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Foreword
The fixed income markets have always been centres of innovation and creativity. This much

is apparent from even a cursory glance at developments in recent and not-so-recent history.

However, it is only in the last twenty years or so that such innovation has really been required,

as markets changed significantly and capital started to move freely. The bond market has been

the vital conduit through which capital has been raised; continuing product development in

the markets has made a significant, and irreplaceable, contribution to global economic

progress. The range of products available is vast and growing, as the needs of both providers

and users of capital continually alters in response to changing conditions. This economic

dynamic means that market participants observe a state of constant learning, as they must

if they are to remain effective in their work. Consider, for instance, the new instruments and

techniques that we have had to become familiar with in just the last few years: new instru-

ments for hedging credit risk, new techniques for raising capital through synthetic securitisa-

tion of the most esoteric `reference' assets, and new models for fitting the term structure of

interest rates ± there is much for market participants to keep in touch with. Inevitably

practitioners are required to become specialists, as each segment of the debt markets

demands increasingly complex approaches in addressing its problems and requirements.

Of course, users of capital are not limited to existing products for raising finance or hedging

market risk exposure. They can ask an investment bank to design an instrument to meet their

individual requirements, and target it at specific groups of customers. For example, it is

arguable whether the growth of the `credit-card banks' in the United States (such as MBNA)

could have occurred so rapidly without the securitisation mechanism that enabled them to

raise lower-cost funding. Witness also the introduction of exotic structured credit products,

such as the synthetic collateralised debt obligation (CDO), which uses credit derivatives

in its construction and followed rapidly on the development of more conventional CDO

structures. The so-called `CSO' was designed to meet regulatory capital and credit risk manage-

ment requirements, as opposed to funding requirements. The increasing depth and complex-

ity of the markets requires participants to be completely up-to-date on the latest analytical and

valuation techniques if they are not to risk being left behind. It is clear that we operate in an

environment in which there exists a long-term interest in the application of ever more sophis-

ticated valuation and analytical techniques. The level of mathematical sophistication in use in

financial markets today is phenomenal, not to mention very specialised.

That is why this book, from one of the leading researchers and writers on fixed

income today, is such a welcome publication. I should of course say `books', as we have a

series here that forms part of a handsome Library. The antecedents of the author promise

that these books will make a high-quality contribution to the field. But it is the books' clarity

of approach and focus that I am most excited about. The books are welcome because they

are part of the continuing need to remain, as Alan Greenspan would have said, ahead of the

curve. They contain insights into practical techniques and applications used in the fixed

income markets today, with a hint at what one might expect in the future. They also

indicate the scope and significance of these techniques in the world of finance. Readers

will notice that the text is fairly technical at many points. This reflects the level of math-

ematical sophistication one encounters in the markets.
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If the author will indulge me, I would like to highlight those parts of the books I was

particularly interested in.

The treatment of yield curve analysis in Advanced Fixed Income Analysis is first rate. For

instance, I liked the comprehensive description of the `variable roughness penalty' approach

to cubic spline estimation of the term structure (Chapter 6). The author rightly points out

that most market practitioners can have their analytical needs met by the simpler tech-

niques of yield curve fitting, and only exotic option traders, who wish to model the volatility

surface, really need to resort to multi-factor term structure models. That is why the practical

demonstration of the cubic spline technique is so welcome in this book. Portfolio managers

using this technique will get a good understanding of recent movements in the yield curve as

well as good interpretive information for the future. Elsewhere we have a comprehensive

treatment of the main single-factor and multi-factor yield curve models in use, with useful

comment on the efficacies of using both. The practical implications of using the different

interest-rate models are well handled and Chapters 4 and 5 will be of value to practitioners.

There is also accessible coverage of the Heath±Jarrow±Morton interest-rate model,

described and explained here in its single-factor and multi-factor forms. The author cleverly

draws out the link between academic research and market applications by showing how

financial institutions are able to continue meeting their clients' ever more complex require-

ments by incorporating insights from research into their product development.

I am very enthusiastic about the book Corporate Bonds and Structured Financial

Products. The author captures all the key capital raising instruments. I was fascinated

to learn about the synthetic asset-backed CP structure or `conduit'. Distinct from conven-

tional AB-CP programmes, I was very interested to read about this. Of course, one might

(in hindsight!) easily have predicted its development, mirroring as it did the practice seen in

the bonds and note market when credit derivatives were allied with traditional securitisa-

tion techniques to produce the synthetic CDO. The author presents a new look at estab-

lished and new products, and both venerable and brand-new techniques. As such the book

should be practical interest to fund managers and traders, as well as corporate treasurers.

It is a privilege to be asked to write this foreword. By drawing on both his practical

experience of financial markets and research for his PhD at Birkbeck, University of London,

Moorad Choudhry successfully combines insights from theory and practice to make a

genuinely worthwhile contribution to the financial economics literature. I do hope that

this exciting and interesting new Library spurs readers on to their own research and

investigation; if they follow the application and dedication evident in this work, they will

not be going far wrong.

Professor Christine Oughton

School of Management and Organizational Psychology

Birkbeck, University of London

March 2004
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Preface

This book is a review of the bond markets but with specific emphasis on the fundamental

questions of the yield curve, the processes that determine the evolution of the interest-rate

term structure, and how these processes can be modelled. We consider some advanced

topics in bond market theory, so readers should be familiar with the basic concepts

including interest-rate risk, convexity, the pricing process for bonds with embedded options

and the concept of option-adjusted spread, the fundamentals of index-linked bonds, and

the application of the Black±Scholes model in options pricing. This book reviews:

& the concept of relative value trading using government bonds;

& a number of interest-rate models and the assumptions underlying these models.

We also look at the procedure involved in estimating and fitting the yield curve. This topic is

one of the most heavily researched subjects in financial market economics, and indeed

research is ongoing. There are a number of ways to estimate and fit the yield curve, and

there is no one right or wrong method.

It is important, both when discussing the subject matter or writing about it, to remem-

ber to place the relevant ideas in context, otherwise there is the danger of becoming too

theoretical. The aim is to confine the discussion within the boundary of user application;

there is a great deal of published material that is, quite simply, rather too theoretical, not to

mention highly technical. We must always try to keep in touch with the markets themselves.

The chapters are written from the point of view of both the market practitioner and the

research student.

