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Preface

This book is an introduction to the study of a wide class of partial differential equa-
tions, namely semilinear elliptic problems, through the application of variational
methods and critical point theory. Semilinear elliptic equations arise in a variety of
contexts in geometry, physics, mechanics, engineering and, more recently, in life
sciences. None of these fields can be investigated without taking into account non-
linear phenomena, and variational methods, as a branch or an evolution of the Cal-
culus of Variations, are almost entirely concerned with nonlinearity. The theory has
attained a spectacular success in the last thirty-or-so years, reaching a high level of
complexity and refinement, and its applications are scattered throughout thousands
of research papers. Furthermore, some of the simplest methods within the varia-
tional approach are nowadays classical tools in the field of nonlinear differential
equations as fixed point and monotonicity methods are. They have become, in other
words, part of the toolbox that any researcher in the field is supposed to have at
hand.

This poses a stimulating problem: how to feach variational methods and semi-
linear elliptic equations to upcoming generations of students. In our teaching ex-
perience, we have noticed a recurrent phenomenon. Up to a certain grade, students
possess a rather general knowledge of basic principles, for instance in Functional
Analysis. At the next step however they are often confronted with problems taken
from real research. This creates a gap that students generally fill in by themselves,
following a path of hard work that requires a great deal of commitment and self-
discipline.

Both of us have been teaching courses on the topics collected in this book for a
number of years in various Italian universities, and the didactic demand that we en-
countered was almost always located in the gap described above. We found that the
many excellent existing books on variational methods and critical point theory (e.g.
[2, 18, 26, 35, 43, 45, 48]), all of them deservedly well-known internationally, are
sometimes problematic for classroom use, precisely because they are too complete,
or too long, or too advanced.

Hence, the purpose of this book, derived directly from classroom experience, is
that of providing a support to the students and the teacher engaged in a first course
in semilinear elliptic equations. We have tried to write a textbook that matches what
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we normally write on the blackboard in class. This is why the topics are introduced
gradually, and in certain cases some redundancy is purposely added, to stress the
fundamental steps in the building of the theory. As a consequence, in this book the
reader will not find any sophisticated results, or fancy applications, or fashionable
examples, but rather a first overview on the subject, in a sort of “elliptic equations for
the layman”, where all the details are written down. Every abstract result is imme-
diately put into action to show how it works to solve an elliptic problem, reflecting
the fact that the theory was developed with the intent of treating ever larger classes
of equations. We believe that in this way the reader will be able not only to have the
tools at hand, but also to see how they really act when applied to concrete problems.
In the applications, we limited ourselves to the discussion of Dirichlet boundary
value problems. While this is certainly reductive, it provides nonetheless a unified
thread throughout the book, and has the advantage of introducing the student to the
most common type of boundary conditions. Other types of problems can then be
understood with a minimal effort, and the existing literature provides extensions of
all sorts for the interested reader.

The contents of this book require a general preparation in analysis, including
some notions of Functional Analysis, and some knowledge of the most common
function spaces, such as Lebesgue and Sobolev spaces. These are all notions usually
taught in undergraduate courses throughout the world. In any case, whenever we
quote a result without proving it, we provide precise references for consultation.

These notes are to be used by two possibly distinct categories of students: those
who need to know how some types of nonlinear problems can be handled, and who
need the basic working tools from the variational approach and critical point theory,
as well as students who are oriented towards research in the field of nonlinear dif-
ferential equations. Clearly if for the former this book may be the last they read on
the subject, for the latter it should be just the first. We set the level of these notes
between a graduate course and a first year PhD course. Mathematicians, physicists
and engineers are the natural audience this book is addressed to.

The material is divided into four chapters. The first one is an introduction, and
contains a review of differential calculus for functionals, with many examples, and
a few basic facts from the linear theory that will be used throughout the book. Con-
vexity arguments complete the discussion providing the first examples of existence
theorems.

Chapter 2 introduces the fundamentals of minimization techniques, for it is well-
known that the simplest way to obtain a critical point of a functional is to look for
a global extremum, which in most of the cases is a global minimum. However, for
indefinite (unbounded) functionals, although global minimum points cannot exist,
minimization techniques can still be profitably used by constraining the functional
on a set where it is bounded from below. Typical examples of such sets are spheres
or the Nehari manifold. The unifying feature of this chapter is the fact that all prob-
lems share some compactness properties that simplify the convergence arguments.
A final section contains some examples of quasilinear problems, to show how the
methods constructed for semilinear equations can be easily applied to more difficult
problems.
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On the contrary, Chapter 3 is still devoted to minimization techniques, but this
time the examples are all taken from problems that lack compactness. Typically
this may happen when the domain on which the equation is studied is not bounded
or when the growth of the nonlinearity reaches a critical threshold. The chapter
discusses some of the most common ways to overcome these problems, that are
often very hard to solve. Of course only some prototype cases are presented, which
is in the spirit of these notes.

Chapter 4 introduces the reader to the more refined variational methods, where
minimization is replaced by minimax procedures. The methods are first introduced
in an abstract setting, so that the reader can dispose of a general principle that is
suited to handling more sophisticated procedures, beyond the scope of this book.
Then we concentrate on the two most popular and widespread results: the Mountain
Pass Theorem and the Saddle Point Theorem, each discussed with applications to
the specific problems that motivated them.

Each chapter is accompanied by a selection of exercises, some of them guided,
to test the reader’s ability to refine and put into action the techniques just discussed.

A short bibliographical note closes each chapter: the interested reader can find
there suggestions for further reading, mainly taken from more advanced books or
from the celebrated papers that first solved the problems discussed in the text.

Torino, Italy Marino Badiale
Enrico Serra
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Chapter 1
Introduction and Basic Results

In this chapter, after a short historical overview, we introduce the fundamental no-
tions to be used later and the first existence results, based on convexity arguments.

1.1 Motivations and Brief Historical Notes

Semilinear elliptic equations are the first nonlinear generalization of linear elliptic
partial differential equations. It is well known that linear elliptic equations, like the
ubiquitous Laplace and Poisson equations, represent models for wide classes of
physical problems. This is the reason why they have been studied for more than two
hundred years and continue to attract researchers even today. One example is that the
solutions of the Laplace and Poisson equations can represent the stationary solutions
(i.e. the state of a system when equilibrium is reached) of evolution equations of the
utmost physical importance, such as heat and wave equations. Solutions of these
equations also represent or describe the potential of force fields, in a variety of
physical contexts, like electromagnetism, gravitation, fluid dynamics and so on.

It is also noted that the linear equations commonly used in mathematical physics
are very often just a first approximation, valid within the range of certain assump-
tions, of more complex equations modelling phenomena of a nonlinear nature. Un-
der slightly less restrictive assumptions one is frequently led from linear to semilin-
ear equations, namely equations where the nonlinearity involves the unknown func-
tion, but not its derivatives. In addition, we recall that semilinear elliptic equations
manifest themselves even in quantum physics, despite the fact that the fundamental
structure of quantum physics is of a linear nature.

Some examples of semilinear elliptic equations include

—Au= f(x,u),
representing the stationary states of nonlinear heat equations like
u; — Au = f(x,u),
or nonlinear wave equations, such as

Uy — Au = f(x,u).

M. Badiale, E. Serra, Semilinear Elliptic Equations for Beginners, Universitext, 1
DOI 10.1007/978-0-85729-227-8_1, © Springer-Verlag London Limited 2011
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2 1 Introduction and Basic Results

In all these examples u is the unknown, f is a (nonlinear) function, and A is the
Laplace operator.

In optics and in the theory of water waves one encounters the nonlinear
Schrodinger equations,

iu; + Au=«lul’u,

and again the stationary solutions solve the corresponding semilinear equation.
The elliptic sine-Gordon equation

—Au+sinu=0

appears in geometry, in the study of surfaces of constant negative curvature, and,
again in geometry, important semilinear equations are related to classical problems,
such as prescribing the scalar curvature on a manifold (the Yamabe problem).

The theory of Bose-Einstein condensates uses the time-independent Gross—
Pitaevskii equation

—Au+qg(x)u +a|u|2u = \u.

The scalar field equations in classical or quantum physics are noteworthy; they have
the form

—Au= f),

for example

—Au=u’—u.
These are just a few examples of semilinear elliptic equations, which illustrate their
frequent appearance in various areas of science.

The next step towards more complex nonlinear equations is given by quasilinear
equations, where the nonlinear dependence involves not only the unknown function,
but also all of its derivatives except those of the highest order. A very common class
of quasilinear equations is given by the so-called p-Laplace equations, where the
Laplacian is replaced by the operator

div (|Vu|P~*Vu),

which reduces to the usual Laplacian when p =2.

The highest degree of nonlinearity is reached with fully nonlinear equations, in
which the unknown function and all its derivatives are combined nonlinearly, as in
the Monge—Ampere equations

det (Dzu) = f(x,u, Vu).

As a general principle, the more nonlinear the equation is, the more difficult it is.

In this book we concentrate on some types of semilinear elliptic equations, with
some excursions into the realm of p-Laplace equations, confining ourselves to the
cases where the theory developed for semilinear equations extends easily to the
quasilinear context.
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Of course elliptic equations can be studied with an astonishing variety of methods
and techniques. In this book we present the variational approach, which is relatively
simple, elegant and successful with large classes of problems.

Variational methods have a long history, which probably originated from the bra-
chistochrone problem posed in 1696 and solved by Newton, Leibniz, Jakob and
Johann Bernoulli, as well as de L'Hopital, although the problem of surfaces of
revolution in a resisting medium studied by Newton dates back even further. Major
contributions were also given by Euler, who published the first monograph on the
Calculus of Variations in 1744, and by Lagrange who introduced formalisms and
techniques essentially still in use today. The Maupertuis least action principle was
another of the first variational frameworks to be set.

The “classical” example for the problems studied in this book is the Dirichlet
Principle, namely the fact that the solution of a differential equation (of elliptic type)
coupled with a boundary condition can be obtained as a minimizer of an appropriate
functional. In one of the most classical cases, an open set €2 in the plane or in the
space is given, along with a real function f defined on the boundary of 2. The
problem consists in finding a function u : Q@ — R satisfying the boundary value
problem

Au=0 1inQ,
{u:f on 9$2. (.1

Under suitable assumptions, the (unique) solution of (1.1) is characterized as being
the absolute minimum of the functional

I(u)=/|Vu|2dx
Q

among all u’s taking the value f on 0€2 and belonging to a convenient function
space.

Riemann introduced this point of view in 1851, and gave the name of Dirichlet
Principle to the process of solving (1.1) by minimizing /. Although the Dirichlet
Principle is elegant and can be applied to wide classes of problems other than (1.1),
the proof supplied by Riemann cannot be considered correct, as was duly pointed out
by Weierstrass. The problem lies in the fact that when working in function spaces,
and hence in infinite dimensional vector spaces, the familiar compactness properties
from finite dimension are no longer true, and the schemes of proof of existence of
extrema, largely based on compactness arguments, break down. These facts had not
yet been fully recognized at the time of Riemann.

The theoretical settlement of these kinds of difficulties required and stimulated
the extraordinary development of functional analysis, measure theory and integra-
tion that exploded during the twentieth century, with the accurate study of topologi-
cal and metric properties of infinite dimensional vector spaces, the Lebesgue theory
of integration, and many other theoretical cornerstones.

The fundamental idea behind the Dirichlet Principle is the interpretation of a
differential problem, written abstractly as F (u) =0, as

I'(u) =0,
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where [ is a suitable functional defined on a set of functions, and I’ the differential
of I in a sense to be made precise. In other words, zeros of F are seen as critical
points (not necessarily minima) of 1. The equation I’ (u) = 0 is the Euler, or Euler—
Lagrange equation associated with 7.

Many times, it turns out that it is much easier to find a critical point of / than to
work directly on the equation F (u#) = 0. Furthermore, in countless applications the
functional [ has a fundamental physical meaning. Often [ is an energy of some sort,
written as the integral of a Lagrangian, and hence finding a minimum point means
not only solving the differential equation, but finding the solution of minimal energy,
frequently of particular relevance in concrete problems. The interpretation of / as an
energy is so frequent that the functionals associated with differential problems are
normally called energy functionals, even when the problem has no direct physical
applications.

Of course not all differential problems can be written in the form I’'(u) = 0.
When this is possible, one says that the problem is variational, or has a variational
structure, and these are the only type of problems that we address in these notes.

In the course of the twentieth century, after the settlement of functional analy-
sis, the study of function spaces, the extension of differential calculus to normed
spaces, variational methods have never ceased to be developed. On the one hand,
minimization techniques have evolved to a very high level of efficiency, and have
been applied to an enormous number of problems from all fields of pure and applied
science. The body of methods concerned with minimization of functionals goes un-
der the name of direct methods of the Calculus of Variations. On the other hand,
the procedures aimed at the search for critical points of functionals that need not be
minimum points have given rise to a branch of nonlinear analysis known as Critical
Point Theory. Among the precursors of this theory are Ljusternik and Schnirelman,
with their celebrated 1929 work on the existence of closed geodesics, and Morse,
who laid the foundations of global analysis.

One of the most fruitful ideas that came out of this early research is the no-
tion that the existence of critical points is very intimately related to the topological
properties of the sublevel sets of the functional, in the sense that a change in the
topological type of sublevels reveals the existence of a critical point, provided some
compactness properties are satisfied. The systematization of the required compact-
ness properties in the infinite dimensional setting is due to Palais and Smale, who
introduced a compactness condition that bears their name and is nowadays accepted
as the most functional notion.

The two factors—change of topology and compactness—have been later encom-
passed in specific, ready-to-use results for the researcher working in semilinear el-
liptic equations. The two most famous such results are the 1973 Mountain Pass
Theorem by Ambrosetti and Rabinowitz, and the 1978 Saddle Point Theorem by
Rabinowitz. This is where the “elementary” variational methods end, and make
space for the most recent and sophisticated techniques, starting from linking the-
orems, index theories to prove the existence of multiple critical points, and onwards
to the borders of current research.
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1.2 Notation and Preliminaries

The notation we use throughout this book is standard. For convenience we list below
the main symbols and notions that the reader is supposed to know. Proofs can be
found in any text in Functional Analysis, such as [11], or [17].

The symbol € will always stand for an open subset of RY. The space RY is
endowed with the Lebesgue measure dx, and all integrals are to be considered in
the sense of Lebesgue. The measure of a set E C RY is denoted by |E|. We say that
a property holds almost everywhere (shortly: a.e.) in € if there exists a set E C Q
of measure zero such that the property holds at every point of Q \ E.

The scalar product of two vectors x, y in RY is denoted by a dot: x - y, while the
scalar product of two vectors u, v in a Hilbert space H is denoted by the symbol
(u|v).

Ifu:Q - R is diffeyentiable, the gradient of u at x = (x1, ..., xy) is the vector
Vu(x) = (;—)é‘l(x), o %(x)).

The letter C denotes a positive constant that can change from line to line. Finally,
when taking limits, the symbol o(1) stands for any quantity that tends to zero.

1.2.1 Function Spaces

° Ck(SZ), for k =1,2,... is the space of functions u : 2 — R that are k times
differentiable in €2 and whose k-th derivatives are continuous in £2.

e C™(Q) is the space of functions u : & — R that are infinitely many times differ-
entiable in Q.

e C{°(R2) is the subspace of C*°(£2) consisting of functions with compact support
in €2; the support of a (continuous) function u : 2 — R, denoted by spt u is the
closure (in RV) of the set {x € Q | u(x) # 0}. Likewise, Cé‘ (£2) is the subset of
C*(€2) containing only functions with compact support.

e LP(Q), for p € [1,+00), is the Lebesgue space of measurable functions
(Lebesgue measure) u : 2 — R such that f9|u(x)|1’ dx < +00, while L°°(2)
is the space of measurable functions such that ess sup, .q|u(x)| < +00. We re-
call that

ess sup |u(x)| =inf{C > 0| |u(x)| < C a.e. in Q}.

The norms that make L” (£2) Banach spaces are, respectively,

I/p
Iulp:(/ |u(x)|pdx) and  |u|oo = ess sup |u(x)].
Q

° LIIZ) - (2) is the space of measurable functions « : 2 — R such that for every com-
pact set K C 2, |u|rr k) < +00.
e H'(Q) is the Sobolev space defined by
1 2 du 2 :
H' Q) =luecl?© ‘ LeLXQui=1. N
X

i
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where the derivative (?7” is in the sense of distributions. It is a Hilbert space, when

endowed with the scalar product given by

(ulv):/Vu-Vvdx—l—fuvdx.
Q

Q

The corresponding norm is therefore

1/2
||M||=\/(M|u)=</IVulzdx+[u2dx> .
Q Q

Hj () is the closure of C{°(2) in H'(R). The norm in H'(Q) and in H} ()
will always be denoted by ||u]|.

Functions in H(} (R2) are to be thought of as functions that vanish on 9€2. This
is a delicate notion, since 92 has measure zero, and a complete justification of
the preceding sentence can only be carried out by means of the theory of traces
(see e.g. [18]). However, as soon as u is regular enough to allow classical restric-
tions, there is a complete equivalence, in the following sense. Assume that 92 is
smooth, and that u € H'(Q) N C(Q). Then u € H} () if and only if u =0 on
92 (see [11]).

A useful extension property of H(} (£2) is the following. Let u € H(} (£2), and
let ' be an open set such that 2 C . If one extends u to €’ by setting

o u) if e,
”(x)_{o ifxeQ\Q,

then iz € HO1 ().

The space H| (R") coincides with H(R").

Finally, we recall (see [18]) that if u € H'(R), then |u| € H!(R); therefore if
we set

ut(x) =max(u(x),0) and u~ (x) =—min(u(x),0),

then u™, u~ € H'(Q), since u* = 3 (u + |u|) and u™ = 1 (Ju| — u).

Also,
/|V|u||2dx:/|Vu|2dx
Q Q
for every u € H'(Q).

DI’Z(JRN ), for N > 3, is the space defined as follows: let 2* = % (see the next
subsection for a short description of the role of this number); then

« a
DMARY) = {u eL”®Y)| 8—“ e LXRY),i = 1,2,...,N}.
Xi
This space has a Hilbert structure when endowed with the scalar product

(u|v)=/ Vu-Vudx,
RN
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so that the corresponding norm is

1,2
||u||=\/(ulu)=(/RNIVulzdx) .

The space C{°(R") is dense in D!2(RV).
Of course H'(RN) c D2(RN), but there are functions, such as
1
RGO IVES
that are in D'2(R") but not in LZ(R"), and hence not in H' (R").

u(x)

1.2.2 Embeddings

We recall that a Banach space X is embedded continuously in a Banach space Y
(X = Y)if

1. XCY;

2. the canonical injection j : X — Y is a continuous (linear) operator. This means
that there exists a constant C > 0 such that || j (u) ||y < C|lu]|x, which one writes
lully < C|lullx, forevery u € X.

A Banach space X is embedded compactly in a Banach space Y if X is embedded
continuously in Y and the canonical injection j is a compact operator.

The following results are the particular cases of the Sobolev and Rellich Embed-
ding theorems that we need in this book. First we deal with functions defined on
bounded sets.

Theorem 1.2.1 Let Q@ C RY be an open and bounded subset of RN, with N > 3.
Then

Hy(Q) — LI(Q2) foreveryqe |1, v 3l

The embedding is compact if and only if g € [1, %).
The number % is denoted by 2* and is called the critical Sobolev exponent

for the embedding of HO1 into L9. The term “critical” refers to the fact that the
embedding of the preceding theorem fails for g > 2*.

For functions defined on general, unbounded domains, in view of our applica-
tions we limit ourselves to the case Q = RV,

Theorem 1.2.2 Let N > 3. Then

o HIRN) — LIRYN) for every q € [2, 7251;
e DIZ(RN) < L (RN).

These embeddings are never compact.
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We point out that the continuity of the above embeddings is expressed explicitly
by inequalities of the form

luly < Cllull Yu € Hy (),

where C does not depend on u. Inequalities of this type are often referred to as
Sobolev inequalities.

1.2.3 Elliptic Equations

This book is devoted to elliptic differential equations of the second order. We recall
the definition of elliptic differential operator.

Let 2 be an open subset of RY, with N > 2. A second order linear differential
operator L with nonconstant coefficients acting on functions # : & — R has the
general form

N 9%u N ou
Lu=- )" a +) bi)—+ : 1.2
u ij_la”(x)axz'axj' 2 ’(x)axl- q(x)u (1.2)

where the coefficients g;;, b; and g are functions defined on €2 satisfying some regu-
larity requirement, such as continuity, boundedness, measurability, or other assump-
tions that depend on the problem one is interested in.

The operator L is said to be in divergence form if

N
Lu:—'z a%(ai.,(x)%) +Zb,-(x)§—z +q(xX)u. (1.3)
i,j=1 i=1

Every operator in the form (1.2) can be put in divergence form, and conversely, every
operator in divergence form can be written as in (1.2), provided the coefficients a;;
are smooth enough (say differentiable). Passing from one form to the other alters the
coefficients of the first order terms, but nothing else. Hence, for smooth coefficients,
the two forms can be considered equivalent.

The name “divergence form™ has the following explanation. Define a function A
from €2 to the set of N x N matrices by

A(x) = (a;j(x))ij.

Then the principal part of the operator (namely the part containing the second order
derivatives) is exactly

—div(A(x)Vu).

Definition 1.2.3 A second order linear differential operator L given by (1.2) or
(1.3) is called uniformly elliptic on 2 if there exists A > 0 such that
N
> aij(0)EE; = Ag* V& €RY andforae. x € Q.
i,j=1



1.2 Notation and Preliminaries 9

In other words, L is (uniformly) elliptic if the quadratic form & — A(x)& - € is
(uniformly) positive definite in 2.

Uniformly elliptic operators tend to behave all in the same way for many ques-
tions. However, for the variational approach, which is the object of this book, the
first order terms have to be neglected. Therefore we will always consider operators
in divergence form without first order terms, namely

Lu=—div(Ax)Vu) + qg(x)u,

and we will always assume L to be uniformly elliptic. Since under reasonable as-
sumptions on the matrix A these operators really behave in the same way, it is cus-
tomary to develop the theory for the model case, in which A is the identity matrix /.
In this case,
N 82
Lu=—diV(A(x)Vu)=—div(IVu):Z—2=:—Au. (1.4)
i=1 i

The operator A is called the Laplace operator, or the Laplacian.

Remark 1.2.4 The reader may perhaps wonder why the differential operators are
written with a “minus” sign in front of them. The reason will be clear in Sect. 1.4:
in the definition of weak solution the minus sign disappears, and it is preferable to
write it in the equation than to have it the definition of weak solution or in other
quantities of common use.

1.2.4 Frequently Used Results

As a fast reference for the reader we state some classical results that we will use
freely in the sequel.

Theorem 1.2.5 (Green’s formula) Ler 2 C RN be open, bounded and smooth. Let
ueC*Q) and v e CY(Q). Then

9
/(Au)vdx:/ —”vda—[vu.wdx, (1.5)
Q aq dv Q

where v = v(x) is the outward normal to 022 at x, g—"f(x) =Vu(x)-v(x) and o is
the surface measure on 0€2.

Theorem 1.2.6 (Lebesgue, or dominated convergence) Let Q@ C RN be open and
let {up}r C LY() bea sequence such that

1. up(x) > u(x) a.e.in QL as k — oo;
2. there exists v € L1(Q) such that for all k, |ur(x)| < v(x) a.e. in Q.

Then u € L' () and uy, — u in the L' () norm, namely fQ|uk —uldx — 0.
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Theorem 1.2.7 Let Q@ C RN be open and let {uylx C LP(Q), p € [1,+0o0], be a
sequence such that uy — u in LP(Q2) as k — oo. Then there exist a subsequence
{uk;}j and a function v € LP(S2) such that

1. uk; (x) > u(x) ae.in Qas j — oo;

2. forall j, Iukj )] <v(x) ae.in Q.

Theorem 1.2.8 (Poincaré inequality) Let @ C RN be open and bounded. Then
there exists a constant C > 0, depending only on 2, such that

/uzdeC/quzdx Vu € HY ().
Q Q

1
As a consequence, the quantity ( fQ|W|2 dx)? is a norm on Hé (R2), equivalent
to the standard one.

Theorem 1.2.9 (Riesz) Let H be a Hilbert space, and let H' be its topological
dual. Then for every f € H' there exists a unique u y € H such that

fW=(@urlv) YveH.

Moreover, |luy|lg = || fll . The linear application R : H' — H that sends f to u ¢
is called the Riesz isomorphism.

Theorem 1.2.10 (Banach—Alaoglu) Let X be a reflexive Banach space. If B C X
is bounded, then B is relatively compact in the weak topology of X .

In a Banach space X with dual X', we write u; — u when the sequence {uy}x
converges strongly to u, that is, in the strong topology of X, which means that
lur —ullx — 0as k — oo; we write uxy — u if u converges weakly to u, i.e. in the
weak topology of X, which means that

flup) — f(u) ask—ooVfeX.
Example 1.2.11 The following chain of arguments is used very frequently, often

in an automatic way. Let & C R" be open and bounded. Suppose that a sequence
{ule C HY () satisfies

/ |Vug|?dx < C
Q

for all k, for some C > 0 independent of k. By Theorem 1.2.8, the sequence uy is
bounded in Hol(Q). The space HO1 (€2), being a Hilbert space, is reflexive. There-
fore by the Banach—Alaoglu Theorem the sequence is relatively compact in HOl (2)
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endowed with the weak topology. This means that there exist u € Hé (2) and a
subsequence that we call again uy, such that

up —u in HY ().

By Theorem 1.2.1, the embedding of HOl (2) into LP(R2) is compact for every

pEll, %). Then we can say that

. 2N
up —u in LP(Q) for every p € l,m .

By Theorem 1.2.7 there exists another subsequence, still denoted uy, such that also
ury(x) - u(x) a.e.in Q.

Summing up, whenever a sequence {uy}x C HO1 (£2) satisfies supy fQ|Vuk|2dx <
+00, we can deduce that there exists u € HO1 (£2) such that, up to subsequences,

o u; — uin Hj(Q);
o up — uin LP(Q),Vp €[1, 2¥);
o up(x) = u(x)a.e.in Q;

moreover, again by Theorem 1.2.7, there exists w € L? (£2) such that |ug (x)| < w(x)
a.e. in 2 and for all k.

1.3 A Review of Differential Calculus for Real Functionals

We present a short review of the main definitions and results concerning the differen-
tial calculus for real functionals defined on a Banach space. A complete discussion
of this subject, and more generally of differential calculus in normed spaces can be
found for example in [4].

Whenever X is a Banach space, we denote by X’ its (topological) dual, namely
the space of continuous /inear functionals from X to R. We recall that X’ is a Banach
space endowed with the norm

[All = sup [A(u)].

ueX
[leell=1

If X is a Banach space and U C X, a functional I on U is an application [ : U — R.
The elements of X’ are particular cases of functionals (they are linear and continu-
ous). In this book the attention is devoted to general, nonlinear functionals.

We present the two principal definitions of differentiability and their main prop-
erties. Examples will be given next.

Definition 1.3.1 Let X be a Banach space, U an open subsetof X andlet/ : U — R
be a functional. We say that [ is (Fréchet) differentiable at u € U if there exists
A € X’ such that

I(u+v)—1@u)— Av
1 =
lv]—0 [lv]l

(1.6)
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Thus, for a differentiable functional I, we have
I(u+v)—Iu)=Av+o(||vl)

as ||v|| = 0 for some A € X', namely the increment I (u + v) — I (u) is linear in v,
up to a higher order quantity. This of course implies that if / is differentiable at u,
then [ is continuous at u.

Remark 1.3.2 If a functional I is differentiable at u, there is a unique A € X’ satis-
fying Definition 1.3.1. Indeed, if A and B are two elements of X’ that satisfy (1.6),
then plainly

(A= B)v
m —- —O
lvl—0 vl

9

sothat,if u € X and ||u|| =1,

(A— Bu= lim A=B0 _,
t—0t t ’

which means A = B.

Definition 1.3.3 Let / : U — R be differentiable at u € U. The unique element of
X’ such that (1.6) holds is called the (Fréchet) differential of I at u, and is denoted
by I’(u) or by dI (). We thus have

Tw+v)y=1Iw)+1'wv+o(vl) (1.7)

as |[v|| = 0.

Notice that I’ (u) is defined on X, even if I is defined only in U.

In the literature the terms differentiability and Fréchet differentiability are com-
monly interchanged. We will also do so, unless we deal with more than one notion
of differentiability at the same time.

Definition 1.3.4 Let U C X be an open set. If the functional / is differentiable at
every u € U, we say that [ is differentiable on U. The map I’ : U — X’ that sends
ueUto I'(u) € X' is called the (Fréchet) derivative of I. Note that I’ is in general
a nonlinear map. If the derivative I’ is continuous from U to X’ we say that [ is of
class C! on U and we write I € C'(U).

A particular but very important case is that of real functionals defined on a Hilbert
space H with scalar product (-|-). Indeed since H' and H can be identified via the
Riesz isomorphism R : H — H (see Theorem 1.2.9), the linear functionals on H
can be represented by the scalar product in H, in the sense that for every A € H’
there exists a unique RA € H such that

A()=(RA|u) foreveryue H.
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Definition 1.3.5 Let H be a Hilbert space, U C H an open setand let R: H' — H
be the Riesz isomorphism. Assume that the functional / : U — R is differentiable
at u. The element RI'(u) € H is called the gradient of I at u and is denoted by
VI (u); therefore

I'(w)v = (VIu)|v) foreveryve H.

The following proposition collects the properties of differentiable functionals
that we will use repeatedly.

Proposition 1.3.6 Assume that I and J are differentiable at u € U C X . Then the
following properties hold:
1. if a and b are real numbers, al + bJ is differentiable at u and
(al +bJ) W) =al’ () +bJ (w);
2. the product 1J is differentiable at u and
() () = J @)1 () + 1 @) J' (u);

3. if y : R — U is differentiable at ty and u = y(ty), then the composition
n: R — R defined by n(t) = I (y (¢)) is differentiable at ty and

n'(to) = I' )y’ (to);

4. if AC R is an open set, f : A — R is differentiable at I (u) € A, then the com-
position K(u) = f(I(n)) is defined in an open neighborhood V of u, is differen-
tiable at u and

K'(u) = f'(I )1’ (u).
Proof The first statement is trivial. As to the second, when v — 0 in X, we have
T+ ) @+ v) = (1w + 16w+ ol ) (460 + 7 @w +o(vl))
=1w)J W)+ J@w)I' wv+1w)J (wv
+ I'(wyvJ (v + o(||vl)
x (1(14) v+ J )+ J v+ o(||v||)).
Since the last line is o(]|v]|), we obtain
Iu+v)Jw+v)y=Iu)Jw) + (J(M)I/(M) + I(M)J/(M))v + o(llvlD,

as we wanted to prove.
In a similar way, as & — 0,
n(to +h) = I(y (to +h)) =1 (y (to) + y'(t0)h + o(h))
=1(u) + I'w)(y' (t)h 4 o(h)) + o(lly"(t10))h + o(R)]|)
=1n(to) + I'(w)y' (1)) + I'w)o(h) + o(lly' (t0)h + o () )).
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Since the last two terms are o(|/]), we obtain

n(to +h) = n(to) + (I'w)y' (1)) + o(|h)),

namely 7 is differentiable at ¢y and 1’ (t9) = I’ (u)y'(t).
Finally, when v — 0 in X, one easily checks that

K@u+v)=fIu+v)=fU@w+1I'wv+o(lv])
= U W)+ f/T@)T @ +o(lv]) + o' @v +o([v]))
= fU W)+ f/T@)I v +o(lvlD,

so that also the fourth statement follows. O

We now introduce a second, weaker notion of differentiability. This is often sim-
pler to check in concrete cases than (Fréchet) differentiability.

Definition 1.3.7 Let X be a Banach space, U € X anopensetandlet/ : U — R be
a functional. We say that I is Gateaux differentiable at u € U if there exists A € X’
such that, for all v € X,

C T(u+tv)—1(u)
m— =

li

Av. 1.8
lim ; v (1.8)

If I is Gateaux differentiable at u, there is only one linear functional A € X’ satis-
fying (1.8). It is called the Gateaux differential of / at u and is denoted by [ /G (u).

By the very definition of Fréchet differentiability, it is obvious that if [ is differ-
entiable at u, then it is also Gateaux differentiable and I’ () = Ié; (u). It is not true
that Gateaux differentiability implies differentiability, exactly as in RV directional
differentiability does not imply differentiability. However, Proposition 1.3.8 below
gives a relevant result in this direction.

As for the notion of differentiability, if the functional / is Gateaux differentiable
at every u of an open set U C X, we say that [ is Gateaux differentiable on U. The
(generally nonlinear) map I; : U — X' that sends u € U to Ij;(u) € X' is called the
Gateaux derivative of 1.

We have the following classical result; for the proof see e.g. [4].

Proposition 1.3.8 Assume that U C X is an open set, that 1 is Gdteaux differen-
tiable on U and that 1 é is continuous at u € U. Then 1 is also differentiable at u,
and of course 1, (u) =1'(u).

Remark 1.3.9 The importance of this proposition lies in the fact that it is often tech-
nically easier to compute the Gateaux derivative and then prove that it is continuous,
rather than proving directly the (Fréchet) differentiability.

We conclude with the definitions of critical points and critical levels, which will
be one of the main concerns of this book.
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Definition 1.3.10 Let X be a Banach space, U € X an open set and assume that
I : U — R is differentiable. A critical point of [ is a point # € U such that

I'(u) =0.

As I'(u) is an element of the dual space X', this means of course I’ (1)v = 0 for all
veX.

If I'(u) =0 and I (1) = ¢, we say that u is a critical point for I at level c. If for
some ¢ € R the set /~!(c) C X contains at least a critical point, we say that ¢ is a
critical level for /.

The equation I’(u) = 0 is called the Euler, or Euler-Lagrange equation associ-
ated to the functional /.

1.3.1 Examples in Abstract Spaces

We begin with some abstract examples of differentiable functionals.

Example 1.3.11 The simplest example of differentiable functional is given by
a constant functional, which is everywhere differentiable with differential equal
to zero. Another trivial example is given by a linear and continuous functional
A: X — R, namely A € X’. The functional A is everywhere differentiable and the
differential at any point is A itself, that is

Au=A
forevery u € X.
Example 1.3.12 A more interesting case is the following. Let X be a Banach space
and let
a: XxX—->R

be a continuous bilinear form. Denote by J : X — R the associated quadratic form
given by

JWw)=a(u,u).
Then J is differentiable on X and
Jwv=a,v)+a,u), or Jw)=au,)+a(,u)
for all u, v € X. Indeed by linearity
Ju+v)—Jw)=awu+v,u+v)—a(u,u)=a(u,v)+a(v,u)+av,v);

by continuity, a(v, v) = o(||v]|), and the claim follows.
Of course, if a is also symmetric, then

J (w)v =2a(u, v).
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Example 1.3.13 A particular case occurs with a continuous bilinear form
a:HxH—->R

where H is a Hilbert space. Setting again J (1) = a(u, u), the results described in
the previous example apply. In particular, if a is symmetric, then J'(u) = 2a(u, -).
Taking as a the scalar product, we have that

J () = (ulu) = llu]’.
We obtain that on a Hilbert space, the square of the norm is everywhere differen-
tiable and
J' (u) =2(ul-).

Since H is Hilbert, we can identify continuous linear functionals on H with ele-
ments of the space H itself, as we have already recalled. In this case therefore we
can compute the gradient of J, which takes the particularly simple form

VJ(u)="2u.

Example 1.3.14 Still on a Hilbert space H, one can easily prove that the functional
J(u) = ||u|| is differentiable at every u # 0, with

u u
f@:(—{),orvum=—<
[luel| [lze |

One can also prove that J is not differentiable at zero (see e.g. [4]).

Remark 1.3.15 The question of the differentiability of ||« || in absence of the Hilbert
structure is much more delicate and depends in general on finer properties of the
space, such as uniform convexity, reflexivity and so on. We will see some examples
of differentiable norms in Sect. 2.6.

Example 1.3.16 We will sometimes deal with “quotient” functionals constructed
in the following way: assume that [ and J are two differentiable functionals on a
Banach space X and define

T
Q)= TG

Of course Q is defined on U = {u € X | J(u) # 0}. By Proposition 1.3.6 we have

that Q is differentiable on U and

J)!'wyv —Tw)J wpv 1
J(u)? )

Q' (uy =

(I/(u)v — Q(u)J'(u)v) .

1.3.2 Examples in Concrete Spaces

The examples collected in this section will all be used in later chapters since they
present the differentiability properties of functionals associated to elliptic equations.
We begin with a direct application of the “abstract” examples.
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Example 1.3.17 Let Q C RN, N > 1, be a bounded open set. We define the func-
tionals

I:LZ(Q)—HR as I(u):/ u(x)zdx,
Q
J:HJ(Q) =R as J(u)=/9|Vu(x)|2dx,
K:H' (Q) —> R as K(M)Z/ [Vu(x)|*dx,
Q

L:H'(Q) —>R asL(u):/ |Vu(x)|2dx+/u(x)2dx.
Q Q

The functionals 7, J, K and L are all quadratic forms associated to symmetric con-
tinuous bilinear forms. By the discussion in Example 1.3.13 they are differentiable
at every point.

The functional [ is the square of the norm in L2() and L is the square of the
norm in H'(); thus

I’(u)v:Z(u|v)Lz(Q)=2/Qu(x)v(x)dx and VI(u)=2u.

L'(wv = 2wlv) g = 2/ Vu(x) - Vu(x)dx + 2/ u(x)v(x)dx and
Q Q
VL(u) =2u.

The functional J is again the square of the norm, provided one uses in HO1 (2)

the norm J (u)!/ 2, equivalent to the one induced by H L(©) (see Theorem 1.2.8).
Accordingly,

J' (v = 2(u|v)H(; @ = 2/ Vu(x)-Vv(x)dx and VJ(u)=2u.
Q
The functional K is not the square of the norm in H 1(Q); therefore
K'(wyv = 2/ Vu(x) - Vu(x)dx,
Q

but we cannot say that VK (u) = 2u.
Since H& () and H' () are both embedded continuously in L3(), quantities
that are o(|v|») as v — 0in L%(2) are also o(||v||H01(Q)) oro(|[v]l g1(g)) as v — 0in

the respective topologies. Therefore I is also differentiable at every point of HO1 ()
or of H'(2). The expression of I’(u) of course is unchanged.

Example 1.3.18 A slightly more general situation is the following: consider func-
tions a;; € L°(Q) for i, j € {1,..., N}, and define the N x N matrix A(x) =
(a;j(x));;. Take a function g € L°°(2) and define a map a : HY(Q) x H(Q) > R
as

a(u,v) =/ (A(x)Vu(x)) - Vu(x)dx +/ q@)u(x)v(x)dx.
Q Q
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It is easy to see that a is a continuous bilinear form and that if A(x) is a symmetric
matrix, then a is also symmetric. Hence if we define

Jw)=a(u,un) :f (A(x)Vu(x)) - Vu(x)dx +/ q(x)u2 dx,
Q Q
then J is differentiable on H'(2) and

J (v =2a(u,v) = 2/ (A(x)Vu(x)) - Vu(x)dx + 2/ gx)ux)v(x)dx.
Q Q

Example 1.3.19 With the same assumptions and notation as in the previous exam-
ple, define Q : H'(Q) \ {0} — R as
Jw)  [q(A@)Vu) - Vudx + [ q(x)u®dx

Q) = Jou?dx - Jou?dx

Then, as in Example 1.3.16, Q is differentiable on H' () \ {0} and there results

% (/ (A(x)Vu) - Vudx —+—f qg(x)uvdx — Q(u)/ uvdx) .
fQLi dx Q Q Q

We now turn to the differentiability properties of integral functionals like
U+ fQF (u)dx. In dealing with these functionals we will make great use of the
elementary inequality

Vg >03C, suchthat |a+b|?7<Cy(lal?+ |b|?),Va,beR.

Q' (v =

Example 1.3.20 Let Q C RY, N > 3, be a bounded open set (with smooth bound-
ary). Let f : R — R be a continuous function, and assume that there exist a, b > 0
such that

1f@O)] <a+blt]* ! (1.9)

for all r € R. Recall that 2* = % is the critical exponent for the embedding of
H' () into L?(2). Define

t
F(@) =/ f(s)ds

0
and consider the functional J : H' () — R given by
J(u) = / F(u(x))dx.

Q
Then J is differentiable on H'(Q) and
J' (v = [ Fu@)v(x)dx forallu,ve H(Q).
Q

The functional J can also be considered on HOl (R2), without any regularity assump-
tion on 0€2, and the same result holds.
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To check this we use a common procedure in this kind of questions: first we
prove that J is Gateaux differentiable, and then we show that J’G is continuous, so
that we can invoke Proposition 1.3.8.

From the growth assumption (1.9) one easily derives that J(«) is well defined
via the Sobolev inequalities (Theorem 1.2.1). We now check that J is Gateaux dif-
ferentiable. We have to prove that for fixed u, v € H'(Q),

. F(u+tv)— F(u)
lim d
t—0Jq t

X =/ fwvdx.
Q

It is obvious that, for almost every x € €2,

. Fu(x) +tvx)) — F(u(x))
m ;

= fu(x)v(x).

By the Lagrange Theorem there exists a real number 6 such that |#| < |¢| and

Fu@) +tv@) — Fu@)) | _
t

| (x) + 0v@))v )|
< (a+blu) +6v() * ") ()|

= € (Wl + P~ o)l + e ).

As the function [v| + || = |v| + [v|*" is in L1(), by dominated convergence we
have

lim
t—0

F(u+tv) — F(u)
L=

dx =/ fuvdx.
Q

Since the right-hand side, as a function of v, is a continuous linear functional on
H' (), it is the Gateaux differential of J.

We complete the proof by checking that the function J;; : H Q) - [H'(Q)Y
is continuous. To this aim, take a sequence {uy}x in H'(S2) such that uy — u in
H'(). Up to a subsequence, we may assume that

® U — uin Lz*(Q) as k — oo;
o uy(x) —> u(x)a.e.in Q as k — o0;
o there is w € L2 () such that |ug(x)| < w(x) a.e. in 2 and for all k € N.

We have, by the Holder inequality,

| (Vg ur) = Jg ) v| < /Q |f (ui) = f)|v|dx

S(/ If(uk)—f(u)lﬁdx> <f |v]? dx) )
Q Q

Since limg—, 00 | f (g (x)) — f(u(x))| =0 a.e.in  and
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2*

L *_ *__ *F_1
£ ) = F@I7T = C (14" )

0%
2%—1

IA

c(l FlwlF !+ |u|2"*‘)

<C (1 +lwl + |u|2*) cL\(Q),

then by dominated convergence,

lim / |f (ui) — f(u)IZ“Z*1 dx =0,
k—+o00 Jo
so that

196 (i) = T @) | = sup{|(JG ux) — TG @))vl | v e H' (), [lv]| =1}

2%—1
PEd

< C(/ fGu) — G| F dx) 0
Q

as k — +o0o. Recall that we are working with a subsequence of the original se-
quence ui. Hence, what we have really proved is that for every sequence uy — u
there is a subsequence {uy;}; such that J; (ug;) — Ji(u) in [H'(©)]; from this it

is an elementary exercise to conclude that Ji; (ug) — J(;(u) in [H'(Q)1. By Propo-
sition 1.3.8 we deduce that J is differentiable and J'(u)v = fQ fwvdx.

Example 1.3.21 If we drop the hypothesis that €2 is bounded we have to impose
stronger conditions on f. So, let 2 C RN N >3,bea general open set (with smooth
boundary). Let f : R — R be a continuous function, and assume that there exist
a, b > 0 such that

|f O] <alt| +blt]* ! (1.10)

for all + € R. Note that this assumption forces f(0) =0.
Define, as above, F(t) = fot f(s)ds and consider the same functional as in the
preceding example, namely

J(u) = / Fu)dx.
Q
Then J is differentiable on H'!(Q) and

J/(u)vsz(u)vdx forall u, v e H'(Q).
Q

As in the previous example, if we consider J on HOI(Q), without any regularity
assumption on 9€2, then the same result holds. As before, let us first prove that J is
Gateaux differentiable. We have, for a.e. x € Q,

- Fu(x) +tv(x)) — F(u(x))

li
t—0 t

= fu(x)v(x).

By the Lagrange Theorem, there exists a real number 6 such that |#| < |7| and
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Fu(x)+tv(x)) — F(u(x))
t

= ‘f(u +0v)v‘
<c <|u 4 00|+ |u +9v|2*—1) ]

= € (Jullol + 1ol + = ol + 101) € L' (),

so we apply the dominated convergence theorem and we conclude as in the previous
example that J is Gateaux differentiable with Jé (v = fQ fwvdx.
Again we assume that {uz} is a sequence in H'(2) and uy — u in H ().
Passing to a subsequence, we have that
o up — uin L¥ () and in L%();
o uyp(x) > u(x)a.e.in ;
e There exist w; € Lz*(Q) and wy € L*(S2) such that |ug (x)] < w; (x) a.e. in  and
for all k € N.

Let us now fix ¢ > 0 and take R, > 0 such that, setting Q; = {x € Q| |x| > R.}, we
have

lulr2q,) + ul? + w2 + lwalp2q,) <¢.

