E) = Apap.c.a 1d. Similarly

B, = (Z + Z_lv Ba,b,c,d)v (38)

will denote the algebra of g-difference operators generated by the operator of
multiplication by z + z~! and the operator B, p.c.q defined in (36). Formulas
(34) and (35) serve to define an anti-isomorphism b : 5 — B’ between these
two algebras, given on the generators by

b(Ra.b,c,d) =z+ Zil and b(Aa,b,c,d) = Ba,b,c,dv (39)

ie,XP,(z;a,b,c,d) =b(X)P,(z;a,b,c,d),¥YX € B.Wealsoneed the com-
mutative subalgebras (the algebras of “functions”) of 5 and B’

K= (Aapeq) and K =(z+z7Y. (40)

The next theorem summarizes the technology of rational Darboux transfor-
mations. It was initiated in [27] and [28], in the context of a study of bispectral
rings of commutative differential operators (see also [29]), and was adapted
and applied to the case of difference operators in [13, 14].

Theorem 6 ([30], see also [13, 14) Let L be a constant coefficient polynomial
in Ry p.c.a, which factorizes rationally as

L=PQ, 41)
in such a way that
P=wr!, 9g=071v, (42)
withV,W e B,and ©,T € K. Let
L= OP, (43)

be the Darboux transform of L. Then, defining i(z) = b(£) € K' and P = QP,
with P = (Py(z;a, b, c,d), Pi(z;a, b, c,d), .. )T satisfying (34) and (35), we
have

u(2)P, (44)
@rp, (45)

o ™
N N
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with
B = b(V)b(W)u(z)~". (46)

Despite the apparent simplicity of Theorem 6, it is a priori very complicated
to recognize that an operator admits a rational Darboux factorization as defined
by (41), (42). An important new idea was introduced in [15] in the context of
the Jacobi polynomials, in order to make Theorem 6 more effective. In [30],
this idea is used to deal with the case of the Askey—Wilson polynomials. The
crucial observation is that a Laurent polynomial p(¢") = Y ,__, ckg*™ in q",
is a polynomial in A,,.; p.¢.4, i-€. it belongs to K as defined in (40), if and only
if it is invariant under the involution
ql—n
abed’

1(q") = (47)

This is an easy exercise using the relation ¢" + (abcd)™'q'™" = g(abcd)™" x
(Anabea+1+abed q‘l), which follows from the definition (22).

Let us denote by R the algebra of difference operators of the form 7'(n, E) =
Z;’Zml h(g")E’, with coefficients & ;(¢") rational functions in g". We extend

the involution I to ‘R by
(Ihj)g") =h;(I(g") and I(E/)=E"/. (48)

A straightforward computation from (17) and (18) gives I(A,qp.c.a) =
Cha.b.c.qa- Using (19), this shows that the operator R, . 4 in (30) is /-invariant,
that is (R, p.cd) = Rap.c.a- The next theorem characterizes the rational
Darboux transformations as those for which the two factors P and Q in (41)
are /-invariant operators.

Theorem 7 ([27], see also [14]) The following conditions on an operator
T € R are equivalent:

(i) The operator T is I-invariant, i.e. (T) = T;
(ii) T has the form ©®~'V, for some V € B and some ® € K;
(iii) T has the form WT' =1, for some W € B and some T € K.

Theorems 6 and 7 are the basic tools which allow us to construct orthogonal
polynomials satisfying g-difference equations, by adding mass points to some
instances of the weight function w(x;a, b, ¢, d) (27) of the Askey—Wilson
polynomials.
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Theorem 8 ([27]) Leta, B € Zy,m,n € Nand 0 < g < 1. The orthogonal
polynomials with weight functions on [—1, 1] given by

q%"rol"rk + q—%—a—k
2 )

with b, ¢, arbitrary, max(|b|, |c|) < 1, 49)
wx;q27, =g, —q%,q%)

m m
w(x; g2, b, c,q2) + > 18 (x
finitely many keZ,

gBrath  g=3-ak

+ ) nd <x > )

finitely many keZ .

S4prk | g—4—pk
by (v ), (50)

finitely many keZ..

wherery, s > 0denote arbitrary free parameters, solve the g-version of Krall’s
problem, that is they are eigenfunctions of a q-difference operator.

One can show that, puttingm = 1,b = —q%“’(ﬁ > —1),c= —q% in (49),
or m = n = 1 in (50), the corresponding orthogonal polynomials tend, when
g — 1, to the Krall-Jacobi type polynomials that we mentioned in Theorem
1. It is only when ¢ — 1 that all the mass points accumulate at the boundary
=41 of the interval of orthogonality [—1, 1], giving rise to weight distributions
involving the derivatives of Dirac’s delta function.

For a more complete account of the results above as well as detailed proofs,
which involve the use of the Ismail-Rahman functions [31], I refer the reader
to my joint works with F.A. Griinbaum [26] and P. Tliev [30].

5 THE SIMPLEST EXAMPLE

In this section I shall illustrate Theorem 8 on the simplest case, constructing
explicitly the orthogonal polynomials with weight function

1 _1
w(xiq?,b,c,q?) +rs (x—w#), (51)

with » > 0 an arbitrary free parameter, b,c arbitrary, max(|b|, |c|) < 1. This
amounts to pick « =0, m = 1,k = 0 in (49).

Formulas (13) and (28) show that these polynomials can be obtained as
the Geronimus transform (7) of Jgs2 p ¢ g12, With A = (¢'/% 4 g='/)/2. Thus,
using the normalization R32; . 412 (30), the matrix R defining the three-
term recurrence relation satisfied by the orthogonal polynomials with weight
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function (51), is given (up to conjugation by a diagonal matrix) by

Rprpegr=(q"*+q "Hd+ UL - R=(¢"*+ ¢ "*)Id + LU.
(52)
Theorem 7 is not immediately applicable to this situation, since the two
factors U and L (being respectively upper and lower matrices) cannot be
I-invariant. As explained in (31), R;32 5 412 can be obtained as a Christof-
fel transform from R;12 p ¢ 412
qu/z’bﬁc’ql/z = (ql/2 + qil/z)Id + Sql/qu’cqql/l qu/z’byc‘ql/z —
Ry peqr =@ +q7 A+ Ty g g Spnpeqir (53)

with Sgi2 p, ¢ g2, Ty12 p ¢ g12 as in (32) and (33)

1

-1
Sql/z,b,c,ql/z(nv E) = (An;q1/2,b,c,q1/21d - Cn;ql/z,b,c,ql/ZE )43
Pnzq'2.b,c,q'

qu/z’byc‘ql/z(n, E) = g{)n;ql/Z’b’C’ql/Z(E - Id),
1
q " — bcqn+l ’

From (52) and (53), we deduce the Darboux transformation (41), (43)

Pnyg'2,b,c,q'> =

L= (Rq1/27b767q1/2 — (q1/2 + q_]/2)ld)2
=PQ— L=QP=(R—(q"*+q "Idp, (54)

with
P=SprpeqrU, Q=LTprpcq0n. (59)

We are going to show that the Darboux transformation (54) fits within the
framework of Theorems 6 and 7, that is the two factors P and Q in (5.5) are
invariant for the involution (47), (48), witha = d = ¢'/%:

1(¢") = I(E)y=E". (56)

bcg™’

The tricky part is to compute the Geronimus transformation (52), which
involves a free parameter u, linearly equivalent to r in (51). The result, which
can be easily checked, is the following

1
wn—lyn

Un, E) = (An;q3/2,b,c,q1/2E — Crig2 poe.g1? —wlz_l Id)
n

L(n, E) = Yn_1VYn (Id - f—nEl) ; (58)
n—1

. (57)
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with

qn qn
n == 1 1 + ’
v (1 = bg"*r2)(1 — cq"*7) (M (I —g"ha —bcq"))

 a free parameter, and y, = ¢~" — bcq”. The purpose of the factor ¥,,_;y,
in (58) and its inverse in (57) is to make the resulting operator R in
(52) I-invariant, with I as in (56). To alleviate the notations, I shall write
A, = An;ql/zbyaql/z, C,= Cn;ql/Zbycyql/Z, On = Pnig\b,c,qV/2- With these conven-
tions, (53) is equivalent to

Antt,  Cugprpegr = ﬂcn_ (59)

Pn+1 @On—1

Pn

Apgirp.c.qir =

The I-invariance of P and Q in (55) is then easily checked by using
I(yn) = =Vu, 1(@n) = =@n—1, L) = Y1, [(Ay) = Co,
and (59). Writing
R=Rprpeqr. A= Aprpeqn.

as predicted by Theorem 7, Q in (55) can be written as Q = O lv,veB Oc
K,B=<R,A >,K =< A > asin(37), (40), with

V = ((bc — D)*1d + 2(bc + DA + A®)(xold + x1A + x2R + x3AR + RA),

® = yiA + A%+ y3A° + yAY, (60)
and
-1 +1)?
x0= T2+ oxg — 1)+ 29"2be — 1)+ L
nq
x1=2q"" 447",
__@=Dleg-1 gq+1
q ng
1 2
R 1)
q
(@ = D(@'? = b)g'* = c)g = be)(bg'? = D)(cq'? = 1)
' Mq3/2 ’
+1
v = =D 0, 4 g + 1)(q? = 2beq — 2q + be)
— q'((be + 2)g* — Bb*c* + ¢ + 6bc + b* + 3)g + bc(2be + 1))]
_ (g + 1@+ b +0)g*? =3bcqg —3q + (b +)q'* + be)
= MCII/2 ’
g+ 1)
y=—1 4T (62)

u
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Similarly, for P in (55), one finds P = wIr—L, weB, T e, with
W = (xold + x1A + xR + x3RA + AR)O,
I' = (z0ld + 21 A 4+ 22AD)((be — 1)’Id + 2(be + DA + A?),  (63)
x; defined as in (61), ® as in (60), (62) and
@+ D*(ube —1)(g— 1)+ 1)
- 12q2 ’
(g + D*(ug® — (ubc + u + g + ube — 1) (g + 1)
- e s BET

Notice that there are quite a few cancellations in the Darboux factorization
(54) of L. In fact, from (60) and (63), we finally obtain that

20

i1 =

L = (xoIld 4+ x1A + 2R + x3RA + AR)(zold + 21 A + 22AH 7!
x (xoId + x1A +x2R + x3AR + RA).

From Theorem 5, using the anti-isomorphism b : B — B’ defined in (39), with
B =<z+z',B=Byrp. > asin (38), it follows that the orthogonal
polynomials with weight function (51) are eigenfunctions of the fourth order
g-difference operator B defined as in (46)

B=@xo+x1B+xiz+zH4+x3+z2HB+Biz+zY)
X (xo+x1B+x2(z+z2 )+ x3Bz+2z7H
+G@+z OB+ = (g P+ g7 )2,

. . e _ 2 .
with eigenvalues A, = zo + 21 Apg12pc g2 + 12An;q,/2’b’c’q,/2 as in (45).
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Abstract ~ We describe integrable discretization of coupled forms of the well-known
soliton equations such as KdV equation, modified KdV equation, sine-
Gordon equation and nonlinear Schrédinger equation.

1 INTRODUCTION

Discretization of integrable systems has been the focus of an intense activities
[1-5]. Discretization of integrable nonlinear ordinary differential equations
has been studied in [6—8]. Recent progress in integrable discrete systems has
uncovered remarkable relationships in otherwise unrelated areas of research
such as numerical algorithms [9], discrete geometry [10], cellular automaton
[11], and quantum integrable systems [12].

In a series of papers [1], we have developed a method of discretizing inte-
grable equations. The method is based on the bilinear formalism and follows
three steps. Firstly a given differential equation is transformed into the bilinear
equation by a dependent variable transformation. Secondly the bilinear equa-
tion is discretized with the help of gauge-invariance of the bilinear equation and
the integrability of the discretized bilinear equation is determined by checking
soliton solutions. Thirdly the discrete bilinear equation is transformed into a
discrete nonlinear equation in the ordinary form by an associated dependent
variable transformation.

Coupled forms of the well-known soliton equations have been proposed by
several authors [14—18]:

1. Coupled KdV eq. [14]:

ou; M ou; 3u;
L+6 L4 —X=0, fori=12,...,M. 1
o7 + (;uk> o + 53 ori (D)
113

L. Faddeev et al. (eds.),
Bilinear Integrable Systems: From Classical to Quantum, Continuous to Discrete, 113—122.
© 2006 Springer. Printed in the Netherlands.



114 Ryogo Hirota

2. Coupled modified KdV equation:
Type (i) [15]

AP i O B s M @)
_ v o =0, ort =1,42,..., ’
— Kl ax  ox3

which is extended to the following form
Type (ii) [16]

av; v, 3y .
¥+3<1 Z cj,kvjvk> a—l— P =0, fori=1,2,..., M,
<j<k<M
(3)

where c; ; are arbitrary constants, which is extended furhter to the following
form

oui | 5 f: Wi O 0 tri— 10 M )
— CipVivy | — =0, fori=1,2,..., M,
= FREITE ] x T 9x3

where c; ; are arbitrary constants.
3. Coupled nonlinear Klein-Gordon (Sine-Gordon) equation [15]:

d? ar '
w, —w; +2w;— =0, fori=1,2,..., M,
dxdy ay (5)
o
ax j=tm0
which is extended by introducing arbitrary constants, c; x to
a2 ar _
w; —w; +2w;— =0, fori=1,2,..., M,
0xdy dy (6)

al’
— E M . .
a = j,k:lcl-kw]wk'

4. Vector nonlinear Schrodinger equation [17]:
i, = q. +2lq1%g. (7)

which is extended to a generalized form [18] among which we choose the
following form,

.9 92 u
=i+ i+ D v ) v =0, (®)
at ox =

with arbitrary constants c; ; satisfying the reality conditions c’j'f, = Ck,j-

We shall discretize these coupled equations in the following sections. N-soliton
solution to these M-coupled discrete equations are obtained, which will be
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published elsewhere. Here we present soliton solutions for the simplest case
N =2and M =2.
2 COUPLED KdV EQUATIONS

First we transform the coupled KdV eq. (1) into the bilinear form. Let u; =
G;/F. Then we have

D,Gi2~ F +6 (i ﬂ) DXG,~2- F+D§Gl~2- F 3DxG,-2- F D§F2- F_ 0
F £ F F F F F
fori =1,2,..., M,
which is decoupled to the bilinear forms
(D;+D)G;-F=0, forj=12,....,M,
{D)%F-F=2<Z§4:1Gj)F. ©)

A coupled differential-difference KdV Equations are obtained by discretizing
the spacial part of the bilinear eq. (9),

1
DG -F — ~(Gu1Fay = Gt Fis),

2 2 2
DIF - F — S(FyiFyo = F)).

n

‘We obtain

Dth,n - F, + é(Gj,n+1Fn—1 - ijn—lF”'H) =0,
forj=1,2,....M, (10)

Fop1Fyoy — Fl =€ <21,W=| Gj,n) F,,

which is transformed into the ordinary form

du; 1 z
a_zj+2(1 te ;Mj)(uj,nﬂ —Ujn-1) =0, (a1
for j =1,2,..., M, through the transformation G, = u; , F,.

Time-discretization of the coupled KdV equations is obtained by re-
placing the differential operator D,G - F' by the corresponding difference
operator:

D,G - F — (G"'F" — G"F"*1)/s,

where t = md, m being integers and § a time-interval.
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We postulate that discretized bilinear forms are invariant under the gauge
transfomation:

F;" — F;" exp(qom + pon),
G — G exp(gom + pon).

We find a gauge invariant discrete bilinear KdV equation

Giy Fl =Gy Frtt (Gﬁilﬁi”l T B =0,
forj=1,2..., M, (12)
F’;n+1F:l L= (Fm)2 — 6Z(Z Gm Fm

We introduce an auxiliary variable I')’ defined by

Frtl pm
m _ " n+l T n=1
b = FrHtpm (13)

We note that I';" satisfies an identity

m+1 pm+1 m N2
m _ Fn+l Fn (F 1) " (]4)
"EMR OEPE, T

Let Gm = u " Then eq. (12) is transformed into the ordinary form with
the help of the 1dent1ty (14)

m+1 _ u™ + Frn(um+l

uj, e Jn_1)=0, forj=1,2,..., M,
1 (15)
" = 1+Z/ lu;n;: m
n n—1-
1+Z/ lujl’l 1

Soliton solutions to the coupled discrete KdV eq. (15) are given by u’', =
/ F" where F" and G;" are solutions to the bilinear form (12). ’
Let f " satisfy a bilinear form of the discrete KdV equation [5],

frt g — 4+ Sl = A =0 (16)

and a bilinear form of the Lotka-Volterra equation [5],

n+l fm_ nm+2 nWil_fn+l ’ (D _ZD) (17)
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where we have introduced new variables s;, s and the bilinear operators, D; f -
af 3 M .
g= %g — fng and Dy = ) ;_, Dj, respectively.

Then we find easily that F" and G, defined by

m __ m m
Fn - Jn+1Jdn > 18
G" =D, f" m (18)
jon — Zidn+1 " JIn >

satisfy the coupled discrete KAV equation (12).
We have 2-soliton solutions to the equations (16) and (17), for example,

fit =1+expn +expn +ai2exp(m + n2), (19)
where
expn; = b;piq} exp(w;(s; + 5)), (20)
qj =0 +©6/e)/p))/(1+(6/€)p)), (21
wj=p1—1/p;, forj=12,...,M, (22)

ajx=(p; — p)*/(pjpk — P, forjk=1,2,....M,  (23)

where a; and p; are arbitrary parameters.

3 COUPLED MODIFIED KdV EQUATIONS

Discretization of the coupled modified KdV equations is discussed in [4]. We
present the results. Equation (4) is transformed into the bilinear form by the
rational transformation v; = G;/F

(D +D)G;-F=0, forj=12,....,M,
M (24)
D!F -F = Y ¢;1G;Gy,
k=1
where c; ; are arbitrary coupling constants.
Following the procedure described in the previous section we discretize eq.(24)
and obtain a discrete bilinear form:

_ Gm Fm+1) — 0’

8
m+1 pm m pm+1 Zm+l opm
i El = G B+ ~(Gh A

n jn+1%n—1

forj=1,2,..., M,

M
m m my2 _ 2 . m m
Fn+1Fn71 - (Fn ) =€ § : C./,ij,nGk,n'
jk=1
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The bilinear equation is transformed, by using the identity (14), into a coupled

discrete MKdV equation

Jj.n j.n+1 j.n—1

M m+1_ m+1
Fm 1 + Zj,kzl vj,n Uk,n

n = M m m
1+ Zj,k:l Vin—1Vk,n—1

Fm

n—1°

through the transformation G'', = v7', F,".

4 COUPLED NONLINEAR KLEIN-GORDON
(SINE-GORDON) EQUATIONS

5
VI ST =, ) =0, forj=1,2,....M,
’ €

The coupled nonlinear Klein-Gordon (Sine-Gordon) equation (6) is trans-
formed into the following bilinear form through the rational transformation

Gj

wj=7,

(D«D, - 1)G;-F =0, forj=12,...,M,
M
DEF -F=2 Z Cj’ijGk.
jok=1
Discretizing y(= mé) first and then x(= nd) we obtain

D.D,G - F
— (I/S)DX(GM—H .Fm_GM. Fm'H)’

- (1/52)(Gnm:11 F)' — G?:HF;;MH n+l

Taking the gauge invariance into account we tansform G F as

GF — (1/4)(G™H F™ + G F™

n+l " n n+1 + G, Fm+l + GZlFm_H)’

n+1%n n+1

Then equation(25) is discretized as

—Gn" Fm+1

m+1 m m m—+1 m+1 pm
G F+ G F —Gj’n F [y

Jj.n+1 Jj.sn* n+1 n+l1

82
_ m+1 m m m—+1 m+1 pm m m—+1
- Z(Gj,}H»an + Gj.nFn+1 + Gj,n E1+1 + Gj,n-H Fn )’

for j=1,2,..., M,

M
m m my2 _ 2 E . m m
Fn+an—l _(Fn ) =34 cjvaj,n k.n?
jk=1

_ G21+1F’:n+1 4 Ganm-H) .

(25)

(26)
27)

(28)

(29)
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which is transformed, by using an identity similar to the identity (14), into a
coupled form of nonlinear discrete Klein-Gordon equations,

+1 +1
wion Fwh, — @i +wl,
8 1 1
+ +
= —(w;"nJrl —I—wm +(w’” + w’ DT,

for j=1,2,...,M, (30)

2
1+4 Z/k lclkwjnwkn m

n -1
2 m+1, m+1
1+8 Z/k lcjkw]n wkn

through the transformation G7!, = w7, F;".
Soliton solutions to the coupled dlscrete nonhnear Klein-Gordon equation (30)
are given by w’', = G7, /F}" where F"" and G/, are solutions to the bilinear
form (29). N- sohton solut10ns to the M- coupled equations are expressed by
pfaffians, which will be published elsewhere. Here we give soliton solutions
for the simplest case, N =2 and M = 2,

F)' =1+ axexp(2n1) + a1 exp (1 + n2)

+ agz exp(2n2) + ax exp (211 + 212),
G, = expni(l + appexp (2n2)),
G35, = expma(l + az exp (2n1)),

where

n_m

expn; = a;plq’,

q; =1 —p; — (/2> 0+ p))/(1 = pj + (/21 + p))),
az = 8%cuipt/(p; — 1?,  ae = 8%cnp3/(p3 — 1),
§*(ci2 + c2)p1 P2

2(p1p2 — 1)?
apy = apby, a1 = axb,  axn = apnaxbi,,
b = (p1 — p2)’/(pip2 — 1),

a =

aj, pj for j =1, 2 being arbitrary parameters.

5 COUPLED NONLINEAR SCHRODINGER EQUATION

We consider the following form of the coupled nonlinear Schrédinger equation

) 92 M
lal//i'i‘@l//i'i‘(Z Cj,kd’j%j) Y =0, (31)

Jjk=1
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with arbitrary constants c; ; satisfying the reality conditions c & = Ck,j Where *
denotes complex conjugate. Equation (31) is transformed into the bilinear
form

(iD,+D»G;-F=0, for j=12,...,M,

M (32)
D!F-F=2Y% ¢;+G;G}
J.k=1

through the rational transformation ¥; = G;/F, for real F.

We obtain a system of semi-discrete nonlinear Schrédinger equations replac-
ing the bilinear operator, DfG -F = (Gys1Fuey = 2G,F, + Gp_1Fyy1)/€?
in equation (32)

. 1
lDth,n ' Fn + Z(Gj,VH—an—l + Gj,n—1Fn+1 - 2Gj,nFn) =0 ,

for j=1,2,..., M,
(33)

M
2 2 § *
Fn+1Fn*1 — Fn =€ Cj,ij,nGk,n'
Jk=1

Discretizing time and taking the gauge invariance of the bilinear equa-
tion into account, we obtain a system of discrete nonlinear Schrodinger
equations

i(G;fflem G" F"+h)

jsntn

5
(Gm+1 Fm + Gm Fm+1 Gm Fm+l GWH-lFm) _ 0

jon+15n—1 n+1 jsntn jn T n
for j=1,2,..., M, (34)
M
FyaFly = (F1)? =€ ) cjuG, Gl

k=1

Equations (33) and (34) are transformed, by using the identity (14), into the
ordinary forms

v, 1
=t 6—2(‘1’j,n+1 + W1 —2W;,)
M
+ (Vg1 + U m1) (Z cj,k\yj,nxy;{k) =0, for j=1,2,...,M,
jk=1

(35)
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and
. 1)
7 = W)+ SRR+, ) — ¥, — T =0,
for j=1,2,---, M,
u 1 1
L4+ > e (36)

k=1 -

n—1°

=

M
m *km
1+ ';1 W, Y
j =

through the transformations W; , = G, F,, and W7, = G, F}", respectively.

jntn>
Soliton solutions to the system of discrete nonhnear Schrodlnger equations (36)

are given by \IJ’” = G’" ./ Fy where F' and G’” are solutions to the bilinear
form (34). N- sohton solutlons to the M—coupled equations are expressed by
pfaffians, which will be published elsewhere. Here we give soliton solutions
for the simplest case, N =2 and M = 2,

F' =1+ apexp(n + ny) + anexp(n + n3) + azr exp(nz + ny)
+ax exp(ny + n3) + aziz exp(n + n2 + 0y + 03),
GY', = exp(n)(1 + biz1 exp(n2 + n7) + b1z exp(n2 + 13)),
5, =exp(n) (1+ bia1 exp(n + 0}) + bios exp(ns + n3))

where

exp(n;) = ;0 p},

wj = 1+ié(p; — 1)/(1 —id(1/p; — 1)),

bio1 = ax1b11Br2,  bio = anbppi2,

bioi = anbaiPor, bin = anbnpoi,

aniz = [pi1papipileiian(bifiz + ba Bly) + ci2a21(bii Bia + b))
+ca1a12(b11 B, + bnpar) + crpa11(b12 Bl + briBar)l
—anan(pi Pf — pap3)’ — apax(p1ps — p2p})’1/(p1p2pips — 17,

aj = cjxp;pr/(pipy — 17

bix =[pj+ pi +i8(p; — pOI/(pipi — 1),

Bik =(pj — p)/lpjpk + 1 +ié(pjpx — DI

6 CONCLUSION

Integrable discretization of coupled forms of the well-known soliton equations
such as KdV equation, modified KdV equation, sine-Gordon equation and
nonlinear Schrodinger equation is described.
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AN ADELIC W-ALGEBRA AND RANK
ONE BISPECTRAL OPERATORS

E. Horozov
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G. Bonchev Str., Block 8, 1113 Sofia, Bulgaria

Abstract ~ We introduce a Lie algebra which we call adelic W-algebra. Itis a central
extension of the Lie algebra of the differential operators on the complex
line with rational coefficients. We construct its natural bosonic represen-
tation similar to highest weight representation. Then we show that the
rank one algebras of bispectral operators are in 1:1 correspondence with
the tau-functions in this representation.

1 INTRODUCTION

In this note we give representation-theoretic description of rank one maximal
commutative algebras of bispectral ordinary differential operators. This object
has several quite different realizations, e.g., rational solutions of KP-hierarchy
[1, 2]; the completed phase space of Calogero—Moser particle systems [3];
isomorphism classes of right ideals of the Weyl algebra [4, 5], etc. to men-
tion few of them. Wilson has described it as a subset of Sato’s Grassmannian
and has named it “adelic Grassmannian” [6]. Some of the bispectral operators
(not only rank one) were characterized in terms of representation theory of
Witeo-algebra [7]. Here we obtain a similar result for the entire set of rank
one bispectral operators or in other words we characterize the rank one alge-
bras of bispectral differential operators in terms of representations of a suitable
infinite-dimensional Lie algebra, which will be called an adelic W-algebra. Be-
fore explaining in more details the main results we recall some of the notions
that have been mentioned above.

Bispectral operators have been introduced by F.A. Griinbaum in his work on
medical imaging [8] (see also [9]). An ordinary differential operator L(x, d,) is
called bispectral if there exists an infinite-dimensional family of eigenfunctions
¥ (x, z), which are also eigenfunctions of another differential operator A(z, d,)
in the spectral parameter z, i.e., for which the following identities hold:

L(x, 0¥ (x,2) = f()¥(x, 2), (D)
A(z, )Y (x, 2) = 0(x)Y(x, 2), 2
123
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with some nonconstant functions f(z) and 68(x). G. Wilson [6] has classified all
bispectral operators of rank one (see the next section for more details). Using
slightly different terminology than in [6], they are all operators with rational
coefficients that are Darboux transformations of operators with constant coeffi-
cients. Sato’s theory associates with each operator (or rather with the maximal
algebra of operators that commute with it) a plane in Sato’s Grassmannian.
The set of all planes corresponding to the rank one bispectral algebras of op-
erators has been called by G. Wilson an adelic Grassmannian and denoted by
Gr%. Originally G. Wilson has characterized the rank one bispectral algebras
A as those whose spectral curve SpecA is rational and its singularities are only
cusps. In a different development [7] we have characterized those of bispectral
algebras whose spectral curve has only one cusp in terms of representations
of Wi, ~-algebra. More precisely we have built certain bosonic highest weight
modules of W, ... Denote the module corresponding to the rank one case by
M. Then the tau-functions of the bispectral operators (with the above re-
striction) lie in M and vice versa—all the tau functions in the module are
tau-functions of bispectral operators.

A natural question (see [7]) is if a similar result holds for the entire set of rank
one bispectral operators. The present paper gives an affirmative answer to this
question. Obviously one has first to point out a suitable generalization of the
W +co-algebra. The most natural candidate does the job—the algebra we look
for is a central extension of the algebra of differential operators with rational
coefficients. We call this new algebra an adelic W-algebra. Then we proceed
as in [7, 10]. We construct a bosonic representation M® which is similar to a
highest weight representation. Our main result is the following:

Theorem 1 If an element T € M is a tau-function then the corresponding
plane belongs to Gr®. Conversely, if W € Gr® then Ty € M“4.

Returning to the other realizations of Gr“? we obtain other interesting con-
nections. For example, using the fact that Gr¢“ bijectively maps onto the set
‘R of isomorphism classes of right ideals of the Weyl algebra A (cf. [4, 5]) we
obtain

Corollary 2 The isomorphism classes of the right ideals of the Weyl algebra
are in 1:1 correspondence with the tau-functions in M®.

(Recall that the Weyl algebra A is the algebra of differential operators in one
variable with polynomial coefficients. Two right ideals I, J € A, are isomor-
phic iff they are isomorphic as right A;-modules.)

For other interpretations see [5, 11]. Many of the constructions in the present
paper are similar to those of [7]. The organization of the paper is the following.
Section 2 contains preliminaries on Sato’s Grassmannian, Darboux transforma-
tions, bispectral operators, W -algebra. In Section 3 we introduce the adelic
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W-algebra together with a bosonic representation M“. In Section 4 we give a
sketch of Theorem 1. The detailed proofs will be presented elsewhere.
This paper is dedicated to Prof. R. Hirota.

2 PRELIMINARIES

Here we have collected some facts and notation needed throughout the paper.
In particular we recall Sato’s theory, Darboux transforms, and the bispectral
problem, W, -algebra.

2.1 Sato’s Theory of KP-Hierarchy

In this subsection we recall some facts and notation from Sato’s theory of
KP-hierarchy [2—14] needed in the paper. We use the approach of V. Kac and
D. Peterson based on infinite wedge products (see e.g., [15]) and the survey
paper by P. van Moerbeke [16].

Consider the infinite-dimensional vector space of formal series

V:{Xpmppm Mk>q.
keZ

Sato’s Grassmannian Gr (more precisely—its big cell) [12, 13] consists of all
subspaces (“planes”) W C V which have an admissible basis

wk=Uk+ZwikU,', k=0,1,2,...

i<k

Then define the fermionic Fock space F© consisting of formal infinite sums
of semi-infinite wedge monomials

Vi, N Vi, VAR
such that iy < i} < --- and iy = k for k > 0. The wedge monomial
Yo=Vo AV A---

plays a special role and is called the vaccum. The plane that corresponds to it
will be denoted by W;. There exists a well-known linear isomorphism, called
a boson-fermion correspondence:

o: F9 > B, 3)

(see [15]), where B = C[[t1, 12, . . .]] is the bosonic Fock space.
To any plane W € Gr one naturally associates a state |[W) € F© as follows

[WYy=wog Aw; Awy A ---,
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where wy, wy, ..., form an admissible basis. One of the main objects of Sato’s
theory is the tau-function of W defined as the image of |W) under the boson-
fermion correspondence (3)

tw(t) =o(IW)) =o(wo Aw_1 Aw_ A=) “4)

It is a formal power series in the variables 71, 15, . .. , i.e., an element of B :=
Cllt,, tz, - . .]]. In particular the tau-function corresponding to the vacuum g
is 7p = 1. Using the tau-function one can define the other important function
connected to W—the Baker or wave function

cTw( — 27D

Wy(t,z) = eZlhs =~ = 5
w(t,z)=e — o)

where [z '] is the vector (z !, z72/2, .. .). Introducing the vertex operator

X(t,z) = exp (; %4 ) exp ( Z e 8tk> (6)

k=1
the above formula (5) can be written as

X(t, )t ()
Wy(t, z) = ————. (N
t(t)
We often use the formal series Wy (x, 2) = Ww (¢, 2)|;=x. ty=t;=-.=0, Which we
call again wave function. The wave function, corresponding to the vacuum is

Wy(x,z) = e*.

The wave function Wy (x, z) contains the whole information about W and hence
about Ty, as the vectors w_; = Bf Wy (x, 7)|x=o form an admissible basis of
W (if we take vy = z* as a basis of V).

2.2 Darboux Transforms and Bispectral Operators

‘We shall recall a version of Darboux transform from [17].

Definition 3 We say that a plane W (or the corresponding wave function
Wy (x, z), the tau-function ty) is a Darboux transformation of the vacuum
(respectively—of the wave function Vy(x, 2), the tau-function ty) if there exist
polynomials f(z), g(z), and differential operators P(x, d,), Q(x, dy) such that

Wy(x,z) = LP(X’ ) Wo(x, 2), (8)
g(2)
1
Wo(x,2) = ——0(x, 3,)¥w(x, 2). )

f(@
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The Darboux transformation is called polynomial if the operators P(x, d,) and
QO(x, 0,) have rational coefficients.
Obviously

O(x, 9) P (x, 3:)Wo = g(2) f(2)Wo, (10)

Denoting the polynomial g(z) f(z) by h(z) and recalling that ¥y = e** we see
that

O(x, 0:) P (x, c) = h(dy).

On the other hand the wave function Wy, is an eigen-function of the differential
operator

L(x,9y) = P(x, ) Q(x, dx).

Notice that the operator L is a traditional Darboux transform of the operator
h(dy), which justifies the terminology of the definition. We will also say that
the operator L is a polynomial Darboux transform of the operator 9,.

We shall need a second definition of the polynomial Darboux transformation.
In the above notation let the polynomial (9, ) factorize as

h(@dy) = [ J@x — 2",
j=1

where A ; are the different roots with multiplicities d;. Then the kernel of /(d,)
is given by

kerh(d,) = ®_; W;,
where
W; = {eM*, xe*, . x4 et

Definition 4 The Darboux transform is polynomial iff the kernel of P has the
form

ker P = @, K,
where K; is a linear subspace of W;.
The equivalence of the two definitions can be found in [18]. Each nonzero
element f € K; will be called (after Wilson) condition supported at X ;. The
Darboux transform will be called monomial iff all the conditions are supported
at one point. Finally we recall the bispectral involution b, which in this case

maps the operators with polynomial coefficients in the x-variable into operators
with polynomial coefficients in the z-variable by the formulas

b(d) =2z,  bx)=0,
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1.e., in this case b is the formal Fourier transform. It will be used when the
differential operators are applied to W, as follows:

0 Wy = zWo, xWy = 9.\
We end this subsection with the following important result of G. Wilson [6]:

Theorem S Any polynomial Darboux transform of 0, is a rank one bispectral
operator and vice versa.

This theorem is formulated by G. Wilson in a different terminology. See [19]
for an exposition using Darboux transforms.

Following G. Wilson we will call the set of all planes W C Gr that are
polynomial Darboux transforms of Wy the adelic Grassmannian and denote it
by Gre.

2.3 Wiioo-Algebra

In this subsection we recall the definition of W}, and some of its bosonic
representations introduced in [10]. For more details see [20].

The algebra we, of the additional symmetries of the KP-hierarchy is iso-
morphic to the Lie algebra of regular polynomial differential operators on the
circle

Weo =D = span{z"‘afloz, BeZ,p =0}

It was introduced in [21, 22] and was extensively studied by many authors (see,
e.g., [23, 24], etc.). Its unique central extension is denoted by Wi o.

Denote by c the central element of Wy, and by W(A) the image of A € D
under the natural embedding D < W (as vector spaces). The algebra W, o
has a basis

e, Jl =W, 1keZ 1>0.

In [10] we constructed a family of highest weight modules of W, .. Here
we need the most elementary one of them, for which the next theorem is an
easy exercise.

Theorem 6 The function 1y satisfies the constraints

Jtg=0, k>0,1>0, (1n
W (z*P«(D,)Dl) 19 =0, k>0,1>0, (12)

where Pu(D.) = [[5_4(D: — j), D = zd..
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The first constraint means that 7y is a highest weight vector with highest weight
A(Jé) = 0 of a representation of Wi, in the module

Mo =span{Jl .. Jrnolky <+ <k, < 0] (13)

One easily checks that the central charge ¢ = 1. The second constraint yields
that the module M is quasifinite, i.e., it is finite-dimensional in each level.

3 AN ADELIC W-ALGEBRA

The adelic W-algebra is a Lie algebra that we intend to introduce in analogy
with W} . Most of the definitions and constructions are similar to those of
W1+OO.

Instead of the Lie algebra wy, of regular operators on the circle we start with
the Lie algebra RD of differential operators with rational coefficients on the
complex line. We are going to use the following basis of RD:

L.z, neZ, 1>0; (14)
2.z—a)™"3,, —n+1<0, 1>0, aeC—{0} (15)

Usually we shall consider the elements from RD as differential operators
with coefficients that are Laurent series in z~! by expanding (z — a)~"*/ around
infinity. We would like to construct natural representations of RD. We shall
work with the space V where v, = z¥. Obviously RD acts naturally on V.
Then we can associate with each operator A € RD an infinite matrix having
only finite number of diagonals below the principal one but having eventually
infinite number above it. In other words the matrix (a; ;), associated with A,
has the property that a; ; = 0 for i — j > 0. The Lie algebra of such matrices
will be denoted by . It can be considered as a completion of the algebra a
of matrices having only finite number of diagonals (see [15]). Now we explain
how to construct representations in the fermionic Fock space F®. We recall
that in the case considered here F© consists of formal series of semi-infinite
wedge monomials:

ONTIAZEA, (16)

with i) < i; < ---and iy = k for k > 0. We can define the action of A € al
by the standard definition (see [15]). First for matrices with only finite number
of entries define
FAZOANZTA ) = AZOANZV A
+ZOANAZT A
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Itis easy to check that if A € a/_ has no entries on the main diagonal »(A) still
makes sense, the image being infinite formal series. For matrices with infinite
number of entries on the main diagonal the above definition is no longer me
aningful. For that reason we need to modify it as follows. We put

ME;j))=r(E;;) for i#j or i=j>0; 17)
f(Ei,i) = r(Ei,i) —1Id for i < 0. (18)

See [15] for more details.

This defines a representation of the central extension a., @ Cc. The corre-
sponding central extension of the subalgebra RD of a/, will be called adelic
W-algebra. We will use the notation W%, The terminology and the notation
are chosen to be similar to those of the adelic Grassmannian Gr%. The main
result of the present paper naturally connects the two objects.

We shall describe in some more details W%, By W(A) we shall denote the
image of the element A € RD under the natural embedding RD C W% (as
vector spaces). Then fora € C,/ >0, n € Z put

Ti(a) = W(—(z —a)""'d!) (19)

For a = 0 we also shall use the notation J! = J!(0). When a is fixed the above
operators (19) together with the central charge ¢ form a copy of W}, which
we shall denote by W1, ,.(a). Recall that W) - (a) has a grading: the elements
J,{ (a) have weight n. The elements with nonnegative grading are common for
all a. In fact the common part is much larger: for all n +/ > O the elements
J!(a) are common. Thus we have the following basis for We:

1. J}0), 1>0, n+I>0; (20)
2. J,ﬁ(a), n+l<0, a#0; 21)
3. c. (22)

In complete analogy to the case of W}, we can construct a representation of
W4 in the Fock spaces using the vacuum. We formulate the needed properties
in the following theorem.

Theorem 7 The tau-function 1y satisfies the following constrains

1) Jlg=0, 1>0; n=0 (23)
2) W((z — &)™ Pi((z — a)d,)) (z — a)d) 19 = 0, (24)

where Po(u) =u(u—1)...(u —k +1).
We set

wad = span{J,i, aeC,n<0}. (25)
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Then define the W*¢-module M%? by
M = span{ T} (1) ... I\ (am)To}, (26)
wheren; +1; <Ofora; #0andn; < Ofora; =0.

Corollary 8 The vector space M is a space of representation of the Lie
algebra W4,

4 PROQOF OF THE MAIN RESULT

In this section we give a sketch of the prove of Theorem 1. It will be split into
two parts.

1. Assume that T is a tau-function in the module M“?. We are going to show
that it is polynomial Darboux transform of .

Let tw = uty where u is an element of the universal enveloping algebra.
One can express the wave function Wy (¢, z) in terms of u:

X(t, Duty
lIJVV(t7 Z) = 7|t1=x,t2=~-~=0' (27)
Uty
Commuting u and X (#, z) we obtain
U@, 2)X(1, )70

uTy

Yy lti=x, 1y=-=0, (28)

where
U2 =3 b (S @) + 084 L = @ = ay o+l
(@) + 10— @yl
(Ji'}:le + lp+1Jﬁ’k:l + 8k,,1.081,,,.0 — 2 i ten 32"“)

Lpir L—1 yartly s alpir
. (J_kw Flpr Iy, 8k,,000,,0 — 2T ).

One can prove that the element U(¢, z) is equivalent to another element
where [; < n;. Now we use that
! k .
J—k\n:x, h=ty=-=0 — X (Sl+l,k lf | <k. (29)

The point is that there are no differentiations but only multiplications by powers
of x. From the above formula we can derive for J' (a) and for J', 41.-1(a) the
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following ones:

I @ln=x, n=ry=m0 = X811 4, (30)
T it 1@l =, =0 = 0. €2))
Both formulas follow from the expansion of the L.H.S. as infinite series and
the fact that / < k. From (27) we obtain (using also the bispectral involution)
Pi(x, 0,)¥
\IJW _ l(x x) 0
8(2)

where Pj is an operator with rational coefficients.
We need also to express Wy (x, z) in terms of Wy (x, z). The adjoint involution
a implies

(32)

(33)

which together with (32) gives the proof of the first part of the theorem.
2. Next we assume that Ty is a bispectral tau-function.

To fix the notation let the Darboux transform of the corresponding wave
function Wy be given by

P(x, 3)Wo(x, z)

Yyx,z) = ————— (34)
8(2)
_0(x, 0,)¥w(x, 2)
Wy(x,z) = 0 , (35)

where Q o P = h(d,) with some polynomial 4. Let Aq, ..., A,, be the differ-
ent points, where the conditions are supported. Then we can suppose that the
polynomial 4 is

h(z) =[] =)
j=0

Denote the degree of & by d. Let the number of the conditions supported at the
point A; be r;. Then

g@) =[] —-r)"
j=0

Put also degg(z) =r =r; + -+ - ry. Let {®;}i=
kerh(z), i.e.

4 be the standard basis of

.....

m
(@) =l ... xilehmy
j=1
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Denote by fi, ..., f. the functions forming the kernel of the operator P, i.e,
defining the Darboux transform (34)—(35). Then

d
[y =) a®ix), I=1,...r (36)
i=1

Denote by A the matrix formed by the above coefficients, i.e.
Az(al,i)v l=17---7r7 l=1,,d

For any r-element subset I{ij,...,i,} C {1,...,d} denote by A’ the fol-
lowing minor of A:

Al = (@) k=t r-

Put ® = {®;, ;}and

,,,,,

Wr(®,, ¥
Wy(x, 2 = 2P Bo) (37)
g@)Wr(®;)
We need the following formula from [16]:
det ATWr(® )W, (x,
Wir, ) = 2L ILA MDD 2) (38)

>, det! Wr(®;)

Notice that for any / we have

Wr(®r, Wo) = " XM Pi(x, 8) = € 2H1y - pr.(0d]e™,
=0

where p; ;(x) are polynomials. Also we have
Wr(®)) = " i (x),

where the polynomial g;(x) = pr (x). Notice that the exponential factor is the
same everywhere. Then we have

>, detA" Pi(x, 3y)e*
Wy = d
g(z) ), det!q(x)

Among the subsets / there is one that corresponds to the set of following
functions from the kernel of 4(0,):

filx) = ML, frl(x) = x"17lehx

(39)

F AmX r rm—1 _Arx
Fronper = & = xR

Denote this subset by Iy. Notice that P;, = Z;’=0 B; 8){, where b; € C,i.e., Py,
is an operator with constant coefficients. It is easy to check that P;, = g(9,).
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Introduce the matrix Ag as follows. Let Iy = (il0 < ig <. < i?). Then let
Ag = (aj,,-sz’i?). Now consider A as a deformation of Ag:

Afe) = €A + (1 — €)A,.

Obviously a;;(e) = a;; ifi € Iy and a;; = €a;; otherwise.
Generically a’etA(’) # 0. We can assume that a’etA(’) = 1. Using the bispectral
involution and expanding the denominator in a series in & one obtains

o0

Wi = (14 ) € Pi(z, 0)W. (40)

j=1

The important fact here is that all the operators P;(z, 9;) € W The stan-
dard basis of Wy is given by wy = 0*Wy =zK k=0, 1,.... We need to find
expression for the basis of W(e). We have

o0

af\llw(e) =1+ Zeij(Z, 92)) Wi

j=1

Using the boson-fermion correspondence o we get the tau-function Ty )
00 : 00 .
T =o((1+ Y € Pz, awo A (14 Y € Pz dwi A-+)

1 1
=10+ er(P))ty + € (r(PQ) + Er(Pl)2 - 5r(Pf)> Ty 4 -

Notice that the coefficients at the powers of € are polynomials in r(Pk] ), applied
to 7o. Hence all of them belong to the W% -module M“?. We shall show that
the entire series belong to it. Once again we need a formula from [16]—this
time for the tau-function. We have

1+ Zl;ﬁlo detA’(e)Alrl
L+, detAl(e)Ar

Tw(e) =

where A; = Wr(®,)(0). Multiplying tw ) by the denominator, which is a
polynomial in € we get a polynomial in € (the numerator), which, having a finite
number of terms that belong to M“? by the above argument, itself belongs to
M¢ for all €. In particular for € = 1 we get that Ty € M.

The case when detA(I) = 0 easily follows from the above.
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TOROIDAL LIE ALGEBRA AND
BILINEAR IDENTITY OF THE
SELF-DUAL YANG-MILLS HIERARCHY

Saburo Kakei
Department of Mathematics, Rikkyo University, Nishi-ikebukuro,
Tokyo 171-8501, Japan

Abstract Bilinear identity associated with the self-dual Yang-Mills hierarchy is
discussed by using a fermionic representation of the toroidal Lie algebra
sy,

1 INTRODUCTION

There have been many studies on soliton equations in higher dimensional space-
time. Among other things, the self-duality equation of the Yang-Mills model
in four-dimension plays prominent role, since it produces many integrable
equations by dimensional reduction (see [1] and the references therein). In this
sense, the self-dual Yang-Mills (SDYM) equation may be regarded as a “master
equation” for soliton-type equations.

The SDYM equation can also be treated also by Hirota’s bilinear method. To-
ward this aim, we shall take so-called “Yang’s R-gauge” or the “J-formulation”
of the SDYM [2]:

3 (J7'ayJ) +8; (J ' J) =0. (1)

Following the work [3], Sasa, Ohta and Matsukidaira [4] considered the gauge
field J of the form,

fLe Ts Ts Ts

The gauge field J of (2) solves (1) if the T-functions satisty the following seven
Hirota-type equations [4],

_1 1 —g T D _‘L’3
J——[ fz_eg], o=, p=2 =B @)

5 + 113 — 1476 = 0, (3)

Dyt - 15 = D:t4 - T, “4)

Dy1y - 76 = D;75 - T3, ©)
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Dyt4 - 13 = D375 - 17, (6)
D.t - 15 = Dy1y - 14, (7
D7 - 16 = D513 - 75, (8)
D74 - 13 = D317 - 15, ©)

where we have used Hirota derivatives,

D;lf(-x) : g(x) = (ax - ax’)nf(-x)g(-x/)lx/zxv

and introduced auxiliary dependent variables 14, 76, 77, Ts.

Due to the integrable structure of the SDYM equation, one can generate
a hierarchy of higher order integrable equations associated with the SDYM
equation [1, 5, 6]. In the case of the KP hierarchy, there is a method to introduce
t-function from the hierarchy structure [7]. However no general method has
been found for defining t-functions directly from the hierarchy structure of the
SDYM. So a natural question may arise: What is the meaning of the t-functions
in (3)-(9)?

The aim of this article is to give an answer to the question. As shown below,
we can reproduce (3)—(9) from representation theory of the toroidal Lie algebra
sl [8]. We note that the relation between integrable hierarchies and toroidal
algebras has been discussed several authors [9-13] by using vertex operator
representations.

2 TOROIDAL LIE ALGEBRAS

We start with the definitions of (M + 1)-toroidal Lie algebras, which is the
universal central extension of (M + 1)-fold loop algebras [14, 15]. Let g be a
finite-dimensional simple Lie algebra over C. Let R be the ring of Laurent poly-
nomials of (M 4 1) variables C[s*', £, ..., 15;']. Also assume M > 0. The
module of Kihler differentials Qx of R is defined with the canonical derivation
d : R — Qpg. As an R-module, Q2 is freely generated by ds, dz1, . .., dfy. Let
*: Qr — Qp/dR be the canonical projection. Let ¥ denote Qg/dR. Let (-|-)
be the normalized Killing form on g. We define the Lie algebra structure on

¢ € 3@ R® K by
X®fY®gl=I[X,Y]® fg+(X|V)df)g, [K ¢”T=0. (10)

This bracket defines a universal central extension of g ® R[14, 15].
We have, foru = s, 11, ..., ty, the Lie subalgebras

3, ¥ g Clut! @ Cdlogu, (11)
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with the brackets given by

(XQu", Y @u"l=[X,Y]®@u""" + mbuino(X|Y)Ky, (12)
which are isomorphic to the affine Lie algebra g with the canonical central
element K, & log u. In terms of the generating series,

XQEY Xx@u' 7, (13)

nez

the relation (12) is equivalent to the following operator product expansion
(OPE, in short. See, for example, [16]):

1 1
X@Yw) ~ —I[X, Yl(w) + — = (X|V)K,. (14
Z—w (z—w)
We prepare the generating series of g'° as follows:
Xy €Y X @' (15)
nez
Ky ()€ srndlogs - 27", (16)
o nez
Ki@) =y smdlogr -z, (17)
nez
where X € gm = (my,...,my) € ZM, i =" ... 1), andk = 1,..., M

The relation d(s"t™) = 0 can be neatly expressed by these generating series as

—K n@) = kaK ), (18)
and the bracket (10) as
1 1
Xn(@)Yy(w) ~ ——[X, Yptn(w) + —— 5 (XIV)K, (W)
Z—w (z —w)
M
+5 2 (W), (19)
=1 <~

Hereafter we consider only the s/y"-case to treat the SU(2)-SDYM hierarchy.
The generators of s/, is denoted by E, F and H as usual:

[E,Fl=H, [H E]=2E, [H,F]=-2F. (20)

We prepare the language of the 2-component free fermions [7, 17] to construct
a fermionic representation of the affine Lie algebra sl,. Let A be the associative
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C-algebra generated by y'®, w;“)*( j € Z,a = 1, 2) with the relations,

[0 0] =i [0 v ] =[w ] =0 @
+ + +
In terms of the generating series defined as

YOW) =Y U, Y =) T (@=1,2), (22)

nez nez

the relation (21) are rewritten as
[v @), v P ()], = Supd(r/ 1),
[V @0, v D], = [v 0, v w], =0, (23)
where 3(A) &f Y nez A is the formal delta-function.
Consider a left .A-module with a cyclic vector |vac) satistying
yilvac) =0 (j <0), ¥ Plvac) =0, (j = 0). (24)

This .A-module 4|vac) is called the fermionic Fock space, which we denote by
F. We also consider a right .A-module (the dual Fock space F*) with a cyclic
vector (vac| satisfying

(vacly =0 (j =0), (vacly[”* =0, (j <O0). (25)
We further define the generalized vacuum vectors as
def def
52, 51) = WAWDlvac), (51, 5] = (vac| D w2x, (26)
o [P s <0, [ <o,
VIOE-— 8 (s=0), v =11 (s =0),
D (s> 0), S (s> 0).

There exists a unique linear map (the vacuum expectation value),
F*@asF - C 27)

such that (vac| ® |vac) — 1.Foraa € A4 we denote by (vac|a|vac) the vacuum
expectation value of the vector (vacla ® |vac)(= (vac| ® a|vac))in F* @ 4 F.
Using the expectation value, we prepare another important notion of the normal

ordering: :wi(a)w;ﬁ ] 1//;“)1#;’3 g (Vac|¢i(“)1pj(.ﬂ |vac).
Lemma 1 ([7, 17]) The operators
E(z) = 27"y D@y P*(),

F(z) = 7'y @@y V*(2), (28)
Hz) =z {y D@y 2) : — : vy Py @*(@2) i}

satisfy the OPE (14) withc = 1, i.e., give a representation ofa 2 on the fermionic
Fock space F.
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To construct a representation of s/, we consider the space of polynomials,

FY (C[y(k) j eN]®Cle®']). (29)
k

We define the generating series

(k)(Z) def Zny(k) n— l’ Vm(y Z) nexp |:mk Z y(k) n:| , (30)

neN neN

foreachk = 1,..., M, m € ZM. Using the representation (28), We can obtain
a representation of s/;™ on )" EFQF )

Proposition 1  The following operators satisfy the OPE (19):
Xn(@)=X@)QVuz) (X=E,F, H),
K () =1 Va(2), 31
K,’Tﬁ(z) =1® ¢ (@) Vu(2).
Proof By the OPE (14) and the property V,,(z2)V,(z) = V,u4a(2), we obtain
(X(@) ® V()Y (w) @ Vy(w))

1
’”{Z_—w[X, Y](w)+( )2(X|Y)}
Vm( )
®  Vi(w) + (z—w) ¢ Va(w)
1

X YI0) © V() + s (XIV) @ Viy(w)

Z— (z—w)

+ Z <X|Y><o<">(w)vm+,,<w) (32)

Comparing the last line to (19), we have the desirous result. ]

We will use this representation in what follows to derive the bilinear identity,
which is a generating function of Hirota-type equations.