In the following chapters we look at bond relative value trading as well as interest-rate

modelling. We summarise some interest-rate models, in a practical way that excludes

most of the mathematics. The aim is firmly to discuss application of the models, and not to

derive them or prove the maths. In this way readers should be able to assess the different

methodologies for themselves and decide the efficacies of each for their own purposes. As

always, selected recommended texts, plus chapter references are listed at the back, and

would be ideal as a starting point for further research. This serves to highlight that this book

is very much a summary of the latest developments, rather than a fully comprehensive

review of the subject. The topics would be suitable for a separate book in their own right, and

such a book would make an ideal companion to this book. However there is sufficient detail

and exposition here to leave the reader with, hopefully, a good understanding of the subject.

To begin with we look at relative value trading, and some aspects of this for the bond

trader. We then move on to the second part of this book, and introduce the dynamics of

asset pricing, which is fundamental to an understanding of yield curve analysis. We review

the main one-factor models that were initially developed to model the term structure. This

includes the Vasicek, Cox±Ingersoll±Ross and Hull±White models. In most cases the model

result is given and explained, rather than the full derivation. The objective here is to keep

the content accessible, and pertinent to practitioners and most postgraduate students. A

subsequent book is planned that will delve deeper into the models themselves, and the

latest developments in research. Later we look at more advanced multi-factor models, led
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by the Heath±Jarrow±Morton model. Finally, we review some techniques used to estimate

and fit the zero-coupon curve using the prices of bonds observed in the market, with an

illustration from the United Kingdom gilt market.

The last part of the book considers some advanced analytical techniques for index-

linked bonds. Chapter 9 is a look at some of the peculiar properties of very long-dated bond

yields, including the convexity bias inherent in such yields, and their relative volatility. In

Chapter 10 we review some concepts that apply to the analysis of the credit default risk of

corporate bonds, and how this might be priced.

The dynamics of the yield curve

In Chapter 2 of the companion volume to this book in the Fixed Income Markets Library,

Corporate Bonds and Structured Financial Products, we introduced the concept of the

yield curve, and reviewed some preliminary issues concerning both the shape of the

curve and to what extent the curve could be used to infer the shape and level of the yield

curve in the future. We do not know what interest rates will be in the future, but given a

set of zero-coupon (spot) rates today we can estimate the future level of forward rates

(given today's spot rates) using a yield curve model. In many cases, however, we do not

have a zero-coupon curve to begin with, so it then becomes necessary to derive the spot

yield curve from the yields of coupon bonds, which one can observe readily in the

market. If a market only trades short-dated debt instruments, then it will be possible

to construct a short-dated spot curve.

It is important for a zero-coupon yield curve to be constructed as accurately as possible.

This is because the curve is used in the valuation of a wide range of instruments, not only

conventional cash market coupon bonds, which we can value using the appropriate spot

rate for each cash flow, but other interest-rate products such as swaps.

If using a spot rate curve for valuation purposes, banks use what are known as arbitrage-

free yield curve models, where the derived curve has been matched to the current spot yield

curve. The concept of arbitrage-free, also known as no-arbitrage pricing or `the law of one

price' is that if one is valuing the same product or cash flow in two different ways, the same

result will be obtained from either method. So, if one was valuing a two-year bond that was

put-able by the holder at par in one year's time, it could be analysed as a one-year bond that

entitled the holder to reinvest it for another year. The rule of no-arbitrage pricing states that

an identical price will be obtained whichever way one chooses to analyse the bond. When

matching derived yield curves therefore, correctly matched curves will generate the same

price when valuing a bond, whether a derived spot curve is used or the current term

structure of spot rates.

From our understanding of derivatives, we know that option pricing models such as Black±

Scholes assume that asset price returns follow a lognormal distribution. The dynamics of

interest rates and the term structure is the subject of some debate, and the main difference

between the main interest-rate models is in the way that they choose to capture the change in

rates over a time period. However, although volatility of the yield curve is indeed the main area

of difference, certain models are easier to implement than others, and this is a key factor a

bank considers when deciding which model to use. The process of calibrating the model, that

is setting it up to estimate the spot and forward term structure using current interest rates that

are input to the model, is almost as important as deriving the model itself. So the availability of
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data for a range of products, including cash money markets, cash bonds, futures and swaps, is

vital to the successful implementation of the model.

As one might expect the yields on bonds are correlated, in most cases very closely

positively correlated. This enables us to analyse interest-rate risk in a portfolio for example,

but also to model the term structure in a systematic way. Much of the traditional approach to

bond portfolio management assumed a parallel shift in the yield curve, so that if the 5-year

bond yield moved upwards by 10 basis points, then the 30-year bond yield would also move

up by 10 basis points. This underpins traditional duration and modified duration analysis, and

the concept of immunisation. To analyse bonds in this way, we assume therefore that bond

yield volatilities are identical and correlations are perfectly positive. Although both types of

analysis are still common, it is clear that bond yields do not move in this fashion, and so we

must enhance our approach in order to perform more accurate analysis.

Factors influencing the yield curve

From the discussion in Chapter 2 of the companion volume to this book in the Fixed

Income Markets Library, Corporate Bonds and Structured Financial Products we are aware

that there are a range of factors that impact on the shape and level of the yield curve. A

combination of economic and non-economic factors are involved. A key factor is investor

expectations, with respect to the level of inflation, and the level of real interest rates in the

future. In the real world the market does not assume that either of these two factors is

constant, however given that there is a high level of uncertainty over anything longer than

the short-term, generally there is an assumption about both inflation and interest rates to

move towards some form of equilibrium in the long-term.

It is possible to infer market expectations about the level of real interest rates going

forward by observing yields in government index-linked bonds, which trade in a number of

countries including the US and UK. The market's view on the future level of interest rates

may also be inferred from the shape and level of the current yield curve. We know that the

slope of the yield curve also has an information content. There is more than one way to

interpret any given slope, however, and this debate is still open.

The fact that there are a number of factors that influence changes in interest rates and the

shape of the yield curve means that it is not straightforward to model the curve itself. In Chapter

6 we consider some of the traditional and more recent approaches that have been developed.

Approaches to modelling

The area of interest-rate dynamics and yield curve modelling is one of the most heavily

researched in financial economics. There are a number of models available in the market today,

and generally it is possible to categorise them as following certain methodologies. By categorising

them in this way, participants in the market can assess them for their suitability, as well as draw

their own conclusions about how realistic they might be. Let us consider the main categories.

One-factor, two-factor and multi-factor models

The key assumption that is made by an interest-rate model is whether it is one-factor, that is

the dynamics of the yield change process are based on one factor, or multi-factor. From
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observation we know that in reality there are a number of factors that influence the price

change process, and that if we are using a model to value an option product, the valuation

of that product is dependent on more than one underlying factor. For example, the payoff

on a bond option is related to the underlying bond's cash flows as well as to the reinvest-

ment rate that would be applied to each cash flow, in addition to certain other factors.