L2* (sz ) L2* <s2 )

Now,

| (I — T ) ] S/;2|f(14k) — FWllvldx

=/ If(uk)—f(u)llvldX+/ | f(uk) — fu)llv]dx;
QNBR, Qe
on 2, we have

/Q |f (ur) — fQ)llv]dx

<€ [ (bl P ) ol
Qe

sc(/ Iwzllvldx+/ |u||v|dx+/ |w1|2"—1|v|dx+/ |u|2*—l|v|dx)
Qe Qe Qe Qe

+ i, +) = Clvle.

<Cl|l (|w2|L2(S28) +lul 2y + Wil L2(90)

o (sz )
On the set 2 N Bg, we have

*—1
5

/ If(uk)—f(u)llvldXSC</ | ) = f ] 1 dX) vl
QQBRE QmBRg

and since from the assumption on f it readily follows that there is C > 0 such that
lf@Ol<C+ |t|2*’1) for all #, we then obtain as in the preceding example that

f \f (ug) — £ ()| P dx — 0
QNBR,
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as k — oo. Thus

176 ur) — TG @)l = sup {| (I ux) — JG@)v] | v e HY(Q), vl =1}

2*—1
PEd

EC(/ |f(uk)—f(u)|2’%—*ldx> +Ce=0()+Ce
QNBR,

as k — oo. This means that

limsup || J5 (ux) — JG@)|| < Ce.

k——+00

Since this happens for all ¢ > 0, so we deduce

limsup || J§ (ux) — J; )|l =0.

k—+o00
This argument holds for a subsequence of the original sequence {uy };; we conclude
the as in the previous case.

1.4 Weak Solutions and Critical Points

The variational approach to semilinear elliptic equations is based on the notion of
weak solution.

For a general discussion on the importance of weakening the notion of solution
in many areas of differential equations, we refer the reader to [18]. Here, we limit
ourselves to the description of the ideas involved around this notion for the specific
equations we deal with.

It is important that the reader bears in mind this fact: to each differential equation
one can associate a notion of weak solution, or even more than one, depending on
what one is interested in. Of course, there are classes of differential equations that
share the same definition of weak solution, such as almost all the problems treated
in this book.

It is customary to start with a simple linear problem that serves as an example
and a guideline for more sophisticated cases.

Let Q be a bounded open set in RV, and let ¢, h € C(R).

Suppose we want to find a function u : @ — R such that

—Au+qgx)u=h(x) inS,
{u:O on 092, (1.11)
where A is the Laplace operator, defined in (1.4).

This problem is called the homogeneous Dirichlet problem. Generally speaking,
the Dirichlet problem consists in coupling a differential equation with a boundary
condition that specifies the values of the unknown function on the boundary of €2;
one says that the Dirichlet condition is homogeneous if the unknown is required to
be zero on 9€2. The homogeneous Dirichlet problem is the prototype of all boundary
value problems, and this is why in this book we only consider this type of boundary
conditions.
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A classical solution of (1.11) is a function u € C2(2) that satisfies (1.11) for
every x € Q2. We now make the following experiment: we take v € C(l) (£2), we mul-
tiply the equation in (1.11) by v and we integrate over 2. By the Green’s formula
(1.5) (notice that the boundary integral vanishes, since v has compact support) we
obtain that if u is a classical solution, then

/Vu~Vvdx+/q(x)uvdx:/h(x)vdx, VUEC(%(Q). (1.12)
Q Q Q

Now this formula makes sense even if u is not C2; for example u € C I guffices.
On a closer inspection, one realizes that the regularity requirements on u and v
can still be weakened very much. Indeed for the integrals to be finite it is enough
that u,v € LZ(Q) and so do (;)T“l and 337”1_, for every i. Having observed this, it is
even no longer necessary for g and A to be continuous: one can merely require that
g € L®(), and h € L*(Q).

This motivates the following fundamental definition.

Definition 1.4.1 Letg € L*°(Q) and h € L?(R). A weak solution of problem (1.11)
is a function u € H& (£2) such that

/Vu~Vvdx—i—/q(x)uvdx:/h(x)vdx, VveHol(Q). (1.13)
Q Q Q

A few comments are in order. If one wants to extend the notion of solution, one
would like, to say the least, that classical solutions be weak solutions as well. This
is indeed true in the present case, as we now show. Let u be a classical solution of
(1.11). In particular, u € C%(Q), so that u € H' (). Since u is continuous on € and
u=0on 0L, then u € HO1 (R2), see the definition of HOI(Q) in Sect. 1.2.1. Hence u
is in the right function space. Next, we know that (1.12) holds, and since Cé () is
dense in HO1 (R2), for any fixed v € HO1 (£2) we can take a sequence {v,}, C Cé ()
such that v, — v in the HO1 topology. Letting n — 0o, we obtain that (1.12) holds
for every v € Hé (€2). This is exactly (1.13), and hence u is a weak solution.

Notice that, apparently, in the above definition there is no specification of bound-
ary conditions. Actually the homogeneous boundary condition is hidden, or bet-
ter, englobed in the functional setting of the problem: all functions in H(} (R2) sat-
isfy u = 0 on 92, in an appropriate sense (see again the definition of H(}(Q) in
Sect. 1.2.1). This is one of the useful features of the notion of weak solution.

Now suppose we have found a weak solution u of (1.11), so that u satisfies the
integral relation (1.13). Is there any chance that u be a classical solution? Of course
if we are interested in classical solutions we suppose from the beginning that ¢ and
h are continuous. A very important aspect in the definition of weak solution is the
fact that the answer to this question only depends on the regularity of u. Indeed it
is easy to prove that if u is a weak solution and u is in C?(2), then u is a classical
solution. To see this notice first of all that u € H, () N C*(Q) implies u = 0 on I
in the classical sense. Next, one can take v € C(l) (£2) in (1.13), obtaining that (1.12)
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holds. Then one can use the Green’s formula as above, but in the opposite direction,
to show that

/;Z(—Au—f—q(x)u—h(x))vdx:o, VveCé(Q). (1.14)

Since C(l) () is dense in L2(2), we see that

(1.15)

—Au+q(x)u=h(x) ae.inQ,
u=0 on 092,

but since u is C2, the equation holds at every point. Hence u is a classical solution.

The preceding discussion highlights a further fundamental feature of the weak
solution approach: existence is completely separated from regularity. One can con-
centrate on existence results (and this is what this book is all about) and only later
be concerned about regularity of weak solutions. When everything works one finds
a classical solution of the problem. The trick is that regularity theory for weak so-
lutions of partial differential equations is a quite hard and technical issue. However
there are now precise results that one can invoke in the majority of situations. We
do not discuss these items here, and we refer the reader to [11, 18, 22, 24, 45] for
precise regularity results.

We now close the circle by showing how weak solutions are related to critical
points of functionals, still for problem (1.11).

Define a functional J : H} () — R by

J(u):%/S;|Vu|2dx+%/s;q(x)u2dx—/Qh(x)udx. (1.16)

This functional is often called the energy functional associated to problem (1.11).
The term is borrowed from the applications, where J is likely to represent an energy
of some sort. Notice that the first two terms are quadratic in u, while the third is
linear. By the results of Sect. 1.3, and in particular of Example 1.3.17, the functional
J is differentiable on H(} (R2), and

J’(u)v=/w.dex+/q(x)uvdx—/h(x)vdx, Yve Hy(Q). (1.17)
Q Q Q

Now the connection between weak solutions and critical points is evident: compar-
ing Definition 1.4.1 and (1.17), one sees that u is a weak solution of problem (1.11)
if and only if u is a critical point of the functional J .

Thus we have here a concrete example of the Euler—Lagrange equation associated
to the functional J, see Definition 1.3.10.

The correspondence between weak solutions and critical point of functionals out-
lined above is valid of course for more general nonlinear problems. The procedure
to define the notion of weak solution for certain nonlinear equations follows exactly
the same steps as in the linear case: one “tests” the equation with a smooth function
vanishing on the boundary of €2, integrates by parts by means of the Green’s for-
mula, reduces the regularity requirement on the functions, and tries to interpret the
integral equality as the vanishing of the differential of a suitable functional.
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We now give a fundamental example by means of the results obtained in Sect. 1.3.
Let @ C RY, with N > 3, be open and bounded. Assume that ¢ € L>(2) and
let f : R — R be a continuous function that satisfies the growth condition (1.9):

If@)| <a+blt|* !

for all t € R and for some constants a, b. Recall that 2* = % Consider the prob-

lem

{—Au—i—q(X)M:f(”) in £, (1.18)

u=>0 on 092.

The procedure described for the linear case leads to the following definition.

Definition 1.4.2 A weak solution of problem (1.18) is a function u € Hol(SZ) such
that

/ Vu-Vvdx + / g(x)uvdx = / fwyvdx, Yve Hol (2). (1.19)
Q Q Q
Now we construct the energy functional associated to this problem. Let

t
F() = / f(s)ds
0

and consider the functional J : H(} (2) — R defined by

1 2 1 2
J(u)=—/|Vu| dx—i——fq(x)u dx—/F(u)dx.
2Jq 2J)q Q

By the results of Sect. 1.3, J is differentiable on HO1 (2), and

J’(u)v=/w.dex+/q(x)uvdx—/f(u)vdx, Yu € H} ().
Q Q Q

Therefore weak solutions of (1.18) correspond to critical points of J.

Remark 1.4.3 The growth condition (1.9) is essential to have that the energy func-
tional is well-defined on HO1 (2). Indeed, if f(¢) grows faster that |t|2*_1, then F (1)
grows faster than |t|2*; since HO1 (R2) is not embedded in L?(2) when p > 2%, the
integral of F (u) in the functional J might diverge for some u € HOl ().

1.5 Convex Functionals

Let us begin with a heuristic “principle”. The typical functionals 7 (1) whose critical
points give rise to weak solutions of differential equations are integral functionals
that normally contain a term involving the gradient of u, in many cases the inte-
gral of some power of |Vu|. In a physical or mechanical context this term often
represents an energy of some sort. This type of term is bounded below because it is
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nonnegative, but in general it is not bounded above (energies can be made arbitrarily
high). Thus if a functional contains such a term, it may be perhaps minimized, but
probably not maximized.

This is why the most “natural” critical points of differentiable integral functionals
are often its global minima.

Remark 1.5.1 A (local) point of minimum of a differentiable functional is of course
a critical point. Indeed, if / : X — R is a differentiable functional on a Banach space
X and

I(u) =min I (v),
veX

then, for every fixed v € X, we can consider the differentiable function ¢ : R — R
defined by ¢ (t) = I (u + tv). The function ¢ has a (local) minimum at # = 0 and is
differentiable. Therefore

0=¢'(0)=I'(u)v.

This holds for every v € X, and hence u is a critical point for 1.
In the search for global minima a relevant concept is convexity.

Definition 1.5.2 A functional / : X — R on a vector space X is called convex if for
every u, v € X and every real ¢ € [0, 1] there results

I(tu+ (1 —t)v) <tl(u)+ (1 —1)I(v).

The functional is called strictly convex if for every u, v € X, u # v, and every real
t € (0, 1) there results

I(tu+ (1 —t)v) <tl(u)+ (1 —0)I(v).

Finally, we say that [ is (strictly) concave if —1 is (strictly) convex.
The main result for our purposes is the following classical theorem (see [11]).

Theorem 1.5.3 Let I : X — R be a continuous convex functional on a Banach
space X. Then I is weakly lower semicontinuous. In particular, for every sequence
{urtren C X converging weakly to u € X, we have

I (u) <liminf I (uy).
k—00
Remark 1.5.4 On a Banach space X the norm is an example of a continuous convex

functional. Therefore the preceding result can be applied, obtaining the following
fact that we will use repeatedly in the sequel: if u;y — u in X, then

lull < liminf [|ug||.
k— 00



1.5 Convex Functionals 27

A continuous convex functional need not have a minimum, even if it is bounded
below, and even in finite dimension: think for example of the function ¢*. The prob-
lem is that minimizing sequences may “escape to infinity”’. The missing ingredient
is given by the following notion.

Definition 1.5.5 A functional / : X — R on a Banach space X is called coercive if,
for every sequence {uy}ren C X,

A functional I is called anticoercive if —1I is coercive.
The following result is of fundamental importance.

Theorem 1.5.6 Let X be a reflexive Banach space and let I : X — R be a continu-
ous, convex and coercive functional. Then I has a global minimum point.

Proof Define m = inf,cx I (u). Let {ug}reny C X be a minimizing sequence. Coer-
civity implies that {uy }xen is bounded. Since X is reflexive, by the Banach—Alaoglu
Theorem we can extract from {uy}ren a subsequence, still denoted uy, such that uy
converges weakly to some u € X. By Theorem 1.5.3 we then obtain

I(u) <liminf I (u;) =m.
k— 00
Therefore I (#) =m and u is a global minimum for 7. U

Remark 1.5.7 In the previous statement the convexity assumption is only used to
deduce weak lower semicontinuity from continuity (via Theorem 1.5.3). A more
general statement is thus the following version of the Weierstrass Theorem: let X
be a reflexive Banach space and let 7 : X — R be weakly lower semicontinuous
and coercive. Then 7 has a global minimum point. This is the starting point of the
so-called direct methods of the Calculus of Variations.

Convexity is also strongly related to uniqueness properties. We present two re-
sults in this direction.

Theorem 1.5.8 Let [ : X — R be strictly convex. Then I has at most one minimum
point in X.

Proof Assume that I has two different global minima u#; and u; in X. By strict
convexity,

ue 2
=min/ (u),
ueX

. Uy +up 1 1 1 . 1 .
min/(u) <1 <=I(u)+ =I(up) = —minl () + —min 7 (1)
X 2 2 2 uex 2 ueX

a contradiction. O
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Theorem 1.5.9 Let [ : X — R be strictly convex and differentiable. Then I has at
most one critical point in X.

Proof The claim is obvious if X = R, that is, if I is a differentiable real function
of one real variable. Indeed, in this case strict convexity implies that I’ is strictly
increasing, and hence there is at most one ¢ € R such that I'(t) = 0. In the general
case, assume that u is a critical point for 7, fix any v € X and define y : R - R
by y(t) = I (u + tv). The function y is differentiable, and it is easy to see that it is
strictly convex and that y’(0) = 0. Therefore y'(z) # 0 for all ¢ # 0, which means
I'(u + tv)v # 0, and hence I'(u + tv) # 0 for all ¢ # 0. As this holds for every
v € X, the result follows. O

We conclude with a useful criterion to detect convexity.

Proposition 1.5.10 Let X be a Banach space and let I : X — R be a differentiable
functional. Assume that for all u,v € X,

(I'(u) = I'())(u — v) > 0.

Then I is convex. If the strict inequality holds when u # v, then I is strictly convex.

Proof Fix u, v € X and define a function ¢ : R — R as

v()=1w+1t(v—u)).

The function v is differentiable and v’ (t) = I'(u +t(v —u)) (v —u). Fix now s < t.
‘We have

V) =y ) =[I'u+1w—u) —I'(u+s@—u)]@©—u)

= %[1/(14 +tw—u)—I'u+sw-— u))]

X [(u +t(v—u)— (u+s(v— u))] > 0.
Hence v/’ is a nondecreasing function, so ¥ is convex, and in particular
v() =y 1+ 01 —1) <ty (1) + (1 -0y (0),

which means 7 (tv+ (1 — Hu) <tl(w) + (1 —t)I(u).
If in the assumption the strict inequality holds, then we get that v’ is strictly
increasing, and hence ¥ is strictly convex, implying the same for /. d

1.6 A Few Examples

Let us now apply the abstract results of the previous sections to some concrete dif-
ferential problems.
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Theorem 1.6.1 Let Q@ C RY be a bounded open set and let A(x) be a symmetric
N x N matrix-valued function with entries in L°°(2). Assume that there exists . > 0
such that (A(x)y)y > Aly|* for a.e. x € Q and for all y € RN . Let g € L®(R)
satisfy q(x) = 0 a.e. in Q2. Then for every h € L*(2) the problem

—div(Ax)Vu)+gx)u=h(x) in<,
( ) 7 (1.20)
u=>0 on 02
has a unique (weak) solution.
Remark 1.6.2 The condition (A(x)y)y > A|y|? for a.e. x € © and for all y € RY
states that the matrix A(x) is (uniformly) positive definite on €2. This, by Defini-

tion 1.2.3, says that the differential operator — div(A(x)Vu) is uniformly elliptic
on .

Proof Consider the functional J : HOl (2) — R defined as

J(u)=%/Q(A(X)Vu)~Vudx+%/9q(x)u2dx—/ hudx.

Q
We have seen that J is differentiable on Hé (£2) and that

J’(u)v:/(A(x)Vu)-Vvdx+f q(x)uvdx—/ hvdx.
Q Q Q

Thus a critical point of J is a weak solution of problem (1.20).
Since for u # v,

J' W) —J W) u—v)= / (Ax)(Vu = Vv)) - (Vu — Vv)dx
Q
+f q(x)(u —v)*dx
Q

z,\/ IV —v)>dx >0,
Q

J is strictly convex in view of Proposition 1.5.10.
As 2 is bounded, thanks to the Poincaré and Sobolev inequalities, we have

A
YOESS /Q \Vul>dx — |hlaluly = Cllul* = Cllul|,

and J is also coercive. By Theorems 1.5.6 and 1.5.8, J has a global minimum which
is its only critical point. Therefore Problem (1.20) has a unique solution. 0

In this result the sign condition on g is not necessary to obtain the desired proper-
ties. Indeed, the same conclusion holds provided ¢ is “not too negative”, for instance
in the following sense.

Let S be the best Sobolev constant for the embedding of HJ () into L? (),
that is, the largest positive constant S such that

Slul3. < |lull* forevery u € H} (). (1.21)
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Assume that g € LN/2(Q) satisfies

lgln/2 < AS.

Then the conclusion of the previous theorem holds. Indeed we note that by the
Holder inequality, for every w € HO1 (),

‘ / q(x)u)2 dx
Q

2 N-2
N N 2N_ N
5(/ |q|zdx) (/|w|mdx)
Q Q

» _ 1 2
=lgIn2lwlzx < §I(J|N/2||w|| .

Then we have, with the same argument as above,
1
J' () —J' (v) (u—v) > (?» - §|Q|N/2>||M —v[I* >0,

which proves (strict) convexity, and

u Vu dx——q u — |hl2|u
=5 29 N/2 21U12

-2
which proves coercivity. Since under the weakened condition on ¢ the functional
J is still differentiable, as it is easy to check, we again obtain the existence of a
solution to Problem (1.20).
A particular but significant case of the preceding theorem is worth to be stated
separately.

1 1 5
z 5\ A= glalvy Jlull” = Clull,

Corollary 1.6.3 Let Q@ C RN be a bounded open set. For every h € L*(Q) the
problem

(1.22)

—Au=h(x) inQ,
u=>0 on 0L2.

has a unique (weak) solution.

Similarly, with the same arguments of Theorem 1.6.1, one can prove a version
for a problem on RV

Corollary 1.6.4 For every h € L*>(RN) the problem

—Au4u=h(x) inRVN,
ue H'RV)

has a unique (weak) solution.

(1.23)

Remark 1.6.5 The solutions mentioned in these two corollaries are of course ob-
tained as the unique global minima of the functionals J : HOl (2) — R defined by

1 2 Lo
Jw)=={ |Vul|"dx — | hudx = —||u||"— [ hudx
2Jq Q 2 Q
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and I : H'(RY) — R defined by

1 1 1
I(u):—/ |Vu|2dx+—/ uzdx—/ hudx=—||u||2—/ hudx.
2 RN 2 RN RN 2 RN

This procedure is called the Dirichlet principle.

We now give a first example of a nonlinear problem which can easily solved with
the same techniques.

Theorem 1.6.6 Ler  C RN, with N > 3, be open and bounded. Assume that
q € L*®(R2) satisfies ¢ > 0 a.e. in 2, and let f : R — R be a continuous function
such that (1.9) holds. If

fWt<0 and (f(@t)—f(s)E—s5)<0 Vi, seR, (1.24)

then, for every h € L*(2), the problem

{—Au +gX)u=fu)+h(x) in<,

u=~0 on 082 (1.25)

has exactly one solution.

Proof Let F(t) = fot f(s)ds and define a differentiable functional J : HO1 (Q)—>R

by
1 2 1 2
Jw)y==| |Vul"dx+ - | gx)udx— | Fu)dx — | hudx.
2 Ja 2 Ja Q Q

Critical points of J are weak solutions of (1.25). We have, for all u, v € HO1 (2),
(') =T @)U —v)=u—v|*— /Q(f(u) — f)—v)dx > |lu—v]?

so that J is strictly convex. Furthermore it is easy to see that F (z) <0 for all ¢, and
hence

1 1
J(u) > = lull? —/ F(u)dx — |hlaluly = = |lull® = Clull,
2 Q 2

by the Poincaré and Sobolev inequalities. This shows that J is also coercive. As
the functional is coercive, convex and continuous, it has a global minimum point,
which is a critical point. Since J is strictly convex, this is the only critical point, by
Proposition 1.5.9. 0

As obvious examples of functions f satisfying the assumption of the previous
theorem, one can take any f(¢) = —|t|1’_2t with p € (1,2*], or f(t) = —arctant.

1.7 Some Spectral Properties of Elliptic Operators

We now recall some well-known spectral properties of elliptic operators; for the sake
of simplicity and in view of later applications we state the results for an operator
of the form —A + g(x), the prototype of all (uniformly) elliptic operators. The
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results can be extended with minor modifications to cases where e.g. the Laplacian
is replaced by the operator — div(A(x) V), under suitable natural assumptions on the
matrix A.

Let Q be a bounded open subset of RV, and let g € L>®(Q).

Definition 1.7.1 We say that . € R is an eigenvalue of the operator —A + g(x)
under Dirichlet boundary conditions if there exists ¢ € HOl (2) \ {0} such that

—Ap+q(x)p=Ap inQ,
=0 on 9€2.

The function ¢ is called an eigenfunction associated to A.

(1.26)

Remark 1.7.2 Problem (1.26) is to be interpreted in the weak sense, namely ¢ solves
it provided

/V<p-v1)dx+/q(x)<pvdx=xf pvdx forall v e HJ(Q).
Q Q Q

If g =0, the corresponding numbers A are simply called the eigenvalues of the
Laplacian (often even omitting “under Dirichlet boundary conditions”).

The next theorem collects the basic properties of eigenvalues and eigenfunctions;
for its proof, see [18]. Since we present the theory for the Dirichlet problem only,
when we talk about eigenvalues we always mean that Dirichlet boundary conditions
are imposed.

Theorem 1.7.3 Let Q@ C RN be bounded and open and let g € L*°(S2). Then there
exist sequences {Ar}r CR and {¢r}r C HOl (2) such that

1. each A\ is an eigenvalue of —A + q(x) and each @y is an eigenfunction corre-
sponding to A;

2. Ay = 400 as k — o0;

3. {@k} is an orthonormal basis of L*(S2);

4. forevery k, g € L*°(R2) and @i (x) # 0 a.e. in Q.

Remark 1.7.4 It is customary to list the eigenvalues in an infinite increasing se-
quence A; < Ay < ---; thus eigenvalues are repeated according to their (finite) mul-
tiplicity. Two eigenfunctions ¢; and ¢; are always different for i # j (they are or-
thogonal in L?), even if they correspond to the same eigenvalue.

Notation For a fixed operator on a fixed domain, eigenvalues are denoted by Ay.
If one wants to stress the dependence of Ax on the operator or on the domain one
writes Ay (—A + gq) or Ax(€2).

Remark 1.7.5 When A1(—A + g) > 0 (this happens certainly if g(x) > 0 a.e. in €2,
by the characterization of A1 in Theorem 1.7.6 below), it is easy to see that the
quantity

(ulv):/Vu-Vvdx+fq(x)uvdx
Q Q
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defines a scalar product on Hé (€2) that induces a norm || - || equivalent to the usual
one. One checks immediately that the set { f—’)%k}k is an orthonormal basis of HO1 (2)

with respect to the scalar product defined above.
For future reference we notice that we can write

o0 o0
u=Y oxpe inLXQ) and |u3=) o,
k=1 k=1

with oy = [querdx, or

o0 o0
Pk . 1 2 2
u= E Br—— inHy(R) and |ul”= E Bis
o VA ° ‘

k=1

with By = (u|f—)f_k). The numbers oy and By are the Fourier coefficients of u in
LZ(Q) and in HO1 (R2) respectively. Of course, By = v/ Arok.

Eigenvalues and eigenfunctions play a very relevant role in nonlinear elliptic
problems. For this reason we add some more information.

The most “important” eigenvalue is the smallest, A, also called the first eigen-
value or the principal eigenvalue. It enjoys a number of special features, some of
which we list in the next result.

Theorem 1.7.6 (Variational characterization of the first eigenvalue) Let Q be
an open and bounded subset of RN and let g € L®(Q). Define a functional
Q:H}(Q)\{0} > Quas

JolVul?dx + [oq(x)u*dx

Q) = Jou?dx

This functional is called the Rayleigh quotient. Then

1. minMeHd(Q)\{O} Ou) =Aq;
2. Q(u) = A1 if and only if u is a (weak) solution of

{—Au+q(x)u=A1u in Q, (1.27)

u=>0 on 082;

3. every non identically zero solution of (1.27) has constant sign in 2 (in particular,
is a.e. different from zero in Q);
4. the set of solutions of (1.27) has dimension one; one says that Ay is simple.

The fact that the first eigenvalue is simple is normally expressed by writing the
sequence of eigenvalues as A < Ay < A3 < --., with the strict inequality between
the first two terms. Since the eigenfunctions associated to A; are all of the form
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O¢1, for 6 € R and for some ¢; € HOl (2), it is customary to say that ¢y is the first
eigenfunction, in the sense that there exists a unique ¢; € HO1 (£2) such that

—Ap; +q(xX)p1 =A1p1 in €,

o1 =0 on 9€2,

91 >0 in ,

©1 normalized.

(1.28)

The normalization can be expressed by |l¢1|| = 1, or |¢1]2 = 1 or by other similar
statements, depending on the convenience of the moment.

Remark 1.7.7 All eigenfunctions but ¢; change sign. Indeed, since they form an
orthonormal basis of L2(£2), they satisfy in particular fgcpl(pk dx=0fork#1. As
@1 is positive, ¢ must change sign.

The role of eigenvalues is of fundamental importance for the solvability of linear
problems. We give the main result, that can be seen as a direct application of the
Fredholm alternative in Functional Analysis (see [11, 18]).

Theorem 1.7.8 Let Q be a bounded open subset of RN . Assume that g € L™ ()
and that h € L*(Q). Consider the problem

(-wraies e 12

u=0 on 092.
Then

1. Problem (1.29) has a unique (weak) solution for every h € L*(R) if and only if
A is not an eigenvalue of — A + q(x).

2. If A is an eigenvalue, then problem (1.29) has a solution if and only if h is or-
thogonal in L%(Q) to ker(—A + q(x) —A).

In this case, the general solution of (1.29) is of the form u = ug + ¢, where ug is a
fixed solution of (1.29) and ¢ is any function in ker(—A + q(x) — X).

As an application of the spectral properties discussed so far, we state a very
useful property that allows one to prove easily that solutions of certain equations are
nonnegative. This is quite important in many problems where by physical reasons,
for example, one is only interested in positive solutions.

We are talking about a version of the maximum principle, a fundamental tool in
the study of differential equations. For a complete discussion of this principle, we
refer the reader to [18] or [41].

Proposition 1.7.9 Let Q@ C RN be open and bounded, and let g € L™ (). Assume
that u € H(} (R2) satisfies

—Au+qgx)u=>0 inQ
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in the weak sense, that is,
/ Vu-Vodx + / qgxX)updx >0 Vepe H&(Q), ¢(x) > 0a.e in Q.(1.30)
Q Q
If Mi(—A 4+ q) > 0, then u(x) > 0 almost everywhere in 2.

Example 1.7.10 A typical use of the preceding proposition goes as follows. Suppose
that the function f : Q2 x R — R is continuous and satisfies f(x,7) >0 fort >0
and f(x,0) =0 (for every x € 2). We are interested in nonnegative solutions of

{ —Au+qgx)u= f(x,u) in§,

u=20 on 082. (1.31)

We define
f(x,t) ift>0,
0 ift <O.

Of course g is continuous. Then we solve (if possible) Problem (1.31) with f re-
placed by g. We obtain in this way a function u € HO1 (£2) that satisfies

glx, )= {

—Au+qgx)u=gx,u)=>0

at least in the weak sense. If A{(—A + g) > 0, then by Proposition 1.7.9 we obtain
that u(x) > 0 a.e. in Q2. But then, for almost every x in 2, g(x, u(x)) = f(x, u(x)),
so that actually u (is nonnegative) and solves (1.31).

Remark 1.7.11 Under regularity conditions, it is possible to prove that nonnegative
solutions are actually everywhere positive in 2. This is the content of the strong
maximum principle, which is beyond the aims of this book. We refer the interested
reader to [18, 41].

1.8 Exercises

1. Let @ c RY be open and bounded. Consider the problem

{—Au:l in Q,

u=0 on 0%2. (1.32)

(a) Define the notion of weak solution for this problem, and find a functional
on H(} (£2) whose critical points correspond to weak solutions of (1.32).
(b) Show that (1.32) has exactly one solution.
(c) Find this solution when 2 is a ball of radius R centered at zero. (Hint: write
the equation in polar coordinates and look for a radial solution.)
2. Let @ C RV, with N > 3 be open and bounded. Take g € L>°(£2) and let A(x)
be an N x N matrix with continuous entries (on ).
For p € (2,2*], consider the problem

{ —div(AX)Vu) + g(x)u = |ulP2u  inQ,

u=0 on 0%2. (1.33)
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Define the notion of weak solution for this problem, and find a functional on
H(} (£2) whose critical points correspond to weak solutions of (1.33).

. Let f: R — R be a continuous function satisfying (1.10) and (1.24). Assume

that a € L (R") is such that
a(x)>c>0
for a.e. x € R". Prove that for every h € L2(R"), the problem

—Au+u=alx)fu)+hx),
ue H'RN)

has exactly one solution.

. Let €2 be an open subset of RY, N > 3, and take a function q € LN/ 2(SZ). Prove

that the function a : HO1 () x Hé (2) — R defined by

a(u,v) = / quvdx
Q

is bilinear and continuous. Deduce that the functional J : HO1 (2) > R defined
by

J(u):/ quzdx
Q

is differentiable and compute J'.

. (Best constant in the Poincaré inequality.) Let 2 C RY be open and bounded.

Prove that
1
/uzdx < —/ |Vul*dx  forallu € H} ()
Q A Ja

and the constant 1/ is the best (i.e., smallest) possible.

(Dependence of A; on the domain.) For every  C R" open and bounded, de-
note by 11 (€2) the first eigenvalue of the Laplacian on HO1 (2). Prove that A1 (2)
is strictly decreasing with respect to inclusion, in the sense that

QC Q' implies A1(R) > A1(2).

. (Dependence of A on g.) Let 2 be open and bounded. Prove that

(a) A1(—A + g(x)) is a nondecreasing function of ¢, in the sense that
p,q € L®(Q)and p(x) < q(x) ae. imply A(—=A+p)<ri(—=A+gq);
(b) X1 is a continuous function of g, in the sense that

M (=A+q) —r(=A+p)l =g = pllre@)-

. Let 2 be open and bounded. For & € L?*(R2) and A € R, define [ : H(} (Q)—>R

by

1 A
I(M)=—fIVulzdx——/uzdx—/hudx.
2Jq 2J)q Q

Prove that [ is coercive on HO1 (2) if and only if A < A1.
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9. More generally, assume that €2 and & are in the previous exercise, let g €
L%°(R2), and define J : H& (R2) > R by

1 1
Jw) = —/ |Vul>dx + —/q(x)uzdx — / hudx.
2Jq 2Jq Q
(a) Prove thatif A1 (—A + ¢(x)) > 0, then the expression

(u,v):/Vqudx—}—/q(x)uvdx
Q Q

defines on HO1 (£2) a scalar product that induces a norm equivalent to the
standard one.
(b) Prove that J is coercive on H(} () if and only if A1 (—A + ¢g(x)) > 0.
(c) Deduce the result of the preceding exercise from this.
10. Prove Proposition 1.7.9. (Hint: test (1.30) with ™ and use the variational char-
acterization of A;.)

1.9 Bibliographical Notes

e Section 1.1: A very gentle introduction to the Calculus of Variations is the book
by Hildebrandt and Tromba [25]. For a history of the early Calculus of Variations,
see Goldstine [23].

e Section 1.2: Proofs, details, and general theory can be found in almost any
book in Functional Analysis. A good reference is Brezis [11], which is PDE-
oriented. Topics more strictly related to differential equations can also be found
in Evans [18].

e Section 1.3: The reader who wishes to see a more systematic treatment of differ-
ential calculus in normed space is referred to Ambrosetti and Prodi [4].

e Section 1.4: For a more complete discussion on weak solutions, and particularly
for the extension of the definitions in this section to nonhomogeneous Dirichlet
problems and Neumann problems, see Chap. IX of [11].

e Section 1.5: The development of the results and techniques outlined in this sec-
tion, namely minimization of functionals under coercivity, convexity or semi-
continuity properties is the Calculus of Variations, and particularly the so-called
direct methods in the Calculus of Variations. This is a very wide topic that has
reached a high degree of complexity, matched by outstanding success in solving
huge classes of problems taken from everywhere in science. The readers inter-
ested in these methods can consult Giusti [21], especially the first chapter.

e Section 1.7: The missing proofs in this section can be found in [11, 18].






Chapter 2
Minimization Techniques: Compact Problems

Throughout this chapter we show how techniques based on minimization arguments
can be used to establish existence results for various types of problems.

Our aim is not to describe the most general results, but to give a series of ex-
amples, and to show how simple techniques can be refined to treat more complex
cases.

2.1 Coercive Problems

We begin with the following problem, that will provide our guideline through the
whole chapter. We want to find a (weak) solution to

~Au+qu=f@u) +hx) g, o
u=0 on 9L2. ’
In this section, the general framework is specified by the assumptions
(hy) € cRY is bounded and open, g € L*°(2) and ¢g(x) > 0 a.e. in Q.
(hp) heL*Q).
We equip Hd (£2) with the scalar product
(u|v)=/ Vu~Vvdx+/ q(x)uvdx, (2.2)
Q Q

and we denote by || - || the induced norm, equivalent to the standard one.

Remark 2.1.1 In assumption (hj), the requirement g(x) > 0 a.e. is used only to
obtain A1(—A + ¢g(x)) > 0, which guarantees that (2.2) is indeed a scalar product
and that the induced norm is equivalent to the standard norm of HOI(Q), see Re-
mark 1.7.5 and Exercise 9 in Chap. 1. Therefore in all the results of this chapter, and
similarly in all the subsequent chapters, the assumption ¢ > 0 could be replaced be
the “abstract” condition

AM(=A+gx)) >0, 2.3)

M. Badiale, E. Serra, Semilinear Elliptic Equations for Beginners, Universitext, 39
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and everything would work perfectly well with no changes in the proofs. The point
is, precisely, that (2.3) is abstract, and nobody knows for which general ¢’s it is sat-
isfied. We prefer, in this book, to assume an explicit sign condition on g, rather than
an indirect one on ;. The reader should however keep in mind this clarification.

We begin by assuming the following hypothesis on the nonlinearity f.
(h3) f:R — Ris continuous and bounded.

Setting F(t) = f(; f(s)ds, the computations carried out in Example 1.3.20 show
that the functional I : HO1 (2) — R defined by

1 1
I(u):—/|Vu|2dx+—/q(x)u2dx—fF(u)dx—fhudx
2Jq 2J)q Q Q

1
=—|lull*> = | Fwdx— | hudx
2
Q Q

is differentiable on Hé (£2). Its critical points are the weak solutions of (2.1).
Note that unless F' is concave, which we do not assume, the functional I needs
not be convex.

Theorem 2.1.2 Under the assumptions (hy)—(h3z), Problem (2.1) admits at least
one solution.

Remark 2.1.3 The leading idea of the proof is that since f is bounded, the term
fQF (u)dx should grow at most linearly with respect to ||u||, as well as the last
term. If this is true, the functional / can be seen as an “at most linear” perturbation
of the quadratic term ||u||>. This suggests the existence of a global minimum. Let us
see how all this really works.

Proof We break it into two steps. We make repeated use of Holder and Sobolev
inequalities.
Step 1. The functional I is coercive. Note first that since f is bounded, then
|F ()| < M|t|

for some M > 0 and all r € R. Hence

/ F(u)dx
Q

where the last inequality comes from the continuity of the embedding of HO1 ()
into L'(€2). This confirms the idea of the linear growth as in the preceding remark.
Thus

< M/ juldx < Cllull,
Q

1 1
1<u>=—||u||2—/ F(u)dx—/ hudx > Sl = Cllull = |hlaul2
2 o o 2

= —1 Il ||2—C|| l
u ul,
2

which shows that [ is coercive.
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Step 2. The infimum of I is attained. Set

m= inf [I(u).
ueH} (Q)
Step 1 shows that m > —o0, although one does not really need this: it will follow
automatically from the fact that it is attained.
Let {ux}x C HO1 (£2) be a minimizing sequence for /; from Step 1 we immediately
see that {uy}; is bounded in H(}(SZ), and therefore we can assume that there is a
subsequence, still denoted uy, such that

up — u in Hy (Q);

up — u in L2(Q);

ur(x) — u(x) a.e.in ;

there exists w € L2(2) such that lur(x)] < w(x) a.e. in © and for all k.

Notice now that since F is continuous we have F(ui(x)) — F(u(x)) a.e. in €,
and due to the growth properties of F, we also have

[F(up ()| <M |up(x)] <M w(x)

a.e. in © and for all k. Since € is bounded, w € L! (f2), and by dominated conver-
gence we obtain F(ux) — F(u) in L'(); in particular,

/F(uk)dx—>/ F(u)dx.
Q Q

We also have, of course,
/ hukdx—>/ hudx and ||u||2 <liminf |Jug]|,
Q Q k

by weak lower semicontinuity of the norm. Thus
1
() = =|lul? —/ F(u)dx —/ hu dx
2 Q Q
1
< lirr}{inf§||uk||2 — lilgnv/Q F(uy)dx —li;n/ghuk dx

1
=liminf<—||uk||2—/ F(uk)dx—/ hukdx>=1iminfl(uk)=m.
k 2 Q Q k

But u € HOI(Q), so that I (u) > m, which shows that I (#) = m. Therefore u is a
global minimum for 7, and hence it is a critical point, namely a solution to (2.1). [J

Remark 2.1.4 Analyzing the preceding proof one sees that what we actually did is
to show that [ is coercive and weakly lower semicontinuous on H(} (2). These are
exactly the assumptions that one needs in the (generalized) Weierstrass Theorem to
deduce the existence of a global minimum, see Remark 1.5.7.

The boundedness of f in the previous result has been used to show that the
nonlinear term |, o F (u) dx does not destroy the growth properties of I inherited by
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the term ||u ||2. This occurred because, as we have seen, the nonlinear term grows at
most linearly. Now this is not really necessary: it is enough that this term grows less
than quadratically. Let us see what kind of assumptions we can use in this sense in
the next two results.

We begin by replacing the boundedness condition (hsz) by the growth assump-
tion

(hg) f:R — Ris continuous and there exist o € (0, 1) and a, b > 0 such that
lf(MO| <a+blt]” VteR.

Thus f is no longer bounded, but is allowed to grow sublinearly (o < 1). It follows
that F' grows at most subquadratically, in the sense that for some ay, b1 > 0,

|F(t)| <ai +bi|t]° ™" VieR, (2.4)
witho +1 < 2.

Theorem 2.1.5 Under the assumptions (hy), (hy) and (hyg), Problem (2.1) admits
at least one solution.

Proof Working as in the preceding proof we first show that  is coercive. Using the
fact that o + 1 <2 we have

'/ F(u)dx
Q

thanks to the continuity of the embedding H(} () = L°H(Q). Then

<119+ by / " dx < €1 + Callull ™+,
Q

1 1
I(u)= —Ilullz—/ F(u)dx —/ hudx > ~|lul|* = Cy — Collu||®™ — [h]2]ul
2 o o 2

1
> E”“”2 — Collull”*t = Cslull - €y,

and coercivity follows.

Let now {ug}x C HO1 (€2) be a minimizing sequence for /. As in the proof of The-
orem 2.1.2 above, {uy}x is bounded and therefore, up to subsequences, it converges
weakly to some u € HO1 (£2) and satisfies the same properties as in the preceding
case. Then, reasoning as we did above, we obtain again

/ F(up)dx — / F(u)dx,
Q Q
so that

1
1(u)5liminf<—||uk||2—/ F(uk)dx—/ hukdx> —liminf/ () = inf 1.
ko\2 Q Q k HL(@)

The function u is a global minimum, hence a critical point of 7, and we have found
a solution of (2.1). O

In our quest for more general assumptions we now try to go one step further: pre-
cisely, can we allow a linear growth for f, and then a quadratic growth for F? The
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answer is in the affirmative, provided we supply a quantitative control of the linear
growth. This control is formulated in terms of the first eigenvalue A1 = A (—A +¢q)
in the following assumption.

(hs) f:R — Ris continuous and there exist a > 0 and b € (0, A1) such that
|f()| <a-+blt|] VieR.
Integrating, it follows immediately that
b
IFUNSMH+§UF Vi €R.

Notice the difference with respect to (1.9): this is because we now want to keep the
coefficient in front of |7|? as small as possible.

Theorem 2.1.6 Under the assumptions (hy), (hy) and (hs), Problem (2.1) admits
at least one solution.

Proof To control the term fQF (u) dx we use the characterization of the first eigen-
value, Theorem 1.7.6. We have

b b
/F(u)dx Sa/ |M|dx+—/ ul?dx < Cllull + =— llul?,
Q Q 2 Ja 201
so that

I (I b
Tw)=Sllul®— | Fw)dx— | hudx = Z|ull” — Cllull — 5 —llull” — |hl2lul2
2 a Q 2 2

1 b
>—(1-— 2 Cyllull.
> 2( M)Ilull el

Since b < A1, the functional is coercive.
The remaining part of the proof works exactly as in the preceding theorems. [J

Remark 2.1.7 In the literature, the growth conditions contained in assumptions (hg)
and (hs) are often written

|f (@]

|£]°

|f (@]

<400 and limsup—— <A
t—>Foo ]

lim sup
t— 400

respectively.

Remark 2.1.8 1t is interesting to inspect what happens if we allow b > A1 in (hs). In
this case the functional [ is no longer coercive and may be unbounded from below.
In some cases, as for example if we take f(t) = Axt (k > 1), Problem (2.1) has
no solution for some h (see Theorem 1.7.8). Later we will see how to deal with
nonlinearities that grow more than quadratically.

We now examine a variant of Problem (2.1), with the aim of showing how the
variational information can be of help in establishing existence results. Consider

{ —Au+qgx)u=fu) inQ,

u=>0 on 0. 2.5)
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If £(0) =0, a frequent case in the applications, then the problem admits u =0 as a
solution (called the trivial solution).

Without further assumptions, it may very well be that the trivial solution is the
only solution. For example, if f(¢)t <O for all ¢, then any weak solution satisfies

lul* = f fwyudx <0,
Q

and hence u = 0.
In the next result we show a condition that prevents this fact.

Theorem 2.1.9 Let (hy) hold. Assume moreover that f : R — R is continuous and
satisfies
t
fO)=0 and limsup U]J <Al

t—+o00 tl

Then Problem (2.5) admits at least one solution (which may be trivial).
If in addition f also satisfies

lim inf@ > Al, (2.6)

t—0t

then Problem (2.5) admits at least one nontrivial solution.

Proof The first part is a special case of Theorem 2.1.6. We now show that under
condition (2.6) the solution found in the first part is not identically zero. We use a
level argument, as follows.

First notice that by (2.6), there exists 8 > A1 and § > 0 such that

f@)=pt Viel0,6],
which implies that
1
F(t) > Eﬂtz Vvt € [0, 8].

Let ¢1 > 0 be the first eigenfunction of —A 4 g(x), and take & > 0 so small that
ep1(x) < § for almost every x; this is possible because ¢ € L°°(L2), see Theo-
rem 1.7.3.
Then
1 2 2
F(egi(x)) = 5 Be"¢i(x)
a.e. in 2. This implies that

It 1 2 L, 2 1,5 2
(8¢1)—§||8¢1|| - QF(5§01)dx§§5 o1l —Eﬂs Qfﬂldx

1 1 2
:-gz)\l/(plzdx— —,BsZ/gofdx:S—(kl —ﬂ)/<pfdx <0,
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since B > A1. Let u be the solution that minimizes /. Then

I(w)= min () <I(gpy) <O.
veH (Q)

As I1(0) =0, u cannot be the trivial solution. O

Remark 2.1.10 Tt is possible to show that the preceding problem admits a nonnega-
tive solution. Indeed it is enough to proceed as in Example 1.7.10.