3 DERIVATION OF THE BILINEAR IDENTITY

In this section, we set M = 1 for simplicity. We first introduce the following
operator acting on F}*" ® F "

Qo 7§2 YO0V ) @Y RIVG. (33)
meZot 1,2
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Lemma 2 The operator Q" enjoys the following properties:

(i) QU sl @1+ 1®sly] =0, (34)
(ii) Q{(Is2,s1) ® D@ (Is2 + 1,51 + 1) ® D}
=) {(|Sz +Ls)®e™)® (ISz, si+1)® f"”"") 35)
meZ

— 5251+ 1) @ ™) @ (Isz + Lsi) @ ™) |

Proof  Since the representation of s/5’" under consideration is constructed from
Lemma 1, it is enough to show

(2 4P P (pIVay: P @ 1+ 1@ U (P P (pValy's )| =0,

(36)
fora, B = 1,2 and n € Z. From (23), we have
[V Py P (@), ¥V W)] = 85, 8(q /MY (p),
[V PP (@), ¥ ()] = =80, 8(p /MY P (g). (37)
These equations and the relation V,,( ViMVa(ys2) = Vingn(y3 4) give the com-
mutativity above. ]

If we translate Lemma 2 into bosonic language, then it comes out a hierarchy
of Hirota bilinear equations. To do this, we present a summary of the boson-
fermion correspondence in the two-component case. Define the operators H'®

as H® def Yz 1//;‘1)1#;‘1): forn =1,2,...,a = 1,2, which obey the canon-
ical commutation relation [H®, HP = M8y in.08ap - 1. The operators H®
generate the Heisenberg subalgebra ( free bosons) of A, which is isomorphic

to the algebra with the basis {nx*, 3/9x (¢ =1,2,n =1,2,...)}.

Lemma 3 ([7, 17]) For any |v) € F and sy, s € Z, we have the following
formulas,

(51, 520 E" Dy MG )

_ (_)szkm—leé({(”,)»)(SI 1, s2|eH(1‘”—[r‘1,£<2>>|v>, (38)
(51, 52l @" =y DG )
— (_)Sz)t—ﬂe—é@”vk) (Sl +1, s2|eH(£“>+[)»"],£(2))|U)’ (39)

(51, 520Dy @G )
_ )\sz—leé@z),l)“l’ 5y — 1|eH(£“)7£(2)—[X’IJ)|v>’ (40)
(51, $21eT =Dy % 0) vy

— )\*Szefé@z),l)(sl, sy + 1|eH(§(”,£(2>+[)»"])|v)’ 41)
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where the “Hamiltonian” H(xV, x®) is defined as

N o0
HaD, x®)E 3" S x@y@, (42)
a=1,2 n=1
and
def =
Esh) =) xa (43)
n=1

We prepare one more lemma due to Billig [9].

Lemma 4 ([9], Proposition 3. See also [11]) Let P(m) = ijo m/ P;, where
P; are differential operators that may not depend on z. If

> "Pm)f(2) =0

mez

for some function f(z), then
P(e —z0) f(2)]:=1 =0
as a polynomial in €.

Now we are in position to state the bilinear identity for the SU(2)-SDYM
hierarchy. Let SLY" denote a group of invertible linear transformations on f},"r
generated by the exponential action of the elements in s/; ® R acting locally
nilpotently. Define the t-function associated with g € SLY" as

s1.8h . (1 2 def HxD x@
e (xD, xP y) = st shle TSI g (y)]sy, 51)' (44)

def def
where |52, 51)'% = |52, 51) ® 1 and (s}, 55| = (s}, s5| ® 1. Hereafter we shall

omit the superscripts “tor” if it does not cause confusion. Since g € SL}”, the
t-function (44) have the following properties [17]:

+O+1,57—0+1 _
sszl+1,sl+S12 — (_I)ZTSS;,—;&SZ Z’ (45)
0 0 s,
(W + W) Ty = 0, (46)
X; x;

i.e., the r-function depends only on {x; défx;]) - x?)} and {y;}. Since the

first one yo of {y;} plays a special role, we will use the notation y =
1, y2--).
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Proposition 2  The t-functions (44) associated with g € SLY" satisfy
(= 1)+ 7§ AN 52 e x/2)
27r'
s{+1,s)

—1,s, _
X T, sz 51 2( —[A~ ] Y= bA) s2+1 SH_](X/ + [ l]aX"‘Q)\)
n }5 A, -5y (@ —0)/2.0)

2mi

" "
s] 52 s,y +1

X T o+ [/\‘1], — b)) & = ALy +by)
= 52+. sl(x Yo, ¥ b)r2s1+1(x Yo, ¥+ b)
— 2 y0, Y = BT @ o,V + D), 47)
where b, denotes (by, by, by, . ..) with the constraint by = —f;‘(I;, A).
Proof Applying
(51, 531e 7" De(y) @ (s, 55T =gy
to (35) from the left and using Lemma 3, we have

(_1)S£+Sé’¢. d_)‘)LSi—Si’—2e$((£—£’)/2,k)
2mi

ls7 _ sU+1,s) , _
x 3ot = Ty = R Dy + b)) Vb

mez

+ f zd)‘ )\sz—sz -2 S((x —x)/2,1)
Tl
1 —_

xz{r;;sf @+ oy - b o - 11,X+@}Vm<2g;x>

mez
=Y {eiiwy -l ey b

meZ
— @y DT @ X,@}Vm@g;x). (48)

where we have replaced y > y — b, X/ > y + b. If we use Lemma 4 with
z = ™, we obtain the desired result. [ ]

Expanding (47) and applying (45), we can obtain the following Hirota-type
equations,

51,82 sitlsa_si,so+1  _si+lLsy _si,s+l

(tvz S1 ) + t\2+1 S t&') s1+1 Ixz s1+1 Ts2+1 st O’ (49)
si+1,s,—1 S1,82 si+ls2 s1+1,s2

D)n Tsz S1 Tsz s1 DVI Tsz s1+1 T52+1,S| ’ (50)
si—1,s+1 S1,82 __ 51,8241 . s1,52+1

Dyﬂ TSZ N TSZ 51 D.yl TSZ s1+1 Ts2+l,sl ’ (51)
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which agree with (3)—(6) if we set

,0 . 0,1 —1,1 . 1,0

=T T=ity, B=T, , T=IiT), (52)
0,0 . 0,1 1,—-1 . 1,0

T5:TO,O’ 76:”:0,19 ‘L’7:‘E0,0 y ‘l,’g:l‘L’O’].

If we introduce another set of variables {z;(j =0, 1, ...)} that play the same
role as {y;} and set T = z9, y = —z, the corresponding 7-functions solve
(3)-(9) simultaneously. We remark that the introduction of the variables {z;}
corresponds to the symmetry of the 3-toroidal Lie algebra as mentioned in
Section 2.

To consider the reality condition for the SU (2)-gauge fields, we introduce
an anti automorphism « as

kW) =0 k@) =9, meZa=1.2), (53)
which have the following properties:
o 2 =1d,

e (vac|k(g)|vac) = (vac|g|vac), ‘g € SLY".
Using «, we impose the following condition on g = g(y, 2):
k(@g(y,2) =g(y, 2). (54)
Then we find that the T-function (44) with x) = x® = 0 obeys

(57 5318 (1. sz, 51) = (51, 5218y, DIsh. 7). (55)
and that e, f, and g of (2) satisfies
f=—f e=g. (56)
If we define J as
- w 0 w 0 141
J=|:O w_1i|.]|:0 w_1i|, w = «/E’ (57)

then J satisfies (1) and the reality condition J="J

4 CONCLUDING REMARKS

We have described the hierarchy structure associated with the SU(2)-SDYM
equation based on the representation theory of the toroidal Lie algebra /5.

The hierarchy considered in the present article includes several interest-
ing equations such as a (2+1)-dimensional generalized nonlinear Schrodinger
equation. This topic is discussed in [8].
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We have restricted ourselves to the SU(2)-case, and it may be straight-
forward to generalize the results if we start with multicomponent fermions.
We will discuss this subject elsewhere.

REFERENCES

1. Ablowitz, M. and Clarkson, P. A. (1991) Solitons, nonlinear evolution equations

and inverse scattering, Cambridge University Press, Cambridge.

2. Yang, C. N. (1977) Phys. Rev. Lett. 38, pp. 1377-1379.

3. Corrigan, E. F,, Fairlie, D. B., Yates, R. G., and Goddard, P. (1978) Commun. Math.
Phys. 58, pp. 223-240.

. Sasa, N., Ohta, Y., and Matsukidaira, J. (1998) J. Phys. Soc. Jpn. 67, pp. 83-86.

. Nakamura, Y. (1991) J. Math. Phys. 32, pp. 382-385.

. Takasaki, K. (1990) Commun. Math. Phys. 127, pp. 225-238.

. Date, E., Jimbo, M., Kashiwara, M., and Miwa, T. (1983) in: Proceedings of RIMS
symposium, World Scientific, Singapore, eds. M. Jimbo and T. Miwa pp. 39-120.
8. Kakei, S., Ikeda, T., and Takasaki, K. (2002) Annales Henri Poincaré 3, pp. 817—

845.
9. Billig, Y. (1999) J. Algebra 217, pp. 40-64.
10. Iohara, K., Saito, Y., and Wakimoto, M. (1999) Phys. Lett. A254, pp. 37— 46.
11. Iohara, K., Saito, Y., and Wakimoto, M. (1999) Progr. Theor. Phys. Suppl. 135,
pp. 166-181.

12. Ikeda, T. and Takasaki, K. (2001) Intl. Math. Res. Notices, (7), pp. 329-369.

13. Kakei, S. and Ohta, Y. (2001) J. Phys. A34, pp. 10585-10592.

14. Kassel, C. (1985) J. Pure Appl. Algebra 34, pp. 265-275.

15. Moody, R. V., Eswara Rao, S., and Yokonuma, T. (1990) Geom. Ded. 35, pp.

283-307.
16. Kac, V. G. (1998) Vertex algebras for beginners, 2nd ed., AMS, Providence.
17. Jimbo, M. and Miwa, T. (1983) Publ. RIMS, Kyoto Univ. 19, pp. 943-1001.

~N N R



FROM SOLITON EQUATIONS
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1 INTRODUCTION

A key property of classical (continuous) soliton systems is the fact that they
correspond to nonlinear partial differential equations (NLPDE’s) which happen
to be expressible as the integrability condition for a system of linear equations.
Linear eigenvalue problems and associated ¢-evolutions have produced classes
of soliton equations [1, 2] and have led to the disclosure of major integrability
features (such as the existence of multisoliton solutions and infinite sequences
of conserved quantities).

A still open “inverse” problem is to get access to the linear system, associated
with a given soliton system, starting from the NLPDE itself. Its solution requires
a skillful decomposition of an appropriate “Bicklund condition” into a set of
linear constraints on some new dimensionless dependent variables. Insight into
the nature of these “primary” variables can sometimes be obtained by means of
Painlevé techniques [3], or by looking for a bilinear Bécklund transformation
(BT) acting at the level of a Hirota representation of the original NLPDE [4, 5].
Yet, from the practical point of view, these manipulations are not as “direct” as
one should wish.

Here, we present a reformulation of Hirota’s bilinear BT method capable of
producing systematically (if not algorithmically) the zero curvature formulation
of sech squared soliton systems that may be derived from a single equation in
quadratic Hirota form. The method is also shown to work for less elementary
soliton systems (such as the Lax-KdVs equation), as it allows an elementary
and systematic search for fundamental members of multidimensional integrable
hierarchies leading (through reduction) to 1 4+ 1 dimensional sech squared
soliton systems.

147
L. Faddeev et al. (eds.),
Bilinear Integrable Systems: From Classical to Quantum, Continuous to Discrete, 147-159.
© 2006 Springer. Printed in the Netherlands.
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We start our presentation by reformulating the Hirota procedure (and the
basic Hirota-Bécklund ansatz) in terms of exponential polynomials (Section
2 and 3). We then apply the resulting method on 3 examples (KdV, KP, and
BKP) leading to a unified treatment of several well known 1 4 1 dimensional
soliton systems (KdV, Boussinesq, Sawada—Kotera, Ramani, Lax—-KdVs). The
calculations are presented in detail in order to exhibit the elementary nature of
the procedure.

2 BILINEAR BACKLUND TRANSFORMATIONS

The simplest soliton equations, from “bilinear” point of view, are NLPDE’s for
a dependent variable u(x, t) which, through the bilinearizing transformation
u =20% In f, can be derived from a single quadratic Hirota equation of the
form (m; and n; are integer or zero, c¢; are constants):

F(f.£)=) ¢;DI'Df - f=0, mj+n;=even, (1)
J
in which the D-operators are defined as follows:
DID} f - g = (3x — 8x)"(3 — 8)" f(x, (X, 1) vr=x,r= 2)
Equations of the form (1) are known [6] to admit solitary wave solutions:
fo=1+e", 0=kx+ot+7,with) ck"a" =0, 3)

J

as well as “two soliton solutions”:
fH=1+e"+e" + Ape”™ 6 =kix + wit + 1, 4)

with

> citki — k)" (w1 — wr)"

> itk + ko)™ (@ + wa)

Y kel =0, Ap=- (5)
J

These Hirota equations can also produce a Backlund transformation (BT) for
the original NLPDE if there exists a pair of bilinear equations (p;, g;, 1, si =
integer or zero, ¢;; = constant):

Fi(f . f)=) caDIDIf - f =0 6)
A H= ZcizD;f Dif - f=0 7

which are compatible if f satisfies Eq. (1), and which imply the relation
[PF SN = RS =0, ®)
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A current, but tricky procedure to find out whether a given NLPDE admits
such a bilinear BT is to start from the Hirota representation (1) (if one can find
it) and to try to decompose the condition (8)—we call it the Hirota—Bécklund
(HB) ansatz—into a pair of eqs. (6), (7) with the help of appropriate “exchange
formulas” [4]. One must then verify that the compatibility of the obtained
bilinear system is subject to a condition on f which is satisfied as a result of
Eq. (1).

Here we present a simpler method, based on the use of two classes of ex-
ponential polynomials (generalizations of the Bell [7] or Fad di Bruno [§]
polynomials), which will be seen to lead (in a systematic way) to the zero
curvature formulation of the given NLPDE.

3 EXPONENTIAL POLYNOMIALS AND ZERO
CURVATURE FORMULATIONS

We start our discussion by noticing that a Hirota equation of the form (1) can
be mapped by the transformation f = exp(%) onto a corresponding primary
NLPDE for Q:

E(Q)=) ¢;jPuni(Q)=0, ©)
J
with
me,nt(Q) = e_Q(x’t)B;natneQ(X’t”Q,-“,=0 if r+s=odd- (10)
The link between Egs. (1) and (9) is the identity [9]:
f2D"D'f - f = Pput(Q =21In f), m +n = even. (11)

P-polynomials and primary NLPDE’s of type (9) are easy to recognize on ac-
count of their simple partitional balance: linear (even order) terms Q . 4/, With
p + g > 2, are accompanied by nonlinear terms which correspond precisely
to the even part partitions of (p, q):

Py (Q) = 02, Poi= 0w, Prou(Q)= Qo+ 02,02 +202,
PSX,I(Q) = Q3x,t + 3Q2x tha P4X(Q) = Q4x + 3Q§xa (12)
Ps(Q) = Qox + 1502, Q4 + 1503, ...

Each polynomial carries a particular weight, determined by its order and the
dimensions of the independent variables (the dependent variable being dimen-
sionless).

We now observe that bilinear equations of the form (6) or (7) can be
mapped onto equations which are linear with respect to “binary” exponential
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polynomials Y, 4;(v, w) defined in terms of two “mixing” variables v =

In(f’/f) and w = In(f" f):

Vprogr(v, w) = e ¥009P g ey vy if 7 s = odd (13)
ym,:{ w,};’s, if r +5 = even
Thus, making use of the two field generalization [9] of the identity (11)
f'HIDIDI - f = Vprqw=nf'/f, w=1n["[), (14)
we find that the bilinear system (6, 7) corresponds to the following )-system:
Ex.w) =Y i1 Vpgiv.w) =0 (15)
i
Ex(v,w) =) ciVprsiw, w) =0 (16)
i
The map:
OQ=2In f=w-v, QO =2Inf'=w+v 17)
is also seen to transform the HB ansatz (8) into the simpler condition:
E(Q =w+v)—E(Q=w-—v)=0. (18)

The problem of obtaining a bilinear BT from a given F(f, f) can therefore
be reformulated as the problem of obtaining a decomposition of the condition
(18) into a pair of Y-constraints (15, 16) which are compatible for every Q that
satisfies the primary NLPDE (9).

We shall see that this problem can be tackled systematically (if not algorith-
mically) by expressing:

E(w+v)—E(w—v) (19)

in terms of )-polynomials and their derivatives.
An important point is the logarithmic linearizability of the above )-systems.
This follows from the property [9]:

Vg0 =y, w=Q+Iny)=yv""'L, (O, (20)
with
p q P q
Ly @=YY () (s)y,x,sxo, Q)13 @
r=0 s=0

on account of which every system (15, 16) is mapped by the transformation

w=v+Q, v=hvy (22)
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onto a linear system for :

D citlpq(QY =0 (23)
> ek, (Q)Y =0. (24)

1

Thus, having found a decomposition of the HB ansatz (18) into a pair of -
constraints, it is a straightforward matter to check whether their compatibility is
subject to a condition on Q which is satisfied as a result of Eq. (9). This enables
us to undertake a systematic search for linear equations which may provide a
zero curvature formulation of the original NLPDE.

4 KP, BKP AND THEIR REDUCTIONS

The simplest sech squared soliton system is the KdV equation:
KdV(u) = u; — us, — 6uu, =0, (25)

which, by setting u = Q», (Q is the simplest dimensionless alternative to u) is
seen to correspond to a primary NLPDE of weight 4 (we choose the dimension
of x to be equal to 1 and define the weight of P, ,,(Q) as p + g dim 1):

Exav(Q) = Qv — (Q4r +303) = Po,(Q) — P (Q) =0,  (26)
or to the equivalent Hirota equation (Q = 21n f):
(DD, — D))f - f =0. 27)

The disclosure of a Béacklund transformation for Eq. (25) is an easy matter

which has been dealt with in [10]: it suffices to decouple the condition
Ckav(v, w) = Egav(w + v) — Exav(w — v) (28)

=20, — 2V4y — 1200, w0, =0

into a pair of Y-constraints, and to verify that their compatibility is subject to

the condition: 9, Exgy(Q) = 0. This is easily done by expressing Cxqv(v, w)

in terms of )-polynomials and their first order derivatives by means of the

formulas':

Uy = axyxa Uyt = axyta Wox = y2x - y_3$

U3y = y.’ax - 3yxy2x + 2.))3 (29)

! They follow straight away from def.(13). We write Vpx,qr instead of V. (v, w).
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Thus, it is seen that

Crav(v, w) = 20:[V; — Vsc] + W[ Vs, Varl, (30)

with W, [ f, g] = f(9,g) — g(9, f), indicating that the condition (28) is satisfied
if v and w obey the system (A = constant of weight 2):
Vi(v) = Vo (v, ) + 30V, (v). (32)

Its compatibility is subject to that of the equivalent system for i = e (setting
w=v+ Q)

Vox +(Qor — MY =0 (33)
Vi — VY3 — 3(Qar + MY =0 (34)

1.€., to the condition
(Qx — Q4 —303)x = 0. (35)

Let us now consider the more challenging example of a homogeneous 1 +
2-dimensional primary NLPDE which involves a linear combination of all P-
polynomials of weight 4 that may be defined with respect to a set of independent
variables t, of weight p = 1,2,3, ... (with#; = x):

E4(Q) = P (Q) + a P 1,(Q) + BP,(Q) = 0. (36)
The corresponding expression:
Cy(v, w) = Eg(w + v) — Eg(w — v) = 2vg + 1202wy + 2005 + 2802,
(37

can again be expressed in terms of )-polynomials and their first order deriva-
tives:

C4(U, U)) = Zax[ayt3 + ny] + 2/33t2[yt2] + 6Wx[y2x» yx] (38)

In order to find out whether C4(v, w) can be reduced to the x-derivative of a
linear combination including all Y-polynomials of weight 3, say (a = undeter-
mined constant):

2ax[Ol)}t,; + y3x + ayx,tg] (39)

by means of another homogeneous “auxiliary” )-constraint, it suffices to con-
sider the only possible candidate which is a constraint of weight 2 (b = unde-
termined constant):

Vi, + b = 0. (40)
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It suggests that C4(v, w) should be rewritten in the form:

Ca(v, w) =20:[a ), + Vax +axn] + 280, [V, + 0Iox] + Ra(v, w),

(41)
with
Ry(v, w) = OWi[Vor, Vil — 200,V 1, — 260, Vox (42)
or
Ry, w) =2Wi[3Dox + bBY,,, Vil — 2(a + bB)0: Ve, (43)
on account of the identity:
O, Vox = 03 Ve, + WelVx, Vol (44)

It follows that the desired reduction of C4(v, w) can be obtained by means of
Eq. (40) with b = i\/% and a = T/3.

We conclude that the HB-ansatz (18) associated with Eq. (36) is satisfied if
v and w obey the system:

3
V,(v) + \/%yu(v, w) =0 (45)
ad () + V3 (v, w) F /3BVe (v, w) = 0. (46)

Its compatibility is subject to that of the equivalent system for i = e (setting
w=v+ Q)

3
Vi, = :F\/%(l/fzx + 02 ) (47)
ayy, = —4Y3, — 6029, — 303 F V360V, (48)

i.e., to a condition on Q which is easily seen to coincide with d, E4( Q). Setting
B =3 and @« = —4 we see that the system:

Vi, = La(Q)Y, Lo(Q) = 32 + On, (49)
3 3
Y, = Ly(Q)Y, L3(Q) = 32 + 5 Q2 + 7(Q3c + Ous) (50)

provides us with a zero curvature formulation of a distinguished member of the
family (36) known as the KP equation [11]

Exp(Q) = P4 (Q) + 3P, (Q) — 4Py 1,(Q) = 0. D
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The operators L, and L3 can be shown [12] to define a pair of Darboux covariant
t-evolutions.

As a ty-reduction of Eq. (51) we recover, as expected, the primary KdV Eq.
(26) with t = it3. The actual “Lax pair” for KdV is obtained from Eqgs. (49),
(50) by setting Q;, = 0 and v, = Ayr:

Lo(Q)Y =1y (52)
3 3
Vi, = B(Q)Y, B(Q)=3d;+ 5 Q2x0x + 7 Qs (33)

As a t3-reduction of Eq. (51) we obtain:
Epq(Q) = Py(Q) + 3P, (Q) =0 (54
The Lax pair of the corresponding Boussinesq equation (# = Q;,):
Uy, + gy + 3 =0 (55)

is obtained from Egs. (49, 50) by setting v,, = uy (u being a parameter of
weight 3):

L3y(Q)Y = ny (56)
Y, = L2(Q)Y (57)

As a second 1 4 2 dimensional example we consider a primary NLPDE
which involves a linear combination of all P-polynomials of weight 6 that may
be defined with respect to the subset of odd-dimensional variables #; = x, #3,
I5,...

E¢(Q) = Pox + a Py 5(Q) + B P31, (Q) + ¥y P, (Q) =0 (58)
The corresponding HB ansatz

Co(v, w) = 2v6, + 30(vox Way + Vaywoy) + 30v§x + 90v,, w%x
+ 205vxt5 + 2,3v3x,t3 + 6:3(v2x Wity + Uxzy w2x) (59)
+ 2y Uy, = 0
can again be expressed in terms of )-polynomials and their derivatives

by means of standard substitutions, and subsequently reduced to (see
Appendix):

Co(v, w) = 0 [200Yy, — 3Vsx + 3BVax 1] + 20, [y Viy — BV ]
+ 0] [5Y3, + BVl — 315V + BV 10:D20)  (60)
+ (OVax — 6V])0:[5Vsx + BV, =0
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If y= —’%2 it is possible to satisfy this condition by means of two

homogeneous Y-constraints on v and w. These constraints are:
P _
Var(v, w) + 2V, () =0 (61)

3 3
aYi(v) — Eysx(v, w) + E,Byh.g(vs w) = 0. (62)
Their compatibility is subject to that of the corresponding linear equations:

B, = =5Y3c — 1502, Y (63)
O‘v/ts = 91//5x + 45 Q2xv/3x + 45 Q3x V/ZX

2 (64)
+B0Qu4x +4505, —3B0:x,)Vx,
i.e., to a condition on Q which is easily seen to coincide with
,32
Ox |:P6X(Q) + Py 1s(Q) + BPs3r.1s(Q) — ?Pzg(Q)} =0 (65)
Setting now o = 9 and 8 = —5 we conclude that the system:
%3 = 1p?uc + 3Q2x¢x (66)

10 5
Yty = Use + 500 W30 + 50392, + (? Qs +503, + ggm) Yy (67)

provides us with a zero curvature formulation of a distinguished member of
the family (65), the primary version of which is known as the BKP equation
[11]:

Eggp(Q) = Psx(Q) + 9Py 15(Q) — 5P3:1,(Q) — 5P, (Q) = 0. (68)

A t3-reduction of Eq. (68) produces a primary version of the Sawada—Kotera
equation [13]:

Esk(Q) = Pox(Q) + 9P ,(Q) =0, (69)

for which a Lax pair is obtained from Egs. (66), (67) by setting Q,, = 0 and
Wt3 = Mﬁ

A ts-reduction of Eq. (68) produces a primary version of the Ramani equa-
tion:

Eram(Q) = Pex(Q) — 5P3,,,(Q) — 5P, (Q) = 0, (70)

for which a Lax pair is obtained from egs. (66, 67) by setting y,, = A
A slightly more subtle reduction of BKP can be obtained by noticing

that Eq. (68) corresponds to the a = —g member of the following family of
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P-equations:
E¢(Q:a) = Py (Q) + aPy,(Q) — é(l + 3a) Psc(Q)
—é(S +3a) P31, (Q) =0 (71)

Each member of this family shares, by construction, the two soliton solutions
Q) =2In(1 4 % + 2% 4 AKXV hit02)

ki —ka\?
6 =kix + kXt +kts and AYNY = ( g kz) , (72)

with the primary KdV-Eq. (26), as well as with a 1 4+ 1 dimensional NLPDE
for Q, ;; which may be derived from the x-derivative of Eq. (71) through elim-
ination of Q, ,,, and its derivatives, by means of Eq. (26):

Orvis = Q7c + 1005, 05, + 2003, Q4 + 300257 Qs (73)

The system (26, 71) therefore provides us with a parameter family of 1 4- 2
dimensional Hirota representations:

(DD, — D] f-f=0 (74)
|:DXD,5 +aD; — é(l +3a)D° — é(s + 3a)D§Dt3:| f-f=0 (795

of a fifth order NLPDE for u = Q,, which is known as the Lax (or KdV5s)-
equation [1, 13]:

= usy + 10uus, + 20uuz, + 30uu,. (76)

A zero-curvature formulation of this NLPDE can be obtained straight away
from the representation (26, 71) in which a = —g:

Egav(Q) = P ,(Q) — Pi(Q) =0 (71

Epkp(Q) = 9P, 1,(Q) — 5Py, (Q) + Pox(Q) — 5P 1,(Q) =0 (78)

The first equation of this system gives rise to the HB ansatz (28) which is
already known to be satisfied if one imposes the constraints (31,32). These
constraints, and the use of the identity

02, = Vi, — 3V Vo + 2072, (79)

enable us to reduce the HB ansatz for Eq. (78) to the condition:

B |9 — 2V — Ve — 2y, —0022Y, | =0 80
X ts5 2 S5x ) 2x,t3 2 3x x| — ( )
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It follows that the HB conditions (18) associated with the system (77, 78)
are satisfied if one imposes the constraints:

Vor(v, w) = A (81)
Vi (v) = V3x (v, w) + 30V, (v) (82)

3 15 45
Vi, = Eysjc(v, w) + 73}2)6,[3(‘07 w) + 7)»3)3x(v, w) + 90A2yx(v) (83)
or (settingw = v+ Q and v = In¥):

Vor = (A — Q20)¥ (34)
wlg = 1pfwc + 3(Q2x + )‘)Wx (85)
1 5 5 5 5
Yy = EWSx + glllzx,rg + <§ 0o + §X> Y3, + ngx‘//t3
(36)
(20m 205 42000 + 2000 + 1002 v
6 4x ) 2x 3 X5 2 2x X
Equations (84) and (85) are known to be compatible if Q solves Eq. (26).

Eliminating derivatives with respect to 73 by means of Egs. (26) and (85) we
may replace Eq. (86) by:

v/ts = 1/’5x + 5(Q2x + )")v/3x + 5Q3xw2x
+ (5Q4 + 1003, + 101 Q2 + 10A2)¥,,

or by (eliminating A from this last equation by means of Eq. (84)):

Yy, = 16Ls(Q)¥, with

(87)

25

5 15 3
Ls(Q) =3 + §Q2x33 + Zstaﬁ +3 <Q4x + §Q§x> 3, (88)

15 )
+ R(QSX + Q2x Q3x)

The operator Ls is the fifth order B-operator obtained by Lax [1] in his con-
struction of isospectral deformations of L,. The operators L, and L5 are also
known [12] to produce a Darboux covariant pair of #-evolutions.

A APPENDIX

The following substitution formulas follow straight from definition (13) and
the identities wyy = 02Woy, V3y.p, = xVay sy = Oy, U3y, Usy = 9203, (notice that
expressions 97 Y, with p > 2 have been avoided by making use of the identity
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(79), and that a, b, c, d and e are undetermined constants):

Wy = Vet — Wi
Wy = a(@2) + (1 — @)Vax + 2a — HY, Vs + (12 — 6a) V25,
— (3 =3a)Y5, + (2a — 6)Y! —2a(d, Y,
Ve = b0, V50) 4 c(3: Vo) + (1 — b — )3} V)
+ (3 + 20) Ve[V (0: Vi) — 0 Vi)l — Bb + OV (0: V)
+ (3b +40) Ve Vi (0:V0) — 2V 1y (3: V1) — €V (3:D2)
vor = d(3}V3) + (1 — d)(3,V5:) — 5(1 — d — )[Var(3:Vx) + Vi (0x V)]
— (7d = 10)V5c (8 Vsx) + (10 — 7d — 5€)[2V2(3: V3:) + 35, (8: Vi)
+(d = 10)[V3:(3:21) — 4V V3 (0: V0]
+ (60 — 24d — 30€) Y, (Vax — Y2)(3:2:) — (9d + 5¢)(0: V) (0 V2.).
+(12d + 10e)(3,Y,)* + (120 — 12d — 10e)V¥ (3, V)
+(36d + 30e — 180)Y; Vo (8: Vs)

They enable us to express %Ce(v, w) as follows:

1
§C6(U, w) = [ayt5 + (1 - d)ny + Cny,tg]x + [yyt3 + bny]t3

+[dVsc + (B — b — ) Vilae — i[5 — d — €)Vax

+ @b +20) Vi 1y lx + [(10 + 5d + S5e — 15a) Vay

+ BB —20) Vs ,1(0:Vx) + [(d — 10) V3¢ — ¢V, 1(0x Vox)

+ V2:[(7d + 5) Y3 — 3b + ¢ = 3B) 1,1

+ V2[5 — 14d — 10e)V3, + 3b + 2¢ — 38)V, ]« (89)

+Vx[(30a — 4d — 20)Y3, + (3D + 4c — 3B) YV, 1(0:x V)

—(3d +50) V(8] V2) — (9d + Se — 15a)(3: V)3 V2r)

+(24d + 30¢ — 15V, (V7 = V23 Va0

+(45a — 21d — 15¢ — 15)V3 (3. V)

+(30a — 12d — 10 — 15)[V2V? = 350 — B V)10 D).

A reduction of this expression to the x-derivative of a linear combination of

Y-polynomials of weight 5, by means of a homogeneous constraint of weight
r <4, requires the simultaneous vanishing of the last 5 terms. This vanish-

ing can be obtained if one chooses: a = 1,d = %, e= —%, and b = — 8. This
choice reduces Cg(v, w) to the expression given in eq. (60).
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COVARIANT FORMS OF LAX
ONE-FIELD OPERATORS: FROM
ABELIAN TO NONCOMMUTATIVE

Sergey Leble
Gdansk University of Technology, ul. Narutowicza 11/12, Gdansk, Poland

Abstract Polynomials in differentiation operators are considered. Joint covariance
with respect to Darboux transformations of a pair of such polynomials
(Lax pair) as a function of one-field is studied. Methodically, the trans-
forms of the coefficients are equalized to Frechet differential (first term
of the Taylor series on prolonged space) to establish the operator forms.
In the commutative (Abelian) case, as it was recently proved for the KP-
KdV Lax operators, it results in binary Bell (Faa de Bruno) differential
polynomials having natural bilinear (Hirota) representation. Now next
example of generalized Boussinesq equation with variable coefficients
is studied, the dressing chain equations for the pair are derived. For a
pair of generalized Zakharov—Shabat problems a set of integrable (non-
commutative) potentials and hence nonlinear equations are constructed
altogether with explicit dressing formulas. Some non-Abelian special
functions are introduced.

1 INTRODUCTION

Investigations of general Darboux transformation (DT) theory in the case of
differential operators

L= (1)
k=0

with noncommutative coefficients was launched by papers of Matveev [1]. The
proof of a general covariance of the equation

Vi =Ly 2)
with respect to the classic DT (the shorthands ' = 3y = ., are used through
the paper)

Y[l =y —oy, (3)
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incorporates the auxiliary relation

or=dr+irol. r=Y . aB.(o), 4)

where B, are differential Bell (Faa de Bruno [2]) polynomials [3]. The re-
lation (4) generalizes so-called Miura map and became the identity when
o =¢'¢™", ¢ is a solution of the Eq. (2).

Such operators (1) are used in the Lax representation constructions for non-
linear problems. It opens the way to produce wide classes of solutions of the
nonlinear problem. Examples of discrete, non-Abelian, and nonlocal equations,
integrable by DT was considered in [4, 5]. Some of them were reviewed and
developed in the book [6] and intensely used nowadays [7]. The approach was
recently generalized for a wide class of polynomials of automorphism on a
differential ring [8].

A study of jointly covariant combinations introduces extra problems of the
appropriate choice of potentials on which the polynomial coefficients depend
[9]. This problem was recently discussed in [10], where a method of the
conditions account was developed. Covariant combinations of (generalized)
derivatives and potentials may be hence classified for linear problems. In two
words, having the general statement about covariant form of a linear polynomial
differential operator that determines transformation formulas for coefficients
(Darboux theorem and its Matveev’s generalizations), the consistency between
two such formulas yields the special constraints. For example, the second-order
scalar differential operator has the only place for a potential and the covariance
generate the classic Darboux transformation for it.

In scalar case such one-potential constructions have been studied in [11] and
developed for higher KdV and KP equations [12]. It was found that the result
is conveniently written via such combinations of differentiation operator and
exponential functions of the potential as Binary Bell Polynomials (BBP) [13].
The principle is reproduced and developed in the Section 2.1 of this paper to
give more explanations.

The whole construction in general (non-Abelian) case is more compli-
cated, but much more rich and promising. The theory could contain two
ingredients.

1. The first one would be non-Abelian Hirota construction in the terms of the
mentioned binary Bell polynomials. On the level of general formulation
some obstacles appears, e.g., an extension of addition formulas [13]) to the
non-Abelian case.

2. The second way relates to some generalized polynomials that could be pro-
duced as covariant combinations of operators with a faith that observations
from Abelian theory could be generalized. Namely the case we would dis-
cuss in this paper.
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Even the minimal (first order in the d-operator) examples of the ZS problems
with operator coefficients contains many interesting integrable models. Itis seen
already from the point of view of symmetry classification [14]. So, the link to
DT covariance approach allows to hope for a realization of the main purpose—
construction of covariant functions, their classification, and use in the soliton
equations theory.

We would begin from the example, using notations from quantum mechanics
to emphasize the non-Abelian nature of the consideration. The operators p and
H could play the roles of density matrices and Hamiltonians, respectively,
but one also can think of them as just some operators without any particular
quantum mechanical connotations. The approach establishes the covariance
with respect to DT of rather general Lax system for the equation

—ipr = [H, h(p)],

where h(p)—analytic function, in some sense—‘Abelian,” i.e., the function to
be defined by Taylor series [15]. More exactly it is shown that the following
statement takes place:

Theorem 1 Assume (x| and (Y| are solutions of the following (direct)
equations:

2{x| = (x|(p — vH),
1
—i{x:| = ;(xlh(p),

and |@p) stands for the conjugate pair. Here p, H are operators left-acting
on a “bra” vectors (¥r| associated with an element of a Hilbert space. The
transforms (Yr1|, p1, h(p) are defined by

Wl = (¥ (1+%P>, 5)

—1 —1 n—=v
p1=TpT", hi(p) =Th(p)T™", T = (1 + 5 P)- (6)
where P = |@){x|@){x|. Then the pairs are covariant:

. 1
(¥l = (Wl(pr — AH), —i{Ynl = X(lﬂllhl(/))

complex numbers X, 7, are independent of t [15].

The cases f(p) =ip® and f(p) = ip~' were considered in [16], see appli-

cations in [17]. A step to further generalizations for essentially non-Abelian
functions, e.g., h(X) = XA + AX, [A, X] # 0, is studied in [18]. The case
is the development of the matrix representation of the Euler top model [19].
This example of the theory is more close to the spirit of the Section 3.4, more
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achievements are demonstrated in [20], where abundant set of integrable equa-
tions is listed. The list is in a partial correspondence with [14], and give the
usual for the DT technique link to solutions via the iteration procedures or
dressing chains. One of the main results, we present in the Section 3.3, is
how the “true” non-Abelian functions appear in the context of the covariance
conditions application.

2 ONE-FIELD LAX PAIR FOR ABELIAN CASE

2.1 Covariance Equations

First we would reproduce the “Abelian” scheme, generalizing the study of the
example of the Boussinesq equation [10]. To start with the search we should
fix the number of fields. Let us consider the third-order operator (1) with co-
efficients by, k = 0, 1, 2, 3, reserving a; for the second operator in a Lax pair.
Suppose, both operators depend on the only potential function w. The prob-
lem we consider now may be formulated as follows: To find restrictions on
the coefficients b3(t), by(x, t), by = b(w, t), by = G(w, t) compatible with DT
transformations rules of the potential function w induced by DT for b;. The
classic DT for the third-order operator coefficients (Matveev generalization [1])
yields

by[1] = by + b, (7N
bi[1] = by + b, + 3b30’, (®)
bo[1] = by + b} + oDy +3bs(co’ + "), 9

having in mind that the “elder” coefficient b3 does not transform. Note also,
that b} = 0 yields invariance of the coefficient b,.

The general idea of DT form-invariance may be realized considering the
coefficients transforms to be consistent with respect to the fixed transform of
w. Generalizing the analysis of the third-order operator transformation [ 10], one
arrives at the equations for the functions b,(x, t), b(w, t), G(w). The covariance
of the spectral equation

b3WXxx +b2(x’t)wxx +b(w71)1ﬁx +G(w,f)¢ =Mﬂ (10)

may be considered separately, that leads to the link between b; only. We, how-
ever, study the problem of the (10) in the context of Lax representation for some
nonlinear equation, hence the covariance of the second Lax equation is taken
into account from the very beginning. We name such principle as the “principle
of joint covariance” [9]. The second (evolution) equation of the case is

Vi = ax(O)Yex + ar(DYx + wyp, an
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with the operator in the r.h.s. having again the form of (1). We do not consider
here a dependence of a;, b; on x for the sake of brevity, leaving this interesting
question to the next paper.

If one consider the L and A operators of the form (1), specified in Egs. (10)
and (11). as the Lax pair equations, the DT of w implied by the covariance
of (11), should be compatible with DT formulas of both coefficients of (10)
depending on the only variable w.

w[l] =a; = a(x, 1),
ai[l1] = a;(x,t)+ Da(x,t)
ao[l] = w[l] = w + a] + 2a,0' + 04} (12)

Next important relations being in fact the identities in the DT transformation
theory [3], are the particular cases of the generalized Miura map (4):

o, = [ax(0” + o) + ajo + w), (13)
for the problem (11) and, for the (10)

b3(63 + 30x0 + Uxx) + b2(02 + Ux)

(14)
+ b(w, t)o + G(w) = const;

¢ is a solution of both Lax equations.

Suppose now that the coefficients of the operators are analytical functions
of w together with its derivatives (or integrals) with respect to x (such functions
are named functions on prolonged space [21]). For the coefficient by = G(w, t)
it means

G=GO " w,w, wy,...,0 'w,, wy, wiy, ...). (15)

The covariance condition is obtained for the Frechét derivative (FD) of the
function G on the prolonged space, or the first terms of multidimensional Taylor

series for (15), read
G(w + aj + 2a0’ + 0a)) = G(w) (16)
+ Gy (@) +2a0" +0a)) +---

We shall show only the terms of further importance.

Quite similar expansion arises for the coefficient by = b(w, t), with which
we would start in the analogy with the expressions (8, 16). Equalizing the DT
and the expansion one obtains the condition

by + 3bso’ = by(a; + 2a,0" + 0a)) + by(a) + 2a0" + 0ay) -+ (17)

This equation we name the (first) “joint covariance equation” that guarantee
the consistency between transformations of the coefficients of the Lax pair



166 Sergey Leble

(10), (11). In the frame of our choice a} = 0, the equation simplifies and linear
independence of the derivatives o™ yields two constraints

3b3 = 2bya;,
3 2 (18)
b, = byaj,
or, solving the second and plugging into the first, results in
by, = 3b3/2a,,
3/2a; (19)

b/z = 3b3a{/2a2.

So, if one wants to save the form of the standard DT for the variable w (potential)
the simple comparison of both transformation formulas gives for b(w) the
following connection (with arbitrary function «(t)):

b(w,t) = 3bsw/2a; + a(t). (20)
Equalizing the expansion (16) with the transform of the by = G(w, t) yields:
b+ oby +3b3(0%/2 + ') = G, (a] +2a,0" + 5ah)
+ Gy lay, +20 a0) + 3 (o)) ]+ - - 1)
This second “joint covariance equation” also simplifies when a} = 0:
3bsw'/2a; + oby + 3b3(d "o, — w)' /2as + 3b30" /2
= Gy, (@] +2a20") + Gy-1la; + 2a,01]
+ Gy-ry,lay + 2a20,] + ..., (22)

when (20) is accounted. Note, that the “Miura” (13) is used in the lLh.s.
and linearizes the FD with respect to o. Therefore, the derivatives of the
function G

wa = 3b3/4a2,
Gy-1w, = 3b3/4a3, (23)
Gy-1p = by/2a?,

are accompanied by the constraint
ay; + axai + aya; =0, 24)

which have got the form of the Burgers equation after (19) account. Finally the
integration of the relation (19) gives

by = 3bsa;/2a; + B(1) (25)
and the “lower” coefficient of the third-order operator is expressed by

G(w, t) = 3bsw, /2a; + 3b3a;d ' w/2(a2)* + 3b390'w, /243. (26)
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Statement 2 The expressions (11, 10, 20, 26) define the covariant Lax pair
when the constraints (19, 24) are valid.

Remark We cutthe Frechét differential formulas on the level that is necessary
for the minimal flows. The account of higher terms leads to the whole hierarchy
[12].

2.2 Compatibility Condition

In the case a) = 0 by which we have restricted ourselves, the Lax system (10,
11) produces the following compatibility conditions:

2a2bg = 3b3aé,
b3t = 2a2b’2 - 3b3af
by, azb/z/ + 2612[7/1 + d]bé — 3b3ai’ — 2bzdi — 3b3a6 27
by, = agb’{ + alb’l — b3a/1// — bgai/ — blall — 3b3616/ — 2b2616 + Zazb6

/ / 1 1
by, = a1b6 + azbo/ — b1a0 — bzao — b3ao/

In the particular case of a, = 0 we extract at once from the first of the equalities
(27) the constraint b5 = 0. The direct corollary of (25) is b3, = 0. In the rest
of the equations the links (27), (25) are taken into account. Hence (24) in the
combination with the expression for b,, produce

B: = —2Ba;. (28)
The last two equations (choice of constants b3 = 1, a, = —1) become
aw + o, +3a/d'w/2 + (2B — 3ar1 /2w’ + a}' + 3aia}/2 =0
307 (w; + ayw), /4 = (@ — 3w/2)w’ — w” /4
+3ajw, /4 + 3a1a]d ' w/4 + 3ara|w/4 — 3ajw’ /4
+ (B + 3a; /Hw”.

(29)

In the simplest case of constant coefficients (b, = a’l = 0) one goes down to

3bs(w; + ajw), /4a; = —[(3bsw/2a; + a)w’ — bsw” /4
+ 3b3a1w,/4a§ + (B — 3bsa; /4a)w"Y. (30)

This equation reduces to the standard Boussinesq equation when (b; = a; =
0,3 =1,a, = —1) [6].

We would repeat that the results given in the Section 2 are simplified to show
more clear the algorithm of the covariant Lax pair derivation. More general
study (a} # 0) will be published elsewhere.
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2.3 Solutions. Dressing Chains for the Boussinesq Equation

The dressing formula for the zero seed potential (39) is standard and includes
the only seed solution ¢, of the Lax equations with zero potential w.

wy = aj + 2a,0" + oas = a) + 2aylog,, p(x, 1) (31

A next power tool to obtain solutions of nonlinear system is the dressing
chain equation: solitonic, finite-gap, and other important solutions were ob-
tained for the KdV equations reducing such chain [22]. Going to the dressing
chain, we use the scheme from [10]. We would restrict ourselves further to
thecaseofa, = —1,a0 =u,b3=1,b, =0,b; = b(u,t) = -3u/2 +a,G =
—3u’/4 4+ 337 'u, to fit the notations from [10]. The general construction is
quite similar.

The Miura equations (13), (14) also simplifies

01 = —(07 4 00)x + Uty (32)
for the problem (11) and
0% + 30,0 + 0y + bo + G = const, (33)

where b =3u/2 + o, G = =307 'u, /4 + 3u, /4.
Namely the Eq. (32), (33) together with the n-fold iterated DT formula (5)
Upt1 = Up — 20, (34)

n

form the basis to produce the DT dressing chain equations.
We express the iterated potential w, from (32)

—0op + (crn2 +o0)) =u, (35)

and substitute it into the differentiated relation (34) to get the first dressing
chain equation

2 2
Ot — O = (0,4 +0,,4) — (0, —0,). (36)

Next chain equation is obtained when one plugs the potential from (35) to the
iterated (33)

o> + 30,0, + 0!+ (=3u, /2 + @)o, + —3u, /4 + 30 uy =c,. (37)

3 NON-ABELIAN CASE. ZAKHAROV-SHABAT (ZS) PROBLEM

3.1 Joint Covariance Conditions for General ZS Equations

Let us change notations for the first order (n = 1) Eq. (1) with the coefficients
from a non-Abelian differential ring A (for details of the mathematical objects
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definitions see [3]) as follows:

Vi =(J +ud)y, (38)

where the operator J € A does not depend on x, y, ¢t and the potential ay =
u=u(x,y,t) € Ais afunction of all variables. The operator 9 = d/dx may
be considered as a general differentiation as in [3]. The transformed potential

i=u+1[J,o], (39)

where the 0 = ¢x¢_1, is defined by the same formula as before, but the order
of elements is important. The covariance of the operator in (38) follows from
general transformations of the coefficients of a polynomial [6]. The coefficient
J does not transform.

Suppose the second operator of a Lax pair has the same form, but with
different entries and derivatives.

Yy =Y +wd)y, (40)

Y € A where the potential w = F(u) € A is a function of the potential of the
first (38) equation. The principle of joint covariance [9] hence reads

w=w+I[Y,ol=Fu+I[J,0o)), 41
with the direct corollary
Fu)+[Y,ol=Fu+1[J,0o). (42)

So, the Eq. (42) defines the function F(u), we shall name this equation
as joint covariance equation. In the case of Abelian algebra we used the
Taylor series (generalized by use of a Frechet derivative) to determine the func-
tion. Now some more generalization is necessary. Let us make some general
remarks.

An operator-valued function F'(x) of an operator u in a Banach space may
be considered as a generalized Taylor series with coefficients that are expressed
in terms of Frechet derivatives. The linear in u part of the series approximates
(in a sense of the space norm) the function

Fu)=F@O)+ F'(Ou+---.
The representation is not unique and the similar expression
F(u)= FO)+uF'0)+---

may be introduced (definitions are given in Appendix). Both expressions how-
ever are not Hermitian, hence not suitable for the majority of physical models.
It means, that the class or such operator functions is too restrictive. To explain
what we have in mind, let us consider examples.
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3.2 Important Example

From a point of view of the physical modeling the following Hermitian ap-
proximation:

Fu)=FO)+Hu+uH+---, ut=u,

is preferable. Such models could be applied to quantum theories: introduction
of this approximation is similar to “phi in quadro” (Landau-Ginzburg) model
[18]. Let us study, in which conditions the function

w=Fu)=Hu+uH, (43)

satisfy the joint covariance condition for the Lax pair (38), (40) By direct
calculation in (42) one arrives at the equality

[Y,ol=H[J,0l+[J,0]H. (44)

The obvious choice for arbitrary o is Y = H?, J = H.
The compatibility conditions for the pair of Egs. (38) and (40) yields

uy— Hu, —u,H + [u, Hlu +ulu, H] + H?u, + Hu,H + H*u, =0
(45)

If the potential does not depend on ¢, it is reduced to the next equation:
uy + [u?, H1 + H*u, + Hu, H + H*u, =0, (46)
and x-independence yields the generalized Euler top equations
uy + [w?, H] =0, (47)

which Lax pair (38), (40) with ¥ = J? J = H was found by Manakov
[19].

3.3 Covariant Combinations of Symmetric Polynomials
The next natural example appears if one examine the link (44).
Py(H,u) = H>u + HuH + uH?

The direct substitution in the covariance and compatibility equations leads
to covariant constraint that turns to the identity, if ¥ = H 3 J=H.

It is easy to check more general connection Y = J", J = H connection that
leads to the covariance of the function

P,(H,u) = Z H" PuH?.
p=0
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Such observation was exhibited in [18]. On the way of a further generalization
let us consider

f(H,u) = Hu+uH + S*u + SuS + uS> (48)

Plugging (48) as F(u) = f(H, u) into (42), representing ¥ = AB + CDE
yields

A[B,o]+[A,c]B + CDIE,o]+C[D,c)E +[C,c]DE
= H[J,0]1+[J,0lH + S*[J, 0]+ S[J,01S + [/, 015>

The last expression turns to identity if A=B=J=H,C=aH,D =
aH,D=aH,S=BH,and [, H] = 0, [8, H] = 0 with the link o> = 2.

Statement 3 Darboux covariance define a class of homogeneous polynomi-
als P,(H, u), symmetric with respect to cyclic permutations. A linear com-
bination of such polynomials fo:l B P,(H, u) with the coefficients com-
muting with u, H is also covariant, if the element Y = ZHN:1 o, H' and
w=pr=1apt =g £

A proof could be made by induction that is based on homogeneity of the
P, and linearity of the constraints with respect to u#. The functions Fy(u) =
Zgo a, Py, (u) satisty the constraints if the series converges.

4 CONCLUSION

The main result of this paper is the covariant Eq. (42). See, also the example
(44). A class of potentials from [20] contains polynomials P,(H, u) and give
alternative expressions for it. The linear combinations, introduced here could
better reproduce physical situation of interest. So, we used the compatibility
condition to find the form of integrable equation and reduction tracing the
simplifications appearing for the subclasses of covariant potentials. While doing
this we also check the invariance of the equation and heredity of the constraints.
The work is also supported by KBN grant SP03B 040 20.

APPENDIX

Right and left Frechét derivatives: The classic notion of a derivative of an
operator by other one is defined in a Banach space B. Two specific features in
the case of a operator-function F(#) € Bu € B should be taken into account: a
norm choice when a limiting procedure is made and the non-Abelian character
of expressions while the differential and difference introduced.
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Definition 3 Let a Banach space B have a structure of a differential ring. Let
F be the operator from B to B’ defined on the open set of B. The operator is
named the left-differentiable in uy € B if there exist a linear restricted operator
L(uy), acting also from B to B’ with the property

L(uo 4+ h) — L(ug) = L(uo)h + a(ug, h), |hll — 0, (Al

where ||a(ug, h)||/|h|| = 0. The operator L(ug) = F’'(ug) is referred as the
operator of the (strong) left derivative of the function F(u). The right derivative
E’(uo) could be defined by the similar expression and conditions, if one changes
Lh — hL in the equality (Al).