Valuing an option therefore is a multi-factor issue. In many cases, however, there is a close

degree of correlation between the different factors involved. If we are modelling the term

structure, we can calculate the correlation between the different maturity spot rates by

using a covariance matrix of changes for each of the spot rates, and thus obtain a common

factor that impacts all spot rates in the same direction. This factor can then be used to

model the entire term structure in a one-factor model, and although two-factor and multi-

factor models have been developed, the one-factor model is still commonly used. In

principle it is relatively straightforward to move from a one-factor to a multi-factor model,

but implementing and calibrating a multi-factor model is a more involved process. This is

because the model requires the estimation of more volatility and correlation parameters,

which slows down the process.

Readers will encounter the term Gaussian in reference to certain interest-rate models.

Put simply, a Gaussian process describes one that follows a normal distribution under a

probability density function. The distribution of rates in this way for Gaussian models

implies that interest rates can attain negative values under positive probability, which

makes the models undesirable for some market practitioners. Nevertheless, such models

are popular because they are relatively straightforward to implement and because the

probability of the model generating negative rates is low and occurs only under certain

extreme circumstances.

The short-term rate and the yield curve

The application of risk-neutral valuation requires that we know the sequence of short-term

rates for each scenario, which is provided in some interest-rate models. For this reason,

many yield curve models are essentially models of the stochastic evolution of the short-

term rate. They assume that changes in the short-term interest rate is a Markov process.

(It is outside the scope of this book to review the mathematics of such processes, but

references are provided in subsequent chapters.) This describes an evolution of short-term

rates in which the evolution of the rate is a function only of its current level, and not the

path by which it arrived there. The practical significance of this is that the valuation of

interest-rate products can be reduced to the solution of a single partial differential equation.

Short-rate models are composed of two components. The first attempts to capture the

average rate of change, also called the drift, of the short-term rate at each instant, while the

second component measures this drift as a function of the volatility of the short-term rate.

This is given by:

dr�t� � ��r; t�dt � ��r; t�dW �t�
where dr(t) is the instantaneous change in the short-term rate, and W(t) is the stochastic

process that describes the evolution in interest rates, known as a Brownian or Weiner process.

The term �(r, t) is the value of the drift multiplied by the size of the time period. The

term �(r, t)dW(t) is the volatility of the short-term rate multiplied by a random increment
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that is normally distributed. In most models the drift rate term is determined through a

numerical technique that matches the initial spot rate yield curve, while in some models an

analytical solution is available. Generally models assume an arbitrage-free relationship

between the initial forward rate curve, the volatility �(r, t)dW(t), the market price of

interest-rate risk and the drift term �(r, t). In models such as those presented by Vasicek

(1977) and Cox±Ingersoll±Ross (1985), the initial spot rate yield curve is given by an analy-

tical formula in terms of the model parameters, and they are known as equilibrium models,

because they describe yield curves as being derived from an assumption of economic

equilibrium, based on a given market interest rate. So the Vasicek and CIR models are

models of the short-term rate, and both incorporate the same form for the drift term, which

is a tendency for the short-term rate to rise when it is below the long-term mean interest

rate, and to fall when it is above the long-term mean. This is known as mean reversion.

Therefore we can describe the short-term drift rate in the form:

� � ���ÿ r�
where r is the short-term rate as before and � and � are the mean reversion and long-term

rate constants. In the Vasicek model, the rate dependence of the volatility is constant, in the

CIR model it is proportional to the square-root of the short rate. In both models, because the

dynamics of the short-rate cover all possible moves, it is possible to derive negative interest

rates, although under most conditions of initial spot rate and volatility levels, this is quite

rare. Essentially the Vasicek and CIR models express the complete forward rate curve as a

function of the current short-term rate, which is why later models are sometimes preferred.

Other models that are similar in concept are the Black±Derman±Toy (1990) and Black±

Karinski (1992) models, however these have different terms for the drift rate and require

numerical fitting to the initial interest rate and volatility term structures. The drift rate term

is not known analytically in these models. In the BDT model the short-term rate volatility is

related to the strength of the mean reversion in a way that reduces the volatility over time.

Arbitrage-free and equilibrium modelling

In an arbitrage-free model, the initial term structure described by spot rates today is an

input to the model. In fact such models could be described not as models per se, but

essentially a description of an arbitrary process that governs changes in the yield curve, and

projects a forward curve that results from the mean and volatility of the current short-term

rate. An equilibrium term structure model is rather more a true model of the term structure

process; in an equilibrium model the current term structure is an output from the model.

An equilibrium model employs a statistical approach, assuming that market prices are

observed with some statistical error, so that the term structure must be estimated, rather

than taken as given.

Risk-neutral probabilities

When valuing an option written on say, an equity the price of the underlying asset is the

current price of the equity. When pricing an interest-rate option the underlying is obtained

via a random process that describes the instantaneous risk-free zero-coupon rate, which is

generally termed the short rate.
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In the following chapters we explore the different models that may be used and their

application.

Mathematics primer

The level of mathematics required for a full understanding of even intermediate concepts in

finance is frighteningly high. To attempt to summarise even the basic concepts in just a few

pages would be a futile task and might give the impression that the mathematics was being

trivialised. Our intention is quite the opposite. As this is a financial markets book, and not a

mathematics textbook, a certain level of knowledge has been assumed, and a formal or

rigorous approach has not been adopted. Hence readers will find few derivations, and fewer

proofs. What we provide here is a very brief introduction to some of the concepts; the aim of

this is simply to provide a starting point for individual research. We assist this start by listing

recommended texts in the bibliography.

Random variables and probability distributions
In financial mathematics random variables are used to describe the movement of asset

prices, and assuming certain properties about the process followed by asset prices allows us

to state what the expected outcome of events are. A random variable may be any value from

a specified sample space. The specification of the probability distribution that applies to the

sample space will define the frequency of particular values taken by the random variable.

The cumulative distribution function of a random variable X is defined using the distribu-

tion function f ( ) such that PrfX � xg � f ( ). A discrete random variable is one that can

assume a finite or countable set of values, usually assumed to be the set of positive integers.

We define a discrete random variable X with its own probability function p(i ) such that

p(i) � PrfX � ig. In this case the probability distribution is

f �i� � PrfX � ig �
Xi

n�0

p�n�

with 0�p(i )� 1 for all i. The sum of the probabilities is 1.

Discrete probability distributions include the Binomial distribution and the Poisson

distribution.