Since (h3) implies (hg) that implies (hs), it is clear Theorem 2.1.6 implies Theo-
rem 2.1.5 that in turn implies Theorem 2.1.2. As a further example we examine now
another case in which we can apply the scheme of the previous results and that leads
to a theorem that is independent of the preceding ones. Consider the assumption

(hg) f:R — Ris continuous and there exist a, b > 0 such that
If(O] <a+blt]*~" VieR.
Moreover
f®r<0 VteR.
By integration one easily sees that there exist aj, b1 > 0 such that
|F()| <ai +bi|t]* VieR
and that
F(i)<0 VireR

Notice that — F is allowed to have critical growth, but F' is not. Moreover the sign
condition f(¢)t < 0 prevents, as we have seen, the existence of nontrivial solutions
when 4 = 0. In spite of this, Problem (2.1) is solvable.

Theorem 2.1.11 Under the assumptions (hy), (hy) and (hg), Problem (2.1) admits
at least one solution.

Proof By Example 1.3.20, the usual functional 7 is differentiable on HO1 (£2). Coer-
civity is simple consequence of the sign of F:

1 1 1
l(u>=—||u||2—/ F(u)dx—/ hudx > ~|lull® = |hl2lulz > = ull* = Cllul.
2 o o 2 2

The proof then proceeds exactly as in the previous theorems. U

Remark 2.1.12 This last existence result is similar to the one obtained in Theo-
rem 1.6.6. However here we do not assume the monotonicity of f, so that the func-
tional needs not be convex. This implies that we have to prove the weakly lower
semicontinuity, as in the other theorems of this section, and we do not have a unique-
ness result.

Remark 2.1.13 If | F| grows more than critically, the functional / is no longer well
defined on H(} (€2), because a function in H(} (2) need not be in LP(R2) if p > 2*.
This means that the integral of F (1) may be divergent for some u.
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2.2 A min-max Theorem

In this section we deal with a much more complex result than those treated so far;
the proof of the main theorem is quite long and can be omitted upon a first reading.

First, a heuristic motivation. The results in the previous section show, very
roughly speaking, that if the nonlinearity f “does not interact” with the spectrum of
the differential operator, then the procedure used for the linear problem (minimiza-
tion) still works in the nonlinear case: the functional is coercive, bounded below,
and has a global minimum.

Let us see what we mean by “does not interact”, at least in a simplified setting.
Suppose that f is differentiable on R and that

sup | f'(1)| < 1.

teR
This assumption implies (hs) and in particular implies that the closure of the range
of f’is contained in (—A, A1). This is the property that makes the functional coer-
cive (actually, as we have seen, it is enough that the property holds for large ¢; one
can also check that sup, g f'(f) < A1 works as well).

The situation changes dramatically, even in the linear case, if we allow that f”(¢)
lies (for ¢ large) between some eigenvalues of the differential operator. For exam-
ple, if we take f(¢r) = At with A > X1, then the associated functional is no longer
coercive, and it is unbounded below. Thus no minimization is possible.

In some cases however, certain ideas used in the previous section can be modified
to obtain again an existence result. We now describe one of these cases, returning
to an assumption that does not require f to be differentiable. We assume that f is
defined on R and

(h7) There exist an integer v > 1 and «, 8 € R such that

aff(S)—f(t)

s —1

Ay < <B <t Vs,teR

Remark 2.2.1 Clearly (h7) implies that f is globally Lipschitz continuous. Of
course if f is differentiable, then (hy) is equivalent to

My <a < fI() < B <t 2.7
for all ¢t € R: the closure of the range of f’ lies between two eigenvalues.
Remark 2.2.2 We notice for further use that by direct integration we obtain the

following growth properties for f and for its primitive F': there exist constants ¢ € R
such that

e at+c<f(t)<Bt+cVt>0,
e Bt+c<f(@)<at+cVt=<O0,
o Jar’ +ct <F(t) < 3t +ct Vi eR.

We are going to prove the following result.
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Theorem 2.2.3 Under the assumptions (hy), (hy) and (h7), Problem (2.1), namely

—Au+qxu= f)+h(x) in<Q,
u=0 on 082,

admits exactly one solution.

We will prove this result through a series of lemmas, where we always assume
(h1), (h2) and (h7). The point is to study the properties of the functional

I(u)=%||u||2—/QF(u)dx—/Qhudx,

which is defined and differentiable on HO1 (£2) in view of the growth conditions on f
(Example 1.3.20).
The space HO1 (€2) is endowed with the scalar product (2.2) and the corresponding
norm. We denote
X1 =span{ei,...,¢y}, and Xp= Xf‘ =cl{span{gy | k > v+ 1}}, (2.8)

where ¢y, is the eigenfunction associated to Ax and “cl” denotes closure in HO1 ().
By definition the subspaces X and X, are orthogonal and H(% (2) =X ® X».

Remark 2.2.4 In the following, with a slight abuse of notation, we will write any
w e HO1 (€2) indifferently as w = u + v or w = (u, v), with u € X7 and v € X5. This
simplifies the notation at various stages.

Lemma 2.2.5 We have
2 1 2
u-dx > —|ul||~ VYuelXi, 2.9)
Q A

v

and

1
/ vdx < ——|v|®> Vv e X. (2.10)
Q Avtl

Proof With the notation of Remark 1.7.5, if u € X then

/u dx—Zotk—Z—_)L Zﬂk—_” 1%,

while if v € X5, then
2 v

o0
/vdx—Zak Z—<%Zl —v—nvu -

k=v+1 k=v+1

This lemma contains the relevant information to deduce the coercivity properties
of the functional /. Of course we do not expect coercivity on the subspace X, and
indeed on X we have the opposite behavior. The next lemma clarifies this.

We define a functional J : X1 x X5 — R by

J@w,v) =1 +v).
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Lemma 2.2.6 For every v € X3, the functional J(-,v) : X1 — R is anticoercive
(recall that this means that —J (-, v) is coercive). For every u € X1, the functional
J(u, ) : Xo — Ris coercive.

Proof By the growth properties listed in Remark 2.2.2 we have, for every fixed
v E Xo,

J(u,v):[(u+v):1||u+v||2—/ F(u+v)dx—/h(u+v)dx
Q Q

< gl + 5001 =5 [ atues v

2u v > a(u +v)dx

—c/(u+v)dx—/h(u+v)dx
Q Q

< L “/ 2dx + ¢ |lull +
< —|ul|*—= ] u“dx+ci|u c2,
=3 2/, 1 2

where the ¢;’s are constants that depend on v, f, & but not on u. Since u € X1, from
Lemma 2.2.5 we obtain

J( )<1|| & 1Olll 12+ crllull + ! 1 llull® 4 c1 llul| +
u,v) < —|lull* —=—/|lu crllu o=—1——]|u ctllu c
> 2% 1 2 > 1 2.

As a > A,, this proves the first part.
With the same argument, for every fixed # € X| we have

1 2 1 ) 1 2
J(@,v) = =|lull”+ =|vl ——/,B(u+v) —c/(u—i—v)dx—/h(u—i—v)dx
2 2 2 Ja Q Q
1 2 é
2

>~ v - v dx + c3l|v] + ca,
2 Q

and applying Lemma 2.2.5 we conclude that

1 B
uuw>—wu—57—wW+quw4
v+1

1 ﬁ) 2
>—(1- IvlI? + e3llvll + ca,
2( )w-i-l

where the constants do not depend on v. Since 8 < A4, also the second part is
proved. d

The next property is crucial.

Lemma 2.2.7 For every u € X1, the functional J(u,-) : Xo — R is strictly convex
and for every v € X», the functional J(-,v) : X1 — R is strictly concave.

Proof We are going to check the convexity properties through Proposition 1.5.10.
Fix u € X and consider the functional v — J(u, v) = I (u + v). This functional is
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differentiable, and, denoting by 3, J (u, v) its differential at v € X, we have for all
weX 2,

82J(u,v)w=1’(u+v)w=(vlw)—/ f(u+v)wdx—/hwdx.
Q Q
Therefore, for every vy, vy € X»,

[02J (u, v1) — 02J (u, v2)] (v — v2)
=(v1|v1—Uz)—/gf(u+v1)(v1—vz)dx—/gh(vl v dx

— (nafvr = v2) +/Qf(u +u2)(v1 — v2)dx +/Qh (01 — v2)dx

=||v1—vznz—/Q(f(u+v1)—f<u+vz)> (01 — v2) dx.

Now the assumption

FO—f6) _

t—s

B
implies that for all 7, s € R there results

(f(t) = fF))( —5) < Bt —5)%,

so that
fQ(f(u +v1) — fu+v2))(v1 —v2)dx

= /Q(f(u +v1) = fu+v2))((u+v) — (+v2)dx

2
lvr — v2ll”,

Sﬂ/((u+v1)—(u+vz))2dx=ﬂ/ (v —vp)?dx <
Q Q

)\v—i-l
by Lemma 2.2.5. Thus we obtain

[02J (u,v1) — 32 J (u, v2)] (V) —v2) > (1 — Aﬂ

)nvl —unl?>0 .11
v+1

for all vy # v7, because B < Ay1.

Proposition 1.5.10 applies to show that for every u € X the functional J (u, -) is
strictly convex.

The argument to prove the concavity of J (-, v) is essentially the same. Fix v € X»
and denote by 91 J (u, v) the differential of the functional u +— J (u, v) at u. As above
we obtain, for all z € X1,

alJ(u,v)z=(u|z)—/ f(u+v)zdx—/ hedx.
Q Q

so that
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[01J (u1,v) — 02J (u2,v)] (U1 —uz)
=(M1|u1—Mz)_/;zf(ul‘i‘v)(ul—uz)dx—/gh(ul—uz)dx

—(uzlm—uz)+/9f(uz+v)(u1—uz)dx+/9h(u1—uz)dx

= Jluy —uz|* — /Q (f (u1 4 v) — f(uz +v)) (ug —uz)dx.

Thus, by Lemma 2.2.5,

/Q(f(ul +v) — f(uz +v)) (ug — uz)dx > /Qa(ul —up)*dx > §||u1 —usl?,

v

and then

[01J (u1,v) —01J (U2, V)] (U1 — uz) < (1 - %)Ilul — | <0

v

for all uy # uy, because o > A,. This shows that the functional u — J(u, v) is
strictly concave. O

The preceding lemmas allow us to minimize J over X».

Lemma 2.2.8 For every u € X there exists a unique w = w(u) € X» such that

J(u, w) = Jlell)}l J(u,v).
2

Proof The function v +— J(u, v) is continuous, coercive and strictly convex. By
Theorems 1.5.6 and 1.5.8, it has a unique global minimum. g

This results makes it possible to define a functional G : X1 — R by
Gw)=min J(u,v) =J(u, wu))
veXsr
that we are now going to study.

Lemma 2.2.9 The functional G is bounded above, namely

sup G(u) < 4o00.

ueXi

Proof If sup,cyx, G(u) = +00, there exists a sequence {ug}reny C X1 such that
G (ux) — +00 as k — +o00. By the growth properties of F, for every u € X1, we
have

G = I, 0 < |J(u, 0)] < %uuu%/ |F<u>|dx+/ lhul dx
Q Q

2
< csllull” 4 csllull,
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for some positive constants cs, cg. Since G (ux) — 00, this shows that ||uy || — oo.
But J is anticoercive on X, and then

G (ug) < J(ug,0) > —o0,

contradicting the choice of the sequence {u}. g

Lemma 2.2.10 The number

s = sup G(u)

ueXi

is attained in X1, namely there exists uy € X1 such that G(uy) =s.

Proof Let {uilreny C X1 be a maximizing sequence for G on Xj, so that
G (ux) — s. The argument in the preceding proof shows that {uy} is bounded in X;.
Since X has finite dimension, there exists u, € X such that, up to subsequences,
ur — Uy in X1, and then also in H(; (£2) (all norms are equivalent on X1).

Thus, for every fixed v € X», we obtain, as k — oo,

o Juk +vl* = flus +vll?,
o [o Flup+v)dx — [o F(uy+v),
o [oh(ui+v)dx — [oh(u,+v)dx,

and therefore
J (g, v) = J(uyg, v).
On the other hand, J (u, v) > G(ur) — s, so that
J(uy,v) >s.
Since this holds for every v € X», we see that

G(uy) = min J(uy, v) > s = sup G(u),
UEXZ MEX]

that is,

G(uy) =s =max G(u). O

ueXi

Let v, = w(u,) be the unique element in X, given by Lemma 2.2.8. Notice that
G (uy) = J (uy, vy). The following property is determinant to conclude the proof of
Theorem 2.2.3.

Lemma 2.2.11 The element (uy, vy) € X1 X X3 is a “saddle point” for J, in the
sense that

J(u,ve) < J(us, v4) < J(uy,v) Yue Xy, YveXo.

Proof Since J (s, v4) = G(uy) = minyex, J (U4, v), the inequality

J (s, ve) < J(uy,v) YveXo
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is trivial, and the proof amounts to establish the other inequality, namely
J(u,vy) < J(uyg,vye) VYue Xy. (2.12)

Once more, convexity plays a fundamental role.
For every t € (0, 1) and for every u € X1, set

wy = w((l — Huy +1u),

where as usual w(-) is given by Lemma 2.2.8. Since J is concave in u € X1, and u,
maximizes G, we have

G(uy) > G((1 = Duy +tu) = J (1 — uy + tu, wy)
> —=0)J s, wp) +J (u, wy)
= =G ) +tJ (u, w),
from which we see that forall € (0, 1) and all u € X,
G(uy) > J(u, wy). (2.13)

For u fixed, the preceding inequality, together with the fact that J is coercive in
v € X», shows that the set {w; | # € (0, 1)} is bounded in X;. Therefore we can take
a sequence {fx}xen C (0, 1) such that

tr—>0 and w, —w inX>.

Since the functional v +— J (u, v) is weakly lower semicontinuous (Theorem 1.5.3),
we obtain

J (e, ) < liminf J (u, w) < Gu) (2.14)

by (2.13).
We now show that w = v, in this case the proof is complete since (2.14) reads

J(u,v5) < Guy) = J (s, v4), (2.15)

and u is arbitrary in X;.
By the concavity in u € X1 and the definition of w, for the same sequence as
above we have
(I =11 J (s, w) + 1 J (u, wy )
= J((I = n)us + feu, wy)
=G((1 —tr)us + tru) = inf J((1 — tp)us + txu, v).
veXsr
This means that for every v € X»,
(1= 100 (e wy) + 1T, wy) < T (1= 0)us + g, v). (2.16)
When k — +00 we have 1, — 0, so that

(I =t )us + teu —> Uy, Wy — W,
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and from (2.16) we obtain, by continuity in u and weak lower semicontinuity in v,
J (g, W) < J(Uy, v).
This holds for every v € X5, and therefore
J(uy, ) = l)ien)g(u*, v) = G(uy).

By Lemma 2.2.8, there exists a unique w € X3 such that J(u,, w) = G(uy), and
this element is exactly the one that we called v,.. Summing up, we obtain

W = Uy,
so that (2.15) is true. [l
End of the proof of Theorem 2.2.3 We first show that u, + v, is a critical point for /.
For every u € X1 and every t € R, let
y()=J(Ws +tu,ve) =1 (uy +tu + vy).

The function y is differentiable and has a maximum point at ¢ = 0, by the preceding
lemma. Then

0=y"(0) =I'(us + vi)u.
In the same way, if for v € X, we define
n(t) = J (s, Ve +1v) = I (g + vy +10),
then we see that 7 is differentiable and has a minimum point at # = 0. So,
0=7"(0) =1I'(us + vi)v.
Adding the two equations we obtain
I'(uy +v)(u+v)=0

for every u € X and every v € X»; since HO1 (2) = X1 & X»,, we conclude that
I’ (uy + v4) = 0. The existence of a solution to Problem (2.1) is proved.

We now turn to the uniqueness question.

Assume that u1, u, are two solutions of (2.1), that is,

(uiIW)—/f(ui)wdx—/h%ﬁ:O
Q Q
fori =1, 2 and for all ¥ € H(} (£2). We define a function a € L*°(2) by

fane)—fune)
oy =] T im0 #ua),
o if ug (x) = us (x).

From (h7) we see that « < a(x) < 8 for a.e. x € Q2. Subtracting the equation for u;
from the equation for | and setting w = 1| — u», we see that w satisfies

(wly) — /Q(f(”l) — fw2)¥dx=0



54 2 Minimization Techniques: Compact Problems
for all ¥ € Hé (£2), that we can also write

(w|1p)—/a(x)w1//dx=0. 2.17)
Q

‘We now write w = w| + w», with w; € X; and we recall from Lemma 2.2.5 that

1 1
/wfdxz—llwlllz, /wﬁdxi
Q A Q A

v v+1

llwa .

Choosing ¢ = w1 and then ¢ = w; in (2.17) we obtain

||w1||2=/ awlzdx—i-/ awiwydx and ||w2||2=/ aw%dx—i—/ awiwadx,
Q Q Q

Q
so that

||u)1||2=/9aw12dx—/Qaw%dx—l-||u)2||2zoz/Qw]zdx—,B/Qw%dx—l-||u)2||2

o
2 2 2
=z —lwill” — wa "+ w2~
™ lwil| Y lwall” + [[wal

v+1

that can be written

o B
(1 — —)nwln2 > (1 -~ —)||wz||2.
Ay )Lu+1
Since o > A, and B < A, 1, this inequality implies that ||w;]|| = ||wz|| = 0, namely
w = 0 and thus u; = uy. Uniqueness is verified, and the proof of the theorem is
complete. d

Remark 2.2.12 The proof of uniqueness uses the equation satisfied by critical points
and various inequalities. A more “abstract” proof involves just convexity properties
and works as follows. Assume for simplicity that / has a critical point at zero (trans-
lating if necessary) and a critical point at u + v € X1 & X»7. Define ¢ : R?2 - R as

o(s,t) =1(su+tv) =J(su,tv).

It follows immediately from the properties of J (Lemma 2.2.7) that ¢ is strictly
concave in s and strictly convex in ¢. Just as easily, ¢ has a critical point at (0, 0)
and another one at (1, 1). This is impossible. Indeed O is necessarily a strict global
maximum for s — ¢(s, 0) and a strict global minimum for 7 — ¢(0, ¢), while 1 is a
strict global maximum for s — ¢ (s, 1), and a strict global minimum for ¢ — ¢(1, 7).
Then

9(0,0) <90, 1) <1, 1) <¢(l,0) < ¢(0,0),

a contradiction. Thus I cannot have more than one critical point.

Remark 2.2.13 One of the interesting aspects of the previous theorem is the proce-
dure by which we have found a critical point. Indeed, we have first split the space



2.3 Superlinear Problems and Constrained Minimization 55

orthogonally as HOl (2) = X1 @ X», according to convexity and concavity proper-
ties of the functional 7; then, writing the generic element of HO1 (2) as u + v, with
u € X1 and v € X, we have found a critical level s for I as

s = max min I (u + v).
ueX| veXp

This is a first example of a procedure that we will generalize in Chap. 4.

Remark 2.2.14 Tt is important to notice that many steps of the proof of the theo-
rem work because of convexity (or concavity) properties of the functional /. These
properties hold because of the rather strong assumption (hy), that rules the behavior
of the nonlinearity f on the entire real line. For example, if f is differentiable and
we require that it satisfies (2.7) for |¢| large only, then the convexity properties of 1
fail, and we cannot prove Theorem 2.2.3. This does not mean that we cannot find a
solution to the problem, but certainly we cannot repeat the above proof. These cases
will be dealt with in later chapters with stronger methods.

Remark 2.2.15 In assumption (hy) one cannot allow & = A,, or 8 = A, 4. For exam-
ple, as we have already pointed out, the linear equation —Au = A,u + h in HO1 (2)
does not admit a solution for every h € Lz(Q).

Remark 2.2.16 As a final remark we point out that if 4 = 0 in Theorem 2.2.3, then
the problem admits only the trivial solution when f(0) = 0. Indeed in this case
u = 0 is a critical point of /, and, by uniqueness, it is its only critical point.

2.3 Superlinear Problems and Constrained Minimization

Up to now we have only treated problems where the nonlinear term f has an at
most linear growth. In case the nonlinearity grows faster than linearly, one speaks
of superlinear problems. For these types of problems the techniques used so far
do not work anymore; for example the functionals associated to these problems are
generally unbounded from below and they present a lack of convexity or concavity
properties that makes the arguments of the previous sections useless.

Actually for rather general f and & only partial results are known, though a quite
rich theory has been developed. We begin to present here some of the simplest cases,
in which # is identically zero and f is a power. Further results will be presented in
later sections.

We take throughout this section a real number p such that

2N
N-=2
and we search a function u that satisfies the superlinear and subcritical problem

—Au+qg@)u=ulPu inQ,
u=0 on 0L2.

2<p<2t=

(2.18)
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Of course this problem admits the zero solution, which poses an extra difficulty. We
will prove the existence of a nontrivial solution by two different methods, which can
be extended to cover more general problems. The main result is the following.

Theorem 2.3.1 Let p € (2,2%) and assume that (hy) holds. Then Problem (2.18)
admits at least one nonnegative and nontrivial solution.

From now on we tacitly assume that the hypotheses of Theorem 2.3.1 hold. For
the role of (hy), see Remark 2.1.1.

The functional whose critical points are the (weak) solutions of (2.18) is
I: H} () — R defined by

1 1 1 1 1
1(u>=—/|w|2dx+—fq<x>u2dx——/|u|de=—||u||2——|u|£,
2J)a 2Jq pJa 2 D

which is differentiable by the results of Example 1.3.20. We notice immediately that
I is not bounded below, since for every u # 0 we have

2ot
I(tu) = > llull” = —Julp > —00
p

if t — 400, because p > 2. Notice also that [ is the difference of two strictly convex
functionals.

2.3.1 Minimization on Spheres

In the first method that we present the key property is the homogeneity of the two
terms in /; indeed the first term is positively homogeneous of degree 2, while the
second is positively homogeneous of degree p. This difference of degrees of homo-
geneity will play a central role at various steps of the proof.

Since the functional I is unbounded below, no minimization is possible on the
whole space HO1 (£2). The first step consists in getting rid of this unboundedness by
constraining the functional on a suitable set where it becomes bounded below. The
first choice (a second one will be presented in the next section) is a sphere of L? (2).

If, for every 8 > 0, we set

zﬁz{ueHg(Q)( /Q|u|f’dx=ﬁ},

we see that [ restricted to Xg takes the form I (u) = %||u||2 — %,3, so that it is cer-
tainly bounded from below. Now minimizing I on X4 is equivalent to minimizing
just the square of the norm, so we set

mg = inf |lu|’.
ueXg

We are going to show that mg is attained by some function, and that this function
gives rise to a solution of Problem (2.18).
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Lemma 2.3.2 For every B > 0, the level mg is attained by a nonnegative function,
namely there exists u € Xg, u(x) >0 a.e. in Q, such that

2
ul* =mg.

Proof Let {uy}; C X be a minimizing sequence for ||u 2. Obviously the sequence
{luk |}« is still a minimizing sequence in Xg (see the properties of HO1 in Sect. 1.2.1)
and therefore we can assume from the beginning that uz(x) > 0 a.e. in Q2 and for
all k. This minimizing sequence is of course bounded in HO1 (R2), so that, up to
subsequences,

ug—u in HY(Q),  ux—>u inLP(Q), and
up(x) - u(x) a.e.in Q.
We then obtain immediately, by weak lower semicontinuity of the norm,
lul® < mp,

together with
/ u|Pdx=p8, and u(x)>0 ae.in Q.
Q

Thus u € X g, and this shows that ||u 1?2 = mg. Notice also that u € X g implies that
u does not vanish identically. d

Remark 2.3.3 The preceding proof is very simple. The reader should retain from it
that the key assumption is the subcritical growth condition p < 2*. For such p’s the
embedding of HO1 (R2) into LP?(L2) is compact, and this is what allows one to say that
ur — u in L?, and eventually that u € Xg. This is essential to conclude that u is a
minimum in Xg.

In critical problems, namely when p = 2*, the compactness of the embedding
fails and the above argument breaks down. Even worse, some problems may have
no nontrivial solution. This is the starting point of a line of research, begun with [14],
that is still very active today. For some references see [26, 45].

Lemma 2.3.4 Let u be a minimizer found with the previous lemma. Then u satisfies
fvu-vudx+/q(x)uvdx=@/ P~ 2uv dx (2.19)
Q Q B Ja
forallv e HOI(Q).

Proof Although u minimizes the functional N (1) = llull* on X g, we cannot con-
clude that the differential of N vanishes at u, because Xz is not a vector space.
Concretely, this means that we cannot compare the values of N (#) and of N (1 4 v),
because u + v will not belong to Xg, in general. We have to construct small “varia-
tions” of u that lie on Xg.
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To this aim, fix v € HOl (R2). For s € R small enough, say s € (—¢, ¢), the function
u 4+ sv, is not identically zero. Therefore there exists ¢ : (—e, &) — (0, +00) such
that

f 1£(5) 4+ sv)|P dx = B;
Q

precisely,

B 1/p
t(s) = <—f9 |u+sv|l’dx) .

Notice that the application s > t(s)(u + sv) defines a curve on Xg that passes
through u when s = 0. The function 7 is differentiable on (—¢, ¢), and

|
/@):-ﬂ”ﬂ(fg |u+sv|pdx>_F_I/Q|u+sv|p_2(u+sv)vdx.
Then we have
t(0)=1 and t/(0)=—,8_1/9|u|p_2uvdx.
We define y : (—e,e) > R as

y(s) = N(t(s)(u +sv)) = £ (s)(u + sv) |1

Since #(s) (4 + sv) € Xg for every s € (—¢, ¢), the point s = 0 is a local minimum
for y. The function y is differentiable and

y'(9) =2(t(s)(u +50) [ 1'() (u + 50) +1(5)v),
so that
0=1'(0) =21(0) 'O lull® +2:2(0) (ulv) = —2%/9|u|1’_2uvdx +20ulv).
We have thus shown that
(u|v>:@/ ulP~2uv dx,
B8 Ja

for every v € Hé (£2), namely (2.19). O

Remark 2.3.5 The reader with some knowledge of differential geometry will have
noticed that the preceding proof amounts to a direct check of the fact that the differ-
ential of N at u vanishes on the tangent space to Xg at u, as is always the case for
minimizers of differentiable functionals defined on differentiable manifolds. Indeed
the previous result can be obtained “abstractly” through the Lagrange Theorem on
constrained extrema: setting

G(u)=/ |u|” dx,
Q
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we see that our problem consists in minimizing N constrained on G~ (8) = 2g.
Now G is of class C! and foru € G~! (B), we have that

G'(uyu = pG(u) = pp #0.

Therefore, by the Implicit Function Theorem, G! (B)isaC ! manifold. The La-
grange Theorem then says that if « minimizes N on G~!(8), there exists A € R (the
Lagrange multiplier) such that

N'(u) = AG' (u).

This equation is precisely (2.19), with A =mg/B. We do not carry out a more gen-
eral theory of constrained critical points; the interested reader can consult [2, 17].

End of the proof of Theorem 2.3.1 The last step consists in getting rid of the La-
grange multiplier mg/f8, and this is where homogeneity plays again a fundamental
role.

Let u be the minimum of N over Xg. Set u = cw, with ¢ € R to be determined.
By the previous lemma, w satisfies

c(w|v):@cf”_l lw|?2wv dx
B Q

1
for all v e H&(Q). Choosing ¢ = (B/mg)?-2, we see that w (is nonnegative and)
satisfies

(wlv) =/ lw|” 2wvdx
Q
forallv e H(} (2), namely is a weak (nontrivial) solution of (2.18). O

Remark 2.3.6 We have obtained a solution by minimizing N on Xg. It is tempting
to constrain I or N on ¥, with y # 8 and repeat the argument. However this does
not produce a new solution. Indeed it is very easy to see that

mg ny

B2/p ~ y2p
and that u is a minimum of / on Xg if and only if v = (y/B)YPu is a minimum of /

on X, . These two functions give rise to the same solution of (2.18). For this reason
one normally chooses § = 1.

2.3.2 Minimization on the Nehari Manifold

We present a second approach to the search of solutions to (2.18), still based on
constrained minimization. This approach is slightly more complicated than mini-
mization on spheres, but has the advantage that it does not require the nonlinearity
to be homogeneous, and can thus be applied to a wider class of problems (under
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convenient assumptions). To illustrate it we concentrate again on Problem (2.18),
and we recall that the functional associated to it is

1 1 1 1 1
1(u>=—/|Vu|2dx+—fq<x)u2dx——/|u|"dx=—||u||2——|u|”,
2J)a 2Jq pJa 2 D

defined and differentiable on H& (£2). Recall that [ is unbounded below; once again
we restrict / to a suitable set in order to get rid of this problem. In the previous
section we have constrained / on a sphere, now we use the set

N={ueHN Q) |u#0,1I'wu=0)
:{ueH&(Q)‘u;ﬁO, ||u||2=/ |u|de}. (2.20)
Q

This set is called the Nehari manifold, and indeed it can be proved, under certain
assumptions, that it is a differential manifold diffeomorphic to the unit sphere of
HO1 (R2), see [2] or [48]. We do not prove nor use these properties, but we confine
ourselves to an “elementary” approach.

Remark 2.3.7 By definition, the Nehari manifold contains all the nontrivial critical
points of I.

Notice that on N\ the functional I reads

1 1 1 1
1(u)=(5—;)||u||2=(5—;>fﬂ|u|f”dx.

This shows at once that [ is coercive on N/, in the sense that if {u;}; C N satisfies
||ug|| — oo, then I (uy) — oo.
We define

m = inf I(u),
ue/\/()

and we show, through a series of lemmas, that m is attained by some u € " which is
a critical point of I considered on the whole space H(} (€2), and therefore a solution
to (2.18).

We begin with some basic properties of A/ and /.

Lemma 2.3.8 The Nehari manifold is not empty.

Proof For every not identically zero u € H, one sees immediately that ru € A for
some ¢ > 0. Indeed, tu € N is equivalent to

||m||2=/ |tul|P dx,
Q

B
= —— > 0.
Jo lulP dx O

which is solved by
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Remark 2.3.9 Even under more general assumptions on the nonlinearity (now we
are considering only the model case s — |s|P?~2s) one can prove that for every
u # 0, there exists a unique t =t (u) > 0 such that t (u)u € N. Thus one can define
a map ¥ from the unit sphere of HO1 () to N as ¥ (1) = t (u)u. In many concrete
cases this map is the diffeomorphism between the unit sphere and the Nehari mani-
fold that we mentioned above, see again [2] or [48].

Lemma 2.3.10 We have

m = inf I(u) > 0.
ueN

Proof If u € N, by the Sobolev inequalities we have
Jul? =/ Jul? dx < Clull?,
Q

for some C > 0. Since ||u|| # 0 and p > 2 we obtain

1\ 72
||u||z(5> : 2.21)

for every u € V, so that
1

: 1 1Y\ . 2 1 1 1\7r2
m=inf Iu)={-——) inf |lul|">{z—— || = > 0. O

ueN 2 pJueN 2 p C
Lemma 2.3.11 The level m is attained by a nonnegative function, namely there
existsu € N, u(x) >0 a.e. in Q, such that

I(u)=m.

Proof Let {uz}y C N be a minimizing sequence for I, namely such that
I (uy) — m. Clearly |ux| € N and I (Jug|) = I (ur), so that {|uy |} is another mini-
mizing sequence; for this reason we assume straight away that u; (x) > 0 a.e. in Q
for all k. We have already observed that I is coercive on A; this implies that the

sequence {uy}r is bounded in HOI(Q), and as usual this means that, up to subse-
quences,

ug—u in HY(Q),  ux—>u inLP(R), and
uy(x) - u(x) a.e.in Q.

Then we have u > 0 a.e. and, by weak lower semicontinuity,

1 1 1 1
I(u) = Enun2 - ;|u|§ < nrr;{inf<5||uk||2 —~ ;wﬁ)

= lirr}{infl (ug) =m. (2.22)
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Since uy € N, we have ||uk||2 = fQ lug|? dx. By (2.21) it cannot be |ug| — 0,
and therefore fQ |ug|? dx cannot tend to zero; thus, by strong convergence,
fQ |ul? dx # 0, which shows that u = 0. Passing to the limit we obtain

Jull? < /Q ul? dx. (2.23)

If |lu|?> = fQ |u|? dx, then u € N and (2.22) shows that u is the required mini-
mizer. Since (2.23) holds, we only have to treat the case where

||M||2</Q|u|”dx. (2.24)

We now show that if this happens, we reach a contradiction. Indeed, take ¢ > 0 such

that tu € A/, namely
1
PO 1 G
g lulPdx ’

Since we are assuming (2.24), we deduce that 0 <t < 1. But tu € N, so that

1 1 1 1
O<m<I(uy=|=——)lul*=1*=——)lul?
2 p 2 p

1 1
<1? liminf<— — —) lugll? = 2 liminf I (ug) = t2m < m.
k 2 p k
This is impossible, and the proof is complete. g

Remark 2.3.12 Once again, the key property is the compactness of the embedding
of H(} (2) into LP(£2), that has been used several times in the preceding proofs.

End of the proof of Theorem 2.3.1 Letu € N be a minimizer for / found in the pre-
vious lemma. We show that I’ (u)v =0 for all v € Hol(SZ), so that u is the required
solution.

Notice that as in Lemma 2.3.4, we cannot conclude this directly because we have
minimized / with the constraint u € \.

Take any v € Hé (€2). For every s in some small interval (—¢, ¢) certainly the
function u + sv does not vanish identically. Let #(s) > 0 be a function such that
t(s)(u + sv) € N, namely

lu+svl2 \72
u—+sv -
ts) = —— .
Jo lu+sv|P dx
The function 7 (s) is a composition of differentiable functions, so it is differentiable;
the precise expression of ¢’ does not matter here. Notice also that z(0) = 1.

The map s — (s)(u + sv) defines a curve on N along which we evaluate 1.
Thus we define y : (—¢,¢) - R as

y(8) = It (s)(u + sv)).
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By construction, s = 0 is a minimum point for y. Therefore
0=7y"(0)=I'(t(O)w)[t'O)u + tO)v] =" (O w)u + I'(w)v = I'W)v.

For the last equality we have used the fact that I’ (u)u = 0 because u € /. We have
obtained I'(u)v =0 forall v € HOl (£2), proving that u is a solution of (2.18). Il

Remark 2.3.13 The last part of the proof shows that a minimum of I constrained
on the Nehari manifold A is actually a free critical point of I, on the whole space
HO1 (€2). This remarkable fact is expressed by saying that the Nehari manifold is a
natural constraint for I.

2.4 A Perturbed Problem

As we have anticipated the method of minimization on the Nehari manifold can be
extended to cover more general problems than that of the preceding section.

We begin with an existence result for a perturbed problem, in the sense that we
consider a power nonlinearity plus a fixed function # € L?(2). The result contained
in this section is quite delicate, and can be omitted upon first reading.

We are going to prove that under suitable assumptions, and particularly if £ is
small, the problem admits two solutions. Let us make this more precise.
We consider, for 4 € L2(2) and p € (2, 2*), the Dirichlet problem

{—Au+q(x)u=|u|p_2u+h(x) in €2, (2.25)

u=20 on 012.

Or aim is to show that if ||, is sufficiently small, then (2.25) admits at least two non-

trivial solutions. This is not really surprising since the unperturbed problem (4 = 0)

also admits two solutions: the one found with Theorem 2.3.1 and the trivial solution

u = 0. If h does not vanish identically, the trivial solution is replaced by a “true”

nonzero solution. Thus one can think that for # small the two solutions are “pertur-
bations” of the two solutions already present in the autonomous case.

We add that the solution corresponding in this scheme to the trivial solution of
the unperturbed case can be found very easily, while most of the work must be
devoted to the search of the analogue of the solution found in Theorem 2.3.1 by
minimization on the Nehari manifold.

The functional associated to (2.25) is

1 5, 1 1 » Lo,
Jw)=llull® == | [ulPdx— | hudx=Z|lull”— —lulp — [ hudx,
2 rJa Q 2 P Q
which is of course differentiable on H(} (£2). The main result is the following.
Theorem 2.4.1 Let p € (2,2%) and assume that (hy) holds. Then there exists ¢* > 0

such that for every h € L*(Q2), with |h|> < &*, Problem (2.25) admits at least two
solutions.
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We will prove this result going through a series of lemmas, as usual, and we start
with the argument leading to the analogue of the solution found in Theorem 2.3.1,
which is the hard part.

We introduce some notation. We denote by m the same constant as in the previous

section, namely
1 1
m=(5——) inf [lu|?
2 P ueN

where N is the Nehari manifold defined in (2.20). Notice that A is not the Nehari
manifold associated to J, but the “unperturbed” one, relative to the functional 7 of
the previous section.

Next, we denote by ), the best constant for the embedding of H(} (R2) into LP(R2),
that is,

S, =inf{C >0 |ul, < Cllull Yu € H}(Q)}.

Lastly, we define the positive numbers

1 1/p
1 = 1 1 d
dﬁ(ip)p | dz:(’dlz) | d3:_mm{d1’_2}'
(p— DS} 2 2 Sp

Notice, for further reference, that dz < d;.

Lemma 2.4.2 There exists €1 > 0 such that for every h € L*(2) with |h| < 1 and
foreveryu € Hé (Q), if

llue]|? =/ |u|? dx—i—/ hudx = |ul +/ hudx, (2.26)
Q Q Q
then either
lull <ds or |lull >di. (2.27)
If the second case occurs, we have also

lul, > do. (2.28)

Remark 2.4.3 Interpretation. Condition (2.26) expresses the fact that u belongs to
the Nehari manifold relative to J (we will introduce it later). Then the meaning of
the lemma is that, for ||, small, if u is in the Nehari manifold, then either u is small
(llu]l < d3) or u is large (||u]| > dy). The region |u|| € [d3, d1] is forbidden.

Proof We begin by showing that if | k|, is small, one of the two inequalities in (2.27)
must hold. Assuming (2.26), we obtain

lull> < Spllull?” + |hl2lulz < SHull? + clhl2flul,
where ¢ = (;1)!/2. Then, if u 0,

lull = SNl P~ = clh]2 < 0. (2.29)
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Consider now the function y : [0, 400) — R defined by
y@)=1—ShtP~! —clnl,.
Since
YO =1-(p—DSH"2,

the function y has a unique global maximum point located at ¢+ = d;. Moreover
y is strictly increasing on (0, dy), strictly decreasing on (d;, +00) and it satisfies
y(0) < 0 and lim;_, 4 ¥ (t) = —o0. With a simple computation one finds that

1 1 \iZp—2
y(d) =—5 P p_l—clhlzzzoz]—c|h|2.
sp

Since p > 2, there results o1 > 0, and if we take ||, < ‘;—é, then
o
y(d) > = >0,
2
This argument shows that if we assume

hly < 22,
| |2_26

then the function y has exactly two zeros #1, t> such that 1 <dj <, and y(t) > 0
in (11, t2), while y (#) < 01in [0, 1) U (2, +00).
‘We notice that ¢ satisfies
clhla=1 — SheP ™" =1 (1= SBeP72).

Since #; < dj, we deduce from this and the definition of d; that

_ 1 p—2
hla>t(1—82dP ) =n(1- =t ,
clhla = n( bdl ) =n P e
so that
p—1
< hl>.
1_p_26| 2
But then, if we take
—2d3
hly < 2225,
p—1c¢
we get ] < d3.
Summing up, if we choose
.| p—2dy a)
|h|2 < min —, —t,
p—1c 2

we obtain that y(t) <0 implies t < d3 or ¢t > dj.
Therefore, with this choice of |k|,, the inequality (2.29) implies (2.27) and thus
also (2.26) implies (2.27). The first part is proved.
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We still have to check (2.28). If (2.26) holds and |[u| > d;, we can write

luly = llue])* — /Qhudx > di — |hlaluly > df — dlhl2lul,,

where d = |2| %. ‘We obtain
lulb 4 d|hl2lul, — d} > 0. (2.30)
Consider the function 7 : [0, +00) — R defined by
n(t) =1tP +d|h|at — d.

‘We have
[ 2 [
n(dz) = Edl +d|hlady — di =d|h|2dr — Ed ,
so that if
di
h A 7
|hl2 < 2dds

there results n(dy) < 0. Since 1/(¢) > 0 for all r > 0, we deduce that n(z) < O for
t € [0, d2], so that the inequality (2.30) implies |u|, > d>.
The proof is then complete, with the choice

p—2d; o) d? }

p—1c¢’ 2c 2dd, =

£1 =min{

From now on we always assume |h|» < &€1; further restrictions will be imposed
later.
‘We define the set

Ni={u e H} ()| J' (w)u =0, |lu]| > di}

||u||2=f |u|pdx+/hudx,||u||>d1}
Q Q

={ueH01(sz)

and the value

= inf J(u).
mp Jnf. ()

Notice that A/, is not the complete Nehari manifold associated to J, but only a
subset of it, containing “large” functions (||u|| > d;). On N}, the functional J takes

the form
1 1 5 1
Jwy==——)ull"—{1—— hudx.
2 p r/) Ja

First we investigate under which conditions A/, is not empty.

Lemma 2.4.4 There exists e € (0, e1] such that for every h € L*(Q) with |h|» < &,
there results Nj, # 0.



2.4 A Perturbed Problem 67
Proof Letu e HO1 (2) \ {0}. We study the behavior of the function

t > J/(tu)tu=t2||u||2—tp/ |u|de—z/ hu dx
Q Q

=t[;||u||2—tp—l|u|§ —thudx]

for t > 0 by analyzing the function

y @) =tllull* — " ulh — /Qhudx.
Since

Y (@) = lul* = (p — DtP 2 |ul},

the function y has a global maximum at
1

~_< flue]|? )wz
= —— .
(p = Dlul}

With an easy computation we see that

i
~ u -
y()= 5 oz—/hudx,
lp
where
1 -2
(X=7P—>O.

1
(p—n2 Pl

Then we obtain

-1
e 1
vz ————a— | hudx=|ull—a - |hllul
lull7=28)~ @ S;
1 o
> lull—5—a — cllull |hlz = lull | —5 —clhl2 ).
Sy Sy

If

o
lhl2 < g
=
2cS,

we have y (f) > 0. For such values of |k|», the function y has then the following
properties: y(¢) is strictly increasing in (0, 7), strictly decreasing in (f, +00) and it
satisfies y (f) > 0 and lim;_, ;o0 ¥ () = —00.

This shows that y has at least one zero t; € (7, +00), which implies that the
function v = tyu satisfies (2.26). Moreover,

ol =t llull > 2ull < Ll )m” = 1 d
Vil =n0u|| > ull = - u| =z ——— =dadj,
(p = Dluly =
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and this shows that v € A}, The proof is then complete provided we choose

. o
£ =min,éy, 7 .

ZCSF

O

We now prove that for |k|, small, the levels m are uniformly bounded from
above. A uniform bound from below will be obtained in Lemma 2.4.7.

Lemma 2.4.5 Let e3 = min{l, 3}. There exists ¢y > 0 such that for every |h|y < &3
there results my, < c».

Proof We denote by ug and m, respectively, the solution and the level of the solu-
tion of the unperturbed problem (4 = 0) solved in the preceding section, that is,

upe N, I(ug) =minl ) =my.
ueN

From Lemma 2.4.4 we know that if |h|p < e3, there exists f; > 0 such that
thuo € Nj. Since ug € N, it satisfies [[uol|> = |uol}, so that the condition t,ug € N},
is equivalent to

(f;% —ff)ﬂbloll2 =th/9huodx,
namely to

(tn = 0™ lluoll® = /Qhuodx.
This last condition implies

p—1 2
(th — 1] )lluoll® = —clhl2lluoll,

i.e.
_ clhla
t _t;ly ]Z_ | | )
lluoll
If |h]» < &3 <1 we obtain
_ c
=t/ > - 2.31)
lluoll

Since the function 7 > ¢t — t?~! tends to —o0o as t — +o00, the inequality (2.31)
implies the existence of c3 > 0, independent of /4, such that #;, < c3. It is now simple
to conclude. Since #;,uo € N}, we have

11 1
my, < J(thuo) = <— - —>||th0||2 - (1 - —)/ htpuodx
2 p r/)Ja
11 1
< (— - —)c% lluo I + (1 - —)C3C|h|2 lluol
2 p p
11\, 5 1
S| z——=)sllull”+{1——)csclluoll.
2 p P



2.4 A Perturbed Problem 69

The last term of this inequality is a positive number that does not depend on &. We
call it ¢, and the proof is complete. d

We go on with a uniform bound on minimizing sequences.

Lemma 2.4.6 There exists ca > 0 independent of h, such that if |h|y» < €3, then
there exists a minimizing sequence {uy}y for my such that ||uy| < ca for all k, and
hence also |ug|, < Spca for all k.

Proof Let |h|y < €3 <1 and let {v}x be a minimizing sequence for mj,, namely
weN, and J(v) — my.

Since my, < ¢y, there exists k such that for every k > k there results J (vr) < 2c2,

and this implies
1 1 5 1
20> = —— JlwllF—(1—— hvg dx
2. p r)Ja

11 5 1
=\ 5 = )™ = { 1= — Jelhlzlvl
p p

2
> arl|vell” — azlfvill,

where a; = (% —Lyanda,=(1 — %)c. From this inequality one easily sees that

p
a +,/a§ + 8ajcy

2ay

tlz+,/a%+8a1€2

Then it is enough to set ¢4 = — and uy = v, to complete the proof. L]

loell <

The next result completes the estimate of Lemma 2.4.5.
Lemma 2.4.7 There exists e4 < &3 such that if |h|y < &4, then mj, > %mo > 0.