The addition of the half of the right and left differentials

(F'(uo)h + hF'(ug))/2 (A2)

also approximates the difference L(ug + h) — L(ug) in the sense of the FD
definition.
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ON THE DIRICHLET BOUNDARY
PROBLEM AND HIROTA EQUATIONS

A. Marshakov
Theory Department, PN. Lebedev Physics Institute and ITEP, Moscow, Russia

A. Zabrodin
Institute of Biochemical Physics and ITEP, Moscow, Russia

Abstract We review the integrable structure of the Dirichlet boundary problem in
two dimensions. The solution to the Dirichlet boundary problem for sim-
plyconnected case is given through a quasiclassical tau-function, which
satisfies the Hirota equations of the dispersionless Toda hierarchy, fol-
lowing from properties of the Dirichlet Green function. We also outline a
possible generalization to the case of multiply connected domains related
to the multi support solutions of matrix models.

1 INTRODUCTION: GREEN FUNCTION
AND HADAMARD FORMULA

Solving the Dirichlet boundary problem [1], one reconstructs a harmonic func-
tion in a bounded domain from its values on the boundary. In two dimensions,
this is one of standard problems of complex analysis having close relations to
string theory and matrix models. Remarkably, it possesses a hidden integrable
structure [2]. It turns out that variation of a solution to the Dirichlet problem
under variation of the domain is described by an infinite hierarchy of non linear
partial differential equations known (in the simply-connected case) as disper-
sionless Toda hierarchy. It is a particular example of the universal hierarchy of
quasiclassical or Whitham equations introduced in [3, 4].

The quasiclassical tau-function (or its logarithm F) is the main new object
associated with a family of domains in the plane. Any domain in the complex
plane with sufficiently smooth boundary can be parametrized by its harmonic
moments and the F-function is a function of the full infinite set of the moments.
The first order derivatives of F are then moments of the complementary domain.
This gives a formal solution to the inverse potential problem, considered for a
simply connected case in [5, 6]. The second order derivatives are coefficients
of the Taylor expansion of the Dirichlet Green function and therefore they
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solve the Dirichlet boundary problem. These coefficients are constrained by
infinite number of universal (i.e. domain independent) relations which, unified
in a generating form, just constitute the dispersionless Hirota equations. For
the third order derivatives there is a nice “residue formula” which allows one
to prove [7] that F obeys the Witten—Dijkgraaf—Verlinde—Verlinde (WDVV)
equations [8].

Let us remind the formulation of the Dirichlet problem in planar domains. Let
D€ be a domain in the complex plane bounded by one or several non intersecting
curves. It will be convenient for us to realize the D¢ as a complement of another
domain, D (which in general may have more than one connected components),
and consider the Dirichlet problem in D°. The problem is to find a harmonic
function u(z) in D°, such that it is continuous up to the boundary 9D and equals
a given function u((&) on the boundary, and it can be uniquely solved in terms
of the Dirichlet Green function G(z, &):

1
u@) =5 f uo(8)3, G (2, £)|dE | M
T Jype

where 0, is the normal derivative on the boundary with respect to the second
variable, and the normal vector 7 is directed inward D°, |d&| := dI(§) is an
infinitesimal element of the length of the boundary dD°.

The Dirichlet Green function is uniquely determined by the following prop-
erties [1]:

(G1) The function G(z, z) is symmetric and harmonic everywhere in D® (in-
cluding oo if D® 3 00) in both arguments except z = z’ where G(z, 7') =
log|lz —Z|+---asz — Z/;

(G2) G(z,7') = 0if any of the variables z, z’ belongs to the boundary.

Note that the definition implies that G(z, z’) < 0 inside D. In particular,
9,G(z, &) is strictly negative for all & € 9D°.

If D® is simply-connected (the boundary has only one component), the
Dirichlet problem is equivalent to finding a bijective conformal map from D°
onto the unit disk or any other reference domain (where the Green function is
known explicitly) which exists by virtue of the Riemann mapping theorem. Let
w(z) be such a bijective conformal map of D° onto the complement to the unit
disk, then

w(z) — w(@)

G(z,Z) =1 S
(2. 2) = log w(w(z) —1

2)

where bar means complex conjugation. It is this formula which allows one
to derive the Hirota equations for the tau-function of the Dirichlet problem
in the most economic and transparent way [2]. Indeed, the Green function is
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shown to admit a representation through the logarithm of the tau-function of the
form

G(z,7') =log ! + %V(Z)V(Z’)F 3)

Z z”

where V(z) (see (9) below) is certain differential operator with constant coeffi-
cients (depending only on the point z as a parameter) in the space of harmonic
moments. Taking into account that G(z, 00) = — log |w(z)|, one excludes the
Green function from these relations thus obtaining a closed system of equations
for F only.

Our main tool to derive (3) is the Hadamard variational formula [9] which
gives variation of the Dirichlet Green function under small deformations of the
domain in terms of the Green function itself:

8G(z,7) = %f 0.G(z, £)9,G(Z, £)dn(£)\déE| . 4
T Jap®

Here én(&) is the normal displaycement (with sign) of the boundary under the
deformation, counted along the normal vector at the boundary point &. It was
shown in [2] that this remarkable formula reflects all integrable properties of the
Dirichlet problem. An extremely simple “pictorial” derivation of the Hadamard
formula is presented in figure 1. Looking at the figure and applying (1), one
immediately gets (4).

Figure 1. A “pictorial” derivation of the Hadamard formula. We consider a small
deformation of the domain, with the new boundary being depicted by the dashed line.
According to (G2) the Dirichlet Green function vanishes G(z, &) = 0 if £ belongs to
the old boundary. Then the variation §G(z, &) simply equals to the new value, i.e. in
the leading order §G(z, &) = —6n(£)9,G(z, ). Now notice that §G(z, £) is a harmonic
function (the logarithmic singularity cancels since it is the same for both old and new
functions) with the boundary value —§,(£)0,G(z, §). Applying (1) one obtains (4)
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2 DIRICHLET PROBLEM FOR SIMPLY-CONNECTED DOMAINS
AND DISPERSIONLESS HIROTA EQUATIONS

Let D be a connected domain in the complex plane bounded by a simple analytic
curve. We consider the exterior Dirichlet problem in D¢ = C\D which is the
complement of D in the whole (extended) complex plane. Without loss of
generality, we assume that D is compact and contains the point z = 0. Then D°
is an unbounded simply-connected domain containing oo.

2.1 Harmonic Moments and Elementary Deformations

To characterize the shape of the domain D° we consider its moments
with respect to a complete basis of harmonic functions. The simplest ba-
sis is {z %}, {Z*}(k > 1) and the constant function. Let #; be the harmonic
moments

1
Q::———/nzkd%, k=1,2,... (5)
ﬂk D¢

and 7; be the complex conjugated moments. The Stokes formula represents
them as contour integrals #;, = ﬁ faD 77*zdz, providing, in particular, a regu-
larization of possibly divergent integrals (5). The moment of constant function
is infinite but its variation is always finite and opposite to the variation of the
complimentary domain D. Let ¢y be the area (divided by ) of D:

1
m:-/fz (6)
7T Jb
The harmonic moments of D® are coefficients of the Taylor expansion of the

potential

2 g2 7
P(z)=—— [ log|z —7'|d"z 7
T Jp

induced by the domain D filled by two-dimensional Coulomb charges with the
uniform density —1. Clearly, d,0;®(z) = —1 if z € D and vanishes otherwise,
so around the origin (recall that D 5 0) the potential is —|z|> plus a harmonic
function:

D(z) — 0) = —|z* + ) (2" +iZ") (®)
k>1
A simple calculation shows that #; are just given by (5).

The basic fact of the theory of deformations of closed analytic curves is that
the (in general complex) moments {t, f;} = {t+k} supplemented by the real
variable t, form a set of local coordinates in the “moduli space” of smooth
closed curves. This means that under any small deformation of the domain the
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Figure 2. The elementary deformation with the base point z

set t = {t9, 11} is subject to a small change and vice versa. For more details,
see [10, 11, 12]. The differential operators

zk 7k
V@ =8+ ) (Tt + ©)

k>1

span the complexified tangent space to the space of curves. The operator V(z)
has a clear geometrical meaning. To clarify it, we introduce the notion of
elementary deformation.

Fix a point z € D® and consider a special infinitesimal deformation of the
domain such that the normal displaycement of the boundary is proportional to
the gradient of the Green function at the boundary point (Figure 2):

Sn(&) = —%anmz, £) (10)

For any sufficiently smooth initial boundary this deformation is well defined as
€ — 0. We call infinitesimal deformations from this family, parametrized by
7 € D°, elementary deformations. The point z is refered to as the base point of
the deformation. Note that since 0,G < O (see the remark after the definition
of the Green function in the Introduction), §n for the elementary deforma-
tions is either strictly positive or strictly negative depending of the sign of
the €.

Let &, be variation of any quantity under the elementary deformation with
the base point z. It is easy to see that 8.7y = €, 8.t = €z ¥/k. Indeed,

8.t = ijgé_k&?(f)ldﬂ - fé_ka GG B)lde| =~z (1)
=Tk 2k e k

by virtue of the Dirichlet formula (1).
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Let X = X(t) be any functional of our domain that depends on the harmonic
moments only (in what follows we are going to consider only such functionals).
The variation §, X in the leading order in € is then given by

X
5. X = Xk: a—tkszrk = eV()X (12)

The right hand side suggests that for functionals X such that the series V(z)X
converges everywhere in D¢ up to the boundary, §, X is a harmonic function of
the base point z.

Note that in [2] we used the “bump” deformation and continued it
harmonically to D°®. So it was the elementary deformation (11) §,
515 |d£19,G(z, £)8°U™P(£) that was really used. The “bump” deformation should
be understood as a (carefully taken) limit of §, when the point z tends to the
boundary.

2.2 The Hadamard Formula as Integrability Condition

Variation of the Green function under small deformations of the domain is
known due to Hadamard, see Eq. (4). To find how the Green function changes
under small variations of the harmonic moments, we fix three points a, b, ¢ €
C\D and compute §.G(a, b) by means of the Hadamard formula (4). Using
(12), one can identify the result with the action of the vector field V(c) on the
Green function:

1
V(e)Gla,b) = —— > 0,G(a, §)0,G(b, §)9,G(c, §)|d§| (13)

Remarkably, the r.h.s. of (13) is symmetric in all three arguments:
V(a)G(b, c) = V(b)G(c,a) = V(c)G(a, b) (14)

This is the key relation, which allows one to represent the Dirichlet problem as
an integrable hierarchy of non linear differential equations [2]. This relation is
the integrability condition of the hierarchy.

It follows from (14) (see [2] for details) that there exists a function F' = F(t)
such that

1
G(z,7') =log

L —’ + SNover (15)
z 7 2

The function F is (logarithm of) the tau-function of the integrable hierarchy.
In [13] it was called the tau-function of the (real analytic) curves. Existence of
such a representation of the Green function was first conjectured by Takhtajan.
This formula was first obtained in [13] (see also [12] for a detailed proof and
discussion).
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2.3 Dispersionless Hirota Equations for F

Combining (15) and (2), we obtain the relation
2 1 112
=lo ’— 7 + V(@)V(EHF (16)

’ w(z) —w@)
w(@w(z’) — 1
which implies an infinite hierarchy of differential equations on the function F.

It is convenient to normalize the conformal map w(z) by the conditions that
w(00) = oo and 9, w(oo) is real, so that

w(z) = f +0(1) asz— oo (17)

where the real number » = lim,_, o, dz/dw(z)is called the (external) conformal
radius of the domain D (equivalently, it can be defined through the Green
function as log r = lim,_, (G (z, o0) 4 log |z]), see [14]). Then, tending 7’ —
oo in (16), one gets

log |w(z)* = log|z | — 8, V(2)F (18)

The limit z — oo of this equality yields a simple formula for the conformal
radius:

logr® =0, F (19)

Let us now separate holomorphic and antiholomorphic parts of these equations.
To do that it is convenient to introduce holomorphic and antiholomorphic parts
of the operator V(z) (9):

—k s—k
< = _ Z
D@ =) =, D@=) b, (20)

k>1 k>1

Rewrite (16) in the form

w(z) — w(z) 1 1 1 ,
1 _— —1 - - — - A Y1 V
o (w(z)w(zf) - 1) o (z z’) (28 " D(Z)) @F

w(z) — w(z) 11 1 _ )
= g [ L= )y iog (= — = ) + (20, + D)) VEHF
o8 (w(z’)w(z) - 1) e (z z’) - (2 o T (Z)> ©

The Lh.s. is a holomorphic function of z while the r.h.s. is antiholomorphic.
Therefore, both are equal to a z-independent term which can be found from the
limit z — oo. As a result, we obtain the equation

w(z) — w(Z/) ) ( Z/) /
" (w(z> “eyt) T U T @V(E) @1
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which, as 77 — o0, turns into the formula for the conformal map w(z):
1
log w(z) = logz — 5a}o F —8,D(2)F (22)

(here we used (19)). Proceeding in a similar way, one can rearrange (21) in
order to write it separately for holomorphic and antiholomorphic parts in z':

log %Z’(Z/) = —%B%F + D()D(F (23)
1 _

—log|(1— ——— ) = D@E)DE)F 24

og < w(z)w(z’)) (2)D(Z) (24)

Writing down Eq. (23) for the pairs of points (a, b), (b, ¢), and (c, a) and
summing up the exponentials of the both sides of each equation one arrives at
the relation

(@ — b)eP@PBOF () _ 0)gPODPOF L (o _ 4)oPOP@F _ () (25)

which is the dispersionless Hirota equation (for the KP part of the two-
dimensional Toda lattice hierarchy) written in the symmetric form. This equa-
tion can be regarded as a very degenerate case of the trisecant Fay identity.
It encodes the algebraic relations between the second order derivatives of the
function F. As ¢ — oo, we get these relations in a more explicit but less sym-
metric form:

D(a) — D(b)
a—>b

1 — P@POF — o F (26)
which makes it clear that the totality of second derivatives Fj; := 9,0, F are
expressed through the derivatives with one of the indices equal to unity.

More general equations of the dispersionless Toda hierarchy obtained in a
similar way by combining Eqs. (22-24) include derivatives w.r.t. fy and #:

(@ — b)eP@PBF — go=0D@F _ o0, DOF 27)

1 — e POPOF = LotV (2)F (28)

These equations allow one to express the second derivatives 9, , d; F, 9,05, F

withm, n > 1 through the derivatives 9,9, F, 9,07 F. In particular, the disper-
sionless Toda equation,

3,05 F = % (29)

which follows from (28) as z — oo, expresses 9, d7, F' through 8,20 F.
For a comprehensive exposition of Hirota equations for dispersionless KP
and Toda hierarchies we refer the reader to [15, 16].
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2.4 Integral Representation of the Tau-Function

Equation (15) allows one to obtain a representation of the tau-function as a
double integral over the domain D. Set ®(z) := V(z)F.One s able to determine
this function via its variation under the elementary deformation:

8. D(z) = —2€logla™ —z7'| +2¢G(a, 2) (30)

which is read from Eq. (15) by virtue of (12). This allows one to identify ® with
the “modified potential” ®(z) = ®(z) — ®(0) + #y log |z|>, where ® is given
by (7). Thus we can write

3 2
VEF = 8@ = - f log|z™" = ¢7'd*¢ = vy +2Re ) %z‘k (31)
D k>0

The last equality is to be understood as the Taylor expansion around infinity.
The coefficients v; are moments of the interior domain (the “dual” harmonic
moments) defined as

1 2
W= — / Fd’z (k>0), vp=-00) == / loglzld®z  (32)
7 Jp T Jp

From (31) it is clear that
v =0,F, k=0 (33)

In a similar manner, one obtains the integral representation of the tau-function

1
F= ——2//1og|zl — ¢ Vd*zd*¢ (34)
7= JoJp

or

1 ~ 2
F = —/ P(z)dz (35)
27 Jp

v

These formulas remain intact in the multiply-connected case (see below).

3 TOWARDS MULTIPLY-CONNECTED CASE AND
GENERALIZED HIROTA EQUATIONS

Now we are going to explain how the above picture can be generalized to the
multiply connected case. The details can be found in [17].

LetDy, =0,1,..., g, be acollection of g + 1 non intersecting bounded
connected domains in the complex plane with smooth boundaries dD,. Set
D = U%_,Dy, so that the complement D° = C\D becomes a multiply-connected
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o

b

C\D

b,

Figure 3. A multiply-connected domain D° = C\D for g = 3. The domain D =
Ui:ODO, consists of g + 1 = 4 disconnected parts D, with the boundaries b,. To de-
fine the complete set of harmonic moments, we also need the auxiliary points z, € D,
which should be always located inside the corresponding domains.

unbounded domain in the complex plane (see Figure 3), b, being the boundary
curves.

It is customary to associate with a planar multiply connected domain its
Schottky double, a compact Riemann surface without boundary endowed with
an antiholomorpic involution, the boundary of the initial domain being the set
of fixed points of the involution. The Schottky double of the multiply-connected
domain D® can be thought of as two copies of D° (“upper” and “lower” sheets of
the double) glued along the boundaries US_ b, = dD°, with points at infinity
added (oo and c0). In this set-up the holomorphic coordinate on the upper sheet
is z inherited from D, while the holomorphic coordinate on the other sheet is
Z. The Schottky double of D, with two infinities added is a compact Riemann
surface of genus g = #{D,} — 1.

On the double, one may choose a canonical basis of cycles. The b-cycles
are just boundaries of the holes b, fore® = 1, ..., g. Note that regarded as the
oriented boundaries of D® (not D) they have the clockwise orientation. The a,-
cycle connects the a-th hole with the O-th one. To be more precise, fix points
&, on the boundaries, then the a, cycle starts from &, goes to &, on the “upper”
(holomorphic) sheet of the double and goes back the same way on the “lower”
sheet, where the holomorphic coordinate is Z.
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3.1 Tau-Function for Algebraic Domains

Comparing to the simply connected case, nothing is changed in posing the stan-
dard Dirichlet problem. The definition of the Green function and the formula
(1) for the solution of the Dirichlet problem through the Green function are the
same too. A difference is in the nature of harmonic functions. Any harmonic
function is the real part of an analytic function but in the multiply connected
case these analytic funstions are not necessarily single-valued (only their real
parts have to be single-valued).

One may still characterize the shape of a multiply connected domain by har-
monic moments. However, the set of linearly independent harmonic functions
should be extended. The complete basis of harmonic functions in the plane
with holes is described in [17].

Here we shall only say a few words about the case which requires the minimal
number of additional parameters and minimal modifications of the theory. This
is the case of algebraic domains (in the sense of [10]), or quadrature domains
[18, 19], where, roughly speaking, the space of independent harmonic moments
is finite-dimensional. For example, one may keep in mind the class of domains
with only finite number of non-vanishing moments. It is this class which is
directly related to multi-support solutions of matrix models with polynomial
potentials. Boundaries of such multiply-connected domains can be explicitly
described by algebraic equations [20].

In this case it is enough to incorporate moments with respect to g additional

harmonic functions of the form
2

l—Z—a , a=1,...,¢g

Vo (Z) = IOg

where z,, € D, are some marked points, one in each hole (see Figure 3). Without
loss of generality, it is convenient to put zo = 0. The “periods” of these func-
tions are: g§b 0,vp(2)|dz| = 4mdyp. The independent parameters for algebraic

domains are:
1 Area(D
P / £z = (D)
T Jop

h=——[ 7%z, k=>1 (36)

1
b = __/ IOg
T Jpe

(t; are complex numbers while 7y and ¢, are real). Instead of ¢, it is more
convenient to use

2

l—Z—a dzz, a=1,...,¢g
z

Mo =¢a —2Re )y 12, (37)
k>0
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which does not depend on the choice of z,’s. Note that in the case of a finite
number of nonvanishing moments the sum is always well defined.

Using the Hadamard formula, one again derives the “exchange relations”
(14) which imply the existence of the tau-function and the fundamental relation
(15). They have the same form as in the simply connected case. It can be shown
that taking derivatives of the tau-function with respect to the additional variables
I1,, one obtains the harmonic measures of boundary components and the period
matrix.

The harmonic measure w,(z) of the boundary component b,, is the harmonic
function in D° such that it is equal to 1 on b, and vanishes on the other boundary
curves. From the general formula (1) we conclude that

1
a)a(z)z—z—?g 0,G(z, o)d¢|, a=1,...,g (38)
T by

Being harmonic, w, can be represented as the real part of a holomorphic
function:

wa(2) = Wo(2) + Wy (2)

where W,(z) are holomorphic multivalued functions in D°. The differentials
dW,, are holomorphic in D® and purely imaginary on all boundary contours. So
they can be extended holomorphically to the lower sheet of the Schottky double
as —dW,(z). In fact this is the canonically normalized basis of holomorphic
differentials on the double. Indeed, according to the definitions,

§u
?g dWg = 2Re/ dWp(2) = wp(5a) — wp(5o) = dup

ay o

Then the matrix of b-periods of these differentials reads

Tup = ?g dWp = —%?{ nwpdl = i7Qp (39)
b, b,

o o

The period matrix 7,4 is purely imaginary non degenerate matrix with positively
definite imaginary part. In addition to (15), the following relations hold:

wo(2) = —0,V(2)F (40)
and
Typ = 2mid, 05 F (41)

where 9, := d/011,.

In the multiply-connected case, the suitable analog of the conformal map
w(z) (or rather of log w(z)) is the embedding of D° into the g-dimensional
complex torus Jac, the Jacobi variety of the Schottky double. This embedding
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is given, up to an overall shift in Jac, by the Abel map z — W(z) :=
(Wi(2), ..., We(z)) where

Wo(z) = /Z dWy (42)
&o

is the holomorphic part of the harmonic measure w,,. By virtue of (40), the Abel
map is represented through the second order derivatives of the function F:

Wo(2) — Wy(00) = /Zdwa = —3,D(x)F (43)
2Re W, (c0) = w:c(>oo) = —0,0,F (44)

The last formula immediately follows from (40).

3.2 Green Function and Generalized Hirota Equations

The Green function of the Dirichlet boundary problem in the multiply connected
case, can be written in terms of the prime form (see [21] for the definition and
properties) on the Schottky double (cf. (2)):

E(z,¢)
E(z, %)
Here by ¢ we mean the (holomorphic) coordinate of the “mirror” point on the
Schottky double, i.e. the “mirror” of ¢ under the antiholomorphic involution.

Using (45) together with (15), (40) and (41) one can obtain the following
representations of the prime form in terms of the tau-function

G(z,¢) = log ' (45)

E(z, )= (27! — g 7em3(P@O-POPF
lE(Z, E) = e_%(310+D(z)+D(E))2F (46)
iE(z,7)= e_%VZ(Z)F

generalizing (23), (24) in the simply-connected case.

This allows us to write the generalized Hirota equations for F in the multiply-
connected case. They follow from the Fay identities [21] and (46). In analogy to
the simply-conected case, any second order derivative of the function F w.r.t.
(and #), Fi, is expressed through the derivatives {F,g} where o, 8 =0, ..., g
together with {F,;} and their complex conjugated. To be more precise, one
can consider all second derivatives as functions of {F,g, Fox} modulo certain
relations on the latter discussed in [17]; sometimes on this “small phase space”
more extra constraints arise, which can be written in the form similar to the
Hirota or WDVV equations [22].

For the detailed discussion of the generalized Hirota relations the reader is
addressed to [17]. Here we just give the simplest example of such relations, an
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analog of the dispesrionless Toda equation (2.25) for the tau-function. It reads
O(w(o0) 4+ Z)0(w(o0) — Z)ea%F

8[18['1F = QZ(Z)

8
+ Z (log 0(Z)), ap (34 0;, F)(3p07 F) (47)
a,B=1

Here 6 is the Riemann theta-function with the period matrix 7,4 and
(10g 0(Z)),ap = 3> log O(Z) /D Zo0 Zg

The equation holds for any vector-valued parameter Z. € Jac. It is important to
note that the theta-functions are expressed through the second order derivatives
of F, so (47) is indeed a partial differential equation for F. For example,

O(w(00)) = Z exp (—2712 ZnanﬂaiﬁF —2mi ZnaaaamF)

ny€l af o

4 CONCLUSION

In these notes we have reviewed the integrable structure of the Dirichlet bound-
ary problem. We have presented the simplest known to us proof of the Hadamard
variational formula and derivation of the dispersionless Hirota equations for the
simply-connected case.

We have also demonstrated how this approach can be generalized to the
case of multiply-connected domains. The main ingredients remain intact, but
the conformal map to the reference domain should be substituted by the Abel
map into Jacobian of the Schottky double of the multiply-connected domain.
Then one can write the generalization of the Hirota equations using the Fay
identities, a particular case of which leads to generalization of the dispersionless
Toda equation.

Here we have only briefly commented on the properties of the quasiclassical
tau-function of the multiply-connected solution. A detailed discussion of this
issue and many related problems, including conformal maps in the multiply-
connected case, duality transformations on the Schottky double, relation to the
multi-support solutions of the matrix models etc, can be found in [17].
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FUNCTIONAL-DIFFERENCE
DEFORMATIONS OF
DARBOUX-POSHL-TELLER
POTENTIALS
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"Université de Bourgogne, Laboratoire Gevrey de Mathématique Physique
2St-Petersbourg branch of Steklov Mathematical Institut, Fontanka 27,
127011, St-Petersburg, Russia

Abstract ~ We consider the functional-difference deformation of the Schrodinger
equation. The main goal of this article is to construct some integrable
potentials representing a natural difference deformation of the so called
two parametric Darboux-Poshl-Teller model and to describe explicitly
the solutions of the related difference Schrodinger equation. In the limit
when the difference step tends to zero the related formulas reproduce well
known results concerning the Schrodinger operator with DPT potential.
We also describe the solutions of the difference KdV (DKdV) equation
with the nonsingular “difference DPT” initial data.

1 INTRODUCTION

In 1882 Darboux [1] proved the integrability of the following Sturm-Liouville
equation’

2 2
o (n(n + Dg> | m(m + 1)q )y — iy 0

cos?gx sin® gx

Later in 1933 in a frame of study of the quantum theory of the two atomic
molecules Poshl and Teller, (the creator of the US hydrogenous bomb and
neutron bomb), rediscovered [3] the hyperbolic version of (1) and proved

* The author wishes to thank Max-Planck-Institut fur Mathematik in Bonn, where this work was
mainly written, for hospitality and financial support and the organizers of the NATO ARW Work-
shop “Bilininear Integral Systems: From Classical to Quantum, From Discrete to Continuous”
where this work was reported the first time.

! Darboux also considered and solved the equation which is an elliptic function generalization
of (1):see [2] and the concluding remarks.
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independently from Darboux the integrabilty of the equation obtained from
(1) by transformation ¢ — ig. Darboux proposed two independent methods
for solving (1). First, taking sin® gx as a new independent variable he reduced
(1) to Gauss hypergeometric equation and explicitely expressed the solutions
in terms of the hypergeometric functions. Next, exploring the fact that the
functions y(m, n) := cos"t! gx sin™*! gx represent the particular solutions of
(1) with A = g?(m + n + 2)?, namely taking them as generating functions of
some sequence of Darboux transformations he obtained the global solution
of the same equation in terms of the elementary functions. Comparison of
these two solutions provides the nontrivial case of the reduction of the Gauss
hypergeometrical function to the elementary functions. The third representa-
tion for the solutions of the same equation in terms of Wronskian determinants
was recently obtained in [4].

In this article’ we consider the following functional-difference deformation
of the Schrodinger equation

f(x 4+ hyv(x, h) + f(x — h) = 2 cosh(ikh) - f(x), ©)

where / is a non negative parameter. We can obviously rewrite (2) in a following
form:

h=2[v(x, h) f(x +h) + f(x — h) — 2f(x)] = 2h~*(cosh(ikh) — 1) f(x).
3)

Assume now that, when 7 — 0 the related potential v has the following
asymptotics:

v(x, h) =1+ h’g(x) + O(h). 4)

Under this assumption, when 4 — 0, the limit of (3) is exactly the Schrodinger
equation with #-independent potential g(x),

I+ 8 f(x) = —k* f(x) (5)
In the sequel we use the following abbreviations
c(x) :=coshgx s(x):=sinhgx
Below we consider special class v,,,,(x, i, g) of the potentials satisfying (4):

c(x +(n+ Dh)e(x — nh)s(x + (m + Dh)s(x — mh)
V(%) 2 ¢ = (6)
c(x)c(x + h)s(x)s(x + h)

= UnO(x)UOm ()C) (7)

2 Preliminary version of this article first appeared in [5]. Here we improved some typing errors
in [5] and added the references on some later relevant works.
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We see that in (6) the additive structure of the original DPT potentials is replaced
by the multiplicative structure.

For any C? function 1(x) a short calculation proves the following asymptotic
estimate

I(x + (n+ D)l(x —nh) , gy 3
1(0)I(x + h) = 1+ hn(n + 1)—— logl(x) + O(h*).

This makes obvious that the potential v,,,(x), defined above, when &z — 0, has
the following asymtotics

nin+ Dg*>  m@m + 1)g>
cosh® gx sinh? gx

Vum(X) = 1 + 1? ( ) + 0(h*) 8)

Therefore the limit of (3) with v = v,,(x) is just a Schrodinger equation with
a hyperbolic Darboux-Poshl-Teller potential

nin+ Dg*> m@m+ 1)g?
_y,/OJr(_( 2)61 (. : )q>y:kzy'
cosh” gx sinh” gx

©)

As their continuous limits the potentials v,,,(x, &, g) are invariant with re-
spect to the transformations m — —m — 1, and n — —n — 1.

It is enough to replace c(x) and s(x) by cos gx and sin gx in order to recover
from (6) the original trigonometric Darboux potentials (1) in the limit z — 0.
Below we show that

f&x 4+ vy (x, h) + f(x — h) = 2coshikhf(x), (10)

is an integrable equation and its global solution can be expressed by means of
the elementary functions. In the limit # — O all known results, concerning the
Schrodinger equation, are easily recovered. The cases n = 0, or m = 0 were
studied in the recent papers [6—9] using the different tools and leading to the
formulas different from ours having more complicated combinatorial struc-
ture. The Lattice specialization of the case m = 0, corresponding to the choice
h=1,x = j,j € Z was studied in [8, 9]. In these articles various interesting
connections with g-ultra spherical polynomials, Askey-Wilson polynomials
and g-spherical functions of the m = 0 case were discovered. Similar con-
nections exist also for general v,,(x) potentials. We expect to discuss them
elsewhere.

The article is organized as follows. In the second section we collected a few
results concerning the functional-difference version of the Darboux dressing
applicable to any equation of the form (2) as well as for the closely related func-
tional difference KdV equation and the related hierarchies. The related results
represent a very special case of much more general statements proved in [10].
They can also be considered as a natural functional difference extrapolation of
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the results of [11], p. 84 concerning the lattice KdV equation. Therefore, in this
part all the proofs are omitted. The third section contains the construction of
the solutions of (10) with potential v,,,(x) defined in (6), based on a proper gen-
eralization of the Darboux approach for the Schrodinger equation, combined
with the results of the second section. The special solutions corresponding to
the products ¢”*!(x)s"!(x), used in original Darboux construction [1], are
replaced by the appropriate products of the shifts of the same functions ¢ and
s, playing the same role in our case. In particular, this leads to especially sim-
ple formulas for the discrete eigenvalues and bound states eigenfunctions in
the case of v, potentials. In the last section we explain how to get the same
potentials and their eigenfunctions from Casorati determinants by appropriate
reduction of the general determinant Darboux dressing formulae. This leads
immediately to the solution of the difference KdV equation corresponding to
v,0(x) taken as initial data.

In the concluding remarks we mention some possible developments and
extensions of the results of this article.

2 FUNCTIONAL DIFFERENCE SCHRODINGER AND KdV
EQUATIONS AND DARBOUX DRESSING

The functional-difference KdV equation reads
v(x, t) = v(x)[v(x —h) —v(x + h)]. (1D

Its Lax representation can be written as a compatibility condition of the differ-
ence Schrodinger equation:

vxX)f(x+h,t)+ f(x —h,t) = Arf(x,1), (12)

and of the following evolution equation:

fx, )= —v(x,Hvx +h,t) f(x +2h, 1) (13)

This Lax pair is a natural functional interpolation of the lattice Lax pair used
in [11], p. 84. For the trivial solution (potential) v = 1, two important real
solutions of (12) with A = 2 cosh Bh are

f =cosh(Bx + 1), [f =sinh(Bx + n),

where 1 and B are two real parameters. They can be easily extended to the
solutions of the system (12)—(13):

f = e "o cosh(Bx — ¢ sinh(2BR) + 1),
f = e "M sinh(Bx — ¢ sinh(2Bh) + 1)
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The space of the solutions of (12) is infinite dimensional since for any A-
periodic function g (i.e., g(x + h) = g(h)), g(x) f(x) is again the solution of
(12). The same is true for (13) under the assumption that g(x) is a t-independent
h periodic function of x.

Multiplying f(x) by any h-antiperiodic function p(x), (i.e., p(x £ h) =
—p(x)), for instance taking p(x) = e, we see that the product function
f (x) := f(x)p(x) is the solution of the equation which differs from (12) only
by the different sign of A:

V@) +h) + fx = h) = =2 f(x), f(x) = p(x) f(x). (14)

Therefore, the spectrum of the difference Schrodinger equation is symmetric
for any given v(x).

The difference KdV equation (11) admits an infinite dimensional space of the
stationary solutions which are #-independent 2/-periodic functions of x, which
makes again certain difference with its lattice reduction, x = j € Z,h =1,
considered for instance in [11], p. 84.

2.1 Darboux Dressing

Darboux transform of an arbitrary solution f(x) of (12) generated by the fixed
solution fj(x) of the same system with A = A, is defined by the formula

Yi(x) = f(x —2h) —o(x) f(x) (15)
S —=2h)  fi(x —2h)
_ fx) fi1(x) ’ (16)
Si(x)
Silx —2h)
SR 17
o1(x) I (17)

where fi(x) is a fixed solution of (12) with A = A;.

Proposition 1 (Darboux covariance property) Darboux transform of f(x)
represents a general solution of the following equation

vi)Y1(x +h) + Y (x — h) = Ay (x), (18)
oi(x)  filx =2h) filx + h)

oix+h) A filx —h)

Providing that f(x) is also a solution of (13) and v(x) is a solution of (11),

(hence both depend also on 1), v(x, t) described by the formula (19) is a new
solution of DKdV equation.

vi(x) = v(x) (19)
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In other words, Darboux transform maps (12) into equation of the same
form, with the same value of spectral parameter A, but with a new potential
constructed in terms of the initial potential v(x) and a fixed solution fj(x) of
(12). The same transformation maps the given solution of the DKdV equation
into a new solution which differs from the old one by the factor explicitely
constructed in terms of the fixed solution of the Lax system (12)—(13). One step
Darboux dressing of the trivial solution v = 1 with the generating function

Fi(x, Ap) = e 1Oh2BM cosh(Bx — ¢ sinh(28h) + 1),

with A; = 2 cosh bh, obviously produces the smooth 1-soliton of the DKdV
equation:
_cosh(B(x — 2h) — ¢ sinh(2Bh) + n) - cosh(B(x + h) — ¢ sinh(2Bh) + n)
~ cosh(Bx — tsinh(2Bh) + 1) - cosh(B(x — h) — ¢ sinh(2Bh) + 1)

’

representing a wave propagating with constant velocity —Si“hﬁzﬂh_

2.2 Iterated Darboux Transform

In a sequel the notation A, (x) = A,[ fi(x), f2(x), ..., fu(x)] will be used for
the following Casorati determinant:

filk =2 —Dh)  fox =20 —Dh) ... fulx — 2 — Dh)
flr =20 =Dh)  folx =200 =2h) ... fulx —2n —2)h)
Ap(x) =
fi(x) f2(x) Jn(X)
We also use below the following notations

An+l[f(-x)’ fl(-x)a fz(.X), ey fn(-x)]

Yn(x) = AL (20)
Fi(x) =¥ 10 feo=f0, 7 = 1,2,....n. 1)
oi(x) = Fi(x —2h) (22)

T R
V() fi(x +h) + fi(x = h) = X f;(x), (23)
vxX)f(x+h)+ f(x —h) =Af(x). (24)

Proposition 2 The function Vr,, represents the general solution of the func-
tional difference equation

U COYn(x + ) + Y (6 — ) = Ay (), (25)
A = 2h)A G+ h)
() = o) = (26)
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Providing that v(x, t) is a solution of (11), and f;(x) are also the solutions of
(12)—(13), the RHS of (26) is again the solution of DKdV equation. In particular,
setting v(x,t) = 1 and

Frjr1(x, 1) = 7"l cogh(By ;1 x — 1 sinh(2B2;11h) + 12j41),
foj = e OBl ginh(By ;x — t sinh(2Ba;h) + 1n2)),
nj€R70<ﬂ1<“'<IBVL’ (27)

we obtain from (26) the real nonsingular multi solitons solutions of the DKdV
equation. While substituting (27) into (26) the exponential factors in the RHS
of (27) can be omitted.

The function ¥, (x) can be also represented in a following factorized form

Un(x) = (T72 = 0,4(x)) ... (T2 — 01 (x)) f(x, 1), (28)
where T is the shift operator : T+ f(x) = f(x & kh).

3 DIFFERENCE DPT POTENTIALS AND THE RELATED
SOLUTIONS OF THE DIFFERENCE SCHRODINGER
EQUATION

3.1 Shifted Darboux Dressing

The above version of the Darboux dressing exposed in Section 2 is convienient
in a sense that it shows how to construct the new integrable potential (or the new
solution of DKdV equation) from the given one, keeping the later as a stable
factor entering into the new potential, (or a new solution of DKdV equation).
Somehow in the sequel it will be more convienient to use the same formulas
corresponding to the result of the n-fold Darboux transform considered at the
reference point x + nh rather than at the point x. It is clear from above that the
function ¢, (x) defined by the formula

fG&x—h) filx—h)
fGx+h) filx+h)

$1(x) = fx —h) —i1(x) f(x + h) = [ACEY) (29)
_ k=R
K1(x) = e (30)
satisfies the equation of the DS type with potential
_ _ Kix) Silx = h) filx +2h)
M= nE D = G T T Y T G A

3D
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As before we will call the mapping
Dyt f(x) = ¢i(x) (32)

Darboux transformation of the solution f(x, A) generated by f(x, A;). It trans-
forms the solution of the DS equation with potential v(x) to the solutions of the
DS equation with potential #;(x) with the same value of the spectral parameter
A

In the sequel the notation 8,(x) = 8,[ f1, f2, - .-, ful(x) will be used for the
following Casorati determinant:

8,(0) = Ay(x + (n — D)
fir=m—=Dh) pHlc—@—=Dh) ... fux—@—Dh)
flc = =30 Hlox—@=3) ... fux—0-3h

fik+@—Dh)  frlx+@—Dh) ... fulx+@m—Dh)
We also use below the following notations

8n+1[f’ fl’ f2’ ) fn](x)

$n(x) = 5,00 1) ; (33)

<I>j(x)=¢j_|(x)|f(x):f/.(x),j = 1,2,...,71. (34)
_ Q(x—h)

GO =Gy 53

V() fi(x +h) + fi(x = h) = 4 f; (), (36)

v(X)f(x+h)+ f(x —h) = Af(x). 37

Proposition 2a  The function ¢, represents the general solution of the func-
tional difference equation

Un(X)Pn(x + h) + ¢u(x — h) = Apu(x), (38)
8,(x — h)8,(x 4+ 2h)

U(x) = Vx4 ) e (39)

Providing that v(x, t) is a solution of (11), that f;(x) are also the solutions of
(13) the RHS of (39) is again the solution of DKdV equation.

The function ¢,(x) can be also represented in a following factorized form
bu(x) = (T2 = k() ... (T 7% — i1 (X)) f(x, 1), (40)
where T is the shift operator: T f(x) = f(x & kh).
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3.2 Potentials v,,(x) as the Result of the Multiple Darboux Transform

Here we obtain the main result of this article—global solution of the difference
Schrodinger equation

vmn(-x)lll(-x + h) + W(X - h) = )"w(x)’ (41)

where v,,,,(x), is defined by (6) and n, m are two nonnegative integers. We
suppose also that n > m. The case n < m can be treated in a same way without
any difficulties and we less this case as an easy exercise for the reader.

First we prove the following statement.

Proposition 3  The following 2 functions

Fi(x,n) = Hc(x —kh), n>0 (42)
k=0

-1
Fo(x,n) = (Hc(x +kh)> Con>1 (43)
k=1

are the solutions of (41) withm =0, A=2x;, j=1,2
Ay :=2coshgh(n + 1), X, :=2coshghn,
respectively.

Proof Substituting ¥ (x) = F;(x, n) in (41) and removing the commune fac-
tors in the LHS and in the RHS of the obtained relation, we reduce the proof
to checking the following 2 identities:

c(x +(m+ h) + c(x — (n + 1)h)) = 2cosh gh(n + 1)c(x),
c(x —nh) + c(x + nh) = 2 cosh ghn c(x)

Replacing n by n — 1 we transform the first identity to the second one, which
can be trivially checked. This completes the proof. O

Remark Replacing c(x) by s(x) in the proposition proved above we obtain
the similar statement concerning the potential v, .

Proposition 4 The following 4 functions
Fi(x,n,m)=TI}_,c(x — kh)l'[;"zos(x — jh),
F(x,n,m) = (szlc(x + k)IT_ s (x +jh))_1 . om,n> 1,
F3(xe,n,m) = I gs(x — kh) (IT'_jc(x +jh) ', n=1,

Fy(e,n,m) = _ge(x — kh) (T s(x +jh) ', m = 1,
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are the solutions of A1) with A =X, j =1,2,3,4

A1 :=2coshgh(n +m +2), A, :=2coshqgh(n + m),
Az :=2coshgh(n —m — 1), A4 :=2coshgh(m —n —1),

respectively.

Proof Substituting ¥(x) = F;(x,n, m) in (41) and removing the commune
factors in the LHS and RHS of the obtained relation, we reduce the proof to
checking the following 4 identities:

cx+m+ Dh)s(x+m+ Dh)+c(x —(n+ Dh))s(x — (m + 1)h)
= Arc(x)s(x),

c(x — nh)s(x — mh) + c(x + nh)s(x + mh) = lrc(x)s(x)

c(x — nh)s(x + (m + Dh) + c(x + nh)(s(x — (m + 1Dh) = rzc(x)s(x),

s(x —mh)c(x + (n 4+ Dh) + s(x + mh)(c(x — (n + Dh) = dac(x)s(x),

Replacing n by n — 1 and m by m — 1 we transform the first identity to the
second one, which can be checked by the direct calculation. The proof of the
third and of the fourth identities is also straightforward and completes the proof
of Proposition 3. ]

The special solutions listed above become particularly simple in the cases
m = 0 or n = 0, corresponding to the potentials v,o(x) or vg,(x): for these
cases they are different from the solutions given by Proposition 2 and they
correspond to the different values of spectral parameter A.

Remark Formulas similar to those of Propositions 3 and 4 can be obtained
for the trigonometric version of the potentials v,,, replacing cosh by cos in the
expressions for A; and replacing c(x), s(x) by cosgx and sin gx respectively,
which corresponds to replace g by ig in the formulas listed above.

Now we are in a position to show that the potentials v,,,(x) can be ob-
tained from the trivial starting potential v(x) = 1 by the action of the n-fold
Darboux dressing assuming that m < n, (otherwise we should use an appro-
priately chosen m-fold Darboux dressing). This can be done in two steps.
First we perform the (n-m) fold consecutive Darboux dressing using the func-
tions Fi(x,k,0),k =0,...,n —m — 1, as the generating functions of the con-
secutive single Darboux transforms, thus generating the potential v,—_,)0(x)
together with the general solution of the related DS equation. Next, using
Fiix,n—m+j,j),j=0,...,m—1 as a generating functions of the con-
secutive Darboux transforms we obtain the potential v,,(x) together with the
general solution of the related Schrodinger equation. Due to the Darboux-
covariance statement formulated above we only have to check that the following
proposition holds.
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Proposition 5 The potential vjo(x) is mapped to vjii0(x) by the Darboux
transform (32) with the generating function F\(x, j) and vji(x) is mapped to
Vjt1,k+1(x) by the DT with generating function Fi(x, j, k).

Proof The proof obviously reduces to check two identities:

Fi(x —h, j))F\(x +2h, j)
Fi(x + h, p)Fi(x, j)

Fi(x —h, j,k)Fi(x +2h, j, k)
Fi(x +h, j, k)Fi(x, j, k)

Vitr,0(x) = vjox +h)

Vil k+1(x) = vj(x + h) , (44)

following immediately from the definition of the potentials v j; (x) and the func-
tions Fi(x, j), Fi(x, j, k) after removing the commune factors in nominators
and denominators of the RHS of (44). O

Now the general solution of (41) in the case n > m is given by the formula

P (x) = (T2 — k(X)) .. .(T7% = k1 (X)) f(x, 1) (45)
where ki (x) is defined by the formula
_RG—=hk) o
Kk(X)—m, —0,...,n m 1, (46)
)= AEZhn=mA kB 4

Fix+h,n—m+k k)

The special solutions of the form F,(x, j), F3(x, j, k) represent smooth
bound state eigenfunctions exponentially decreasing at infinity. They can be
used to construct the new bound states for the same potentials.

3.3 Bound States Eigenfunctions for Difference Schrodinger
Equation with Potential v,(x)

From the results derived above we can immediately deduce the following state-
ment

Proposition 6  Operator v,o(x)T + T~" has 2n discrete eigenvalues:
+j, Aj =2coshqhj, j=1,....n.

The eigenfunctions r, ; corresponding to the eigenvalues A,_; are given by
the formulas

Yu.j = Drn—1y - Drn—2) - DRen—j+nF3(x, n — j, 0),
j=2,...,n—1,
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where the operations Dr,(,, ;) are defined as in subsection 3.1.

Yno0(x) = Fa(x, n), ¥, 1(x) = F3(x,n,0).

The infinite dimensional subspace of eigenfunctions corresponding to the
same eigenvalue is obtained by multiplying v, ; by any & periodic function
of x. The eigenfunctions corresponding to the eigenvalues —A; are obviously
obtained from the eigenfunctions, corresponding to the eigenvalues A ;, multi-
plying ¥, ; by exp (iwx/ h).

Different formulas for the bound states eigenfunctions follows also from the
determinant representation of the general solution of (12) with potential v,o(x)
given in the last section.

One more form for the bound states eigenfunctions quite different from given
here can be found in [6].

4 GETTING v, POTENTIALS FROM CASORATI
DETERMINANTS

In this section we use the following solutions of (12) with
v=1, XA=2,2coshgh,2cosh2qh,...,2coshgnh:

Si(x) =1, fo(x) = sinhg(x + h),
fz =cosh2q(x + h), ..., fur1 = coshng(x + h). (48)

f(x, L) as before denotes any solution of (12) with v = 1.

The statement formulated below provides the Casorati determinant repre-
sentation for the potentials v,o(x) and the general solution of the related DSE
equation:

Proposition 7  Potential v,o(x) can be represented in a following determinant
form

App1(x —2h)Ap 1 (x +h)

Vpo(x) = A O A=) App1(x) = Al f1s o005 fug1](x)
(49)

The general solution of the DSE equation with the potential v,(x) is given
by the formula

Aol fs 1oy far1(x)
Aniilfis -y fuprlx)
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The solution of DKdAV equation with the initial condition v(x, 0) = v,o(x) is
given by the formula (49) where the functions f;(x, t) are defined as follows

£i(x) = 1, fo(x) = sinh[g(x + h) + 7 sinh gh],
f3(x) = cosh[2g(x + h) 4 t sinh 2¢h], ..., fu+1
= cosh[ng(x + h) + ¢ sinh ngh],

if n is even number and ending by f,+, = sinh[ng(x + h) + t sinhngh] if n is
an odd number.

Proof 1tis clear that the formulas (6) represent the special reductions of (26)
with v(x, 1) = 1 corresponding to the special choice of A ; described above and
to the particular selection of the solutions f;(x) of (12), (with v(x, t) = 1) for
which Fj, defined in (42) coincide with F(x, k) up to the x independent factor.
Assume for instance that

fix)=1, fo(x) =coshgx, f3=cosh2qx,..., f,+1 = coshngx.

In this case the determinant A, ;(x) can be easily computed:

At =27 []  (coshg(x — 2 — j)) — coshq(x — 2(n — k)
n+1>j>k>1

Therefore for the function F,, we get the formula

F,(x) =2""! n(cosh gx — coshg(x — 2kh)) (50)
k=1

= 2>""'[ [ sinhg(x — kh)sinh gkh. (51)
k=1

Taking into account, that sinh g(x — iz /2q — kh) = i coshq(x — kh), we re-
alize, that the x-dependent factor in F,(x + i /2q) is given by the formula:

n

[ [coshg(x — ki) = [ Jetx — ki) = Fi(x —h,n = 1).
k=1 k=1

In other words taking the functions f;(x) in the form
fix) =1, folx) =sinhg(x +h), f3 =cosh2qg(x+h),..., furi
= coshng(x + h), (52)

if nis even number, and ending by f,,+; = sinhng(x + h),if nis an odd number,
we obtain the relation

F,(x) =cFi(x,n—1), (53)
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where the RHS of (53) is defined by (42) and the LHS of the same formula
was defined in the Proposition 2a. Since the LHS and RHS of (53) are the
solutions of (12) with the same value of A = 2 cosh gnh the related potentials
are the same. Therefore, it is clear that the related global solution of the discrete
Schodinger equation with potential v,o(x) can be written as in the Proposition
7 above. The structure of the global solution and the formula for the solution of
the difference KdV equation with the initial condition v(x, 0) = v,o(x), given
above, now follows immediately from the Proposition 2. O

Of course it is also possible to get by the reduction of Casorati determinants
the whole family of the potentials v,,,(x) as it was done for the DPT potentials
in [4]. We postpone the corresponding details to a more detailed publication.

S CONCLUSION

The difference Schrodinger equation with potential v,,,(x), considered above,
merits some further investigations along the lines developed for its one para-
metric reductions [6, 7] and further lattice reductions [8, 9], considered before
and corresponding to the potentials v,o(x) and their trigonometric versions or
to their lattice restrictions.

Let us emphazise that even in this reduced case our formulas for the solutions
of the related DSE equation are different from given in the aforementioned
works and have more simple combinatorial structure.

New family of integrable functional-difference deformations of the
Schrodinger equation with Darboux-Poschl-Teller potentials was recently con-
structed by P. Gaillard following the same strategy as in this article [12]. He
considered the functional difference equation with the diagonal term

8X)f(x +2h)+ f(x —2h) + b(x) f(x) = Af(x). (54)
For g = gm,n(x)a b= bm,n(x)y m,neZ,

c(x —mh)c(x — (m — Dh)c(x + (m + Dh)c(x + (m + 2)h)
c(x)e(x + 2h)(c(x + h))?

s(x —nh)s(x —(n — Dh)s(x + (n + Dh)s(x + (n + 2)h)
' s(x)s(x & 2h)(s(x + h))? ’
2s(mh)s((m + Dh)c(nh)c((n 4+ 1)h)

c(x —h)e(x + h)
_ 2c¢(mh)c((m + 1)h)s(nh)s((n + 1)h)
s(x —h)s(x +h)

gm,n(x) =

bm,n ()C) =

9
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the general solution of (54) can be obtained along the same lines as above
although some calculations become much longer.

We propose to call the model considered in this article by DDPT-I model
(Difference Darboux-Poschl Teller-I model) and the model decsribed by the
formulas above by DDPT-II model.

Like in the continuous case of (DPT) potentials and the DDPT1-model, we
have the invariance of the DDPT2-model by the transformationsm — —m — 1,
andn — —n — 1. The potential g, ,(x) is expressed by means of v,,,(x) of our
article as follows

8m,n(X) = V(X)) Vp(x + h)
In particular for A = 2 cosh(2(m + n 4 2)qh), special solution of (54) (with
g(x) and b(x) decribed above is given by the formula

m

Fi(x,m,n) = l_[c(x — kh) - l_[s(x — kh), (55)
k=0

k=0

emphazizing the close link between DDPT-I and DDPT-2 models. The knowl-
edge of this particular solution enables one to construct the general solution of
(54) as it was done for DDPT-1 model (see [19] for details)

The potentials g, ,(x) and b,, ,(x) defined above have the following asymp-
totics whenh — 0,

guan(x) =14 2h* [m(m + D(nc(x))" +n(n + D(dnsx))"] + O®*), (56)
Byn(x) = 20 [m(m + )(Inc(x))” + n(n + D(ns(x)"] + o). (57)
Taking into account that (54) can be also written as,

h=2 [g(x) f(x +2h) + f(x = 2h) = 2f(x) + b(x) f(¥)] = 2k [k — 1] f(x),
(38)

with k = cosh(agh), we see that in the limit, when h — 0, the equation (54)
with the potential g(x) = g,,.,(x) and b(x) = b,, ,(x) becomes,

g (_m(m +1)g®  n(n+ g’
cosh® gx sinh? gx

) f=—(q)’f. (59)

which proves that (54) with the potentials (55) and (55) is also an integrable
deformation of DPT model.