Continuous random variables
The next step is to move to a continuous framework. A continuous random variable X may

assume any real value and its probability density function f (x) is defined as

f �x�� lim
dx!0

Prfx � X � x � dxg
dx

� dF�x�
dx

:

The probability distribution function is given as F(x) � PrfX � xg � R x
s�ÿ1 f (s)ds:

Continuous distributions are commonly encountered in finance theory. The normal or

Gaussian distribution is perhaps the most important. It is described by its mean � and

standard deviation �, sometimes called the location and spread respectively. The probabil-

ity density function is

f �x� � 1�����������
2��2
p eÿ

1
2

xÿ�
�� �2 :
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Where a random variable X is assumed to follow a normal distribution it will be

described in the form X � N(�, �2) where �means `is distributed according to'. The standard

normal distribution is written as N(0, 1) with �� 0 and �� 1. The cumulative distribution

function for the standard normal distribution is given by

F�x� � N�x� �
Z x

z�ÿ1

1������
2�
p eÿ

1
2 z2

dz:

The key assumption in the derivation of the Black±Scholes option pricing model is that

the asset price follows a lognormal distribution, so that if we assume the asset price is P

we write

log
Pt

P0

� �
� N��r ÿ 1

2�
2�t; �2t�:

Expected values
A probability distribution function describes the distribution of a random variable X. The

expected value of X in a discrete environment is given by

E�X � � X �
X1
i�0

ip�i�

and the equivalent for a continuous random variable is

E�X � � X �
Z 1

s�ÿ1
sf �s�ds:

The dispersion around the mean is given by the variance which is

Var�X � � E�X ÿ X�2 �
X1
i�0

�i ÿ X�2 p�i�

or

Var�X � � E�X ÿ X�2 �
Z 1

s�ÿ1
f �s�ds

in a continuous distribution. A squared measure has little application so commonly the

square root of the variance, the standard deviation is used.

Regression analysis
A linear relationship between two variables, one of which is dependent, can be estimated

using the least squares method. The relationship is

Yi � �� �Xi � "i

where X is the independent variable and " is an error term capturing those explanatory

factors not covered by the model. " is described as "i � N(0, �2). � is the slope of the linear

regression line that describes the relationship, while � is the intercept of the y-axis. The sum

of the squares of the form

SS �
Xn

i�1

�yi ÿ ŷi�2

is minimised in order to calculate the parameters.
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Where we believe the relationship is non-linear we can use a regression model of the form

Yi � �X1i�1� �X2i� � "i:

This can be transformed into a form that is linear and then fitted using least squares. This is

carried out by minimising squares and is described by

SS �
Xn

i�1

�yi ÿ ��1ÿ eÿ�xi ��2:

Yield curve fitting techniques that use splines are often fitted using multiple regression

methods.

Stochastic processes
This is perhaps the most difficult area of financial mathematics. Most references are also

very technical and therefore difficult to access for the non-mathematician.

We begin with some definitions. A random process is usually referred to as a stochastic

process. This is a collection of random variables X(t) and the process may be either discrete

or continuous. We write fX(t), t 2 Tg and a sample fx(t), 0 � t � tmaxg of the random

process fX(t), t � 0g is known as the realisation or path of the process.

A Markov process is one where the path is dependent on the present state of the process

only, so that all historical data, including the path taken to arrive at the present state, is

irrelevant. So in a Markov process, all data up to the present is contained in the present state.

The dynamics of asset prices are frequently assumed to follow a Markov process, and in fact

it represents a semi-strong form efficient market. It is written

PrfX�t� � yjX�u� � x�u�; 0 � u � sg � PrfX�t� � yjX�s� � x�s�g
for 0 � s � t.

A Weiner process or Brownian motion for fX(t), t � 0g has the following properties:

X(0)� 0;

fX(t), t � 0g has independent increments, so that X(t � b)ÿ X(t) and

X(t � 2b)ÿ X(t � b) are independent and follow the same distribution;

the variable X(t) has the property X(t) � N(0, t) for all t> 0;
X�t� ÿ X�s� � N�0; t ÿ s� for 0 � s < t:

Many interest-rate models assume that the movement of interest rates over time follows

a Weiner process.

Stochastic calculus
The Weiner process is usually denoted with W although Z and z are also used. For a Weiner

process fW (t), t � 0g it can be shown that after an infinitesimal time interval �t we have

W �t ��t� ÿW �t� � N�0; �t�:
If we also have U � N(0, 1) then we may write

W �t ��t� ÿW �t� �
������
�t
p

U :

As the time interval decreases and approaches (but does not reach) 0, then the expres-

sion above may be written
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dW �t� �
������
�t
p

U :

A Weiner process is not differentiable but a generalised Weiner process termed an ItoÃ

process is differentiable and is described in the form

dX�t� � a�t; X�dt � b�t; X�dW

where a is the drift and b the noise or volatility of the stochastic process.
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86 177 268 359 457 548 639 730 821 912

1w 1m 2m 3m 4m 5m 6m 9m 1y
5.561 5.439 5.407 5.359 5.344 5.321 5.304 5.295 5.300
M99 U99 Z99 H00 M00 U00 Z00 H01 M01 U01

94.88 94.97 94.75 94.85 94.77 94.68 94.56 94.58 94.56 94.57

5.12 5.03 5.25 5.15 5.23 5.32 5.44 5.42 5.44 5.43

16-Jun 15-Sep 15-Dec 15-Mar 21-Jun 20-Sep 20-Dec 21-Mar 20-Jun 19-Sep

86 177 268 359 457 548 639 730 821 912

1y 2y 2.5y
5.367 5.307 5.295 5.300 5.243 5.252 5.262 5.270 5.287 5.303

Days

Y
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ld
 (%

)

Futures
Cash

Date 22/03/1999 LIFFE SHORT STERLING CONTRACT

Term
Libor
Futures
Price
Rate %
Expiry
Days

Yield curve %
Cash
Futures 5.367 5.273 5.234 5.289 5.214 5.223 5.242 5.271 5.291 5.310
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Date 22/03/1999 LIFFE SHORT STERLING CONTRACT