Proof 1In this proof we denote by Jj, the functional J, to stress its dependence on #.
We also recall that 7 is the functional associated to the “unperturbed” problem dealt
with in the previous section and that " is the corresponding Nehari manifold.

For every h with |h|» < 3, we consider the minimizing sequence {uy }; obtained
in Lemma 2.4.6. Let #; be such that t;u; € N (notice that both u; and #;, depend
on h, but we do not denote it explicitly to have lighter notation).

As we know from the preceding section,

1
g ]l*) 72
th = D .
|”k|p
On the other hand uy, € Nj,, so that ||uy||> = |uk|§ + fQ huy dx, and hence

1
huy dx \ 72
f= | 4 Jaludx 7= (2.32)
14
|uk|p
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Then we can write

1 1\, 2
mo < I(tpug) = 3~ ; 1 gl

_(L_1 P lug)® - 1—l z,ffhukdx+ 1—l z,?/hukdx
2 p p Q p Q
1
= 12 (up) + (1 — ;>z,§/ huy dx. (2.33)
Q

We want to obtain a uniform bound from below on J, (uy). First of all we estimate
tr from above. To this aim, by the estimates obtained in Lemmas 2.4.2 and 2.4.6 we
have

| fqhuidx| cllugl ccy
fgipﬁlhlz — <|hl—5.

luklp luklp ds
so that if

p—
4 22
hlp < —=||(=

2= [(3) }

we obtain

| fghurdx| _ ( )"z

|’4k|p

4\ 172
h <\ = s
"‘(3)

which is the desired estimate on #;. Next we analyze the last term in (2.33). We see

immediately that
1 4 1
< (1 - —)t,3|h|zc||uk|| < —|h|2<1 - —)cc4.
p 3 p

1
‘(l — _)tsz huy dx
P Q
mo

We now choose
—_—
41 — ;)CC4

1 2
1—— )4 hupdx| <
p Q

From this and from (2.33), we deduce that

and hence, from (2.32),

|hl2 <

so that we obtain
mo

3

2
12 Jn(ug) > 3mo,

which implies first of all that J; (ux) > 0. Since we also have tk , we finally get
to

2 5 4
30 <tgdn(ug) < gjh(uk),
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namely %mo < Jj(ug). Passing to the limit as k — 0o, we see that

1

—mgy < my,.
2

All this holds with the bounds we described on |k|;. The lemma is thus proved with

p—2
N AT s mo
g4 =min{e3, —= || = -1, —————%. 0
ces L \3 4(1 = J)eey

We have now everything we need to conclude the argument. First of all we show
that the minimum on N}, is attained.

Lemma 2.4.8 There exists €5 < &4 such that for every |h|y < €5 the infimum my, is
attained by some u € Nj,.

Proof To begin with, let |h|» < &4 and let {u;} be a minimizing sequence for my,
constructed as in Lemma 2.4.6. Being bounded, we can assume that, up to subse-
quences, there exists u € HO1 such that

ug —u in HY (), up — u in LP(Q) and in L*(RQ).
It is then immediate to deduce that

J(u) §lirr}{infj(uk) =my, (2.34)
and that
llu* < |u|§~|—/§2hudx. (2.35)
Let us suppose first of all that in (2.35) equality holds, that is,
lul|> = |u|Z+/Qhudx. (2.36)

In Lemma 2.4.2 we have seen that if (2.36) holds, then either ||u|| > d; or ||u| < d5.
In the first case, u € NV}, and then (2.34) implies that u is the minimum we are
looking for. If, on the contrary, ||u|| < d3, then recalling the definition of dz we
obtain

uly < Spllull < Spds < S, 2 = .
Sp
But Lemma 2.4.2 says that |ug|, > d>, and, by the strong convergence in L” (2) we
obtain |u|, > d,. This contradiction shows that if (2.36) holds, it cannot be ||u|| < d3
and hence, as we have seen, u is a minimum.
Let us suppose now that in (2.35) the strict inequality holds, namely

lull? < [ul? + /Q hudx. (2.37)
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We know from Lemma 2.4.4 that there exists ¢* > 0 such that *u € A}, and

1
ol <ﬂ>”‘2
(P = Dlul}

Since (2.35) holds, we have

1

) <|u|§+f9hudx>plz_( 1 o hudx ),,2

<

“\ (p—Dluly p—=1 " (p—Dlul}
But on the other hand,
hudx
Wohudx] e W ppe— L
(p— Dlulp (p— Dlulp (p—Dd,
_ _ 4
Since ﬁ < 1, it is clear that we can choose &5 = min{%, €4}, to obtain

that if |h|» < &5, then 7 < 1.
Let us consider now the function

y(t)=z||u||2—zpfl|u|,':—/ﬂhudx

that we have already studied. We know that y is decreasing in (f, +00). Since
t*u € Ny, we have y (t*) = 0. The inequality (2.37) is equivalent to y (1) < 0. Since
f <1andf < t*, we must necessarily have * < 1. This last estimate allows us to
conclude. Indeed, since t*u € N}, we obtain

1 1 1
mp §J(t*u)=(t*)2(———)||u||2—t*<1——)/ hu dx
2 p r/)Ja
EAV AT 1 1 2 *1: 1
< (@) liminf( = — — ||Jug||* — ¢ lim( 1 — — huy dx
kK \2 p k r)Ja
e (1 1 s 1
<t*liminf| ( = — — Jlluxll"— (1 — — huy dx
k 2 p r/Je

=t* lin}{ian(uk) =t*my, <my,.
The last strict inequality holds because t* € (0, 1) and mj > 0. The contradiction
shows that (2.37) cannot hold, so that (2.36) is true. In this case, as we have seen, u

is the required minimum. O

The last step consists in proving that the minimum is a critical point of J on the
whole space HOl ().

Lemma 2.4.9 There exists e € (0, &5) such that if |h|y < &g, then the minimum u
of J on Ny, satisfies J'(u)v =0 forall v € HOl ().

Proof Fix v e Hol(Q) and consider the function ¢ : R x (0, +00) — R defined by

@(s, 1) =t2|lu + sv||> — tP|u + sv|? —t/ h(u + sv)dx.
Q
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Since u € N}, we have ¢(0, 1) = 0. Clearly ¢ is of class C' and
dg
= O D =2l = pluly — / hudx = 2= p)llul* + (p — 1)/ hudx.
t Q Q
If it were %—‘f (0, 1) =0, then we would have

—1 —1
lull? = ”—/ hudx < 2= L nbelul),
P—2Ja p—2

namely,
p—1
lull < ——Ihlac. (2.38)
p—2
However, we know that ||u|| > d;. If we take
p—2
|hly < ——di,
cp—1

then (2. 38) yields ||u|| < dj, a contradiction. Therefore, for such choices of # it
must be 22 (0 1) # 0. We can then apply the Implicit Function Theorem, obtaining

that there ex1st a number § > 0 and a C! function 7(s) : (—8,8) — R such that
(s, t(s)) =0 for every s € (—48, 8), and #(0) = 1. Since |u|| > d, we can also take
& so small that 7 (s)(u + sv) > d;. We have thus constructed a differentiable curve
s > N passing through u when s = 0. We now evaluate J along this curve, by
considering the function

y(s) =J(1(s)(u + sv)).
The function y is differentiable and has a local minimum at s = 0. Then
0=y"0)=J W[ O)u+tOv]=1t'0)J wu+ J wv=J W,

because u € N}, Since this holds for every v € HO1 (£2), it is enough to take a positive
&6 such that

(p —2d; }
c(p—1

to conclude. O

£6 < Min {85,

We have found a solution to Problem (2.25). We now complete the proof of the
theorem by constructing a second solution.

Lemma 2.4.10 For every ¢ > 0 there exists § > 0 such that if |h|>» < §, then Problem
(2.25) admits a solution uy, satisfying |lup|| < €.

Proof Let as usual I (u) = % [Ju|®> — %|u|ﬁ; we have

1 Ry
I(u) > Enun2 — L yuyr.
p
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The function

1 s
g(t)=-t* — L¢P
2 P

is strictly increasing in a right neighborhood of 0, is continuous and satisfies
g(0) = 0; therefore there certainly exists ¢’ < ¢ such that for all 7 € (0, ¢’) there
results g(¢) > 0.

Then fixing any 7 € (0, &’), we obtain I (u) > g(n) > 0 if ||u| = n. We deduce
that

J ) = 1) —/Qhudx > () — |hlacn.

Choosing
§= M and |h]p <34,
2cn
we conclude that, for ||u|| = n,
J(u) > % > 0.

Let now

By={ueHi(Q)||ul<n} and n,= inf J(u).
u€By

Clearly n, # *oo. Moreover n, < J(0) = 0. It is then straightforward to check,
with arguments already used many times in the first part of this chapter, that the
value n,; is attained by some u;, € By;. Since J (u;,) =n, <0, it cannot be |u, || =7,
and therefore u, lies in the interior of the ball B,. The function uy, is thus a local
minimum for J and solves (2.25). Moreover, |uy| < ¢. O

End of the proof of Theorem 2.4.1 Thanks to Lemma 2.4.9 we know that for ev-
ery |h|z < eg, there exists a solution u; of Problem (2.25) with |u] > d;. By
Lemma 2.4.10, choosing ¢ = dj, we can fix § > 0 such that for every |h|, < § there
exists a solution u;, of Problem (2.25) with |luy| < d;. If

|k, < &* := min{eg, 8},

we obtain two distinct solutions of Problem (2.25). The proof is complete. d

2.5 Nonhomogeneous Nonlinearities

The method of minimization on the Nehari Manifold can also be extended to cases
where the nonlinearity is not homogeneous, under suitable assumptions. In this sec-
tion we provide some examples in this sense.

We begin with the following problem: find # such that

{ —Au+qgx)u=fu) in<,

u=0 on 092, (2.39)
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where the nonlinearity f satisfies the following assumptions. We recall that we de-
note F(t) = fot f(s)ds.

(f1) f:R— Risofclass C! and is odd.

(f2) f’(0) =0 and there exists p € (2,2*) such that limsup,_, , '{;E’Q‘ < +o00.
(f3) There exists u > 2 such that f(¢#)t > uF(¢) forall t € R.

(f4) Forevery t € (0, +00) there results f' (1)t > f(¢).

Remark 2.5.1 Notice that the power nonlinearity f (u) = |u|?~?u, with p € (2,2%),
treated in Sect. 2.3 satisfies all the above assumptions.
Actually, assumptions (f3) and (f4) imply that the functions

F(1) f@
- r— —
tH t

and

are increasing, as one checks immediately by differentiation. This provides some
bounds at zero and at infinity. For example, comparing with r = 1 one finds that
F(t) < F()t"* fort € [0, 1] and F(t) > F(1)t* for t > 1, and similarly for f.

We will prove the following result.

Theorem 2.5.2 Assume that (hy) and (f1)—(£4) hold. Then Problem (2.39) admits
at least one nontrivial and nonnegative solution.

As usual, the proof will be split in a series of lemmas, in each of which the
assumptions of Theorem 2.5.2 will be taken for granted.

We begin with the description of some properties of f(#) and F(¢) that can be
deduced from the assumptions (f;)—(f4) and that will be used during the proof.

Lemma 2.5.3 We have
(1) lim;_g @ =0.
(2) There exist positive constants M1, M, such that
[f' O < Milt|P™2 for || > M.
(3) There exist positive constants M3, M4 such that
|[FO+ | f Ot < M3t|1P? for |t] > Ms.
(4) For every € > 0 there exists Ce > 0 such that
|F()| + | f(0)t] < et> + Celt|P Vi eR. (2.40)
(5) There exists a positive constant D such that for every t > 1,
f®t>Dt* and F(t) > Dt*. (2.41)

Proof The first statement follows by applying twice the de I’Hopital rule. Point (2)
is a direct consequence of (f2) and the oddness of f. Integrating, one obtains (3).
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Likewise, the fact that f/(0) = 0 and (f;) imply (4), after integration. Lastly, (5)
follows from Remark 2.5.1 and (f3). O

Weak solutions to Problem (2.39) are critical points of the functional

1
1(u>=5||u||2—/QF(u>dx

where the norm is the same as in Sect. 2.3. The Nehari manifold in the present
case is

N={uecHNQ) |I'(wu=0,u0}
= {u & Hy(@) | lul =/Qf(u)udx, u ;AO}.
As usual, we begin by checking that working on the Nehari manifold makes sense.

Lemma 2.5.4 The Nehari manifold N is not empty.

Proof We prove that for every u € H(}(Q), u # 0, there exists ¢+ > 0 such that
tu € N'. We begin by assuming that u(x) > 0 a.e., and we consider the function

v () =1'(tw)tu = 1% |u|? —/ f(tu)tudx.
Q

We want to study the behavior of y for  — 07 and for t — +00. The aim is to find
azero of y.
Let

¢(t)=/;zf(tu(x))tu(x)dx.

By (2.40), for every ¢ > 0 there exists C; > 0 such that
| f (tu()tu(x)| < et’>u(x)? + CotPu(x)?  forall ¢ > 0 and for a.e. x € Q.

Therefore

p(t) = ‘/Qf(lu(X))tu(X)dx

< stzf u(x)>dx + Cgtp/ u(x)? dx.
Q Q
Since u is fixed, ¢ is arbitrary and p > 2, this shows that ¢(¢) = o(t?) ast — 0.
We have thus proved that
y() =t ul®> +o@?) ast— 0.
Next we study y for ¢ large. We begin by choosing 7y so large that the set
A={xeQ|tulx)=>1}

has positive measure; this is possible since u(x) > 0 a.e. and u % 0. Notice that if
t > to, then ru(x) > 1 a.e. on A. Now we apply (2.41) with ¢ > ¢, also recalling that
f is positive on positive arguments:
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/ ftu(x)tu(x)dx =/ fu(x)tu(x)dx +/ fu(x)tu(x)dx
Q A Q\A

th“/ u(x)*dx.
A

Notice that (3) and (5) of Lemma 2.5.3 imply that u < p, so that the last integral is
certainly finite.
The preceding inequality shows that

y(t)§t2||u||2—Dt““/u(x)”dx for every 1 > 1.
A

The two properties of y that we have established tell us that y (¢) is strictly posi-
tive for positive and small values of ¢, while y () - —oo if t — +00.

Then there exists 7 > 0 such that ¥ (f) = 0. Since fu # 0, we conclude that
ftueN.

Finally, if u is not almost everywhere positive, we argue on the function v = |u|:
we find again 7 > 0 such that

IFv]]? — f f(fv)ivdx =0.

Q

Since f(t)t is even, of course
/ f(Fv)ivdx = / fGu)iudx and |fv]> = |ful?,
Q Q
so that also [|7ul|> — [, f(fu)fudx =0, and fu € N. O
We can now define a candidate critical level as
m= inf I(u
ueN (@)

and we try to see if m is attained on .

Lemma 2.5.5 There results
inf_[lu)®> > 0.
ueN
Proof Let A1 be the first eigenvalue of the operator —A + g (x), and choose a num-
ber C1 > 0 such that
LB
[f@O1] < 321"+ Crle]? Vs

this is possible by (2.40).
For every u € A/ we have

A 1
||u||2=/ f(u)udxs—lfuzdwc]/ ul? dx < = |lull® + Callull?,
Q 2 Jg Q 2
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so that
1

1 \r2
lull > | == .
2C,

which proves the claim. U
Lemma 2.5.6 The functional I is coercive on N" and m > 0.

Proof For every u € N, by (f3), we have

1 1 1 1
1(u>=5||u||2—/QF<u>dx= (5—;)||u||2+;||u||2—/QF(u)dx

11 2 1 11 2
= (5= 2+ [ (S s ra)a= (5= L)
2 u Q\M 2w

which shows that I is coercive on A/ and that

. (11N 5 (1 1\[ 1 \r>
m=inf I(u)> inf | = — — )|ul|*=(=—— || =— >0,
ueN ueN\ 2 22 2 122 2C2

by Lemma 2.5.5. g
Lemma 2.5.7 There exists u € N such that [ (u) =m and u > 0 a.e. in Q.

Proof Let {u}r C N be a minimizing sequence for I. The fact that F(¢) and f (1)t
are even implies that also {|ug|}r is a minimizing sequence, so that we can assume
from the beginning that uy (x) > 0 a.e. in Q. Since [ is coercive on NV, the sequence
{ui}r is bounded and then, up to subsequences,

ug —u in Hy (), up —u in LY(Q) Vg €[2,2%),
urg(x) — u(x) a.e.in Q.

This shows that u(x) > 0 a.e. and, with arguments already used many times,

/F(uk)dx—>/‘ F(u)dx,

Q Q

ff(uk)ukdxﬁf fudx, ull* <liminf [ug]|?.
Q Q k—+00

Clearly the assumption p < 2* is essential in the first two limits.
Thus we deduce that

I(u) < lin}cinfl(uk) =m and ||u||2 < f fwudx.
Q
Now we notice that from [|uy||> = fQ f(ur)ur dx we have

/ fudx =lim ||ug|>.
Q k
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Since
2

lugll? = L)
k= 2C,

/ fwudx >0,
Q

for all kK we obtain

which shows that it cannot be u = 0.
If |u|®> = fQ f@)udx, then u € N, u is the required minimum and the proof is
complete. It remains to show that

||u||2</ fuudx (2.42)
Q

leads to a contradiction.
To this aim, assume that (2.42) holds and consider the function

y(t)=z2||u||2—/ fawtudx.
Q
We already know that y (¢) > 0 in a right neighborhood of 0. The inequality (2.42)
tells us that y (1) < 0. Then there exists t* € (0, 1) such that y (¢*) = 0, which means
that t*u € N. We then obtain

1

m <1(t*u) :/ I:Ef(t*u)t*u — F(t*u)] dx.
Q

From (f4) it is easy to see that the function

1

s — Ef(s)s — F(s)

is strictly increasing in (0, 400), and then, since u > 0 and ¢* € (0, 1), we see that

1 1
m < f S [ wrtu — F(t*u) |dx < f 5 fu — F(u)|dx
al2 ol2
1
= lim/ |:—f(uk)uk — F(uk):| dx =limI(u;) =m.
k Jo 2 k
This contradiction shows that (2.42) cannot hold and concludes the proof. Il
The last step consists in showing that u is a critical point for /.
Lemma 2.5.8 Let u € N be such that I (u) =m. Then I'(u) = 0.
Proof For every v € HO1 (R2) there exists ¢ > 0 such that u + sv = 0 for all s in

(—¢&, €). We know that there exists 7(s) € R such that #(s)(u + sv) € N. We now
deduce some properties of the function 7 (s). To this aim, consider the function

@(s, 1) =t*u +sv|> — f £t (u+ sv)t(u + sv)dx,
Q
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defined for (s, ) € (—¢, €) x R. Since u € N, we have
00D =Nl = [ fudz=o
Q

Moreover, by (f2) and (f4), ¢ is a C! function and
8¢ 2 / 2
— O, ) =2|ull"— | fwudx— | f(wu"dx
dt Q Q

:/[f(u)u — f/(u)uz] dx < 0.
Q

Then, by the Implicit Function Theorem, for ¢ small there exists a C ! function t(s)
such that ¢ (s, #(s)) =0 and #(0) = 1. This also shows that #(s) # 0, at least for ¢
very small. Therefore 7 (s)(u + sv) € N.

Then setting

y(s) =1 (s)(u +sv)),
we have that y is differentiable and has a minimum at s = 0; therefore
0=79"(0) =I'(t(©)u) (' O)u +t(0)v) =t OV (wu + I'w)v = I'(u)v.
Since v is arbitrary in HO1 (), we deduce that I’ (1) =0. [l

Example 2.5.9 We list a couple of examples of nonlinearities that satisfy assump-
tions (f1)—(f4). These are functions that behave “like powers” without being exact
powers. Since we want odd functions, we define them only for ¢ > 0, and we extend
them by oddness.

o f(t)=1tP"' 4197 with p,g € (2,2%) and p #4.

o Slightly more generally, f(¢) = Zlﬂil a;tPi~! with ¢; > 0 and pi € (2,2%).

o f(1)= lft% with p € (2,2%) and ¢ > 2.

Remark 2.5.10 Let2 < g < p < 2*; the function
f@)y=rP~1 — 271 (2.43)

for ¢+ > 0 and extended by oddness to R, does not satisfy the assumptions (f3)
and (f4). However if one repeats the arguments carried out in the previous lem-
mas, one see that they still work, with minor changes. Therefore Problem (2.39)
admits a solution also for this particular f. We now try to generalize this remark to
a wider class of nonlinearities that contains (2.43).

We consider the problem

—Au+qgx)u=f(u)—gu) inQ,
{ u=>0 on 0%2. (2.44)

We set G(t) = fot g(s)ds and we introduce the following assumptions. Here
uw>2,asin (f3).
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(g1) g:R— Risofclass C! and is odd;
(82) ¢'(0) =0 and there exists ¢ € (2, 12) such that limsup, , |, 0! < +o0;
(g3) the inequalities g(z) > 0 and g’ (¢)r < (u — 1)g(¢) hold for every ¢ € (0, +00).

As far as f is concerned, we have to replace (f3) and (f4) with the stronger
assumption

(fs) the inequality (1)t > (u — 1) f(t) > 0 holds for every 7 € (0, +00).

We can now prove the following result.

Theorem 2.5.11 Assume that (hy), (f1), (£2), (f5) and (g1)—(g3) hold. Then Prob-
lem (2.44) admits at least one nontrivial and nonnegative solution.

The proof follows exactly the same lines as the previous one. We start by noticing
that since (fs) implies (f3) and (f4), all the properties of the functions F'(¢) and f (¢)¢
obtained earlier are still valid. Concerning g and G, we list the properties that can
be obtained working as in Lemma 2.5.3.

Lemma 2.5.12 We have

(1) lim,o ¥ =0.

(2) There exist positive constants Ms, Mg such that
1§’ < Ms|t|°™2 for |t] > M.
(3) There exist positive constants D1, D> such that

|G ()] + |g(2)t] §D1t2+D2|t|9 Vi e R. (2.45)
Solutions of Problem (2.44) are critical points of the functional
1
I(u) = —||u||2 — / F(u)dx ~|—/ G(u)dx
2 Q Q

and the corresponding Nehari manifold is
N ={uecH Q) |I'(wu=0,u0)
_ {u e HI(®) ‘ 2 :/Qf(u)udx — /Qg(u)udx,u ;éo}.
The first step consist of course in checking that we can work in AV.
Lemma 2.5.13 The Nehari manifold N is not empty.

Proof Repeating the argument of Lemma 2.5.4, we fix u € HO1 (£2) with u #£ 0 and
u > 0, and we consider the function

y(@) = 1" (tu)tu = 1> ||u)? —f f(tu)tudx +f g(tu)tudx.
Q Q
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We already know that

/ f@u)tudx = o(tz)
Q

as t — 0, and the same ideas show that also

/ gtu)tudx = o(tz),
Q

so that
y () =1lul® +o(r?)
ast — 0.
On the other hand, from the properties of g we deduce that for a suitable C > 0,

<Ccr?+Ct? =0,

’ / g(tu)tudx
Q

when t — 4-00. From this and the proof of Lemma 2.5.4 we immediately obtain
VUhﬂﬂmF—Dﬂ/yﬂdx+dﬂ)
Q

as t — +o0. This proves the existence of ¢ > 0 such that tu € A/. We conclude the
proof as in Lemma 2.5.4 when u has arbitrary sign. g

Defining as usual
= inf I(u),
" ueN @)
we proceed to prove that m is attained by a function that solves Problem (2.44).
Lemma 2.5.14 There results

inf_[lu)®> > 0.
ueN

Proof Working as in Lemma 2.5.5 and using the fact that g(u)u > 0, we obtain for
every u € N,

1
||u||2=/ f(u)udx—/.g(u)udxgi)\l/. uzdx—i—Cl/ lu|P dx
Q Q Q Q

1
S?WW+CﬁMW

which allows us to conclude exactly as above. O
Lemma 2.5.15 The functional 1 is coercive on N" and m > 0.

Proof From (g3) we deduce that £G () > g(u)u. Then, if u € N/, we have
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I(u):%||u||2—/QF(u)dx+/QG(u)dx

- (1 _ l) [lue]|? +/ (lf(u)u - F(u)) dx
2w Q\H
+f (G(u) - lg(u)u) dx = (1 - 1)||u||2,
Q u 2 pu

and we conclude as in Lemma 2.5.6. O
We can now prove that the infimum of 7 on /N is attained.
Lemma 2.5.16 There exists u € N such that I (u) =m and u > 0.

Proof Let {uy}; C N be a minimizing sequence for I. As above, we can assume
that u; > 0. By Lemma 2.5.15, [ is coercive on NV, and hence {u} is bounded. Up
to subsequences,

up —u in Hy (Q), up —u in LY(Q) Vg € [2,2%),
ug(x) — u(x) ae.in Q.

Then u(x) > 0, and with the usual arguments, as k — oo,

/F(uk)dx—>/ F(u)dx, /f(uk)ukdx—>/ fwudx,
Q Q Q Q

/G(uk)dx—>/ Gu)dx,

Q Q

/g(uk)ukdx%/g(u)udx, llull* < liminf [lug |2
Q Q k——+00

These yield immediately
I(w) < lin}cinfl(uk) =m and ||u||2 5/ fwyudx —/ gw)udx.
Q Q

Since
2

1 =
/Qf(u)u dx — /Qg(u)u dx = li,ﬁn gl > (2—C2) s 0,

we obtain
/ fwudx — / gwudx >0,
Q Q

which shows that it cannot be u = 0.
Now, if

||u||2=/ f(u)udx—f gwudsx,
Q Q
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then u € N, and u is the required minimum. We must therefore show that it cannot
be

llue]|? </ fudx —/ gwudx. (2.46)
Q Q
To this aim, we consider the function
y (@) =% |ul? —/ f(tu)tudx +/ g(tu)tudx.
Q Q

We have already noticed that y (f) > 0 in a right neighborhood of zero. Assum-
ing (2.46) means that y (1) < 0, hence there exists t* € (0, 1) such that y (+*) =0,
namely t*u € . Then we see that

1
mg[(t*u):iut*u”z—/ F(t*u)dx—i—/ G(t*u)dx
Q Q

- (1 B l)llt*ull2 +/ (lf(t*u)t*” - F(t*”)) a
2 u Q\M

+f (G(t*u) - lg(t"‘u)t*u) dx.
Q M

From assumptions (f5) and (g3) we deduce immediately that the functions
1 1
s> —f(s)s—F(s) and s+ G(s) — —g(s)s
0 w

are nondecreasing in (0, 400), so that being # > 0 and t* € (0, 1), we have

<1 1) * 2 (1 * * * )
m<|=——)|tFul +/ — [ u)t™u — F(t"u) | dx
2w Q\ 1
+/ <1G(t*u) —g(t*u)t*u) dx
Q\ M
<1 1> ) (1 > 1
<(5=L Y +/ L fu - F dx+/<—c<u>—g<u>u)dx
2 u Q\u Q\M
< liminf(l — i) lloax ||? —i—lim/ [lf(uk)uk — F(uk)] dx
ko\2 kJolu

—i—]im/ |:G(uk) — lg(uk)ukj| dx
k Jo iz

= lin}{infl(uk) =m.
This contradiction shows that (2.46) cannot hold, and the proof is complete. g
Lastly we prove that the minimizer « is a critical point of / on Hé ().

Lemma 2.5.17 Let u € N be such that I (u) =m. Then I'(u) =0.
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Proof The technique is the same as in Lemma 2.5.13. Take v € HOl (2) andlete >0
be so small that u + sv # 0 for all s € (—¢, €). We know that there exists #(s) € R
such that ¢ (s)(u + sv) € /. Consider the function

@(s, 1) =t*u + sv|> — f £t (u 4 sv)t(u + sv)dx
Q

+ / g(t(u+sv))t(u+sv)dx,
Q
defined for (s, t) € (—¢, €) x R. Since u € /, we have

0 (0, 1>=||u||2—f f(u)udx+/ gwudx =0.
Q Q

On the other hand, by (f5) and (g3),

a—‘”(0, 1)=2||u||2—/ f(u)udx—/ f’(u)uzdx+/ gu)udx
ot Q Q Q

+/ g (wyu®dx

Q
sz||u||2—/ f(u)udx—(u—l)/ f(u)udx+/g(u)udx
Q Q Q
+(u—1)/ gwudx
Q

—2fu|? - u/g Foudx + Mfgg(u)udx — 2wl <o.

So, by the Implicit Function Theorem, for ¢ small enough we can determine a func-
tion r € C1(—¢, &) such that f(s,2(s)) =0 and ¢(0) = 1. This says that 7(s) # 0, at
least for & very small, and then #(s)(« + sv) € N.

Setting

y(s) =1(t(s)(u +sv)),
we obtain that y is differentiable and has a minimum point at s = 0; thus
0=9"(0)=I'(t()u) (' O)u +t0)v) =" OV I'(wu + I'w)v=I'(u)v.

Since v € H(} (2), is arbitrary, we conclude that I’ («) = 0. Il

Example 2.5.18 Also in this case it is easy to produce examples of nonlinearities
that satisfy the assumption of Theorem 2.5.11. As usual we define the functions for
t > 0 and we extend them by oddness.

o f(t)=1P", g(t) =171, where 2 < g < p < 2*.
Slightly more generally, f (1) = Y. a;t”~" and g(t) = YN | b;jt%~! with
ai,b; >0, p;, q; € (2,2*) and min{p;} > max{qg;}.
o f(t)= lj_qs%, where p € (2,2%), ¢ > 2 and g as in the preceding example, with
max{q;} < min{p, g}.
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2.6 The p-Laplacian

In this section we leave temporarily the semilinear equations studied up to now to
give an example of how the techniques introduced so far can be successfully ap-
plied, and with almost no changes, to more general quasilinear equations. Although
quasilinear equations are in general much more difficult than semilinear ones, a cer-
tain number of results can be proved by the application of variational methods with
surprisingly little effort.

This section should be considered as an example and can be skipped on first
reading.

The particular type of equations we consider are the so-called p-Laplace equa-
tions, that are commonly seen as the simplest generalizations of the Laplacian to the
quasilinear context.

The p-Laplacian is the second order non linear differential operator defined as

Apu =div(|Vu|P~2Vu).

Here p > 1, and of course when p = 2 the p-Laplacian is the usual Laplacian.
Notice that this operator is linear in the second derivatives, but contains terms
which are nonlinear functions of the gradient of the unknown.
When u is regular enough an easy computation shows that

%u  du du

8x,-8xj Bxi 8x]' ’

n
Apu = |Vu|P72Au+ (p —2)|Vu|P~* Z
i,j=1

a rather complicated expression. For this reason, it is much more convenient to use
some weak formulation for this operator. To write down such a weak form we need,
as in the previous chapters, to introduce suitable function spaces. We will list a
number of definitions and results that generalize those we have seen in Chap. 1 for
the Sobolev spaces H'(Q) and H} ().

. WLP(Q), for p € [1, +00), is the Sobolev space defined by
]
Whr(Q) = {u € LP(Q) ’ a—” cLP(Q),i= 1,...,N},
X

where the derivative 5’7” is in the sense of distributions. The spaces W17 () are
. i .
reflexive Banach spaces when endowed with the norm

N
lullp = lulp+
i=1

Recall that | - |, is the L? norm.
o W,”(Q) is the closure of C{°(%2) in W'-7(Q).
o Ifuc WP (Q), then Jul, ut,u™ € Wy” () and

/|V|u||pdx=/|Vu|pdx.
Q Q

ou
ax,- p.
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We also recall, as in the previous chapters, some embedding theorems.

Theorem 2.6.1 Let Q C RN be open, bounded and have smooth boundary. Let

p=>1.

o If p < N, then WhP(Q) < L1(Q) for every q € [1, % p ] the embedding is
compact for every q € [1, m).

o If p=N, then WhP(QQ) — L9(Q) for every q € [1,4+00); the embedding is

compact.
e If p> N, then WHP(Q) — L®(Q); the embedding is compact.

The following particular case is the most used in our context, and we state it
separately.

Theorem 2.6.2 Let Q be an open and bounded subset or RN, with N > 3. Let
1<p<N.Then

Wl p(Q) — L9(Q) foreveryq € |:1 NN_p:|
p

The embedding is compact for every q € [1, 5= p)

The number N_ is denoted by p* and is called the critical Sobolev exponent
for the embedding of W0 () into LY.

Theorem 2.6.3 (Poincaré inequality for Wé Py Let @ C RV be open and bounded.
Then there exists a constant C > 0, depending only on <2, such that

/ [ul? dx < c/ IVul?dx Vue W,P(Q).
Q Q

1
Therefore, if Q2 is a bounded open set, (fQ|Vu|p dx)? is a norm on Wg’p(Q),
equivalent to the standard one.

2.6.1 Basic Theory

We begin by studying the differentiability of some relevant functionals on WO1 P(Q).
We start with the norm.

Theorem 2.6.4 Let Q C RN, N > 3, be an open set. For p € (1,400), define a
functional J : W(;’p(Q) — R by

J(u):/ |[Vul? dx.
Q
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Then J is differentiable in Wé P (Q) and

J (v zp/ |Vu|P~2Vu - Vvdx.
Q

Proof Consider the function ¢ : RY — R, defined by ¢(x) = |x|?. Itis a C! func-
tion and Vg (x) = p|x|P2x, so that, for all x, y e RV,

. px +1y) —@(x)
m-—————-
t—0 t

= plx|"x - y.
As a consequence,
. Vux) + Vo) P — [Vu(x)]?
lim

t—0 t

= p|Vu(x)|P*Vu(x) - Vo(x) ae.in Q.

By the Lagrange Theorem there exists 6 € R such that |#| < |¢| and

|Vu + tVolP — |Vul|P
t

< p|IVu+0Vv|P"2(Vu +6Vv) - Vo

< C(IVulP~ "Vl + |Vu|?) e LY ().

By dominated convergence we obtain
. Vu +tVou|P —|Vu|P _
l1m/ | | [Vul dx:p/ |Vu|P~2Vu - Vudsx,
=0 Jq t Q

so that J is Gateaux differentiable and

Jg;(u)z;:p/ [Vu|?~2Vu - Vudx.
Q

We have now to prove that J/; : Wé’p(Q) — [WhP(Q)] is continuous. To this aim

we take a sequence {ug}y in Wol’p(Q) such that uy — u in Wol’p(Q). In particular
we can assume, as usual, that up to subsequences,

e Vui — Vuin (LP(Q)Y as k — oo;
o Vur(x) = Vu(x) ae. as k - o0;
o there exists w € L' () such that [Vup(x)|? <w(x) a.e. in 2, and for all k € N.

We have
(Jsw) = JGw)v=p f (IVulP™>Vu — |Vu|P~>Vuy) - Vo dx
Q
and

‘[(|Vu|p_2Vu—|Vuk|p_2Vuk)-Vvdx
Q

v pz_jl 1/p
p=1 dx) (/ |Vv|pdx>
Q

p=1
_r_ P
r=ldx ol

< </ I Vuk|P72Vuy — [Vu|P~*Vu
Q

< </ I Vuk|P2Vuy — [Vu|P~*Vu
Q
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so that

176 ) — JG )|l = sup {| (TG W) — TG u)v| | ve WHP(Q), |lv] =1}

p—1

_P
(/ Vit | P2V, — [V P2V |77 dx) "
Q

IA

Now we know that
Vi ()P 2 Vug(x) = | Vu(x)|P >V (x)
almost everywhere in €2, and that

_P_
[IVuk|P72Vug — [Vl P72Vu| =T < C(IVug|? + |VulP) < w+|Vu|” € L1 ().

By dominated convergence we then obtain
P
/ [IVug|P~2Vuy — |[Vu|P~*Vu| =T dx — 0,
Q
and hence || JG (ux) — J;(u)|| — 0. This holds for a subsequence of the original
sequence {uy}, but we can argue as before to obtain that J’G is a continuous function,
so that J is differentiable with differential given by

J (v :p/ |Vu|P~2Vu - Vodx. O
Q

Remark 2.6.5 When p # 2, Wé "P(Q) is not a Hilbert space. So here is an example
of a Banach space where the norm is differentiable, see Remark 1.3.15.

Theorem 2.6.6 Let Q@ C RY, N > 3, be a bounded open set. Take a number
1 <p<N and let p* = NN—_’;J be the critical exponent for the embedding of

Wé P(Q) in L1(R). Let f : R — R be a continuous function, and assume that there
exist a, b > 0 such that

|f@O] <a+Dbl” ! (2.47)
forallt € R. Define

t
F(@) =/ f(s)ds
0
and consider the functional J : W(;‘p(Q) — R given by
J(u) = / Fu(x))dx.
Q
Then J is differentiable on W(} P(Q) and

J'(u)v:/ fux)v(x)dx forallu,veWOl‘p(Q).
Q
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We do not write down the proof of this result, because the argument is very
similar to the one of Example 1.3.20.

We can now state a definition of weak solution for equations involving the p-
Laplacian. The idea for a weak formulation can be obtained, as in the usual case
p = 2, using integration by parts. Let us assume that # and v are functions defined
on a bounded open set €2, that they vanish on 92, and are smooth enough for the
following computations to make sense. Integrating by parts we obtain

/vApudx=/ vdiv(|Vu|”_2Vu)dx=—/ |Vu|P2Vu - Vodsx.
Q Q Q

This suggests that a good candidate as a weak form for the p-Laplacian is the oper-
ator

Vi —/ [Vu|’~2Vu - Vvdx.
Q

We now give a precise formulation to the preceding heuristic discussion, at least for
the cases that we want to treat. Let us consider 1 < p < N and take 4 € Lp/, where
p = % is the conjugate exponent of p. Let f : R — R be a continuous function
satisfying the growth assumption (2.47). We will say that u is a weak solution of the

boundary value problem

{_A,,u=f(u)+h inQ, (2.48)

u=~0 on 492

if u € Wy’ () and

/ |Vu|p72Vu~Vvdx:/f(u)vdx+/hvdx VveW(}’p(Q).
Q Q Q

Notice that, as in the case of the Laplacian, the boundary conditions are englobed

in the function space WOl " (). Thanks to the previous results about differentiation
of functionals, it is easy to spot the link between weak solutions and critical points.

Indeed, denoting F(t) = f(; f(s)ds, we can define a functional J : WS’F(Q) —R

by
J(u):/ |Vu|pdx—/F(u)dx—/hudx.
Q Q Q

We know that J is differentiable on W(;’p (2), with

f(u)v:/ |Vu|p_2Vu-Vvdx—/f(u)vdx—/hvdx.
Q Q Q

Hence, a critical point of J is exactly a weak solution of (2.48) in the sense previ-
ously stated.

Remark 2.6.7 The procedure to obtain a classical solution from a weak one is more
problematic in the case of quasilinear equations. Indeed, a weak solution which
is regular enough is also a classical solution, but the regularity results for weak
solutions of p-Laplacian equations that have been obtained so far are not completely
satisfactory: weak solution may be not regular enough to be also classical solutions.
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We conclude with a simple existence result for equations with right-hand-side
independent of u.

Theorem 2.6.8 Let Q@ C RV be a bounded open set and let p > 1. Let p’ = # be

the conjugate exponent of p. Then, for every h € L”,(Q), the problem
{ —Apu=h inQ,

u=>0 on 02 (2.49)

has a unique (weak) solution.

Proof Define a functional J : WO1 "7(Q) — R by

1
J(u):—/ |Vu|pdx—/hudx.
pJa Q

We know that J is differentiable on Wol’p (2) with
J (w)v :/ IVu|?2Vu - Vodx — / hvdx.
Q Q

It is well known that the function x — |x|?, x € R", is strictly convex. From this, it
is easy to deduce that J is strictly convex. Moreover,

1 1
J) = —lull” = 1hlpylulp = —llull” = Cllull,
p p

so that J is coercive because p > 1. Applying Theorems 1.5.6 and 1.5.8, we find
that J has a unique critical point which is the unique (weak) solution of Problem
(2.49). d

Remark 2.6.9 Notice that the previous theorem holds for any p > 1.

Remark 2.6.10 In Sect. 1.6 we have seen similar results. In that case we dealt with
linear equations, and it is well known that they can be solved by different methods,
for example by a straightforward application of the Riesz Theorem 1.2.9. On the
contrary, (2.49), being quasilinear, cannot be treated by the standard methods of the
linear theory, available for example for (1.22) and (1.23). Variational methods give
an unified treatment for linear and nonlinear problems.

2.6.2 Two Applications

We start with a nonlinear eigenvalue problem. Indeed, it is possible to generalize part
of the theory and of the results concerning linear eigenvalue problems to nonlinear
problems. Nonlinear eigenvalue problems are a largely studied subject in recent
research. For some references on these topics, start for example from [20].

Recall that in the Banach space Wol‘p(Q) we use the norm |ju||? = fQ |VulP dx.
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Theorem 2.6.11 Ler Q C RN, N > 3, be a bounded open set and let 1 < p < N.
Define

, Jo | Vul? dx . lJull?
wewpr @) Jolul?dxuewir@nor lulp

Then w is positive and is achieved by some u € WO1 P (Q) \ {0}. The function u can
be chosen nonnegative and satisfies (weakly)
{ —div(|Vu|/’_2Vu) =puP~! inQ,

u=0 on 092. (2.50)

Proof Foru e WO"” (), set I(w) = |lull”, J (u) = |u|, and define the quotient func-
tional Q : Wy'” (Q)\{0} — R as

I(u)

J(u)

Qu) =

Then

w= 1i}{lf O(u).
ueWy " (\{0}

The Poincaré inequality immediately gives p > 0. Let {uy}; be a minimizing se-
quence. Clearly |uy| is also a minimizing sequence for Q, so we can assume that
ur(x) > 0 ae. in 2. As the functional Q is homogeneous of degree zero, i.e.
Q(Au) = Q(u) for every A € R, we can normalize uy by setting |uy|, =1 for ev-
ery k. Then we see that J(ug), namely the WP norm of uy, must be bounded
independently of k.

By the Sobolev embeddings (Theorem 2.6.2), we deduce that, up to subse-
quences,

o up — uin Whr(Q);

o up — uin LP(Q);

e ur(x) — u(x) a.e.in Q;

In particular, J(u) = 1 and u(x) > 0 a.e. Then, by weak lower semicontinuity of the
norm,

Q(u) =1 ) <liminf I (uy) = liminf Q(ue) = .

sou € Wy’ (@)\{0) and Q(u) = .
We have seen in the preceding subsection that / and J are differentiable. Then
sois Q, and

o' wv= ﬁ (I'(wyv — Q) J (u)v).

Since u is a minimum point for Q, we obtain Q’(x) = 0 and therefore
I'(wyv=0w)J (v =nd Wv
for every v € WO1 "7 (), which is nothing but the weak form of (2.50). O
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We give a last result, concerning existence of a minimum for a coercive func-
tional involving the p-Laplacian. This result generalizes Theorem 2.1.5.

Theorem 2.6.12 Let Q be an open bounded subset of RN, N > 3, and let
I <p<N.Let f:R— R be a continuous function such that

[f(O| <a+blt]?"! VieR,

where a,b > 0 and 1 < q < p. Then, for all h € L” (), where p’ = %, there
exists a weak solution of the problem
{ —dv(IVulP V) = f) +h(x) inQ,

u=0 on 082. @51

Proof We consider the functional 1 : Wé "P(Q) — R defined by

I(u):l/ |Vu|pdx—/ F(u)dx—/hudx
pJa Q Q

1
=—||u||p—/ F(u)dx—fhudx,
p Q Q

where as usual F(t) = fot f(s)ds. The hypotheses on f immediately imply that
F(t) <aj + by]t]?, and therefore, by the Holder and Sobolev inequalities,

1
I(u) = ;Ilullp — C1 — Calulg — C3lhlylulp = C([lull? = Nl — flull — 1),

which shows that I is coercive because ¢ < p. Thus, any minimizing sequence uy
for I is bounded in WOl "P(Q). Then we can extract a subsequence, still denoted

uy, that converges weakly to some u € Wol’p (£2); by compactness of the Sobolev
embedding, we can make sure that it also converges strongly in L4 (£2). Weak lower
semicontinuity of the norm and the usual arguments show that the weak limit « is a
minimum point for 7. This gives I’ (u) = 0, which is the weak form of (2.51). [

2.7 Exercises

1. Let X be a complete normed space, and let a : X x X — R be a continuous
bilinear form. Let ¢ : X — R be the associated quadratic form, ¢ (1) = a(u, u).
Consider the following statements.

(@ Yuz#0,¢) > 0.

(b) Timyjy— o0 ¢ (1) = +o00.

(c) There exists o > 0 such that for every u € X, ¢ (u) > a||u|>.

Prove that if X has finite dimension, then (a), (b) and (c) are equivalent. Prove
that if X is infinite dimensional, then (¢) <= (b) = (a), but (a) needs not
imply (b) or (c).
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. Let Abean N x N symmetric matrix. Prove that A has at least one eigenvalue

by maximizing the function ¢ : R¥ — R defined by ¢ (x) = Ax - x constrained
on the unit sphere of RV,

. Let f : R — R be continuous and satisfy f(t) = 0if + < 0. Assume that

t
t— @ is strictly decreasing on (0, +00)

and denote o = lim,_, o+ @ and B =lim;_ 4o @

Let Q C RY be a bounded open set. Prove that if the problem

—Au= f(u) in €2,
u>0 in 2,
u=20 on 082

has a solution, then & > A1 and B < A;. Hint: multiply the equation by ¢;.