Recently an elliptic analogue: of the potentials v,(x), representing also
the functional difference generalization of the Lamé equation was considered
by Ruijenaars, Krichever, Zabrodin, Felder, and Varchenko (see for instance
[13, 14]).
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The related potential is obtained from v,,o(x) simply by setting c(x) = 6,(gx),
where 6, (x) is one of the 4 Jacobi elliptic theta functions:?

05(x) = O;(x|7) = Zei”<m2f+2'"“, 37 > 0,

—00
. 1—
0y(x) = ie T/, (x + 5 T) ,

92()6) — e—iﬂ(x—‘[/4)93 <X _ E) ,

2
1
94()() = 93 <x + E) .

There exists the beautiful 4 parametric generalization of the Lamé finite gap
elliptic potential, discovered first by Darboux, [2].* It was rediscovered later
by Trebich and Verdier [17, 18] in a context of study of elliptic reductions of
the Its-Matveev formula [19] for the general finite gap potentials. Its difference
analogue until now was not discussed in the literature. The degenerate case,
considered above, suggests the following

Conjecture One of the posible difference integrable elliptic deformations of
the DVT potential has the form

—njh)c;(x + (n; + Dh)
cj(x)c;(x + h)

’

4
ci(x
J
v,y g,z e g ) =]
j=1

where
cj(x)=0i(¢gx), j=1234

When n, =n3 =n4 =0, v(x, ny, ny, n3, ng) reduces to the Krichever-
Zabrodin-Ruijenaars-Felder-Varchenko difference Lamé potential. In the limit
h — 0, v(x, ny, ny, n3, ng) obviously has the following asymptotics

v=1+h? an(n, + 1) log;(gx) + on3),
j=1

where the coefficient of h? is exactly the famous Darboux-Verdier-Trebich
potential. It is clear, from the remarks made in the introduction, that the
related difference Schrodinger equation in a same limit transforms to the

3 Here we use the same definition as in [15] slightly different from those of [16]:replacing x by
x /7 we obtain Jacobi f-functions defined in [16] from those defined in [17].

4 Darboux proved its integrability via explicit construction of the related solutions of the Sturm-
Liouville equation.
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Schrodinger equation with the DVT potential. It is obvious that the poten-
tial v(x, ny, ny, n3, ny) represent a double periodic elliptic function with the
periods ¢! and ¢~ 7.

Introducing the notation v = expint, pi = exp i 7/4 we have well known
expansions

B1(x) = 207 sinxw — 207 sin3x7w + 207 sinSx7w + - -+,
6r(x) = 207 cos X7 + 207 cos 3xT + 207 cosSxT + -,
O5(x) = 1 + 2v cos 2xm + 2v* cosdxm + 2v° cos b6xm + - - -,

O4(x) = 1 — 2v cos 2xm + 2v* cosdxmr — 207 cos 6x + - -

Using these expansions it is easy to show that, when Imt — 400, and ¢
is a real parameter, v(x, ny, ny, n3, nq) tends to the trigonometric version of
the potential v,,,(x) with c¢(x) = cos gx, s(x) = singx. Replacing g by ig, in a
same limit, we obtain the hyperbolic potentials v,,,(x) defined by (6).

In June 2003 T was informed by Professor Treibich about his article [20],
where the elliptic analogue of the model considered above was constructed
confirming the conjecture formulated above. In [20] also the elliptic analogues
of the DDPT-II model is discussed. The formulas for the elliptic anallogue
of b(x) in his article need somehow some further effectivization, precision of
the reality conditions etc. It will be interesting to recover our results from his
construction although technically it might be much more involved comparing
to our direct approach.
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Abstract The realization of the two-dimensional Poincare algebra in terms of the
noncommutative differential calculus on the algebra of functions A is
considered. A is the commutative algebra of functions generated by the
unitary irreducible representations of the isometry group of the De Sitter
momentum space. Corresponding space-time carries the noncommuta-
tive geometry (NG) [1-14]. The Gauge invariance principle consistent
with this NG is considered.

1 INTRODUCTION

The suggestions to consider the noncommutative space-time at small distances
are as old as quantum field theory itself. One of the first NG models goes back to
H. Snyder. The Snyder coordinates x w are proportional to the boost generators
of the De Sitter or Anti-De Sitter space (see the footnote to the first Snyder
paper with this interpretation given by W. Pauli). The further development
of Snyder ideas took place in Former Sovjet Union (Lebedev’s Institute of
Physics (Moscow), and Joint Institute for Nuclear Research (Dubna)). The key
role in this new approach played the physical meaning of X « (LE. Tamm, Yu.A.
Golfand). It was stressed, that in fact the Snyder modification of the position
operators is a consequence of the modification of the geometry of momentum
space, when the standard quantum-mechanical position operators x w=1h 32—“,
i.e., the generators of the translations of the flat Minkowski momentum space
must be naturally substituted by the boosts of the curved (De Sitter or Anti-De
Sitter) momentum space

b=l ((pa=e — pa=e [%0.%,] = —itim (1)
Xy =1 - ) Xps X, | = —1 v
w 0 p48p“ Puap4 we Xty oMpu
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The geometries of momentum and configurational spaces are closely connected.
As quantum mechanical operators of energy and momentum are the derivation
operators in space-time, it is clear that transfer to the noncommutative geometry
requires the modification of the geometry of momentum space. And vise versa.
It is not obvious which is prime. Choosing the momentum space with geometry
different from the standard Minkowsky one we obtain different (in general
noncommutative) geometry of space-time. The change of the geometry of the
momentum space leads to the modification of the procedure of extension of the
S-matrix off the mass shell, i.e., to a different dynamical description (Dubna
group, see review article [1] for the list of references to Russian papers on
Snyder theory). Establishing the geometry of the momentum space off the mass
shell is in fact an additional axiom of quantum field theory (QFT). Actually,
in the standard QFT, the axiom that the geometry of the momentum space off
the mass shell is the pseudo-euclidean (Minkowsky) is accepted as an evident
fact, without saying. We can think that some background interaction exists
which modifies the geometry of the momentum space [1]. In consequence of
the change of the geometry of the p-space the space-time becomes quantum
(noncommutative). We stress that the physical meaning of the geometry and
topology of the momentum space has no clear physical interpretation as yet. The
space-time groups considered in QFT as covariance groups are the isometry
groups of space-time.

The explicit character of Snyder’s approach to space-time quantization has a
remarkable consequence: we can define the common spectrum of a (complete)
set of four operators belonging to the centrum of the universal enveloping al-
gebra of the De Sitter Lie algebra and consider the points of this spectrum as
the points &, of the new quantum (and noncommutative in general) space-time.
It can be shown that a formulation of the generalized causality condition and
QFT in terms of this new numerical quantum space-time is as comprehensive
procedure as it is in the usual QFT with the Minkowskian space-time. In this
approach, the structure of the singular field theoretic functions is entirely recon-
structed as compared to the standard QFT, and the corresponding perturbation
theory is free of ultraviolet divergences [4].

Today it is commonly accepted that the most probable scale for these “small”
distances (cf. the proportionality coefficient in (1) having the dimension of
length) is that of Grand Unified Theories, i.e., the scale close to the Planck
one

hGy

3 ~ 10 3cm 2)

lo =

One of the most convincing arguments for this is that at this scale the curvature
radius of space-time is of the order of the De Broglie wavelength of a test
particle. Recently the possibility of noncommutative space to emerge in the
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framework of the string theory has been indicated first in [6]. More recently
Yang—Mills theories on noncommutative spaces have emerged in the context
of M-theory compactified on a torus in the presence of constant background
three-form field, or as a low-energy limit of open strings in a background
B-field describing the fluctuations of the D-brane world volume. (See the review
article [7] and references therein.)

It is worth mentioning a series of papers [5-8] where it has been shown
that the curved momentum space and the corresponding Snyder-like quantum
space naturally arise when considering the 2 4+ 1 model of gravity interacting
with the scalar field. The canonical momenta belong to the hyperboloid in
three-dimensional space, Lobachevsky space.

We would like to draw the attention of the reader to the recent paper [15]
where interesting details of the prehistory of the Snyder space quantization are
delivered.

2 NONCOMMUTATIVE CONFIGURATIONAL SPACE

Let us consider the two-dimensional momentum space of constant curvature
modeled by the two-dimensional surface embedded into the three-dimensional
pseudo-Euclidean space

pipt =pupt —pi=-1 L=012 p=01 3)

The “plane waves” in this case, i.e., the kernels of the Fourier transform
connecting the p-space and the new configurational space and at the same
time the state vectors describing the free motion of the particle are the matrix
elements of the unitary irreducible representations of the isometry group of
the space (3) (¢ | p). Or in other words, the surface (3) is the uniform space
of this group.! To describe these matrix elements, we use the hyperspherical
coordinates

p’ =sinh¢ p' =cosh¢sinw p? = cosh¢ cosw @
— X <L{<0 —T<Ww<T
In the correspondence limit
Pl pPPapir0 00, 00 (5)

! Evidently, dimensional physical constants including the fundamental length [, must enter
expression (3). We use the unit system & = ¢ = /. All relations of the theory must go over
into the standard ones when [, can be considered as a small quantity. This will be called the
correspondence limit.
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the generalized plane waves (§ | p) have the form

20tk (o, n) ei"“’P_(U+%)

2m cosh¢ n=3

where P#(z) are the associated Legendre functions, £° is the sign of the discrete

time n, and
2 - 2
co.m) =T (%) r (%) o

(Elp)=f(o.n|lw)= (£” tanh ) (6)

Let us list some important properties of the generalized plane waves:
1. Behavior at the origin
(610)=1 ®)
2. For principal series of the irreps

1
a:iA—E, 0<A<o0, oro=k=0,1,2,..., n=0,=%x1,£2,...
&)

We call the set £ = (o, n) a point of quantum space.
3. Orthogonality and completeness

/dﬁp@ |P)(PI§) =1 (08008, 8(A — A')

(2m)?
) /d95<p|5)(€Ip/)=8(p(—)p’) =p*18(p — p') (10)

dp’dp'

dQ =
PP
1 1
<a + 5) cotmw (a + 5)
u(o,n) = >

r(° +n+2 r(=° +n+1
2 2
% c+n+l)._[—o+n
r r
2 2
The volume element d€2¢ symbolizes the integration over the continuous

part of the proper time o and summation over its discrete part as well as the
summation over the discrete time n (cf. [4]).
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4. The correspondence limit
¢~ p° w2~ p, pP~1
n~x!, Vo2 +n? >~ x| (11)
(€| p)— e

Relations (11) suggest our identification of o and »n as quantum analogs of
the two-dimensional space-time coordinates (interval and time).

3 HOLOMORPHIC REALIZATION

Let us consider the holomorphic realization of the plane waves (6). We start
with the continuous part of the spectrum of the interval ¢. Intoducing the new
variables

1 1
z:iA—{—n:a—}—n—i—z and Z:—iA—{—n:—a—i—n—E (12)
and using the connection between associated Legendre functions and hyperge-
ometric functions [16] we come to the following holomorphic representation
for the plane wave:

Elp)=(on|lw =(z2]|w)
z—=z+1 . z+Z s
R ) _(z Z)

(¢%tanh ¢) (13)

= 2
= 7 K@ DP

/27 cosh ¢ =—

il ot fz45 —Z43 1
= (cosh¢)” 2 €2 F( 22, 3 Z,E;tanh2§>

0 _ : 5 3 2
—2¢ tanh§~§(z,z)F< 7 2 ,E;tanh {)

(1))
2 2
1 = 1 (14)
r Z+§ r —Z+§

2 2

As the hypergeometric function is the entire function of its first two parame-
ters we can easily prove that the plane wave (z, Z | ¢, ») is an analytic function
in its first argument z and antianalytic in its second argument Z. This function

where

£(z,2) =
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obeys as well as ¢(z, Z) the symmetry condition

fz.2)=fz2) 15)

At the same time it is well-known fact that hypergeometric functions don’t
obey any differential relation in its parameters, but obey the recurrence relations
[16]. This makes them the subjects to the noncommutative differential calculus.
The holomorphic representation leads to the simplest form of such a calculus.
We introduce this calculus starting with basic relations

[z,dz] = dz, [z, dZ] = dz, [z,dz] =0,

[z,dZ] =0, [z,z2]1=0 (16)
in which in contrast with the standard (commutative) calculus the coordinates
z, and Z commute between themselves but don’t commute with correspond-
ing differentials. It can be shown that the comprehensive differential calculus
based on the relations (16) exists [1]. We can introduce the generalized interior
derivatives right T andleft 9 of the function f(z,2)as

d.f =1ldz, f1= 0. fdz = dz 0, f (17)

and similar formulae for the noncommutative differentiation in zZ. The Leibnitz
rule is fulfilled for the exterior differentiations (17)

d(fg) = (d:f)g + f(d.g) (18)

and in modified form for the interior derivatives

%(fe) = (0 g+ f(%g) + (2. /). g)

(19)
% (fe) = (% g+ [0, + (0. /) ¢)

We refer the reader for the detailed theory of noncommutative differential forms
on the commutative algebra of functions to [1, 7, 14] and deliver here the only
information necessary for introducing the physical operators. Using right and
left noncommutative Hodge operators % and % [1] we define the symmetrized
interior derivatives in the form

1 o1
9 = 5(? + %)dz O = 5(—42 — ¥)dz +1 (20)

It can be proved that noncommutative interior derivatives in our case can be
expressed as the finite-difference derivatives

T = (e% - 1) (2,7, 9f= (1 _e—%) £z %) @1)
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momentum operators

b1 et (1) 22
p =Z-2 z+2 e iz z+2 e iz
S T SR
remala) () @

P’ = —SOLC(Z 7) sinh <i — i_)

(z—2) 9z 0z
pt=p"+ipt  p =p*—ip'
Operators p’ mutually commute. Their common eigenfunctions are the

plane waves (6) with eigenvalues (4). Momentum operators obey the hermiticity
condition

wWroHu=p @ (%) w=p" (23)

Now we write down the three generators

z+z
2 9

M2 = M =28%(z, z)aiﬁz, 2 =2ig%, Z)a(ﬁz

(24)
which are as well as (22) the noncommutative differential operators and com-
plete the set (22) up to the Lie algebra of the inhomogeneous two-dimensional
De Sitter group.

For 8(31 and a(z‘j)tz the following relations:
2 2

0L =009 £ 9% =09 £ o (25)
2 2

are fullfilled.
Let us consider the gauge transformation localized in noncommutative space-
time

Y'E) =EWE) Q@) =@ (26)

Unlike the usual theory the gauge transformation entangles the components
of momenta:

Q&) PEQE) = Chi (&) PK 27)

For the sake of simplicity we write down the C* g (z, Z)-matrix separately

for the cases when it depends on only one of the variables % or ZT*'Z For
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Q = Q(5%) we have

et (55) = [(se (59)) - 2 (o0 (559)) 5]

(28)
where
i _MIO _M20
A 2 .
r=|-M° £ M* (29)
_MZO M12 i
2

_ ] SN Z)
CLK(Z+Z)=6 1= 2

2
g ((a;+Z _ 1) x) 0 0
2
% 0 cos (EJSZﬂ A) —sin <8;iz X) (30)
2 2

0 sin ( Sis A) cos <8§ﬂk)
2 2

Also the following the following relations are true:

Q (2. 5)PLQz. 7) = PkCi¥(z.7) ct=cC"! 31)

Itis easily seen that in a consequence of (27) and (31) the De Sitter condition
(3) is invariant in respect to the gauge transformations (26). It can be easily
shown [4] that to make the theory gauge invariant we must introduce the com-
plex De Sitter vector AL of electromagnetic field and require that it transforms
similarly to (27) and (31):

Q (2, DAL Q(z, 7) = Cli(z, AKX (32)
Q (2. DAl Q. 2 = AL.ci¥ (2. 2)

It follows from (32) that the components of electromagnetic field do not com-
mute with the gauge function and in a consequence do not commute between
themselves. Introducing the covariant derivatives

Dt = —i(p" — AL) (33)
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we obtain the De Sitter invariant equations for the matter fields. The tensor of
electromagnetic field is given as

ﬁKL:[DL,ﬁK]:[ﬁL,AAK]—[ﬁK,AAL]—[AL,AAK] (34)
The action of the electromagnetic field is
S=Tr / FX By dS2e (35)
and the noncommutative analog of the D’ Alembert equation takes the form
[Dk. F¥]=0 (36)
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1 INTRODUCTION

It is a general belief that the relevant models of quantum field theory cannot
be solved analytically. It is even not clear how to formulate these models in a
mathematically consistent manner. Only free-field models are well understood.
These form the basis for the perturbative approach to interacting fields. But,
as is well known, convergence of the perturbation series is problematic. This
is the context in which to situate the present attempt to introduce interactions,
while keeping a solvable model.

Starting point is a Hilbert space H containing so-called classical wave func-
tions. It determines a C*-algebra of canonical commutation relations [1], de-
noted A(H). A class of quantum fields, which can be handled analytically, is
made up by the quasi-free states of A(H). A subclass of these are the Fock
states. Their special property is that there exists a representation in a Hilbert
space H, together with field operators A(¢), one for each classical wave func-
tion ¢. Creation and annihilation operators A (¢) are defined in terms of the
field operators by

(A(p) £iA9)).

N[ =

As(p) =

Moreover, there exists a vacuum vector €2 in H which is annihilated by the
annihilation operators

A(p)Q2=0. (H

Hence, the Hilbert space H has the structure of a Fock space.

Intuitively, it is obvious to consider quasi-free states as (trivial) examples of
integrable quantum fields. In the context of conformal field theory the notion
of integrability is usually associated with the existence of infinitely many local
conservation laws (see [2] for a recent account). These conservation laws are
then used to construct the state of the system. Here, the state of the system
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is given in an explicit form. The open question is then whether a dynamical
context exists in which conservation laws of this state do exist.

As their name suggests, quasi-free states describe rather trivial physics. Inter-
actions between fields are needed to produce non trivial theories. The prototype
of such a theory is quantum electrodynamics (QED). It describes the interaction
between photon and electron fields using the S-matrix formalism. The model,
discussed in the present paper, describes the interaction of a photon field with a
kind of background medium. It has been introduced by Czachor et al. [3-5]. In
this original version, it imagines a space-time filled with harmonic oscillators
carrying the electromagnetic field. In the reformulation of the model, found in
[6], the photons interact with a scalar boson field which is described in a semi
classical manner. The scalar field can have several possible interpretations, one
of which is that of quantized fluctuations of spacetime.

The model has some peculiar features. The representation of the photon
field is not irreducible, as one assumes usually. In particular, the commutation
relations differ from the canonical expression

[A@), A)] = —2i Im($|y).

They become

[A). A()] = is(@v). )

where §(¢|vy) is an operator belonging to the center of the representation.
This kind of commutation relations has been studied before, in the context of
generalized free fields — see e.g., Section 12.5 of [7].

Another feature is that the vacuum vector of the photon field depends on
the state of the scalar field. In particular, the vacuum is not invariant under
Poincaré transformations. Experimentally, there is a strong evidence that vac-
uum is locally Poincaré invariant. However, recently more and more research
papers investigate the possibility of breaking of Poincaré symmetry at very
small length scales, e.g. at the scale of Planck’s length. Therefore the scalar
bosons of the present model, if one would like to interpret them as part of
physical reality, should be active at small length scales, or, equivalently, at very
large wavevectors.

2 CORRELATION FUNCTION APPROACH
The vacuum-to-vacuum correlation functions

(QUAWPDA(P) . .. Ag,)RQ)
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determine the vacuum state of the electromagnetic field [8]. It is sufficient [1, 9]
to know the functions

Flp, ¥) = (W) QW (¢)*Q),

with Weyl operators defined by W(qb) = exp (iA((p)). For the free electromag-
netic field is [10, 11]

1
F(¢:¥) = exp(—ilm(yr|¢)) exp (—E(K/f -y — 4))) 3)

with the (degenerate) scalar product given by
1
(Vo) = —/ dk—— ¥ * (k). (K). (C))
2K

Positivity of the scalar product follows if one assumes that all classical wave
functions satisfy the Lorentz gauge condition

3
Klgpo(k) = > Koo (K).
a=1
Next consider a scalar boson described in the standard way by state vectors
in a Fock space. Select in this space a normalized element x of the form

1
NeT
This state vector will be fixed throughout the paper. Instead of creation and
annihilation operators consider in this Fock space observables which are func-

tions of momenta. Such observables are denoted f and act on the state vector
in the following way

IO,k . k) = fPk, Ky, . k)X Pk kg, LK), (6)

Clearly, by only allowing a state vector of the form (5), and by restricting
operators to functions of momenta, a semi-classical description of the boson
field is obtained. The only information that can be calculated are the quantum
expectation values

(Fy = xIfx)
_;”! |:Jl-:[1[R3dk12| kj||X (k)| i|f ki, ko, ..., Ky).

Finally, the interaction between the photon field and the scalar boson field is
introduced. The conventional way to do so is by specification of a Lagrangian
or a Hamiltonian. Then a difficult, if not impossible, calculation is needed to ob-
tain the correlation functions. Here an alternative path is followed. Correlation

x=xCoxVe —=x?exe- . (5)
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functions of the form
Fy(fsd:9) = (WW)*QUFW($)* Q) (7)

are specified explicitly. Next, the properties of the state, determined by these
correlation functions, are studied in order to find out the kind of interactions
they describe.

The specific ansatz is [6]

Fo(fs¢:9) = fOIX )
o0 1 n / 1 5
+) = || dk; ——[x (k)|
;n! Ll R 20K !

1
X exp (5(1#“(1(,;) — k)W k) — ¢,L(kj)))]

% eis("’(¢>,1l/)(k1,kz,m,kn)/zf(n)(kl’ ko, ....Ky,). (8)

with
2 & -
s K Ko, k) = = Imy k) k;).
j=1

It is straightforward to verify that the sum converges. Standard techniques from
quasi-free state theory can be used to show that all properties, needed for being
the correlation functions of a state, are satisfied. A rather tedious calculation
shows that these correlation functions are exactly those of the model introduced
in [3-5].

3 PROPERTIES OF THE INTERACTING STATE

The generalized GNS-theorem [9] implies the existence of a Hilbert space
representation of the correlation functions (8). More precisely, there exists a
vacuum vector €2 in a Hilbert space H, and operators W (¢) and f in H, such
that (7) holds. The properties of these operators can then be deduced from the
explicit form of the correlation functions (8).

First notice that the operators W (¢) satisfy the Weyl form of commutation
relations, modified to

W)W () = W(g + y)e'* @72, )

Next, standard arguments are used to show that the operators W(¢) can be
written into the form W((;S) = exp (iA(d))), and that the field operators A(d))
are real linear functions of ¢. Expansion of (9) for small values of ¢ and v then
yields the generalized commutation relations (2). Finally one shows that the



A Solvable Model of Interacting Photons 223

relation A(([))Q =i A(iq))Q holds. This relation is needed to conclude that the
vacuum vector is annihilated by the annihilation operators A(p)2=0. One
concludes that the Hilbert space has the graded structure of a Fock space.

So far, the differences with the free field situation are small. In order to see
further differences, let us now calculate the vacuum fluctuations of the electric
field. For the free photon field is

1 o
(E@)Ep@ e = G / S0 (kP Kly) 07,

with the usual convention k = (|k|, k), and with the spectral function p(k)
identically equal to 1. For the model described by the correlation functions (8)
the spectral function is given by

o0

1w / <n> ]
pk) =D —lx <k>|[ dkzlk,||x COTRI

n=1

Note that

02 —
+ dk— k)=1
x| / 2IK] pk) =
because of normalization of the state vector x. The contribution to the vacuum
energy density in the point ¢ is

—Z Eo(@))e 2(2 )4/dk|k|,o(k).

For free photons this integral diverges. For the present model it converges under
mild conditions on the state vector x. This shows that interactions can make
the energy density of the electromagnetic vacuum finite.

4 DISCUSSION

The model, described by the correlation functions (8), appears to describe
genuine interactions of the photon field with a background field of semiclassical
bosons. The model has not been derived from a Lagrangian or Hamiltonian
function. Therefore it is not easy to grasp the nature of these interactions. It is
e.g. not clear whether these interactions are local.

At first sight it might seem easy to generalize the present model, e.g., to
allow for a general scalar boson field instead of its semiclassical description.
However, the correlation functions (8) must satisfy conditions of positivity and
covariance. Both conditions are far from trivial. In this sense the existence of
the present model is comparable to the existence of soliton-like solutions of
nonlinear equations.
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The interacting photon field is better behaved than the free field. One feature
has been stressed here: finite energy density of the vacuum. Other interesting
properties can be found in [3, 4, 5, 6]. A further study of this and similar models
of interacting fields might one day indicate how to build a non perturbative
theory of QED, free of divergences.
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DISCRETIZATION OF A SINE-GORDON
TYPE EQUATION

Y. Ohta
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Abstract  An integrable modification of the double sine-Gordon equation is dis-
cretized by using Hirota’s bilinear theory. The soliton solution is given in
terms of the discrete Gram type determinant and the bilinear equations
are reduced to the Jacobi formula for determinant.

1 INTRODUCTION

Hirota’s direct method is one of the most powerful tools to construct both
the integrable systems and their solutions. For instance, for a given integrable
equation, the bilinear method provides a simple and direct way to derive the
solutions through the bilinear form. For a given continuous integrable equation,
it also enables us to construct integrable discrete analogues which share the
common solutions with the original continuous equation. For a given function
which has desirable properties, by using the direct method we can also generate
integrable systems which allow that function as a solution.

In this paper, we shall demonstrate how the direct method works for the
purpose of constructing integrable system and discretizing it taking the dou-
ble sine-Gordon equation as an example. The double sine-Gordon equation is
one of the famous NON integrable equations.[1] It allows a double kink so-
lution as a traveling wave solution, but two double kinks do not have elastic
collision. In this sense, the double sine-Gordon equation is not a soliton equa-
tion. First, we shall give an integrable modification of the double sine-Gordon
equation so that it allows multi double kink solution. Next we will show the
integrable discretization of the modified double sine-Gordon equation by using
the bilinear theory. The solution is written in terms of the discrete Gram type
determinant.
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2 DOUBLE SINE-GORDON EQUATION
The double sine-Gordon equation has the following form
. A .
Uy = SInu + 3 sin 2u
or equivalently

Uy =Sin u + Asin ucosu (D

where A is a nonzero constant. The above equation possesses a double kink
solution which is written by log of a rational function of exponential function.
The double sine-Gordon Eq. (1) itself does not have multi double kink solution
because the collision of two double kinks is not elastic. On the other hand,
for soliton equations, the T functions of soliton solutions are given in terms
of determinant whose components are polynomials of exponential function.
Now we regard that the double kink solution of (1) is derived from a special
case of determinant (in fact 1 x 1 determinant) and by generalizing it to the
determinant of arbitrary size, we obtain the bilinear equations satisfied by the
determinant which will lead to the integrable modification of the original double
sine-Gordon equation. By using this procedure, we can integrablize the non
integrable Eq. (1).

3 MODIFIED DOUBLE SINE-GORDON EQUATION
The modified double sine-Gordon equation is given by
Uy =Sinu+ A / (sinu); dx cosu 2)

whose difference with (1) is just an integration by x and differentiation by ¢
of a term sin u. It is clear that the traveling wave solutions of (2) and (1) are
identical. Moreover (2) allows multi double kink solution.
By using the dependent variable transformation
AP |
u =1ilog —
fre
the modified double sine-Gordon Eq. (2) is bilinearized into the following
bilinear form

2D.Dif - f=f~Tf
2 _ _
CDe=Df* - f+ff7=0
Q2eDi = Df* - f+ ff =0
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where f is an auxiliary variable, * means the complex conjugate and A = 2.
The N double kink solution is given in the following Gram determinant form

f dt<8 pie 5)
= de ij T1l——¢"
P; + P; 1<i,j<N
_ P;
f = det (5,»,- _jrte eff> 3)
P; +P.f 1<i,j<N
P.
& = Pix + P42—l ~t £

1

where P; and Si(o) are the wave number and phase constant of i-th double kink,
respectively. The Jacobi formula for the Gram determinants (3) reduces to the
above bilinear equations.

4 DISCRETE MODIFIED DOUBLE SINE-GORDON EQUATION

We apply the usual discretization procedure to the above modified double sine-
Gordon equation based on the bilinear theory. By introducing discrete indepen-
dent variables with keeping the structure of determinant solution, the discrete
analogues of bilinear equations automatically follow from the same algebraic
identities as continuous case. Let us denote the T function of discrete case as f;
instead of the continuous one f(x, t). Guided by the case of the sine-Gordon
equation and its discrete analogue (see appendix), we obtain the following
result.
In the discrete case, the T functions are given as

f dt<8 i i 5‘)
k= det| oj; 1 e
Pi’"Pj 1<i,j<N

_ P +c
fkl = det (811 —1 i+ e§i>
P+ P; I<i,j<N

which are completely same with the continuous ones (3). The difference be-
tween the continuous and discrete appears in the exponent &; only
1 P — 1+b/(P; —
£ =k logM—HlogM
1 —a(P;+c) 1 —-b/(P;+c)
where a and b are the difference intervals for k and /, respectively. This means
that the space of solution is common for both continuous and discrete and
the compatible flows of continuous and discrete evolutions are introduced in
the space of solution. The discrete bilinear equations satisfied by the above 7

+ %-i(O)
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functions are
(1 = ab) ferravi fu = firrifersr —abfesraf

(I —ac) fiiry 1 fu = fifiria +acfirii fi; =0
(c =b) f 11 fu — cfi frarr + bfk*lik,zﬂ =0

By using the dependent variable transformation

1 fkjfk,l—l
ug = - log =——=—
2i fklfk,z_1
1 * f
Vi = — lo fk[fk+1,l

= — log —
2i S fira

we obtain the integrable discrete analogue of the integrable modification of
double sine-Gordon Eq. (2)

SIN(Uk41,141 — Uks1,0 — Uk j+1 + U + Or)
b—c
—ac

=a (cos @ sin(Ug 1,141 + Uk j41) + COS Qg 141 SiN(Ugy1,7 + Ugg))

| &
Ukg1,l + Uk = Vg + Vg1 + 3 Z O —0j—14-1)

j=—00
where 0 and ¢ are defined in term of «# and v by

1 +ac(e™ — 1)
1 + ac(e?ve — 1)
-1
Okl = Upg1, + U + Z (=D Qugyr,j + 2up j+1 — )

j=—o0

O = arg

5 CONCLUDING REMARKS

The integrablization of the double sine-Gordon equation and its solution are
given by using Hirota’s direct method in soliton theory. We also gave the dis-
cretization of the modified double sine-Gordon equation and its solution in
terms of the discrete Gram type determinant. For a given non integrable sys-
tem, starting from a special solution and embedding it into a certain space of
solution of integrable equations, we can construct an integrablization of the
non integrable system. By introducing compatible discrete flows of evolution
on the space of solution, integrable discrete analogues of the original continuous
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equation can be derived. We expect that these integrablization and discretiza-
tion techniques are applicable for interesting and important systems in various
fields.

APPENDIX
The sine-Gordon equation

Uy = Sinu
is bilinearized into the bilinear form

2D,D.f - f = f* = 7
through the dependent variable transformation
*
u=2i logf—
f

The N kink solution is given by

i
f = det (5,,- + eff)
pitpj 1<i,j<N

1
& = pix + —1 +&°
pi

where p; and Si(o) are the wave number and phase constant of i-th kink, respec-
tively.

Hirota proposed the integrable discrete analogue of the sine-Gordon equa-
tion[2]

Sin (U 1,041 — Uk, — Uk g1 + Urg)
= absin (41,141 + Uir1,0 + Uk 41 + Uks)

which is transformed into the bilinear form

(1 = ab) firri41 fu = firrifearr — abfiy il

through the dependent variable transformation
1
uy = — log ==

where a and b are the difference intervals for k and /, respectively. The N kink
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solution is given by

1
Ju = det (5,‘]' + e‘f">
pit P Ji<ij<n

1+ ap; 1+b/p;

P +llog 7/]) —i—Si(O)

1 —ap; 1 —=b/pi

The structure of the determinant solutions is quite same for continuous and
discrete cases. Only the dispersion relations for the independent variables in

the exponent &; are different between (x, t) and (k, /).

& =klog
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HIERARCHY OF QUANTUM
EXPLICITLY SOLVABLE AND
INTEGRABLE MODELS

A.K. Pogrebkov

Steklov Mathematical Institute, Moscow, Russia

Abstract Realizing bosonic field v(x) as current of massless (chiral) fermions we
derive hierarchy of quantum polynomial interactions of the field v(x) that
are completely integrable and lead to linear evolutions for the fermionic
field. It is proved that in the classical limit this hierarchy reduces to
the dispersionless KdV hierarchy. Application of our construction to
quantization of generic completely integrable interaction is demonstrated
by example of the mKdV equation.

Keywords: Quantum integrable models, fermionization, dispresionless KdV
hierarchy

1 INTRODUCTION

Special quantum fields that first appeared in the literature (see, e.g., [1]) under
the name “massless two-dimensional fermionic fields,” are known for decades
to be useful tool of investigation of completely integrable models in quantum
(fermionization procedure [2—4]) and in classical (symmetry approach to KP
hierarchy [5]) cases. Already in [2] it was shown that when bosonic field of
the quantum version of some integrable model is considered as a composition
of fermions, the most nonlinear parts of the quantum bosonic Hamiltonian
becomes bilinear in terms of these Fermi fields. In [6—8] the same property was
proved for the nonlinear Schrédinger equation and some integrable models of
statistical physics, where fermionic fields naturally appeared in the so-called
limit of the infinite interaction, i.e., again as describing the most nonlinear part
of the Hamiltonian. Quantization of the KdV equation is based on analogy of the
Gardner—Zakharov—Faddeev (GZF) [9] and Magri [10] Poisson brackets with
the current and Virasoro algebras [4, 11, 12]. In [4] we proved that quantization
of any of these brackets for the KdV equation by means of fermionization
procedure can be performed on the entire x-axis and the Hamiltonian is given as
sum of two terms, bilinear with respect to either fermionic or current operators.
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We also proved that the quantum dispersionless KdV equation generates linear
evolution equation for the Fermi field. Thus this equation is explicitly and
uniquely solvable for any instant of time (in contrast to the classical case).

In this article we construct hierarchy of nonlinear interactions for the real
bosonic quantum field v(x) that obeys quantized version of the GZF bracket,
i.e., commutator relation (2.9) below. The hierarchy itself is determined by the
following conditions:

e Allequations of this hierarchy are completely integrable in the sense that they
have infinite set of local, polynomial (with respect to v and its derivatives)
commuting integrals of motion.

¢ All equations of this hierarchy are explicitly solvable in the following sense.
Let v be realized as current of fermionic field ¥. Then all these nonlinear
equations for v lead to linear evolution equations for .

We prove that these conditions uniquely determine hierarchy and that in
the limit 7 — O this hierarchy reduces to the dispersionless KdV hierarchy.
The paper is as follows. In Section 2 we present some well-known results on
the “two-dimensional massless” fermions. In the Section 3 the hierarchy is
derived and its properties are studied. In Section 4 we demonstrate by means
of the modified KdV equation that results of our construction can be applied
to quantization of the generic integrable models. Discussion of the classical
limit of the hierarchy and some concluding remarks are given in the Section 5.
Preliminary version of this article see in [13], more detailed presentation will
be given in [14].

2 MASSLESS TWO-DIMENSIONAL FERMIONS

Here we introduce notations and list some standard properties of the massless
Fermi fields (see, e.g., [1]). Let H denote the fermionic Fock space generated
by operators (k) and ¥ *(k), where * means Hermitian conjugation, and that
obey canonical anticommutation relations,

Y k), ¥ (p)ty = 8k — p), {y (), ¥(p)}y =0. (1)
Let Q € H denote vacuum vector and vy (k < 0) and ¥ *(k > 0) be annihilation
operators,

poe| =0 vwel =o, @
k<0 k>0

whereas ¥ (k > 0) and ¥ *(k < 0) are creation operators. Fermionic field is the
Fourier transform,

v(x) = dk ™y (), 3)

7 |
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and obeys relations

W ), (M} =d(x — ), {Y(x), ¥y} =0, “4)

l82

QYY" (M) = (Q, YV (R = m (5)
where we denoted ¢ = (+/27)~!. This notation is convenient as in order to
restore the Plank constant 72 we need not only to substitute all commutators and
anticommutators [-, -] = [+, -] &L, but also put

h

The current of the massless two-dimensional fermionic field is given by the
bilinear combination

v) =Yty (), (7

creation-annihilation operators, for example, : ¥*(xX)¥(y) : = ¥v* ()Y (y) —
(Q, y* ()Y (x)Q) and : Y*¢ : (x) = limy_,, : Y*(x)P(y): , etc. Current is a
self-adjoint operator-valued distribution in the space H obeying the following
commutation relations:

[¥(x), v()] = &~'8(x — Y)Y (x), ®)
[v(x), v(Y)] = i8'(x = y). (€))
The charge of the fermionic field, A = [ dx v(x), is self-adjoint operator with

spectrum +/2mw hZ.

Commutation relation (29) suggests interpretation of v(x) as bosonic field
that obeys quantized version of the GZF bracket ([9], see also (58) below). In
what follows, we use the decomposition

v(x) = v (x) + v (x) (10)
of this field, where positive and negative parts equal
+1 d
vE() = —.fL(y). (11
2ni J y—x Fi0

and admit analytic continuation in the upper and bottom half-planes of variable
x, correspondingly. They are mutually conjugate and

v (x)Q = 0. (12)
Let

v(k) = /dx e u(x), (13)
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so that vE(x) = 2m)~! [ dk e™0(xk)v(k), where 6(k) is step function. Then
vik) =v(—k), vk _,=0. (14)

Thus v(k > 0) and v(k < 0) are bosonic creation and annihilation operators,
correspondingly, that are bilinear with respect to fermionic ones. One can intro-
duce the bosonic Wick ordering for the products of currents, which we denote
by the symbol : . .. :, that means that all positive components of the currents are
placed to the left from the negative components, for instance,

W) = v () + o rT () ot (T () + v (v ()

(15)
and again :v?:(x) = lim,_,, {v(x)v(y):. We can also use equality
WE)(y): = v(x)(y) — (2, v(xX)V(y)RQ), (16)
where
i€ 2
(€2, v(x)v(y)2) = (7) . 17
x—y—1i0
Fermionization procedure is essentially based on the relation between these
two normal orderings. The bosonic ordering : . .. : can be extended for expres-
sions that include fermionic field:
W)Y () = v Y ) + ()T (). (18)

Then by (8) and (1),
Yx) — ()
x—y

so that this expression as well as its derivatives w.r.t. x and y are well-defined in
the limit y — x. In this limit one uses the obvious fact that under the sign of the
fermionic normal product any expression of the kind : ... ¥ (x)...¥(x)...:
equals to zero. In particular, we get relation

WY () = v)Y ()t +ie 19)

wi(x) = isy(x), (20)
that results in the bosonization of fermions [2-3]. More exactly, one can inte-
grate this equality and write (at least formally) that

Y(x) = Ee—ia’lfx v(x)dx; = e—is’lfx u*(x)dxe—is’lfx u’(x)dx’ Q1)

where in the second equality definition of the bosonic normal product was used

for the exponent. Relation (21) needs special infrared regularization of the
. o, . X . ) .

primitive of the current, [~ v(x)dx, and its positive and negative components.
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This procedure can be performed, say, like in [3], and it leads to a special
constant operator conjugated to the charge A, that must be included in the r.h.s.
of (21).

3 HIERARCHY OF EXPLICITLY SOLVABLE MODELS

Problems of interpretation of Eq. (21) do not appear if we deal with bilinear
combinations of fermionic fields of the type (7). In this case neither infrared reg-
ularization, nor the above-mentioned auxiliary operator are needed and product
of Fermi fields is given directly in terms of the current. An analog of such rela-
tion is known in the literature on the symmetries of the KP and KdV hierarchies
(see [5]) in the sense of formal series. Let us denote

Fa,y)=e iy @+ v —y) (22)

In [13, 14] it is proved that in the sense of operator-valued distribution with
respect to x we have equality

Lexp (is’l Y v(x’)) =1

x—y

Fx,y)=¢ , (23)

2iy
where both sides are smooth, infinitely differentiable functions of y. In partic-
ular,

F(x,0) = v(x). (24)

Let us introduce

o= (2) Fouy -
x)=|— X, =

" 2i YN0 T @iy
where in the second equality we used notation for the Hirota derivative [5], that

in the generic case of two functions f(x) and g(x) reads as

D"(:y™ - (), (25)

n

.0
D'(f-8)x) = ;l_r)r(l) 8ynf(x +y)gx—y), n=12,.... (20
In particular, by (24) we get that

Fo(x) = v(x), 27)

1
Fix) = - DC Yt ), (28)

that are current and energy—momentum density of the massless fermi-field,
correspondingly. Thus Eqs. (22) and (23) give relation of the Hirota derivatives
of the fermionic fields with polynomials of the current and its derivatives. All
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F,(x) by (25) are self-adjoint operator-valued distributions on the Fock space
‘H and by (23) we get recursion relations

B " (—ig/2P"2n+ DL o :
F2n+1(x) = 2n+2 X(:) (2m)'(2(n — m))' v ()C)Fz(n,m)(x).,

m=

n=0,1,2,..., (29)

and

n—1 ; 2m
~ (—ie/2)"™(2n)!
)= 507 2 Gt —m = D

, M () Fagemy—1(x)}

( ) )n v@(x)

— , n=1,2,3,..., 30)
21 2n+1

where Fj is given in (27). The lowest simplest examples are as follows:

1. .

Fi(x) = 3 (%), (3D
2

Fy(x) = %EU3E(X) _¢ U;‘;(x), (32)

1., 2, .

Fy() = 70" - %:v(x)vxx(x):, 33)
2 4

Fi(x) = éEUSE(x) — %fvz(x)vm(x)f n %(";(x) (34)

By definition (22) operator F'(x, y) obeys commutation relation

[F(x,y), F&x', y)l = —e7'8(x —x"+ y + Y)F(x + Y,y +¥)  (35)
el —x =y = Y)F' +y,y +y)

S —x'+y+y)—dx—x"—y—y)

l y+y ’

that generates corresponding commutation relations for F;, (closely related

with a representation of the gl -algebra). Only the lowest terms, Fj and Fj,
form closed subalgebras:

+

[Fo(x), Fo(x")] = i8'(x — x"), (36)
[Fo(x), Fi(x)] = i8'(x = x")Fo(x"), (37)

)
/ . / / 1A e " 4
[Fi1(x), Fi(x")] = i{ Fi(x) + Fi(x)}8'(x — x") — E(S (x =x")  (38)
while commutators of the type [F,, F,] include F;’s till F,,,_.

Operator F(x, y) admits integration with respect to x along the entire axis
and result of integration is well-defined operator in the fermionic Fock space
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‘H. Indeed, by (3) and (22)
f dxF(x, y) = % f k(@™ Y (= (—K) — e Oy (), (39)
0

where expression in the r.h.s. is normally ordered and has creation x annihila-
tion form, so that thanks to (2)

/dx Fx,y)2=0 (40)
for any y. From here we derive that all operators
1 o0
H, = /dx F,(x) = - / dk(ek)" (Y (=k)y (—k) — (=1)"y (k)y™(k))

0
(41)

are well-defined and self-adjoint. For odd n they are positively defined. At the
same time by (35) we get

|:f dxF(x,y), /dx’F(x’, y’)i| =0 (42)

for any y and y’. This means in particular that all
[H,, H]=0, mn=0,1,... (43)

In other words, these operators define commuting flows on the space H and we
can introduce hierarchy of integrable time evolutions by means of commutation
relation

vy, (x) = i[Hp, v(x)], m=0,1,..., 44)

so that by (43): (9;,9;, — 0;,0;,)v(x) = O for any m and n (we do not indicate
the time dependence in all cases where it is not necessary). On the other side,
by (35)

|:/ dxF(x,y), U(X/)] =¢ '[F&X'+y,y)— F(x' =y, y)] (45)
x'4+2y x'
= L exp | ie™! / dev(E) | —‘exp |ie™! / devE) | ¢,
2iy
x' x'=2y

that leads to highly nonlinear (polynomial) dynamic equations for v(x) in all
cases with exception to 7y and ¢;. Thanks to (25), (41), and (44) we have

v, (x) =0, (46)
Up, (x) = vx(x), (47)
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and in the generic situation

9 [i (18/2)%" 11 027 Fy 3y (x)

(0 =30 Za “—2m—Diem+ DI T L2, “48)
The simplest examples are as follows:

vy, (X) = 8, vi(x), (49)

Vg, (x) = 3 <5v33(x) — e—;v”(x)) , (50)

v, (X) = 3, <5v42(x) — 2%, i(x) — szfuﬁi(x)> ) (51)

These polynomial interactions are closely related to the KdV hierarchy: the
second evolution is just dispersionless quantum KdV (cf. [4]), the third evolu-
tion coincide with the modified KdV equation for some specific value of the
interaction constant, and so on. In the next section we discuss the case of mKdV
equation in more detail. Here we emphasize that in spite of the highly nonlin-
ear form of all these equations in terms of the field v, all of them give linear
evolutions for fermions. Indeed, introducing the time dependence of (x) in
analogy with (44) as Y, = i[H,,, ¥], we get by (41)

1
Vi, (x) = E(ieax)mW(X), (52)

or by 3) v, (k)= (ie)"'(—ek)" (k). Let now V¥ (fy, x), v(t,, x), and
F(t,,x,y) be operators with time evolution given by some H,, and deter-
mined by the condition that at 7,, = 0 they equal to (x), v(x), and F(x, y),
correspondingly. Thanks to (40) the definitions of the both normal products
do not depend on time. This means that these operators are related at arbitrary
value of t,, by means of the same Eqgs. (7), (22), (23), and (27) as att,, = 0. In
particular, by (22)

1
F(fm,xﬁ’):g3¢*(fm,x+y)¢(tm,x_)0:- (53)

Then, thanks to (3), (22), and (52) we get explicit expression for F(t,, x, y) in
terms of its initial value F(x, y):

2
F(ty,x,y) = W/dx//dy’/dk/dpF(x —x',y—9) (54)
x exp(i(k — p)x' + ik + p)y +ie™ k™ — p™ity).
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Thanks to (25) and (27) we obtain for y = 0:

2
V(ty, xX) = o /dx’/dy’/dk/dpF(x —x',y) (55)

x exp(i(k — p)x' — itk + p)y' +ie" " (K™ — p"™ ).

Substituting here F(x, y) by means of (23) we get solution of the m’s equation
of the hierarchy (3.23) in terms of the initial data v(x):

1 / / ‘exp (ie‘l xx:xx,:ayy,/ dx”v(x”)) =1
v(ty,, x)= /dx /dy /dk/dp -

2m)? 2iy’

X exp (ikx’ —ipy + izt:n—"g[(p + k)" —(p — sk)’")]> . (56)

Generalization to the case where time evolution is determined by a linear com-
bination of Hamiltonians H,, is straightforward.

Thus we see, that all these models are not only completely integrable, but
also explicitly solvable in the fermionic Fock space H. On the other side, tak-
ing into account that thanks to (43) and (46) the charge operator A = H,/ V2r
commutes with all Hamiltonians and v(x), one can reduce bosonic equations
to the zero (or any other, fixed) charge sector of H, that is exactly the standard
bosonic Fock space. In that case all relations of the type (23) and (55) re-
main valid and give explicit solution of the hierarchy (44) in the bosonic Fock
space.

4 THE MODIFIED KdV EQUATION
The modified Korteweg—de Vries (mKdV) equation

vy = 0y (gv3 — vﬁ) 57
2

for the real function v(#, x) is well-known example of the completely integrable
differential equation. If v(x) is a smooth real function that decays rapidly enough
when |x| — oo, the inverse spectral transform (IST) method (see [15, 16] and
references therein) is applicable to Eq. (57). Constant g in this equation is an
arbitrary real parameter and properties of solutions essentially depend on its
sign. In particulary, the soliton solutions exist only if g < 0.

The mKdV equation is Hamiltonian system with respect to the GZF bracket

(91,
{v(), v} =8'(x — y), (38)
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so that Eq. (57) can be written in the form v, = —{H, v}, where Hamiltonian
_ 1 4 2
H= 2 dx(gv™(x) + vi(x)) (59)

The direct quantization of the mKdV equation on the whole axis requires
some regularization (e.g., space cut-off) of the Hamiltonian in order to supply
it with operator meaning. Any such regularization is incompatible with the IST
already in the classical case: the continuous and discrete spectra of correspond-
ing linear (Zakharov—Shabat) problem become mixed and the most interesting,
soliton solutions cease to exist.

Here we show that realizing v(x) as in (7), i.e., as a composition of fermionic
fields we can avoid any cut-off procedure in (59), because the Hamiltonian
becomes well-defined in the fermionic Fock space H.

We choose the quantum Hamiltonian to be bosonically ordered expression

(59),
1 : :
H= Z/dx:gv4(x) + 02 (x)k (60)

Then, thanks to (33) we get

1—ge? [ ..
H = gHs + 4g8 /dx:v?c:(x), 61)

where (41) for n = 3 was used. Thus, in analogy with the KdV case (see [4]),
the most singular part of the Hamiltonian (60) that was of the fourth order
with respect to bosonic operators is only of the second order with respect to
fermions. Taking into account that by (13)

oo

/ dxiv*i(x) =2 / dk k*v(k)v(—k) (62)

0

we get that both terms in (61) are bilinear in either fermionic, or bosonic
creation—annihilation operators, they are normally ordered and have a diagonal
form, i.e., they include “creationxannihilation” terms only. Correspondingly,
both these terms are well-defined self-adjoint operators in H and under our
quantization procedure no any regularization of the Hamiltonian is needed. In
particular, by (14) and (40)

HQ=0 (63)

and by (41) and (62) the Hamiltonian (61) is positively defined when =2 >
g=0.
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It is clear that time evolution given by the Hamiltonian (60),

v, =i[H,v] = 0, <g3v35 — %) , (64)
is exactly the quantum version of the Eq. (57) normally ordered with respect
to the bosonic operators. Thanks to (32) we can exclude the v3-term and get
the quantum bilinear form of the mKdV equation in terms of the fermionic
fields:

2 _
0(x) = - (3ng<x) + 8 vax(x)) , (65)
ox 4

that can be considered as a quantum Hirota form of the mKdV equation.

In order to derive time evolution of the fermionic field i it is reasonable
to rewrite the second term of (61) by means of the fermionic normal ordering.
Omitting details we get by definitions of the both normal orderings and Egs.
(7) and (22) the equality

PR ) - P ()

w)V(Y): = vE)v(y) : +e . , (66)
i(x—y)
that after differentiation gives in the limit y — x
oy ) 1., 2
Wy (x) =g (x) 4+ S0y Fi(x) + = Fa(x), 67)
2 3g2

where (25) was used and where by (7) : v)% S(x) =262 Yy *yp:. Thus we
can write (61) as

5¢+¢2 e?—g .y
=2 S [y s o, (68)
and thus time evolution of the fermionic field, ¢, = i[H, y¥]is given by equation
5ge2 + 1 ge? —1
Vi) = = VYual¥) + = v (), (69)

that is, of course, nonlinear when g # &2,

Investigation of the spectrum of the quantum Hamiltonian deserves the sep-
arate studying. But like in the [4] it can be shown that in the fermionic Fock
space H for g < 0 there exists one-soliton state, i.e., such state that the average
of the field v with respect to it equals to the classical one-soliton solution at
least at zero (or any fixed) instant of time. This state does not belong to the zero
charge sector of H, so it cannot exist in the standard (bosonic) quantization of
the mKdV equation. Again, like in [4] it can be shown that existence of this
state implies quantization of the soliton action variable.
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S CONCLUSION

We derived hierarchy of nonlinear integrable and at the same time solvable
evolutions of the bosonic field v(x) realized as composition of the fermionic
fields—current. By (27) this means that Fy(x) was chosen to be a dynamical
variable. But the closed subalgebra of commutation relations (36)—(37) is given
also by Fy(x) and F(x). Moreover, the linear combination

F(x) = Fi(x) + ad, Fo(x) (70)

with real constant coefficient a also obeys closed commutation relation,

2
[F(x), F(x)] = i{ F(x) + F(x)}8'(x — x') — i <a2 + %) 8" (x — x),

. (71)
as follows from (36)—(37). This means that F(x) gives another possible choice
of a dynamical variable. In [4] we proved that the dispersionless KdV in this
case is also solvable, while — in contrast to the above — it was v(x) that evolved
linearly. It is natural to expect that the same property is valid for the entire
hierarchy (48) generated by the quantum version (71) of the Magri bracket.