Date Days Contract Price Rate 6m-fwd 1y-fwd 1.5y-fwd 2y-fwd 3y-fwd 4y-fwd

Spot 86 Stub 94.6317 5.3683 5.268 5.292 5.224 5.271 5.337 5.356

16-Jun-99 91 M99 94.88 5.1200 5.107 5.239 5.216 5.278 5.341 5.353

15-Sep-99 91 U99 94.97 5.0300 5.173 5.267 5.269 5.318 5.363

15-Dec-99 91 Z99 94.75 5.2500 5.233 5.341 5.334 5.369 5.390

15-Mar-00 98 H00 94.85 5.1500 5.223 5.390 5.366 5.392 5.399

21-Jun-00 91 M00 94.77 5.2300 5.310 5.461 5.416 5.428 5.415

20-Sep-00 91 U00 94.68 5.3200 5.416 5.515 5.452 5.447

20-Dec-00 91 Z00 94.56 5.4400 5.467 5.544 5.467 5.452
21-Mar-01 91 H01 94.58 5.4200 5.467 5.544 5.457 5.440

20-Jun-01 91 M01 94.56 5.4400 5.472 5.541 5.447 5.428

19-Sep-01 91 U01 94.57 5.4300 5.472 5.526 5.431
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Stock Term 10-May-93 12-Nov-93

Gilt 1 5.45 5.19
10Q 95 2 6.39 5.39
10 96 3 6.94 5.82
10H 97 4 7.13 5.97
9T 98 and 7Q 98 5 7.31 6.14
10Q 99 6 7.73 6.55
9 00 7 7.67 6.54
10 01 8 8.01 6.82
9T 02 9 8.13 6.95
8 03 10 8.07 6.85
9 08 15 8.45 7.18
9 12 20 8.55 7.23
8T 17 30 8.6 7.22

4

5

6

7

8

9

1 2 3 4 5 6 7 8 9 10 15 20 30

Term to maturity (years)
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8 Advanced Analytics for
Index-linked Bonds

Bonds that have part or all of their cash flows linked to an inflation index form an important

segment of several government bond markets. In the United Kingdom the first index-linked

bonds were issued in 1981 and at the end of 1999 they accounted for approximately 15% of

outstanding nominal value in the gilt market. Index-linked bonds were only recently introduced

in the US Treasury market but are more established in Australia, Canada, the Netherlands, New

Zealand and Sweden. There is no uniformity in market structure and as such there are sig-

nificant differences between the index-linked markets in these countries. There is also a wide

variation in the depth and liquidity of these markets.

Index-linked bonds or inflation-indexed bonds present additional issues in their analysis,

due to the nature of their cash flows. Measuring the return on index-linked bonds is less

straightforward than with conventional bonds, and in certain cases there are peculiar market

structures that must be taken into account as well. For example, in the US market for index-

linked Treasuries (known as `TIPS' from Treasury inflation-indexed securities) there is no

significant lag between the inflation link and the cash flow payment date. In the UK there is an

eight-month lag between the inflation adjustment of the cash flow and the cash flow payment

date itself, while in New Zealand there is a three-month lag. The existence of a lag means that

inflation protection is not available in the lag period, and that the return in this period is

exposed to inflation risk; it also must be taken into account when analysing the bond.

From market observation we know that index-linked bonds can experience considerable

volatility in prices, similar to conventional bonds, and therefore there is an element of

volatility in the real yield return of these bonds. Traditional economic theory states that the

level of real interest rates is constant, however in practice they do vary over time. In addition

there are liquidity and supply and demand factors that affect the market prices of index-

linked bonds. In this chapter we present analytical techniques that can be applied to index-

linked bonds, the duration and volatility of index-linked bonds and the concept of the real

interest rate term structure.

8.1 Index-linked bonds and real yields

The real return generated by an index-linked bond, or its real yield, is usually defined as

yield on risk-free index-linked bonds, or in other words the long-term interest rate on risk-

free funds minus the effect of inflation. There may also be other factors involved, such as

the impact of taxation. Therefore the return on an index-linked bond should in theory move

in line with the real cost of capital. This will be influenced by the long-term growth in the

level of real gross domestic product in the economy. This is because in an economy

experiencing rapid growth, real interest rates are pushed upwards as the demand for capital

increases, and investors therefore expect higher real yields. Returns are also influenced by

the demand for the bonds themselves.
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The effect of general economic conditions and the change in these over time results in

real yields on index-linked bonds fluctuating over time, in the same way nominal yields

fluctuate for conventional bonds. This means that the price behaviour of indexed bonds can

also be fairly volatile.

The yields on indexed bonds can be used to imply market expectations about the level of

inflation. For analysts and policy makers to use indexed bond yields in this way, it is

important that a liquid secondary market exists in the bonds themselves. For example the

market in Australian index-linked bonds is relatively illiquid, so attempting to extract an

information content from their yields may not be valid. Generally though the real yields on

indexed bonds reflect investors' demand for an inflation premium, or rather a premium for

the uncertainty regarding future inflation levels. This is because holders of indexed bonds

are not exposed to inflation-eroded returns; therefore if future inflation was expected to be

zero, or known with certainty (whatever its level) there would be no requirement for an

inflation premium, because there would be no uncertainty. In the same way, the (nominal)

yields on conventional bonds reflect market expectations on inflation levels. Therefore

higher volatility of the expected inflation rate will lead to a higher inflation risk premium

on conventional bonds, and a lower real yield on indexed bonds relative to nominal yields.

It is the uncertainty regarding future inflation levels that creates a demand for an inflation

risk yield premium, rather than past experience of inflation levels. However investor senti-

ment may well demand a higher inflation premium in a country with a poor record in

combating inflation.

Traditionally information on inflation expectations has been obtained by survey meth-

ods or theoretical methods. These have not proved reliable however, and were followed

only because of the absence of an inflation-indexed futures market.1 Certain methods for

assessing market inflation expectations are not analytically valid; for example the sugges-

tion that the spread between short-term and long-term bond yields cannot be taken to be

a measure of inflation expectation, because there are other factors that drive this yield

spread, and not just inflation risk premium. Equally, the spread between the very short-

term (overnight or one week) interest rate and the two-year bond yield cannot be viewed

as purely driven by inflation expectations. Using such approaches to glean information on

inflation expectations is logically unsound. One approach that is valid, as far as it goes,

would be to analyse the spread between historical real and nominal yields, although this

is not a forward-looking method. It would however indicate the market's inflation pre-

mium over a period of time. The best approach though is to use the indexed bond market;

given a liquid market in conventional and index-linked bonds it is possible to derive

estimates of inflation expectations from the yields of both sets of bonds. This is reviewed

later in the chapter.

8.2 Duration and index-linked bonds

In earlier chapters we reviewed the basic features of index-linked bonds and their main

uses. We also discussed the techniques used to measure the yield on these bonds. The

1 The New York Coffee, Sugar and Cocoa Exchange traded a futures contract on the US consumer

prices index (CPI) in the 1980s.
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largest investors in indexed bonds are long-dated institutions such as pension fund man-

agers, who use them to match long-dated liabilities that are also index-linked, for example a

pension contract that has payments linked to the inflation index. It is common though for

investors to hold a mixture of indexed and conventional bonds in their overall portfolio.