.Let Q Cc RN, with N > 3, be open and bounded, & € L*°(22)\{0} and

2 < p < 2%, and consider the problem

—Au=h@)|ulP2u in$,
u=0 on 0Q2.

(a) Prove thatif h(x) <0 a.e. in €2, the problem has no nontrivial solutions.
(b) If A(x) > 0 on a set of positive measure, prove that the problem has at least
one nontrivial solution. Hint: consider the set

M= {u € HI(Q) ’ / h(x)|ul? dx = 1},
Q

prove that M # () and argue as in Sect. 2.3.1.

. Let Q c RV, with N > 3, be open and bounded, and let a € L°°(R2) satisfy

a(x) > 0 ae. in Q. Take p € (2,2*). Assume that the differentiable functional
0: H}(2) \ {0} — R defined by

_ fQ|Vu|2dx
Q) = Ol dy2ir

has a critical point v. Show that a multiple of v is a weak solution of the problem

—Au=a@)|ulP2u in<,
u=20 on 0L2.

Hint: recall Example 1.3.16.

. Let Q c RV, with N > 3, be open and bounded, let a, b € C(ﬁ)\{O} and let

2 < p <q <?2* Assume that b > 0 in  and that for a.e. x, a(x) # 0 implies
b(x) # 0. Consider the problem
—Au=a@)|ulP2u+bx)ul?2u in <,
{ u=0 on 9L2. (2.52)
(a) Write down an energy functional I such that I’ () = 0 if and only if u is a
weak solution for this problem.
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(b) Prove that the set

N = {u € HH ()

ﬂ(u)u:O,/ b(x)|u|"dx>0}
Q

is not empty.
(c) Prove that there exists a minimum point u for I on N such that u > 0.
(d) Prove that the minimum is a weak solution of (2.52).
7. Let Q C RN , with N > 3, be open and bounded, and take numbers r, p such
that | <r <2 < p < 2*. Consider the problem

—Au=ulP2u—ul""%u inQ,
u=0 on 0%2.

Define the energy functional and the Nehari manifold for this problem, and
prove the existence of a non trivial solution via minimization on the Nehari
manifold.

8. Let © be an open and bounded subset of RY, with N > 3. Take p € (2,2*] and
define

JolVul?dx

mn —_———
uEHA(Q) (fQ|u|[7dx)2/[7
u#0

Sp =

This number is positive by the Sobolev embedding Theorem 1.2.1. Consider the
functional I : HO1 (2) — R defined by

1 .1
Tw)== | |Vu|"dx — — | |u|’dx
2Jq rla

and let V be the Nehari manifold associated to . Prove that

. 1 1\ 5%
inf Iw)=|-—-—|S)".
ueN 2 P
9. Prove Theorem 2.6.6 by modifying the argument of Example 1.3.20.

10. Let © c RY, with N > 3, be open and bounded, and let | < p < N and p <
r < g < p*. Consider the p-Laplacian problem

—Apu= " 2u 4+ |u|9%u  in S,
u=0 on 0L2.

Define the energy functional and the Nehari manifold for this problem, and
prove the existence of a non trivial solution via minimization on the Nehari
manifold.

2.8 Bibliographical Notes

e Section 2.1: The techniques presented in this section apply to much more general
cases, for instance to quasilinear problems. The direct methods of the Calculus of
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Variations, built upon the two notions of coercivity and weak lower semicontinu-
ity have been developed enormously and allow one to deal with general function-
als depending on x, u and Vu. See Chap. 1.1 in Struwe [45], or Giusti [21] for a
vast description of these problems.

Section 2.2: The abstract structure behind it is a particular case of the Ky Fan—Von
Neumann Theorem. The content of the section is a simplified version of a result
from Kavian [26]. Min—maximization under convexity and concavity assump-
tions is one of central themes of convex analysis. A comprehensive treatment of
it, with applications to differential problems, can be found in the book [19] by
Ekeland and Temam.

Section 2.3: The failure of the direct method (minimization) for problems with
superlinear growth due to the fact that the functionals are not bounded from be-
low led to the idea of constraints. Some problems in mechanics and geometry
were the main motivations for the introduction of artificial constraints. The Ne-
hari manifold was introduced in Nehari [36] in the context of ordinary differential
equations. A modern review on superlinear Dirichlet problems is Bartsch, Wang,
and Willem [8].

Section 2.4: The question whether “perturbations” can destroy existence results
has been widely analyzed in the last few years, especially when the unperturbed
problem possesses infinitely many solutions (as is the case for odd nonlinearities).
The interested reader can read Rabinowitz [43], or Chap. I1.7 of Struwe [45] and
the references therein. The reading however requires more sophisticated tech-
niques than those described in these notes.

Section 2.5: The method of minimization on the Nehari manifold is particularly
useful for nonhomogeneous nonlinearities, for which minimization on spheres
does not apply. A rather detailed exposition can be found in the books by
Willem [48], and Kuzin—PohoZaev [27]; the applications given in [27] however
concern problems on unbounded domains, which we treat in Chap. 3.

Section 2.6: There is by now a vast literature on problems involving the
p-Laplacian. A good starting point is Garcia Azorero and Peral [20]. A sys-
tematic treatment of many questions concerning the p-Laplacian can be found in
the book by Lindqvist [30].



Chapter 3
Minimization Techniques: Lack of Compactness

In this chapter we present some examples of problems where compactness is not
guaranteed a priori. The lack of compactness can take different forms, but in the
simplest case, it is manifest through the fact that minimizing sequences are maybe
bounded, but not (pre-)compact in the function spaces where the problem is set.

The reasons for this often come from geometrical or physical aspects of the prob-
lem, and we refer for example to [45] for a discussion on this point of view.

Here we confine ourselves to some more or less simple examples of problems
with lack of compactness and we try to show some ways to overcome the obstacle.

As in Chap. 2, we will study equations with different hypotheses on the nonlin-
earity f. In particular when dealing with critical problems (Sect. 3.4) we will study
the homogeneous nonlinearity f(f) = 17|22t through minimization on spheres (as
in Sect. 2.3.1), while in the first part of this section we will study a nonhomogeneous
nonlinearity, applying the method of minimization on the Nehari manifold. In prin-
ciple we could treat a generic f satisfying a set of hypotheses including (f1)—(fs),
but for the sake of simplicity we will deal with the specific and simple nonhomoge-
neous nonlinearity given by

F@) =117+ Al

with 2 <r < p <2* and X € R (for A = 0 this includes the homogeneous case).

3.1 A Radial Problem in RV

A first case of lack of compactness takes place when one works in unbounded open
sets. For simplicity we treat the case where Q@ = RY, with N > 3, by studying the
following problem:

—Au+ou=ul”2u+rul""2u inRV, 3.0
ue H'(RV) ’
where o >0, A eR, p,re(2,2*) and p > r.
M. Badiale, E. Serra, Semilinear Elliptic Equations for Beginners, Universitext, 97
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A weak solution of (3.1) is a function u € H' (R") such that

/Vu~Vvdx+a/ uvdx
RN RN

:/ |u|p_2uvdx+A/ lul"2uvdx Yve H'RY).
RN RN

Remark 3.1.1 The condition u € H'(RV) is a typical way to replace the boundary
conditions on RY. Indeed, it can be viewed as a weak form of the requirement
u(x) — 0 for |x| — oo, a natural condition to associate to the equation in many
cases. Notice however that u € H'(RY) does not imply that u vanishes at infinity.
Often the condition u € H'(RY) and the fact that u solves the equation imply that
u(x) — 0 at infinity, but this has to be proved in each case.

A problem like (3.1) is not compact. Without supplying irrelevant details, imag-
ine that it has a solution # £ 0 which minimizes some functional. Since the prob-
lem is invariant under translations, it is clear that for every y € R¥, the sequence
up(x) = u(x + ky) is a bounded (in H'(RY), for instance) minimizing sequence
which cannot be precompact in any L? (R"). Thus, roughly speaking, the problem
admits bounded minimizing sequences that do not converge. The reason for this is
the invariance of R with respect to translations, which in turn makes the embed-
ding of H'(RY) into L? (R") not compact for any p.

A natural attempt to overcome this problem is to guess that translational invari-
ance is the only reason for the failure of compactness, and to try to work in a space
of functions where translations are not allowed. This is possible in this case because
the problem is also invariant under rotations, so that one can try to work in spaces
of radial functions. Let us make this precise.

We define

D, = {u € D"?(R") | u is radial}
and
H, ={u e H'(R"Y) | u is radial};

clearly H, C D,; see Sect. 1.2.1 for the definition of DLZ(RM). Also notice that
by classical results (see [11]), functions in D, and in H, can be assumed to be
continuous at all points except the origin.

We prove the following lemma, which gives a pointwise estimate for functions
in D,. The argument for its proof is a slight modification of a result in [37].

Lemma 3.1.2 There exists a constant C > 0 such that for every u € D,

lu(x)|<C ”%”72 for every x # 0.

x| 2

Proof Using a density argument, it is enough to prove the inequality for functions
ueCPRY)ND,.
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Let ¢ : [0, +00[ — R be defined by
er)=ulx) ifr=|x|.
Then ¢ is C*° and has compact support in [0, +00).

We now estimate, for x £ 0,
—+00 +0o0 —+00 N_1 1
/ / / —
/ @ (s)ds S[ lp (S)IdS=/ lp'($)|s 2 ——r ds
r r r

S
+o0 1/2 +o0 1/2
< (/ |<p/(s)|2sN_1ds> (/ sI=N ds>
r r

1 ( [ o N_1d>1/2 L]
=—xz|w S)|S N
w2\”), ¥ N -2,

flae]l

N=2°
x| 2

lu()| = lor)| =

=C

where w is the measure of the unit sphere in RY. 0

Remark 3.1.3 For functions u € H, the following stronger decay estimate can be
proved

fluel
N=T

x| 2

lu(x) <C for every |x| > 1,

see for example [2]. We won’t need this stronger form.

We now prove that the heuristic idea that translations are the only obstruction to
compactness is correct. The Sobolev inequalities on RY (Theorem 1.2.2) show that
H, is continuously embedded into L”(RY), for p € [2,2*]. The following lemma
proves that this embedding is compact if p € (2,2%).

Lemma 3.1.4 Let p € (2,2*). Then the embedding of H, into LP (R") is compact.

Proof 1t is enough to show that if {u;}, is a sequence in H, such that uy — 0, then
ur — 01in LP(RY). Of course we can assume

up—0 inL? RY) and wur(x) >0 ae.

loc

Let B = {x € R | |x| < 1} be the unit ball of R", and let B = RV \ B. By what we
have just said, as k — oo,

/ |uk|pdx:/ |uk|pdx+/ |uk|de:/ lup|? dx + o(1).
RN B B¢ B¢

Let us fix ¢ > 2*. By Lemma 3.1.2, in B¢ we have, for some appropriate constant
C>0,
C

N-=2"
|x]97 2

lug ()] <
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and q% > N. This shows that
1
1/ pc
— 5z €L (BY),
|72

and then, by dominated convergence,

/ lug (x)|9 dx — 0.
BC

Let now ¢ € (0, 1) be such that p =2t 4+ g(1 — ¢); by the Holder inequality we can
write

t 1—¢
/ |uk|de=/ | |ur |71 dx < (/ |Mk|2dx) (/ |Mk|qu> :
C BC C BC

Since the sequence {fBC lug|? dx}y is bounded and fBC lug|? dx — 0, we immedi-
ately obtain [y [ug|? dx — 0, so that

/ lug|? dx — 0. O
RN

Having established the main functional properties of the space H,, we need a way
to pass from functions in H'(R") to functions in H,. A way to do this, suitable for
our purposes, is given by a procedure called Schwarz symmetrization. We can not
give here an introduction to the theory of symmetrization, for which the reader can
see [29]. We just describe roughly the idea for nonnegative functions and state the
result that we will need in this section.

Let u € DV2(RN) be such that u(x) > 0 a.e. in RY. We denote, for 7 > 0,

{u>t}:{xe]RN|u(x)>t} and  wu(t) = |{u > t}|.

Notice that since u € L (RM), we have u(t) < +oo for all + > 0. The Schwarz
symmetrization constructs a radial function u* : RN — R such that

u*>1t}= Byy with [Byy| = u(t).

Thus, the sets where u# and u™* are greater than 7 have the same measure. It is easy
to see that u* is (radially) nonincreasing. The most important properties of u* are
stated in the following result.

Theorem 3.1.5 For every u € DV"2(RN), u > 0, there results u* € D,, u* > 0,
/ IVu*|>dx < / |Vul>dx and
RN RV
/ |u*|P dx =/ lu|? dx, forall p>1.
RN RN
These properties imply of course that if u € H'(RN) then u* € H,.

We can now state and prove the main result of this section.
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Theorem 3.1.6 Problem (3.1) admits at least one nontrivial nonnegative solution.

This result will be obtained by a sequence of lemmas, and the scheme of the
argument is the same as that we have used in the compact case.
We equip H'(RV) with the norm

||u||2=/ |Vu|2dx+a/ [u|*dx
RN RN

and we look for a solution as a minimizer of the associated functional constrained
on the Nehari manifold. So we define the functional 7 : H'(RY) — R as

1 1 A
I(u):—/ |w|2dx+5/ uzdx——/ |u|”dx——/ u|” dx
2 RN 2 RN p RN r RN

1 2 1 A
=§MH—;M§—ﬂW
and the Nehari Manifold

N={ueH'®RY) |u#0,1I'uu=0}
={uec H'®RY) |u#0, |ull? = ulh + Alul’}.

Notice that, if u € NV, then

1 1 1 1
umz(i—;)ww+<;—;)M5

As?2 <r < p,wehave I (u) > (% - %)||u||2 >0forallu e N.
Lemma 3.1.7 The Nehari manifold is not empty.

Proof We fixu e H 1 (RN ), with u # 0, and for ¢ € R we define the function
y (@) =I'(tuytu = 12 |ull* — 17 julh) — rt" |ull.

It is then obvious that y (t) > 0 for small ¢ > 0 and that lim,_,  », ¥ (#) = —00; hence
there exists ¢ > 0 such that I’ (tu)tu =0, so that tu € N. Il

We define
m= inf I(u
ueN @)
and we try to show that m is attained by some u € \V.

Lemma 3.1.8 There results m > 0.

Proof If A = 0, the nonlinearity is homogeneous and the argument is the same as
that of the compact case (Sect. 2.3.2). If A # 0 and u € NV, then

lul® = lul + Aul < C (Hlull? + lull")
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namely
L<C(lull”™2 + llul"™?).

If lu|| <1 this implies 1 < 2C|ju||" 2.
So we have obtained, for all u € NV,

1
lull = min {1, (2C)"72}.

Therefore, if u € N we have

I(u) > (% - %)Ilull2 > (% — l) min {1, 2C)" 77 )%,

r

and the lemma is proved. g
Lemma 3.1.9 There exists u € N such that I (u) =m.

Proof We first show that we can take a minimizing sequence for m in ' N H,.. To
this aim, let {vg}x €N be a minimizing sequence. As usual we can assume v > 0.
Let wy = vf € H, be the non negative radial function given by Theorem 3.1.5. We
have

||wk||2=f |Vv;;|2dx+a/ |u;;|2dx5/ |Vvk|2dx+a/ lve|% dx
RN RN RN RN

:/ |vk|pdx+A/ |vk|’dx:/ |vZ|pdx+k/ lvg|" dx
RN RN RN RN

:f |wk|”dx+)»/ |lwi|" dx.
RN RN

Hence if we set
_I/ 42 2 Y p —A r
vy (@) =I'(twp)twg =t~ |well” — 1P |wi|p — Awgl,,

we have y (1) <0, while y(¢) > 0 for ¢ positive and small. Therefore there exists
ty € (0, 1] such that y (#;) =0, that is, #;wy; € A/. We obtain

m < I(txwg)

11 11
2 2
:%<5—;)WM|+$<;—;)WHZ
1 1 2 1 1 b4
< | — — — -
_<2 r)llwkll +<r p>|wk|p
11 11
< (5 - —)||vk||2+ (— - —)lvkli?:I(vk)-
r r P

This implies that {f; wy }x is a minimizing sequence for m and #;wy € H,, as we had
claimed. In the sequel we set uy = fywy. Of course, u; > 0, and we can assume that,
up to subsequences, ux — u in H'(R"). By Lemma 3.1.4 we obtain

ury —u in LP(RV) and in L"(RY)
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and, again up to subsequences, u(x) — u(x) almost everywhere, so that u(x) > 0
a.e. and u € H,. We now prove that the weak limit « belongs to A and I (u) = m.
Let us first check that u € /. We have

0 < C =< llugll? = Juglp + Augl; (3.2)
and hence, passing to the limit,
0<C < ulp+Aluly;
this implies u # 0. Still from (3.2), we also get
luell® < Juely + AJul.
If
el = lul}y + Alul,
then u € N So, arguing by contradiction, we assume that
el < fuly + Aluly.
Defining as above, for ¢ > 0,
y (@) =1'(tuwytuw =12 |u|> — 7 lulh) — rt" ul’,
we see that y (¢) > 0 for small ¢ > 0 while
y (1) = llull® = luly = Alul; <0

So there is t € (0, 1) such that tu € NV. Hence,

k 2 r rop
1 1 1 1
= 11rr}{1nf((§ - ;) ||Mk||2 + (; - ;)WH;) = lin’}cil’lf](uk) =m.

This contradiction proves that ||u||> = |u|§ + Alul”, and therefore u € N. By the
weak lower semicontinuity of the norm it is straightforward to deduce that 7 (1) <
liminfy I (ux) = m, and the lemma is proved. O

Lemma 3.1.10 The minimum u is a critical point for I in H'(RV).

Proof Fix v e H'(RM) and & > 0 such that u + sv # 0 for all s € (—e¢, €). Define a
function ¢ : (—¢, ) x (0, +00) — R by

@(s, 1) =1"(t (u + sv)t u + sv) =12 |lu + sv||*> — 1P |u +sv|h — A" ju + sl
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Then ¢ (0, 1) = ||u2|| — |u|£ — Mu| =0and

% 0.1) = 20l = plul} — ralul} = @ = llull? + (- — plul} <0.

at

So, by the Implicit Function Theorem there exists a C! function 7 : (—¢g, £9) — R
such that 7(0) = 1 and

@(s,1(s)) =0

for all s € (—¢&p, &p). Defining
y(s) =1(t(s)(u +sv)),

we see that the function y is differentiable and has a minimum point at s = 0;
therefore

0=y"(0)=1I'"(t(0)u)(t'(O)u + 1 (0)v) = I'(w)v.
Since this holds for all v € H'(RV), we have I’ (1) = 0. O

Remark 3.1.11 In view of Lemma 3.1.2, the radial solution u found above does
indeed satisfy u(x) — 0 as |x| — oo.

3.2 A Problem with Unbounded Potential

In this section we study a variant of problem (3.1), where the constant « is replaced
by a function g (x) (the potential in the physical literature).
Precisely, we consider the problem

—Au4qg@)u=ulP2u+rul"2u inRVN,
{ q Jul Jul 33

ue H'(RV),

with2 <r < p<2*and 1 e R.
The fact that we are working on RV suggests that we may have to face a lack
of compactness. We will now describe what kind of assumptions on g allow us to

overcome this type of problem.
We assume that ¢ : RY — R is continuous (for simplicity) and satisfies

(q1) inf, cpn g(x) > 0 and limy |, 4 o g (x) = +o00.

Notice that under (qy), if u € H'(R") a term like

/ q()c)u2 dx
RN

may diverge; this means that we cannot work directly in the space H'!(R").

Also, the function ¢ is not necessarily radial, so that it makes no sense to re-
strict the problem to spaces of radial functions as we did in the previous section.
Compactness will be recovered by means of assumption (qp).
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We introduce the following subspace X of H!'(RY):

X = {u € HI(RN)‘ / q(x)uzdx <+oo}.
RN

It is easy to recognize that X is a Hilbert space with scalar product and norm given
by

(u|v)=/ Vu~Vvdx+/ qg(x)uvdx and ||u||2=(u|u).
RN RN

A weak solution of Problem (3.3) is a function u € X such that

/ Vu~Vvdx+/ qg(x)uvdx
RN RN

:/ |M|p72MUd.X+)»/ lul" 2uvdx (3.4)
RN RN

for every v € X.

From (qp) one deduces immediately that X is embedded continuously into
H'(RM) and therefore also into L?(RY), for p € [2,2*]. But much more can be
said about this last embedding.

Lemma 3.2.1 The embedding of X into LP(RN) is compact for all p € [2,2%).
Proof Let {uy}x C X be a sequence such that u; — 0 in X. We have to show that

up — 0in L?(RY). Extracting subsequences if necessary, we can assume that

up—0 inL? (RY) and wux(x)—>0 ae. inRV.

loc
We first show that u; — 0 in L2(RV). For this, let
M= st;p{nukuQ}.

For every ¢ > 0, let R, > 0 be such that g(x) > M /e for all |x| > R;; this number
exists due to (qp). We know that

lim u,%dx =0,
k—o00 |x|<Re

so that we obtain

1
/ u%dx:/ u,%dx—i—/ u,%dx:o(l)—}—/ —qu%dx
RN [x[<Re [x]>Re [x]>Re q

<o(l) + - giddx < o(l) + =

m Mnukn2 <o(l)+e.
|x|>Rg

This shows that

1imsup/ u,% dx <e,
RN

k— 00
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and since this holds for every ¢ > 0, we conclude that

lim | u?dx=0.
k—o0 JrN

We can now finish easily with the usual interpolation argument: the sequence uy
being bounded in X, is also bounded in H!(RY), and then also in L2 (R"). Take
any p € (2,2*) and write p =2t 4+ 2*(1 —t) with ¢t € (0, 1); then

t 1—¢
fRN lug|? dx < (/RN |uk|2dx> (/RN |uk|2*dx) - 0. O

We can now introduce the Nehari manifold and repeat the argument of the previ-
ous section. We leave this to the reader, and we just state the existence result.

Theorem 3.2.2 Let p,r € (2,2%), r < p, and assume that (qy) holds. Then there
exists u € X, u > 0, that solves weakly Problem (3.3).

The solution that we have found satisfies (3.4). We want now to see that the weak
equation is satisfied for any test function in H!(R").

Theorem 3.2.3 Ifu € X satisfies (3.4), then it also satisfies

/Vu-Vvdx+f quvdx
RN RN

:/ |u|P72uvdx+)»/ lul"uvdx Vve H'(RV).
RN RN

Proof Fix v e H'(RV) and assume that v > 0. Let {¢}x be a sequence of C*®
functions such that

0 < @i (x) < 1 for every x,
ee(x) =1if |x| <k,
@r(x) =0if [x| =k + 1,
|Vr(x)| < C for every x.

It is then easy to check that ¢ (x)v € H!(RY) and that
or(x)v—1v in HYRM),

and then also in L” (R") and L" (R"). As g is locally bounded and ¢ v has compact
support, we obtain that g v € X; therefore

/ Vu - V(prv)dx +/ quorvdx
RN RN

:/ |u|”*2u(pkvdx+)»f lu|" " 2ugrvdx. (3.5)
RN RN

Strong convergence in H'(RY) implies
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lim/ Vu~V(g0kv)dx=/ Vu-Vvdx,
k JRN RN

lim/ |u|p_2u(pkvdx=/ lul”"2uvdx,
k JRN RN

lim/ |u|r_2u<pkvdx:/ lu)" "2uvdx,
k JRN RN

and hence from (3.5) we deduce that
0< lim/ quervdx
k JRN

=—/ Vu~Vvdx+/ |u|p_2uvdx+A/ lul 2uvdx < +oo.
RN RN RN
On the other hand we have

0=g(x)er(X)v(x) = g(x)@r41(xX)v(x)

for all k and almost every x so that by Beppo Levi’s monotone convergence theorem,
we have

lim/ quwkvdxzf quudx.
k JRrN RN

Summing up, we obtain

/quvdxz—/ Vu~Vvdx+/ |u|”_2uvdx+)»/‘ lul""2uvdx,
RV RV RV RN

and this holds for v € H'(R") and v > 0. To get the result for any v it is enough to
write v =v1 — v™, and to do the computations for v and v~ separately. U

3.3 A Serious Loss of Compactness

In this section we study a problem where the loss of compactness takes a more
serious form. The method to overcome the problem will therefore be considerably
longer and more involved than in the preceding sections.

We study the same equation as in Sect. 3.2, namely

{ —Au+qgx)u=ulP2u+rul""?u inRVN,

ue H'RVY) (3.6)

with p,r € (2,2%), r < p and A € R but this time we make the following assump-
tions on g:

(q2) ¢ is continuous and 0 < § :=infgn g < sSuppy ¢ =: @ < +-00.
(q3) limpx|— 100 g (x) =@

We will work in H'(RV) with scalar product and norm given by

(u|v)=f Vu-Vvdx+/ q(x)uvdx and ||u||2=(u|u).
RN RN
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Thanks to (qz), these are equivalent to the standard scalar product and norm of
H'(RM).
A weak solutions of problem (3.6) is a function u € H'(R") such that

[Vu-Vvdx+/ quvdx
RN RN

=/ |u|”_2uvdx+k/ lu 2uvdx Vve H' @®RV),
RN RN

namely a critical point of the functional 1 € C'(H!(R")) defined by

1 | A
T(w) = _/ (|Vu|2dx+q(x)u2) dx — —/ u|P dx — —/ u|” dx
2 RN p RN r RN

1 1 A
= Enuu2 — —|ulh — Zull dx.
p r

Remark 3.3.1 The loss of compactness appears in the same way as in the preceding
example, where it was overcome thanks to the behavior of ¢ at infinity (assumption

(qu).

In the present case, the behavior of g specified by assumption (qq) prevents the
use of the same argument, and this is what makes the problem considerably more
difficult.

We are going to prove the following result through a series of lemmas, in which
we tacitly assume that (q2) and (q3) hold.

Theorem 3.3.2 Let p,r € (2,2%), r < p, and assume that (q3) and (q3) hold. Then
Problem (3.6) admits at least one nontrivial and nonnegative (weak) solution.

As in previous sections, we use the method of minimization on the Nehari mani-
fold. We set again

N = {u e H'(RY) [u 0, I/(u)u=O}
={ue H'®Y) [u 0, Jul =l + aul; |
IfueN,

1 1 1 1
Iw) = (5 - ;)||u||2+ (; - ;>|u|§,

and since 2 < r < p, then
1 1 )
I(w)>|-——lull">0
2 r

forallu e N.
We define

= inf I(u).
m ueN (@)
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Using the same arguments as above one can immediately prove the following result.
Lemma 3.3.3 The Nehari manifold is not empty, inf,car |u]| > 0 and m > 0.

We consider now a minimizing sequence {uy}; C N . Of course we can assume
uy(x) > 0 almost everywhere in RY. The sequence uy is bounded in H L(RN), and
therefore, up to subsequences, there exists u € H 1 (RN such that

o up— uin H'(RN), LP(RN), L"(RN),

® U — uin LQC(RN),

o uip(x)— u(x)a.e.

The last property tells us at once that u > 0. By extracting a further subsequence, if
necessary, we can define 8 > 0 as

B = lim / AL
k RN

l:/ lu|? dx;
RN

by weak convergence it is obvious that / € [0, B].

and we let

Lemma 3.3.4 There results B > 0.

Proof If B =0, we have

li =0.
1]?1 luklp
Lett € (0, 1) be such that r = 2¢ 4+ (1 — t) p. Then by the Holder inequality,

2t 1—t 2t (1-1)
/N|Mk|rdx=/N|Mk| e PO dxe < Juge 37 Juge 5.
R R

As {|ug|2}« is a bounded sequence, we see that

lim [ug | = 0.

Since uz € N, ||lux|> = |Mk|z + Alug|r, and then we obtain u; — 0 in HY'(RM) and
m =0, a contradiction. O

Remark 3.3.5 Up to now the proof has followed the same lines that we have en-
countered many times. The real difficulty, the point where the lack of compactness
becomes manifest, is to show that the minimizing sequence converges in a strong
enough sense to pass to the limit in the nonlinear terms. In the preceding sections,
compactness was restored from the beginning, either by working in the space of ra-
dial functions, or by the use of the space X, as testified by Lemmas 3.1.4 and 3.2.1.
In the present case, nothing of the sort can be used, and this is what makes the
present problem more difficult. The main argument of the proof consists in a rather
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careful analysis of the minimizing sequences, much more precise than the ones seen
so far. We will try to classify the possible behaviors of minimizing sequences, and
from this we will first rule out some possibilities, and then show that in the remain-
ing cases there is enough compactness to conclude the proof.

This kind of argument is a first (and simplified) example of the application of a
highly refined theory aimed at classifying all the possible behaviors of sequences of
“approximate solutions”, like minimizing sequences. The theory, beyond the scopes
of this book, was developed by P.-L. Lions in a series of papers [31-34], and cul-
minates with the “Concentration—Compactness Principle”, a largely used tool in
problems with lack of compactness.

We will find another example of application of this principle in the next section.

For the analysis of the minimizing sequence {u} that we need here it is sufficient
to consider three cases: [ = 8,1 =0, and [ € (0, B).

It is quite useful, in this and in many other cases where compactness is the prob-
lem, to visualize intuitively the minimizing sequence {u;} as made of number of
“bumps” in R, changing their shape and moving around as k — oco. One says that
the “mass” of uy, for example some integral of |ug|?, is concentrated where the
bumps are located. Following this image, one can easily realize that if at least one
bump escapes to infinity, then u; will not be compact (in the weak limit some mass
is lost, and there is no strong convergence in L? for instance). This is of course
not the only possible reason for a failure of compactness, but it certainly helps in
following the technical parts of the argument.

For example, keeping in mind the definition of 8 and /, it is reasonable to visual-
ize the case [ = B as a situation where no mass is lost, and hence compactness should
be expected. The case [ = 0 corresponds to a total loss of mass (all the bumps of uy
escape to infinity); if this happens, the key will be the analysis of an auxiliary prob-
lem, where ¢ (x) is replaced by o = lim|x|_.oc ¢ (x). The hardest case is [ € (0, B)
which means that only some of the mass is lost in the limit.

We now make all this rigorous, beginning from the simplest case and confirming
our initial guess that compactness can be recovered.

Lemma 3.3.6 If] =B, then u ¢ N and I (u) = m.

Proof If [ = B, in addition to ux — u in L?(R") we also have luk|p — lulp, and
this implies uy — u in L?(RY) (see [11]). By the same interpolation argument of
the previous lemma, this yields also u; — u in L"(R"). Hence, by weak conver-
gence, we obtain

1) < liminf I (uy) = m,

while the relation ||ug||? = Iuklﬁ -+ Alu|, implies
2
llaell® < Juelp + Alul].

If equality holds, then u € A (recall that [ = B8 > 0, so u # 0) and the lemma is
proved.
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The case ||u||2 < |u|§ + Alu| cannot occur, since arguing as usual, and taking
t € (0, 1) such that tu € N/, we would have

m < 1I(tu)

1 1 1 1
_ 2 2 p p
=tz —- tPl———
(2 r)nuu + (r p>|u|p
. llul|* + L1 |ulh < liminf 7 (ux)
<\z—- - — — min =m,
2 r " r p “lp = k "k "

a contradiction. O

We now turn to the case / = 0. We are going to use some of the results of Sect. 3.1.
First we introduce in H'(R") the norm

= [ 1Vuldy+a [ P
RN RN

where « is the positive number defined in (q2). Of course ||u||, in an Hilbertian
norm equivalent to ||u||. Then we define a functional

I HH®RY) >R as  I,w) = %uuni - %mﬁ —A}mi,
and the associated Nehari manifold
No={ue H'®RY) | u 0, I,(u)u =0}
={ue H'®R) |u#0, |lul2 = |ulh + rlull}.
Finally we define

My = uler}\f/a 1, (u).

The intuitive idea behind the introduction of this auxiliary problem is thatif / = 0,
then all the mass of u; escapes to infinity. But close to infinity ¢ (x) “looks like ™,
which is supgw g: it should not be convenient, if u; has to minimize /, to have its
mass located where ¢ is large. Let us see that this is indeed true. First we compare
m and my.

Lemma 3.3.7 There results m < my,.

Proof By the results of Sect. 3.1 we know that Ny, # @, my > 0 and that there exists
ug € My such that I, (1g) = mg. We also know that ug > 0.
By (q2) and (q3) we infer that there exist 61 > 0 and a ball Bg(x1) such that

g(x)<a—38; VxeBr(xy).

Since ug does not vanish identically, there exist § > 0, a ball Bg(x3) and a set
A C Bg(xp) of positive measure such that

up(x) >46, a.e.in A.
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We now define a function u; € H'(RV) as
u(x) =uo(x —x1 +x2).
By the invariance of integrals with respect to translations we have
Io(uy) = Io (o) =mg and I (up)uy = I, (ug)uo = 0.

Notice that if x € Bg(x1), then x — x| + xo € Bgr(x7); therefore u;(x) > §, a.e.ina
set A’ C Br(xy) of positive measure. Then

/ (@ — q(x))ujdx z/ 8183 = C8153,
Bg(x1) A

where C is the measure of A’.
Since g (x) < « for every x, we obtain the estimate

/ (@ —q(x))utdx > / (@ — q(x)u?dx > €883 > 0,
RN BR X])

/ q(x)utdx <Ol/ u?dx,
RN RN
which implies

/ |Vu1|2dx+/ q(x)u%dx</ |Vu1|2dx+a/ u%dx,
RN RN RN RN

so that

that is,
2 2
lleg = < utlly-
We then have
2 2
I'wuy = lug 1 = urlh — Mur | < lluglly — lurlhy — Aui ]
= I (up)uy = 1, (uo)ug =0.

Hence, by usual arguments, there exists # € (0, 1) such that tu; € AV, so that
m < 1(tuy) :,26 - })nulnz +t"(; - %)w,’i
< (% - %)nmn% (% - %)wnz
< (% - })uulni + (} - %)wﬁ

O R PSS T
=(5— 7 )luolla + ST luolp = Lo (uo) = M. 0

Now the last step: if all the mass of u; escapes to infinity, then 7 (1) is too large
(at least my ), and u; cannot be a minimizing sequence.

Lemma 3.3.8 The case | =0 cannot occur.
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Proof If 1 =0, then u = 0, which implies in particular that uz — 0 in leoc RN). We
first prove the following claim:

lim lg(x) —a|uidx =0. (3.7)
N

k—+oc0 JRr

To prove (3.7) we fix ¢ > 0 and we take R, > 0 such that
lg(x) —a| <& Vx| = Re;

this is possible by (q3). We can then estimate

/ |q(x)—ot|u,%dx=/ |q(x)—oz|u%dx+/ |q(x)—oz|u%dx
RN |x|<Re

[x|>Re
< C/ u,% dx + Ms,
|x|<Rg
where
C = max |¢g(x) —«| and M:supf u,%dx.
xeRN v JRN

When k — oo we obtain
limsup/ lg(x) — aluidx <eM
k RN

for every ¢ > 0, because uy — 0 in leoc (RM). As this holds for every & > 0, (3.7) is
proved.
From (3.7) we deduce that

lim fluglle = lm_Jlugl. (3.8)
k—+00 k—+00

Now we know that
2 2
luielly = Nugll® = luglh + Alul].,

so that, by usual arguments, we can prove that for each k there is # > 1 such that
truy € Ny, namely

2 2

ticlluiclly = 6 el + Mg luly (3.9
We know that the sequences {|ug|p}, {luxlr} and {|lux|lo} are bounded and that

li]£n|uk|p =8>0.
Therefore from (3.9) we deduce that {#;}; is bounded and, up to a subsequence, we
can assume f; — to with, of course, 7o > 1. We also know that
2 2
luilly = llukll” + &k,

with g — 0, and that

2 p
Mukly = llull™ — luklp-
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Substituting in (3.9) we get
2 2 P p
<tk — t,g) e+ teex = (67 — ) e 2.
Passing to the limit, and setting y = limg ||ux 2 > 0, we obtain

(16 —16) y = (1 — 1) p:

so tp > 1 gives a contradiction because 2 < r < p, and then necessarily ) = 1. Now
we can write

1 1 1 1
2 2
my < Iy (trug) =1; <§ - ;)”Mk”a +t1£’<; - ;>|Mk|5
1 1 1 1 1 1
2 2., .2 2
=fk<§—;>||uk|| +tk<§—;>8k+fk(;—;>|uk|§
1 1
Y P
+<" k><r P)lmp

= 121 (up) + o(1).
Passing to the limit we then obtain
my <m,
a contradiction which concludes the proof. d
As we anticipated, the hard case occurs when [ € (0, 8), because this means that

the weak limit u is not identically zero, namely that only part of the mass escapes to
infinity. A careful analysis will show that this is enough to conclude. We define

I = |ull.

We begin by choosing an increasing sequence {R;}; of positive numbers such
that Rj11 > R; + 1, so that in particular R; — +00, and such that the following
properties hold:

o — } < fBRj |u|? dx <1, hence also fB;j lu|? dx < %,
ol — } SIBRI- |u|" dx <1y, hence also fBﬁéj lu|"dx < },
° foej u?dx < %
Then we define
Cj=Br+1\Br, = (x eRV | R; <|x| < R; +1).
Since we have compactness on bounded subsets of RY, for every j there results

lim |uk|1’dx=/ lu|P dx, lim/ |uk|pdx=/ lu|? dx,
k By, Bg, k- Jc; C;

J

lim |uk|rdx=/ lu|" dx, lim/ Iuk|rdx=/ lul" dx
k Bg; Bg; k Jc; C;

J
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and

lim |uk|2dx=/ |u|2dx.
k- Je; Cj

Moreover, since

1 1
f|u|desf P dx < <, f|u|rdxs/ ul” dx <+
C_/' B J Cj B J

C C
Rj Rj

/|u|2dxsf P dx <
c; B

J R/

and

.

1
J
we can extract a subsequence uy; in order to have, for every j € N,

2 1 2
1= [ Cwgraxstes [ wgraxs,
J Bg J Cj J

J

2 . 1 L2 , 2
ll__.f |l/lkj| dxfll+_.a |I/lk,.| dxf—., |uk,‘| d-xf_.-
J BRj J Cj ’ J Cj ’ J

We take {ug; } as a new minimizing sequence renaming it {u;};.
We also consider, for every j, a function ¢; € C oo (RN ) such that

0<vj(x) <1 forevery x,
i) =1if [x| < R;,

i) =0if [x| = R, + 1,
[Virj(x)| < C for every x

and we define auxiliary functions
u}:lﬁjuj, and u/j’:(l—wj)uj.

Of course, u’;,u’/ > 0and u; = u’j + u’j’ for every j.

VAR
Lemma 3.3.9 The following properties hold as j — oo:

1. u// tends to u weakly in H'(RN) and strongly in LP?(RN) and in L" (R"), while
u/j’ tends to O weakly in H'(RN).

2. [gn lujlPdx = [pn |/, 1P dx + Jrw /[P dx + o(1).

3. Jan Il dx = fpu | dx + fon 1W])7 dx + o(1).

4. flujl? = IIM’,-II2 + IIM'}II2 +o(1).

Proof 1. If B is any bounded set in RY, we know that u = u/] in B, for every
J big enough, from which we can immediately conclude that u’, —u in H'(RN)
(hence in LP(RY) and L"(RY)). This also implies u—0in HYRY), LP(RY)
and L"(RM).
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Moreover,

2

/ Iu/.|pdxz/ Iu/-lpdx:[ lu;|Pdx>1—2,
J j J

RN BR/. BR/- ]

and on the other hand, recalling that 0 < u’/ <uj,

/ |u/j|pdx=/ |u/j|pdx§/ |uj|? dx
RN Br;+1 Brj+1
2

1 3
:/ |u]|pdx+/ |u]|pdx§l+—+—=l+—
B, ; JoJ J

Thus we obtain that
lim |u’j|pdx:l:/ lu|? dx,
J JRN RN
and since we have weak convergence we can conclude (see e.g. [11]) that u/j —>u
in L?(RY). In the same way we get u’j — uin L"(RM).
2. It is immediate to check that |u ;| > |u’j|1’ + |u/j’|1’; hence,

AP 1yl P — 1y P
/RN<|u,| | |u]|)dx20.

On the other hand,
/ |uj|pdx=/ |uj|pdx+/ |uj|pdx+/ uj|P dx
RN Bg; Cj B%/H
:/ |u’j|pdx+/ |uj|pdx+/ |u’j’|pdx
Bg, C; B 11
5/ |u’j|pdx+/ Iuj|1’dx+/ |u'f1P dx
RN C; RN
/ 2 "
= |”j|pdx+_.+ |uj|pd)€,
RN J RN
so that

| D

AP — 14,712 — |4, 1P
OS/RN(IMJI 1P — 1P dx < 2,

~

which proves 2.
3. The identity for the L” norms can be proved as in 2.
4. Exactly as above, |u 12> |u’j 1>+ |u/j(|2, and since ¢g(x) > 0, we obtain

[ amiax= [ geouPas+ [ gwigPar.
Also,

/|Vuj|2dx=/ |Vu’j|2dx+/ |Vu'j/|2dx+2/ Vi, - Vil dx.
RN RN RN RN
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Then we have
AN Vu’j -Vu’j{dx Z[;@N (l/leIﬂj ~|—1/ij14,-) . ((1 —Y;)Vu; —ujij) dx
=/ uj(1_¢j)v¢j.wjdx—/ w3 |Vy|* dx
RN RN
+/ wj(l—wj)|Vuj|2dx—f Yju;Vu; - Vi, dx
RN RN
2/ uj(l—wj)ij~Vujdx—/ u%|V1//j|2dx
RN RN
—/ Wjujvuj ~Vl/fjdx.
RN

We also have

2C
/ u§|v1/fj|2dxgcf usdx < — =o(l),
RN C; J

J

and

‘/ Vi u; V9 dx] < [ v V1991 dx
RN RN

1/2 1/2
5(/ |Vuj|2dx) (f u§|v1/fj|2dx)
RN RN
20 1/2
§M<—> =o(1),
J

where M = sup; ([pn |Vu;|?dx)'/2.
In the same way we obtain

=o(l),

“/]RN(I —Yju;Vu;-Vijdx
and putting all the estimates together we deduce that
/ |w,-|2dxz/ |Vu’j|2dx+/ IVu]|*dx + o(1),
RN RN RN
and finally,
luj 1 = s 1% + 711> + o(1).

Lemma 3.3.10 There results

o1y, (11
(5—;)””” +(;—;)|u|§§m.

Proof Since uy — u in H'(R"Y) and in L? (RV),
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I AP R R
<2 r)||’4|| +(r p)|u|p
1 1 1 1
< <§ — ;) lin}(infﬂukll2 + (; — ;) lin}(inf|uk|§
Slirr}cinfl(uk)zm. O

We now prove that u € A. We know that u # 0, so we just have to check that
lull®> = |u |§ + Alul’. First we rule out the easy inequality.

Lemma 3.3.11 It cannot be

2 p
llull™ < fulp + Aluly.

Proof If |Ju|? < |u|Z -+ Alu|}, then, by usual arguments, there is some ¢ € (0, 1)
such that ru € NV, so that

1 1 1 1
m < I(tu):tz(— — —)||u||2+tp<— — _>|”|£
2 r r op
1 1 2 1 1
<<§—;>||M|| +<;—;>|M|I;Sm,

a contradiction. O
Then, with some more effort, the opposite case.

Lemma 3.3.12 [t cannot be

latl)* > Juely + Aluly,.
Proof Using Lemma 3.3.9 we can write

112+ 111> < Nl 1P+ o(1) = |uj | + Au [} + o(1)
= w1 + M 17 4 11, + Aluf1] + o(1). (3.10)
Assume for contradiction that |ju||? > |u|£ + Alu|’ and pick 6 > 0 such that
lull® > lulh + Aluld + 8.

Since u; — u in H'([RM),

lim inf [|u; > > [lu]?,

J
while u/j — uin LP(RY) and in L"(R"Y). From this we deduce that, for large ;’s,
;11> > || + Aud; [} + 81,

for some &1 € (0, §). Together with (3.10), this implies

2
/1 < [u}15 + A}l — 82,
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for large j’s and for some 8 € (0, §1). Recalling that u/]’ — 0in H'(R") and argu-
ing as in Lemma 3.3.8, we obtain

. 2 _1; "2
lim fa§ 1> = tim 7.

so that
"n2 mp "
12 < (15 + Au'fly — 83,

for large j’s and for some &3 € (0, 62). Hence, by usual arguments, we can find
sj € (0, 1) such that sju’j’ € N,. So we obtain

1 1 1 1
N — 2 72 pl2_ = 1"\ P
mafla(sfuj)—sj(z r)””j”aJ”j (r p)“‘/'ﬁ

1 1 "2 1 1 mp
< (5—;)||u,-|| +<;—;)|u,-|p+o(1)

1 1 2 2 1 1 P p
< (5 - ;)(uu;fn + lu12) + (; ~ ;)(wﬂp + s 15) +o(1)
1 1 ) 1 1 P
=\7;7~ fljll” + P lujlp +o(1) =1(u;)+o(l).
Passing to the limit this yields
my <m,

a contradiction. O

End of the proof of Theorem 3.3.2 We can now conclude easily the proof of the
main result. The previous lemmas say that in any case the weak limit u satisfies
u#0,u>0and

2
llll? = lulp 4 Aluly.