Coefficients of the R.H.S. of the bosonic equations of motion (47)—(51)
are uniquely (up to a common factor) fixed by recursion relations (29)—(30).
Indeed, transformation

v(x) — av(ax), (72)

is the only canonical scaling transformation that is unitary implemented in H.
Here constanta > 0 in order to preserve definition (11) of positive and negative
parts of v. This transformation generates

Y (x) = Vay(ax), F(x,y) — aF(ax, ay), Fy(x) = a" Fy(ax),
(73)

that is compatible with (27)—(30). Thus by (41) H, — a"~'H,, and thanks
to (48) transformation (72) can be compensated by rescaling of times: t, —
alfn t,.

Flows given in (27)—(34) are close to the flows of the KdV hierarchy [15]:
they are polynomial with respect to v(x) and its derivatives and have the same
leading terms. On the other side, the lowest nontrivial example (32) shows
that some essential terms that are involved in the KdV case are absent in (48).
In fact, as it was natural to expect by [4], Eq. (32) is the dispersionless KdV
equation: the term v,,,(x) is absent. The higher equations, like (33), (34), and
so on already include terms with derivatives, so these equations are not the
dispersionless ones. On the other side, coefficients of all such terms of all
commuting flows introduced in Section 3 are proportional to powers of €2, i.e.,
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of 71 by (6). Thanks to (27) and (29), (30) it is easy to see that in the limit7z — 0

Fon(x) v (74)
m X) —> )
m+1
so that by (48) we get in the classical limit equations
By, (1, ) = m" ™ (b, )V (1, ), (75)

i.e., the dispersionless KdV hierarchy. Solution of the initial problem for the
mth equation can be written in the parametric form as

X =5 —mtu,v"(s), V(ty, x) = v(s), (76)

where v(x) is initial data. This solution is known to describe overturn of the
front, so the initial problem for the Egs. (75) has no global solution. On the
other side, Eq. (56) gives global solution of the quantum hierarchy (48). It is
easy to see that in the limit ¢ — 0 (i.e., i — 0) we get from (56)

! iy'v(x—x") _ | n—
v(t,, X) = - dx’ dy/ dk dpeielkx ~ipy'+imiykp"™! ,
Q)i Y

so that for the classical limit of (56) we get representation

V(ty, x) = /dp[e(v(x +mi, p" ") = p) = 0(=p)], 7

where 6(p) denotes the step function. It is easy to check that (77) coincides
with the solution (76) of the classical equation (75) before the first overturn of
the front.

Summarizing, itis natural to call the hierarchy introduced in the Section 3 the
quantum dispersionless KdV hierarchy. Dispersionless limits of integrable
hierarchies attract now essential attention in the literature, see [17, 18].

Our construction here is essentially based on the equalities (22) and (23)
valid for the standard massless fermionic fields. Thanks to this relations we
got description of the quantum dispersionless KdV hierarchy. It is natural to
hypothesize that anyonic generalization [19] of the fermions leads to more
generic integrable bozonic systems.
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A TWO-PARAMETER ELLIPTIC
EXTENSION OF THE LATTICE
KdV SYSTEM

S.E. Puttock and FE.W. Nijhoff
Department of Applied Mathematics, University of Leeds, Leeds

LS2 9JT, United Kingdom

1 INTRODUCTION

In [1] we presented a novel integrable lattice system given by the following
coupled system of equations:

(a+b+u—i)a—b+ia—d)=a>—b"+ fE—3)(§—s) (la)
(§—5) (@ — ) = [(a+u)s — (b +uwsls — [(a —)§ — (b — )]s (1b)
G=5H(—w)=[(a—i)s+bB+a)§]|8—[(a+d)§+ @b —d)s]5 (lc)

(a—f—u—g)(a—ﬁ—i-E):az—P(Sg) (1d)

S S

(b+u—i>(b—ﬁ+£)=b2—1’(ﬁ) (le)
S N

in which

1
P(x)=—-+3e+ fx,
x

with e and f being fixed parameters. We consider this system to be an “elliptic”
extension of the lattice KAV equation by virtue of the fact that it is naturally
associated with the elliptic curve y> = P(x), where e and f are the moduli.
When the curve degenerates, i.e., when f = (0, one immediately notes that
the first equation (1a) decouples and we recover the lattice (potential) KdV
equation for the variable u. To explain the notation used in (1), we mention that
U= Upm W= Wym, S = Sym are the dependent variables, depending on the
lattice variables n, m € Z, and that the symbols ~ and * denote lattice shifts
in the n, m directions respectively, i.e., I = Uy4+1m, & = Up m+1, 0= Unt+1m+1
as indicated in Figure 1. Furthermore in (1) a and b denote lattice parameters,
i.e., parameters associated with the lattice variables n and m respectively, in
contrast to the parameters e and f (associated with the elliptic curve) which are
fixed.
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u a u
b b
u a U

Figure 1. Elementary quadrilateral on which the lattice equation is defined

To explain the distinction between lattice parameters and fixed parameters,
we recall that the integrability of lattice equations such as the lattice KdV equa-
tion can be understood in the following way: the integrability seems to entirely
reside in a simple but deep combinatorial property, first described in the paper
[12]. This property amounts to the fact that these integrable two-dimensional
lattice equations should really be viewed as parameter-families (relative to the
lattice parameters) of compatible equations which can be consistently embed-
ded in a multidimensional lattice, on each two-dimensional sublattice of which
a copy of the lattice equation can be defined. As was shown in [2, 3], cf. also
[14], this property is powerful enough to derive subsequently Lax pairs for the
lattice equations, which can then be used to study the analytic properties of so-
lutions. A full classification of lattice equations of the type involving variables
around elementary plaquettes was recently given in [5]. The richest equation
in this classification is a lattice equation, first derived in [6], involving lattice
parameters on an elliptic curve, forming the natural discrete analogue of the
Krichever—Novikov equation, cf. [7].

In [1] we took a different position towards deriving latice systems associated
with elliptic curves, in that we aimed at starting from an underlying structure
expressed by means of an infinite matrix system. This is in the spirit of earlier
publications [8, 9], where similar structures were exhibited in connection with
the lattice KdV equation and other discrete systems. The extension of this
construction to the elliptic case, which involves the use of an elliptic Cauchy
kernel, was presented in [1]. We will not repeat the details here, but restrict
ourselves to highlighting the main results.

2 ELLIPTIC LATTICE SYSTEM

We will exhibit here a number of key properties of the system (1).

2.1 Lax Pair

The Lax pair, which customarily is considered to be a clear indication of the
integrability of the model, is given by the overdetermined set of linear discrete
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equations:
(a — bp = LK)¢ (2a)
(b —k)p = M(K)p (2b)
in which the Lax matrices L and M are given by:
a—i—+ %Ew 11— %Es
L(K) = K +3e —a® + f3s a—i—u—%ws (3a)
+(a —id)a+u)+ ‘Kiﬁ)w
b— i+ fiw I — £8s
M(K) = K+3e—b>+ f8s b+u—Lis (3b)

+(b — )b +u) + Lidw

with (k, K) on the elliptic curve representing the spectral parameter. It is
straightforward to show that the discrete Lax equation arising from the com-
patibility condition of the linear system (2a), (2b),

LM =ML, “4)

gives rise to the set of equations (1a)—(1e). We observe that the matrices L and
M depend rationally on K only, and thus we have a rational dependence on the
spectral variable. Nevertheless, the solutions seem to depend essentially on the
elliptic curve as is apparet from the soliton type solutions presented in the next
subsection.

2.2 Soliton Type Solutions

It is relatively straightforward from the structure exhibited in [1] to construct
soliton solutions.
Introducing the N x N matrix M with entries

l—f/(Kin)r'

M;; = i (G, j=1,...,N 5
b+ K, (i, ] ) &)
where the parameters of the solution (k;, K;) are points on the elliptic curve:
2 f
k> =K +3e+ X (6)

and the column vector r = (r;);—1.... .y With components

,,,,,

a+k,~ " b—l—k, " 0
”‘(a—h)(b—h)r“ @

where the coefficients r are independent of n, m.
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We note that although the dynamics itself (encoded in the wave factors r;)
does not involve the elliptic curve, the soliton solutions essentially depend on
the variables on the curve. In fact, it is easily verified by direct calculation that
the formulae (5) provide a solution to the lattice system (1) if and only if the
elliptic curve relation (6) holds between the parameters k; and the parameters
K;.

To present the soliton type solutions of (1) we introduce an “elliptic” matrix
U with entries U; ; where we have to distinguish between even and odd entries
in the following way:

Uypj=e-K' -(1+M)"' - K/ -r (8a)

Usivipj=e-K' -k-(1+M)""-K’-r (8b)
Usojsi=e-K -(1+M)"' - K/ -k-r (8¢)
Usiinjs1=e€-K' k-(1+M)"" K/ -k-r (8d)

in which we have employed the row vector e = (1, 1, ..., 1) and the diagonal

matrices
K = diag (K, K>, ..., Ky), k=diag(ky, ks, ... . kn).

where (k;, K;) are points on the elliptic curve (6). We note that the formulae (8)
can be thought of as introducing a quasi-gradation on the matrix U. Although
it is not manifest, it can be easily shown that the matrix U is symmetric.

If we now select the following entries:

u="Uyo, s=U_y9 h=U__
v=1-U_19, w=1+U_y,

it can be shown that they obey the closed-form system of partial difference
equations (la)-(le) in terms of u, s, and w. Alternatively, we could just as
easily derive a lattice system in terms of £, s, and v which is equivalent to our
lattice system (1a)—(1e).

2.3 Consistency of the Lattice System

We now address the question of how to define a well-posed initial value prob-
lem (IVP) for the lattice system. Motivated by the work on the lattice KdV
equation, cf. [10], it is natural to investigate a local iteration scheme is given
on “staircases,” as in Figure 2, assigning initial values u; for # and s; for s on
the vertices of this staircase, and to consider the discrete-time shift to be the
map (u;, s;) = (@, §;).

We need in addition one “background” value wyq at a specific point on the
staircase.
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wo (U0, SQ U1, 81

JU0,50 Ju, S  u3,s3

° U2, 52
Figure 2. Staircase of initial values on the lattice

Setting the IVP up in this way is just a case of straightforward computation
to show that it is well-posed. In fact, from (1a)—(1c) one can solve i@,5,and w
in a unique way, given the values of the other variables u, i, ii as well as s, §, §
and w, W, w. Egs. (1d) and (le) link the variables @ and % to w and to the
u,s-variables. Thus, it remains to be Venﬁed that the shifted forms (ld) and (le)
trivialise through back-substitution of w which was already obtained. Also it
is easily checked that the two ways of calculating w from either (1d) followed
by (1e), or from (1le) followed by (ld) are consistent. Thus, by a simple unam-
biguous computation the lattice system (1a)—(1e) is shown to be consistent.

2.4 Associated Continuous Systems

As was demonstrated in the past for the lattice systems studied in [8, 11, 12],
there exist many compatible continuous systems associated with them. These
form, in fact, the continuous symmetries for the lattice systems (whilst the lattice
systems constitute the discrete symmetries for the corresponding continuous
flows). We will give here a few of the simplest of such associated continuous
flows for the purpose of identification of the associated lattice system.

We can derive a hierarchy of partial differential equations which are com-
patible with the discrete system (1). Thus, in [1] we derived the following set
of coupled relations for the first member of this hierarchy:

1 3

Uy = —Uxxx + Zux - —fS (93)

3
2qux - thxsx (9b)

4

1
1 3, 3

ht 4hxxx Esx - _fh,% (90)

1
4
1
4

SXXX +

3 3
Uy = —Uxxx + - fo(l’l + S fhz)x + ZUxly (9d)

4 2

3 ” 2 3
Wr = —Wyxx + 4sx(ux +u”— fS )x - Efwxhx‘ (96)
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where x and ¢ are the variables associated with the first two nontrivial time flows
in the hierarchy. We can subsequently obtain a system solely in terms of u, s
and w, by eliminating dependent variables 4 and v, by introducing the quantity
A = —u + w/s, and noting that there is the additional constraint

()l st

Thus, we obtain the following coupled systems of nonlinear evolution equations
solely in terms of s and A:

1 3 1 2 2 Sx 1SXX
s,=1sx“—|—§sx S—2—|—3e+fs —A +A?_§T (11a)

1 3, 3 (1 N 3s (1 ,
AtzzAxxx—EAAx+§Ax<s—2+3e+fS)+Z?<S—2+3€+fs)x
(11b)

Alternatively, eqs. (11) can be obtained by a rather subtle continuum limit from
the lattice system (1). This system of PDEs is integrable in its own right and
admits a Lax pair.

3 DISCUSSION

In this paper we presented an integrable system of partial difference equations
associated with an elliptic curve. This system constitutes a two-parameter
deformation of the lattice KAV system which was investigated in numerous
papers e.g., [8, 13, 10, 3, 14], and which is recovered from (1) when the el-
liptic curve degenerates. The scheme for obtaining the elliptic extension was
presented in detail in [1]. We believe this elliptic lattice system serves as a
starting point for the derivation of a number of new discrete and continuous
systems, which arise from reductions, and which will be the subject of future
investigations.

We should mention that there exists an alternative way to extend the lattice
systems of KdV type such that there is an underlying elliptic curve. V. Adler
discovered in [6] a lattice version of the Krichever—Novikov equation, cf. [7].
The main difference between Adler’s equation and the system (1) is that the
lattice parameters for Adler’s equation are points of the elliptic curve, and
the Lax pair for it, presented in [3], has the spectral parameter living also on
the elliptic curve. Nonetheless, the formulae for soliton solutions discussed in
subsection 2.2, show the presence of the curve through the parameters (k;, K;),
which seems a clear indication that the elliptic curve is essential in system (1)
as well.
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TRAVELLING WAVES IN A PERTURBED
DISCRETE SINE-GORDON EQUATION
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School of Mathematical Sciences, Queen Mary, University of London,
Mile End London EI 4NS, UK

Michal Feckan

Department of Mathematical Analysis, Comenius University, Mlynska dolina,
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Abstract The existence of traveling waves is studied analytical for discrete sine-
Gordon equation with an inter-site potential. The reduced functional
differential equation is formulated as an infinite dimensional differen-
tial equation which is reduced by a centre manifold method and to a
4-dimensional singular ODE with certain symmetries and with hetero-
clinic structure. The bifurcations of solutions from heteroclinic ones are
investigated for singular perturbed systems.

Keywords: lattice sine-Gordon, center manifold reduction, normal form theory,
bifurcations

1 INTRODUCTION

In recent years there has been a flurry of mathematical research arising from
condensed matter physics and physical chemistry, namely the study of localised
modes in anharmonic molecules and molecular crystals. Using classical approx-
imations, these are described by nonlinear lattice equations. Most nonlinear
lattice systems are not integrable even if the PDE model in the continuum limit
is; (see [1, 2] and references therein). Prototype models for such nonlinear
lattices take the form of various discrete NLS equations or systems, a partic-
ularly important class of solutions of which are so called discrete breathers
which are homoclinic in space and oscillatory in time. Other questions involve
the existence and propagation of topological defects or kinks which mathe-
matically are heteroclinic connections between a ground and an excited steady
state. Prototype models here are discrete version of sine-Gordon equations,
also known as known as Frenkel-Kontorova (FK) models. There are many
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outstanding issues for such systems relating to the global existence and dynam-
ics of localised modes for general nonlinearities, away from either continuum
or anticontinuum limits [3]. The kinks solutions have applications to prob-
lems such as dislocation and mass transport in solids, charge-density waves,
commensurable-incommensurable phase transitions, Josephson transmission
lines etc.

In this paper, we consider a perturbed Hamiltonian chain of coupled oscil-
lators with an Hamiltonian

1 1
H = ZZ (5”;21 + E(”n—&—l - un)z + H(Mn) + /LG(M,H_l — u,,)) (1)
ne

where ¢ > 0, u are small parameters and h(x) = H'(x) and g(x) = G'(x).
H,G € C*(R). For H(x) = G(x) =1 — cosx we obtain the discrete sine-
Gordon equation with inter-site potential as perturbation. The Hamiltonian
‘H gives the nonlinear lattice eqn:

1
l:in - ;(un+1 - zun + un—l) + h(un) + M{g(un - ”n—l) - g(un-H - un)} =0

(2)

We suppose for (2) the following conditions
(A1) h,g € C'(R) are odd, & is 2m-periodic, h(x — ) = —h(x) and g is

globally Lipschitz on R.
(A2) h(0) = h(2m) = 0, W' (0) = h'(2m) = a®> > 0 and there is a heteroclinic

solution & of

X—h(x)=0:®@() =21 — P(—1t), &) —> 27w ast — +oo.
The continuum limit of Eq. (2) for u =0
Uy — Uxx T h(u) =0

admits travelling wave solutions

X — vt
u(x,t)=d><7>, 0<v<l.
1 =2

We consider for Eq. (2) travelling wave solutions of stationary profile in a
moving reference with constant velocity v/ . One can write

un(t)=V(n—Kt)EV(z), z:n—Kt, 0<v<l.
e &
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Equation (2) is reduced to the following functional differential equation:

VIV(2) = V(z+ 1) +2V(2) — V(z — 1) + e2h(V(2))
+e gV —VeE-1))—gVez+D=V@)N=0 @3

where ' represents differentiation with respect to z. In this paper, we review
the analytical results about the existence of solutions of Eq. (3) near & and
the relationship between traveling wave solutions of (2) and continuum sine-
Gordon for ¢ > 0, u small.

2 PERIODIC TRAVELLING WAVES-BIFURCATION ANALYSIS

We apply center manifold theory to the study of existence of travelling wave
solution of Eq. (1.8) with small amplitude oscillations on infinite nonlinear
lattice.

We introduce a new variable v € [—1, 1] and functions X (¢, v) = x(¢ + v).
The notation U (t)(v) = (x(¢), £(¢), X(z, v)) indicates our intention to construct
V as a map from R into some function space living on the v-interval [—1, 1].
We introduce the Banach spaces H and D for U (v) = (x, &, X(v))

H=R>xC[-1,1], D={U eR?>xC'[-1,1]| X(0) = x}

with the usual maximum norms. Then L € £(D,H) and M € C!(D, D).
Eqn (3) can be written as follows [4]

2

£
Uy = LU + —MU) 4)
where
0 1 0
2 1, I 41
L=|-2 0 =6 +—s"], X =XxED
V2 V2 2
0 0 0y

MU) = (0, h(x) — pu{g(x — 67 X () — g(8'X(v) — 1)}, 0)

The spectrum o (L) is given by the resolvent equation (Al — L)U = F, F €
H, » € C, U € D. The resolvent equation is solvable if and only if N(X) :=
A4 %(1 —cosh 1) = 0. Clearly, (L) is invariant under A — A and A —
—X. The central part oo(L) = o(L) N (R is determined by the equation ¢ +
%(cosq —1)=0,g9 € R. Weassume that vy < v < 1 where v = vy is the first
value from the left of 1 for which the equations

, 2 1 .
A+—2(cosk—1)=0, X——251nA=O
v %
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have a common nonzero solution A # 0. Then equation N(zg) = 0 has the
double root 0 and simple roots +¢. Hence we have o¢(L) = {0, £i14}.

The linear operator on the 4th-dimensional central subspace Hl. has the
form L. = L/H. in the basis (&, &, &3, &) which satisfies L& =0, L&, =
&1, L&y = —qé&4, L&y = gq&;. The projection P.H — H, is given by P.(U) =
Pi(U)g 4+ P,(U)& + P3(U)Es 4+ P4(U)E&4 [5]. Condition (A1) implies that M
is globally Lipschitz. We can apply the procedure of a center manifold method
to get for ¢,  small the reduced equation of (4) over H,. given by

2
e = Loue + %PAM(uC» + 0, )

where u, = u1&; + ur& + uzé&s + u4é4. Introducing the appropriate scaling,
we consider the singularly perturbed system of the form:

i 4 h(x) = filx, 1, y,€9,8), &5 +y=egi(x,%,y,¢6Y,¢) (6)

Theorem 1 [5] For any kg € N there is an gy > 0 such that for any
0<e<eo |ul <ee* and T = etk[e 31w + 1) withk e Nk <k, T €
[/3, /6], system (6) has a 4T-periodic solution (x7.1(t), yr.1(t)) near
(¢(1),0), =T <t <T and has a solution (xt¢2(t), yre2()) on R near
(¢(),0), =T <t <T, such that X7, yr.¢, are odd functions and

X760, (t +2T) = (=1)'x7,61(t) + 27 — 1),
Vet +2T) = (=1)'yro1(t), 1=1,2

Theorem 2 [5] If h,g satisfy the assumptions (A1 — A2) then traveling wave
solution u(x,t) = Cb(%)for 0 <v; <v <1 of sine-Gordon can be ap-
proximated by the both rotational and librational travelling wave solutions of

(2) with very large periods and with the velocity v for i = o(e'/*) small.

The central part of the spectrum o (L) is {0, = iq}, where 0 has multiplicity
two. We can perform a polynomial change of coordinates close to identity,
analytically depending on the parameter ji, u. = Y + ®(Y, i) such that the
reduced system (5) is equivalent in a neighborhood of the origin to

dy _ _
where N is the normal form of order 2 and R represents the new terms of order
greater or equal to 3, Y = (yy, y2, ¥3, y4) and the system (7) has the following
symmetry properties:

SN(Y, 1) = =N(SY, i), SR(Y, i) = —R(SY, 1)

with S(y1, ¥2, 3, y4) = (Y1, —¥2, ¥3, —V4).
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For studying the dynamics of the initial system near the origin, we perform

a polynomial change of coordinates for which the “linear and quadratic” part
N is as simple as possible. Next, we analyze the truncated system

dy N(Y. )

d[ - k] /Jl‘ ’
its heteroclinic orbits close to the origin. We focus on the problem of the
persistence for the full system of the heteroclinic connections obtained for the
truncated system and emphasize the case of solutions tending to exponentially
small oscillations at infinity, (see 6).
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CALOGERO-MOSER SYSTEMS
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Abstract Calogero—Moser and Toda systems are best known examples of solv-
able many-particle dynamics on a line which are based on root systems.
At the classical level, the former (C-M) is integrable for elliptic poten-
tials (Weierstral g function) and their various degenerations. The latter
(Toda) has an exponential potential, which is obtained from the former
as a special limit of the elliptic potential. First, we discuss quantum C-M
systems based on any root system. For the models with degenerate po-
tentials, i.e., the rational with/without the harmonic confining force, the
hyperbolic and the trigonometric, we demonstrate the following: (i) Con-
struction of a complete set of quantum conserved quantities in terms of
a Lax pair. (ii) Triangularity of the quantum Hamiltonian and the entire
discrete spectrum. (iii) Equivalence of the quantum Lax pair method and
that of so-called differential-reflection (Dunkl) operators. (iv) Algebraic
construction of all excited states in terms of creation operators. Next,
we discuss the relationship/contrast between the quantum and classical
integrability as seen in the C—M systems.

1 INTRODUCTION

Calogero—Moser systems [1, 2, 3] are one-dimensional multiparticle dynamics
with long-range interactions. They are integrable at both classical and quan-
tum levels. In this lecture we discuss quantum C—M systems with degenerate
potentials, that is the rational with/without harmonic force, the hyperbolic and
the trigonometric potentials based on any root system [4—12]. The relationship/
contrast between quantum and classical integrability is also discussed in some
detail in the second half. The quantum Calogero systems having 1 /g potential
and a confining ¢ potential and the Sutherland systems with 1/sin’ g potentials
have “integer” energy spectra characterized by the root system A. We show that
the corresponding classical data, e.g., minimum energy, frequencies of small
oscillations, the eigenvalues of the classical Lax pair matrices, etc. at the equilib-
rium point of the potential are also “integers,” or they appear to be “quantized.”
To be more precise, these quantities are polynomials in the coupling constant(s)
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with integer coefficients [13]. The explanation of the highly organized nature
of the energy spectra of the spin exchange models (Haldane—Shastry model
and generalizations) [14—16] in terms of the Lax pairs at equilibrium is one of
the motivations of the present research [13].

For the A, models, the Lax pairs, conserved quantities and their involu-
tion were discussed by many authors with varied degrees of completeness and
rigour, see for example [5, 17-26]. The point (iii) was shown by Wadati and col-
laborators [24] and point (iv) was initiated by Perelomov [18] and developed by
Brink and collaborators [23] and Wadati and collaborators [24]. Various prop-
erties of classical A, Calogero and Sutherland systems at equilibrium were
discussed by Calogero and collaborators [27, 28]. A rather different approach
by Heckman and Opdam [29, 30] to C—M systems with degenerate poten-
tials based on any root system should also be mentioned in this connection.
For physical applications of the C—M systems with various potentials to lower
dimensional physics, ranging from solid state to particle physics and super-
symmetric Yang—Mills theory, we refer to recent papers [7-9] and references
therein.

This lecture is organized as follows. In Section 2 quantum C-M Hamiltonian
with degenerate potentials is introduced as a factorized form (4). Connection
with root systems and the Coxeter invariance is emphasized. Some rudimen-
tary facts of the root systems and reflections are summarized in Appendix A.
A universal Coxeter invariant ground state wavefunction and the ground-state
energy are derived as simple consequences of the factorized Hamiltonian. In
Section 3 we show that all the excited states are also Coxeter invariant and that
the Hamiltonian is triangular in certain bases. Complete sets of quantum con-
served quantities are derived from quantum Lax operator L in Section 4. Instead
of the trace, the total sum of L" is conserved. That is Ts(L") = ZH’VGR(U’)M,
in which R is a set of R” vectors invariant under the action of the Coxeter group.
They form a single Coxeter orbit. In Section 5 the creation and annihilation
operators for the Calogero system are derived. In Section 6 the equivalence
of the Lax pair operator formalism with the so-called differential-reflection
(Dunkl) operators is demonstrated. Another form of the quantum conserved
quantities is given in terms of the differential-reflection (Dunkl) operators. In
Section 7 an algebraic construction of excited states in terms of the differential-
reflection (Dunkl) operators for the Calogero system is presented. In Section
8 we discuss the properties of classical equilibrium. We define integrable spin
exchange models at the equilibrium of the Calogero and Sutherland systems
for any root system. In Sections 9 and 10 we present the classical data of the
Calogero and Sutherland systems, respectively. Most of them are expressed
neatly in terms of roots and weights and provide interesting examples that the
classical data of integrable systems are “quantized.” The final section is for
summary, comments, and outlook.
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2 QUANTUM CALOGERO-MOSER SYSTEMS

A Calogero—Moser system is a multiparticle Hamiltonian system associated
with a root system A of rank r, which is a finite set of vectors in R” with its
standard inner product. A brief review of the properties of the root systems
and the associated reflections together with explicit realisations of all the root
systems will be found in the Appendix A.

2.1 Factorized Hamiltonian

The dynamical variables of the quantum C-M system are the coordinates {g;}
and their canonically conjugate momenta { p;}, with the canonical commutation
relations:

lg;, px]l =ik, lgj,qxl =1pj, pr] =0, jk=1,...,r (D

These will be denoted by vectors in R”:

q:(qla"'vqr)v p:(ph-”’pr)- (2)

The momentum operator p; acts as a differential operator p; = —i%, j=
J

1, ..., r. As for the interactions we consider only the degenerate potentials,

that is the rational (with/without harmonic force), hyperbolic, and trigonometric
potentials, p € A:

V(p-q):1/(p-q)* a*sinh’a(p - q), a’/sin* a(p - @), 3)

in which a is an arbitrary real positive constant, determining the period of the
trigonometric potentials. They imply integrability for all of the C—M systems
based on the crystallographic root systems. Those models based on the noncrys-
tallographic root systems, the dihedral group I,(m), Hz, and Hy, are integrable
only for the rational potential. The rational potential models are also integrable
if a confining harmonic potential w?¢?/2, w > 0, is added to the Hamiltonian.
This case will be called the Calogero system and the trigonometric case will
be referred to as the Sutherland system hereafter.

The Hamiltonian for the guantum C—M system can be written in a “factorized

form”
1 < ow ow
H=— (p»—i—)(p-%—i—), 4)
22 J 0g; / 9q;

Jj=1

I, (W) 1w
== 4 (— -y — 5
() ash @



262 Ryu Sasaki

Table 1. Functions appearing in the Lax pair and prepotential

Potential w(u) x(u) y(u)
Rational u 1/u —1/u?
Hyperbolic sinh au a coth au —a?/ sinh? au
Trigonometric sinau acotau —a?/sin* au

The simplest way to introduce the factorized form is through supersymmetry
[10, 31], in which function W is called a prepotential:'

w
Wg)= > goInw(p-q)|+ (—?f), g >1, >0 (6
PEAL

The real positive coupling constants g, are defined on orbits of the correspond-
ing Coxeter group, i.e., they are identical for roots in the same orbit. That is,
for the simple Lie algebra cases one coupling constant g, = g for all roots
in simply laced models and two independent coupling constants, g, = g, for
long roots and g, = g for short roots in nonsimply laced models. The potential
V(1) (3) and the function w(u) are related by

d d
yu) = Zx(w), ) ) = x), 7)
u du
0 rational,
V(u) = —y(u) = x*(u) +a* x { =1 hyperbolic, (8)

1 trigonometric.

Table 1 gives these functions for each potential, it should be noted that the
above factorized Hamiltonian (4) consists of an operator part 7, which is the
Hamiltonian in the usual definition, and a constant & which is the ground-state
energy to be discussed later:

H="H-&, 9)
A=t 2+1Z &~ DIoPVip -+ (g (10)
—219 ZPEA+gp 8p P p-q 261 .

For proofs that the factorized Hamiltonian (4) actually leads to the quantum
Hamiltonian (10) for any root system and potential see Refs.[5, 10, 17]. It is
easy to verify that for any potential V (1), the Hamiltonian is invariant under
reflection of the phase space variables in the hyperplane perpendicular to any
root

! The dynamics of the prepotentials W (6), or rather that of —W, has been discussed by Dyson
[32] from a different point of view (random matrix model).
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H(sa(p), sa(q)) = H(p,q), VYa €A 1D

with s,, defined by (A2).
The main problem is to find all the eigenvalues {1} and eigenfunctions {/}
of the above Hamiltonian:

Hy = Ay (12)

For any root system and for any choice of potential (3), the C-M sys-
tem has a hard repulsive potential ~1/(ceq)* near the reflection hyperplane
H, = {q € R", o - ¢ = 0}. The strength of the singularity is given by the cou-
pling constant g, (g, — 1) which is independent of the choice of the normaliza-
tion of the roots. In other words, (12) is a second-order Fuchsian differential
equation with regular singularity at each reflection hyperplane H,. That is any
solution of (12) is regular at all points except those on the union of reflection hy-
perplanes Uyena, H,, . Near the reflection hyperplane H,,, we choose the solution
behaving

¥ ~ (a - q)% (1 + regular terms),

for the square integrability. This reflects the fact that the repulsive potential
is classically and quantum mechanically insurmountable. Thus the motion is
always confined within one Weyl chamber, which we choose to be the principal
Weyl chamber (I1: set of simple roots, see Appendix A)

PW={qgeR|a-g>0, «acll}, (13)

without loss of generality. For the trigonometric potential, the configuration
space is further limited due to the periodicity of the potential to

PWr={geR|a-g>0, aell, o, q<m/a}, (14)

where «;, is the highest root.

2.2 Ground State Wavefunction and Energy

One straightforward outcome of the factorized Hamiltonian (4) is the universal
ground-state wavefunction which is given by ®((g) = " @. It is easy to see
that it is an eigenstate of the Hamiltonian (4) with zero eigenvalue H®y(q) = 0,
since it satisfies the condition

(pj +idW/agpeV ¥ =0, j=1,...,r. (15)
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By using the decomposition of the factorized Hamiltonian into the operator
Hamiltonian (10) and a constant, we obtain

. 1 1 2
HeV = (—p2 5 ) 8,(gp — DIoPV(p- @) + (“’—qz)) eV = &e".

2 2 ol 2

(16)
In other words, the above solution ®, = e" provides an eigenstate of the
Hamiltonian operator 7{ with energy &. The ground-state energy for the rational
potential case is vanishing and

Eo=o (r/z + ) gp> a7

PEAL

for the Calogero system. The same for the hyperbolic and trigonometric po-
tential cases are

o —1 hyperbolic,
& =2a"0" x { 1 trigonometric, (o
in which
1
e=3 D &p "
pPEAL

can be considered as a “deformed Weyl vector” [5, 30]. Again these formulas
are universal. A negative & for the obviously positive Hamiltonian of the hyper-
bolic potential model indicates that the wavefunction is not square integrable,
since it diverges as |g| — oo for the hyperbolic and the rational potential cases.
Obviously we have for the Calogero and Sutherland systems

/ 9D dg < 0 (20)
PW(PWr)

in which PW and P W7 denote that the integration is over the regions defined
in (13) and (14). The universal ground-state wavefunction @, and W are char-
acterized as Coxeter invariant:

5,00 =dy,  ,W=W, VpeA, 1)

in which §, is the representation of the reflection in the function space.

3 COXETER INVARIANT EXCITED STATES, TRIANGULARITY
AND SPECTRUM

In this section we show that all the excited states wavefunctions are Coxeter
invariant, too. With the knowledge of the ground-state wavefunction e", the
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other states of the C—M systems can be easily obtained as eigenfunctions of a
differential operator H obtained from H by a similarity transformation:

H=e"He", HY, = A0, = HW¥e" = av,e. (22)

The transformed Hamiltonian 7{ takes a simple form:

3 1<~ [ 92 AW 9
H=—52< 2——) (23)

= \dq;  9q; 9q;

which is also Coxeter invariant. Since all the singularities of the Fuchsian
differential equation (12) are contained in the ground-state wavefunction "
the function V, above must be regular at finite q including all the reflection
boundaries.

We introduce proper bases of Fock space consisting of Coxeter invariant
functions and show that the above Hamiltonian H (23) is triangular in these
bases. This establishes the integrability universally? and also gives the entire
spectrum of the Hamiltonian, see (28), (29), and (48).

3.1 Rational Potential with Harmonic Force

First, let us determine the structure of the set of eigenfunctions of the trans-
formed Hamiltonian H for the Calogero system:

7:(—a)q 9 Ei Z gp '—. 24)

dq = (397 S P q

As remarked above, the eigenfunctions of 7{ have no singularities at finite g.
Thus we look for polynomial (in ¢) eigenfunctions P(g):

HP(g) = AP(q). (25)

The Coxeter invariance of 7 (23) translates into a theorem [6] that the eigen-
functions are Coxeter invariant polynomials and that the Hamiltonian 7{ (24)
maps a Coxeter invariant polynomial to another.

An obvious basis in the space of Coxeter invariant polynomials is the homo-
geneous polynomials of various degrees. This basis has a natural order given
by the degree. For a given degree the space of homogeneous Coxeter invariant
polynomials is finite-dimensional. The explicit form of H (24) shows that it
is lower triangular in this basis and the diagonal elements are w x degree as

2 Triangularity of the A,-type Hamiltonians was noted in the original papers of Calogero [1] and
Sutherland [2]. That of rank two models in the Coxeter invariant bases was shown in [30, 33].
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Table 2. The degrees f; in which independent Coxeter invariant
polynomials exist

A fi=1+e; A fi=1+e;

A, 2,3,4,...,r+1 Eg 2,8, 12, 14, 18, 20, 24, 30
B, 2,4,6,...,2r Fy 2,6,8,12

C, 2,4,6,...,2r G, 2,6

D, 2,4,..., 2r —2;r I,(m) 2,m

Es 2,5,6,8,9,12 H; 2,6,10

E; 2,6,8,10,12, 14, 18 H, 2,12, 20,30

given by the first term. Independent Coxeter invariant polynomials exist at the
degrees f; listed in Table 2:

fi=l+4+e, j=1...,1 (26)
in which {e;}, j =1, ..., r, are the exponents of A. Let us denote them by
2@ @) 2ikq) = KT25(q). 27)

Thus we arrive at the quantum Calogero system is algebraically solvable for
any (crystallographic and noncrystallographic) root system A. (See [34] for
algebraic linearizability theorem of the classical C—M system.) The spectrum
of the operator Hamiltonian H is

N + &, (28)

with a nonnegative integer N which can be expressed as
r
N=Y nifj, njeZy, (29)
j=1

and the degeneracy of the above eigenvalue is the number of different solutions
of (29) for given N. This is generalization of Calogero’s original argument for
the A, model [1] to the models based on any root system. Now let us denote by
N the set of nonnegative integers in (29), N = (ny, na, ..., n,), and by ¢5(q)
the homogeneous Coxeter invariant polynomial determined by N and the above
basis {z;} (27):

¢i(@) =[]} @. (30)
j=1
As shown above, there exists a unique eigenstate 5 (g) for each ¢ (g):
Vy(g) = ¢5(q) + Z dyd5(q), dj : const, (31)
N'<N

Hyrz(q) = oNY5(q). (32)
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It satisfies the orthogonality relation

-

(V5. 05)=0, N <N, (33)

with respect to the inner product in PW:

(W, 9) = / U @e(q)e*V dq. (34)
PW

These polynomials {v/;(g)} are generalizations of the multivariable Laguerre
(Hermite) polynomials [20] known for the A, (B,, D,) root systems to any root
system.

The explicit example of the simplest root system of rank one would be
illuminating. For A = A, the Hamiltonian H can be rewritten in terms of a
Coxeter invariant variable u = wg? as

N d 1d g d d? 1 d
H — = — =2 —u) —
Y4 " 24 4 dq ”{”du2+(g+2 ”)du}
(35)
The Laguerre polynomial satisfying the differential equation
d? 1 d (P

- ——u)— Ly ? =0, 36
{” du2+(g+2 ”) du+n} ) (36)

provides an eigenfunction with eigenvalue 2wn, which corresponds to the eigen-
value 2wn + &y of H. This is a well-known result.

3.2 Trigonometric Potential

Here we consider those root systems associated with Lie algebras. In order to
determine the excited states of the Sutherland system, we have to consider the
periodicity. The prepotential W and the Hamiltonian H are invariant under the
following translation:

W@)=W@, Hp.qd)=Hp,9), ¢ =q+1"n/a, (37
in which I is an element of the dual weight lattice, that is

2

V=3 "li=kj €L aj €I, af <A =8 (38)
A o
j=l1 J

Known as the Bloch wavefunctions in quantum mechanics with periodic poten-

tials, the wavefunctions diagonalizing the translation operators are expressed

as

eiara ( Z bani““"1> eV, by :const, L(A):rootlattice, (39)
acL(A)
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in which a vector u € R’ is as yet unspecified. In other words, up to the overall
phase factor e*“*4_ this is a Fourier expansion in terms of the simple roots. As
in the Calogero case, the eigenfunction of the Hamiltonian is Coxeter invariant.
This translates into the requirement that the unspecified vector p in (39) should
be an element of the weight lattice

uw € A(A), A(A): weight lattice. 40)

Let us introduce a basis for the Coxeter invariant functions. Let A be a
dominant weight

A= mjkj, m; EZ_;,_, (41)

1

r

J

and W, be the orbit of A by the action of the Weyl group:

Wi ={n e A(A)|ln =gR), Vg € Gal. (42)
We define
$rlg) =) e, (43)
HeW;

which is Coxeter invariant. The set of functions {¢, } has an order >:
AP > 1P = > ¢ (44)
It is easy to show that the similarity transformed Hamiltonian 7{
ﬂz—lia—z—azg cot (ap - q)p - — (45)
250 & 9q

is lower triangular in this basis: Thus we have demonstrated the triangularity

of H:

Hepy = 20" +20- M+ Y cudy. (46)

(A <[A]
It is an eigenfunction of the initial Hamiltonian H

Hgre" =2a°0+ 0P ¢re” + Y cudre”, (47)

[A]<[Al
with the eigenvalue

2a*(1 + 0)*. (48)
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In other words, for each dominant weight A there exists an eigenstate of 7{
with eigenvalue proportional to A(A + 2p). Let us denote this eigenfunction

by ¥.(g):

V@) = ¢u(@) + Y dui(q), dy : const, (49)
[A]<[Al
HYi(g) = 2a*2(1 + 20)¥(q), (50)

and call it a generalized Jack polynomial [35-38]. It satisfies the orthogonality
relation

(Wi, $) =0, A" < [7l, D

with respect to the inner product in P Wry:

W, @) = v @e(@e™? dg. (52)
PWr

In the A, model, specifying a dominant weight A is the same as giving a Young
diagram which designates a Jack polynomial.

Thus we arrive at the quantum Sutherland system is algebraically solvable
for any crystallographic root system A. The spectrum of the Hamiltonian H is
given by (48) in which A is an arbitrary dominant weight. This is generalization
of Sutherland’s original argument [2] to the models based on any root system.
Some remarks are in order

1. The weights p appearing in the lower order terms {¢, /}’s are those weights
contained in the Lie algebra representation belonging to the highest weight
A

2. Let us consider the well-known case A = A;. By rewriting the Hamiltonian
‘H in terms of the Coxeter invariant variable z = cos(apgq), we obtain

N 1 d? d a’|pl? d? d
H=—-— — t —=- 1-2)— —(1+2g)z— |-
2dqg ~ 98Pee (apq)dq > !( z )dZ2 (+ g)zdz}
(33)
The Gegenbauer polynomials [5], a special case of Jacobi polynomials pP

provide eigenfunctions:

1
0— =

o L
P D cos(apg)),  E=dllpPn+g)/2, neZi.  (58)

They form orthogonal polynomials with weight eV = | sin(apq)|*¢ in the
interval g € [0, w/ap], (14).
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4 QUANTUM LAX PAIR AND QUANTUM
CONSERVED QUANTITIES

Historically, Lax pairs for C-M systems were presented in terms of Lie algebra
representations [3, 5], in particular, the vector representation of the A, models.
However, the invariance of C—M systems is that of Coxeter group but not of
the associated Lie algebra. Thus the universal and Coxeter covariant Lax pairs
are given in terms of the representations of the Coxeter group.

4.1 General Case

The Lax operators without spectral parameter are [10]

Lip.g)=p-H+X(@q), X@)=i)_ g(p-Hx(p-q)3, (5

pPEA

M@ =3 Y glelypo- )G, = . (56)
PEAL

in which 1 is the identity operator and {§,, @ € A} are the reflection operators of
the root system. They actonasetof R” vectors R = {u® e R",k =1, ..., D},
permuting them under the action of the reflection group. The vectors in R form
a basis for the representation space V of dimension D. The operator M satisfies
the sum up to zero relation:

> My =) M, =0, (57)
HER VER

which is essential for deriving quantum conserved quantities. The matrix

A

elements of the operators {§,,« € A} and {H;, j =1,...,r} are defined as
follows:
$puv = Bus,0) = Buus, (s (Hp)uv = j8uws P EA, v €R.
(58)

The form of the function x depends on the chosen potential, and the function y
are defined by (7), (8).

The underlying idea of the Lax operator L, (55), is quite simple. As seen
from (64), L is a “square root” of the Hamiltonian. Thus one part of L contains p
which is not associated with roots and another part contains x(p - g), a ““square
root” of the potential V (p - ¢), which being associated with aroot p is therefore
accompanied by the reflection operator §,,. Another explanation is the factorized
Hamiltonian  (4). We obtain, roughly speaking, L ~ ~/H ~ p + i %ﬁ and
the property of reflection § = 1 explains the sign change in the first term
in (4).
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It is straightforward to show that the quantum Lax equation

d , B
L=ilH. L]=1L, M), (59)

is equivalent to the quantum equations of motion derived from the Hamiltonian
(4). From this it follows:

d
E(Ln)/w = I[H7 (Ln);w] = [Ln’ M];w
=Y (L"uaMyy = Mya (L"), n=1,....  (60)
AER

Thanks to the sum up to zero property of the M operator (57), we obtain quantum
conserved quantities as the total sum (Ts) of all the matrix elements of L":

Qn=Ts(L")= Y (L"), [H.Qu1=0, n=1,.... (61)

W,VER

A universal proof of the involution of the quantum conserved quantities

[0,, On]=0, n,m=1,..., (62)

can be found in [6]. See [12] for the classical Liouville integrability of the most
general C—M systems with elliptic potentials.
Independent conserved quantities appear at such power n that

n=14e;, ej:exponent, j=1,...,r, (63)

of each root system. See I. Thus we have r independent conserved quantities in
C-M systems. These are the degrees at which independent Coxeter invariant
polynomials exist. In fact, the j-th conserved quantity is a degree 1 + ¢; poly-
nomial in the momenta p. In particular, the power 2 is universal to all the root
systems and the quantum Hamiltonian (4) is given by

1
H= ETS(LZ) + const, (64)

where the constant Cy is the quadratic Casimir invariant, which depends on the
representation. Lax pairs and the quantum conserved quantities Q, do depend
on the chosen representations.

4.2 Rational Potential with Harmonic Force

The quantum Lax pair for the Calogero system needs a separate formulation.
The canonical equations of motion are equivalent to the following Lax equations
for L*:

d
LE =il L5 = (L M £ oL, (65)
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in which (see Section 4 of [8]) M is the same as before (56), and L* and Q are
defined by

L*=L+iwQ, Q=gq-H, (66)

with L, H as earlier (55), (56). They (L¥) are a multiparticle analogue of
the creation-annihilation operators of the harmonic oscillator, as we will see
shortly. If we define hermitian operators £, and £, by

Li=LYL~, Lo=LL", 67)

they satisfy Lax-like equations
d
Eﬁk =i[H, Lyl = [Lk, M], k=1,2. (68)

From these we can construct conserved quantities
Ts(Ch), j=12,n=12,..., (69)

as before [22, 24]. It is elementary to check that the first conserved quantities
give the Hamiltonian

H o Ts(L1) = Ts(L,) + const. (70)

5 ALGEBRAIC CONSTRUCTION OF EXCITED STATES 1

In this section we show that all the excited states of the Calogero systems can be
constructed algebraically. Later in Section 7 we show the same results in terms
of the £ operators to be introduced in Section 6. The main result is surprisingly
simple and can be stated universally:

Corresponding to each partition of an integer N which specify the energy
level (28) into the sum of the degrees of Coxeter invariant polynomials (29),
we have an eigenstate of the Hamiltonian 7{ with eigenvalue oN + &:

[T(85)"e"  N=Ynifs njeiy, (71)
j=1 j=1
in which the integers {f;}, j =1, ..., r are listed in L. They exhaust all the

excited states. In other words the above states give the complete basis of the
Fock space. The creation operators B}Lj and the corresponding annihilation

operators> B;j are defined in terms of the Lax operators L™ (66) as follows:

B;; =Ts(LT)i, j=1,...,r (72)

3 We adopt the notation by Olshanetsky and Perelomov [5, 18].
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They are hermitian conjugate to each other
£\ T
(ij ) = BY. (73)
The creation (annihilation) operators commute among themselves:
[BE B =[B.B |=0, kile{fjlj=1,....r} (74)

so that the state (71) does not depend on the order of the creation. The ground
state is annihilated by all the annihilation operators

B/_-jewzo, j=1,...,r (75)
Some remarks are in order:

1. Reflecting the universality of the first exponent, f| = 2, the creation and
annihilation operators of the least quanta, 2w, exist in all the models. They
form an s/(2, R) algebra together with the Hamiltonian H:

[A, b5 = £2wby,  [b3,b5] = -0 'R, (76)

in which bg—L are normalized forms of Bzi. The 51(2, R) algebra was discussed
by many authors [18, 23, 29, 39]. The states created by B (b;) only can be
expressed by the Laguerre polynomial:

bF)'e" =nLE V(wg?)e", & = &/o. (77)

The Laguerre polynomial wavefunctions appear as “radial” wavefunctions
in all the cases [40].

2. The operators {Q,} and {B,T} do not form a Lie algebra. They satisfy inter-
esting non-linear relations, for example,

[[Br.6y).b5]=nBS.  [[B,.b5].b;] =nB,. (78)

This tells, for example, that although B, and b;’ create different units of
quanta n and 2, they are not independent

[BF by ] #0#[B, b5

6 ¢ OPERATORS

In this section we will show the universal equivalence of the quantum conserved
quantities obtained in the Lax operator formalism of Section 4 and those derived
in the “commuting differential operators” formalism initiated by Dunkl [11].
We propose to call the operators in the latter approach simply “¢ operators,”
since they are essentially the same as the L operator in the Lax pair formalism
and that they are not mutually commuting, as we will show presently, when
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the interaction potentials are trigonometric (hyperbolic), (88). Although these
two formalisms are formally equivalent, the ¢ operator formalism has many
advantages over the Lax pair one. Roughly speaking, the “vector-like” objects
£,’s are easier to handle than the matrix L, .

Let us fix a representation R of the Coxeter group G » and define for each
element ;v € R the following differential-reflection operator

Co=Cop=p-pu+i Y glp wx(p @), weR, L, =1,.(79
PEAL

The quantum conserved quantities @, derived in the previous section (61) can
be expressed as polynomials in the £ operators as follows:

Q=Y Ly = <Z ez) v, (80)

W, VER HER

in which v is an arbitrary Coxeter invariant state, 5, = .
Commutation relations among ¢ operators can be evaluated in a similar
manner as those appearing in the Lax pair [8, 10]. We obtain

0 rational,
[y, €] =—a" Y g8:(p - 1)(o - V)[Fp, 51 x { =1 hyperbolic,
p.oEA, 1 trigonometric.

1)
One important use of the ¢ operators is the proof of involution of quantum
conserved quantities. For the rational potential models Heckman [29] gave a
universal proof based on the commutation relation (81):

[On, Oml¥ = Z [€). €]y =0, rational model. (82)

W,VER

This was the motivation for the introduction of the commuting differential-
reflection operators by Dunkl [11]. In fact, Dunkl’s and Heckman’s operators
were the similarity transformation of £,, by the ground-state wavefunction e":

= _ . (o,
ly=e"tue" =p-p+i) go—(@,— 1. (83)
pex. (p-q)

As for the Calogero system, we define ¢£* corresponding to L* (66):

, . (o -1
E?j:ﬂi-u:p-u:tzw(q~,u)+z Z 8p——5, WETR, (Elf)T:Kljf.
sex. (P-9q)

(84)
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The conserved quantities are expressed as polynomials in £+ operators:

TSCHY = Y WLy 0 =) (616)" v, (85)
W,VER HER

TSy = Y (LLY, 0 =) (64", (86)
w,veR HER

Likewise the creation and annihilation operators B (72) are expressed as
By =Ts(L*'y = Y (LHuy =Y (£5)"y. (87)
w,vER HLER

The commutation relations among ¢* operators are easy to evaluate, since
£ operators commute in the rational potential models (81):

[E;Jtr’ e:r] [KM’ Zv] =0, [ZM,EV] =20 (“ v ng(p (- Vﬁp)-

PEAL

(88)

From these it follows that the creation (annihilation) operators Bni do commute
among themselves:

[B).B;]v =[B,,B,]y =0. (89)

Itis also clear that Eff /+/2w are the “deformation” of the creation (annihilation)
operators of the ordinary multicomponent harmonic oscillators. In fact we have

e52e" =2io(u-q)%" and €, %" =0. (90)

In the next section we present an alternative scheme of algebraic construction
of excited states of the Calogero system by pursuing the analogy that £* are
the creation and annihilation operators of the unit quantum. This method was
applied to the A, models by Brink et al. and others [21, 23, 24].

7 ALGEBRAIC CONSTRUCTION OF EXCITED STATES II

7.1 Operator Solution of the Triangular Hamiltonian
In Subsection 3.1, we have shown that an eigenfunction of H with eigenvalue
Nw is given by

(Pn(q) + Pyv-a(q)) €, oD

in which Py(g) is a Coxeter invariant polynomial in g of homogeneous degree
N and Py_»(g) is a Coxeter invariant polynomial in ¢ of degree N — 2 and
lower. The nonleading polynomial Py_»(q) is completely determined by the
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leading one Py(q) due to the triangularity. This solution can be written in an
operator form as follows.
Suppose Py(g) is expressed as

Pyv(@) =) cyulq-m)--(q-pn), 1 €R, cpy:const.  (92)
{u}

We obtain a Coxeter invariant polynomial in the creation operators £ by re-
placing g - u by £ /Qiw):

Pr(@) = —— Py(e®)
M= Qi N

This creates the above eigenfunction of H from the ground state:
1
QRiw)N

The ¢ operator formulas of higher conserved quantities (85) contain extra
terms:

Py(N)e" = (Py(q) + Pv-a(q)) e". 93)

TS(L}) = > (LTLY), =D (66" + VT. (94)

w,veER HER

Here VT stands for vanishing terms when they act on a Coxeter invariant state.
The same is true for most formulas derived in Section 6.