The duration of a bond is used as a measure of its sensitivity to changes in interest

rate. The traditional measure, if applied to indexed bonds, will result in high values due

to the low coupon on these bonds and the low real yield. In fact the longest-duration

bonds in most markets are long-dated indexed bonds. The measure, if used in this way

however, is not directly comparable to the duration measure for a conventional bond.

Remember that the duration of a conventional bond measures its sensitivity to changes

in (nominal) yields, or put another way to changes in the combined effect of inflation

expectations and real yields. The duration measure of an indexed bond on the other

hand, would be a measure of its sensitivity to changes in real yields only, that is to

changes in real interest rate expectations. Therefore it is not valid to compare traditional

duration measures between conventional bonds and indexed bonds, because one would

not be comparing like-for-like. This has important implications for the portfolio level. If a

portfolio is composed of both conventional and indexed bonds, how does one measure

its combined duration? The traditional approach of combining the duration values of

individual bonds would have no meaning in this context, because the duration measure

for each type of bond is measuring something different. For example, consider a situ-

ation where there are two portfolios with the same duration measure. If one portfolio was

composed of a greater amount by weighting of index-linked bonds, it would have a

different response to changes in market yields, especially so if investors' economic

expectations shifted significantly, compared to the portfolio with a lower weighting in

indexed bonds. Therefore a duration-based approach to market risk would no longer be

adequate as a means of controlling portfolio market risk.

Therefore the key focus of fund managers that run combined portfolios of conventional

and indexed bonds is to manage the duration of the conventional and indexed bonds on a

separate basis, and to be aware of the relative weighting of the portfolio in terms of the two

bond types. A common approach is to report two separate duration values for the portfolio,

which would measure two separate types of risk exposure. One measure would be the

portfolio real yield duration, which is the value of the combined durations of both the

conventional and indexed bonds. This measure is an indication of how the portfolio value

will be affected by a change in market real yields, which would impact both indexed and

conventional bond yields. The other measure would be the portfolio inflation duration,

which is a duration measure for the conventional bonds only. This duration measure

indicates the sensitivity of the portfolio to a change in market inflation expectations, which

have an impact on nominal yields but not real yields. Portfolio managers also follow a

similar approach with regard to interest-rate volatility scenarios. Therefore if carrying out a

parallel yield curve shift simulation, which in terms of a combined portfolio would actually

correspond to a real-yield simulation, the portfolio manager would also need to undertake a

simulation that mirrored the effect of a change in inflation expectations, which would have

an impact on nominal yields only.

The traditional duration approach can be used with care in other areas. For instance,

the Bank of England monetary policy committee is tasked with keeping inflation at a level

of 2.5%. If therefore the ten-year benchmark gilt is trading at a yield of 6.00% while the
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ten-year index-linked gilt is trading at a real yield of 3.00%, this implies that the market

expectation of average inflation rates during the next ten years is 3.00%. This would

suggest that the benchmark gilt is undervalued relative to the indexed gilt. To effect a

trade that matched the market maker's view, one would short the ten-year index-linked

gilt and buy the conventional gilt. If the view turned out to be correct and market inflation

expectations declined, the trade would generate a profit. If on the other hand real interest-

rate expectations changed, thus altering real yields, there would be no effect. The other

use of the traditional duration approach is with regard to hedging. Indexed bonds

are sometimes difficult to hedge because of the lack of suitable hedging instruments.

The most common hedging instrument is another indexed bond, and the market maker

would use a duration weighting approach to calculate the nominal value of the hedging

bond.

In the traditional approach the duration value is calculated using nominal cash flows,

discounted at the nominal yield. A more common approach is to assume a constant average

rate of inflation, and adjust cash flows using this inflation rate. The real yield is then used to

discount the assumed future cash flows. There are a number of other techniques that can be

used to calculate a duration value, all requiring the forecasting of the level of future cash

flows and discounting using the nominal yield. These include:

& as above, assuming a constant average inflation rate, which is then used to calculate the

value of the bond's coupon and redemption payments. The duration of the cash flow is

then calculated by observing the effect of a parallel shift in the zero-coupon yield curve.

By assuming a constant inflation rate and constant increase in the cash flow stream, a

further assumption is made that the parallel shift in the yield curve is as a result of

changes in real yields, not because of changes in inflation expectations. Therefore this

duration measure becomes in effect a real yield duration;

& a repeat of the above procedure, with the additional step, after the shift in the yield

curve, of recalculating the bond cash flows based on a new inflation forecast. This

produces a duration measure that is a function of the level of nominal yields. This

measure is in effect an inflation duration, or the sensitivity to changes in market

inflation expectations, which is a different measure to the real yield duration;

& an assumption that the inflation scenario will change by an amount based on the

historical relationship between nominal yields and the market expectation of inflation.

This is in effect a calculation of nominal yield duration, and would be a measure of

sensitivity to changes in nominal yields.

Possibly the most important duration measure is the real yield duration, which is more

significant in markets where there is a lag between the indexation and cash flow dates, due

to the inflation risk exposure that is in place during the lag period. This is the case in both

the UK and Australia, although as we noted the lag is not significant in the US market. It is

worth noting that index-linked bonds do not have stable nominal duration values, that is,

they do not exhibit a perfectly predictable response to changes in nominal yields. If they

did, there would be no advantage in holding them, as their behaviour could be replicated by

conventional bonds. For this reason, index-linked bonds cannot be hedged perfectly with

conventional bonds, although this does happen in practice on occasions when no other

hedging instrument is available.

144 Advanced Fixed Income Analysis



One final point regarding duration is that it is possible to calculate a tax-adjusted

duration for an index-linked bond in markets where there is a different tax treatment to

indexed bonds compared to conventional bonds. In the US market the returns on indexed

and conventional bonds are taxed in essentially the same manner, so that in similar fashion

to Treasury strips, the inflation adjustment to the indexed bond's principal is taxable as it

occurs, and not only on the maturity date. Therefore in the US indexed bonds do not offer

protection against any impact of after-tax effects of high inflation. That is, Tips real yields

reflect a premium for only pre-tax inflation risk. In the UK market however, index-linked

gilts receive preferential tax treatment, so their yields also reflect a premium for after-tax

inflation risk. In practice this means that the majority of indexed gilt investors are those

with high marginal tax rates.2 This factor also introduces another element in analysis; if the

demand for indexed or conventional bonds were to be a function of expected after-tax

returns, this would imply that pre-tax real yields should rise as expected inflation rates rise,

in order to maintain a constant after-tax real yield. This has not been observed explicitly in

practice, but is a further factor of uncertainty about the behaviour of real yields on index-

linked bonds.3

Figure 8.1: Example of index-linked yield analysis, UK 21¤2% Treasury 2009 (assumed annual

inflation rate 3.00%, base inflation index 89.2015, current index 181.3), showing real yield

and money yield, 18 August 2003.#Bloomberg L.P. Reproduced and used with permission.