Therefore u € N and also

1= (L= DY+ (2= L) <
=5~ )llu . pup_m,

so that I (u) = m and u is a minimum point for / on N It is then easy, arguing as
in the previous sections, to prove that  is a critical point for I on H!(R"). O

3.4 Problems with Critical Exponent

We discuss in this section some examples of problems where the nonlinearity has
critical growth. This is one of the most dramatic cases of loss of compactness and
has been studied intensively in the last 25 years, starting with the pioneering paper
[14].

We present here only simple cases, with the aim of showing some example of the
techniques involved.



120 3 Minimization Techniques: Lack of Compactness

3.4.1 The Prototype Problem

We consider in RV, with N > 3, the equation
—Au=ul*u. (3.11)

Formally, solutions of (3.11) should arise as critical points of the functional

T == | |Vul?dx—— [ [u* dx. (3.12)
2 RN 2% RN

It is not convenient to think of 7 as defined on H'(RY), since in this space the first
integral in [ is not (the square of) a norm, and this poses serious difficulties.

We will work in the space D'"2(R¥) that we introduced in Sect. 1.2. The problem
we are dealing with then becomes

—Au= |u|2*_2u,
{ueDl’z(RN). (3-13)

We know that D2(RV) ¢ LZ(RN), with continuous embedding, but the em-
bedding is not compact, not even in a local sense, as we now make precise.

Clearly, since we are working in R", there is a lack of compactness due to the
invariance under translations, as we discussed in earlier sections. However in this
case there is an even more serious problem, that arises from the invariance under
scalings, as follows. Let v € C§° (RV) (hence v € DV2(RV)) be a fixed function,
and set, for A > 0,

v.(x) = A T ().

Then it is an exercise to check that
/ |Vv;\|2dx=/. |Vv|2dx for every A > 0
RN RN

and
vi—0 in DM2@RY)  forx — 0or A — +oo.

However also
/ |vk|2* dx = / |v|2* dx forevery A >0, (3.14)
RN RN

so that {v, }, is not precompact in L¥ (RY). This happens exactly because the ex-
ponent is 2*,

With respect to the informal discussion on the loss of compactness carried out
in the preceding section, we have to face here new ways in which this phenomenon
takes place. Indeed, assuming to fix ideas that v(0) # 0, we see that when A — 0 the
functions v;, € Cg° (R™) tend to zero uniformly, while fRN |u|2* dx is kept constant
(see (3.14)). One can say that the “mass” spreads everywhere. On the contrary, if
A — 00, then v (x) — 0 for every x # 0, while v, (0) — oo, and again (3.14) holds;
this is the famous loss of compactness by concentration, that one meets in every
problem with critical growth, even on bounded domains.
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The hard part in the proof of the main result of this section will be devoted to a
careful analysis of minimizing sequences to understand the consequences of spread-
ing or concentration of mass.

Anyway, the first thing to do if one wants to solve (3.13), is to get rid of the
invariance under translations. This can be done by symmetrization, as in Sect. 3.1.

We recall that we have defined

D, = {u e D"*(RY) | u is radial}.

We are going to prove the following theorem.

Theorem 3.4.1 There exists a nonnegative and nontrivial u € D, that solves weakly
Problem (3.13), namely such that

[ W-dezf u¥ lvdx (3.15)
RN RN

for every v in D2(RN).

Remark 3.4.2 It can be proved, with essentially the same arguments as in Exam-
ple 1.3.21, that the functional

u |u|2* dx
RN
(and hence the functional ) is differentiable on D"2(R"). This does not follow
directly from Example 1.3.21, because the H' norm is larger that the D'-? norm. In
other words, quantities that are o(||v|| 1) are not, generally, o(||v|| p1.2). A slightly
more general case is reported in Exercise 4.

In the proof of Theorem 3.4.1 we will need the pointwise estimate that we have
proved in Lemma 3.1.2.

Now we can start with the main argument. We want to minimize the functional /
on the unit sphere of L2* (RV). This amounts to setting

S:inf{||u||2

ueD1'2(RN),f |u|2*dx=1}. (3.16)
RN

Remark 3.4.3 The value S is known as the best Sobolev constant. It is the largest
positive constant S such that

Slu3. < |lul|* forevery u € DV2(RN).

Thanks to the Sobolev inequalities, we know that S > 0. We will show that the
infimum S is attained by some u € D1'2(RN).

We begin to carry out the analysis of minimizing sequences by selecting one that
enjoys some special properties, as we show in the next three lemmas. To begin with,
we need a minimizing sequence made by radial functions.
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Lemma 3.4.4 There exists a sequence {v}x C D, such that vy > 0,
vkl =1 and  |vi]> = S.

Proof Let {wi}x € DV2(RV) be a minimizing sequence for S; of course it is not
restrictive to assume that wy > 0. Define v, = w,’: > 0 (see Theorem 3.1.5). Then
2 2
vk € Dy, okl = |wilor =1 and  Jlug|I” < [Jwl 7,

so that {vx}x C D, is a minimizing sequence for S. 0

Lemma 3.4.5 There exist a minimizing sequence {uy}r C D, for S and a function
u € D, with the following properties:

o ur>0,u>0.
Siejet ¥ dx = [ oy g™ dx = 5.
e U —uin D1’2(RN) and in L2*(RN), and up(x) = u(x) a.e. in RN,

Proof Let {vt}x C D, be a minimizing sequence for S, with v > 0. Since

/ lel* dx =1,
RN
there exists R; > 0 such that

1
2% 2%

/ |vk | dx=/ o™ dx = 2.
x| <Ry Jx|= Ry

If we define
N-2
up(x) =R, > vr(Rex),
it is immediate to check that u; € D, and that ||ux| = ||vkll and |ug|2+ = |vi|2*.

This means that {uy }; is a minimizing sequence too. Of course u; > 0, and a simple
change of variables shows that

X " 1
/ ug)? dx:/ lug)® dx = .
Ix|<1 [x|>1 2

Since {uy }x is bounded in D'2(RN), up to subsequences, ux — u in D"?(RV) and
in L¥ (RN). Moreover, for every ball B, the sequence uy is bounded in H L(B),
so that, again up to subsequences, it converges strongly in L%(B) and also satisfies
uy (x) — u(x) almost everywhere in RV . The proof is complete. O

Next, we force the sequence u to have the technical property stated in the fol-
lowing lemma.

Lemma 3.4.6 There exists a minimizing sequence {uy}x for S that, in addition to
those of the previous lemma, satisfies also the following properties: for every j € N,
Jj =1, the sequences

{/ |Vuk|2dx} and {/ |Vuk|2dx}
x| <1/j k x> k

admit finite limits as k — o00.
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Proof Let {uy}i be the sequence defined in the previous lemma. Since the numerical
sequences

/ |Vug|?> dx and/ |Vug|? dx
|x]<1 Jx|>1

are bounded, there exists a subsequence {uy 1}, such that the sequences
2 2
/ |Vug1|”dx and / [Vug, 11 dx
lxl<1 [x]>1

admit finite limits. From {uy 1 }x we can extract a new subsequence {ux 2}; such that
the sequences

/ VugaPdx and / Vg o dx
lx|<1/2 [x]>2

admit finite limits. Proceeding in this way, for every j > 2 we have a sequence
{uk, j}i such that the sequences

/ |Vuk,j|2dx and / IVMk,jlzdx
lx|<1/j x|>j

admit finite limits as kK — 0o and {ug, ;}x is a subsequence of {uy ;—1}x. Then we
relabel as uy the “diagonal”, namely the sequence uyx = uy k. This is a minimizing
sequence that satisfies the conditions of the previous lemma, because it has been
extracted from the original minimizing sequence. Moreover, for every given j, ex-
cept the first j terms, the sequence is a subsequence of {u, ;}r, and therefore the
numerical sequences

/ |Vug|>dx and f |Vug|? dx
x| <1/j Jx|> j

are subsequences of a convergent sequence, and therefore they are convergent too. [

In the next lemma we introduce some quantities that we will use in the main
argument. The reader can recognize the effort in trying to gain information on the
spreading or on the concentration of uy, as k — 00.

Lemma 3.4.7 The following limits exist and are finite:

1. vy =limg_, o+ (limsupy [, _x lug|? dx),
Voo = limg_ o (limsupy /|, - o lur|? dx).

2. po=limg o+ (imsupy /g |Vug|2dx),
Moo = limg_, o0 (lim supy f\xlzR [Vug|?dx).

Moreover

3. v, Vo €10, 1/2].
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Proof Defining the functions

f(R)=limsup/ lug|* dx and g(R)=1imsup/ lug|® dx,
k |x|<R k [x|=R

it is immediate to see that f is bounded and nondecreasing, while g is bounded and
nonincreasing. Therefore

lim f(R)=vy and lim g(R)=ve
R—0t+ R—+o0

exist and are finite (and nonnegative).
The same argument works for pg and . The fact that vg < 1/2 and v, < 1/2

comes from
1
2% 2%
/ Jug | dx=/ > dx = 2. 0
[x]<1 |x|>1

The following lemmas establish some inequalities among the numbers intro-
duced in the above result that will be essential in the proof of Theorem 3.4.1.
Loosely speaking, the next result establishes that as k — oo, the original mass of
uy in not less than the sum of the contributions of the weak limit, of the part that
spreads (V) and of the part that concentrates (vg).

Lemma 3.4.8 Let u be the weak limit of the minimizing sequence uy constructed
above. Then

1 sf [u]? dx + vo + Veo.
RN

Proof For every k € N and for every R > 1 we have

1:/ |uk|2*dx=/ |uk|2*dx+/ |uk|2*dx+/ lug|? dx.
RN |x|]<1/R 1/R<|x|<R [x|>R

In the bounded open set
{x eRY ’ 1/R < |x| < R}

we have |uk(x)|2* — |u(x)|2* almost everywhere and moreover
*
lux(0)* < CRY,

by Lemma 3.1.2. Then, by dominated convergence,

. * *
lim |uk|2 dx:/ |u|2 dx.
k J1/R<|x|<R 1/R<|x|<R

Then we have

1=limsup</ |uk|2*dx+/ |uk|2*dx+f |uk|2*dx>
k [x]<1/R 1/R<|x|<R |x|>R

5/ |u|2* dx+1imsup/ |uk|2* dx—l—limsup/ |uk|2* dx.
1/R<|x|<R k lx|<1/R k |x|=R
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As R — 400 we obtain
15] | dx + v + Voo. O
RN

A similar behavior (but with the opposite inequality) holds also for the D'2
norm.

Lemma 3.4.9 Let u be the weak limit of the minimizing sequence uy constructed
above. Then

Sz/ |Vl dx + 110 + too
RN

Proof Setting
ex = lugl* = S,

for every k and every j there results

S+ & =/ |Vug|? dx
RN

=/ |Vuk|2dx+/ |Vuk|2dx+/ |Vup)?dx. (3.17)
x| <1/j 1/j<lxl<j x>

The functional

J(u) =f |Vul? dx
1/j<lxl<j

is continuous and convex in D:2(RN), so that it is weakly lower semicontinuous.
Recalling that ey — 0 and that the two numerical sequences

{f |Vuk|2dx} and {f |Vuk|2dx}
lx|<1/j k lx|>j k

admit limits, if in (3.17) we take the liminf with respect to k, we obtain

S:liminf(/ |Vuk|2dx+/ IVuk|2dx+f IVuk|2dx)
k lx|<1/j 1/j<lx|<j lx|>j

=liminff |Vug|? dx + lim |Vug|>dx + lim |Vug|> dx
ko Jyj<ixl<j k- Jixi<1/j ke Jxl>

2/ |Vu|? dx + lim |Vug|> dx + lim |Vug ) dx.
1/j<lxl<j lx|<1/j

lx[>j

Letting now j — 0o we see that
Sz/ \Vul* dx + 1o + fhoo. O
RN

From the definition of S one has, for every v € DI'Z(RN ),

X 2/2*
S(/ lv|? dx> 5/ Vol dx. (3.18)
RN RN
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The next lemma is of fundamental importance. In some sense it says that the
inequality (3.18) holds also for the “components” of u; that spread or concentrate.
Lemma 3.4.10 There results

Svg/z* <wmo and SvgéZ* < loo-

Proof Let ¢ : R — R be a C* function such that ¢(¢) = 1if 7 € [0, 1] and ¢(¢) =0
if > 2. For every R > 0 and every x € RY, set

_(Ix
Pr(x) =9 =)

Pr(x) =1 if [x] = R,
¢r(x) =0 if x| > 2R,
|[Vor(x)| < C/R forevery x e RV

Then pg € C°(RY),

for some C independent of x and R.
For every v € D'"2(RV), the function ggv is also in DV2(RY). Indeed pgv
belongs to L¥(RY), and we only have to check that its gradient is in L2. But

V(prv) =vVer +@rVu,
and obviously |pr Vv| € LZ(RV). On the other hand,

/ |v|2|wR|2dx=/ [ Vg |* dx
RN R<|x|<2R

) N2 N 2/N
5(/ ol ) (f Vol dx)
R<|x|<2R R<|x|<2R
N-=-2
N~/ C 2/N
= </ lvl? ) (—N f dx) < Clvf3: < +oo.
RN RY Jr<|x|<2r

Thus, the gradient of grv is the sum of two L? functions.
We now consider, for every k and for every R, the function ggu; € D>(RN).

Certainly,
. 2/2%
S(/ lorui|* dX> S/ IV (prux)|* dx. (3.19)
RN RN

We analyze what happens to this inequality when we compute some limits. As
far as the left-hand side is concerned, we have

2% 2% 2%
lug|” dx < lpruk|” dx < lukl™ dx,
|x|<R RN |x|<2R
so that

hmsup/ |uk|2 dx §hmsup/ |¢Ruk|2 dx fhmsup/ |uk|2 dx.
k Ix|<R k RN k |x|<2R
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Now the first and the last term in this inequality tend to vy, when R tends to zero
(Lemma 3.4.7), and therefore so does the central term, namely

lim (limsup/ |¢Ruk|2* dx> = .
R—0 k RN
We turn to the study of the right-hand side of (3.19). First of all,

\V(gru) > = ugl Vor|* + or|IVurl* + 2urprVor - Vig.

Repeating the above argument, we deduce that

N-2

/|uk|2|wR|2dxsc<f |uk|2*dx> .
R¥ R<|x|<2R

Moreover, working as in Lemma 3.4.8, we see that

. 2% 2%
lim lug|® dx = lul= dx
k JR<|x|<2R R<|x|<2R

so that

. . * . *
lim (hm/ |ug|? dx) = hmf lul* dx =0,
R—=0\ k JR<|x|<2R R—0JR<|x|<2R

which yields

lim ( li *|Vorl*dx | =0.
tim (1m [ 1 9

From this it also easy to see that
lim <1im/ ur9orVogr - Vug dx) =0.
R—0\ k Jp~N

Finally, since

f |Vuk|2dx§/ |¢ka|2dx5f |Vug|? dx,
|x|<R RN |x|<2R

arguing as above we obtain

lim (limsup/ |(pRVuk|2dx> = lo-
R—0 k RN

Summing up, from (3.19), taking first the limsup over k, and then the limit as
R — 0, we get to

2/2*
SVO/ =< Ko,

the first inequality we wanted to prove.

The other inequality can be deduced in a similar way. Defining ¢ : R — R to
be a C* function such that ¢ (r) =0 if ¢ € [0, 1] and ¥ (¢r) = 1 if ¢ > 2, for every
R > 0 and every x € RV we set

(Xl
Yr(x) = W(F>
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Again, it is immediate to check that Yz € C OO(RN ),

Yr(x) =0 if |x| <R,
Yrx)=1 if |x| > 2R,
[Vyr(x)] <C/R forevery x e RN

for some C independent of x and R. As before, Y grv € DL2(RN) if v € DV2(RN).
Starting from the inequality

2/2*
S( / k2 dx) < / IV (g P dx
RN RN

and arguing as in the first part of the proof, we obtain

lim (limsup/ |¢Ruk|2* dx> = Voo
k RN

R—+o00

and

lim (limsup/ |¢Rvuk|2dx> = oo,
R—+o00 k RN

so that also the inequality

SVgéz = Koo

is established. U
The next lemma is the final step in the proof of Theorem 3.4.1.

Lemma 3.4.11 There results

Vo =Voo =0 and f [ul* dx = 1.
RN

Proof We know that vy, v € [0, 1/2] and, by weak lower semicontinuity,

/ lu* dx €10, 1].
]RN

Since 2* > 2, for every a € [0, 1] we have a??

ifa=0ora=1.
Putting together the inequalities proved in the preceding lemmas, we have

> a, and equality holds if and only

Sz/ IVul® dx + 1o + too
RN

% 2/2* * *
ZS[(/ |u|2 dx> +v§/2 +vc2x/>2]
]RN

> SU |u|2*dx+vo+voo:| >S.
RN
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Thus equality must hold everywhere, and in particular

2/2% X . .
(/ |u|2 dx) +v§/2 +vc2>é2 :/ |u|2 dx + vy + Vo
RN RN

But then, each of the numbers fRN |u|2* dx, vg and v, must either be 0 or 1. As
V0, Voo € [0, 1/2], necessarily vg = veo = 0.
Since

/ |u|2*d)c+vo+voo >1,
RN
we deduce that [py |u|*" dx > 1 and hence Jrw lu)* dx = 1. O

End of the proof of Theorem 3.4.1 We have proved so far that there exists a mini-
mizing sequence for S that admits a weak limit u satisfying

/ ul* dx=1. (3.20)
RN

By weak lower semicontinuity, we also have lul|> < S, and by the definition of S
and (3.20), it must be ||u||2 = §. Thus u is a minimizer.

Now the fact that a multiple of u weakly solves (3.13) follows from standard
arguments already used in Chap. 2. The proof of Theorem 3.4.1 is now complete. []

Remark 3.4.12 The solutions of (3.13) that we have found are explicitly known.
Elementary computations show that a solution is given, for a suitable constant ¢ > 0,
by

c

N2’
(1 + |x|2) 2
and it can be proved (it is not easy at all) that this function indeed solves the mini-

mization problem (3.16).
Actually all the solutions of (3.16) are known: they are the family of functions

U(x) =

Upy(x) =1 T UGh(x — y))

for each y € RV and each A > 0. Note that they are generated by the function u
above by translations and scalings (see e.g. [29]).

3.4.2 A Problem with a Radial Coefficient

We now use the results of the previous section to deal with a problem that depends
on a radial coefficient. It is a simple variant of (3.13).
We consider
—Au = B(|x])|ul* "u,
3.21
{ueD"z(RN), 62D

where S satisfies the following assumptions
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(by1) B:10,4+00) — [0, +00) is continuous.
(b2) B(r)> B(0) forall r >0 and lim,_, o, B(r) = B(0).

For example, the functions §(r) = C + lJ:rz or B(r) = C+re™" satisfy the above

assumptions for every C > 0. Hypothesis (b2) can be weakened, see Remark 3.4.22
below.
We will prove the following result.

Theorem 3.4.13 Assume that (by) and (by) hold. Then there exists a nonnegative
and nontrivial u € D, that solves weakly Problem (3.21), namely such that

f Vu-Vvdx =/ B(xDu® vdx (3.22)
RN RN
for every v in DV2(RN).

To prove this result we cannot use the symmetrization technique as in the previ-
ous section, that is, we cannot apply Theorem 3.1.5. The reason is the fact that, if
v e DM2(RN) and v = u* (see Theorem 3.1.5), it is true that [|u]|? < [Jv|| but the
equality

f B(xDu* dx = / B(xv* dx
RN RN
does not hold.

Hence we adopt a different strategy: we will study the variational problem not in
the space D'"2(RN) but directly in the space D,. Of course this is possible because
the problem is invariant under rotations.

We begin by introducing the following definition. For every positive number
b >0 we set

Sp =inf{||u||2 ‘ ue DI’Z(RN),/ lul* dx :b}.
RN

Notice that S coincides with the number S defined in the previous section. We will
always write S instead of Sy in order to be consistent with the results of Sect. 3.4.1.
The following lemma establishes the behavior of minimizers when b changes.

Lemma 3.4.14 For every b > 0,

N

1. Sy=b"%S.
2. Ifuy is the minimizer for S found in Theorem 3.4.1, and vp(x) = b1/2*u1 (x), the
function vy is a minimizer for Sp, namely

/N|vb|2*dx=b and |lvp)|* = Sp.
R

ue D,,f |u|2*dx=b}.
RN

3. There results

Sp =inf{||u||2
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Proof As it has been sketched in Remark 2.3.6, it is easy to see that for all @, b > 0
there results

Sa Sp
N2~ N2
anw b
so for a = 1 we obtain the claim. The proof of the second part is obvious, and the
third part easily derives from the fact that | and v}, are radial functions. g

‘We now define the number

§:inf{|lu||2 ueDr,f ﬁ(|x|)|u|2*dx:1}
RN

and we show that S is attained.
We start the argument by setting, in case §(0) > 0,

Bo = B(0)

and we first compare S to § 5l
0
Lemma 3.4.15 We have S < Sﬂ—l.
0
Proof Let w be a nonnegative radial minimizer for SIB—I , thatis, w € D \{0}, w >0,
0

Bow? dx=1 and |w|?>=S,1.
RN ﬂO

From (by) we see that

/ Bxhw? dx >/ Bow* dx =1.
RN RN

i 1/2*
u::</ ﬁUXDwde> ,
RN

so that u > 1, and v = w/u. Then

/ Bl dx =1
RN

We define now

and therefore

S< v =—fwl?<S, O

We can now repeat the arguments of the previous section, and we give the details
only in case something different has to be done. As a first thing, arguing as we did
in Lemmas 3.4.5 and 3.4.6, we obtain the following result.

Lemma 3.4.16 There exist a minimizing sequence {uy}x C D, for S and a function
u € D, such that
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o ur>0,u>0.
o U —uin Dl’z(RN) and in L*' @®RM), and ug(x) — u(x) a.e. in RN,
e forall j € N the sequences

{/ |Vuk|2dx} and {/ |Vuk|2dx}
lx|<1/j k lx|>j k

admit finite limits as k — o0.
We continue with the analogue of Lemma 3.4.7.

Lemma 3.4.17 The following limits exist and are finite:

1. vo =limg_, o+ (limsup, f|x\<R:3(|x|)|”k|2* dx),
Voo = limp— +oo(limsupy [, .  BUxDIuxl* dx),
2. po=limg_, o+ (limsupy [ g |Vug|? dx),
Moo = limg_, o0 (lim supy f\xlzR |Vug|?dx).

Moreover, vy, Voo € [0, 1] and

3. if B(0) =0 then vy = voo = 0.

Proof The argument is exactly the same as that of Lemma 3.4.7. We have only to
prove the last claim. Assume B(0) = 0 and take ¢ > 0 and r,, R; > 0 such that

B(r)<e Vrel0,re] U[Re, +00)
which is possible by (b2). Define

M:sup{f |uk|2*dx}.
k RN

Then, for all 0 < R; < r, and all R, > R, we have
[ bR dx<me and [ i dx < e
|x|<R; |x|> R
so that vgp < Me and vy, < Me. This holds for all £ > 0 and the claim follows. [

This allows us to prove the same limit relations on the above quantities as we did
in the previous section. We collect all the results in a single statement.

Lemma 3.4.18 There results
15/ BUx D> dx + vo + voo;
RN
EE/ IVul? dx + 1o + foo;
RN
<. 2/2* <= 2/2*
Svo/ < 1o, Sveo” =< Moo-

Lemma 3.4.19 Only the following three cases can occur: either
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o [on B(xDu* dx =1 and vy = voo =0,
e orvg=1and [y B(Ixu* dx = veo =0,
o 0rvog =l and [y B(Ixu* dx = vy =0.

Proof Same as that of Lemma 3.4.11. 0
The only result that requires a new proof is the next one.
Lemma 3.4.20 There results

Vo =Voo =0 and /ﬁ(|x|)|u|2*dx=1.
RN

Proof We argue by contradiction. If the claim is not true, then by the previous
lemma we have

/ B(xDlul* dx =0,
RN

that is ,3(|x|)|u|2* =0 ae., and vp = 1 or v, = 1. Hence, by Lemma 3.4.17, we
have 8(0) = Bo > 0, so, by Lemma 3.4.15, § < §,-1. We claim that
0

limf Bolur|* dx = 1. (3.23)
k RN
Indeed we have
1=/ ﬂ(|x|>|uk|2*dx=f ﬂo|uk|2*dx+f BUx) — fo)lur > dx,
RN RN RN
so we have to prove that
hm/ (B(x]) — Bo)luy|* dx =0.
k RN

To this aim, fix ¢ > 0 and take r,, R, > 0 such that 8(r) — g < & forall r € [0, r,]
and all r € [R,, +00), and define

M:sup{/ |uk|2*dx}.
k RN

0= [ B0xD — pollunl® dx

Then

=/| ‘ (B(x]) — Bo)lux)* dx +/ (BUxD) — Bo)lux|* dx

re<|x|<Rg

+/| Bl — ol dx

52M8+f } BUxD) — Po x| dx.
re<|x|<Rg
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In the bounded set A, = {x € RV | r, < |x| < R} the functions B(|x|)|ux |2 are uni-
formly bounded and they converge pointwise to 8(|x|)|u |2* =0, so that, by domi-
nated convergence,

lim (B(Ux]) — o) lux|* dx =0,

re<|x|<Rg

which yields
0 < limsup /R (B(Ix) = po)lux| dx < 2Me.
Since this holds for all € > 0,
“;?“fRN (B(x]) — Bo)lugl* dx =0,

which concludes the proof of (3.23). Now we can finish the proof of the lemma.
Define i = (fpn Bolux|® dx)'/%" and vy = uy/pux. We have

fNﬂoka* dx=1
R

and therefore

1 —
2 2
Sg-1 < Jlvell” = —5 llugl|” — S.

Bo 1

This shows that S,1 < S, a contradiction. O
0

Since
/ BxDlul* dx =1,
RN
arguing as in Chap. 2 we can conclude that there exists u € D, \{0}, u > 0, such that
/ Vu«Vvdx:/ B(xDu vdx (3.24)
RN RN

for all v € D,. We now want to prove that this equation is satisfied for all v in
D'2(RV). This is carried out in the following lemma, which is a particular case of
the “principle of symmetric criticality” by Palais [38], see also [48].

Lemma 3.4.21 Equation (3.24) holds for every v € DL2(RN).
Proof Let us consider the functional I : D'2(RY) — R defined by
| | 2%
I(u) = EIIMII T2 fon BxDlul” dx
and let I, be its restriction to D,. By (3.24) we have I/(u) = 0. We want to prove

that also 1’ (u) = 0, that is, VI (u) = 0 in D-2(R"). For this, we claim that VI ()
is a radial function.
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To prove the claim, we take a rotation of RY with matrix R and we denote its
transpose by S. Of course, § = R~!.

We set fr(x) = f(Rx) for all f € DL2(RYM) and we prove that for all such R
and forall f, g € Dl'Z(RN ) there results

/ VfR-ngx=/ Vf-Vgsdx. (3.25)
RN RN

We check (3.25) for smooth f, g, the general case being easily obtained by density.
An easy computation gives

Vfr(x) =SV f(Rx),
and hence
Vfr(x) - Vg(x) =SV f(Rx) Vgx)=Vf(Rx) RVg(x).

Integrating and changing variables yields
/ VfR(x)~Vg(x)dx=/ Vf(Rx)~RVg(x)dx=/ Vf(x)-RVg(Sx)dx
RN RN RN

=/ Vf(x) Vgs(x)dx.
RN
This means

(frlg) = (flgs),

where (-|-) is the scalar product in D12(RV).
To prove that VI (u) is radial we have to prove that, for all rotations R,

VI(u) = (VIu))r,
that is
(VIw)|v) = ((VIw)g |v)
for all v € D'2(RV). Recalling that u is a radial function, we compute
((VI@)R|v) = (VI@]vs) =1I"(u)vs

:(M|US)_/ ﬂ(|x|)u2*—1vsdx=(uR|v)_/ ﬁ(lxl)u%;_lvdx
RN RN

=(u|v>—/ BxNu® ~tvdx = I'wyv = (VIw)|v).
]RN

This shows that VI (u) is radial.
Now it is easy to conclude the proof. We have

0="1/)(VIW)=1I'"w)(VIw) = (VIw)|VIw)=VIw]|?*
so VI(u) =0, namely I'(u)v =0 for all v € DL2(RV). O
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Remark 3.4.22 Hypothesis (bz) can be weakened in the sense that it is not neces-
sary to assume S(r) > B(0) for all » > 0 but it is enough that 8(r) > §(0) for all
r > 0 and B(rg) > B(0) for some ry > 0. Indeed, if we assume this weaker con-
dition, as we know that the minimizer for S is everywhere strictly positive (see
Remark 3.4.12), in Lemma 3.4.15 we obtain

/,B(lx|)w2*dx>/ Bow? dx,
RN RN

and this is all we need to conclude.

3.4.3 A Nonexistence Result

If one tries to attack the analogue of problem (3.13) on a bounded domain €2, namely
the problem

{—Au: u)* 2y inQ, (3.26)

u=20 on 02,

one realizes quickly that the methods used in Sect. 3.4.1 break down.

The question that one has to face is then: are there more powerful techniques that
allow one to solve (3.26), or does something really happen when the growth of the
nonlinearity reaches the critical value 2*?

In this section we show, via a classical argument, that no method can produce a
nontrivial solution to (3.26), for example when €2 is a ball. In other words, when
power nonlinearities are considered, the value 2* represents a threshold beyond
which existence of nontrivial solutions may fail. For the sake of simplicity we limit
ourselves to the nonexistence of solutions of constant sign; the general case requires
some technical arguments that are beyond the scope of this book.

We begin by describing the class of sets €2 to which the argument applies.

Definition 3.4.23 We say that an open subset €2 of RY is starshaped with respect to
a point xgp € 2 if for every x € 2, the segment joining xo to x, namely the set
{Ax+ 1 —XMxo |2 el0,1]}

is entirely contained in .
One says that 2 is strictly starshaped with respect to xg € €2 if for every x € €2,
the segment

{Ax+ A =Mxo [2€[0, D}
is entirely contained in €.
Normally one assumes that 0 € €2, and requires 2 to be strictly starshaped with
respect to 0. In this case the definition reads

xeQ implies AxeQ Viael0,1).
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Convex sets are starshaped with respect to every internal point, and strict convexity
implies strict starshapedness. However it is easy to see that there are starshaped sets
that are not convex (those that look like a star, exactly).

The main property that we are going to use is contained in the following lemma.
The reader can prove it as an exercise or consult [18].

Lemma 3.4.24 Assume that Q@ C RY is smooth and strictly starshaped with respect
to 0. Let v(x) denote the outward normal to 92 at x. Then

v(x)-x >0 Vxeof.
The main nonexistence result is the following.

Theorem 3.4.25 Assume that Q@ C RN, with N > 3, is open, bounded, smooth and
strictly starshaped with respect to 0. Then the problem

—Au = |u|2*_2u in 2,
u=>0 in 2, (3.27)
u=>0 on 02

has no solutions in HO1 ().

The proof of this theorem is based on a regularity result, which asserts that any
weak HO1 (§2) solution is in fact of class CZ on 2 (see [45]), and on an integral iden-
tity established in [39] that we now describe. If one wants to bypass the regularity
argument, one can read the above theorem simply as follows: problem (3.27) has no
smooth solutions. Of course the same result holds for negative solutions, with the
same proof.

Theorem 3.4.26 (PohoZaev identity [39]) Let f:R — R be continuous and let
F@) = f(; f(s)ds. Assume that Q C RY is open and bounded. If u € CX(Q)isa
solution of the problem

{_Au =f(u) ing, (3.28)

u=>0 on 012,

then

2
N—_Z/IVulzdx—N/ F(u)dxz—/ <a—"> v(x)-xdo. (3.29)
2 Jo Q aQ \dv

Proof The proof consists in multiplying the equation in (3.28) by Vu - x and inte-
grating by parts by means of the Green’s formula (Theorem 1.2.5). We begin with
the left-hand side. We have

0
—/AuVu-xdx:/Vu-V(Vu-x)dx—/ —uVu(x)-xda. (3.30)
Q Q aQ v

Now
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N N 2
a 0 ou 0“u ou
(VU -x)= — 7l = Tl o
8xj( u-x) ox; (Z ax; x,) Z(E)xjaxi Xt 0x; ”)

_i 9%u ou
— 0xjox; Cax;”
so that
N 2
ou 0“u ou
Vu-V(V = — —
u-v(Vu-x) Zax (Zaxax, l+8x>
j=1 I \i=1 J J
N N 2
d (1 ou 5
= — = —_— + |V
5 (352 v
i=1 j=1
1
=§v(|W| ) x+ |Vul (|W|2)-V(2|x| )+|W|

Using again the Green’s formula we obtain

/Vu -V(Vu -x)dx
Q

1 1
=/|Vu|2dx+—f V(IVul?) - v{ 5 1x* ) dx
o 2 /g 2
1 3 (1 N
:/|Vu|2dx+—/ [Vul>—( =|x|? da——/|Vu|2dx
Q 2 IQ 81) 2 2 Q

2—-N 1
:—/|Vu|2dx+—/ IVul?v(x) - xdo, (3.31)
2 Ja 2 Jae

because A(%|x|2) =N
Now we notice that since u = 0 on 352, we have Vu(x) = g—‘“}(x)v(x) for every

x € 082, so that |Vu| = | | and Vu -x = 1)v(x) -x on 0€2. Taking this into account
and inserting (3.31) into (3.30) we see that

— | AuVu-xdx=——_ |Vul|“dx + < |Vul“v(x) -xdo
Q 2 Ja 2 )50

du
— — Vu(x)-xdo
IR al)

2—-N 5 1 ou\?
= —/ [Vul|“dx — —/ — ] v(x)-xdo. (3.32)
2 Q 2 A0 av

The treatment of the right-hand side is much easier. Indeed we have

F@)Vu-x=V(F@u))-x=V(F®u))- V(%mz),

so that by the Green’s formula,
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/f(u)Vu-xdx:/V(F(u))-V(lMZ) dx
Q Q 2
farog (gt )am-n |
= Fu)—|=|x|")do—N| F(u)dx
a0 v \2 Q

- —N/ Fu)dsx, (3.33)
Q

since F(u(x)) = F(0) = 0 on 9€2. Putting together (3.32) and (3.33), we conclude
that multiplying the equation by Vu - x yields

N-2 du\?
—/|Vu|2dx—N/ F(u)dx:—/ (—”) v(x) - xdo,
2 Ja Q s \ v

as we wanted to prove. g

Proof of Theorem 3.4.25 Let u € H(} (2) solve (3.27). By regularity results (see
[45]), we can assert that u € C%(S2). Applying Theorem 3.4.26, with

* 1 *
f@)=1ul*"u and F(u)=2—*|u|2

N-2 N . du\?
—/ |Vu|2dx — —/ |1,t|2 dx =—/ o v(x)-xdo.
2 Q 2% Q 90 ov

Multiplying the equation in (3.27) by u and integrating shows that

/|W|2dx=/|u|2*dx,
Q Q

which we can insert in the preceding formula to obtain

(552 2) o= 3 e

N-2 N

2 2%
by definition of 2*, so that

2
/ (%) v(x) -xdo =0
aQ

Since €2 is strictly starshaped with respect to 0, we have v(x) - x > 0 everywhere on
0€2, and then, necessarily,

yields

But

ou
—(x)=0 VxeoQ.
ov

We conclude by integrating the equation in (3.27) and using again the Green’s for-
mula. We obtain

/lulzk_zudxz—/Audx— / —da—
Q

Since u is positive in €2, this is impossible. U
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Remark 3.4.27 What about non starshaped domains? This question has been the ob-
ject of intense research starting in the eighties. Celebrated results (see the references
at the end of the chapter) first showed that if the set €2 is an annulus, or has a small
hole, then problem (3.27) has a solution. The most general result states that if 2
has nontrivial topology in some appropriate sense, then the problem is still solvable.
So for a while it seemed that the relevant point was the topology of 2. But then
other results showed that the problem still has a solution when €2 has trivial topol-
ogy (e.g., is contractible), but looks like a noncontractible domain, for example an
annulus with a thin radial slice removed. Summing up, the solvability of problems
with critical growth is a very delicate matter and depends subtly on the data of the
problem.

3.5 Exercises

1. Assume that N > 3. Prove that there exists a constant C > 0 such that

2
/RN |z7 dx<C /RN |Vul?dx  Vu e D"*RY). (3.34)

This is the celebrated Hardy inequality. Hint: assume first that u € C3° (RM)
and notice that left-hand side is finite. Write, for A > 0 and x € RY,

+o0 d +00
u*(x) = —f — u*(x)dr = —2/ u(x)Vu(rx) - x di.
1 da 1

Then divide by |x|? and integrate over R¥ setting y = Ax. Conclude by density.
2. Use the Hardy inequality (3.34) to prove that the expression

1
(u|v)=/ Vu-Vvdx+/ —uvdx
RN R’V |x]?

defines a scalar product in D'2 that induces a norm equivalent to the standard
one. Then
(a) Let |ju]| = (u|u)1/2. For every u € DLY2(RY) and every A > 0 define

u(x)= A¥u(kx).

Prove that ||u, || = |lu|| for every A > 0.
(b) Define

C=inf{||u||2 ‘ ue D1~2(RN),/ u? = 1}.
Q

Prove that C > 0.
3. Using the notation and the results of Exercise 2, find a radial non negative and
non trivial solution of the problem

1
—Au+ —u=ul*"u,
x|

u € DV2(RN).
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Hint: define D, = {u € D"2(R") | u is radial},

ueDr,/ |u|2*=1},
Q

and adapt the lemmas and arguments of the proof of Theorem 3.4.1. In the
paper [47] the reader can find the complete classification of radial and positive
solutions of this problem.

4. Let f : R — R be a continuous function such that

R:inf{||u||2

IfOl<Cl” ™" VieR
for some C > 0. Define F(t) = fot f(s)ds and J : DV2(RV) — R as

J(u) = / F(u)dx.
RN
(a) Prove that J is a differentiable functional with

J’(u)v:/ f@wvdx Yu,veD"ZRVY).
RN

(b) Define M = {u € DV2(RY)| [pv F(u)dx = 1}, assume M # { and define
m = inf{||lu||?|u € M}, where |u| is the norm in D"2(R"). Prove that
m > 0.

(c) Assume that there exists u € M such that

Jul>=m and / Flyudx £0.
RN
Prove that u is a weak solution of the nonlinear eigenvalue problem

—Av=Af(v),
v e DL2(RM).

Hint: define ¢(s,t) = fRN F(t(u + sv))dx, for (s, t) in a neighborhood of
©,1).

(d) For every o > 0 define u, (x) = u(x /o). Prove that if fRN fwudx > 0,
then there is a o > 0 such that u, is a solution of the problem

—Av= f(v),
v e DL2RN).

5. Let 2 < p < 2* < ¢ and define a continuous function f : R — R by
f@ =min{t?~', 197"} fort >0, f(=t)=—f(1) fort <O.

Define F (1) = [ f(s)ds.
(a) Prove that | f(7)| < |t|2*’] for all ¢ € R, and compute F (¢).
(b) Consider a sequence {uy} C D, such that uy — u in D, and prove that

/F(uk)dx—>/ F(u)dx.
RN RN
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8.

3 Minimization Techniques: Lack of Compactness

Hint: notice that both u; and u satisfy the inequality |v(x)| < C/|x| = , for
a suitable C > 0. Hence you can fix R > 0 such that both u; and u satisfy
[v(x)] < 1if |x| > R. Write

/ F(uk)dx=/ F(uk)dx+f F(up)dx
RN lx|<R lx|>R

and apply dominated convergence in the right-hand side integrals, noticing
also that |F(¢)| <a + b|t|? for suitable a, b > 0 and all 7.

(c) Define M, = {u € D, | [gn F(u)dx = 1}. Prove that M, # (.

(d) Define

m, = inf {[lu])* |u € M, },

where ||u|| is the norm in D'>(RV). Notice that, as in the previous exercise,
m, > 0. Show that there exists u € M,, u > 0, such that ||u||®> = m,.

(e) Using the arguments of the previous exercise and of Sect. 3.4.2, prove that
there exists a non trivial and non negative solution of the problem

{—Av=f(v)

veED,.

Let ¢ : RY — R be continuous, strictly positive and such that
limx|- 00 ¢(x) = 0. For A > 0 and p € (2, 2%), consider the problems

—Au+ (1 +rg(x)u = |ulP2u,
ue H'@RM).

Weak solutions of these problems are, for example, critical points of the func-
tionals Qy : H'(RV) \ {0} — R defined by

S IVul? dx + [pn (1 + Aq(x))u*dx
(Jgw lulP dx)?/P '

05 (u) =

(a) Prove that for every A > 0,

inf 0,) = inf Qo(u).
ueH1(RN)\{0) ueHI(RN)\{0}

(b) Prove that for every A > 0, Q; has no global minimum on HY(RM) \ {0}

. Let pe (2,2*) and let a : RY — R be the function a(x) = Lt|x|? Prove that

24|x|2"
the functional Q : H'(RV) \ {0} — R defined by

_ S IVul?dx + [y u?dx
O = v atoldn /7 dx

has no global minimum.
Let U : RY — R, with N > 3, be defined by

C

Ux)=——.
A+ x)'T
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where C is a positive constant. Show that U € Dl*z(RN ) and that U solves
—~AU=U*"" inRM (3.35)

ifand only if C = (N(N —2)) 7% . Show that for every y € RV and every A > 0,
the scaled functions

Upy(x) =1"T UGu(x — y))

are all solutions of (3.35).
9. Assume that €2 is as in Theorem 3.4.25. Show that the problem

—Au=ulP2u ing,
u=20 on a2

has no C%(Q) solutions if p > 2*. _
10. Assume that  is as in Theorem 3.4.25 and let ¢ € C!($2). Show that the prob-
lem

—Au+qgx)u=u*"u inQ,
u=0 on 92

has no C%(2) solutions if Vg (x) - x 4+ 2¢g(x) > 0 in .

3.6 Bibliographical Notes

e Section 3.1: The problems dealt with in the first three sections of this chapter
belong to the family of nonlinear Schrodinger equations, appearing for example
in nonlinear optics. This is an intense and active field of research at the time of
this writing. The reader who wishes to broaden his/her knowledge on these topics
is referred to Ambrosetti and Malchiodi [3], and to the references therein.

e Section 3.3: Problems like (3.6), and more generally subcritical problems on un-
bounded domains are studied extensively in Lions [31, 32], where the classical
tool of concentration—compactness was introduced. A book entirely devoted to
problems on unbounded domains is Kuzin and Pohozaev [27]. The type of equa-
tions described in this section contains the so called scalar field equations of
physics; a more complete treatment can be found in the papers by Berestycki
and Lions [9, 10].

e Section 3.4: The paper that more than any other motivated research on problems
with critical growth is Brezis and Nirenberg [14]. The interested reader can find
many other examples and results in Brezis [12, 13]. The effect of the topology of
the domain on the existence of solutions for problems with critical exponent is a
deep phenomenon. Cornerstones in this sense are the work by Coron [15] (exis-
tence on domains with a small hole), and the difficult Bahri and Coron [6] (exis-
tence when the topology of the domain is nontrivial). An example of a contractible
domain on which problem (3.26) admits a solution can be found in Dancer [16].






Chapter 4
Introduction to Minimax Methods

This chapter is an introduction to a broad class of methods that have been shown to
be extremely useful in a variety of contexts.

We confine ourselves to the simplest cases, but we will try to motivate the ideas
involved in the construction of the main tools, so that the interested reader can turn
to the study of more complex problems with a minimum of background.

In the preceding sections we have (almost) always looked for critical points of
a functional as minimum points, either on the whole space, or suitably restricting
the functional to sets where minima could be shown to exist. Roughly speaking,
minimax methods are devoted to the search of critical points that are not global
minima, for example saddle points. The procedure to do this is quite elaborate, and
we will introduce the main steps gradually.

We begin with the following example, which has been, historically, one of the
main motivations for the development of the theory.

Suppose that €2 is a bounded open set of RY, with N > 3, and that we want to
find a solution u of the problem

—_ = ulP2y i
{ Au+qgx)u=|ulP"“u inQ, @.1)

u=0 on 0€2,

where ¢ is continuous and nonnegative and p € (2,2*). We know that solutions
arise as critical points of the functional

1 1 1 1 1
J(u)=—/|Vu|2dx+—/q<x>u2dx——/|u|"dx=—||u||2——|u|£.
2Jq 2Jq pJa 2 p

Of course, we already know at least two methods that can be used to solve
Problem (4.1), and these are minimization on spheres or on the Nehari manifold
(both discussed in Sect. 2.3). These methods allow one to overcome the fact that
inf Hl(©) J = —o00 by constraining J on suitable sets where it becomes bounded
from below; at this point minimization arguments can be profitably used.

We now wish to take a different point of view, which consists in looking at J as
a free (unconstrained) functional on the whole space HOl (2).

M. Badiale, E. Serra, Semilinear Elliptic Equations for Beginners, Universitext, 145
DOI 10.1007/978-0-85729-227-8_4, © Springer-Verlag London Limited 2011
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We start by noticing that since (4.1) admits the trivial solution u = 0, the function
u = 0 must be a critical point of J. What kind of critical point is it? Or, in other
words, what is the variational characterization of the trivial solution?