8 CLASSICAL EQUILIBRIUM AND SPIN EXCHANGE MODELS

Here we discuss the properties of the classical potential V¢,

Ve =

lr
_2_

aW\’
> (—) : (95)
=1 \04;
which is obtained from (5) by dropping the last term which is a quantum correc-
tion. (Hereafter we set the constant a determining the period of the trigonomet-
ric potential in (3) to be unity a = 1, for simplicity.) The classical equilibrium
point

r=0, g=g (96)

can be characterised by two equivalent ways. Itis a minimal point of the classical
potential

— =0, j=1,...,n o7
qu g
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whereas it is a maximal point of the prepotential W and of the ground-state
wavefunction ¢y = e":

aw
—| =0, j=1,...,r (98)
aqj g

Note that the condition (15) (p +i0W/dgq j)eW = 0 is also satisfied classically
at this point. In the Lax representation it is a point at which two Lax matrices

commute:
0=I[L, M], 0=1[Luo, M], (99)

in which L = L(0, §), M = M(§) etc and dL/dt = 0, etc at the equilibrium
point. The value of a quantity A at the equilibrium is expressed by A.
By differentiating (95), we obtain
AV, . 02W 9w
°C - — (100)
dqj 1= 9q;9q: 9q;

Since 3°W/dq j 0qx 18 negative definite everywhere, the above two conditions
(97) and (98) are in fact equivalent. By differentiating (100) again, we obtain

3%Ve _2’: W W N - Pw W
0q; dqx  “= 3q;0q1 dqidqr  “= 3q; dqi dqi dqi

Thus at the equilibrium point of the classical potential V¢, the following relation
holds:

32V, W | *W
€| = . (101)
99 0qk |; 4= 9q; 9q1 |;9q1 dqx |
If we define the following two symmetric r x r matrices V and W,
. ) 2V ~ , W
V = Matrix , W = Matrix , (102)
39 gk |4 9q; 9qk |4
we have
V=w? (103)
and
Eigenvalues(V) = {w%, ey wrz},
Eigenvalues(VT/) ={~wy,....,~w}, w;>0, j=1,...,r. (104)

That is V is positive definite and the point § is actually a minimal point of Vc.
As shown in the following two sections, the matrices at equilibrium, W, L, L,
and M have “integer” eigenvalues and in most cases with high multiplicities.
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Next let us briefly summarize the basic ingredients of the spin exchange
models associated with the Calogero and Sutherland systems based on the root
system A and with the set of vectors R, [15]. They are defined at the equilibrium
points (96) of the corresponding classical systems. Here we call each element
u of R a site to which a dynamical degree of freedom called spin is attached.
The spin takes a finite set of discrete values. In the simplest, and typical case,
they are an up (1) and a down (| ). The dynamical state of the spin exchange
model is represented by a vector ¥spi, which takes values in the tensor product
of D = #R copies of a vector space ) whose basis consists of an up (1) and a
down ({):

D
WSpin eE® VM' (105)

The Hamiltonian of the spin exchange model Hspin is

Z 80P _)2 — Py,

P€A+

HSpin = ( 1 06)

Z 8ppP (1 =P,

2 & sz(p 7)

in which {ﬁp}, p € A, are the dynamical variables called spin exchange op-
erators. The operator P, exchanges the spins of sites u and s,(1), Vu € R. In
terms of the operator-valued Lax pairs

i) g H) 7> 5.
Lspin = § "2+ (107)
iy gplp- Hycot(p - §YPy3,,

ﬂ€A+

- Z 800" _)27’ p (o = 1),

T A (108)
— ———Py5, — D,
,,EXA: smz(p a "

the Heisenberg equations of motion for the trigonometric spin exchange model
can be written in a matrix form

i[HSpina LSpin] = [LSpin’ MSpin]‘ (109)
Since the Ms,;, matrix enjoys the sum up to zero property,
Z(MSpin);w = Z(MSpin)uv =0, (110)

HER VER
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one obtains conserved quantities via the total sum of L¥ Spin"

[Hspm,Ts(L’gpm)] =0, Ts(Lh)= Y (L’gpm) L k=3,...

w,VER
(111)
These are necessary ingredients for complete integrability.

The rational spin exchange model needs some modification similar to those
for the Calogero systems. We define

L:Stpm Lspiniina Q =q 'I:I, (112)
then the Heisenberg equations of motion in a matrix form read

i[HSPin’ L;_pm Spm] - [LSpm Spin’ MSPHI] (113)

and conserved quantities are given by

k k
Ts ((L;PIHLSPiI) ) = Z (L;PmLSpin)lw . k=3,...,.

w,veR

Let us emphasize that the current definition of completely integrable spin ex-
change models is universal, in the sense that it applies to any root system A and
to an arbitrary choice of the set of vectors R. It contains all the known examples
of spin exchange models as subcases. For the A, root system and for the set
of vector weights, R = V (vector weights), the trigonometric spin exchange
model reduces to the well-known Haldane—Shastry model [14], the rational
spin exchange model reduces to the so-called Polychronakos model [21].

As is clear from the formulation, the dynamics of spin exchange models
depends on the details of the classical potential Vo or W at the equilibrium
point and on R. It is quite natural to expect that the highly organized spectra of
the known spin exchange models [14, 16] are correlated with the remarkable
properties of the W and L, £, M, the Lax matrices at the equilibrium point—the
integer eigenvalues and their high multiplicities.

9 CLASSICAL DATA I: CALOGERO SYSTEMS

9.1 Minimum Energy

The equations (97) and (98) determining the classical equilibrium read:

3V,
Ll 20 Y g pp’3 = 0%q;, (114)
9q; g pely P (p-q) 1

j=1,...,r
aw :
0o Y g —wg, (115)
aq] q pEN, ( Q)
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By multiplying g; to both equations, we obtain the virial theorem for the clas-
sical potential V¢

2 P’ 2.2
ng 2w (116)
jex. T q)
and a relationship
_ p-q
©0f’ =D 8ol = D 8 (117)
PEAL P-4 PEAL

We arrive at the minimal value of the classical potential (95):
Ve@) = 0’3’ = o ( > gp) =&, (118)
pPEA
which has the general structure of a coupling constant(s) times an integer:

~ !a)g X #A /2, simply laced, (119)

€o = w (gL X #Ap + g; X #Ag)/2, nonsimply laced.

Here, #A is the total number of roots, #A (#Ay) is the number of long (short)
roots, and #A = #A | + #Ag.

9.2 Equilibrium Point and Eigenvalues of w
9.2.1 A,

Calogero and collaborators discussed this problem about quarter of a century
ago [4, 27]. The Eq. (115) read

r+1 1

=% =1+l (120)
k;ﬁjCIj_f]k 8

These determine {¥; = \/%q i}, J =1,...,r + 1tobethe zeros of the Hermite
polynomial H,(x) (Stieltjes) [41]. We obtain

A, : Spec(W) = —wf1,2, ..., r + 1}. (121)
9.2.2 B.(D,)
The Eq. (115) read (assuming g; # 0)

r 1 )
Z—z -z+gS/-sz=i, J=1...r (122)
A 4 — q; 281




Quantum vs Classical Calogero—Moser Systems 281

and determine {qu}, j =1,...,r,asthe zeros of the associated Laguerre poly-

nomial L®(cx), witha = gs/g1 — 1, ¢ = w/gy, [4, 41]. The spectrum of W
for B, and D, are

B,: Spec(W)=—w(2,4,6,...,2r —2,2r}, (123)
D,: Spec(W)=—w({2,4,6,...,2r —2,r}. (124)

9.2.3  Exceptional Root Systems

In each of these cases we have calculated the equilibrium position numerically,
and evaluated the spectrum of W. The results are

Fy:  Spec(W) = —w{2,6,8, 12}, (125)
E¢: Spec(W)=—0{2,5,6,8,9,12}, (126)
E;: Spec(W) = —w{2,6, 10, 12, 14, 18}, (127)
Es: Spec(W) = —w{2,8, 12, 14, 18, 20, 24, 30}. (128)

The eigenvalues of W are the numbers listed in I,i.e., 1 + exponent, as expected
from the spectrum (28).

9.2.4  Universal Spectrum of M

Let us denote by v, a special vector in R? with each element unity:
vo=(,1,....,D" eRP, D=#R, or vo, =1, VueR. (129

The condition for classical equilibrium (115) and sum up to zero conditions
(57) can be expressed neatly in matrix—vector notation as

L vg=0, veLt =0, Mv, =0, VoM =0, (130)

inspiring the idea that vy is the classical (Coxeter invariant) ground state of
a matrix counterpart of the Hamiltonian (M) and that L~ is an annihilation
operator. The analogy goes further when we evaluate the Lax equation for L*
(65) at the classical equilibrium to obtain

(M, L[*] = +iwLl®*. (131)

The relation (131) simply means that the eigenvalues of M are integer spaced
in units of iw. We obtain

MV() = 0, ML+V0 = l'a)l_z+V(), ey M(Z4+)”V0 = inw(ZJ“)”Vo,
(132)
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implying L™ is a corresponding creation operator. This also means there is a
universal formula:

Spec(M) = iw{0,1,2,...,}, (133)

with possible degeneracies. Here is the summary of the spectrum of M with
[multiplicity] for the classical root systems and choices of R:

A (V) Spec(M) = iof{0, 1,....r — 1,7}, (134)
B,: (Ag)Spec(M) =iw{0,1,2,...,2r — 1}, (135)
D,: (V) Spec(M) =iw{0,1,2,...,r —1[2],...,2r — 2}, (136)
Ds: (S) Spec(M) =iw{0,1,2,3[2],4,5,6}. (137)

The above results and those for E¢ with 27 and E7 with 56, the eigenvalue with
[multiplicity] can be neatly expressed as the heights of the vectors in R:

Spec(M) = iof8 - b + hmax|pt € R}, hmax = max(8-R),  (138)

in which § is the Weyl vector § = ) pea+ /2 as obtained from (19) by setting
all the coupling constant(s) to unity g, = 1. The eigenvalues and multiplicities
of M in the root type Lax pairs of simply laced crystallographic root systems
can also be understood as the height and multiplicities of A:

S a + hmax, ford-a <0

SPeC(M)Z{3.a+hmax—1,for8-a>0

o€ A(AL)}. (139)

10 CLASSICAL DATA II: SUTHERLAND SYSTEMS

10.1 Minimum Energy

The classical minimum energy of the Sutherland system, 20> (18) is, in
fact, “quantised.” If all the coupling constants are unity g, = 1 = ¢ =4, the
Freudenthal-de Vries (“strange”) formula leads to

20% = dim(gp)p7h" /12. (140)

10.2 Equilibrium Point and Eigenvalues of w

The equations determining the equilibrium position (98) read

> gpcotlp - gp; =0, j=1.....r, (141)
PEAL

and they can be expressed in terms of the L, M matrices at equilibrium:

Lvo=0=v]L, Mvy=0=v, M. (142)
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10.2.1 A,

In this case the equilibrium position is “equally-spaced” ¢ = =(0,1,...,r —
1,r)/(r + 1)+ &vy, £ € R. This is the reason why the Haldane—Shastry model
is better understood than the other spin exchange models. We have

A, : Spec(W) = —2g{r,....(r+ 1= j)j,...,,r} & Spec(M)(V), (143)

. _ [O[2], 2,44, ... £(r — 1) r: odd
Ar(V): Spec(L)—g{O’ +1,43,..., (-1 r: even}' (144)

10.2.2 BC, and D,

In terms of X; = cos 2g;, the equation determining equilibrium (141) read

o I I
3 g tht & 8L 0, j=1,....n

k#jij_ik 2gM )Ej—l 2gM)Zj+1_

(145)

which are the equations satisfied by the zeros {x;} of Jacobi polynomial

PP [41] with & = (g1 + g5)/gm — 1. B = g1/gm — 1.
The problem of finding the maximal point of the D, prepotential W is the
same as the classical problem of maximizing the van der Monde determinant

r

VdM(xy, ... x) = [ [ = x0, (146)
j<k
under the boundary conditions, 1 = x; > x > -+ > x,—1 > x, = — 1.

The spectrum of W and M are
D, : Spec(VT/) =—g{d4(r — 1),4Q2r = 3),...,2j2r—1—1j),...,
2(r = 2)(r + 1), r(r — D[2]}, (147)
D, (V) : Spec(M) =ig{0,4(r — D[2],...,2j2r — 1 — pI2],...,
2(r = 2)(r + D[2], r(r — D[2], 2r(r — 1)}. (148)

For more results on the other root systems including the exceptional ones, see
[13].

11 SUMMARY, COMMENTS AND OUTLOOK

Various issues related to quantum vs classical integrability of C—M systems
based on any root system are presented. These are construction of involu-
tive quantum conserved quantities, the relationship between the Lax pair and
the differential-reflection (Dunkl) operator formalisms, construction of excited
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states by creation operators, properties of the classical potentials and Lax pair
operators at equilibrium, etc. They are mainly generalizations of the results
known for the models based on A-type root systems. Integrability of the mod-
els based on other classical root systems and the exceptional ones including the
noncrystallographic models are also discussed in [42, 43-46].

Among the interesting recent developments of the related subjects which
could not be covered in this lecture are the quadratic algebras [47, 48] for
the superintegrable systems [19] with the rational potential and quantum In-
ozemtsev systems [49] as multiparticle Quasi-Exactly Solvable systems and
multivariable A/-fold supersymmetry.

There are still many interesting problems to be addressed to: The structure
and properties of the eigenfunctions of the trigonometric potential models,
which are generalizations of the Jack polynomials [35-38]. Comprehensive
treatment of Liouville integrability of the Calogero systems. Understanding the
roles of supersymmetry and shape invariance in C-M systems [47, 50]. For-
mulation of various aspects of quantum C-M systems with elliptic potentials;
Lax pair, the differential-reflection operators [51, 52], conserved quantities,
supersymmetry, and excited states wavefunctions.

APPENDIX A: ROOT SYSTEMS

In this appendix we recapitulate the rudimentary facts of the root systems and
reflections to be used in the main text. The set of roots A is invariant under
reflections in the hyperplane perpendicular to each vector in A. In other words,

s¢«(B)e A, Ya,BeA, (A1)
where
sa(B)=B— (" B, o =2/l (A2)

The set of reflections {s,, @ € A} generates a group G 5, known as a Coxeter
group, or finite reflection group. The orbit of 8 € A is the set of root vectors
resulting from the action of the Coxeter group on it. The set of positive roots
A, may be defined in terms of a vector U € R", with @ - U # 0, Vo € A, as
those roots & € A such that o - U > 0. Given A, there is a unique set of r
simple roots [1 = {a;, j = 1, ..., r} defined such that they span the root space
and the coefficients {a;} in B = Z;:l ajo; for B € A, are all nonnegative.
The highest root oy, for which Z;Zl aj is maximal, is then also determined
uniquely. The subset of reflections {sy, @ € IT} in fact generates the Coxeter
group G a. The products of s,, with & € II, are subject solely to the relations

(Sesp)" P =1, o, B ell. (A3)
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The interpretation is that 5,54 is a rotation in some plane by 2 /m(«, 8). The
set of positive integers m(a, B) (with m(«, @) = 1, Yo € IT) uniquely specify
the Coxeter group. The weight lattice A(A) is defined as the Z-span of the
fundamental weights {A;}, j =1, ..., r, defined by

a;{-)\,kz(sj'k, ozjel_l. (A4)

The root systems for finite reflection groups may be divided into two types:
crystallographic and noncrystallographic. Crystallographic root systems satisfy
the additional condition

a’-Bel, Vo,B € A, (AS)

which implies that the Z-span of IT is a lattice in R” and contains all roots in A.
We call this the root lattice, which is denoted by L(A). These root systems
are associated with simple Lie algebras: {A,,r > 1}, {B,,r > 2}, {C,,r >
2}, {D,,r > 4}, E¢, E7, Eg, F4, and G,. The Coxeter groups for these root sys-
tems are called Weyl groups. The remaining noncrystallographic root systems
are Hs, H4, whose Coxeter groups are the symmetry groups of the icosahedron
and four-dimensional 600-cell, respectively, and the dihedral group of order
2m, {I,(m), m > 4}.

Here we give the explicit examples of root systems. In all cases but the
A, {e;} denotes an orthonormal basis in R", e; € R, ¢; - ex = §x. The crys-
tallographic root systems are:

A i A={tej—e), jEk=1,....r+1le; e R ¢; . e =8},

N={ej—ejr1, j=1,...,1}, (A6)
B : A={tejte, e, jEk=1,...,r},

D={e;j—ejr1, j=1,...,r =1} U{e/}, (A7)
Cr:A={te;te, X2, jk=1,...,1},

D={e;—ejr1, j=1,...,7r =1} U{2¢,}, (A8)
D, :A={fejte,j#Fk=1,...,1},

D={e;j—ejr1, j=1,....,r =1} U{e,_1 + e}, (A9)

E6IA={:|:6j:t€k,j7ék=1,...,5}

U {%(:i:el ...xes £ \/566), (even—|—)}’

1
M= 5(61 —ey—e3—es + es—/3eg), €4 — €5, €3 — €4, €4 + o5,

1
5(31 —ey—e3— ey —es +3e), €2 — 63}, (A10)
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E;:A={te;jte,j#k=1,...,6)U{+v2e}

U {%(:i:el .. £ eg £ +/2¢7), (even +)}, (A11)
I1= {62 — e3,e3 — ey, e4 — €5, €65 — €,
%(el — ey —e3—es — es + e — N/2e7), V27, e5 +e6}, (A12)
Eg: A={xe;jxe,j#*k=1,...,8}U {%(:l:el---:l:eg),(even—{—)},

IT= 5(61—62—63—64—65—66—e7+es),e7+eg}
Ule; —ejq1, j=2,...,7}, (A13)

1
Fi: A= :I:e_,-:l:ek,—{—ej,E(:I:el~-:lze4),j#k:1,...,4},

IMT=je; —e3, €3 — ey, ey, %(61—62—63—64)}, (A14)
Gy: A= (£V2,0), i\/?,ii , o,i\ﬁ ,(ii,ii) ,
22 3 V2© V6
1 1
H: ﬁ,o, T =T = . A15
o () s

The noncrystallographic root systems are:

1. I,(m): This is a symmetry group of a regular m-gon. For odd m A consists
of a single orbit, whereas for even m it has two orbits. In both cases we have
a representation in which all the roots have length unity

A = {(cos((j — Dmr/m),sin((j — Dm/m)), j =1,...,m},
IT = {(1, 0), (cos((m — D) /m), sin((m — 1) /m)))} (A16)

2. Hy: Define a=cosn/5=(1+ \/5)/4, b=cos2x/5=(—1+ \/3)/4.
Then the Hy roots are generated by the following simple roots [53]:

1 1
o] = (a, —3 b, 0) , Oy = (—a, o b, O) . (A17)

1 1
o3 = (E,b, —a,O) , Oy = (—E, —a, 0, b) .
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The full set of roots of Hy in this basis may be obtained from (1,0,0,0),

(%, %, %, %), and (a, %, b, 0) by even permutations and arbitrary sign changes

of coordinates. These 120 roots form a single orbit.

3. Hi: A subset of (A17), {a1, oz, a3} is a choice of simple roots for the H3
root system. In this basis, the full set of roots for H; results from even
permutations and arbitrary sign changes of (1,0,0) and (a, %, b). These 30
roots also form a single orbit.
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GEOMETRICAL DYNAMICS OF AN
INTEGRABLE PIECEWISE-LINEAR
MAPPING

Daisuke Takahashi and Masataka Iwao
Department of Mathematical Sciences, Waseda University,
3-4-1 Ohkubo, Shinjuku-ku, Tokyo 169-8555, Japan

Abstract A special type of piecewise-linear mapping is discussed. It is obtained
by ultradiscretizing the Quispel-Robert-Thompson system. In a special
case of a parameter, it becomes a periodic mapping with a constant period
for any initial data. In a general case, it becomes an integrable mapping
and a period of solution is constant for each solution orbit. We show a
structure of solutions discussing the dynamics in a phase plane from a
viewpoint of the integrable system theory.

1 INTRODUCTION

There have been many studies using a piecewise-linear mapping in the area of
dynamical system theory [1]. The standard form of one-dimensional mapping
is

Xn4+1 = f(xn)

where f(x) is linear in each local region of x. For example, the tent
map f(x) =2x (0 <x <1/2),2(1 —x)(1/2 < x < 1) and the Bernoulli shift
f(x)=2x (0 <x <1/2),2x — 1(1/2 < x < 1) are often used in the chaotic
system theory to explain the typical dynamics of chaos. One of the advantages
to study a piecewise-linear mapping is that we can analyze its dynamics exactly
utilizing the local linearity.

Recently, piecewise-linear mappings appear together with the ultradiscretiz-
ing method in the integrable system theory [2]. For example, consider the dis-
crete Painlevé equation [3],

Xn+1 = (1 + Ol)\nxn)/xn—l,

which is integrable because it has a conserved quantity. If we use a transfor-
mation of variable x,, and constants «, A,

Xn/e Ale
)

X, =e a=ee, A=l
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and take a limit ¢ — 40, we obtain an ultradiscrete Painlevé equation

Xn+1 = max (07 X, +A+ L) — Xn-1. (1)
Note that the max function is defined by
_]A (A= B)
max (A, B) = !B (A < B),

and we use the following formula in the derivation,

slirfrloelog(eA/‘S +eP/f ..y =max(A,B,...).
The remarkable features of (1) are (i) It is also integrable, that is, it has a
conserved quantity, (ii) X can be discrete, that is, X,, is always integer if A, L
and initial values of X, are all integer.

In this paper, we discuss a structure of solutions to an integrable piecewise-
linear mapping from a viewpoint of the integrable system theory. The mapping
is obtained by ultradiscretizing an integrable difference system, the Quispel—-
Robert-Thompson (QRT) system. The general form of the QRT system gives
a wide range of difference equations [4]. However, when we ultradiscretize the
equations, positivity of solution is necessary. Therefore, we restrict its form to
the following special one in this paper,

1+ ax
xn+l == o . ) (2)
Xy Xn—1
where a is a constant and o = 0, 1 or 2. Using transformations, x,, = e**/¢ and
a = e*/¢, and taking a limit ¢ — +0, we obtain
Xn+l =max (0, X, + A) —o X, — X, 1, 3)

from the above equation[3]. Note that (3) with o = 0 is equivalent to (1) with
L=0.

First we consider a case of A = 0. We show (3) is linearizable in that case by
a transformation of variable and its solutions are obtained in an explicit form.
Second we consider a case of A # 0 and discuss a structure of solutions.

2 PERIODIC CASE
In this section, we assume A = 0 in (3) (or a is positive definite in (2)). Then
we obtain

Xy+1 = max 0, X)) —0X, — X;_1. “4)

We can easily show that any solution to this equation is always periodic with a
constant period. For example, in the case of 0 = 0, X, ~ X¢ are expressed by
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initial values X and X, as follows:

X, =max (0, X;) — Xo, X3 =max(0, X, X;) — Xo — Xy,

5

X4 =max (0, Xo) — X, Xs5=Xo, X¢=Xi, ©)

where max (A, B, C, ...) denotes the maximum value among A, B,C, ... .

We use the following formulae on max function in the derivation of the above
solution,

max (A, B) = max (B, A),
max (A, max (B, C)) = max (max (A, B),C) = max (A, B, C),
max (A, B)+ X =max (A + X, B + X).

For example, X3 is expressed by Xy and X, through the following calcula-
tion,

X3 = max (0, X,) — X; = max (0, max (0, X;) — Xo) — X,
= max (X, max (0, X)) — X¢o — X; = max (0, Xo, X;) — Xy — X;.

Since (5) gives X5 = X and X¢ = X and (4) is of the second order, any
solution from arbitrary X and X other than Xo = X; = 0 is always periodic
with period 5. The case of Xy = X; = 0 is exceptional and X, is always 0 in
that case. Similarly, any solution is periodic with period 7 and 8 in the case of
o = 1 and 2 respectively.

Equation (4) is derived from (2) through the ultradiscretization. If we assume
o = 0anda = 1in(2), solutions to (2) are also periodic with a constant period
[5]. We obtain the following pattern of solution,

1+X1 1+(1+X1)/)€0 1—|—x0—|—x1
'x2 = b 'x3 = = 2
X0 X1 X0X1
X 1—|—(1+XO+X1)/X())C1 (1+X0)(1+X1) 1+XO
4= = = ,
(14 x1)/x0 (14 xpx X1 ©)
e 1+ (1 + x0)/x1 _(1+xo+x1)xo_x
> (1 + x0+ x1)/x0x1 14 x0 +x o
14+ xo
-x6 = — =
(1 + x0)/x

Therefore, a solution from any positive x¢ and x; is always periodic with period
5. Moreover, every solution in (6) is transformed to that in (5) through the above
ultradiscretization. It means that both the difference equation and its solution
can be transformed consistently through the ultradiscretization.
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¥
P;(0,¢) ,I\[ ..... P, (c,c)
=l
v ,': X,
P2(_Ca 0) PO(Cs 0)
I | & 1
TR0, —¢)

Figure 1. 5 fan areas in the phase plane

3 LINEARIZABILITY OF PERIODIC
PIECEWISE-LINEAR MAPPING

Equation (4) can be rewritten by the following piecewise-linear mapping,

Xn+l == Yn (7)
Y,11 =max(0,Y,) —oY, — X,.

The only nonlinearity of this mapping is the term max (0, Y;,). Therefore a
different type of linear mappings are applied to the upper and the lower half
plane in a phase plane (X, Y,),

0 1 X
" Y, >0
(1) - (50 20) () om0
Yn+1 B 0 1 X,
L)) s

We can easily see the periodicity of this mapping by the following geometric
dynamics in a phase plane. In the case of o = 0, let us consider a sequence
of mappings of a point Py(c, 0) (c > 0) in the phase plane (X, ¥,,). Then, we
obtain a periodic sequence of points,

Py(c,0) — P1(0, —¢) = Pr(—c,0) = P5(0,c) = Ps(c,c) —> Py — -+

Since the parameter c is an arbitrary positive number, the phase plane is divided
into 5 local “fan” areas as shown in Figure 1. Each area is linearly mapped each
other in the following order,

- I-MI—>IV>V->1— ...
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4Py

W

20 B ; Un

i

Figure 2. 5 fan areas mapped by a rotation by —2m /5

and segments P; P are mapped as follows,
P()Pl — P1P2 — P2P3 —> P3P4 —> P4P0 e P()Pl —> e -

Though this mapping is nonlinear, it is equivalent to a linear mapping defined
by a rotation by an angle —27 /5, through a combination of local affine trans-
formations. Figure 2 shows corresponding 5 fan areas mapped by this linear
mapping in a phase plane (U,, V,).

The transformation from (U, V,) to (X,, Y;,) is again expressed by the max
function as follows,

. 2w 21 1 T
X,=max|sin—-U,+(1—-—cos— ) -V,,sin—-U, +cos—-V,,
5 5 5 5

in 27 . U, + cos X v, ®)
sin— - U, +cos— -V, ).
5 5

Note that we omit an expression of Y, since Y, = X,,4. Since U,, = rycos (6 —
2nm/5) and V,, = rgsin (6y — 2nm/5), we can get a general solution of X, as
follows,

. 2n+2 ) 2n

X, =r -max | —sin | 6y — 5 7 | + sin 90—?7( ,
. 2n+4 ) 2n +8

—sin | 6y 5 m),sin| 6y — g T ,

where r(> 0) and 6, are arbitrary constants.

We can obtain a general solution of (4) for ¢ = 1 and 2 similarly. Thus
we show that the mapping (7) equivalent to (4) is a linearizable mapping
and solutions are obtained by the linearizability. Note that the mapping,
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the transformation and the solutions are all expressed by the max function
consistently.

4 INTEGRABLE CASE

In the previous sections, we discussed the ultradiscrete QRT system (3) with a
special parameter A = 0. In this section, we analyze the system with a parameter
A # 0. For simplicity, let us assume o = 0. Moreover, if we use a scaling of
variable |A|X,, — X, then X,, follows

Xny1 =max (0, X, £1) — X, 4, )

where X, + 1 is chosen when A > 0 and X, — 1 when A < 0. Therefore,
solutions to (3) for A = %1 and 0 give those for general A through the scaling.
Below we consider only the case of A = +1,

Xn+1 = max (Oa X, +1D)—X,_1,
or

!Xn+l == Yn (10)

Y11 =max(0,Y,+ 1) — X,.

It is a well known fact that there exists a conserved quantity for (2). In the
case of o = 0, the quantity is

= (@+ (1 + a0, + x001) + a(x? + x2,))

XnXn+1
+ X Xn1(Xn + Xug1)).

X, /e 1/e

Using transformations x,, = e anda = e¢'/¢ and defining H by lim0 elogh,
£—>+

we obtain a conserved quantity for (10),

H=max(1-X,-Y,,2—X,,2—-Y,,
1+Xn_Yn71_Xn+Yns Xna Yn)

Orbits of solutions in the phase plane (X, ¥,,) are given by contour lines ob-
tained by H = const. Figure 3 shows some contour lines of H. The point P(1, 1)
is a fixed point of the mapping, thatis, X, = Y, = 1 foranyn if Xg = Yy = 1.
Positions of vertices of the hexagon I" are (3, 3), (3, 1), (1, —1), (—1, —1), (—1,
1), and (1, 3).

In an inner region of ', any solution other than the fixed point P is always
periodic with period 6. Since X, > —1and Y, > —1 in thatregion, the mapping
(10) becomes a linear mapping and the periodicity is due to this linearity.



An Integrable Piecewise-Linear Mapping 297

Y

X

Figure 3. Contour lines of H

In the outer region of I', behavior of solutions becomes more complicated.
Solution is still periodic but its period depends on an orbit. Figure 4 shows
a solution from (Xg, Yy) = (4, 4) which is periodic with period 17. Since all
segments connecting two neighboring P;’s are included in a region defined by
Y, > —1orY, <—1, the segment PyPs is mapped linearly in the following
sequence,

PyPs - PP, — ---— PyoPig— PLPy— -+ — PigPs > PhPs— ---.

It means that a solution from any point on the polygon shown in Figure 4
is always periodic with period 17. However, if we change the orbit, the period
becomes different. For example, the period of a solution from (X, Yy) = (5, 5)
is 11 and that from (9/2,9/2) is 39.

Y
Lo B L _py(4,4)
P B
P, Py
P1,5 Pl
Pn P ‘Yn
P; g
Pig
PubPs P

Figure 4. Solution from (X, Yp) = (4, 4)
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(1,¢) (e, ¢)

(2-¢1)
(2-¢,-1) {c—2,-1)

(-1,2—¢} (1,.2—¢)

Figure 5. General orbit of (10) in the outer region of I'(c > 3)
5 PERIOD OF ORBIT

Next we discuss a relation between the period of a solution to (10) and its orbit.
Figure 5 shows a general orbit in the outer region of I'(c > 3). Every point on
AC comes back to AC after a certain times of mapping. Any point on AB comes
back to AC after 6 mappings and that on BC after 5 mappings. Figure 6 (a)
shows a typical mapping of the former and (b) the latter. Assume that k counts
the number of cycles of mapping and P; denotes a point on AC at the k-th cycle
of a solution from an initial point Py. Moreover, define r; by

Iy = APk/AC

By this definition, 0 < r; < 1 holds for any k. Moreover, r; satisfies the fol-
lowing recurrence formula,

2 2
nntl——— (< —)
c—1 c—1

(otherwise).

Figure 6. A sequence of mappings of a point on (a) AB, (b) BC
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This is a simple one-dimensional dynamical system and we can easily see the

solution is
2 k
rr = 1rp — ,
k 0T T

where {x} denotes a fractional part of x. If r, = rg, that is, P, = Py, k must
satisfy

2 2. .
ki=0 <% k is an integer.
c—1 c—1

Therefore, if ¢ is a rational number, k satisfying the above condition exists
and the solution from Py becomes periodic. If not, r; # ro (P, # Py) holds for
any k.

Moreover, we can derive a period of solution from a value of c. If ¢ is
irrational, the period is oo according to the above discussion. If ¢ is rational
and is expressed by p/q where p and g are relatively prime integers, the period
of solution is

{ (5p—39)/2 (p=gmod2)
5p—3q (otherwise).

Similar results can be obtained for other cases, (9) with A = —1 and (3) with
o = 1 and 2. A period of solution is decided by each orbit and does not depend
on the initial position of solution on the orbit. Solutions to (3) with o = 2 are
reported in the reference [S]. They are derived by ultradiscretizing the solutions
to the original QRT system (2) including an elliptic function and the function
taking fractional part also appears. Comparing with our results suggests there
is a strong relation between geometric piecewise-linear dynamics and elliptic
functions through ultradiscretization.

6 CONCLUDING REMARKS

We studied integrable piecewise-linear mappings (3) obtained by ultradiscretiz-
ing the QRT system. In the case of A =0, all solutions have the same pe-
riod other than the fixed point. The mapping is expressed by a max function
and is linearizable through the transformation of variables including a max
function. Explicit solutions are also expressed by a max function using this
linearizability.

In the case of A # 0, we showed a period of any solution on the same orbit
is the same and it depends on the orbit. We can calculate the period from a
parameter of the orbit by the function taking fractional part.

Finally we propose the following future problems. (i) Does a general class
exist for linearizable piecewise-linear mappings? (ii) Can we obtain such a
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class by ultradiscretization of difference mappings? (iii) Is there an integrable
piecewise-linear mapping with different periods depending on initial points on
the same orbit?
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FREE BOSONS AND DISPERSIONLESS
LIMIT OF HIROTA TAU-FUNCTION

Leon A. Takhtajan
Department of Mathematics, Suny at Stony Brook, Stony Brook, NY 11794-3651, USA

1 INTRODUCTION

1.1 The Tau-Function
Let

F=P7F
PEZL

be the Fock space of charged fermions, y(z) and ¥(z) be the fermion fields,
and

J@ =¥ @y(2) =) J,z " dz

nez

be the fermion current operator.

_For every element U of the charge zero sector in the principal C*-bundle
UGM over the universal Grassmannian manifold UGM, Hirota’s T-function is
defined by

(T, U) = (01" P|0),

where |U) is the image of U in F, under the Pliicker embedding, and
o0
H(T) = Z tudn.
n=1

Corresponding wave functions

(—11e" Dy (2)|0)

Yz, T,U) = (T, 0)
H(T).J, 7

\p(z’ T,U) = w’
(T, U)

where U € UG M, satisfy the bilinear relation
Res,_V(z, T, U)¥(z, T, U) = 0.
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The Hirota bilinear equation for the r-function is a direct consequence of the
bilinear relation. The Hirota equation characterizes that 7-function is associated
with an element in U/gM, and it is equivalent to the KP hierarchy (see [1-4],
and the exposition in [5]).

The difference analog of the KP hierarchy is the 2D Toda hierarchy. Cor-
responding t-function depends on times ty, t,, ,, n € N, and satisfies Hirota
equations [6]

(30*D(Z1)).[ . e*D(Zz) (30*D(22))T . e*D(Zl)T

1€
= (21 — 22)e

T — 2p€

—(D(z; )+D(Zz))r . 630 T

and

leze*D(m)T . e*D(iz)T _ 6(5(22)+D(Z1)).[ LT
= ¢ @+DE)) L | 6(30+D(Zz))r’

where dy = 9/9ty and

(e¢] Z—n a _ o0 Z—n
D(z) = ——, D@ = —_—
@) n 0t, @ n 0f,

n=1 n=1

1.2 Dispersionless Limit

Introducing parameter i—the lattice spacing, and rescaling
to > to/h, t, — t,/h, L, > b, /h, T~ T,
one obtains the 7-function of dispersionless 2D Toda hierarchy [7]

F=logt = %irr(l)hzlog T,

which is a special case of Krichever’s universal Whitham hierarchy [8, 9]. The
7-function satisfies dispersionless Hirota equations

(z1 — Zz)eD(m)D(zZ)F

—dD(z1)F —d0D(z2)F
)

= 7€ — p€

and

215 (1 _ eD(Zl)D(Zz)F> — o%(0+DE)+DE)F

—a semiclassical limit of differential Fay identity [10]. Dispersionless
Hirota equations imply that the free energy F satisfies WDVV equations
[11].
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2 SPACES OF CONTOURS

2.1 Definitions

Let Diff, (S') be the group of orientation preserving diffeomorphisms of S,
let S! be the subgroup consisting of rigid rotations and let Diff, (S')/S' be
the corresponding homogeneous space. It is an infinite-dimensional complex
Frechet manifold isomorphic to the Frechét manifold of univalent functions
on the unit disk D which are smooth up to the boundary and normalized by
the conditions f(0) = 0 and f'(0) = 1 (see [12]). It is also isomorphic to the
space of closed smooth curves on the complex plane C of conformal radius 1
encompassing 0.

Let C; be the space of closed smooth curves on the complex plane C of Eu-
clidean area 1 encompassing 0. It is an infinite-dimensional complex manifold
with complex coordinates given by classical harmonic moments of the exterior
of the contour C € Cy,

1
t, = — / z7"dz, neN
2win Jo

(see [13] and references therein).

Let T(1) = Homeo, (S 1Y /Mob(S') be Bers’ universal Teichmiiller space—
the space of normalized “fractal” contours of conformal radius 1. It is
an infinite-dimensional complex Banach manifold and the inclusion map
Diff, (§')/Mo6b(S') < T(1) is holomorphic (see [14, 15]).

2.2 Deformation Theory

Let 2 be simply connected domain in C containing 0 and bounded by a smooth
contour C, and let G be the conformal map G : C\Q2 — C\ D, normalized by
G(00) = 00 and G'(o0) > 0. The Faber polynomials associated with G are
defined by the Laurent expansion at z = 0o

zG'(2)

o Y Rz, 1GQ)] > fwl,

n=0

obtained by substituting Laurent series for G(z)
by
G(z)=b_|z+bo+?+~~-

into the geometric series for (G(z) — w)~'. In terms of the inverse map g =
G,

Fy(w) = [g"(w)]+,
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and Faber polynomials are uniquely characterized by the property
F(G(2) =7"+ 0(z" ") as z — oo.

The deformation theory describes the tangent vector space T¢C to the man-
ifold C at the contour C in terms of the data associated with C.

Deformation of the contour C is a smooth family of contours {C;};e(—e.e)
such that Cy = C; i.e., C; = {z(0,t), 0 € R/2nZ} for every |t| < €, where
z(o,1) € C*®°(R/2n7Z x (—¢, €)). Corresponding infinitesimal deformation is
the vector field v = z(0)d/do along C, where dot stands for d /d¢|,—¢. A trivial
deformation C; consists of reparameterizations of the contour C, so that the
vector field v is tangential to C. The tangent vector space 7¢C is a real vector
space of normal vector fields to C.

With every infinitesimal deformation there is associated 1-form on C

wc = Zdz — zdZ

—a restriction to C of a d~! of the Lie derivative L, of the standard 2-form
dz A dz on Q. It satisfies the “calculus formula.”

d f(z,z,t)dz = /(f dz + iwc).
C 0z

dt

In classical terms,

t=0JC,

1
dnds = —ac,
nds T wc

where ds := |7/(0)|do, n(o) is the outer normal to C, and dn(o) €
C*®(R/2rZ, R) defines the infinitesimal deformation of the contour C.

Theorem 1 (“Krichever’s lemma”, [16, 17])

(i) Any deformation C; of C which does not change the area wty of Q2 and
harmonic moments of exterior t, is infinitesimally trivial. The parameters
{to — to(C), t, — t,(C), t, — £,(C)} are local coordinates on C near C.

(ii) The following 1-forms on C

9z

07
ol = = z
n=1(C) ity

= dz,
€ 7 o, .

ta=1(C)

extend to meromorphic (1, 0)-forms on the double IP’}; of the exterior do-
main P'\Q with a single pole at 0o of order n + 1 if n € N, and simple
poles at oo and o0 with residues 1 and —1 if n = 0. Explicitly,

o = d(F, 0 G), &Y = dlog G
in the domain P\, and
ol = d(F, 01/G), & = dlog1/G

in the domain P\ .
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(iii) The 1-forms u')(cn) satisfy the property

1 " . (n)
. We = S
2wi Jo m

and can be identified with the vector fields d/0t,. For every a > 0 the
holomorphic tangent vector space T/.C, to C, at C is canonically identified
with the complex vector space MI’O(IF’IC) of meromorphic (1, 0)-forms on
IP’IC with a single pole at oo of order > 2.

(iv) The holomorphic cotangent vector space Té*Ca to C, at C is naturally
identified with the complex vector space H'-°(P'\ ) of holomorphic (1, 0)-
forms on P'\Q which are smooth up to the boundary, and the pairing

(e : TeC, ® TNCy — C

is given by

1
(w,u)c = —,/dluw.
27 C

Differentials dt, correspond to (1, 0)-forms

dtn(Z) = d(Z_n/n) — _Z_n_ldz,

3 BOSONIC PARTITION FUNCTION

For ¢ € C*®(P!, R) consider the action

i _
So(<p)=1f/1390/\3<p,
P

which describes the standard theory of free bosons on the Riemann sphere P!,
For every C € C define the “topological term” by

Siop(9) = /_/C(A(Q)So — xo) pd*z

= A(Q)¢(0) — / / pd*z,
Q

where xgq is a characteristic function of 2, and & is a Dirac delta-function at
0 with respect to the Lebesgue measure dz. The total bosonic action

Sc(@) = So(@) + Sip(9)

describes the theory of free bosons on P! in the presence of a contour C, and
defines a family of field theories parameterized by C.
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For every C e C the partition function of the corresponding quantum field
theory is defined by

We=[ Dyl .
(P! R)/R

Specifically, approximate xq and &y by smooth functions xéf ) and 8(()6) with
compact supports satisfying

// A(Q)S(G) (5)) _ 0’

and define
AXQ
(l)c_llmexp{ ( )ff f/ log |z — w|8y(z)
85 (wdzd*w) / [Dyle™ 5@,
C>(P,R)/R
where

S(@) = Sole) + // (A(Q)g(()f) (e)> odz.
C

The t-function T = 7(C) of a smooth contour C is defined as the normalized
expectation value of C,

1
r = oy = e,

where ( ) stands for expectation value in the standard theory of free bosons on
P! with the action functional Sy (it corresponds to the case C = {)—the empty

set).
The t-function is well-defined and

1 2.1
logr = —— log |z — w|d“zd“w
T QJJa
2 2
+ —A(Q) log|z|d*z
T Q
1 1
- log |-
QJJa <

whichis —1/7? times a regularized energy of the pseudo-measure du = d’z —
A(2)8p on the domain 2 [17]. Also, T = tywz (see [13, 18]).

1
— —|d%zd*w
w
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4 CURRENT WARD IDENTITIES

Let 7 = d¢ and j = d¢ be holomorphic and anti-holomorphic components of
the bosonic field current dg. By definition,

(X) = / [Dg]X =75,
C*(P',R)/R

where X = 9(z1) ... 3(zZm)7(wy) ... J(w,). Correlation functions for the theory
on P'\ @ with action functional

i -
Sext((p) = Z //]1; aq) A 8(,0,
]\Q

and Dirichlet boundary condition, are defined similarly and are denoted by
(--*)psc-

4.1 1-Point Correlation Functions

Set
)
(e = U2,
Then
0P
(@) = B(Z) dz,
Z

where ®(z) satisfies

0@ [ xe@) — AS(z) ifz e,
3zaz |0 ifz € C\Q,
is continuous on C and is normalized by ®(co) = 0. The function ® is a

logarithmic potential of the pseudo-measure du = d’z — A(2)8p on Q. At
=00

0d >
(Z) _ Z UnZ_n_l,

aZ n=1

where
1

- Z”ZdZv nec N’
2mi C

vl‘l
are the harmonic moments of interior of the contour C.
Using deformation theory (calculus formula and Theorem 1) and an explicit
form of S,,,, one gets the following (cf. [13, 18]).
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Theorem 2  For every a > 0 the normalized 1-point current correlation func-
tions of free bosons on P! parameterized by C € C, satisfy the Ward identities,
given by the following Laurent expansions at 7 = 00

dlogt
—n—1 /
= - E ———dz=d1 ,
({22 2 Z o, Z ogT
and
o dlogt
((3))) = — E ! Bff dz =d"logr.

n=1

Corollary 3 ([13, 16, 18]) The function logt € C*(C, R) is a generating
function for the harmonic moments of interior,

dlo al
Vg = i and v, = ogr’ n eN,
atg ot,

2 )
Vg = — log |z|zd"z.
T JJa

Corollary 4 (“Explicit formula” for the conformal map G, [13, 18])

where

10%2logt S z7"d%logt
logG(z) =1 - = — .
0g G(z) =logz Z At

2 0 prt

4.2 2-Point Correlation Functions

Set
((2()(w))) = 2wy _ ({22 ({a(w)))
()¢
and
(@) pae = LW DsC
(I pac
Clearly,

dz ® dw
((9@)g(w))) = —m,

and

(DI ppe = ——2 BT 4o g,

(G(z) — G(w))?

Using Ward identity for the 1-point function, deformation theory and prop-
erties of Faber polynomials, one gets the following (cf. [18]).
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Theorem S5  For every a > 0 normalized reduced 2-point current correlation
functions for free bosons on P! parameterized by C € C, satisfy the Ward
identities, given by the following Laurent series expansions at z = w = 00

({(2@)g(w))) — {({9(z)3(w))) pBC
B < G' ()G (w) B 1 >
- \(G@) - Gw)? (z—w)?

and

((9(2)7(w))) — ((9(z)7(w))) pac
__ GG W)
(1 - G(2)G(w))?
— i i T 8% log Ydz ®dw
f,

m,n=1

=dd"logt.
All higher reduced multipoint current correlation functions vanish.

Corollary 6 For every a > 0 the Hermitian metric H on C, defined by

a 0
H(—, —
ot, 0ty
1 m—n - -
—m/ / Zw K(Z, w)dzdw,
Cc, JCy

where C is an arbitrary contour containing C inside, and K is the Bergman
reproducing kernel for the domain P'\Q, is Kdihler with the Kdihler potential
log .

Corollary 7 ([13, 18])

G(z)—Gw) lazlogr

lo =—
SR 2 0t
X 2w 3% log T
+ Z mn  0t,0t,

m,n=1
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and

_CQOw) ) _ g om0 Plogr
*\eoow 1)~ mn 3,31,

m,n=1

From Corollary 3 one immediately gets dispersionless Hirota equations [19].
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Abstract  Using a particular class of symmetries of Hirota bilinear soliton equations
we reduce them into bilinear ordinary differential equations. We convert
these bilinear equations into nonlinear forms. By this process we obtain
a class of higher order equations of Painlevé type.

1 INTRODUCTION

Symmetry analysis is very useful to find a class of particular solutions of
linear and nonlinear equations. The underlying invariances of the given partial
differential equations (PDEs) are widely used to reduce PDEs of higher to lower
dimensions in terms of a new independent variable, called similarity variable
[1]. In the case of soliton equations these reduced ordinary differential equations
(ODEs) are identified with one of the Painlevé equations [2]. It is well-known
that soliton equations can be expressed in terms of Hirota’s bilinear forms and
their Painlevé properties have also been studied [3, 4]. The symmetries of these
equations have been studied for large class of equations in [5].
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A natural question arises whether the similarity reductions of these bilinear
equations can be identified with bilinear forms of Painlevé equations [6—8]. In an
exploratory approach in this paper, we consider only simple symmetries of the
bilinear equations and reduce them to bilinear ODEs. Our analysis also includes
bilinear soliton equations of higher degree [5]. The similarity reductions of
these bilinear equations result in higher order ODEs of Painlevé type. This is
important since there is considerable activity around the study of higher order
Painlevé equations [9]. We present both bilinear and nonlinear forms of these
ODEs. We illustrate the above method with many interesting examples.

2 LIE POINT SYMMETRY APPROACH TO HIROTA
BILINEAR EQUATIONS
KdV-type Hirota bilinear equations are given in the following form:
AD)F-F =0

where A(D) is a polynomial in Hirota differential operators and is always even.
The symbol D is defined as

DID} . F -G =0 —3)" (3 —3) Fx,y,..)G@, ¥, .. My gy .
We consider the infinitesimal Lie one-parameter point transformation which is
given by [1]

F=x+e)+0E> i=1,2,...,p
F*=F" 4 eny(x, F)+ 0, a=1,2,....q

where x = (x!,...,x?) and F = (F', ... F?) with corresponding infinitesi-
mal generator

P d 1 ad
V= ZS(X)B)C" + Z o, F) o

Then the invariant condition becomes
PrV™[A(D)F - Fllapyr.r=o =0

q
i)
PrVOV =V 43N plx, F™)
a J

OF¢

where J = (j;--- ji) with 1 < jp < p, 1 <k < n. The coefficient of no{ of
Pr™YV are given by

P P
ny(x, F) =D, <77a - Zngia> + Z‘?lFJa,i
i=1 i=1
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where D; = Dj, ... D;, and D is a total differential operator. The correspond-
ing Lie equations and characteristic systems are

¥’ , .
de =&, xl’e=0:xlal:1y2,---n
dx! . dx? . B dx"

3 SIMILARITY REDUCTION OF THE KdV FAMILY

3.1 KdV equation
First we consider KdV equation in bilinear form
(D} —4D.D,)F -F =0 (1)

Following the approach explained in the above section, we can obtain algorith-
mically the underlying Lie point symmetries. The infinitesimal generators of
the symmetry group are given by

E=yx/3+12¢t +
T=yt+f
0 = (ex?/2+ 8x + A(t))F

The corresponding vector fields are

V, =,
V2=8,

X
Vs= 30 +19,
V4=.XF3F

x2
Vs = ?FGF + 12t9;

Ve = A(t)FOoF

We take a simple vector field corresponding to the scaling symmetry V3 and
get the similarity variable

X

1= 3 @)

Also expanding the bilinear Eq. (1) we get
FxxxxF_4Fxxxe +3Fxxex _4FxtF+4Fth =0
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On using the similarity variable (2) this equation reduces to
FopF —4F  F, +3F, F,, +4/3zF ,F +4/3F,F —4/3zF.F, =0
Again this can be written in the bilinear form as
(D} +4/3zD} +4/33,)F - F =0

which is the bilinear form of Painlevé 34. We convert this bilinear equation into
nonlinear form by using the Hirota transformation:

u = (2log F),
and finally we get
Uy, +3u +4/3zu+4/32log F), =0

Differentiating the above equation once and using the dependent variable trans-
formation, we get

Uy, +6uu, +4/3zu +8u =0
We can show this equation is equivalent to Painlevé 34
2uu,, — u? + 4u’ — 8zu? + 160> =0

We should remark that if we consider other invariances we will get other types
of reductions.

3.2 Boussinesq Equation
Next we consider the Boussinesq equation in bilinear form
(D} +3D})F-F =0

One can find easily the scaling symmetry corresponding to this bilinear equation
which gives the similarity variable

X
2

Z
the corresponding vector field of which is
V =2t + x0,
The reduced equation in bilinear form becomes
(D} +3/42°D; +9/420,)F - F =0

By introducing the nonlinear variable

u=(2log F),
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finally we get
Uz 4 3u® +3/4z%u +9/4z(21og F). =0
By using the nonlinear variable
u=2w,

we obtain

3 9
Wy, + 6w§ + Zzzwz + Zzw =0

3.3 Sawada-Kotera Equation

Following the same approach described above, for Sawada—Kotera equation
(D¢ + DyDy)F-F =0 3)

we find the similarity variable

X
7= —x
E
which corresponds to the vector field
V =5y0;, + x0,

Reducing the Sawada-Kotera equation (3) in the bilinear form leads to
6 2
(5D —zDZ —1/20,)F-F =0
Substituting
u=(2log F)..

in the bilinear form we get the nonlinear form

@ olegF). =0
- = (6} —
5 5 g 1);
In order to avoid log term we differentiate once and again use the nonlinear
variable transformation. We finally get

Uoooe + 15Uz u + 15u° —

2
Usonn + 15Uz 0+ 15uu, + 45u’u, — guz - gu =0
This equation can be identified with the classification of Cosgrove for fifth

order nonlinear ODEs of Painlevé type [9].
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3.4 5-Reduced BKP Equation
The bilinear form of 5-reduced BKP equation is given as

(DS +5D}D, —5D})F - F =0

By using the similarity variable

X
= 117
which corresponds to the vector field
V =3t0; + x0;

the reduced equation in the bilinear form becomes
(D¢ —5/3zD} —5/92*D? — 53, D2 —20/9z3,)F - F =0
Substituting
u=Q2logF),
in the bilinear form we get the nonlinear form

(Uzzee + 15uzu + 15u™) — 5/3z(u, + 3u®) — 5/92%u — (5/F*9,D)F - F
—20/9z(2log F), = 0

Some care should be taken for the term o, DZZF - F. Now

F? F? F F F

cwa P (ENY ol
— Fr \F))~"“""F

where we have used the dependent variable transformation. Let 2w, = u. In
order to avoid a log term we differentiate once and again use the nonlinear
variable transformation, we finally get

BZDZZ,F'FZZ(FZZF_FZFZ)Z:2<FZZZ Fze>

Wyzzz: + 30w, w, + 60wz3 —5/3zw,,, — IOsz2 — Sw,,
— 5/9z%w, — 20/9zw = 0

3.5 Hietarinta Equation

The bilinear form of the Hietarinta equation is given by

(D{+ D} D,)F-F=0
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By using the similarity variable

X
==
t
which corresponds to the vector field
V = taf + xax
the reduced equation in the bilinear form becomes
(1 =)D — 9728, D? — 12:D? — 328> —39,)F - F =0
Substituting
u=2log F)..

in the bilinear form and using the same analysis as in the previous example
with 2w, = u, we get the nonlinear form

1 =2 (w... + 6wz2) — 922w, — 18z22ww, — 15zw, — 6zw? — 3w =0

3.6 Ito Equation
The bilinear form of Ito equation is
(D} +D}D,)F-F=0

Using the similarity variable

X
= m
which corresponds to the vector field
V =310, + x 0y

the reduced equation in the bilinear form becomes
3
<Dj+23zD3— 1/3zD§—4/3BZ) F-F=0

Substituting
u=_2logF),

in the bilinear form and using the same analysis as in the previous example, we
get the nonlinear form

3 6
Wezz + —Wer + 6w12 + —ww, — ng —-8/3w=0
4 <

where 2w, = u.
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4 SIMILARITY REDUCTIONS OF THE mKdV FAMILY

4.1 mKdV Equation

It is straightforward to generalize the similarity analysis implemented above to
the case of more than one t function. In this section, we consider the case of
mKdV-type Hirota bilinear Equations

AD)F -G =0
B(D)F -G =0

As a simple example, we consider the mKdV bilinear equation in the form of

DG-F =0
(D}+D)G-F=0

This bilinear equation can be transformed into
Dlg-f=0
5 o
(D;C+D,+7>g~f=0

under the gauge transformation G = t*g, F = f. Now in this case the simi-
larity variable is given by

X
= m
which corresponds to the vector field
V =310, + x 0,

Then the reduced bilinear equation becomes
Dig-f=0
(D] - gDZ-i-a)g-f:O
which is the bilinear equation of Py;. The above bilinear equations become

(log(g/))z; + (log(g/f)); =0
(1og(g/f))zzz + 3(10g(g/))-(10g(/))zz + (log(g/ )]

—%mgyﬂ»+a=0

Eliminating (log((gf)))., in the second equation using the first we get

(log(g/f))ece — 2(l0g(g/ )2 = 5 (log(g/f): +a =0



Similarity Reductions 321

By introducing the nonlinear variable
u = (log(g/f)):
we obtain
u”=2u3—|—§w—a=0

which is PH .