2 For example, see Brown and Schaefer (1996).
3 For further detail on this phenomenon, see Roll (1996).
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8.3 Estimating the real term structure of interest rates

In Chapter 11 of the author's book The Bond and Money Markets we show some approaches

used to measure inflation expectations, with reference to UK index-linked gilts. To recap,

these measures include:

& the `simple' approach, where the average expected inflation rate is calculated using the

Fisher identity, so that the inflation estimate is regarded as the straight difference

between the real yield on an index-linked bond, at an assumed average rate of inflation,

and the yield on a conventional bond of similar maturity;

& the `break-even' inflation expectation, where average inflation expectations are esti-

mated by comparing the return on a conventional bond against that on an indexed bond

of similar maturity, but including an application of the compound form of the Fisher

identity. This has the effect of decomposing the nominal rate of return on the bond into

components of real yield and inflation;

& a variation of the break-even approach, but matching stocks by duration rather than by

maturity.

The drawbacks of each of these approaches are apparent. A rather more valid and sound

approach is to construct a term structure of the real interest rates, which would indicate, in

exactly the same way that the conventional forward rate curve does for nominal rates, the

market's expectations on future inflation rates. In countries where there are liquid markets

in both conventional and inflation-indexed bonds, we can observe a nominal yield curve

and a real yield curve. It then becomes possible to estimate both a conventional term

structure and a real term structure; using these allows us to create pairs of hypothetical

conventional and indexed bonds that have identical maturity dates, for any point on the

term structure.4 We could then apply the break-even approach to any pair of bonds to

obtain a continuous curve for both the average and the forward inflation expectations. To

maximise use of the available information we can use all the conventional and indexed

bonds that have reasonable liquidity in the secondary market.

In this section we review one method that can be used to estimate and fit a real term

structure.

8.3.1 The term structure of implied forward inflation rates
In previous chapters we reviewed the different approaches to yield curve modelling used

to derive a nominal term structure of interest rates. We saw that the choice of yield curve

model can have a significant effect on the resulting term structure; in the same way, the

choice of model will impact the resulting real rate term structure as well. One approach

has been described by McCulloch (1975), while in the UK market the Bank of England

uses a modified version of the approach posited by Waggoner (1997) which we discussed

in the previous chapter. McCulloch's approach involves estimating a discount function

by imposing a constraint on the price of bonds in the sample to equal the sum of the

4 We are restricted however to the longest-dated maturity of either of the two types of bonds.
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discounted values of the bonds' cash flows. The Waggoner approach uses a cubic

spline-based method, like McCulloch, with a roughness penalty that imposes a trade-

off between the smoothness of the curve and its level of forward rate oscillation. The

difference between the two approaches is that with McCulloch it is the discount function

that is specified by the spline function, whereas in the Waggoner model it is the zero-coupon

curve. Both approaches are valid, in fact due to the relationship between the discount

function, zero-coupon rate and forward rate, both methods will derive similar curves

under most conditions.

Using the prices of index-linked bonds it is possible to estimate a term structure of real

interest rates. The estimation of such a curve provides a real interest counterpart to the

nominal term structure that was discussed in the previous chapters. More important it

enables us to derive a real forward rate curve. This enables the real yield curve to be used as

a source of information on the market's view of expected future inflation. In the UK market

there are two factors that present problems for the estimation of the real term structure;

the first is the eight-month lag between the indexation uplift and the cash flow date, and the

second is the fact that there are fewer index-linked bonds in issue, compared to the number

of conventional bonds. The indexation lag means that in the absence of a measure of

expected inflation, real bond yields are dependent to some extent on the assumed rate of

future inflation. The second factor presents practical problems in curve estimation; in

December 1999 there were only 11 index-linked gilts in existence, and this is not sufficient

for most models. Neither of these factors presents an insurmountable problem however,

and it is still possible to estimate a real term structure.

8.3.2 Estimating the real term structure5

There are a number of techniques that can be applied in estimating the real term structure.

One method was described by Schaefer (1981). The method we describe here is a modified

version of the cubic spline technique described by Schaefer. This is a relatively straightfor-

ward approach. The adjustment involves simplifying the model, ignoring tax effects and

fitting the yield-to-maturity structure. A reduced number of nodes defining the cubic spline

is specified compared with the conventional term structure, because of the fewer number of

index-linked bonds available, and usually only three node points are used. Our approach

therefore estimates three parameters, defining a spline consisting of two cubic functions,

using 11 data points. The approach is defined below.

In the first instance, we require the real redemption yield for each of the indexed

bonds. This is the yield that is calculated by assuming a constant average rate of

inflation, applying this to the cash flows for each bond, and computing the redemption

yield in the normal manner. The yield is therefore the market-observed yield, using the

price quoted for each bond. These yields are used to define an initial estimate of the real

yield curve, as they form the initial values of the parameters that represent the real yield

at each node point. The second step is to use a non-linear technique to estimate the

values of the parameters that will minimise the sum of the squared residuals between

5 This section follows the approach (with permission) from Deacon and Derry (1994), a highly

accessible account. This is their Bank of England working paper, `Deriving Estimates of Inflation

Expectations from the Prices of UK Government Bonds'.
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the observed and fitted real yields. The fitted yield curve is viewed as the real par yield

curve; from this curve we calculate the term structure of real interest rates and the

implied forward rate curve, using the technique described in Chapter 6. In estimating the

real term structure in this way, we need to be aware of any tax effects. In the UK market,

there is a potentially favourable tax effect, which may not apply in say, the US Tips

market. Generally for UK indexed gilts, high marginal taxpayers are the biggest holders of

index-linked bonds because of the ratio of capital gain to income, and their preference is

to hold shorter-dated indexed bonds. On the other hand pension funds, which are

exempt from income tax, prefer to hold longer-dated indexed gilts. The approach we

have summarised here ignores any tax effects, but to be completely accurate any tax

impact must be accounted for in the real term structure.

8.3.3 Fitting the discount function
The term structure method described by McCulloch (1971) involved fitting a discount

function, rather than a spot curve, using the market prices of a sample of bonds. This

approach can be used with only minor modifications to produce a real term structure.