To answer these questions we recall that by the Sobolev inequalities and our
assumptions on p, there exists a constant C > 0 such that

lulp < Cllull, forevery u € Hy ().

Therefore,

p p
T = Sl = ulf = 2l - S g = ||u||2(l - C—nuup—z).
2 p 2 p 2 p
Since p > 2, this shows that if ||u|| is small enough, J(u) > 0 = J(0) (strictly if
u # 0). Thus the trivial solution, seen as a critical point of J, is a strict local mini-
mum.

The second remark is that since J is unbounded from below, there certainly exists
a point v, as far as we like from zero, where J (v) < 0.

Now if J were defined on a one-dimensional space, this would imply at once the
existence of at least a second critical point; to visualize it think of the real function
f(x)=x>—x* withx e R.

On an n-dimensional space the existence of a strict local minimum for a function
unbounded from below suggests the existence of a second critical point, although
this is in general false. As an example where everything works fine, we can consider
in the plane the function g(x, y) = x% + y> — x*.

The idea is to try to carry this “guess” to an infinite dimensional context. To
do this we will have to introduce a variety of concepts and to reason about the link
between the topological properties of certain sets and the existence of critical points.
These concepts will be introduced at a rather abstract level in the following section.

4.1 Deformations

‘We begin with a definition; we work for the moment in the context of Banach spaces,
while later, when we need more structure, we will turn to Hilbert spaces.

Definition 4.1.1 Let X be a Banach space and let J : X — R be a functional. For
a € R, we define

J'=ueX|Ju) <a}.

The sets J¢ are called the sublevel sets of J, or simply the sublevels of J. Any point
ueJ (a)issaid tobe a point at level a.

In the sequel we will be interested in topological properties of the sublevel sets of
a functional and, mostly, in the relationships between topological properties of sub-
levels and presence of critical points. To make this clearer we consider an example
in dimension one.
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Example 4.1.2 Consider the function f : R — R defined by f(x) = x> — 3x. It has
two critical points, x = £1 at the levels F2, respectively. For a > 2 or a < -2,
the sublevels f“ are intervals of the type (—o0, xg] (xo depends on a of course).
If, on the contrary, a € (—2,2), then f¢ is a set of the type (—o0, x1] U [x2, x3],
with x; < x3. So, for |a| > 2 the sublevels f“ are connected, while for |a| < 2 they
are disconnected. This is expressed by saying that there is a change of topology in
the sublevels when a passes through 2, which are exactly the levels of the critical
points of f.

On the other hand, it is easy to accept (visually, for smooth functions of one
variable) that if there are no critical points with levels in [a, b], then f¢ and f b
should “have the same topology”. This is because “nothing happens” to the graph
of f in the strip R x [a, b].

The previous example suggests that a change in the topology of the sublevel sets
of a function implies the presence of a critical point. Unfortunately, this elegant
principle is false.

Example 4.1.3 Draw the graph the real function f(x) = xe!™. For a € (0, 1) the
sublevels f¢ are all disconnected, while for a < 0 they are connected. Yet there is
no critical point at level zero.

Looking carefully at this example shows that actually there is some kind of crit-
ical point at level zero also in this case. Indeed there exists a sequence xj such that
f(xx) — 0 and f’(x;) — 0. The problem is that this sequence of “almost critical
points” escapes to +o0o, namely it is divergent. One often says that there is a crit-
ical point at infinity, where the precise meaning of this term is the existence of a
sequence like xy.

This type of sequences are very important in Critical Point Theory, and they
deserve a name of their own.

Definition 4.1.4 Let X be a Banach space and let J : X — R be a differentiable
functional. A sequence {uy}x € X such that

{J(ur)}x is bounded (in R) and
J'(ur) =0 (in X') as k — oo,

is called a Palais—Smale sequence for J.
LetceR.If

Jwy) —>c¢ (@(nR) and
J'(ur) = 0 (in X') as k — oo,

then {uy }x is called a Palais—Smale sequence for J at level c. In this case c is called
a Palais—Smale level for J.
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Remark 4.1.5 In a Hilbert space H we can identify the differential with the gradient
via the scalar product. Therefore the second property of a Palais—Smale sequence
reads

VJ(ur)—0 inH.

‘We point out that the convergence takes place in the strong topology of H.

Example 4.1.6 Consider again the real function f(x) = xe!*. It has only one crit-
ical point, x = 1 and its level is f(1) = 1.

The sequence x; = 1 — 1/k is a Palais—Smale sequence for f at level 1. It con-
verges to the critical point x = 1. The sequence x; = k is a Palais—Smale sequence
for f atlevel zero. It diverges to +oo.

The convergence of Palais—Smale sequences is of course crucial, and is obviously
a property of the functional in question.

Definition 4.1.7 Let X be a Banach space and let J : X — R be a differentiable
functional. We say that J satisfies the Palais—Smale condition (shortly: J satisfies
(PS)) if every Palais—Smale sequence for J has a converging subsequence (in X).
We say that J satisfies the Palais—Smale condition at level ¢ € R (shortly: J satis-
fies (PS).) if every Palais—Smale sequence at level ¢ has a converging subsequence
(in X).

The function f(x) = xe! = satisfies (PS)1, but not (PS)y. We notice that a func-
tional J satisfies the (PS) condition at a certain level also whenever there is no
Palais—Smale sequence at that level (there is nothing to check). With this agreement,
fx)= xe! = satisfies (PS). if and only if ¢ # 0.

The proof of the following lemma is obvious.

Lemma 4.1.8 Let X be a Banach space and let J : X — R be a C! functional.
If there exists a Palais—Smale sequence for J and J satisfies (PS), then J has a
critical point. If there exists a Palais—Smale sequence for J at level ¢ and J satisfies
(PS)¢, then J has a critical point at level c.

Remark 4.1.9 Although the preceding lemma is trivial, it is of a fundamental im-
portance for what follows. Indeed it shows that the search for critical points can be
split into two independent parts: the existence of Palais—Smale sequences, which
will follow from topological reasons, and the convergence of this sequences, which
is a compactness problem. Moreover, as we will see, the two aspects are completely
unrelated.

We now concentrate on the existence of Palais—Smale sequences, by extending
and making rigorous the heuristic ideas involved in Example 4.1.2.

The first thing to do is to make clear the concept of change of topology, or rather
the converse, namely that two sets have the same topology. Of course this is pre-
sented in a form that is suited for our aims.
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Definition 4.1.10 Let X be a Banach space and let B C X be a subset. A deforma-
tion of B is a continuous function 7 : [0, 1] x B — B such that (0, u) = u for all
ue€B.

Definition 4.1.11 Let X be a Banach space and let A € B C X be subsets. We say
that B is deformable in A if there exists a deformation 1 of B such that

n(t,u)e A forallue Aandallt € [0, 1], 4.2)
n(l,u)e A forallu € B. 4.3)

It is very useful to visualize the variable ¢ as time and follow the evolution of a
point as time increases. At time zero, (0, -) is the identity on B. When ¢ increases
some points start moving, and at t = 1 every point of B has moved to A.

In the previous definition, a most important point is (4.2), for it says that during
the deformation, the points of A can move but cannot leave A.

Example 4.1.12 In a Banach space X, for every r > 0, the ball B, (0) is deformable
in the ball B,(0). An explicit deformation is n(t, u) = (1 — t/2)u. More generally,
any ball is deformable in any ball contained in it.

Example 4.1.13 Let X be a Banach space and let v satisfy |Jv|| = 2. Set B = B4(0),
and A = B1(v) U B{(—v), so that A has two connected components. Then B is not
deformable in A. Indeed, since the points of A cannot leave A during the defor-
mation, the set (1, B) should be disconnected, which is impossible since it is the
image of the connected set B through the continuous function n(1, -).

From now on we discuss the following problem: given a functional J on a Ba-
nach space X, and two real numbers a < b, when is J b deformable in J4? Sup-
pose that we can find a continuous function 7 : [0, 1] x J b such that the function
t — J(n(t,u)) is nonincreasing for every u. Such function automatically satisfies
n(t,u) € J¢ for all u € J¢ and all ¢, namely it satisfies (4.2). At first sight it seems
very difficult to find a function with this property. However, in Hilbert spaces there
is a very simple way to do it, through the flow associated to an autonomous differ-
ential equation. In a Banach space there are some technical questions to settle, but
essentially the same ideas work. In view of our applications, we limit ourselves to
the case of Hilbert spaces.

Theorem 4.1.14 Let H be a Hilbert space and let F : H — H be a locally Lipschitz
continuous function. Then, for every u € H, the Cauchy problem

n' =F@),
{ "0 — (4.4)

has a unique solution 1, which is defined in an open interval 1 containing 0. It is
customary to think of n as a function of t and u, and write n(t,u). In this case,
n is continuous in (t,u). If F is bounded, i.e. if there is C such that |F )| < C
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forallu € H, then I =R. The function n(t, u) is called the flow associated to the
differential equation ' = F (), and the curves t — 1(t, u) are called the flow lines.

A proof of this result can be found in [11].

Definition 4.1.15 Let H be a Hilbert space and let J : H — R be a functional.
We say that J € CLU(H) if J € C1(H) and its gradient VJ : H — H is locally
Lipschitz continuous on H.

By Theorem 4.1.14, if J € C11(H), the problem

n'(t,u) =—=VJIn(t, u)),
{ 00, u) = u 4.5)
has a unique solution defined in an interval / and depending continuously on (¢, u).
The flow 7 is called the (minus) gradient flow, or the steepest descent flow, since
at any time ¢ the velocity n’(¢) points in the direction of —V J(5(¢)), the direction
along which J decreases the fastest. If n(¢, u) is the solution of (4.5), it is easy to
see that the function y () = J(n(¢, u)) is strictly decreasing, unless u is a critical
point of J, in which case y is constant. Indeed,

Y (0) = (VI ) |0 (0) = —(VI (e, 0) | VI (n(t, w)))
= —|IVJ(n(r,u)|I* <0,

if u is not a critical point of J.

Remark 4.1.16 The request that J be of class C'! is used to guarantee the local
uniqueness of solutions to the Cauchy problem (4.5). It is the simplest technical as-
sumption that guarantees this property, and is rather easy to check in many concrete
cases. However, the reader should keep in mind that the whole theory that we are de-
scribing can be carried out by assuming only J € C!(H). Moreover the same theory
is not confined to Hilbert spaces, but can be extended quite easily to Banach spaces,
and even Banach manifolds. In all these cases one replaces VJ with a so-called
pseudo-gradient vector field in the Cauchy problem. The use of a pseudo-gradient
vector field yields both uniqueness in (4.5) and the possibility to work without the
Hilbert structure. We prefer to work in C!-! because the construction of a pseudo-
gradient vector field is quite technical and can be considered as a more advanced
topic. The interest reader will find this construction in many texts, for instance
[2, 26, 42, 45].

We can now state and prove the main result of this section. It is the rigorous
formalization of the heuristic ideas discussed in the first part of this section.

Lemma 4.1.17 (Deformation Lemma) Assume that H is a Hilbert space, and let
J e Cl*l(H). Let a,b € R, with a < b. Assume that in [a, b] there is no Palais—
Smale level for J, that is, for all ¢ € [a, b] there is no Palais—Smale sequence for J
at level c. Then J® is deformable in J®.
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Proof We construct a deformation using a variant of (4.5) to have the flow lines
defined for all times. We solve the problem

, VJ(n(t, u))

n (t7 M) = B

L+ IV, w)ll (4.6)
n0,u) =u,

where 1’ denotes differentiation with respect to ¢.

If we call F(n) the right-hand side of (4.6), we see that F : H — H is locally
Lipschitz, because V J is so, and of course || F'(#)| <1 for all u. We can then apply
Theorem 4.1.14 to obtain a solution 1 (¢, u) of problem (4.6) defined in all of R.

By definition we have 1(0, u) = u for all u, and since

)= IVJ (e, u))I?
L+ (VI )l —
the fact that u is in some J€ implies n(f, u) € J¢ for all t > 0.

We now want to prove that 1 can be used to construct a deformation of J? in J€.
For every u € Jb\J“, we define

T (u) = sup{t > 0| n(t,u) € J\J}.
This could be infinite for some u, in case the flow line 1 (-, u) never enters J¢.
Notice that, by continuity, 7'(u) > 0 for every u € J?\J¢, and for every number
t €[0, T (u)), we have n(t,u) € J? \ J¢.
We claim that T (u) is not only finite for every u, but also uniformly bounded, in
the sense that

d
2/ (w0) = (VI (1, w) |0t u)

sup{T (u) | u € J?\ J%} < +o0. 4.7
To see this, we first notice that
there exists 6 >0 suchthat ||[VJ(u)| >4 forallue Jb\Ja. (4.8)

Indeed, if (4.8) were false, then there would be a sequence {uy}x C J b \J¢ such that
IVJ (ur)ll < 1/k. Passing to a subsequence, we would get J (ux) — ¢ € [a, b] and
VJ(ur) — 0; so {uy} would be a Palais—Smale sequence at level ¢ € [a, b], and this
is impossible by assumption.

To go back to the proof of (4.7), fix u € JP\J and take ¢ € [0, T («)). Then for
every s € [0, ¢] there results n(s, u) € Jb\J”, so that

IVJ (s, u))|| =8 foralls [0, z].

Since the function x — —lx— is decreasing for x > 0, this implies

+x
I AACICRT)] S
L+ (IVI(s,u)]| = 148
and this holds for every s € [0, ¢]. Hence

‘d VI
J(n(uu))—f(n(o,u))sfo LT, 1) ds = ( 1+||VJ(77)||>dS
2
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So, for every t € [0, T'(u)),

2 2 2
)
J(n(t, < J(n(, —t =J —t <b—t——:,
a<J@, u) <J®0O,u)) T3 () T3 53
namely,
b—a
< —(1+9).

Setting u = 175;2“(1 + 8), we have proved that for every ¢ € [0, T (1)), there results

t < w, which of course implies T (1) < u, and this holds for all u € J?\ J¢. Property
(4.7) is proved.

Notice also that, by continuity, J(n(T (#), u)) =a.

We now define 7 : [0, 1] x J? — J? by

n(t, u) =n(ut, u).
From the previous discussion 7 enjoys the following properties:
o 7(0,u) =n(0,u) =uforallue J’.

o 7(t,u) =n(ut,u) € J¢ forallu € J.
o J(i(1,u) =J(n(p,u)) < J)(T (u),u)) <aforallu e J.

As ij is continuous, 7 is a deformation of J? that deforms J? in J¢. d

In most of the applications we will need a “local” version of the preceding result.
Local here means that we only look at the functional around a certain level set.

Lemma 4.1.18 Assume that H is a Hilbert space, let J € CL1(H), and let ¢ € R.
Assume that there is no Palais—Smale sequence at level c. Then for every ¢ > 0 small
enough, the set J<t¢ is deformable in J°~¢ with a deformation that fixes J<~2¢.

Proof We have to find a continuous 7 : [0, 1] x H — H such that

n(0, u) = u for all u,

n(t,u) =u for all u € J°~% and for all 1,
n(t,u) e J¢¢ forall u € J~¢ and for all ¢,
n(l,u) e J~¢ forall u e J¢+e.

To prove all this, we start by claiming that

there exist &g > 0 and 6 > 0 such that
IVJ)|| =8 foreveryu e JETeo\ je—eo,
Indeed, if this is false then we can find positive numbers g — 0, §y — 0 and a

sequence uy € JET \ J¢7¢ such that ||VJ (u)| < 8. In other words, the sequence
{uy} satisfies

J(ug) —>c and VJ(ur)—0 inH,

namely it is a Palais-sequence at level ¢, which is impossible by assumption.
We now pick ¢ € (0, 9), and take a “cut-off” function ¢ € C°°(RR) such that
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o 0<y(s)<l1foralls,
e ¥(s)=0in (—o0,c —2¢],
o Y(s)=1lin[c—e&,c+e].

We then solve the problem

VJ(n(t,u))
L+ IVI (e, u)’ (4.9)

n'(t,u) ==y (J(n(t, u))
n0,u) =u.

Once again, the right-hand side of (4.9), is a locally Lipschitz continuous function
of 1 and is uniformly bounded on H. Then the flow 7 is well defined and continuous
inR x H.

Noticing that ¥ (J (1)) = 0 in J°~2¢, we have that (, u) = u for all u € J¢~%¢
and all ¢, namely 7 fixes J c=2e

The other properties can be deduced observing that ¥ (J(u)) = 1 whenever
c—¢&<J() <c+ e, so that one can use Lemma 4.1.17 with a and b replaced
by ¢ — € and ¢ + ¢ respectively. O

The previous lemma shows that the following alternative holds: either there is
a Palais—Smale sequence at level c, or for every ¢ > 0 small enough, the sublevel
J¢te is deformable in J¢~¢ (and moreover with a deformation that “fixes” J¢~2¢).

Remark 4.1.19 There are many versions of deformations lemmas in the literature,
including some very precise ones, see for example [43, 45]. For our purposes, the
two above lemmas are sufficient, and are simpler than the general results.

Remark 4.1.20 In many textbooks the assumptions of the previous lemma are stated
in the following equivalent form: assume that there are no critical points at level ¢
and that (PS). holds. We prefer the statement of Lemma 4.1.18 because it highlights
the central role of Palais—Smale sequences. One can then summarize the principle
by saying that the only obstruction to deformations is the presence of Palais—Smale
sequences.

4.2 The Minimax Principle

We now introduce the minimax procedure, namely the main object of this chapter.
We will do it at a rather abstract level, which has the advantage of producing a very
flexible tool which can be adapted to a variety of situations, even beyond the aims
of this book.

We begin with some definitions.

Definition 4.2.1 Let H be a Hilbert space and let  : [0, 1] x H — H be a defor-
mation of H. A family I" of subsets of H is said to be invariant for n if

for every A € I" and every t € [0, 1], there results (¢, A) € .
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Definition 4.2.2 Let H be a Hilbert space and let J : H — R be a functional.
A family I' of subsets of H is called a minimax class. The value
= inf sup J
o= jafsen s

is called the minimax level associated to I'; we also say that I works at level c.
Notice that it may happen that ¢ = +o00 or ¢ = —o0.

Finally we have

Definition 4.2.3 Let H be a Hilbert space, J : H — R a functional, I' a minimax
class, and c its minimax level. We say that I" is admissible with respect to J if

1. ceR,
2. for every € > 0 small enough, T is invariant for all deformations that fix J e—2¢

This last definition contains a rather subtle point. Indeed the deformations for
which a class I' should be invariant depend on ¢, which depends on I'.

So the deformations for which a class I" should be invariant depend on the class
itself. This seems at first rather confusing, but we will see in the applications that
the difficulty disappears as soon as the number c is determined by good topological
properties. The second request in Definition 4.2.3 is extremely useful, because it
reduces the number of deformations for which I" must be invariant.

For the moment we go on at an abstract level with the main result of Critical
Point Theory.

Theorem 4.2.4 (Minimax principle) Let H be a Hilbert space and let J € C LIy,
Let T be an admissible minimax class at level c. Then there exists a Palais—Smale
sequence for J at level c. If J satisfies (PS)., then there exists a critical point for J
at level c.

Proof Assume that there is no Palais—Smale sequence at level ¢. Then we can
choose ¢ > 0 so small that Lemma 4.1.18 and 2. of Definition 4.2.3 simultaneously
apply. This means that J*¢ is deformable in J¢~¢ with a deformation 7 that fixes
J¢~2¢ and that T is invariant for this 7.

By definition of minimax level, there exists a set A € I" such that

supJ(u) <c+e,

UEA

that is, A € J*¢. Applying the deformation n to A we obtain
n(1, A) Cn(1,J) c I,
which implies

sup J(u)<c-—e.
uen(1,A)
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On the other hand, as I" is invariant for 1, we have that (1, A) € I, so that by
definition of ¢,
sup J(u)>c.
uen(l,A)
This contradiction proves that there must be a Palais—Smale sequence at level c. The
second part of the theorem is obvious, see Lemma 4.1.8. O

We will see some classical and particular cases of this principle in the next sec-
tions. We just point out that this principle is quite general and unifies different par-
ticular approaches that appeared separately in the literature.

Even in “trivial” contexts, it yields some nontrivial consequences, as the next
example shows.

Example 4.2.5 Let H be a Hilbert space and let J € C1'!(H). We consider the
“trivial” minimax class

r={{u}lueH},

namely the class of subsets of H consisting of a single point. This class is obviously
invariant for every deformation 7, since n(z, {u}) is a singleton for every ¢, and
hence it still belongs to I'. Thus the class I' is admissible if and only if its minimax
level c is finite. But
c=inf sup J(u) = inf sup J(u) = inf J(u),
Ael ca ulel yefu) ueH
so that the class is admissible if and only if J is bounded from below.

The new, often very important information provided by the minimax principle,
is the existence not only of a minimizing sequence, but of a Palais—Smale sequence
at level ¢ = infy J. Thus, from now on, whenever a C!:! functional J is bounded
from below, we can conclude that there exists a minimizing sequence {uy }x with the
further noteworthy property that

VJ(@ur)— 0 in H.

This property has a nontrivial proof even for real functions of one variable.

4.3 Two Classical Theorems

In this section we present the two most celebrated results of Critical Point Theory.
We will see how they both fit into the framework given by the minimax principle.
These two results have been generalized in all possible directions, but are still used
very much in their original form.

Theorem 4.3.1 (Mountain Pass Theorem [5]) Let H be a Hilbert space, and let
J e CLI(H) satisfy J(0) = 0. Assume that there exist positive numbers p and o
such that
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L J@w) = aif|lull = p;
2. There exists v € H such that ||v|| > p and J(v) < «.

Then there exists a Palais—Smale sequence for J at a level ¢ > «. If J satisfies (PS).,
then there exists a critical point at level c.

Proof We define the minimax class
I'={y((0,1]) | y : [0, 1] — H is continuous, y(0) =0, y (1) = v}
and the corresponding minimax level

c= inf sup J(u) = inf max J(y(¢)).
y(0,1D€T ey (10,17 yeltel0,1]

The sets in I" are thus the continuous paths that connect the origin with the point v.

In the last equality we identify y and y ([0, 1]), with some abuse of notation, as is

customary to do.

If we prove that I' is admissible, we apply the minimax principle, and the proof
is done.

It is obvious that ¢ < +00, since we maximize a continuous functional on a
compact set. We have to prove that ¢ > —oo. To see this, we notice that every y € '
satisfies ||y (0)]| =0 and ||y (1)|| = |lv]| > p. Since y is continuous, there exists
ty € [0, 1] such that ||y (¢,)|| = p. This implies, by assumption 1,

max J(y ()= J(y(t))) = a.
max, (@)= Jyt)) za
As this holds for every y € I', we can take the infimum with respect to y € T" to
obtain
c>a>0.

We now have to prove that for every ¢ > 0 small enough, I" is invariant for all
deformations that fix J¢~2¢.
For this, we take any ¢ > 0 so small that

JO0)<c—2¢ and J(w) <c—2s,

which is possible because max{J(0), J(v)} = max{0, J(v)} <« <c.
Let now 7 be a deformation that fixes J°~% and take y € I'. We have to prove
that, for all ¢ € [0, 1],

n@,y(0,1D)) e T,
which means that (¢, y ([0, 1])) = y ([0, 1]) for some y € I'. To this aim we define
y:[0,11— H asy(s)=n(,y(s)).

Of course 7 is continuous. Since 0 and v belong to J¢~%¢, and 7 fixes this set, we
have

y(©0)=n(@,y(0)=n(0)=0
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and

YD) =n@,y1)=n,v)=v.

Hence y([0,1]) € I', and I" is an admissible class. We then apply Theorem 4.2.4
and we conclude the proof. g

Some comments and remarks are in order.

Remark 4.3.2 The term “mountain pass” is justified by the geometrical properties of
the graph of J. Indeed, it is customary to think of the points 0 and v as two villages.
The assumptions of Theorem 4.3.1 imply that the two villages are separated by a
mountain range: to go from 0 to v one must climb at least at a height «, which is
strictly larger than the heights J(0) and J(v). The minimax class used in the proof
is constructed exactly on this observation: one tries every possible road y between
0 and v, measures the maximal height reached by the road (max;¢[o,17 J (¥ (¢))), and
tries to minimize the maximal height. At the maximal height of the “optimal” road
is located a (mountain) pass.

Remark 4.3.3 In the first part of this chapter, the attention was concentrated on
the change of topology of different sublevels. In the Mountain Pass Theorem, this
change is very simple to detect, and it is exactly what the assumptions describe: there
is a sublevel which is not path-connected. Indeed, take a continuous path y between
0 and v; this will lie in a sublevel J?, where, for example b = max;¢[o,1] J (¥ (¢)).
This means that 0 and v are in the same connected component of J?. On the con-
trary, 0 and v are not in the same (arcwise) connected component of J¢, for every
a < c. Thus J? cannot be deformed into J¢.

Example 4.3.4 A functional that satisfies the assumptions of Theorem 4.3.1 is said
to have a “mountain pass geometry”. The functional associated to Problem (4.1),
which we used as a motivation for this discussion, has a mountain pass geometry.

Indeed, J(0) =0, and one can take for example p = C_ﬁ, o= (% — %)C_%,
and v any function for which ||v|| > p and J (v) is negative; there are plenty of these
functions since J(Au) - —oo as A — 400, for every u £ 0.

A large number of functionals J associated with superlinear problems have a
mountain pass geometry. This is due to the fact that (i) O is a strict local mini-
mum and J behaves well enough to prove that 1. in Theorem 4.3.1 is satisfied and
(i1) limy — 400 J (Au) = —o00, which is guaranteed by superlinearity, implies 2.

Remark 4.3.5 As a final consideration, we wish to highlight the use of deformations
that fix certain sets in the proof of Theorem 4.3.1. In view of the minimax principle,
the proof of Theorem 4.3.1 reduces to the construction of an admissible minimax
class. Now the class I' is defined by three requirements: every y is continuous and
such that (0) =0 and y (1) = v. Of course every deformation, being continuous,
preserves the continuity of y, so the real condition to satisfy is the fact that the
endpoints of y should be held fixed during the deformations. We have obtained
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this by the use of deformations that fix a certain sublevel J¢~%* where the points
0 and v lie. Of course we do not want that these deformations fix also the sublevel
J¢, otherwise the main argument of the minimax principle breaks down. Summing
up, the reason why the class I' is admissible comes from a separation property:
the interesting level c is strictly larger than the levels that have to be kept fixed
during the deformation, which are the levels J(0) = 0 and J(v) < «. This aspect
is present in almost every construction of concrete minimax classes. We will see
another example of this kind in the Saddle Point Theorem below.

The Mountain Pass Theorem has been used an enormous amount of times in the
literature to produce Palais—Smale sequence. Of course its use depends on the fact
that the functional under study possesses the right geometry.

For functionals that do not have the mountain pass geometry, other minimax
classes can be tried. One of the most popular results, that has also been generalized
in many directions, is the Saddle Point Theorem. Roughly speaking, it works for
functionals where the nonlinearity is not superlinear, but “asymptotically” linear at
infinity. We postpone the examples to the next sections.

The proof of the Saddle Point Theorem requires a classical fixed point result, that
we do not prove (for a proof see [2, 17], or [18]).

Theorem 4.3.6 (Brouwer) Let Bg = {x e RV | |x| < R} and let  : Bx — Bg be
a continuous function. Then Y has a fixed point.

We are going to use the following equivalent form of the Brouwer Theorem.
Theorem 4.3.7 Let Br = {x e R | |x| < R} and let ¢ : Bg — RY be a continuous
function such that ¢(x) = x if |x| = R (¢ is the identity on 0 BR). Then there exists

X € Bg such that ¢(x) =0.

Proof We define amap v : B — Bpg as

x— () if v — ()] < R,
V= { R e v — g0l > R. (410

Clearly, the map v is well-defined, continuous and ¥ (Br) € Bg. By the Brouwer
Theorem there exists x € Bg such that ¢ (x) = x. If |x — ¢(x)| > R, then

K
x=———7—(@x—-9¢k)),
lx — )]
and hence |x| = R. This implies ¢(x) = x, so that |[x — ¢(x)| = 0, a contradiction.
So it must be |x — ¢(x)| < R, and x = ¥ (x) then implies x = x — ¢(x), namely
p(x)=0. d

Remark 4.3.8 A linear n-dimensional subspace of a Hilbert space is isomorphic
to R". Therefore the preceding results holds in finite dimensional subspaces of
Hilbert spaces. This is the form that we are going to use.
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Theorem 4.3.9 (Saddle Point Theorem [42]) Let H be a Hilbert space and assume
that J € CV'(H). Let E, C H be a n-dimensional linear subspace of H and call
V C H its orthogonal complement in H, so that H = E, ® V. For R > 0 let By
be the closed ball in E, with center at the origin and radius R, and let 33% be its
boundary in E,. Assume that for some R > 0,

max J(u) < 1nf J(u). “4.11)

uedB

Then there exists a Palais—Smale sequence for J at a level ¢ > infy J. If J satisfies
(PS)., then there exists a critical point at level c.

Proof We define the minimax class
={@(BR) | ¢ : By — H is continuous, p(u) =u Yu € 0B}}
and the corresponding minimax level

¢ = inf max J(p(u)).
¢l ueB),

The sets in I' are continuous n-dimensional surfaces of boundary d By, C E,,.

As in Theorem 4.3.1, the proof amounts to showing that I" is admissible. It is
clear that ¢ < 400; the interesting part is to check that ¢ > —oo.

Let P : H — E, be the orthogonal projection on E,,, so that, u € V if and only
if P(u) =0and P(u) =u if and only if u € E,,. Take a generic ¢ € I" and define

V:By— E, asy(u)=P(e)).
The map v is of course continuous, and since ¢ is the identity on 9 B,
forevery u € 9By, Y (u) = P(pw)) = Pu) =u.

So v is a continuous map from B to E, that is the identity on d B}. By Theo-
rem 4.3.7, there exists u, € Bfe such that ¥ (u,) = 0, that is P(¢(uy)) =0, which
means ¢(uy,) € V. Therefore,

max J((p(u)) > J(p(uy)) = 1nf J(u) > maa;l J(u) > —o0.

As this holds for every ¢ € I', taking the infimum over I'" yields

¢ > inf J(u) > max J(u) > —oo.
ueV uedBYy

Now we have to prove that I" satisfies the invariance properties of Definition 4.2.3.
Let ¢ > 0 be any number so small that

infJ —2& > max J,
v aBY

and take a deformation 7 that fixes J¢2¢.
We want to prove that if A =¢(B%}) €T, then n(t, A) e I" for all t € [0, 1]. To
this aim we define

©:Br— H as @u)=n(t, ¢)).
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Of course ¢ is continuous. We have to check that ¢ (1) = u for all u € 3 BY. For this,
take u € 83?3. By definition, ¢(«) = u, and since

J() <maxJ <infJ —2e < ¢ —2e,
3B v

n(t,u) = u for all z. Therefore
o) =n@t, o) =n(t,u)=u,

which shows that @ is the identity on d By. The class I is admissible and the appli-
cation of Theorem 4.2.4 concludes the proof. g

Remark 4.3.10 The preceding proof is identical in its structure to the proof of the
Mountain Pass Theorem. In particular, also in the Saddle Point Theorem the key
property is the separation of the minimax level from the levels that have to be kept
fixed by the deformations. This is the scope of assumption (4.11): the minimax level
c is greater than or equal to infy J, which is strictly greater than o = maxygn J.
Thus we can construct a deformation that fixes J¢, where 88}1e lies, and this is
ultimately what makes I" admissible.

4.4 Some Applications

We now illustrate the use of the previous theorems by some applications. We have
chosen the simplest cases, but the reader should keep in mind that a very large
number of problems coming from physics, mechanics or geometry can be dealt with
the two results of the preceding section.

The structure of the following results is suggested by that of the Mountain Pass
Theorem and of the Saddle Point Theorem: one checks that the Palais—Smale condi-
tion holds, and, separately, that the “geometry” of the functionals involved fits into
the abstract requirements of the mentioned theorems.

4.4.1 Superlinear Problems

We begin with some superlinear nonlinearities, for which the Mountain Pass Theo-
rem is tailored.

Consider the following problem: given a bounded open set 2 C RV, N > 3, and
a nonnegative L°° function ¢ defined on €2, find u such that

{ —Au+qg@u=fu) inQ,

u=0 on 0%2. (4.12)

A problem of this form has already been discussed in Sect. 2.5. We will now weaken
the assumptions, maintaining the validity of the result.
We set F(t) = fot f(s)ds and we consider the following set of assumptions.
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(f¢) There exist p € (2,2*) and C > 0 such that for all 5,7 € R,

|£(®) = F(& < Clt —s| (s] + ]+ DP 2.
(f7) Tim o 52 =0.
(fg) There exist M > 0 and u > 2 such that f(¢)r > nwF(¢t) when |t| > M.
(f9) There exists 1y € R with |7g| > M such that F (zy) > 0.

Remark 4.4.1 The meaning of assumption (fg) is twofold. First of all, it is a growth
condition: setting s = 0 one sees that (fg) implies

IfOI< K17+ 1) (4.13)

for all ¢ and for a suitable positive constant K .
Next, (fg) implies that f is locally Lipschitz continuous on R. These two facts
allow one to prove that the functional G : H(} (2) — R defined by

G(u):/ F(u)dx
Q

is of class C!! and G'(u)v = [, f(w)vdx for all v € HJ (Q).
Also, assumption (fg) means that the function ¢ % is increasing for r > M

and decreasing for t < —M, as one can immediately see by differentiation.

Remark 4.4.2 Problem (4.1), which we used as a motivation for the construction of
the minimax methods, is a particular case of Problem (4.12).

If, as usual, we equip HO1 (£2) with the norm

||u||2=/SZ|Vu|2+q(x)u2dx, (4.14)

we can say that weak solutions of Problem (4.12) are critical points of the functional
J : H} () — R defined as

_1 2 2 gy — _Loe
J(u) = [Vul” +q(x)u”dx Fu)dx = ~||lull” — G(u),
2)q o 2

which is in C!(H}(Q)).
We will prove the following theorem, where assumption (hy) is the one intro-
duced at the beginning of Sect. 2.1 (recall also Remark 2.1.1).

Theorem 4.4.3 Assume that (hy) and (fg)—(f9) hold. Then Problem (4.12) has at
least one non trivial solution.

In view of Remark 4.1.16, the abstract minimax principle of Sect. 4.2 holds by
merely assuming J of class C!, and so do the Mountain Pass and Saddle Point
theorems. Therefore, in the previous result, assumption (fg) could be replaced by
the continuity of f and (4.13).
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Remark 4.4.4 Theorem 4.4.3 gives a stronger result than those we proved in
Sect. 2.5. Indeed, it is easy to see that hypotheses (f1)—(fg) imply (f6)—(f9) (with
to > M); therefore Theorem 2.5.2 is a special case of Theorem 4.4.3, except for the
positivity of the solution. However, if #y > M this can be recovered by the method
of Example 1.7.10 after extending f to zero for negative arguments. Moreover, the
minimax method allows one to drop the hypothesis of C' nonlinearities and the
assumption (fg). Also the hypotheses of Theorem 2.5.11 imply (fg)—(fo).

We are going to show that the Mountain Pass Theorem is applicable. First, a tech-
nical result.

Lemma 4.4.5 The functional J is in C'1(Hj (Q)).

Proof We already know that J is C!; of course, since the differential of the
quadratic term is (globally) Lipschitz continuous, we only have to check the local
Lipschitz continuity for the differential of the functional G (u).

To this aim, fix R > 0 and take u, u; € H(} (2) such that ||uy|l, |luz2|l < R. Then,
forall v e H(} (£2) we have, by (fg),

I(G'(u1) — G'(u2))v| = ‘ L(.f(ul) — fuz))vdx

p—1
P o /p
s(/ |f(u1>—f(uz)|ﬁdx> (/ Ivlpdx>
Q Q

p—1

P p(p=2) P
<o [ = w1 il ) ) .
Q
Applying the Holder inequality with exponents p — 1 and ﬁ—:é we obtain

. p(p=2)
[y —uz|P~T (14 |ug] + |uz]) »~T dx
Q

[S]

1
—1 p—1
5(/ |u1—uz|de>p (/(1+|u1|+|uz|>de)'
Q Q

P
<l|luy —uz||»~" K(R),

I

where K (R) depends on R but not on up, uz. This shows that

(G (1) = G )] < s — 2| K(RY'T ol
and therefore, maximizing over all ||v]| =1,
IG' (u1) — G'(u2)|| < C(R)[luy — uzl,
where C(R) is a constant depending on R. So we have proved that G’ (and hence J)

is locally Lipschitz continuous. U

Now we turn to the compactness properties of J.
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Lemma 4.4.6 The functional J satisfies (PS). for every c € R.
Proof Take ¢ € R and assume that {u;} is a Palais—Smale sequence at level c,
namely such that
Ju) —c and J'(ux) >0 (in (Hj ().
This implies of course that there is a constant C > 0 such that
|J(ui)l <C and  |J (up)ug| < Cllug]| (4.15)

for every k. The following is a standard trick in superlinear problems to show that
Palais—Smale sequences are bounded, and is the main motivation for the use of
assumption (fg). By (4.15) we can write

1
CA + Nlugl) = J (ug) — ;J/(uk)uk

1 1 ) 1
= (5 — —) luee 1* + / <— fuoue — F<uk>> dx.
w Q\M

Then from (fg) we obtain

1 1
/ (- fup)ug — F(uk)) dx =/ <— fup)ug — F(“k)) dx
Q\HM {lugl<M} \ M

1
+/ (— fu)ug — F(uk)) dx
{lug|>M) \ X

> / (1 Flunug — F(uk)) dx = —C),
{lug|<M} \ W

and hence

11 5
C(L+ flukl) = 372 lukll” — Ci,
%

which of course implies that {u,} is bounded.
By usual arguments we can assume that, up to a subsequence, there exists
u € Hy () such that

o up— uin Hy(Q),
e u; — uin L9(Q) for all g € [2,2%),
e up(x) — u(x) for almost every x € Q.

We now show that the convergence of u to u is strong, and this is a consequence
of the fact that p < 2*.

First of all, from the above convergence properties, we obtain by usual argu-
ments,

/f(uk)ukdx—>/f(u)udx and /f(uk)udxe/f(u)udx. (4.16)
Q Q Q Q

As J'(ur) — 0 and ux — u, we also have J'(ug)(ur — u) — 0 and obviously
J (u)(ur —u) — 0. Then, as k — o0,
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o(1) = (J'(ur) = J' () (g — u) = l|ug — ul|* — /Q(f(“k) — f W) (u — u)dx

= llug — ul* +o(1)

by (4.16). This shows that uy — u in H(} (2), and proves that J satisfies (PS), for
every c € R. O

End of the proof of Theorem 4.4.3 We just have to check that the geometrical as-
sumptions of the Mountain Pass Theorem are satisfied.

First of all, as F(0) =0, we have J(0) = 0. We now prove that hypothesis 1 of
Theorem 4.3.1 holds.

Let A1 > O be the first eigenvalue of the operator —A + g on 2. Fix ¢ > 0 so
small that

- ==

B

g
Al

M| —

By (f7) we have lim;_,¢ % =0, and therefore there exists § > 0 such that
F(t) <et?

if || < 4. By (f¢), as we remarked above, we deduce that there are a, b > 0 such
that | f(¢)| <a+ b|t|2*’1, and then also

|F(1)] <a+ bt/

for some positive a, bandall r € R. Collecting these inequalities, it is not difficult
to see that there is a constant C, > 0 such that

|F(1)] < et® 4 Celt)*

for all . Hence
1 1 "
Jw) = —||u||2—/ Fuydx = > u? —a/ P dx —cs/ ' dx
2 Q 2 Q Q
1 * 1 *
> Enun2 - Ailnuu2 — Cllull* = Znun2 — Cllull*,

from which the assumption 1. of Theorem 4.3.1 easily follows, for example taking
as p any number so small that % 0% — Cp*" is positive.

To check that assumption 2 also holds, we notice that it is easy, using the same
arguments of Lemma 2.5.3, to show that there is a constant C > 0 such that F(¢) >
C|t|* forall t > 19, if to > M, and for all ¢ < 1y, if tp < —M. To proceed, we assume
that 7o > M (the other case being similar). Take ¢ € C(‘)’O(Q) such that ¢ (x) > 0 for
all x € Q and ¢(x) > 1 on some ball B = B, (xg) C 2. Then

te(x) > 19, andhence F(tp(x)) > Cttet(x) foralls>1yandallx e B,

while |F(t@)| < C if 0 <t¢(x) <ty. So we obtain
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/ F(to)dx = / F(tp)dx + / F(tp)dx
Q {0=<tp=<to} {ro>10}

>—-C+ C/ t*ot dx
{to>10}
>—-C+ C/ thotdx > —C + Ct*,
B
and then
t2
_ 2 _ 2 _ "w
Ta9) =" Nl /pu@ms;q+c cr.
Q

As u > 2, it is now obvious that for large ¢t we have J (r¢) < 0, so also assumption 2
is proved. We then apply Theorem 4.3.1 to obtain a critical point at level c. As ¢ > 0,
this critical point cannot be zero, and therefore the solution of Problem (4.12) is
nontrivial. O

We now give another application of the Mountain Pass Theorem. On a bounded
open set 2 C R, we look for a solution u of

_ — p—2 i
{ Au+qgxX)u=ru+|ul’"“u inQ, @.17)

u=>0 on 0%2,

with A € R. As usual, g is bounded and nonnegative on €2, and we assume
2 < p < 2*. Weak solutions of (4.17) are critical points of the differentiable func-
tional J : Hj () — R defined by

1 A 1
um=—wW——/qu——/mwm,
2 2 Ja p Ja

where the norm of u is the one defined in (4.14).

Remark 4.4.7 Ttis easy to see that if we define f (1) = Au+ |u|P~2u, then f satisfies
(fe), (fg), (f9), but not (f7). Therefore we cannot use directly Theorem 4.4.3 to
solve Problem (4.17). Actually one could reenter in the frame of Theorem 4.4.3 by
assuming that 11 (—A 4+ ¢g(x) — A) > 0 and use as an equivalent norm in HO1 (2) the
first two terms of J. We prefer not do so because in the applications one encounters
frequently problems written as (4.17).

We are going to prove the following result; in its statement we denote by A1(g)
the first eigenvalue of the operator —A + g (x).

Theorem 4.4.8 Assume that (hy) holds and that 2 < p < 2*. If A < A1(q), then
Problem (4.17) has at least one non trivial solution.

Proof The argument is essentially the same as that of the previous theorem. The
nonlinearity f(u) = Au + |u|?~%u in (4.17) is C' and satisfies (fg), so the proof of
Lemma 4.4.5 works in the same way and we obtain that J € cl! (H(} ().
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Let us check that the Palais—Smale condition holds at every level. Let {uy} be a
sequence such that

Jup) —c and J'(uy) — 0.

As in the previous theorem, this implies that there is a constant C > 0 such that

1
CA A+ lugl) = J (ur) — ;J’(uk)uk

1 1 5 (A A 5 1 »
=|lz——lull"=| 5 — = ugdx — — [ |ug|?dx
2 p 2 plla rJa

(o DYoo) [

—<2 p)llukll )»(2 p)/ﬁ”kdx
r1 2_L<l_l> 2

2(2 p)llukll A llull

_(l_l>(1_L)”u 11

2 U )

Since A < A1(q), this implies that {u;} is bounded and, as in the previous theorem,
we deduce that there is u € H(} (£2) such that

e up— uin Hy(Q),
e u; — uin L9(Q) for all g € [2,2%),
o up(x) = u(x) for almost all x € Q2.

Then we easily see that as k — oo,
/Q g |P 2 ug (u — ) dx = o(1).
We conclude by computing
o(1) = (J (ux) — J' (W) (u — u)
= llug —ull* - A/Qm —ul*dx - fQ(|uk|”—2uk — |l 72u) (g — w) dx

= llug — ull* +o(1),

which shows that u; — u strongly. Condition (PS). holds for every c.
Finally we check that the geometric assumptions of Theorem 4.3.1 are satisfied.
It is obvious that J(0) = 0. For every u € HO1 (€2) we have

1 A 1
J(u)=—||u||2——/u2dx——/ lu|? dx
2 2 Ja rJa

1 1 A
> —lu))® - lull> = Cllull? = = (1 — —— ) llull®> — Cllu|”.
2 211(q) 2 r(q)
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As A < XA1(g) and p > 2, it is enough to choose any positive number p so small that
%(1 — %(q)),o2 — Cp? > 0. Hypothesis 1 of Theorem 4.3.1 is satisfied.

Finally for every u € H(} (2)\{0} and ¢t > O we have

2 2
t At tP
= =5 [ e f

2 14

t t
:—<||u||2—A/ uzdx>——/ lu|? dx.

2 Q P Ja

Therefore J (tu) — —oo as t — 400, and we can certainly find v such that ||v] > p
and J(v) < 0. The mountain Pass Theorem then yields the existence of a critical
point u for J at a positive level. This critical point is then a nontrivial solution of
Problem (4.17). O

Remark 4.4.9 1If A > A1(q), the Mountain Pass Theorem cannot be applied, because
the “geometry around zero” is lost, in the sense that zero is no longer a local min-
imum for J. To see this, let ¢; be the eigenfunction associated to A1 (g). For every
t # 0 we have

2 2
t At |t|P
Jaon ="Zlonl? - 7/ G dx — —/ 117 dx
Q p Q

2 2
t At |t|P

< —loil? = =—=— | ¢tdx —— [ |p1|7 dx
2 2 Q P Ja

[£]P
=—— [ lp1I”dx <0,
P Ja

and J is strictly negative on all the line 7¢1, except ¢ = 0.