4.2 3-Reduced mKP Equation
The bilinear form of 3-Reduced mKP equation is given by
(D} -D,)G-F=0
(D} +3D.D,)G-F =0

Under the gauge transformation G = y*g, F = f these bilinear equations be-
come

(D,%—D.v—%)g-fzo

(Di +3D,D, +3%Dx> ¢ f=0

The similarity variable in this case is

X
1=—=
Y172

Then the reduced equations assume the form

(D§+§Dz—a)g-f:o
(D} —3/2zD}—3/29,+3aD,)g- f =0

which can easily be identified as the bilinear form of Pry. We introduce the
nonlinear variable transformation

u = (log(g/f)):

Then the bilinear equations becomes
Z
(log(g/f)-z +u*+ Su—a =0

Uz +3(10g(gf))zztt+u’ —3/22((log(gf))z-+u”)—3/2(log(gf)): +3au = 0
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Differentiate once and eliminate the log terms by using the dependent variable
transformation, finally, we get

Usee — 6UPu. — 3zuu, + 6au. + 3/4z%u. +9/4zu — 30 =0

To integrate this equation we multiply the above equation by # and z and subtract
one from the other and integrating, we get

9 3 3
Qu — u,, — u? —3u* + 6au’® + Zzzu2 +u, — bazu — ZZ3M + iazz =8
Letu = % + v. Finally we get
—1/4
Vg = ;—Z +3/20° + (97822 — 3ayw + 3z0% + B4
v v

which is Pry equation.

5 CONCLUDING REMARKS

We described the method to derive similarity reductions of PDEs in Hirota
bilinear form. As a consequence we have obtained the bilinear form of the
reduced ODEs. In certain cases these ODEs are identified directly with Painlevé
equations. In many other cases we have presented higher order Painlevé-type
equations both in bilinear and nonlinear forms.
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ON FUNDAMENTAL CYCLE OF
PERIODIC BOX-BALL SYSTEMS
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Abstract ~ We review the novel properties of the fundamental cycle of periodic
Box-Ball systems (PBBSs). According to integrable nature of the PBBS,
the explicit formula for the fundamental cycle exists and its asymptotic
behaviour can be estimated when the system size N goes to infinity. The
upper and lower bounds for the maximum fundamental cycle is given
and almost all fundamental cycle is shown to be of order of N'°¢ N,

1 INTRODUCTION

The periodic Box-Ball system (PBBS) is a dynamical system of balls in a one
dimensional array of boxes with periodic boundary condition [1, 2]. The PBBS
is obtained from the discrete Toda equation [3], which is a well known inte-
grable partial difference equation, with a periodic boundary condition through
a limiting procedure called ultradiscretization [4, 5]. Using inverse ultradis-
cretization, the initial value problem of PBBS is solvable by inverse scattering
transform [6]. Hence, the PBBS may be called an integrable dynamical system.
On the other hand, an important feature of an integrable dynamical system is
that its trajectry in the phase space is restricted to a low dimensional subspace
determined by the conserved quantities [7]. In particular, it does not have ergod-
icity. Accordingly its Poincaré section in two-dimensional plane locates on one
dimensional curves and quite different from that of non integrable (or chaotic)
systems. However, since the PBBS is composed of a finite number of boxes and
balls, it can only take on a finite number of patterns. In other words, the phase
space of the PBBS consists of only finite number of points. For dynamical sys-
tems with such phase spaces, it is not clear to specify the difference between
integrable and nonintegrable systems from the trajectry. Recently Yoshihara
et al. have obtained the formulae to determine the fundamental cycle, i.e., the
shortest period of the discrete periodic motion of the PBBS [8]. Mada and the
author examined integrability of the PBBS from its fundamental cycle based
on their results [9]. If the PBBS is ergodic, the fundamental cycle T is of order
of the volume (number of points) of the phase space. However, it is proved to
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be qualitatively smaller than that of the ergodic system and the PBBS may be
regarded as an integrable dynamical system. In this article, we review these
recent results about the fundamental cycle of the PBBS.

2 PERIODIC BOX-BALL SYSTEM AND ITS
FUNDAMENTAL CYCLE

Let us consider a one-dimensional array of N boxes. To be able to impose a
periodic boundary condition, we assume that the Nth box is the adjacent box
to the first one. The box capacity is one for all the boxes, and each box is either
empty or filled with a ball at any time step. We denote the number of balls by
M, such that M < % The balls are moved according to a deterministic time

evolution rule.

1. In each filled box, create a copy of the ball.

2. Move all the copies once according to the following rules.

3. Choose one of the copies and move it to the nearest empty box on the right
of it.

4. Choose one of the remaining copies and move it to the nearest empty box
on the right of it.

5. Repeat the above procedure until all the copies have moved.

6. Delete all the original balls.

A PBBS has conseved quantities which are characterized by a Young diagram
with M boxes. The Young diagram is constructed as follows. We denote an
empty box by “0” and a filled box by “1”. Then the PBBS is represented as a 0, 1
sequence in which the last entry is regarded as adjascent to the first entry. Let p;
be the number of the 10 pairs in the sequence. If we eliminate these 10 pairs, we
obtain a new 0, 1 sequence. We denote by p, the number of 10 pairs in the new
sequence. We repeat the above procedure until all the “1” s are eliminated and
obtain p,, p3, ..., pi. Clearly p; > p, > --- > p; and Z§:1 pi = M. These
{p,-}ﬁ=1 are conserved in time evolution. Since {pi, p2, ..., p;} is a weakly
decreasing series of positive integers, we can associate it with a Young diagram
with p; boxes in the j-thcolumn (j =1, 2, ..., [). Then the lengths of the rows
are also weakly decreasing positive integers, and we denote them

{L17L17"'1L1’L27L21"'9L2""9L37L57"'7LS}

nj np ng

where Ly > L > --- > L;. The set {L;, n;}’_, is an alternative expression
of the conserved quantities of the system. In the limit N — oo, L; means the
length of j-th largest soliton and n; is the number of solitons with length L ;.
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Figure 1. Time evolution rule for PBBS

The following Proposition and Theorem for the fundamental cycle
of the PBBS are essential. Let £ := N —2M =N — Zé’:l 2pj =N —
Z:‘}:l 2n;L;, Ny := £y, Ly =0, and

Ej I=Lj—Lj+1, (j=1,2,...,s) (1)
Nj:=4€o+2n(Ly — Ljt1)+2n2(Ly — Ljy)+---+2n;(L; — Ljy)
J
= Lo+ Y 2m(Li — Ljsy). )
k=1

Then, for a fixed number of boxes N and conserved quantities {L;, n;}, the
number of possible states of the PBBS Q(N; {L;, n;})is given by the following
formula.

Proposition 1

Q(N;{L;,n;}) = ﬁ(ﬂo—l-nl —1)(N1 +”2—1><N2+n3_1>

Lo n ny n3

x...X<NS“+”S_1) 3)

N

The fundamental cycle T is given as:
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Theorem 2 Let T be defined as

Nst—l Ns—le—Z NINO 1
6Ly T bty T by ")

T:=L.CM. < “4)
where L.C.M .(x, y) 1= 2m&x2.2lgmaxixs,yslgmaxixs.ysl - fop x = 2¥23%35%
and y = 2*23%5% ... Then T is a divisor of T. In particular, when there is no
internal symmetry in the state T = T.

The definition of internal symmetry in the above Proposition is rather
complicated and we refer to the original article [8]. However, for given number
of conserved quantities, we can always construct initial states which do not
have any internal symmetry, in particular, if ¥i, n; = 1 the PBBS never has
internal symmetry and 7 = 7. Hereafter we consider the asymptotic behavior
of the fundamental cycle using the above Theorem.

3 MAXIMUM VALUE OF THE FUNDAMENTAL CYCLE

To take an appropriate limit, we fix the ball densty p := M/N. The volume of
the phase space V(V; p) is

N 1
V(N;p) = ~——oo RY, R:=(1—-p)Y o). 5
(N;p) <M) T ( I =p)"p™") &)
Thus the volume of the phase space increases exponentially with respect to the
system size N. On the other hand, for a given number of balls M, there are Py,
different Young diagrams which correspond to conserved quantities. Here Py,
is the number of partitions of M. The following estimation of Py, is well known
[10].

p, = SXPTVIM/3] <1+0 <1°gM)>_

43M MU/A

Since M = pN, we have Py ~ exp [7‘[«/2,0/3«/N]/(4\/§,0N). The restricted
phase space determined by the conserved quantities has the volume
V(N; p)/ Py in average. This average volume still grows exponentially with
respect to the system size and we cannot see an integrable nature of PBBS
as a dynamical system from these conserved quantities. So detailed analy-
sis in the fundamental cycle is important to reveal the integrability of the
PBBS.

Now we present the estimation of the maximum fundamental cycle Tp,x 1=
max[T].
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Figure 2. An example of triangular Young diagram

Theorem3 For N > land M = pN(0 < p < 1/2), the maximum value of
the fundamental cycle Tyax = Thax(N; p) satisfies

exp[2<1—max[m_1,o])ﬁ<l_ ¢ )]

log N

< Tynax < €XP [2\/5\@ log N] . 6)

Here c is a positive integer and ¢ ~ 0.1 for N > 10'°,

From the Theorem 3, we find that log T;,.,x(N; p) > /N On the other hand
log V(N; p) ~ N, and we can conclude that the PBBS does not have ergodic
property.

Although formula (6) is rather rough estimation for the maximum fund-
mental cycle. It seems a difficult problem to obtain sharper bound for 7«
analytically because of its number theoretical aspects. From the above argu-
ments and numerical calculation however, we expect that the fundamental cycle
of the initial state, which has the conserved quantities determined by the tri-
angular Young diagram for the partition (s, s — 1, s — 2, ..., 2, 1), is almost
of order of Ty In this case, all the solitons have different length and the
fundamental cycle is given as

)

_ 1N N
T(t)(N, ,0) —LCM. <NSNS 1’ Ns_1 N 27 ) INO’ 1)

0 Lo B2

where Ny = €+ k(k+1)and g = N —2M = (p~! — 2)s(s + 1)/2.
The number of possible states for the triangular Young diagram Q(N, p)
is given as

S

QUN, p) =] [tto + k(k + 1), ®)
k=1
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where M = pN = s(s + 1)/2and £y = (1 — 2p)N. By putting y := £y/s>, we

have
T K\ (k+1
(1) _ 23|| ~
.= k1|:y+(s)( s >i|

1
2s
~s“exp|s|logl+y)—24+2 yarctan—)]
[ ( Vraean

Since y = —1+1/(2p), by putting a(p) := log(l + y) — 2 + 2, /yarctan

# + log(2p), we have

QUN, p) = exp | V20V N(log N +a(p))] ©)

Thus Q(l)(N, /0) ~ e(«/ZTJ)«/ﬁlogN and

log QO(N, p) log N
log V(N, p) VN’

Hence the number of possible states for the triangular Young diagram is
much smaller than the volume of the phase space. Figure 3 show the ratio
TO(N, p)/ QU(N, p) obtained numerically. The results show that the funda-
mental cycle 7 is much smaller than the number of states Q). Although
the results are not enough to estimate the asymptotic value of 7, we see
in this example that, even if we restrict ourselves to the phase space deter-
mined by the conserved quantities, an trajectry does not have ergodicity in
the sence that it will never visit most of the states with the same conserved
quantities.

(a) p=1/3 (b) p=1/6 (¢} p=1/10
_asqo] 25 5 78 5 15 _os00] 2% 5 78 15 _asgo] 2° 5 75 1
-5000 -5000 -5000
-7500 -7500 : ~7500
10000 L0000/ 3 10000
12500 12500 12500
15000 L5000 LS000|
17500, 1 L7500! ' 17500]
20000 ) 20000 20000
(d) p=11100 (e) p=1/500 ) p=1/1000
2.5 5 7.5 1012 17.5 20 5 10 20 s 10 20
= -5000 -5000
-5000
-7500 10000 10000
L0000
12500 15000 15000
L5000] 20000 ¥ 20000
17500
20000 ; 25000 25000

Figure 3. Results of numerically calculated log [T®(N, p)/ QU(N, p)]
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4 ASYMPTOTIC BEHAVIOR OF FUNDAMENTAL
CYCLE FOR GENERIC INITIAL STATES

In the preceding section, we have proved that log Ty ~ +/N. For a generic
initial state, however, we expect that its fundamental cycle is qualitatively much
smaller. For example, initital states which correspond to rectangular Young
diagram have the fundamental cycle less than or equal to the system size V.
The number of these initial states grows exponentially with respect to N, while
that of the initial states correspond to triangular diagrams grows much slowly
like (9).

To examine the asymptotic behavior for a generic initial state, we define the
generating function as

N (& &) (6o +nk—1
F(N,K, ly;x) = — (

X(EO +2n]( +ng_1 — 1) <€0 +4n1< +2n](_1 +2n[(_2 - l)

ng—1 ng—2

(o R =,
n

(10)

From Proposition 1, we find

Proposition 4 Let N, M and £y be the number of boxes of a PBBS,
that of balls and Ly = N — 2M respectively. Then the coefficient of x™ of
F(N, K, £y;x), f(N, K; M), is the number of initial states whose largest soli-
tons have length less than or equal to K.

The function F(N, K, £y; x) has the following expression:

Proposition 5
N ¢
F(N. K. Lo:x) = (Vg (0)", (11
0

where Yk (x) is recursively defined as

X S
1(x) == 1—x
Yi(x) = Xi(0)Xo(x)--- Xp(x) (k=1,2,..)
Xi(x) := ! k=1,2,..) (12)

1 — {Y1(x)Ya2(x) - - - Y1 (x)}2x*
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Now we introduce
[54] .
k41— o
ap(x) = Z ( + , J)(—l)fx/ k>—1,keZ) (13)
J

j=0
For polynomials a;(x), we have the following Lemma.

Lemma 6 Let a,(x) be as above, then

ap+1(x) = ap(x) — xar_1(x) (k=0,1,2,...). (14)

A1 (Oag_1(x) = ap(x)? — x**' (k=0,1,2,..) (15)
B a(x)k+2 _ ﬂ(x)k+2 _

ap(x) = 2 = B0 k=0,1,2,..) (16)

where a(x) and B(x) are two distinct roots of the quadratic equation
t*—t+x=0.
Note that o(x) and B(x) are explicitly given as

1+ vl —4x I —/1—4x

a > , B= > , a7
and a(x)B(x) = x, a(x) + B(x) = 1.
Proposition 7
Yo(x) = A1) (18)
ax(x)
K+l k+1
_ o) PO =123, (19)

- a(x)k+2 — B(x)k+2

From Propositions 5 and 7, we have an explicit form of the generating func-

tion F(N, K, £y; x). Then the coefficient f(N, K; M) is given by the contour
integral

1 F(N, K, {o;z)

SN, K;M) = — ey

; dz. (20)
271 Jjp=e<t

Asymptotic behavior of the right hand side of (20) may be estimated with, for
example, the method of steepest decent. However, (20) is still complicated and
we shall try to obtain a simpler expression.

The following Lemma is easily obtained by induction.

Lemma 8

L\ &m-Qrgm=1)
(ﬁ) -2 crmm~ =L 1)

r=0
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Then we obtain an explicit formula for f(N, K; M) defined in Proposition 4
as

Proposition 9
N Lo 0\ (lo+i—1 .
fo K:M) = — > Z( )( . )(—nf
0 j—0,(K+1)jH(K+2)i<M i=0 \J t

y (Lo +2(K +1)j +2(K +2)i)- QM + £g — 1)!
M+ Lo+ (K+1)j+(K+2)i)(M—(K+1)j—(K+2)i)’
where o = N — 2M.

(22)

Finally we obtain
Theorem 10 The coefficient f(N, K; M) is given by the Cauchy integral

N dz (1 —zK+!
2rily Jo MH \ 1= K2

Lo
) (1 + Z)2M+e()—1(1 _ Z)
(23)

f(N,K;M) =

Here C denotes the contour |z| = xo(< 1).
We evaluate (23) by the method of steepest decent and we obtain

Theorem 11 For sufficiently large K,

N K+1\ %
SN KMy ~ — (1 = gy LR (L2 (N = +00)
) ; ~ - — o0 s
tov2zmn ]t 1= f
(24)
where Ly =N —2M, M = Np and p = #‘)M(O<t0 < 1.

Utilizing the Theorem 11, the asymptotic behavior of fundamental cycle for
generic initial states are given by the theorem
Theorem 12 Let V(N;p) be the number of initial states which have the

2(log N)?
Sfundamental cycle less than exp [Tgto] Then

V(N;p)
m =
N—oo V(N3 p)

(25)

5 CONCLUDING REMARKS

We have reviewed integrability of PBBS in terms of asymptotic behavior of
its fundamental cycles. As a dynamical system, PBBS is shown to have no
ergodicity in the sence that a trajectry does not visit most of the states in the phase
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space. Although the maximum fundamental cycle Tmaxze*m (Theorem 3), a
generic state has fundamental cycle 7 <e(oeV v (Theorem 12). To obtain more
sharp estimation, we may have to invoke some number theoretical technique,
which is a problem we wish to address in the future.
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1 INTRODUCTION

Since Russel’s horse back journey along the canal from Glasgow to Edinburg
in 1834, since the birth of the Korteweg-de Vries equation in 1895 and since
the remarkable renaissance initiated by M. Kruskal and coworkers in the late
60’s, the field of integrable systems has emerged as being at the crossroads of
important new developments in the sciences.

Integrable systems typically have many different solutions. Besides the soli-
ton and scattering solutions, other important solutions of KdV have arisen,
namely rational and algebro-geometrical solutions. This was the royal road to
the infinite-dimensional Grassmannian description of the KP-solutions, leading
to the fundamental concept of Sato’s T-function, which enjoys Pliicker rela-
tions and Hirota bilinear relations. In this way, the 7-function is a far reaching
generalization of classical theta functions and is nowadays a unifying theme in
mathematics: representation theory, curve theory, symmetric function theory,
matrix models, random matrices, combinatorics, topological field theory, the
theory of orthogonal polynomials and Painlevé theory all live under the same
hat! This general field goes under the somewhat bizarre name of “integrable
mathematics.”

This lecture illustrates another application of integrable systems, this time, to
unitary matrix integrals and ultimately to combinatorics and probability theory.
Unitary matrix integrals, with an appropriate set of time parameters inserted
to make it a T function, satisfy a new lattice, the Toeplitz lattice, related to
the 2d-Toda lattice for a very special type of initial condition. Besides, it also
satisfies constraints, which form a very small subalgebra of the Virasoro algebra
(Section 2).
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Along a seemingly different vein, certain unitary matrix integrals, developed
in a series with respect to a parameter, have coefficients which contain infor-
mation concerning random permutations, random words and random walks.
Turned around, the generating function for certain probabilities turns out to be
a unitary matrix integral (Section 3).

The connection of these combinatorial problems with integrable systems is
precious: it enables one to find differential and difference equations for these
probabilities! This is explained in Section 4. The purpose of this lecture is to
explain these connections. For a more comprehensive account of these results,
including the ones on random matrices, see [1].

2 A UNITARY MATRIX INTEGRAL: VIRASORO
AND THE TOEPLITZ LATTICE

In this section, we consider integrals over the unitary group U (n) with regard
to the invariant measure dM. Since the spectrum zi, ..., z, of M lies on the
circle S! and since the integrand only involves traces, it is natural to integrate
out the “angular part” of dM and to keep its spectral part! |A,(2)|?dz; .. .dz,.
For ¢ € Z, define the following integrals, depending on formal time parameters
t=(t,t,---)and s = (51,52, ---), with g = 1,

Ti(t,5) = | (det M) &= TUM =MD g
U(n)

n . .
- lAn(z)|2H<Zie2?°<t.fz£—s.fzk”—de )

_' .
n! Jsiy il 2mizy

— det (% £22m+682f"(z/11sjzi)> ’ (1)
1 2miz l<t.m<n

the latter being a Toeplitz determinant. The last equality follows from the fact
that the product of two Vandermonde’s can be expressed as sum of determinants:

An) AL W) = Y det (1 Uk 2o &)

oS,

and from distributing the factors in the product (in (1)) over the columns of
the matrix, appearing in the last formula of (1). Now, the main point is that
the matrix integrals above satisfy two distinct systems of equations. These
equations will be useful for the combinatorial problems discussed in Section 3.

! with the Vandermonde determinant A, (z) = Mi<icj<n(zi — 25)-
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2.1 Unitary Matrix Integrals and the Virasoro Algebra

Proposition 1 (See [2]) The integrals (1) satisfy the Virasoro constraints,
Vi, s,n)t(t,s) =0, for k=-1,0,1 3)

where Vi := Vi (t, s, n) are the operators

I—Z(z+1>z,+1 Y - l)s,1 +nr1+(n—s)—

i>1 i>2 8S1
.0 0
VSZZ@G_E ls,a )+8n_o @)
=-) G+ 1)s,+1 “ D= Diiag s+t s)—
i>1 i>2

Remark Note that the generators V; are part of an co-dimensional Virasoro
algebra; the claim here is that the integrals above satisfy only these three con-
straints, unlike the case of Hermitian matrix integrals, which satisfy a large
subalgebra of constraints!

Proof For the exponent ¢ # 0, the proof is a slight modification of the case
& = 0; so, we stick to the case ¢ = 0. The Virasoro operators V; := V7 |£=0 are
generated by the following vertex operator?

cors i v _yoofuTt o _ub d
X(t, s;u) = AT eZrtiu' =siu™) , i ( T a.\-l-)‘ (5)
This means they are a commutator realization of differentiation:

X(t,s;u)i|

u

ad kHX(l‘ us su) ©)

PP |:Vk(t s),

Then the following operator, obtained by integrating the vertex operator (5),

Y(,s5) =
Sl

)

has, using (6), the commutation property

[Y, V] =0.

2 The operator A is the semi-infinite shift matrix, with zeroes everywhere, except for 1’s just
above the diagonal, i.e., (Av), = v,4; and (ATv), = v,_,.
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Then one checks that the integrals 7, = n!t'? in (1) (forn > 1) are fixed points
for Y(¢, s); namely, taking into account the shift AT in (5), one computes

: : 00 ul g ul 9
Y(t, s)1,(t, s) = du_ eZr i —siu™) > (Fa-r)
sl 2miu

2mizy

du 00 (4. i . py—i -
= f —.ezl s )/ Anfl(Z)Anfl(Z)
st 2miu (Shy=1

n—1

<T1 (1 _ Z_k> A P e M
u Zk 2mwizy

k=1

L 00 i —i d
— /1 |An(z)|21_[ (621 (tizp—sizy )i) — In(t’ S)
(S )”

il 2mizy

n—1

_ 0O (4 i o i dzk

/ An1(@) Dy (B) [ [ P tsimsah =2
(Sl)n—l k=1

Using this fixed point property and the fact that (A")"I, = Iy, we have for
Y = Y(, s),
0= [V, Y*]I,
=V YT, — Y'V, I,
=Vil, — YY"V, ,.

du 00 (4.l — gy —i —Zm(ﬂi—ﬁi)
= Vi1, _% o =t ! =siu™) T2 T 0y T s
S LU

s, 2miu
Now one checks visually that for Iy =1,

Vklo =0 for k= —1,0, 1,

ending the proof of Proposition 1. The details of the proof can be found in
Adler-van Moerbeke [2]. |

2.2 The Toeplitz Lattice

Considering the integral 7, (¢, s), as in (1), and setting, for short,

— L0 £ . o*l
=1, Fi=1",

define the ratios

+(t, ~(t,
WS e s) = ()

xu(t,5) = (=1)" o .5) T.(t,5)°

®)
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and the semi infinite matrices (they are not “rank 2,” but try to be!)

—x1yo 1 —xiy 0 0
—x2y0  —xy1 l—xm 0
Li:=| X%y —xy1 —xy  1—x3y3
—X4Yo  —X4)1 —X4)2 —X4)3
and
—Xo)1 —X0)2 —XoY3  —XoY4
l—xiy1 —xiym —X1y3  —X1)4
L, := 0 I —2Xoy2  —xoy3  —xoys
0 0 Il —x3y3  —x3y4
Throughout the paper, set?
7, h Tyt 1 T
By == and v, i=1—xpy, = —— = ”“2 !
T, h,—1 77

339

€))

(10)

One checks that the quantities x,, and y, satisfy the following commuting

Hamiltonian vector fields, introduced by Adler and van Moerbeke in [2],

0x, (1 )BG,- oYy (1 )BGi
= — X _— = — — X —
o, R F NS e
8xn BH,- ay,, 8H[
=1- — =—(1— —,
3s; ( XnYn) v, 3s; ( XnYn) ox,
(Toeplitz lattice)
with Hamiltonians
1 . 1 )
Gi=—-TrL|, H=-—-TrL,, i=1273,...
i i

and symplectic structure

X dxy nd
w = Z k )’k
1

One imposes initial conditions x,(0, 0) = y,(0,0) =

— Xk Yk

an

12)

0 for n > 1 and bound-

ary conditions x(z, s) = yo(t, s) = 1. The G; and F; are functions in involu-
tion with regard to the Hamiltonian vector fields (11). Setting & := diagonal

3 The proof of equality = hinges on associated bi-orthogonal polynomials on the circle, intro-

duced later.
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(ho, h1, ...), with h; as in (10), we conjugate L; with a diagonal matrix so as
to have 1’s in the first superdiagonal:

Ly:=hLh™" and L,:=L,.

The Hamiltonian vector fields (11) imply the 2-Toda lattice equations for the
matrices L and L,

(), L] e T = [(E3) 4]
ot,, Vg ™ sy 2/
i=1,2 and n=1,2,....
(two-Toda Lattice) (13)

Thus the particular structure of L and L, is preserved by the 2-Toda Lattice
equations. In particular, this implies that the 7,,’s satisfy the KP-hierarchy.

Other equations for the 7,’s are obtained by noting that the expressions
formed by means of the matrix integrals (1) above*

nfn(t_ [Z_l], s) ntll(tvs+[z_1])
T,(2, 8) T,(t, 8)
are actually polynomials in z, with coefficients depending on ¢, s; moreover,

they are bi-orthogonal polynomials on the circle for the following (¢, s)-
dependent inner product’,

2

P, s32) =2 and pP(t,5;2) =z

dZ _ 0O (4 i o i
(@), @)t := yg —— f(2)g(z™ et i), (15)
g1 2miz
Using bi-orthogonality one shows that the variables x,, and y,, defined in (8),
equal the z%-term of the bi-orthogonal polynomials,
Xn(t,8) = p(1,5:0) and  y,(t,5) = p(t, 5;0) . (16)

(i) This fact implies the following identity for the &,,’s:
=) (2 O loghy——log (17)
- — - = ——logh,—logh, .
I Mo ) T Tan E s 8

(ii) The mere fact that L, and L, satisfy the two-Toda lattice implies that
the integrals t,(¢, s) satisfy, besides the KP-hierarchy in t and s (sep-
arately), the following equations, combining (¢, s)-partials and nearest

* Fora € C, define [o] := (a, 302, 3a°,...) € C™.

3 For this inner-product, we have (z¥)T = z7%, i.e.,

(Z f@), 8@ = (f(2), 278@)1s - (14)
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neighbors 7,41,

92 log 7. — — fn=1Tnt1
95101, C " 2
92 o o2 93
log 7y = —2——1 - log 7y — ——logz,. (18
dsy0n BT a5, 8T asan 2T T gzan, g T U9)

3 MATRIX INTEGRALS AND COMBINATORICS

3.1 Largest Increasing Sequences in Random Permutations and Words

Consider the group of permutations of length k

Sy = {permutaions 7 of {1, ..., k}}
... k . :
= {nk =7 = <7T(1) n(k))’ for distinct 1 < 7 (j) < k},
equipped with the uniform probability distribution
Pi(my) = 1/k!. (19)
Also consider words of length k, taken from an alphabet 1, ..., p,
S{ = {words o of length k from an alphabet {1, ..., p}}
1 A . .
= {a =0y = (0(1) Q) ... a(k)) , for arbitraryl < o(j) < p}

(20)

and uniform probability P’ (c) = 1/k” on S}.
An increasing subsequence of w; € S, or oy € S,f is a sequence6 1 <j
< ++o < ju <k,suchthat w(j;) < --- < 7(jy). Define

L ()
Ly (oy)

We shall be interested in the probabilities

} = length of the longest increasing subsequence of { Zk (21)
k

PLi(m) <n,meS) and P/(Li(c)<n,o €SP

form; =(3,1,4,2,6,7,5) € §7, wehave L(7) = 4
Examples: { for s =(5,1,4,3,2) € S5, wehave Ls(rs) = 2.
foros =(2,1,3,2,1,1,2) € S3, wehave L(07) = 4.

6 For permutations one automatically has strict inequalities 7 (j;) < - -+ < 7(j,).
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In 1990, Gessel [3] considered the generating function (22) below and
showed that it equals a Toeplitz determinant (determinant of a matrix, whose
(i, j)th entry depends on i — j only). By now, Theorem 2 below has many dif-
ferent proofs; at the end of Section 3.3, we sketch a proof based on integrable
ideas. See also Section 4.2.

Theorem 2 (Gessel [3]) The following generating function has an expression
in terms of a U(n)-matrix integral’

o é_-k _

Y SRy sy = | Ty
= k! U

1 L - dzy
- |An(Z)|2 (es/g(zm—zw : )
n! (ShHyr ]g 27T1Zk

_ det (% Az zlme‘/g(”zl)) (22)
sl 27TZZ 1<t,k<n

Theorem 3  (Tracy-Widom [4]) We also have®

o (P9, Tt )
S SR L) sm= | STV det(l + MY dM
k=0 . U(n)

d _
= det (% —Z,zkfzesz ‘a+ Z)p) .
sl 27TlZ 1<k,l<n

Consider instead the subgroups of odd permutations, with 2¥k! elements, the
hyperoctahedral group,

godd _ |k € Soks okt (=ky oo, —=1,1,...,k)O cs
2k 7| with o (—j) = —mo(j), forall j *

godd ) Mokt € Sok1, ok 2 (=k, ..., —=1,0,1,..., k)0 cs
2607 | with o1 (— ) = =71 (), forall j *

Then, according to Rains [5] and Tracy-Widom [4], the following generating
functions, again involving the length of the longest increasing sequence, are
related to matrix integrals:

7 The expression (22) is a determinant of Bessel functions, since J, (1) is defined by e* -h =

% 1" J,(2u) and thus

VEGHTh) _ VEE(in—(-inTh Z(,iz)njn(z /—E).

8 The functions appearing in the contour integration are confluent hypergeometric functions ; F;.
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Theorem 4 For myy € Sg,‘fd and T4 Sg,‘fd, one has the following generating

functions:

>N (26)F 2
Z i P(L(mor) < n for oy € S;,fd) = / eVE T g g
0 ! Un)

x (2 k
Z( 5 P(L(m2i11) < 1 for moer € S5i)

]
o k!
1 a 2 1 2 V72 VAN 2 72
_ (2 M (eTr(t(M+M)+J§(M M) | (M + M)~ E M+ )))
4 \ ot Un) =0

Generating functions for other combinatorial quantities related to integrals
over the Grassmannian Gr(p, R") and Gr(p, C") of p-planes in R” or C" have
been investigated by Adler-van Moerbeke [6].

3.2 Combinatorial Background

The reader is reminded of a few basic facts in combinatorics. Standard refer-
ences to this subject are MacDonald, Sagan, Stanley, Stanton and White [7-10].

e A partition A of n (noted A n) or a Young diagram A of weight n is
represented by a sequence of integers A; > Ay > --- > X, > 0, such that
n=|Al:=x +---+ Ag;n = |A| is called the weight. A dual Young dia-
gram )\’ = ()»;r > AZT > .. .)is the diagram obtained by flipping the diagram
A about its diagonal; clearly |A| = |AT|. Define Y, := {all partitions A with
A = n}.

A skew-partition or skew Young diagram A\, for A D , is defined as the
shape obtained by removing the diagram p from A.

e The Schur polynomials, (t) associated with a Young diagram X - n,is defined

by

Si(t1, 1, .. ) = det(8y,—i; ())1<i, j<e
in terms of elementary Schur polynomials s;(¢), defined by
eZruT Zsi(t)zi, and s;(t) =0 fori <O.
i>0

The skew Schur polynomial s, ,(t), associated with a skew Young diagram
A\W, is defined by

Siu(t) 1= det(Sy,—i—p;+;()i<i j<n- (23)

The s;’s form a basis of the space of symmetric functions in xy, x5, ..., via
the map kt, = Y., xX.

i>17i
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e A standard Young tableau P of shape A - n is an array of integers 1, ...,n
placed in the Young diagram, which are strictly increasing from left to right
and from top to bottom. A standard skew Young tableau of shape A\ - n
is defined in a similar way. Then, it is well-known that

Fr# standard tableaux of shape A - n | _ ws o
’ filled with integers 1, ..., n ul*l 2

ti=ud;;

M standard skew tableaux of shape [A\ ]!
fr= o = s
A\ = n filled with integers 1, ..., n ulA\ul Ny
(24)
o A semi standard Young tableau of shape A - nisanarray of integers 1, ..., p

placed in the Young diagram X, which are non-decreasing from left to right
and strictly increasing from top to bottom. The number of semi-standard
Young tableaux of a given shape A I n, filled with integers 1 top for p > 4],
has the following expression in terms of Schur polynomials:

4 : semi standard tableaux of shape A } _, (p, P p ) . ©5)

filled with numbers from 1 to p 273

® Robinson-Schensted-Knuth (RSK) correspondence: There is a 1-1 correspon-
dence

pairs of standard Young tableaux (P, Q),
Sy <—> { both of same arbitrary shape A, with (26)
|A| = k, filled with integers 1, ...,k

Given a permutation 7 = (iy, ..., ix), the RSK correspondence constructs
two standard Young tableaux P, Q having the same shape A. This construc-
tion is inductive. Namely, having obtained two equally shaped Young dia-
grams P;, Q; from iy, ..., i;, with the numbers (i, ..., i;) in the boxes of
P; and the numbers (1, ..., j) in the boxes of Q ;, one creates a new diagram
Q j+1, by putting the next number i, in the first row of P, according to the
rules:

(i) if ij41 > all numbers appearing in the first row of P;, then one creates a
new box containing i to the right of the first column,

(ii) if not, place i;, in the box (of the first row) with the smallest higher
number. That number then gets pushed down to the second row of P;
according to the rules (i) and (ii), as if the first row had been removed.

The diagram Q is a bookkeeping device; namely, add a box (with the number
j +1init) to Q; exactly at the place, where the new box has been added to
P;. This produces a new diagram Q ;| of same shape as P;.
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The inverse of this map is constructed by reversing the steps above. The
Robinson-Schensted-Knuth correspondence has the following properties:

¢ length (longest increasing subsequence of 7) = # (columns in P)

¢ length (longest decreasing subsequence of 7) = # (rows in P)
o 7> (P, Q) thent ™' (Q, P) (27)

So-called Plancherel measure P, on Y, is the probability induced from the
uniform probability P on S; (see (19)), via the RSK map (26). For an arbitrary
partition A F k, it is computed as follows:

Pc(A) = Py(permutations w € Sy leading to A € Y; by RSK)
#{ permutations leading to A € Y; by RSK}
- k!
pairs of standard tableaux (P, Q), both
{ of shape X, filled with numbers 1, ..., k }

k!

)2
(J;C‘) , using(24).

Note that, by the first property in (27), we have
Li(w) <n <= (P, Q)has shape A with |A| = kand A| < n.
These facts prove the following Proposition:

Proposition 5 Let P, be uniform probability on the permutations in Sy and
Py Plancherel measure on Yy, := {partitions . - k}. Then:

1 | pairs of standard Young tableaux (P, Q), both of
Pe(Li(m) = n) = ﬁ# { same arbitrary shape A, with|A| = kand .} < n

1
=4 Xj(f)\)2
e

= PO < n). (28)
From a slight extension of the RSK correspondence for “words,” we have

semi-standard and standard Young tableaux
S,f <~ (P, Q) of same shape A and |A| = k, filled ¢,
resp., with integers (1, ..., p)and (1, ..., k),

and thus the uniform probability P/’ on S/ induces a probability measure P/
on

Y? = {partitions A such that |»| = k, A{ < p},
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namely
P/(A) = Pl{wordso € S} leading toA € Y/ by RSK}

. kaA (p, %, %, .. )
= pk ,

reYy.

Proposition 6 Let Py be uniform probability on words in S{ and P! the
induced measure on Y}. Then:

1 semi-standard and standard Young tableaux (P,Q)
P,f(L(a) =n)=—# of same shape A, with|A| = k and Ay < n, filled
P resp., with integers (1, ..., p)and (1, ..., k),

:%Zf)‘sx(p,g,g,..)

A=k
)‘15;1

=Pl (\ <n). (29)
. 1 2 3 45
Example For permutation w = ( 51 4 3 2) € Ss, the RSK algo-
rithm gives
P= 5 1 1 4 1 3 1 2
3
5 4
5
0= 1 1 3 1 3 1 3
2 2 2 2
4 4
5
Hence
2
1[2] 1]3]
reeo=[ 11 || &
5 5
standard standard

Note that the sequence 1,3, underlined in the permutation above is a longest
increasing sequence, and so Ls() = 2; of course, we also have

Ls() = 2 = #{columns of P or O}.
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3.3 A Probability on Partitions and Toeplitz Determinants

Define yet another “probability measure” on the set Y of Young diagrams
P(A) = Z7 '8, (1)si(s), Z = eXi= s, (30)

Cauchy’s identity’ guarantees that P()) is a probability measure, in the sense

> POy =1,

reY

without necessarily O <P(A) < 1. This probability measure has been
introduced and extensively studied by Borodin, Okounkov, Olshanski and oth-
ers; see [11, 12] and references within. In the following Proposition, the Toeplitz
determinants appearing in (1) acquire a probabilistic meaning in terms of the
new probability P:

Proposition 7  Given the probability (30), the following holds

d 0 i o I
P(x with .y < n) = Z~'det (f Lkt Y sz >) 31)
st 4Tz 1<k,t<n
and
P(}\. Wlth )\'I S n) — Z*ldet <‘¢‘ —Z.Zk[ezlm(hﬂ‘F\'le))
s12miz I<k,t<n
with Z given by (31).

Proof Consider the semi infinite Toeplitz matrix

) 0 gy A2
Moo(t, 8) = (redk,e=0,  With pge(t, s) = jg el izl =) 22
g1 2miz
Note that
8'U/k€ =% Zk7€+iezfc(1jzi*6‘jzij) dZ — M’k+if
at; 5l 2miz '
d ; gy dz
o = _,?g PRI e = g (32)
as; sl 2miz

9 Cauchy’s identity takes on the following form in the ¢ and s variables:

D si(t)sils) = =T

reY
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with initial condition t¢(0, 0) = §i,. In matrix notation, this amounts to the
system of differential equations'’
om . om )
® = Alms  and X = —me(AT),
at; as;
with initial condition m (0, 0) = I . (33)

The solution to this initial value problem is given by the following two expres-
sions:

(1) Meo(t,8) = (ke(t, $)k,e=05 (34)
as follows from the differential equation (32), and
(ii) Moo(t, $) = eX1 "N mo (0, 0)e X AT (35)

upon using (3/d5)e>t 1A = AkeXT usl, Then, by the uniqueness of solutions
of ode’s, the two solutions coincide, and in particular the n x n upper-left blocks
of (34) and (35), namely

my(t,s) = E,(1)mx(0, O)EnT(—S) , (36)
where
I si(t) s@) s3(6) ... s,—1()
0 1 s1(®) sa(t) ... s,_2(0)
E,(t) =] : = (s;-i(2)) Isten
s1(1)
0 .. 0 1

is the n x n upper-left blocks of

L si(t) sa2(t) s3(1)

- 0 1 si() 0
YEuA _ (A =]0 0 Loosi) | = (sii()) 1mieme
e ;so 0o o ™ (8- ()12

Therefore the determinants of the matrices (36) coincide:

det m, (¢, s) = det(E,(#)moo (0, O)E;(—s)) . 37

10 The operator A is the semi-infinite shift matrix defined in footnote 2. Also I, is the semi-
infinite identity matrix.
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Moreover, from the Cauchy-Binet formula'!, applied twice, one proves the
following: given an arbitrary semi-infinite initial condition m (0, 0), the ex-
pression below admits an expansion in Schur polynomials,

det(E, (mao(0, OE) (=) = > det(n*)s;(1)s,(—s), forn > 0,

(38)

where the sum is taken over all Young diagrams A and v, with first columns
<n(.e., AIT and vlT < n) and where m*" is the matrix

}’I’l)h’U = (Mk;—i+n,v‘f—j+n(07 0))151"]5”' (39)
Applying formula (39) to m (0, 0) = I, we have
detm™” = det (13, —i+n,v;—j+n)1<i,j<n # O if and only if L = v,  (40)

in which case det m** = 1. Therefore,

d o0 i )
3 s5(0)s,(—s) = det f—z,z"—‘fezl (12 =57 . @D
sl 27TlZ 1<k,f<n

AeY

A <n

But, we also have, using the probability P, defined in (30), that

P(withA{ <n)=2Z"") " s (t)s(s) (42)
}\}:rsizn
T<
Comparing the two formulas (41) and (42) and changing s — —s in (41),
yield
I —1 dZ g S (s
P(A with A <n)=Z""det —— 7" e Vit TS
s

1 2miz | <k.t<n

=z Z $;.(1)8:.(5). (43)

I Given two matrices(A), (B), for n large > m

det (Z al,-b,-k)

E det(a,i ) 1<k.e<m dewyy )1 <k,t<m-

1<ij<..<im=n

det(AB)

1<k, l<m
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Using s;(—t) = (—1)*Is; T(¢), one easily checks

PG with iy <n)=Z"' Y si(1)si(s), by definition

reY
A <n

=z Z $, T(1)s: T(s)

reY
)‘IT <n

=77 si(=0si(—s)

reY

Al <n

dZ 00, i —i
= 7 ldet (% : Zkffele (tiz'+siz™") ,
s12miz I<k.t<n

using (43) in the last equality, with Z as in (30). This establishes
Proposition 7. u

Proof of Theorem 2 For real £ > 0, consider the locus
Ly = {all s = 1 = 0, except 1] = s; = \/£} (44)
Indeed, for an arbitrary A € Y, the probability (30) evaluated along £ reads:

P(A) |z, = e~ 2wz Kk, (1)s; ()

1=VE5;)
si=vE81
A A
_ ¢ MI/Zf_ IKI/Zf_ i
=e & M“g T using (24),
eV
AV AN
Therefore
e EM (M
POy <n)lg, =) et 2—
; [A[ A
::,gfi_f (f"?
5 k! et k!

0 sk
— ot Z %Pk(Lk(n) <n), by Proposition3.4. (45)
- k!
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The next step is to evaluate (31) in Proposition 3.5 along the locus £,

£ = e iz det (yg —dZ: zk_le‘ZTo(’fZiJr“_i))
sl 27TZZ 1<k,l<n
= e det <7§ _dz: zk_[e_‘/g(”z_l))
sl 27TlZ 1<k t<n

= e Sdet (% d—z,zkle*/g(Z”l)) , (46)
Sl 27TZZ lSk,ZSn

by changing z — —z. Finally, comparing (45) and (46) yields (22), ending the
proof of Theorem 2. ]

P < n)

Ly

Proof of Theorem 3 The proof of this theorem goes along the same lines,
except one uses Proposition 3.4 and one evaluates (31) along the locus

Ly = {tx = 6r1& and ks, = p),

instead of L£;; then one makes the change of variable z — —z71 in the

integral. ]

3.4 Non Intersecting Random Walks

Consider n walkers in Z, walking fromx = (x; < x, < --- < x,)toy = (y; <
Yo < --- < yu), such that, at each moment, only one walker moves either one
step to the left, or one step to the right, with all possible moves equally likely.
This section deals with a generating function for the probability

Pk )= P that n walkers in Z go from xy, ..., x,t0 ) b)(cl;)
Y= Yis ..., Yain k steps, and do not intersect |~ (2n)k

We now state a Theorem which generalizes Theorem 3.1; the latter can be
recovered by assuming close packing x =y = (0, 1,...,n — 1). In Section
4.3 discrete equations will be found for P(k; x, y).

Theorem 8 (Adler-van Moerbeke [13]) The generating function for the
P(k;x, y) above has the following matrix integral representation:

L }
Z (2nz) Pk;x,y) = / sk(M)sM(M)eZTr(M"'M)dM =:a;,(2)
U(n)

!
k>0 k!
= det (% _du u“l“”keZ(”Jr”l))
; )
s 2mwiu \<k.t<n
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where s, and s,, are Schur polynomials'? with regard to the partitions ) and [,
themselves determined by the initial and final positions x and y,

A—iv1 i =xi—i+1, pp_ipi=yi—i+1. fori=1,...,n. a7
Remark The partitions A and @ measure the discrepancy of x and y from

close packing 0, 1,...,n — 1!

Remark Connections of random walks with Young diagrams have been
known in various situations in the combinatorial literature; see R. Stanley [9]
(p- 313), P. Forrester [14], D. Grabiner & P. Magyar [15, 16] and J. Baik [17].

Proof Consider the locus
Ly ={allf; =5 =0, exceptt; = z,5, = —z}.
Then, since
Y —siu™) _ z(utuh
e~! |£1 =e ,

we have, combining (38) and (37),

/ U ATTGM =M = 3 4@ (Dsu(~s),  (48)
U(n)

A psuch that

)vl sy =n

with (for definitions and formulas for skew Schur polynomials and tableaux,
see (23) and (24))

j -y du
au(2) D det (7§ etk gl T )
st 27iu ) | <q p<n

(g) / S)\(M)SM(M)€ZTr(M+M)dM
U(n)

3 SO,

v with

o] <n
A
@ 5 2V e ZMal oy
vwithvDAi, i |U\)\.|' |V\M|'

v, =n
1=

12 Given a unitary matrix M, the notation s, (M) denotes a symmetric function of the eigenvalues
X1, ..., X, of the unitary matrix M and thus in the notation of the present paper s; (M) :=
(Tt M, 1 Te M2, %Tr M3, ...
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Xk k!

Z v v
= Zﬁklzkzz DDA A

k=0 vwithvDda,u
[V\A|=k{
[V\pl=ky
T

v <
| =n

~
<

1
here k =—-kF A £
where ky 1y 2( F AL £ (uD,
ways that n non intersecting
k . . 2 k
_ ZZ 4 walkers in Z move ink steps | _ (2nz) Plkix. y).

k) fromx; < xp < --- < x !
kzOk' 1 2 n =0 k!

Oy <y <- <y

Equality (i) follows from (40) and (38). The Fourier coefficients ay,(z)
of (48) can be obtained by taking the inner-product'® of the sum (48) with
S« ()sg(—s). Equality (iii) is the analogue of (43) for skew-partitions and also
follows from the Cauchy-Binet formula. Equality (iv) follows from formula
(24) for skew-partitions. Equality (v) follows immediately from (iv), whereas
the last equality follows from an analogue of RSK as is now explained.

Consider, as in the picture below, the two skew-tableaux P and Q of shapes
Vv\A and p\A, withintegers 1, ..., [v\A|and 1, ..., |v\u| inserted respectively
(strictly increasing from left to right and from top to bottom). The integers
c;j in the tableau P provide the instants of left move for the corresponding
walker (indicated on the left), assuming they all depart from (x, . . ., x,), which
itself is specified by v. This construction implies that, at each instant, only
one walker moves and they never intersect. That takes an amount of time
[V\A| = %(k — |A] + |ut]) = k1, at which they end up at a position specified
by v. At the next stage and from that position, they start moving right at the
instants k — c;;, where the c;; are given by the second skew tableau and forced
to end up at positions (yy, ..., y,), itself specified by u; see (47). Again the
construction implies here that they never intersect and only one walker moves
at the time. The time (of right move) elapsed is |[v\ | = %(k + |A| — |u]) = ka.
So, the total time elapsed is k; + k, = k.

The final argument hinges on the fact that any motion, where exactly one
walker moves either left or right during time & can be transformed (in a canonical
way) into a motion where the walkers first move left during time k; and then
move right during time k. The precise construction is based on an idea of

Forrester [14]. This map is many-to-one: there are precisely % walks leading

(Sq» S3) :=S, o 19 s(z)‘
o ST Reany 200, ) M lieo
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to a walk where walkers first move left and then right.

instants of left move instants OfAr-ight move
1% walker [ (I T
VWL WL W] Wenle] | W] W] W] o] ]
nd o, /
2% walker | | pricm|on M| a1 | caz| s
3 walker | ff|ca1|cs2|cas W ich |cho|Cha
4% walker | f|cu Cq | Ca2
P of shape v\ Q) of shape \p
This sketches the proof of Theorem 8. ]

4 WHAT DO INTEGRABLE SYSTEMS TELL US
ABOUT COMBINATORICS?

The fact that the matrix integrals are related to the Virasoro constraints and the
Toeplitz lattice will lead to various statements about the various combinatorial
problems considered in Section 3.

4.1 Recursion Relations for Unitary Matrix Integrals

Motivated by the integrals appearing in Theorems 2, 3, and 4, consider the
integrals, for ¢ = 0, &£, (different from the 7, introduced before)

1 L N i iy dzg
If = — An@P T | ZeXim 7 Gt =5 49

el gzke ' iz @9
They enjoy the following property:

Theorem 9 The integral I, := I,? can be expressed as a polynomial in I, and
the expressions xy, ..., Xy_1,

n—1

L=y []a—-x)", (50)
1

with the x;’s satisfying rational 2N + 1-step recursion relations in terms of
prior x;’s; to be precise

N N N ka
Z i Z i Z i—1 k
(( whh ! ( uiLll) _2( uiLll ) B l_xk’

1 k+1,k+1 1 k.k 1 k+1,k
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where Ly is the matrix'* defined in (9) and the u;’s appear in the in-
tegral (49). The left hand side of this expression is polynomial in the
Xk—Ny«vvsXky -, Xy and linear in xiyn and the parameters uy, ..., uy.
This implies the recursion relation

Xk+N :F(Xk-‘rN—]a"'7-xk7"'7-xk—N;u17"'7uN)7

with F rational in all arguments.

Remark Note the x,,’s are the same ratios as in (8) but for the integrals (4.1.1),
ie.,
I+
X, = (—1)”1'—’, with 1, :=I¢ and I7 :=I° ,
n e=0 e=+1

Example 1 Symbol ¢/ ),

This concerns the integral in Theorem 2, expressing the generating function
for the probabilities of the length of longest increasing sequences in random
permutations. Setting u; = u, u; = 0 for i > 2 in the equation (51), one finds
that

n _ dZ
Sy 1An@P TT zpelvt’) S
k=1

2mizy 52)
X, = - N dz
1A 2 u(zwrzk ) k
/‘(S])’ | n(Z)l kl;[] e 27'[le
satisfies the simple three-step rational relation,
kxk
UXp1 + Xp-1) = —5——- (33)
xp—1

This so-called MacMillan equation [18] for x, was first derived by Borodin
[19] and Baik [20], using Riemann-Hilbert methods. In [13], we show this is
part of the much larger system of equations (51), closely related to the Toeplitz
lattice. This map (53) is the simplest instance of a family of area-preserving
maps of the plane, having an invariant, as found by McMillan, and extended by
Suris [21] to maps of the form fo(n) = f(x(n)), having an analytic invariant
of two variables ®(f, y). The invariant in the case of the maps (53) is

(B, y) =1(1 — (1 —y*) — nBy,
which means that for all n,

<I)(xn+17 Xp) = P(xy, Xp-1).