4.4.2 Asymptotically Linear Problems

We now present some applications of the Saddle Point Theorem. The most frequent
situation where this theorem is applicable is that of asymptotically linear problems,
namely those where the nonlinearity grows linearly at infinity.

To illustrate the method, we consider an open and bounded subset €2 of R¥, and
we look for a solution of

{ —Au+qg@)u=>xru+ f(u)+h(x) inQ,

u=0 on 092. (4.18)

Throughout this section, in addition to (hy) and (hy), we will use the following
assumption:

(f10) f € Cl(®), f is bounded and | f'(¢)| < C(1 + |t|2*_2).
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The requirement that f be C! can be weakened, and we use it only to avoid some
technicalities (for example we could take f bounded and satisfying (fg)). If we
define

fiQxR—>R as f(x,t)=rt+ f(&) +h(x),
we see that

fim LG9

t—+o00 t

almost everywhere in . Thus f grows linearly in 7 at infinity, and this characterizes
(4.18) as an asymptotically linear problem.

Once HOl (€2) is equipped with the usual norm defined by (4.14), the weak so-
lutions of (4.18) are the critical points of the functional J : HO1 (2) — R defined
by

1 A
J(u)=—||u||2——/ uzdx—/ F(u)dx—/hudx,
2 2 Ja Q Q

where of course F(t) = f(; f(s)ds. Due to (f1g), repeating the arguments of
Lemma 4.4.5, the functional J is readily seen to be in ch! (H(} (2)), and we will
not discuss this point anymore.

Let 0 < A1 < Ay <--- be the usual sequence of the eigenvalues of the operator
—A + g(x). The solvability of Problem (4.18) strongly depends on the location of
A with respect to the eigenvalues A.

Definition 4.4.10 If A £ X, for every k, Problem (4.18) is said to be nonresonant. If
A = g for some k, the problem is said to be resonant or at resonance with the k-th
eigenvalue.

Resonant problems are much more difficult to solve, and it may happen that they
do not have any solution at all, even in the linear case (compare with Theorem 1.7.8).
So, to illustrate the method we first consider a nonresonant problem.

Theorem 4.4.11 Assume that (hy), (hy) and (f19) hold. If & # Ay for every k, then
Problem (4.18) has at least one solution.

If A < A1, the functional J is coercive and can be shown to have a global min-
imum, with the methods of Sect. 2.1. The interesting case is thus A > A1, and we
define n € N to be the number such that

Ay <A <Aptl. 4.19)

In this case we are going to show that the functional J satisfies the assumptions of
the Saddle Point Theorem. As usual we split the problem in two parts: compactness
and geometric assumptions.

In what follows, we always take for granted the assumptions of Theorem 4.4.11
and (4.19).
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Lemma 4.4.12 The functional J satisfies (PS). for every c € R.

Proof Let {uy} be a sequence such that
J(up) —c¢ and J'(ui) — 0.

We first prove that {uy} is bounded.
Assume for contradiction that, up to a subsequence, ||ux| — —oo. Since
J'(u) — 0, forevery v € H& () we can write J'(ug)v = o(1)||v||, namely

(uk|v)—)»/ ukvdx—/ f(uk)vdx—/hvdx=0(1)||v||. (4.20)
Q Q Q

Define ¢ = ”Zﬁ Of course the sequence {y} is bounded in H(} (2), so we can

assume Yy — ¥ € HO1 (€2). Dividing by |lux|| the equation above we obtain
1 1
Yk |v) —k/ Yrvdx — —/ flup)vdx — —/hvdx =o0(1) ol .
Q lurll Jo lurll Jo okl
As f is bounded, passing to the limit we get
(¢|v)—k/ Yvdx =0. 4.21)
Q

Let us now prove that ¥ % 0. Assume instead that iy = 0. If this is the case, by
J (up) Y = o(1) we first obtain

(ukIWk)—?»/Quklﬁkdx—fgf(uk)Wkdx—/thﬁkdXZO(l),
and then, dividing by |lug|,
||wk||2—xfgw,3dx=o(1).

We know that Y — 0 in Hj (Q2), which implies ¥ — 0 in L?(€2). Therefore we
obtain ||| — 0, a contradiction. So we have constructed a non zero function v
satisfying (4.21) forall v € HO1 (£2), namely a weak solution of

—AY +q()Y =1y in€2,
{ Y =0 on 92. 4.22)

But this says that A is an eigenvalue of —A + ¢ (x), which contradicts the nonreso-
nance assumption.

This proves that {u;} is a bounded sequence, so we can assume u; — u in HO1 (2)
and uy — u in L*($2). From this we obtain easily with the usual arguments

o(1) = (I (ur) — J'(w)) (ux — u)
= [lug —ull? —X/Q(uk —u)?dx — /Q(f(uk) — fw) (ux —u)dx

—/h(uk—u)
Q

= [lug — ull* + o(1),

which shows that u; — u in Hol; the functional J satisfies (PS). forallc e R. [
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End of the proof of Theorem 4.4.11 We just have to check that J satisfies the geo-
metric assumption of the Saddle Point Theorem. Let {¢y}; be the sequence of the
eigenfunctions of —A + g (x) (orthonormal in L?(Q)), each associated to an eigen-
value A;. Define

E, =span{pq,...,¢,}, and V= E,J,‘ =cl{span{gy | k > n + 1}}.

These two subspaces are nothing else than the spaces X1 and X5 introduced in (2.8).
We recall from Lemma 2.2.5 that

lull> <Aplul3 VueE, and |u|®=>rpi1lul3 YueV. (4.23)

From this we deduce, for every u € E,;,

| T
Jw)==ul> =S - | Faydx— | hudx
2 2 Q Q
1 A
—||u||2—i||u||2+cnu||— (1—E>nun2+cuun.

Denoting by B} the ball in E,, of center zero and radius R, the last inequality shows
that for every u € 0 Bj,

J( )<1 o R*>+CR
u) < 5 ™ .
Since A/A, > 1, we have proved that

max J(u) —> —oo
ued By

if R — 0.
We now prove that J is bounded from below on V. Still from (4.23), for every
u € V we have

1 2 A 2
Jw)=lull*—=luly3 — | Fuydx — | hudx

1|| I? & ——llull* = Cllul|
—|\\u — u — u
2 2)\n+1

=5|1- llull™ = Cllaell.
2 Ant1

Since A/A,41 < 1, this implies infy J > —oo. Hence for R large enough we can
guarantee that

max J(u) < 1nf J ().
uecd By

All the assumptions of the Saddle Point Theorem are satisfied and we apply it to
conclude. O
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Remark 4.4.13 1t is interesting to compare this result with the similar one of
Sect. 2.2. In Theorem 2.2.3 a global assumption on the derivative of f was made,
namely (2.7). In Theorem 4.4.11 there is no assumption on f’, except of course a
natural requirement on its growth.

Example 4.4.14 Whenever f and f’ are bounded on R (and X is not an eigenvalue),
the assumptions of Theorem 4.4.11 are satisfied. Thus, on an open and bounded
Q c R the homogeneous Dirichlet problem for equations like

—Au + q(x)u = lu + arctan(u) + h(x)

or
u

—A =A
u+qx)u u—|—1+u2

+ h(x)

always admits a solution, for every & € L*(R).

4.4.3 A Problem at Resonance

The Saddle Point Theorem is still applicable for certain problems of type (4.18) in
presence of resonance, namely when A coincides with one of the eigenvalues of
—A + gq. These problems are generally harder to solve, and one does not expect
solutions without imposing further conditions on the data of the problem.

In the literature these assumptions are normally expressed as follows: one im-
poses some conditions on f, which determine the type of nonlinearity under study,
and then tries to understand for which types of / the problem is solvable.

In this section we consider, on a bounded open set €2, the problem

{—Au:)»u—i—f(u)—i—h(x) in Q,

u=~0 on 0%2. (4.24)

We assume here that g = 0, to simplify notation, but everything would work just
as well replacing —A with —A + g(x), with g satisfying (hy) (possibly replacing
the sign condition by (2.3)).

The characteristic features of the problem are described by the following set of
assumptions. The function f satisfies (f19) and the limits

fi= lim f() and f,= lim f(¢)
t—>—00 t—+o0
exist, are finite and are different; to fix ideas we suppose that

fi>f (4.25)

but the other case would work as well, with some modifications in the main argu-
ment. This specifies a class of nonlinearities.
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Remark 4.4.15 Problem (4.24) can be seen as a nonlinear generalization of a non-
homogeneous linear problem, such as

{—Au:ku+h(x) in ,

u=>0 on 02 (4.26)

discussed in Sect. 1.7. When X is an eigenvalue of the Laplacian, Theorem 1.7.8
says that the existence of solutions is guaranteed provided h is orthogonal to the
eigenspace relative to A. Adding a nonlinear term f(u) in the equation obviously
alters significantly the simple structure of the linear problem, and the search of con-
ditions on & that ensure the existence of solutions becomes highly nontrivial. In this
section we describe one of these conditions.

Denoting as usual by A1 < Ap < --- the sequence of the eigenvalues of —A in
HO1 (€2), we assume that for some n and k,
Ap <Apgl = = Aptk < Anktl
and we suppose that
A=Apt1 =+ = Aptk- (4.27)

So, assumptions (f19) and (4.27) say that Problem (4.24) is at resonance (with a
multiple eigenvalue, if k > 2).

The hypotheses made so far are not sufficient to prove the existence of a solution.
We now describe one type of conditions that guarantee the solvability of (4.24) for
certain h € L2().

These were first introduced in [28], so that they are called the Landesman—Lazer
conditions. To state them, let

E =span{@u i1, ..., Onik) (4.28)

be the k-dimensional subspace of H& (£2) made of all the solutions of —A¢ = A¢.
The Landesman—Lazer conditions are the following: for every ¢ € E \ {0},

(LL) fr/¢_dx—ﬁf¢+dx</h<pdx<f1/<p_dx—fr/(p+dx,
Q Q Q Q Q

where of course ¢ and ¢~ denote the positive and negative part of ¢.
We notice that since ¢ € E implies that —¢p € E, any of the two inequalities in
(LL) implies the other one.

Remark 4.4.16 To understand the meaning of these inequalities, it is convenient to
visualize the case f; = — f;, with f, < 0. In this case (LLL) becomes

—ﬁfgo—dx—ﬁ/<p+dx</h¢dx<f1/go—dx+ﬁf¢+dx,
Q Q Q Q Q

and, recalling that o 4+ ¢~ = |¢|,

—ﬁ/|<p|dx</h(pdx<f1/ lpldx.
Q Q Q
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This is a sort of generalized orthogonality condition: the (L?) scalar product be-
tween h and ¢ must not be too large, compared to the limits of f at £oo. Note
also that if & is orthogonal to E, then the preceding inequality is always satisfied.
Compare with Remark 4.4.15.

As in the preceding section, weak solutions of (4.24) are critical points of the

functional
1 2 A 2
Jwy=={ |Vu|* == | u"dx— | Fu)dx— | hudx,
2Jq 2 Ja Q Q

where F (1) = fot f(s)ds. Again, due to (f19), the functional J is in ch1 (H& ().
We are going to prove the following result.

Theorem 4.4.17 Ler 2 C RN be open and bounded. Assume that (f19) holds and
that the limits f; and f, exist and satisfy (4.25). Let A be as in (4.27). Then for every
heL*(RQ) satisfying (LL), Problem (4.24) admits at least one weak solution.

We are going to prove this theorem by an application of the Saddle Point Theo-
rem.

It is remarkable that the proof of this result as it appeared in the original paper
[28] is considerably different and more complicated than the one we give here. This
is because at the time of [28] the Saddle Point Theorem was not yet available.

As usual we divide the proof in two problems: the analysis of the compactness
properties of J and the verification of the required geometrical assumptions. It is
interesting to remark that the resonance assumption affects both problems, making
proofs more difficult.

We start with the analysis of compactness. Recalling (4.28), we split

Hy(Q=E®E"

and we write u € H(}(Q) asu=w+v,withwe E andv e EL.
Lemma 4.4.18 The functional J satisfies (PS). for every ¢ € R.

Proof A part of the proof works exactly as that of Lemma 4.4.12, and we will not
repeat all the computations.
Let {u;} be a Palais—Smale sequence at level ¢ € R, namely,

J(up) —c¢ and J'(ux) — 0.

If {ux} is bounded, then, up to subsequences, it converges strongly in H(} (R2), exactly
as at the end of the proof of Lemma 4.4.12. So the proof reduces to showing that i
is bounded. Now if we write uy = wy + vk, with wy € E and vx € EL, we have of
course

/Vwk~Vzdx—k/ wigzdx =0
Q Q
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for all z € HO1 (R2), by definition of A and E. Therefore the condition J'(u;) — 0
reads

/Vvk -Vzdx — A/ vezdx — / fug)zdx — / hzdx =o(1)]z] (4.29)
Q Q Q Q

forevery z € H(} (£2). This is the form that (4.20) takes in the resonance case. Repeat-
ing step by step the computations that follow (4.20), one shows that vy is bounded
@f |Jvg |l = oo, then as in Lemma 4.4.12 one shows that vi /|| vk|| converges to an
eigenfunction relative to A in E L. which is impossible).

Thus the real problem is to show that wy is bounded. In the proof of
Lemma 4.4.12, this problem is not present because E = {0}.

So we assume for contradiction that ||wg|| — co. The sequence wy/||wg] is
bounded and, up to subsequences, it converges strongly in HO1 (€2) (because E has
finite dimension) and almost everywhere in 2 to some ¢ € E. Since the convergence
is strong, ¢ # 0.

Since v is bounded in H(} (£2), we can assume that up to subsequences, it con-
verges to some v a.e. in 2. Then we see that

wi (x)
flwg ||

In the preceding relation we have used the fact that ¢, being an eigenfunction, is
almost everywhere different from zero, as we stated in Theorem 1.7.3. Define a
function foo : 2 — R as

+oo ifp(x) >0,
—oo  ifp(x) <0,

up(x) = ||lwgll + vp(x) — { a.e.in Q. (4.30)

_ S ife(x) >0,
f“(x)—{fl if p(x) <O0.

Then from (4.30) we see that
fur(x)) = foo(x) a.e.in L,
and since f is bounded, by dominated convergence we have

fu) = foo

(4.31)

in every L?(2) with p finite.
Now we choose z = ¢ in (4.29) and we let k — 00: we obtain

—/ foo(pdx—/hgpdx:(),
Q Q

/hwdx:—/foowdxzﬁfw_dx—fr/(ﬂ+dx-
Q Q Q Q

This contradicts (LL), and shows that also wy must be bounded. The proof is com-
plete. O

namely

Now we check that the geometrical assumptions of the Saddle Point Theorem
hold.
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To this aim we set, as in the nonresonant case,
E, =span{pi,...,¢n}, and V = Enl =clf{span{g |k >=n+1}}. (4.32)

Notice that the space E used in the previous lemma is now part of V; this is what
makes the estimates more complex.
First the easy part. Since the inequality

2 2
lul” < An |1/l|2 Yu € Ey

still holds (see (4.23)), denoting by B} the ball in E, of center zero and radius R,
one can prove exactly as in the nonresonant case, that

max J(u) - —oo
uedBy

if R — oo.
Now we turn to the hard part, the estimate from below on V.
Lemma 4.4.19 We have

inf J(u) > —oo0.
ueV

Proof We write V as
V=E®F,

where E is the subspace defined in (4.28), and F' = cl{span{p; | j > n + k + 1}}.
Notice that F is the orthogonal complement of E in V. Accordingly, we write each
ueVas

u=w-+v,

where w € E and v € F. Recall that w and v are orthogonal both in H& (2) and in
L2(). Also,

2 2
V1" = Ansry1lvl; Vv eF,

see (4.23).
Bearing all this in mind, we see that for every u € V,

1 2 A o
Jw)==[ |Vul"—= | u“dx— | Fu)dx— | hudx
2J)a 2 Ja Q Q
1 A 5
>—|1- |Vu|“dx — | F(u)dx — | hudx
2 Antk+1 Q Q Q

:,u||v||2—/ F(u)dx—/hudx, (4.33)
Q Q

with u > 0.
Since f isbounded, |F(t)| < b|t| for every t € R and for some constant b. There-
fore from the preceding inequality we obtain

T@) = plvl* = Cllull = |klalulz = uwlvl® = Cllvl| = Cllwll,  (4.34)
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for some positive constant C independent of u.
Assume for contradiction that there exists a sequence uy = wi + v € V such
that

J(uy) —> —o0 (4.35)
as k — oo. Then we claim that
llwg |
— +00. (4.36)
lvll

We assume here that ||vg|| # O; if this is not the case the proof is simpler and we
omit the details. To check (4.36), notice that from (4.34) and (4.35), we have

2
pllvell” = Cllvell = Cllwe || = —o0,

so that necessarily ||wg| — oo. If ||vg|| is bounded, we are done. If ||vg|| — oo, then
writing the preceding relation as

llw I
IIUkI|<M||ka| —-C-C—)—>—

[l

shows that (4.36) must be true.

Now, as in the preceding lemma, we can assume that there exist ¢ € E \ {0} and
v € F such that (up to subsequences),
Wi () — @(x) and () —

lwll okl

almost everywhere in 2. Note that ¢(x) £ 0, since the convergence of wy /|| wy|| is
strong, as above. Therefore, by (4.36),

v(x)

B we@) el v ()
up(x) = lwell
lwell  llwkll Mol
400 ifp(x) >0, .
{ —oo ifg(x) <0, a.e.in Q. 4.37)
Next we claim that
1
mF(uk(x)) — foo@(x) a.e.in 2, (4.38)
Wy
where f is the function defined in (4.31). To see this note first that
F(t F(t
fim T pand aim Z9 g
f——00 t—+o00 f

by the de I"Hdpital Theorem. Now for almost every x in the set where ¢(x) > 0, we
have, for all k large,

1 up(x) F(ug(x)) ve(x)  wr(x)\ Fug(x))
——F(up(x)) = = .
llwe || lwell  wr(x) lwell  Nwll ur(x)

When k — oo, from the preceding discussions we see that

w@) el ve@) wi (x) F(ug (x))
= - - k),  ——E o,
lwell ~ Twell Tl lwxl e (x)

’
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almost everywhere where ¢(x) > 0. The last limit of course is f; a.e. in the set
where ¢(x) < 0. Then (4.38) is proved.

Now we check that the convergence in (4.38) actually holds in L' ().

The function uy /||ug|| is bounded in H(; (£2), and therefore, up to subsequences,
it converges strongly in L'(£2), and there exists u € L' () such that

Ol _ ) e ing.
ekl
Then
F
| F (ug(x))] < |1y ()] _ gl oy ()] <C+Culr) e LI (@)
llwg | lwel lwill Nukll

a.e. in €2, because by (4.36) the coefficient ||ug||/||wk| is bounded independently
of k. Then by dominated convergence,

F(uy)
flw |l

We are now ready to conclude. Since uy /||wg| is bounded, up to subsequences it
converges weakly in HO1 () and strongly in L*(£2); by (4.37), it must be

— foop in LY(Q).

uj
[lwel

Then from (4.33) we see that

J(uk)zuuvknz—/ka)dx—/ghukdx

1 uk
=M|Ivk||2—||wkll<—/ F(Mk)dX+/h—dx)
lwill Jo o llwell

z—IIwkII(/Qfooq)dx+/Qh<pdx+0(l))

:—||wk||<fr/(p+dx—f1/<pdx—i—/hgodx—}-o(l)).
Q Q Q

By (LL), the quantity in the round bracket is strictly negative for large k, so that we
obtain

J(uy) —> +o0
as k — oo, contradicting (4.35). The proof is complete. 0
End of the proof of Theorem 4.4.17 The functional J satisfies the Palais—Smale con-
dition at every level and the geometrical assumptions of the Saddle Point Theorem

if we choose E, and V as in (4.32). Then J has a critical point, namely Problem
(4.24) has a weak solution. O

Remark 4.4.20 The Landesman—Lazer conditions (LL) may seem a bit mysterious
at first glance. However they arise naturally as necessary conditions for the existence
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of a solution to (4.24), under a slightly stronger assumption. Indeed, if on f we also
assume that

fr<f@)<fi VteR, (4.39)

then we can prove that the existence of a solution to (4.24) implies (LL). To see
this, let u be a solution of Problem (4.24). Then for every ¢ € E,

0:/Vu~ng)dx—A/ugodx:/f(u)(pdx—i—/h(pdx,
Q Q Q Q

/ hodx = — / Fpdx = / Fue™ dx — / Fag* dx.
Q Q Q Q
By (4.39),

/hwdx:/f(u)go_dx—/f(u)<p+dx<f1/<p_dx—fr/<p+dx
Q Q Q Q Q

and, similarly,

/hwdx _ f Fe™ dx — / Fag*dx > fr/ o dx fz/ o dx,
Q Q Q Q Q

and these are the Landesman—Lazer conditions.

so that

4.5 Problems with a Parameter

In many mathematical problems deriving from applications the presence of one pa-
rameter (or more) is a relevant feature, and the study of how solutions depend on
parameters is an important topic. Most of the work on such questions uses tools
different from those explained in this book, such as bifurcation theory; we refer for
example to [2, 4] for a more extensive treatment of this matters. However some in-
teresting results can be obtained also in a variational framework, and in this section
we give some examples.

We start with a very simple model case where an insight on the problem is ob-
tained by elementary computations. Consider the problem

—Au+qgxX)u=1ul?"2u inQ,
u=~0 on 0<2,
with the usual hypotheses: 2 is a bounded open set, ¢ € L>°(2) and g > 0,

p € (2,2%). We know, by the theorems of Sects. 2.3 or 4.3, that (4.40) admits a
nonnegative and nontrivial solution for all A > 0. Let u be a solution for A = 1. It

(4.40)

is then immediate to see that u) = )L_#u is a solution of (4.40). Hence we have
a family {u, }, of solutions such that ||u, | — 0 when A — +o00 and ||u; || - 400
when A — 07. We now want to show that a similar result holds in a more general
framework. So we consider the nonlinear eigenvalue problem

{ —Au+qgx)u=xrf(u) in <,

u=20 on Q2. (4.41)
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Denoting as usual F (1) = fot f(s)ds, we can prove the following result. In its state-
ment, and in all the statements of the next theorems, the positivity of ¢ in assumption
(hp) can of course be replaced by (2.3).

Theorem 4.5.1 Assume that (hy), (£3), (f¢) and (f7) hold. Then the following state-
ments hold.

(1) If there exist r > 2, M1 > 0 and t| > 0 such that f(t) > Mlt’_lfort € [0, 1],
then for every A > 0 there exists a nonnegative and non trivial solution u; of
(4.41) such that ||uy | — 0 as A — +o0.

@) If F(t) > O forall t > 0 then for every A > 0 there exists a nonnegative and non
trivial solution u;, of (4.41) such that ||uy || — 400 as A — 0.

Proof As we are interested in nonnegative solutions, we can assume that
f(t) =0forall + <0 (recall Example 1.7.10). The existence result is a consequence
of the Mountain Pass Theorem 4.3.1 applied to the functional

1
J(u) = Enun2 - x/ﬂ F(u)dx.

Arguing as we have done in the proof of Theorem 4.4.3, it is easy to see that J is a
C!! functional over H(} (R2) satisfying (PS). Moreover, the assumptions of the theo-
rem imply (fg)—(f9), so that we can apply Theorem 4.4.3 and obtain a nontrivial and
nonnegative solution. All we have to do is to show that we can choose a mountain
pass solution satisfying the requested asymptotic properties. This will be done by
constructing some particular minimax classes separately for statements (i) and (ii).

(1) We study the case A — +o00. Without loss of generality we can assume that
F(t) > M;t" for all t € [0, t;]. Also recall that F(¢t) =0 for all + < 0. Now fix a
function v € H(} (£2)\{0} such that 0 < (x) <1 for all x € 2. We have

1
IREETE —Ale v dx,
Q

so that there exists A > 0 such that J;, () < O for all A > A. Let us now investigate
what happens close to zero. Arguing as in the proof of Theorem 4.4.3, we see that

1 « 1 .
J(u) > Z||u||2—cu|u||2 = ||u||2<4—1 — Chllu)? 2>,

where C does not depend on « nor on A. We define

1 \7=
p*‘(scx)

and we notice that, for large A, we certainly have p, < ||¢||. Clearly, when
llull = oa,
2
NOE % > 0.
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2
Setting o), = %, we have obtained some particular values for which the geometrical
hypotheses of the Mountain Pass Theorem are satisfied. So for large A we can define

={y(0,1D) |y :[0,1] — HO1 (£2) continuous, y(0) =0, y (1) =}
and
= inf J, 1)),
ch ynelr max. A (v (1))
and we obtain that c; > 0 is a critical value for J, . Let u; be a critical point of J, at

level ¢, (that is, a solution of (4.41)) such that J, (u;) = c,. We claim that ¢;, — 0
as A — +o00. To see this, we first notice that

¢, < max Jy(ty),
t€(0,1]
and, for ¢t € [0, 1],
1 1
L) =1 =y - A/ F(ry)dx <> 2|y |* — letr/ v dx.
2 Q 2 Q
Consider the real function
1
n(r)=t25||1/f||2—w1r’/ Y dx,
Q

on the interval [0, 1]. By elementary computations we see that 7 attains its maximum

at the point
1
o ( 112 )
ArMy|y I} ’

and that the value of this maximum is

1 1 1
n(tu:tiinwnz—wm/ Y dx=a

—b—,
=" =

where a, b are positive constants depending on . This implies that

max L@ < max n(t)=(a—>b)——
t€[0,1] =

El

and hence

O<cpy<(a—D>b)

A2
so that ¢; — 0 as A — oo, as we claimed. From this it is easy to deduce that
|ty || = O. Indeed, we have

1
e = D) = = lupll* — )»f F(uy)dx
2 Q
and

1, I
0=—J(uup=—lupll”— = | f@)u,.
m m o
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Subtracting and using (f3), we see that

11 2 1 11 2
o= (L DY H/<_f(m)ux_mx) de = (5=~ )lus ).
2 Q\ K 2w

This shows that ||u, || = 0 as A — +o00.
(ii) We now study the case A — 0. From (fg) and (f7) we deduce that there are
constants M», M3 such that

F(t) < Mat> + Mat?

for all # > 0. Also, from (f3) and that fact that F(z) > 0, we see that F'(t) > Ct* for
all # > 0, and of course u < p. Letus fix ¢ € HOl (2)\{0} such that v (x) > 0 for all
x € Q. We have, for every r > 0,

JA(“/f)Stzélll/fllz—?»Cl“/W‘dx-
Q

For every fixed A we want to choose #, such that J; (¢#,¢) < 0. From the above
computations we easily see that we can choose any ¢ such that

WI? \F_ (1)
t>| ————— =\ - ai,
21C [ Ut dx A

where a; > 0 is a constant depending on . To fix ideas, we choose
o] =
Hh = - ai.
2 y 1

1
Lty) <0 and |6 || = —ao,
AE2
where a; does not depend on A, and of course ||£; V|| — 400 as A — 0T. As in case
(i) we estimate

Then we have

1 . 1 .
Jy(u) > Znunz—cxnun2 = ”””2<z — Calul? 2>,

so Jy(u) > % for small A and |ju|| = 1. If we choose p =1 and @ = %, for small
A we obtain ||£, ¥ ]| > p and we have again some particular values for which the
geometrical hypotheses of Mountain Pass Theorem are satisfied. So we define, for
every A > 0,

T ={y(0,11) | y : [0, 11— HZ(£2) continuous, ¥ (0) =0, y (1) = ;1)
and

¢, = inf max J,(y (1)),
yel) te[0,1]
and we obtain a critical point u, of J, at level c;. We claim now that ¢, — +o00 as
A — 07, To see this, let ¢ € (0, 1) to be fixed later. By continuity, for every y € T';,
there exists 7 € [0, 1] such that
- £
lyOll =eltnyll = ——ax.

An-2
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Setting v = y (f) we estimate

- 1
Ly (D) = Envn2 - A/Q F(v)dx

> ——a3—AM3 | vidx —AM, |v|P dx

P= Q Q

: 2

> —5—a3 — AC|[v[|* = AC|v||?

An=2

2 &2 eP
=——a3—A———a4 — A—5—as,

AR2 AR2 An-2

where a; are positive and independent of A, i = 3,4, 5. Noticing that 0 < ‘;%g <1,

we take
pP—H
ae| ——,1
<p—2 )
and for every 0 < A < 1 we choose a particular value for &, namely
e = Aﬁ.

By elementary computations we obtain

~ 1 1 1
J}L (V (t)) = 2 2a asz — 22« a4 — p—pa as =: b()\')v
=1 = =

so that
max_J(y(¢)) = b(A).
te[0,1]

Since this holds for every y € I'y, we deduce that
¢y =>b(A).
On the other hand, as ¢ < 1, we have
2 -2«
w—2

while o > ’;)—T’ZL implies
2—-2a p-—pa
- —_
w—2 n—2
Therefore b(A) — 400 as A — 0T, which implies that ¢; — +o00 as A — 0%, and
the claim is proved.
To conclude the proof of part (ii), let {A;}; be a sequence such that A; — 0% as
k — 4o00. Assume for contradiction that {||uy, ||}« is bounded. It is then easy to see
that also Jy, (4y,) is bounded, a contradiction. We deduce that for every sequence
{Ak}k such that Ax — 0T, the sequence {||us, ||}k is unbounded. This means that
llupl| = +ocas A — 0T, O

1.




4.5 Problems with a Parameter 183

Remark 4.5.2 If 2 < p < r < 2* the function f defined by f(r) =P~ +¢"~! for
t > 0and f(r) =0 for r <0 satisfies all the hypotheses of the preceding theorem.
For such a nonlinearity we then have a family {u,} of non negative mountain pass
solutions of (4.41) such that |ju; || — 0 as A — +o0 and |lu; || — +oo as A — 0T,
This f is not homogeneous, so the simple scaling argument that we used at the
beginning of the section for the nonlinearity f(r) = ¢”~! does not work.

We now consider Problem (4.41) with a different nonlinearity f, exhibiting a
different power-like behavior near zero and near infinity. We consider 1 <r <2 <
and we define a function f : R — R as

=1 ifrelo, 1],
foy=3"1 ifr>1, (4.42)
0 ift <0

As usual we set F (1) = fot f(s)ds, so that

Lps if 1 €[0,1],
Fy=1Lirm—141 jfr>1, (4.43)
0 ifr <O0.

Notice that 0 < f () < |¢| for all #, so the usual arguments show that the functional
U / F(u)dx
Q

is well defined in HOI(Q) and its differential is locally Lipschitz continuous. We
want to study existence, multiplicity and asymptotic behavior of nonnegative non
trivial solutions of (4.41), for A > 0. We will look for critical points of the C!-!
functional

T(u) = %IIMIIZ—A/SZF(u)dx. (4.44)

The functional J), is coercive (see below the proof of Theorem 4.5.4), and from this
it is easy to see that it satisfies the (PS) condition (see Exercise 10).
First we give a “negative result”.

Proposition 4.5.3 Assume that (hy) holds. Then for all A € [0, A1] the only nonneg-
ative solution of (4.41) is the trivial one.

Proof 1f J){ (u) =0 and u is nonnegative, then

A
llull? =x/ fudx < x/ u>dx < —|ul|®
Q Q A

by the Poincaré inequality. Therefore A > A1. The case A = XA is impossible because
the preceding inequality would become an equality, and so u = t¢; for some 1 € R.
But r¢; solves the equation only if + = 0. Therefore the existence of a nontrivial
nonnegative solution implies A > A1. O
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Now we show that a first nontrivial solution exists provided A is large enough.
Theorem 4.5.4 Assume that (hy) holds. Then there exists L, > 0 such that for every

A > Ay there exists a nonnegative solution v;, to (4.41) such that
J)\(U)L) = min JA(M) <0.
ueH} (Q)
Proof Choose any v € HO1 (£2)\{0} such that v > 0. It is then obvious that
Jy(v) > —00 as A — 400,
so that also

inf  J,(u) > —oco asi— 4o00.
ueH} (Q)

Hence we can fix A, > 0 such that infueHol @ J(u) <Oforall A > A,.

On the other hand, for every fixed X, J, is bounded from below. Indeed, for all
ue HO1 (2) we have

1
Jy(u) = Enun2 - A/Q F(u)dx

1 A A 1 1
gt =2 [ wax=2 [ wav-a( - )w=
2 § J{o<u<1) r J{1<u} s r

1 A 1
> —lul]? = AC — —/ lul” dx > ~ul* — AC — AC||ull",
2 r Q 2

which implies that Jj, is coercive because r < 2. By the usual arguments of Chap. 2,
we obtain that J, has a minimum value which is attained by some v;.
For A > A, of course

J)\(v)\) = inf JA(M) < 0,
ueH}(Q)

and so vy, is not identically zero. Since v;, is a solution of (4.41), then v, > 0, be-

cause f(t) =0 for t <0 (see Proposition 1.7.9). O

To find a second nontrivial solution we show that J, satisfies the assumption of
the Mountain Pass Theorem near zero. Precisely, we fix a function ¢ € HO1 (2)\{0}
such that 0 < ¢ < 1. For large A’s we have J, () < 0. We now show that we can
find a second solution by a mountain pass procedure on the paths joining O to .
Lemma 4.5.5 For large A’s there exist oy, p). > 0 such that

lull = p5 implies J,(u) > .
Moreover ||| > p;.

Proof Setting p = min{s,2*} we have 2 < p <2* and 0 < f(¢) < |¢|P~! for all ¢,
so that
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1 A ' A I 1
=g = [ war= [ waxea(§ e
2 § J{o<u<1} r J{1<u} s r

1 A A
> ||u||2——/ updx——/ uP dx
S J{o<u<1} I J{l<u)

1 1 1
flul|* —A(— + —)/ |u|” dx > = ul* — AC|lull?
s r)Jo 2

1 _
= ||u||2<§—xcnu||" 2>.

If we choose
1

1 =2 1,
Pr = (m) and oy = Zp)u

then we obtain that J; (1) > o > 0 when |[u|| = p;, and ||y || > p; for large A’s. O

Theorem 4.5.6 Assume that (hy) holds. Then for large \’s the functional J) has
two non trivial non negative critical points, a minimum v, and a mountain pass
critical point u;,.

Proof Thanks to the preceding lemma it is easy to prove that J, satisfies all the
hypotheses of the Mountain Pass Theorem. The critical point corresponding to the
global minimum is given by Theorem 4.5.4. The two solutions are different because

Ji(p) <0 <oy < Jp(up). -
Theorem 4.5.7 As L — 400 there results ||v, || = +o0 and ||u, | — 0.
Proof We first consider the minimum point v, . Assume for contradiction that the

claim is not true. Then there would be a sequence Ay — oo such that [jvy, || is
bounded. Let us write vy = vy, . We already know that

Jyy(vg) > —o0  as k — oo. 4.45)

On the other hand we have

||vk||2=Ak/ f(vk)vkdxzkkf ugdx+xk/ vl dx.
Q {O=<ye <1}

{1=wi}

By assumption, ||vg|| is bounded and therefore, if we define

ak:Ak/ vidx and bk:)»k/ v dx,
{0=<y <1} {1=<v}

{ar}r and {by} are bounded sequences too. If we set

cx =M |{ox = 1}

)

we obtain 0 < ¢, < by, which shows that also {ct}x is bounded. We can then com-
pute
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1
S (0) = 5||Uk||2 — i fg F(vg) dx

1 Iy
=—||Uk||2_—/ v dx
2 s Jio<u<y

) 11
- v,ﬁdx—/\k(———>|{vk31}y
N r

" Ji<w

1 1 1 1 1
= ~llwll* = = ax — = bx — (— -~ —)ck.
2 K r s r

This gives that Jy, (vr) is bounded, contradicting (4.45); thus [lv,|| cannot be
bounded as A — 0.

As far as ||u, || is concerned, we recall that this solution is obtained by a minimax
procedure on the paths joining # = 0 with a fixed function € H(} (2)\{0} such that
0 < < 1. Hence, if ¢, is the mountain pass critical level,

0 <c) < max J,(ty).
tel0,1]

For t € [0, 1] we have

I ,
hp) =S¥ —?»;/Qllfédx,

and the argument is now exactly the same as that of Theorem 4.5.1. 0

4.6 Exercises

1. Let H be a Hilbert space and let J € C L(H). Prove that if J satisfies (PS).,
then the set of critical points at level ¢, namely
Ke={ueH|Jw =c,J (u)=0}

is compact.

2. Let H be a Hilbert space and let K : H — R be C! and such that VK : H — H
sends bounded sets into precompact sets. Consider the functional J : H — R
defined by

1 2
S )= Sllull” + K ).

Show that J satisfies the Palais—Smale condition if and only if every Palais—
Smale sequence is bounded.
3. Let p € (2,2*) and consider, on H'(R"), the functional

1 A
I(u)= IVul“dx+ = | u dx —— lul? dx.
2 Jr¥ 2 Jry p JrY

(a) Show that uy is a sequence that tends to O (strongly in H LRNY) if and only
if uy is a Palais—Smale sequence at level 0.
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(b) Show that the Palais—Smale condition does not hold at any level ¢ # 0.
4. Let B be the unit ball centered at zero in RV, with N > 3, and let H/ 4 be the

0,ra
space of radial functions in H (B), with norm |ju||> = f |Vu|>dx. Leta > 0.
(a) Use Lemma 3.1.2 to show that there exists C > 0 such that

2
/B lu|?|x|“dx < C|u||? Vpe <2,2* + N_i‘{z),‘v’u € Hol,md‘
(b) Prove that if u; tends to u weakly in HO1
pe2,2*

rad’ then, for every exponent

/ lug — u|P|x|* dx — 0.

Hint: take g € (p,2*+ ~5), so that p =26 + (1 —6)q for some 6 € (0, 1)
and write

ke = P x| = Juge = 27 1x P Juge — ] 1702 170

Use the Holder inequality and the Sobolev embeddings to conclude.
5. Using the notation and the results of the previous exercise, prove that the Hénon
equation

—Au=|x|%ul’~?u in B,
u=0 on 0B,

lgas at least one solution in Hol’m d for every p € (2,2*
y
(i) applying the Mountain Pass Theorem to the functional

1 1
I(u):—/ |Vu|2dx——/ [u]P|x|* dx
2 /B P JB

(i) minimizing the functional

[ |Vu|*dx
([ lulP|x|*dx)>/p
This problem has been solved in [37].

6. Assume that @ c RV is open and bounded, and let f : [0, 400) — [0, +00) be
continuous and satisfy

Q) =

f@)y<a+b*' ¥r>0 and 1nf@:y>0,

for some a, b > 0. Prove that the problem
—Au=Xrf(u) in<,
u=>0 in €2,

u=>0 on 0%2,

has no solutions (e.g. in H (Q))if A > AL, Hint: multiply by ¢;.
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7. Let f:R — R satisfy f(0) =0 and assume that there exist p € (2,2*] and
C > 0 such that

|£(6) = F(®I < Clt —s|(t| +IsDP~* Ve, s eR.
Set F(t) = f(; f(s)ds. Prove that the functional J : H' (RY) — R defined by

1 1
J(u)=—/ |Vu|2dx+—/ uzdx—/ Flu)da
2 JrN 2 JrN RN

isin CHY(HY(RM)).
8. Let J be the functional of the preceding exercise, but assume in addition that
p € (2,2%) and that there exists u > 2 such that

f@)t=>=uF@) VteR.

Prove that if J is considered not on all of H!(R¥) but on the subspace H,
of radial functions, then J satisfies the Palais—Smale condition. (Hint: use the
compactness of the embedding of H, in L”(R") for p € (2,2%)).

9. Assume that f satisfies all the assumptions of the preceding exercise, and more-
over that there exists 7o > 0 such that F () > 0. Using the result of the previous
two exercises, prove that the problem

{—Au—}—u:f(u),

u € H,

admits a nontrivial and nonnegative solution via the Mountain Pass Theorem.
10. Prove that the functional J; defined in (4.44) satisfies the Palais—Smale condi-
tion.

4.7 Bibliographical Notes

e Section 4.1: The Palais—Smale compactness condition was introduced in infinite
dimensional Critical Point Theory in a series of works by Palais and Smale, in
a slightly different form, see [40]. Our definition is the most used in the litera-
ture. For more precise, quantitative versions of the Deformation Lemma, see for
example the books by Rabinowitz [43] and Struwe [45].

e Section 4.2: A most general form of the minimax principle can be found in the
work of Palais [38]. The books [2, 26, 35, 43, 45, 48] all work extensively with
minimax classes and should be consulted to see how the theory presented in these
notes evolves. The original paper by Ambrosetti and Rabinowitz [5], already con-
tains different examples, including “dual” minimax classes.

e Section 4.3: The Mountain Pass and Saddle Point theorems admit many variants
and extensions. Particularly useful are the versions that deal with even functionals
(i.e. such that I (—u) = I(u)). In this setting the functional is likely to possess
infinitely many distinct critical points; see [43] or [45]. These kind of results are
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particular cases of theories dealing with functionals invariant under the action of
some compact group of transformations (index theories). The interested reader
can consult the quoted books [43, 45] for readable expositions of a subject that
soon evolves towards algebraic topology.

e Section 4.4: The Mountain Pass Theorem applies of course to more general prob-
lems than the ones presented in these notes, for instance those where the non-
linearity also depends on x. The proofs are more technical, but up to a certain
point nothing new appears. Check [43] or [8] for more examples of this kind.
The functionals associated to many problems with critical growth also satisfy the
geometrical assumptions of the Mountain Pass Theorem:; it is the Palais—Smale
condition that fails. Struwe [46] (reported in [45]) characterized all the levels at
which the Palais—Smale condition is not satisfied for problem (4.17), with p = 2*
(and g(x) =0).

Asymptotically linear problems: the Landesman—Lazer conditions are just an
example of a sufficient condition for the existence of a solution in a resonant
problem; the paper [28] was the first to consider resonance. Other resonant prob-
lems that can be treated include cases where, roughly, f tends to zero at infinity
and F tends to infinity (see Ahmad, Lazer and Paul [1]), or F tends to a constant
(“strong resonance”, see Bartolo, Benci, and Fortunato [7]), or cases where f is
periodic (Solimini [44]).

e Section 4.5: Problems with parameters are studied intensively, by means of vari-
ational techniques or bifurcation methods, or a combination of the two. An intro-
ductory exposition, with many examples, can be found in [2, 4], together with an
ample bibliography.






Index of the Main Assumptions

In this book we use many different hypotheses on the data of the problem currently
under study. Some of them differ from each other only slightly, for technical rea-
sons. It may happen that some assumptions apply to different problems, and in this
case they are invoked many pages after they had been originally stated. For the con-
venience of the reader we provide here an index of all the assumptions that are used
in this book so that these can be quickly looked up in this page.

(f1)) f:R— Risofclass C' and is odd.

(f2)  f'(0) =0 and there exists p € (2,2*) such that limsup,_, | ., |tf,:(_t2)‘ < +o00.
(f3) There exists u > 2 such that f(t)r > wF(¢) forall r € R.

(f4) For every t € (0, +00) there results f/(£)t > f(z).

(fs) The inequality f/(£)t > (u — 1) f(¢) > 0 holds for every ¢ € (0, +00).

(f¢) There exist p € (2,2*) and C > 0 such that for all 5, € R,

1F@) = f©)] < Cle —s| (s + [t] + P2

(f7) lim; o L2 =0.

(fg) There exist M > 0 and w > 2 such that f(z)r > wF(¢) when |t| > M.

(f9) There exists fy € R with |fg| > M such that F(zy) > 0.

(fi0) f € C'(R), f is bounded and | f/(r)| < C(1 + [t]*" 7).

(g1) g:R— Risofclass C! and is odd.

(g2) £'(0) =0 and there exists # € (2, i) such that lim SUP; s 0o 'ﬂﬁ’;‘ < 400.
(g3) The inequalities g(¢r) > 0 and g’ (¢)t < (u—1)g(¢) hold for every ¢ € (0, +00).
(hy) € c RY is bounded and open, g € L>(R) and g(x) > 0 a.e. in Q.

(hy) hel*Q).

(h3z) f:R — Ris continuous and bounded.

(hg) f:R — Ris continuous and there exist o € (0, 1) and a, b > 0 such that

|f(t)| <a+b|t|” VteR.
(hs) f:R — Ris continuous and there exist a > 0 and b € (0, A1) such that

|f(t)| <a+blt] VteR.
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(hg) f :R — Ris continuous and there exist a, b > 0 such that
IfOl<a+blt” ™! VieR.
Moreover
f(s)s <0 VseR.

(h7) There exist an integer v > 1 and «, 8 € R such that

Sf(S)—f(t)

M <a
s —1t

<B <Ay Vs,teR.

(q1) inf gy g(x) > 0 and limy | 100 g(x) = +00.
(q2) ¢ is continuous and 0 < § :=infry ¢ < suppy ¢ =: o < 4-00.
(q3) limy—100q(x) =0
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