14 Note in the case of an integral the type (49), we have x, = y,, and thus L, = L].
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For more on this matter, see the review by B. Grammaticos, F. Nijhoff, A.
Ramani [21].

Example 2 Symbol ¢/G+e Hu@+e),

These symbols appear in the longest increasing sequence problem for the Ay-
peroctahedral group; see Theorem 3.3. Here we setu; = ¢, up = u, u; = 0 for
i > 3 in the equation (51); one finds

n -1 2, oy dzg
Jisty 18 @ TT zeetra D 22
Xn = k:,,ll de (54)
-1 24,2
LA (Z)|2 et @tz )Fu(z?+z7%) .
Jisiy 1 kl;ll 27z
satisfies the five-step rational relation, (v, := 1 — x,%)
0=nx, +tv,(x,—1 + xn+1) + 2uv,
2
X (xn+2vn+1 + Xp—2Vp—1 — xn(xn+1 + xn—l) ) (55)

Also here the map has a polynomial invariant

(e, B, y,8) = (t +2u(@(@ — B) — y (S + B))(1 = B)(1 — ¥*) — nBy;

that is for all n,

CD()C,,,I, Xns Xn+1> xn+2) = q)(xnf% Xn—1sXn, xn+l)-

Proof of Theorem 9  Formula (50) follows straightforwardly from the identity
(10). Moreover Proposition 2.1 implies the integrals

1 d oo, i i) d
Tl 9) = — / ApP [ epe ot owar?) (56)
n! (Styr k=1 27T1Zk

satisfy the Virasoro constraints (3). Thus, setting V, := Vf,|6:0 and VI :=

Ve |£=1, we have

0= Vit Vot

T T
b 0 ot
= Z (it,-— - is,-—) logx, +n, wherex, =(—1)"-"~
=1 dt; as; Tn
1—x2 3
= 5 T Nit,Gy —isiH) +n,  using (2.2.4)
Xn  0Xy 477
1—x; iti(—(L )11 + (L7 Dagrn)

X2 Z { +isi(LY)un — (L5 Dnns1) } o

i>1
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Setting

o g = LU for 1<i<N
Hi="15i=10 for i>N,

leads to the claim (51). Relations (53) and (55) are obtained by speciali-
zation. u

4.2 The Painlevé V Equation for the Longest Increasing
Sequence Problem

The statement of Theorem 2 can now be completed by the following Theorem,
due to Tracy-Widom [23]. The integrable method explained below captures
many other situations, like longest increasing sequences in involutions and
words; see Adler-van Moerbeke [2].

Theorem 10 Foreveryn > 0, the generating function (22) for the probability
of the longest increasing sequence can be expressed in terms of a specific
solution of the Painlevé V equation:

!
= k!

>, £k 5 3
Z =P (Li(mw) <n) = eXP/O log (;) gn(u)du; (57)

the function g, = g is the unique solution to the Painlevé V equation, with the
following initial condition:

n_ 82 1Y 8 4 2000 1) el _
{g 2<g,1+g)+u+u8(g -2l =0 58)

with g,(u) =1 — % +O0W"™"), nearu =0.
Proof For the sake of this proof, consider the locus
L={allt, =5 =0, exceptt, s, # 0}.

From (4), we have on L,

0 Vo‘L’n " d d |
= =tH— —s;— |logT,
T, IL ! ot ! 081 &t L
Vo‘L’n V()T,,,l d a Tn
=—————| =|ti— —s1— )log )
T Th—1 IL 0ty as1 Th—11L
0 V_i1, 92 n 92 ) N
= — =|(-s n 08T, n.
or 1, e Vassor | anas ) 8 e
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Then combining with identities (18) and (17), one finds after some computations
that

2

gnlx) = — - ) (59)

d d
log 7,(t,5)] = —x— [ logt,(z, s)
s5i==8j0v/x

011081 £ dx dx

satisfies equation (58). The initial condition follows from the combina-
torics. |

4.3 Backward and Forward Equation for Nonintersecting
Random Walks

Consider the n random walkers, walking in & steps fromx = (x; <x; < - <
X)toy = (y; < y» < --- < y,),asintroduced in Section 3.4. These data define
difference operators15 fork,neZ,,x,y €Z,

- k -

i=1

n k _ _
Ay = Zl (ZA,( L0F, + yids + 0 — (i — xl-)) (61)

With these definitions, we have

Theorem 11 [13] The probability

that n non-intersecting walkers in Z move during

(k) k instants fromx; <Xxp <--- < Xxptoy; < y;
Pk;x,y) = 2”]{ =P | <--- <y, where at each instant exactly one
(2n) walker moves either one step to the left, or one
step to the right
(62)
satisfies both a forward and backward random walk equation,
Ai Pk, x,y) =0, (63)

Remark ‘“Forward and backward,” because .4; essentially involves the end
points y, whereas A, involves the initial points x.

15 in terms of difference operators, acting on functions f(k, x, y), withk € Z,x,y € Z:
O [ = flk,x + e, y) = fk,x, )
O [ 1= [k, x, y) — flk, x —ae;, y)
A f = fle—1,x,y). (60)
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Proof The unitary integral below is obtained from the integral t°(t, s), ap-
pearing in (1), by means of the shifts #; +— #; + z, s — s1 — z. Thus it satisfies
the Virasoro constraints for k = —1, 0, 1, with the same shifts inserted. This
integral has a double Fourier expansion in Schur polynomials; see (48). So we
have, with V; defined in (4),

0=V,

oZ T MM ;35 Tl MY —s; M)A M
>t +z
S| -2 U(Vl)

=V,

e D @u@DS(D)8,(—9)

spF>s1—z A,usuch that
LT.HTSH

= Z S)\(I)S,u( S);C(G)LM(Z))

1r5
Hy=n

To explain the equality = above, notice the Virasoro constraints V; act on the
terms s, (¢)s,(—s) in the expansion. Since the constraints (4) decouple as a
sum of a t-part and an s-part, it suffices to show V,(¢)s; () can be expanded
in a Fourier series in s,,(¢)’s; this is done below. Therefore V;s; (¢)s,(—s) can
again be expanded in double Fourier series, yielding new coefficients £(a,,.(z)),
depending linearly on the old ones a,,(z). Thus we must compute V(¢)s,(t)
for

W = 5 ot o +— S G 64

—i—j=k
This will generalize the Murnaghan-Nakayama rules,

ntysi(t) =Y (=H)"Ws, (1)

u\AgB(n)
0
SISO =) (DM s, ). (65)

A\pneB(n)

To explain the notation, b € B(i) denotes a border-strip (i.e., a connected skew-
shape A\u containing i boxes, with no 2 x 2 square) and the height ht b of a
border strip b is defined as

htb := #{rows inb} — 1. (66)
Indeed in [14] it is shown that

Vosit) = Y di)su(t) and V,s(1) = Z d\)s, (1) (67)

m
H\LEB(n) »\\ueB(n)
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with the same precise sum, except the coefficients are different: (n > 1)

d}(\nﬂ) — Z Z (_1)ht(k\v)+ht(u\v)

i>1 v such that
M\v € B(i)
n\v € B(n+1i)
My C p\v

1 n
+ 5 21: Z (— l)ht(V\)»)Jrht(u\V). (68)

v such that
v\A € B(i)
u\v € B(n —1i)

In view of the infinite sum in the Virasoro generators (64), one would expect
V.8, to be expressible as an infinite sum of Schur polynomials. This is not so:
acting with Virasoro V, leads to the same precise sum as acting with nt, (resp.
a/dt,), except the coefficients in (67) are different from the ones in (65). This
is to say the two operators have the same band structure or locality! Then
setting

k
o 2
au(a) =) bl
k>0 :
leads to the result (63), upon remembering the relation (47) between the A, u’s

and the x,y’s. [ |
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ON REDUCTIONS OF SOME KdV-TYPE
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Abstract A few 2 + 1-dimensional equations belonging to the KP and modi-
fied KP hierarchies are shown to be sufficient to provide a unified pic-
ture of all the integrable cases of the cubic and quartic Hénon—Heiles
Hamiltonians.

1 INTRODUCTION

The Hénon—Heiles (HH) Hamiltonian [1] with a generalized cubic potential is
defined as

1 ﬂ 3
HH3 : H = 2 (pi + pi +egi + o) toqig; = 3q7+ 5. ()
2

in which «, 8, ¢y, ¢, c3 are constants.

The corresponding equations of motion pass the Painlevé test for only three
sets of values of the ratio 8/«, which are also the only three cases for which an
additional first integral K has been found [2—4]. These three cases have been
integrated [5, 6] with genus-two hyperelliptic functions. Moreover, they are
equivalent [7] to the stationary reduction of three fifth-order soliton equations,
called fifth-order Korteweg de Vries (KdV5), Sawada—Kotera (SK), and Kaup—
Kupershmidt (KK) equations, belonging respectively to the KP, BKP, and CKP
hierarchies whose Hirota bilinear forms can be found in [8].
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If the potential is taken as the most general cubic polynomial in (g1, ¢2),
there exists a fourth Liouville integrable case,
V=g +sgn + ——a )
1T 5% 63
detected by Ramani et al. [9], but up to now its general solution is unknown.
Another Hénon—Heiles-type Hamiltonian with an extended quartic potential
has been considered,

1
HH4 : H = 5(Pl2 + P} +aQ?+bQ3)+CO+BQ*Q3+ AQ;

;1 ( “ 4L ) +uQ 3)
- ) ) l"l/ 1 9

2\ot o

in which A, B, C, «, B, 1, a, b are constants. Again, the equations of motion
pass the Painlevé test for only four values of the ratios A : B : C [9-11], which
happen to be the only known cases of Liouville integrability. However, it is not
yet completely settled whether, in all four cases, the quartic Hamiltonian (3)
displays the same pattern as the cubic Hamiltonian (1), i. e.

the equations of motion can be integrated with hyperelliptic functions of
genus two,

there exists an equivalence with the stationary reduction of some partial
differential equation (PDE) belonging to the KP, BKP, and CKP hierarchies.

In this paper, we first summarize the results already established for the
systems (1) and (3). We then establish new links between the coupled KdV (c-
KdV) systems considered in [12] and some other ones [8, 13, 14] belonging to
the BKP and CKP hierarchies. These links could be useful to find the explicit
general solution without any restriction on the parameters other than those
generated by the Painlevé test.

2 ALREADY INTEGRATED CASES

The four cases for which the quartic Hamiltonian passes the Painlevé test
are,

1. A: B:C=1:2:1, u=0.Thesystem is then equivalent to the stationary
reduction of the Manakov system [15] of two coupled nonlinear Schrodinger
(NLS) equations and has been integrated [16] with genus two hyperelliptic
functions.
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Table 1. All the cases of HH3 and HH4 which pass the Painlevé test, with the extra
terms c3 or «, B, p. First column indicates the cubic or quartic case. Second column
is the value of B8/« (if cubic) or the ratio A : B : C (quartic), followed by the values
selected by the Painlevé test. Third column indicates the polynomial degree of the
additional constant of the motion K in the momenta (p;, p,). Next column displays
the PDE system connected to the HH case. Last column shows the reference to the
general solution and the not yet integrated cases. When the general solution is known,
it is a single-valued rational function of genus-two hyperelliptic functions

‘ HH ‘ case ' deg K ' PDE ‘ General solution

3 —1, Ci =0C 4 SK [6]

3 —6, ¢y, ¢, arb. 2 KdVs [5]

3 —16, ¢; = 16¢; 4 KK [6]

4 1:2:1 2 ¢-NLS [16]
nw=0

4 1:6:1 4 c-KdV2, Lax order 4 o= p[18],a # B?
a=b,u=0

4 1:6:8 4 c-KdV1, Lax order 4 B =01[18], B, #0?
a=4b,a =0

4 1:12:16 4 ¢c-KdVb Lax order 5 af =0/[19],ap # 0?
a=4b,u=0

Each of the last three cases is equivalent [12] to the stationary reduction of
a coupled KdV system possessing a fourth or fifth order Lax pair. Canonical
transformations have been found [12,17] which allow us [18,19] to define the
separating variables of the Hamilton—Jacobi equation, however with additional
restrictions on «, 8, i, as showed in Table 1.

3 LINK BETWEEN KP HIERARCHIES AND INTEGRABLE
HH CASES

Let us consider the following three systems of the KP and modified KP hierar-
chies [8],

(Dt —4D, D3 +3D;3) (1 - 1) =0, @
(D} +2D3) D, = 3D Dy) (19 - 10) = 0,

(DY — 4D\ D5 +3D3) (t9 - 1) = 0, )
(D$ — 20D} D5 — 80D + 144D, Ds — 45D D3) (7o - 1) = 0,

D$ —20D; D5 — 80D3 + 144D, Ds (6)
+15 (4D D3 — D}) D3) (7o - 71) = 0,

(D + Dy) (0 - 11) =0,
(
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2+1 T KP-1 KP-2 BKP CKP
T+1 4 HSS bi-SH KdV, c-NLS SK bi-SK KK bi-KK
0+1% 1:6:1 F-VI F-V 1E2EN FIV F-I

Figure 1. Reductions from (2+1)-dimensional PDEs to (1+1)-dimensional PDEs, then
to ODEs (the notation F-xxx denotes the autonomous case of the ODE denoted F-xxx in
citeCos2000a) or to Hamiltonian systems. The symbol c-NLS represents the Manakov
cite Manakov 1973 system of two coupled NLS equations

in which the subscripts of the bilinear operators correspond to the components
of the vector X = (xy, xa, ..., X,), while g and t; are functions of X. By further
putting some symmetry constraint on 7y and 7y, let us define as follows four
(2+1)-dimensional PDEs (see line “2+1” in Figure 1).

1. With the system (4), one defines by D4 = 0[20] the (2+1)-dim PDE labeled
“KP-1" in Figure 1.

2. With the system (5), one defines by D, = 0 the (2+1)-dim PDE-labeled
“KP-2" in Figure 1.

3. With the system (6) and the B, symmetry constraint [8, p. 968]

1
To(x) = f(Xoda) + x2 §(Xoda) + Exghl(xodd) + x4ho(Xoda) + - -,
@)

1
T1(x) = f(xoaa) — X2 &(Xoda) + Exghl(xodd) — Xgho(Xoqa) + - -,
one defines the (2+1)-dim BKP equation

92,15 — S22x,

+ (ZSX1 + 15Zx1 23x, + ls(le)3 - 5Z2X1,X3 - ISZX] Zx3) == Oa (8)

X1

in which z = 9y, 10g 70(X)|x,=x,=-.=0 and 22y, = Zysxs...-
4. With (5) and the C, symmetry constraint [8, p. 968]

1 1
To(x) = f(xoad) + Exzz 8(Xoad) + Exf h(Xoaa) + - . ., 9
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one defines the (2+1)-dim CKP equation
9ZX1,X5 - SZZX3 + <stl + ISZXIZ3X]

45
+ IS(ZX])3 - 5Z2]C],)C3 - ISZ)CIZ.X3 + Z(ZZXI)2> = 07 (10)

X1

in which z = 9,, Log 79(X)|x,=x,=-.=0-

Next, from these (2 + 1)-dimensional PDEs, one performs the follow-
ing natural reductions to (1 + 1)-dimensional PDEs (see line “1 + 1” in
Figure 1).

1. In KP-1, the C, symmetry constraint (9) defines

(D} —4D\D3)(f - f)+6fg =0, 0
(D} 4 2D3)(f - &) =0,

which we call bi-SH [20] for reasons explained in next section.

2. In KP-1, the constraint
1
To(x) = f(Xoda) + X28(Xoad) + Exzzhl(xodd) + x4ho(Xoda) + -+ -, (12)

defines
(D} —4D\Ds3)(f - ) — 6g* =0, 13)
(D} +2D3)(f - 8) =0,

which is called coupled KdV system of Hirota—Satsuma (HSS) [20].
3. In KP-2, the elimination of x3 [8, p. 962] yields the potential KdVs
equation

It + Txxxxx + Szjzcx + lozxzxxx + IOZ?C = 07 (14)

with the notation x = x1, f = —x5/16, z = 20,logty.
4. In BKP (8), the reduction z,, = 0 defines the potential SK equation [21]

Zr + Zaxxxx T lszxzxxx + 15(Zx)3 =0, (15)

with the notation x5 = 9¢, x; = x.
5. In BKP (8), the reduction z,, = 0 defines the 1+1-dimensional bi-SK or
Ramani equation [22]

(Zxxxxx + lszxzxxx + 15(Zx)3 - lszxzt - Szxxt)x - Sztt = 07 (16)

with the notation x3 = ¢, x; = x.
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6. In CKP (10), the reduction 9,,79 = 0 defines the fifth-order potential KK
equation [23]

45
2t + Zoxxxr T 152020 + 15(Zx)3 + Z(Zxx)z =0, (17)

with the notation x; = x, x5 = 9¢.
7. In CKP (10), the reduction d,,79 = 0 defines the sixth-order bi-KK equation
[24]

45
(Zxxxxx + 15szxxx + IS(Zx)3 - 15szt - 5Zxxt + Z(Zxx)2> - SZII = O’
X
(18)
with the notation x| = x, x3 = ¢.

Finally, the stationary reduction (x, t) — x — ct of these (1+1)-dimensional
PDEs leads directly to the Hamiltonian systems or the ODE listed in the line
“0 + 17 of Figure 1.

The four ODEs F-II1, F-IV, F-V, F-VI have a single-valued general solution,
obtained by the Jacobi postmultiplier method [24], which is expressed with
genus-two hyperelliptic functions. Three of them (F-III, F-IV, F-V), which are
the stationary reductions of respectively (17), (15), and (14), have been shown
[7] to have a one-to-one correspondence with the ¢, component of the three
integrable cases of HH3. Therefore the chain of reductions generated from the
systems (5) and (6) contains the full information for the integration of HH3.

Let us now show that Figure 1 also contains the full information for the
integration of HH4. This will involve two kinds of coupled KdV (c-KdV)
systems: some with a fourth-order Lax pair, some with a fifth-order Lax pair.

4 LINK OF COUPLED KdV SYSTEMS WITH HH4

In the variables u = d%log f, v = 4g/f, the bilinear system (11) is rewritten as
the c-KdV system [8, 13, 20, 26]
{ —4u; + (6u® + 1y +3v) =0,

(19)
2v; + 6uv, + vy, =0,

with the notation x3 = ¢, x; = x. This system possesses the fourth-order Lax
pair [20]
(0F 4+ 4u 07 + 4uy 0y + 2uyy + 4u? + V)Y = Ay,

. 3 (20)
07 +3u o, + Eux Y= oy,
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M3 M Mo
1+1 system  bi-SH system GEY]  —s ks sRdie
1+1single  bi-SH single
T
0+1 system HH41.4.8 HHA7.6:1

0+1 single F-VI

Figure 2. Path from an already integrated ODE (autonomous F-VI) to the quartic
cases 1:6:1 and 1:6:8. All 1 + 1-dimensional systems involved (on the top line) have
fourth-order Lax pairs. The dashed vertical line from the level “1 + 1-system” to
the level “1 4 1-single” represents the elimination of one dependent variable. All the
other vertical lines represent the stationary reduction. The horizontal lines represent
Miura transformations at the level “1 + 1-system” and canonical transformations at
the Hamiltonian level “0 4 1-system.” The systems are defined as (22) for c-KdV,,
(13) for c-KdVy, cite [p. 79] Baker Thesis for c-Kd V3, (19) for the bi-SH system. The
Miura maps M;, M, can be found in cite(Eq. (5.3)) Baker Thesis and cite (Eq. (5.8))
Baker Thesis

Under the Miura transformation denoted M3 in Figure 2

4y =2G — F, — F?,
20 =2F,,y +4FF,, +8GF, +4FG, +3F?> — 2F?F, — F* + 4GF?,
(21)

the system (19) is mapped to the following c-KdV system (denoted c-KdV in
Figure 2) given in [12,17]:

4F, = (—2F —3FF, + F? —6FG) ,
8G; = 2Gyx + 12GG, + 6F Gy + 12GF, + 18F,G, — 6F*G,

+3Fxax + 3F Foxy + 18F, Fyy — 6F*F,, — 6FF2,
(22)
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with the Lax pair
(83 + (26 — Fu = F2)32 + (26 — F. = F?) 4,
2 —
+(FG); + Gy + G ¥ = Ay, (23)

(a; + %(2(; — F, — F?)9, + %(2(; —F, — F2)X> v = v,

The stationary reduction of this c-KdV; system happens to be the case 1:6:8
of HH4 for arbitrary values of (8, w).
The field z = f udx of (19) satisfies the sixth-order PDE [27],

—8Ztt + Zyxxxxx — 2Zxxxt + 1825 Zyxxx + 36ZxxZaxx + 72Z)2(Zxx =0, (24)

which is of second order in time and which for this reason we call bidirectional
Satsuma-Hirota (bi-SH) equation. Its stationary reduction is identical to the
autonomous case of the F-VI nonlinear ODE, integrated [25] with genus-two
hyperelliptic functions.

Therefore, since there exists a path from the (not yet integrated in its full
generality) 1:6:8 HH4 case and the (integrated) autonomous F-VI ODE, the
general solution of the 1:6:8 can in principle be obtained, this will be addressed
in future work.

All the links between the system (19) and other c-KdV systems considered
by S. Baker and which reduce to the integrable cases 1:6:1 and 1:6:8 of HH4
are displayed in Figure 2.

Finally, let us explain the link between the 1:12:16 integrable case of HH4
and two c-KdV systems possessing a fifth-order Lax pair, systems respectively
equivalent to the bi-SK equation (16) and the bi-KK equation (18).

The following coupled system [13]:

9a?
u, = [ —2au., —bu> + —v | ,
56/,
5b° 5b°
Uy = AVxxx — buxxxxx — 5 UUxxx — - UxUyyx + buvx - buxv7
3a 3a
where a, b are nonzero constants, arises from the compatibility condition of

the fifth-order Lax pair

(25)

s 5, 5b
0y + —ud; + 3_a”x8x +vd, ) o = A,

3a (26)
(ad? + budy)g = 3.
The field z = [ udx of (25) satisfies the sixth-order PDE
b 52 3
Sztt + Szxxt + S_thx — AZxxxxx — szxzxxx - 5 < =0, (27)
a 3a M

identical to the bi-SK equation (16) fora = 1, b = 3.
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Similarly, the coupled system [13]

7 9a’
u, = (——auxx — bu* + iU) ;
2 X

5b
5 19 25b° 5b% (28)
Ur = ZQUxxxy — 5 DUxxxxx — — Ulxxx — —UxUxyx
2 4 6a
+ buv, — bu,v,

arises from the compatibility condition of the other fifth-order Lax pair

(a; + %u 3 + %ux A+ vd + lvx - ﬂu) ¢ = Arp,

3a 2a 2 12a
b (29)
(a83+buax+§ux><p=8t(p.
The field z = f u dx satisfies the sixth-order PDE
b 5b? s 15b ,
S5z +a | 5Zuxt +5—212x — Zxxxxx — 3D2xZixx — % T T S =0,
a 3a 4 N
(30)

identical to the potential bi-KK equation (18) for a = 1, b = 3. The property
of these two systems which is of interest to us is the existence of two mappings,
respectively (setting a = 5), for the system (25) the Miura transformation de-
noted M,

Ubi—SK = Z (2G +3F, — F?),

(3D
Upi—SK = Fxxx+Gxx _FFxx+GFx —FGX+G2,
and, for the system (28), the transformation denoted M,
Upbi—KK = g (ZG —2F, — FZ)
11— b X ) (32)

VbiekK = — Fyxx + 3G,y — FF +2FG, — sz + Gz,

to a common coupled KdV-type system [17, p. 65] (denoted c-KdV, in
Figure 3)

F;, = (=7Fy — 3G, —3FF, —9FG 4+ 2F?) ,
G; =3F 1xx +2Gxx +3FG,, — 3F*F,, —3F>G, —3FF* (33)

+3FGF, +9F,F +9F,G, +3GF,, +3GG,.
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M, My M, My
1+1 system bi-KK system = c-KdVa= bi-SK sys = c-KdVc= c-Kdvb
1+1 single bII—KK single bl-SK single
% o
0+1 system Hauartic™ = HH41:12:18
0+1single  F-II Fv

Figure 3. Path from an already integrated ODE (autonomous F-III or F-IV, which are
ODE:s for g; in the HH3-KK and HH3-SK cases) to the quartic case 1:12:16. All 1
+ 1-dimensional systems involved (on the top line) have fifth-order Lax pairs. The
dashed vertical line from the level “1 + 1-system” to the level “1 + 1-single” repre-
sents the elimination of one dependent variable. All the other vertical lines represent
the stationary reduction. The horizontal lines represent Miura transformations at the
level “1 + 1-system” and birational canonical transformations at the Hamiltonian level
“0 + 1-system.” The Miura maps M,, M}, are given in the text, M, is given in cite [p.
95] Baker Thesis, M, = M, M., in which M, is the Miura transformation from c-KdVa
to c-KdVc given in cite [p. 95] Baker Thesis. The systems are defined as cite (Eq. (6.9))
Baker Thesis for c-KdVb, and cite [p. 95] Baker Thesis for c-KdVc

This system also possesses a fifth-order Lax pair, which can be written in
two different ways, either

(024 Fo, + Fy + G) 9, (02 — Fo, + G) ¢ = Ap, )
(503 +3(2G —2F, — F?) 9, +3(Gy — Fix — FF)) ¢ = ¢
or
(32 — Fo, + G) (32 + Fd, + F; + G) 0,9 = Ag, 5)
(50] +3(2G +3F — F?) 0,) ¢ = 0.

It happens that the stationary reduction of (33), which is an unphysical
Hamiltonian system [17, pp. 98, 103], is mapped by a canonical transformation
to the 1:12:16 case of HH4.

In Figure 3, we display the link between c-KdV systems possessing a fifth-
order Lax pair and the 1:12:16 integrable Hamiltonian.
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S CONCLUSION

We have linked each of the three not yet integrated quartic Hénon—Heiles cases
to fourth-order ODEs recently integrated by Cosgrove, via a path involving,
on one hand canonical transformations between Hamiltonian systems, and on
the other hand Bécklund transformations between coupled KdV systems. This
proves that these three cases have a general solution expressed with hyperelliptic
functions of genus two. Their explicit closed form expression will be given in
future work.
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1 INTRODUCTION

Equations in Hirota’s bilinear form appear naturally whenever one needs to
write integrable differential equations in terms of “nice” functions. In the case
of soliton equations nice typically means polynomials of exponentials with lin-
ear exponents, whereas in the context of Painlevé equations nice often means
entire functions. The natural or original dependent variables of the equation
are usually not the best in this respect and a change of the dependent vari-
ables is necessary. This dependent variable transformation can be somewhat
involved.

Since the solutions of Painlevé equations are meromorphic by definition
(the movable singularities can be at worst poles) it is natural to express them as
ratios of entire functions, and this leads to homogeneous equations and often to
equations in Hirota’s bilinear form. Indeed, bilinear forms were already derived
by Painlevé himself [1]. It should be noted, however, that the converse of the
above is not necessarily true: a bilinear form does not by itself imply that the
independent functions are regular in any sense, in fact bilinear forms exist even
for non integrable equations.

In the field of integrable partial differential equations, the so-called z-
functions play a major role. These functions actually provide a huge pool of
such “nice” functions, in both of the aforementioned interpretations, and they
also possess an extremely rich algebraic and algebro-geometric structure. This
is the main theme of Sato-theory, one of the great unifying theories for the
description of integrable systems.

The relevance of T-functions for the study of the Painlevé equations has been
recognized ever since the seminal work of Jimbo and Miwa on isomonodromy
deformations [2] and in particular since the results obtained by Okamoto,
regarding the algebro-geometric properties of the Painlevé equations [3].
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Recently [4], Noumi and Yamada provided a nearly complete description of the
symmetry properties of the P;;, P;y, and Py equations and their higher order
generalizations [5], in terms of their t-function descriptions, i.e., in terms of
their bilinear representations.

Here we want to place the above bilinear descriptions, and especially the
Okamoto, Noumi—Yamada-type description of the symmetry properties of
the Painlevé equations, in a more general setting: that of the Kadomtsev—
Petviashvili (KP) hierarchy. For brevity we shall restrict our discussion to
the Painlevé IV equation. First we shall explain how a bilinearization of this
equation, based on an expression of its solutions in terms of entire functions,
can be related to a bilinearization in terms of genuine t-functions (in the
sense of Sato-theory). We then explain how, yet another, bilinearization of
this Painlevé equation is related to a reduction of a Darboux chain for KP z-
functions. This approach is inspired by Adler’s results on reductions of dressing
chains [6].

It will also be shown that in this reduction the fundamental Bicklund trans-
formations for KP z-functions give rise to Bécklund transformations for the
Painlevé IV equation, which correspond to the full automorphism group of
the A(Zl) root lattice [7]. These transformations are well known [6-8] but apart
from the Weyl group, extended with rotations of the Dynkin diagram [9], a
description of such transformations in terms of 7-functions was still lacking.
All results pertaining to periodic reductions of Darboux chains, including the
discussion of their Bicklund transformations, can be extended to the case of
general periods. This will be the topic of a future publication.

2 BILINEARIZING THE PAINLEVE IV EQUATION

2.1 Solution in Terms of Entire Functions
and the Implied Bilinearization

We will start by describing a bilinearization of the Painlevé IV equation (P;y) in
terms of entire functions. Its connection to t-functions will be described later.
Py in its canonical form is given by

Py 1 (dy\* 3, b
— == = 47y + 2(z% — - 1
12 2y<dz) +2y+zy+(z a)y+y (1)
Itis well known that its solution can have movable poles, and around such poles
the expansion is [10]

+1

Z—20

y = —Zo-i-%(—4ﬂ:(2a+z§))(z—Zo)+d(z—zo)2+..., )

where zo and d are the two required free parameters.
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The question we want to address is how to express y in terms of entire func-
tions, or from a different point of view, how to construct entire functions from y.
This problem was studied in [10] with an algorithmic answer for most Painlevé
equations. (For a similar approach that works for all Painlevé equations, see
[11].) The idea is to first construct an expression which has a double pole with
coefficient one and no single poles or other singularities, and then by integrat-
ing twice and by exponentiating the result, to construct an entire function. In
the case of P;y this approach leads to the definition

F(2) = exp{—/dz/dz[y(z2)+2zy(z)+y]}. (3)

It is now easy to verify that the function F indeed has a simple zero at the
singularities of y, given in (2). Furthermore, this observation implies that

G(2) := y(2)F(2). “)

is another entire function. Thus we have constructed two entire functions from
v, but at the same time we have obtained an expression for y in terms of entire
functions: y = G/F.

The definitions (3, 4) imply the bilinear relation

(D} —2y)F - F +2(G* +2zFG) =0, (5)
where we have used the bilinear derivative operator D., defined by

DIA(z) - B(z) = (8, — 8., AGDA)| _, __.
In order to obtain a second bilinear equation, thus fully determining the two
functions F and G, one can substitute y = G/F into P;y. The result is not
bilinear—it is in fact quadrilinear—but by suitable application of (5) one can

derive [10]
(D} —4(3y* —4b)F - F + 4(zD? + 2D, + 10y2)G - F
—2(3D?+16a — 18y)G -G =0.  (6)

Equations (5, 6) then offer a bilinear description of the P;y equation. Note that
the parameter y is arbitrary (in [10] y = 0).

2.2 Py as a Similarity Reduction of the Modified
Classical Boussinesq Equation

In relation to the above bilinear formulation there exists an alternative bilin-
earization of the P;y equation, where the t-functions that appear in it can
be explicitly related to the t-functions of the 2-component KP hierarchy (see
e.g., [12] for a definition of this hierarchy and for examples of the equations
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contained in it). To see how this comes about, let us note that the similarity
reduction (for arbitrary constants o, ap and with & # 0)

dy =a; —exd,, vy,=—0n— Exvy, (7

of the so-called modified classical Boussinesq system [13],

d)’ = doy + di(d; + 2vy), (8)
Uy = —VUx + Ux(vx + 2dx)7
yields (with g1 = d,, g2 = vy, = %) a Hamiltonian formulation of P,y :
, O0H , O0H ©)
81 = 5 8 = 7>
! 882 ? 0g1
H =gig) + g87 +exg18 + g1 — a1 8. (10)
Eliminating g, from (9, 10) and introducing
y(@) =kgi(x), x=kz, K> =2/, (11)

one obtains (1) with parameters a = 1 + (a; + 2a2)/¢ and b = —2a7 /&>
Modified classical Boussinesq (8) is in fact an alternative version of the well
known Chen-Lee-Liu system [13] and it is known to bilinearize as [14]

(Dy+D})f-g=0, Dig-g+D.f f=0, (12)
(Dy+D)f-§=0, Dg-g+ff=0, (13)

where the new variables f, g, and g are connected to d and v by

v=1logl, d=log (14)

f
It is also well known that this bilinear system is a so-called (1, 1)-reduction
of the 2-component KP hierarchy [12]. One may therefore conclude that the
t-functions £, f, g, and g that appear in it are indeed “genuine” (in the sense
of Sato-theory) reduced, 2-component KP 7-functions. Implementing the sim-
ilarity reduction (7) on the t-functions (o, = ¢] — ¢, ] = ¢4 — ¢3)

oQ | oM

fy:le_gxfxa 8y = C28 — €X&x, (15)

fy=C3f_8xfxv gy:C4g_‘9ngv (16)
we obtain the following bilinear system for the Hamilton equations (9, 10) and
hence for the Painlevé IV equation:

(D> —exD, +ay)f - g =0, (17)
(D? —exDy+ay —ay)f -§ =0, (18)
Dlg-g+D.f-f=0, (19)

Dig-g+ff=0, (20)
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with the connection to gy, g» given by

_ _ ~ _ D.g-g
g = 0y log(g/f), g1 = dclog(g/g) = 7 (21)

How are the bilinearizations (5, 6) and (17-20) related? The answer lies in
the form of g;, which is basically y. Indeed, if we define

F=gg, G=«kD.g-g (22)

we obtain the desired correspondence. In detail: Solve f and f, from Egs.
(20) and (19), respectively, and then g and g, from (22). Then a suitable linear
combination of Egs. (18, 17) leads to (5). Using (5) and its derivatives we finally
get from either one—after changing coordinates as in (11)—the other Eq. (6)
for the choice y = 2a /€, and with the previous parameter identifications.

3 PAINLEVE EQUATIONS AND THE KP HIERARCHY

3.1 The Dressing Chain and P;y

Since Adler’s seminal paper [6] it is known that the Painlevé equations (P;;
through Py ;) can be obtained from periodic reductions of chain equations which
result from repeated application of particular Darboux transformations. A well
known result is that the P;y equation (1) is obtained as a period 3 reduction of
the dressing chain [15]. Here we shall first recall Adler’s construction of Pjy,
which we shall then implement on the level of KP r-functions. A systematic
approach to the problem of constructing chain equations related to Schrodinger-
type linear problems has been developed in [16].

3.1.1 The Dressing Chain
The following infinite chain of equations for the functions F;(j =0, 1,...)
Fi(x) + Fj(x)) = Fj(x)* = Fjpq(x)* + v — vj. (23)

is called the dressing chain (the v; are arbitrary constants). It is associated with
the spectral problem for the Schrodinger operator

Lj(u, YA, x) =0, where L;(u,1):=2d>+u;(x)— A, (24)

(j indexes a sequence of eigenproblems with eigenvalue A).
The operator

Gi(x):= (0 — Fj(x)), (25
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can be used to define new functions

V1A, x) == G ()Y, x), (26)

for each eigenfunction v; of the original problem. The new functions ;| are
eigenfunctions of a new operator L that satisfies

Lit1Gj(x) =G(x)L;(u,r). 27
In fact, one has
Liv1=Lj(uj,A), (28)
wjp1(x) =u;(x) + [2F;x)], (29)
Fi(x) + Fi(x)* +uj(x) — 2 = (), (30)

where 1t ; is an integration constant (as before, " denotes %).

The transformation from v; to v, is called a Darboux transformation iff
the operator G ; is such that it annihilates some chosen eigenfunction ¢; of (24)
with eigenvalue v;. This implies that F;(x) = (log ¢;), and that it satisfies the
equation

Fij(x) + Fj(x)* + u;(x) —v; = 0. @31

Hence we have 1 ;(1) = v; — A in (30) and subsequent elimination of the po-
tentials u# from (30) yields the dressing chain (23).

3.1.2  Pyy as a Reduction of the Dressing Chain
Closing this chain periodically (with period N) by imposing
QirnWirN) = @(V)), Vign =V — &, (32)

for some non zero constant &, yields trivial systemsat N = 1 and 2. At N =3
however, introducing the variables

g1 = (log g192)x,

g2 = (log p2¢3)y, (33)

g3 = (log p3¢1)x,
we obtain

g1 =81(g3 — &) +ay,
g = g(g1 — &3) + a, (34)
gy = g3(g2 — g1) + as,

with ] = vy — v, p = v3 — vy, and @3 = v; — v3 — &. Obviously we have a
conserved quantity (g; + g» + g3)' = —e¢ and this allows us to reduce the order
of (34), e.g., by eliminating g3 in terms of the other variables. This gives rise
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to the Hamiltonian form (9, 10) of the P;y equation. The system (34) (which
first appeared in [17]) is often referred to as the symmetric form of the P;y
equation [9]. We shall now proceed to show that this symmetric form for P;y
possesses a bilinear formulation in terms of KP t-functions (see [16] for a
direct bilinearization of the dressing chain).

3.2 KP 7-Functions

We shall describe the P,y equation in terms of (this time, single component)
KP z-functions. This approach can be generalized to include all the higher
order Painlevé equations introduced in [5].

3.2.1 The KP Hierarchy and Its Symmetries

Denote the infinite set of coordinates x1, x5, . .. by the vector x = (xy, x5, .. .),
then 7(x) € C[xy, x2, ...] (the space of formal power series in x;, x2, ...) is
called a KP t-function iff it satisfies

Res; [T(X —e)T(X +€) e&("_x/)] =0 Vvxx. (35)

The operation Res; is defined by Res; [Z::i oo nA"'] = a_y, &,(x) denotes the
formal power series &, (X) = Z;; x, A" and €, denotes the infinite vector €, =
(1/x, 1/(22%), 1/(313), .. .). Relation (35) actually encodes all the equations in
the KP hierarchy, expressed in bilinear form. An extensive list of such equations
canbe found in [12], to which we also refer for a detailed account of the algebraic
machinery underlying the KP hierarchy and its solutions.

We also define the KP vertex operators

I = 260 (F60) (36)

o 1
9 2

where 3 denotes the vector d = (
vertex operator:

ai ...)as well as the so-called solitonic
*2

Ty = 50600 o=6:@+6,0) (37)

Note that [’ [7(%)] = 7(x F €,)e*%® and also that the solitonic vertex operator
is intimately related to the fundamental symmetry of the equations in the KP
hierarchy. Expanding

Do =1 f Zihip ! (38)
DT L A I
A—p i !

then {Zi,j a;jZijla;; =0 for |i — j| > 0} is nothing but the well-known
vertex representation of the Lie algebra g/(oco) (see e.g., [12, 18, 19]). The
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bilinear relation (35) expresses the fact that the t-function t(x) lies on the orbit
G L(c0) - 1 of the Lie group G L(c0) generated by gl(c0).

Of particular interest are certain elements of this symmetry group, express-
ible in terms of solutions to the linear problem that underlies the KP hierarchy.
Consider the following formulation of the Zakharov—Shabat equations for the
KP hierarchy (and their formal adjoints):

Vn > 2: py(=0)®" = & [p, 1(=d)(log )], (39)
Vi =2 py(9)®T = =@ [p,1(d)log 7)1, (40)

where the p,(z) in some general argument z = (71, 22, . . .) denote the Schur
polynomials generated by exp [Y oo | z,A"] = Y oo pa(2)A". We shall call the
solutions ®* (®7) to these linear equations KP eigenfunctions (or adjoint
eigenfunctions) for the t-function t(x). The equations in the KP hierarchy
are of course obtained as the compatibility conditions of the above linear equa-
tions (expressed in terms of the field (log t),,). As for the eigenfunctions and
adjoint eigenfunctions for a particular 7(x), they can be expressed in terms of
the vertex operators (36):

el

Tx)
for spectral densities h(1) = %Cbi(x/ +€;) r;r[(rg’)] (for some arbitrary x’) and
a contour C, around A = oo that does not enclose any of the other singularities
of the density 2% () [20].

Whereas g/(oc0) is the fundamental symmetry algebra for the KP hierarchy,
this symmetry is restricted to the affine algebra AEQI for the so-called ¢-reduced
KP hierarchies. We define an £-reduced t-function as a KP t-function that,
besides relation (35), also satisfies

CIDjE(X)=/ ﬁhi(K) (41)
G 2mi

Res;, [)fr(x —e)T(x + e,\)e&("_"/)] =0 Vx,x. (42)

These t-functions are all x j,-independent (j = 1,2, ...) and gl(00) is reduced
to the direct sum of a Heisenberg algebra H,, formed by jx;, and 9/0x,(j =
1,2,...), and an algebra isomorphic to A;l_)l. When dealing with ¢-reduced
t-functions we shall always restrict the coordinate set to {x,|n # 0 mod ¢},
whereby effectively eliminating .

3.2.2  Darboux Transformations for KP t-Functions

Let 7(x) be a KP t-function. We can then define a Darboux transformation for
7(x) as a mere multiplication by an eigenfunction ®* (for that 7):

T — f=1x 0", (43)
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As this transformation has its origin in a particular action of GL(00), the
new function 7(x) is also a KP t-function [20]. Eigenfunctions for this ¥ are
produced from those for T by means of the operator (25) defined in terms of
F = (log ®1),, (as explained in Section 3.1.1).

Repeated application of such a Darboux transformation to a particular 7(x)
yields KP t-functions at every step and moreover the, say, kth Darboux iterate
7141 and the “seed” t-function 7(x) satisfy the defining relation for the so-called
kth-modified KP hierarchy:

Res;, [Akr[k](x —e)TX +€) eg*("_"/)] =0 Vvxx. (44)

The basic member of the 1st-modified KP hierarchy (obtained from (44) at k =
1) is the following very simple bilinear equation, which will be used extensively
in the next sections:

(sz — Di])l’[]] -7 =0. (45)

In fact, as this equation expresses a relation between 7 and its Darboux transfor-
mation ¥ = 13, i.e., between 7 and an eigenfunction ®* = (;;/7 associated
to it, (45) is nothing but the Hirota form of the Zakharov—Shabat equation for
this particular ®*, obtained from (39) at n = 2.

Similarly, we define an adjoint Darboux transformationt — 7 =7 X @~ in
terms of an adjoint eigenfunction ®~ = 7/t for r. This adjoint eigenfunction
will satisfy the adjoint Zakharov—Shabat equations (40), and in particular at
n = 2 one has

(Dy, + D})T -7 =0. (46)

Note that due to the symmetry properties of the Hirota operators, Eq. (46) can
also be written as

(D, —D;)T-T=0, (47)

suggesting that the ratio 7/7 is in fact an eigenfunction for T. This is indeed the
case: In general we have that if ®~ is an adjoint eigenfunction for a r-function
7, then its reciprocal 1/®~ is an eigenfunction for the r-function T = t x
& . It is self-evident that the converse statement (i.e., for eigenfunctions) also
holds.

We can also define a so-called binary Darboux transformation [20]

T — P =17 x Q&T, &), (48)

as multiplication by an eigenfunction potential Q(®*, ®~). This potential is
defined in terms of an eigenfunction and an adjoint eigenfunction for 7(x),
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through the exact differential

o0
dQPT, ®7) =) Adxy,  (Ap)s, = (A, (49)
n=1
~ nil ~
Ay =10 p (DT = D (D7 puia (D)), (50)
=1
Its x; and x, derivatives are: Q,, = A} = ®7®~ and Q,, = A, = ¢~ —
RSO
A binary Darboux transformation generalizes the action of the solitonic
vertex operator (37) [20]. More precisely:

1
Q(<D+,<D‘)_—/C sz h*(k)h (1

for contours and spectral densities as defined in connection to (41). A binary
Darboux transformation can therefore be thought of as the equivalent of a
general action of G L(co) (remember relation (38)).

Furthermore, a binary Darboux transformationt — £ = 7 x Q(®T, ®7)is
always associated with a “Bianchi diagram” for Darboux transformations

'TJ

and vice versa (arrows indicate Darboux transformations involving the eigen-
functions indicated). This diagram is unique for given ®* and ®~, up to mul-
tiplication of the z-functions by a constant:

X O
O

~

Au[ ] (51)
M

ﬂ
7
{

T

+ i
T Qe o)’ QF, )’
Note that this property of binary Darboux transformations generalizes the well

known Bianchi permutation theorem for Bécklund transformations for 1 + 1
dimensional integrable systems.

o
If

(52)

3.2.3  Periodic Darboux Chains and Self Similarity

Consider a chain of KP t-functions generated by successive Darboux transfor-
mations:

T[O] =T, T[n+1] = T X q)+ n = 0, 1, [ (53)



The Bilinear Forms of Painlevé’s 4th Equation 385

where @ denotes an eigenfunction for t,,;. We wish to discuss the case where
such a Darboux chain closes periodically. However, we shall only treat the
period 3 case (an extension of the analysis below to general periods is possi-
ble and will be reported in a forthcoming publication), i.e., we shall consider
the periodic Darboux chain:
o Sl o]

Tiop — T — T2 — T3] = 70 (54)
From now on indices referring to particular t-functions or eigenfunctions etc.
are to be understood modulo 3.

It can be shown that the t-functions in the chain (54) are all 3-reduced -
functions and vice versa that, starting from an arbitrary 3-reduced t-function,
one can always construct such a periodic Darboux chain.

As to a description of such chains by means of specific equations, since
every pair (Tj,41], Tjn) satisfies the 1st-modified KP hierarchy, each such pair
satisfies (45) and we find that the following system of Hirota equations

(D, = D) 711y Tiop = 0
(Dy, — D)ty - 711y = 0 (55)
(Dy, — DY) 7o) - 721 = 0

completely characterizes the Darboux chain (54).

If we now require the t-functions (which do not depend on the x3; variables,
j =1,2,...) in the chain to be self-similar, i.e., to be “eigenvectors” for the
operator L:

a d
L := kx,—, 56
Z ‘o (56)
k#0 mod 3
vn = 0,1, 2, dc, : L[T[n](X)] = Cn‘L'[n](X), (57)

we can reduce (55) to a system of ordinary differential equations. It suffices to
restrict the coordinates by means of

3
Pix—x, x3— g Xp=3 = 0, (58)
e

for an arbitrary non zero constant ¢, to obtain:

<D§—8?XDX—K0)‘[1'TOZO

(D)%—(%xDx—/q) n-11=0. (59)

2 EX
(Dx—?Dx—Kz)‘L’o-‘Q:O
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In this system, the t-functions 7, := 7,)(P[x]) only depend on a single variable
(x, € being treated as a mere parameter). The constants «,, are expressed in terms
of the weights ¢, associated to each Ty,

£
Kp = g(cn - Cn+1)- (60)
If we now introduce the variables
TP, ex
gn = ([log—1), — = (61)
Tin—1] 3
and parameters
e ¢
Oy =Ky —Kp—1 — g = g(zcn — Cug1 — Cp—1 — 1), (62)

we recover the symmetric form (34) of the Py equation from (59). Thus, system
(59) is nothing but yet another Hirota bilinear form of the P,y equation [21, 9,
16], this time expressed in terms of 3-reduced, self similar (singlecomponent)
KP t-functions. Note that the dependent variable transformation (61) is again
a logarithmic derivative of the type (21). Note also that the operator L used to
select self similar T-functions among the 3-reduced ones is quite a well known
object: it is related to the Virasoro energy operator » -, kx;dy, and is in fact

located in a Cartan subalgebra of A(zl) [19].

3.3 Biicklund Transformations for P,y

From the Bianchi diagram in Section 3.2.2 it is easily seen [22] that a bi-
nary Darboux transformation applied to one of the t-functions in the periodic
Darboux chain (54), using its neighbours to construct appropriate eigenfunc-
tions and adjoint eigenfunctions, produces again a periodic Darboux chain.
Furthermore, it can be shown that there always exists an eigenfunction poten-
tial such that the self similarity of the r-functions in the Darboux chains is
preserved by such a transformation. The following diagram summarizes this
construction:

Th-1 K1 ’rn

This is essentially the Bianchi diagram of Section 3.2.2, with 7 = 7,,, ¢/ =

Tyo1, T = Typr, and T = 1, x Q(P, P;), with & = T;—:‘ and @, = T’T—;‘ but
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for an additional arrow as the chains {7, _;, t,, 7,41} and {t,_1, T, T,+1} close
periodically. Next to the arrows, the “eigenvalues” k, in (59) are indicated
instead of the relevant eigenfunctions.

In the generic case, i.e., when ¢, (62) is non zero, the eigenfunction potential
used in the above diagram can be written explicitly:

1
QO ;) = — [(@1) P — (@) — S 0F ;| (63)
o, 3
Using this expression, we then define the following 3 transformations, denoted

as B,,, that map the chain (59) onto a new chain (n = 0, 1, 2):

‘Cn+l Tn—1
Bn : Bn(Tn) =Ty X Q( . )7 Bn(fnil) = Tp+l- (64)

n n

The resulting £, = B(z,) are self similar (or rather, their preimages t},; w.r.t.,
the projection P are) with weights

Cn=Cpp1 +Cpo1 —Cn + 1 (65)
This allows us to lift the action of B,, to the weights ¢,
Bn(cn) =Cn+1 +Cpo1 —Cp + L, Bn(cnztl) = Cp+1- (66)

It should be clear that a binary Darboux transformation which maps tj,; to
(and which, after restricting the coordinates by P, gives rise to a particular
B,,) actually corresponds to an element of A(zl), in the sense of (51). We can
therefore represent fy,; as T, = [l 7], for some element I'f,; in the vertex
representation of A(zl). In terms of this operator, relation (63) can be shown to
be equivalent to

3a,
([L, Ll + Tr[n]) [ti] = 0. (67)

As L is located in the Cartan subalgebra of A(zl), this last relation suggests that

the o, are proportional to the L-components of certain roots of A(Zl). Indeed,
using (62, 66), the action of the B, on the «,,’s

Bn(an) = —0y, Bn(anil) = Wpt1 + Ay, (68)

is seen to be that of the (affine) Weyl group W(A(zl)) on the simple roots of A(zl).

When «, happens to be zero, i.e., when k, — k,—; = % one immediately
notices that the eigenvalues in the two chains in the above diagram coincide
pair-wise, such that the two Darboux chains can actually be taken to be iden-
tical. Hence, when o, = 0 we define the transformation B,, to be the identity,
compatible with the Weyl action (68).
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The action of these transformations on the fields g, (61) that appear in the
symmetric form (34) of Py is

Qy
B(gn) = &n> Bn(gn:tl) = &gn+t1 + —- (69)

n

There exist also symmetry transformations expressible in terms of mere
Darboux or adjoint Darboux transformations. These can be seen to correspond
to automorphisms of the Dynkin diagram of A(zl).

First of all there is the transformation

S:S(t) =Ty (=17, x D)) (70)

which merely “rotates” the Darboux chain and which can be thought of as a
succession of Darboux transformations, as can be seen from the definition (70).
Obviously, S(c,,) = ¢,+1 and hence we have

S(gn) = gnt1,  Slaty) = pyi. (71)

This last relation tells us that S acts as a cyclic permutation on the roots ¢, and
thus corresponds to a rotation of the Dynkin diagram for A(zl).
A second type of transformation is slightly more involved (n = 0, 1, 2):

R, :7;(x) — 10,—;(ix), Kkj —> —Kkou—j_1. (72)

It arises from the fundamental symmetry of the 1st-modified KP equations
(in bilinear form), already commented upon in Section 3.2.2: Eq. (47) can
obviously be cast into the form (46) if we transform x — =ix. Under this
transformation any eigenfunction for a particular r-function is transformed into
an adjoint eigenfunction for that T and vice versa. Hence, any local permutation
of two t-functions in the Darboux chain can be “compensated” by changing the
x-variable to ix and hence system (59) is covariant under R,,. On the symmetric
form of P;y this transformation acts as:

Rn : gj(x) - _ig2n—j(ix), oaj —> Op—j. (73)

The transformations R,,, together with the S/( j =1,2,3), form the dihedral
group Dz which exhausts the automorphisms of the Dynkin diagram for A(zl).
Hence, together with the B,,, these transformations generate the full automor-
phism group of the root lattice for A(;).

4 SUMMARY

We have explained, on the example of the Painlevé IV equation, how different
bilinearizations give insight into different aspects of the “integrability” of this
equation. In particular it was shown how a bilinearization in terms of entire
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functions relates to integrable equations obtained from Sato-theory and, vice-
versa, how a systematic study of particular reductions of equations in the KP-
hierarchy yields insight into the structure of the Bicklund transformations for
the P;y equation. Extending the above scheme to the Pj; and Py; equations
remains a challenging problem.
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