Given the bond price equation (8.1):

Pi � Ci

Z Ti

0

df ���d��Midf �Ti� �8:1�

where Pi, Ci, Ti, Mi are the price, coupon, maturity and principal payment of the ith

bond, we set the set of discrete discount factors as the discount function df, defined as a

linear combination of a set of k linearly independent underlying basis functions, given

by (8.2):

df �T� � 1�
Xk

j�1

ajfj�T � �8:2�

where fj(T ) is the jth basis function and aj is the corresponding coefficient, with

j � 1, 2, . . . ,k. It can be shown (see Deacon and Derry (1994)) that for index-linked bonds

equation (8.2) can be adapted by a scaling factor �i that is known for each bond, once an

assumption has been made about the future average inflation rate, to fit a discount function

for indexed bonds. We estimate the coefficients aj from:

yi �
Xk

j�1

ajxij

where

yi � Pi ÿ�iCiTi ÿ�iMi

xij � �iCi

Z Ti

0

fj�d���iMifj�Ti�

u � �1� �e�ÿ1=2
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�i �
�utdj�i �

RPIDj

RPIBi
if RPIDj is known

�utdlÿL=6�i �
RPIL

RPIBi
otherwise

8>><>>:
where Pi, Ci, Ti, Mi are as before, but this time representing the index-linked bond. The

scaling factor �i is that for the ith bond, and depends on the ratio of the retail price index

(RPI) at the time compared to the RPI level in place at the time the bond was issued, known

as the base RPI.6 If in fact the RPI that is used to index any particular cash flow is not known,

it must be estimated using the latest available RPI figure, in conjunction with an assump-

tion about the path of future inflation, using �e .

8.3.4 Deriving the term structure of inflation expectations
Using any of the methods described in Chapter 6 or the discount function approach

summarised above, we can construct curves for both the nominal and the real implied

forward rates. These two curves can then be used to infer market expectations of future

inflation rates. The term structure of forward inflation rates is obtained from both these

curves by applying the Fisher identity:

1� f

2
� �1� i�1=2 1� r

2

� �
�8:3�

where f is the implied nominal forward rate, r is the implied real forward rate and i is the

implied forward inflation rate. As with the term structure of real spot rates, the real implied

forward rate curve is dependent on an assumed rate of inflation. To make this assumption

consistent with the inflation term structure that is calculated, we can use an iterative

procedure for the assumed inflation rate. Essentially this means that the real yield curve

is re-estimated until the assumed inflation term structure and the estimated inflation term

structure are consistent. Real yields are usually calculated using either a 3% or a 5% flat

inflation rate. This enables us to estimate the real yield curve, from which the real forward

rate curve is derived. Using (8.3) we can then obtain an initial estimate of the inflation term

structure. This forward inflation curve is then converted into an average inflation curve,

using (8.4):

ii �
Yk

j

�1� ifi�ÿ1=k ÿ 1 �8:4�

where

ifi is the forward inflation rate at maturity i

ii is the average inflation rate at maturity i.

From this average inflation curve, we can select specific inflation rates for each index-

linked bond in our sample. The real yields on each indexed bond are then re-calculated

6 Due to the lag in the UK gilt market, for index-linked gilts the base RPI is actually the level recorded

for the month eight months before the issue date.
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certain assumptions about the level of prepayment of the mortgage pool backing the bond.

This prepayment rate is a function of a number of factors, including the level of interest

rates, house prices and the general health of the economy. Rather than use an arbitrary

assumed prepayment rate, the rate can be derived from market inflation forecasts.

In essence, the real yield curve can and should be used for all the purposes for which the

nominal yield curve is used. Provided that there are enough liquid index-linked bonds in the

market, the real term structure can be estimated using standard models, and the result is

more valid as a measure of market inflation expectations than any of the other methods that

have been used in the past.
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9 Analysing the Long Bond Yield

A common observation in government bond markets is that the longest-dated bond trades

expensive to the yield curve. It also exhibits other singular features that have been the subject

of recent research for example by Phoa (1998), which we review in this chapter. The main

feature of long bond yields is that they reflect a convexity effect. Analysts have attempted to

explain the convexity effects of long bond yields in a number of ways. These are discussed

first. We then consider the volatility and convexity bias that is observed in long bond yields.

9.1 Theories of long-dated bond yields

In both the United States and United Kingdom government markets extremely long-dated

bonds have been actively traded. These include `century' bonds in the US and undated or

irredeemable bonds in the UK, including gilt issues such as the `consols' or War Loan. At

what yields should very long-dated bonds trade? Under the conventional hypothesis

reviewed in Chapter 2, investors might believe that if the yield on the 30-year government

bond is 6.00%, the yield on a hypothetical 100-year government bond will be higher, say

6.25%, the higher rate signifying the term premium payable on the longer bond. In fact, this

is extremely unlikely, and it has been shown that, for such a term structure to be observed,

we would require forward interest rates to be very high. Expected rates will not therefore be

as high as the forward rates. We explore the issues in this section.

Theories of very long-dated interest rates have been proposed that on observation,

would appear to hold; these include:

& that very long-dated yields are not an unbiased average of expected future interest rates,

but rather can be estimated using a weighting of various interest-rate scenarios; at

sufficiently long maturities the highest interest-rate scenarios do not impact the long-

dated yield (Dybvig and Marshall 1996);

& extremely long-dated zero-coupon and forward rates can never decline, even when

expected long-term future interest rates fall; therefore this limits the extent to which

very long-dated bond yields are affected by a change in the current interest-rate envir-

onment (Dybvig, Ingersoll and Ross 1996).

The very long-dated zero-coupon yield is taken to be the infinite maturity zero-coupon

yield, that is the limiting yield of a risk-free zero-coupon bond whose maturity approaches

infinity. Although it might appear so, the infinite maturity yield is not identical to the yield

on an irredeemable bond, which pays coupons during its life and so has a shorter-

dated yield. It is also not identical to the long-term interest rate, which is defined as the

expected long-term rate of return on bonds, or the expected rate of return on a bond with

infinite duration. The long rate is a measure of the expected future rate of return, rather

than a present bond yield. The two interest-rate hypotheses above are general and apply to

both conventional and index-linked bonds. They use the principal of no-arbitrage pricing,
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in terms of a trading strategy, in their derivation, which we do not present here. They do

however have a practical significance in terms of the valuation of long-dated bonds.

9.1.1 Long-dated yields
In an environment of interest-rate uncertainty, from previous chapters we know the price

today of a zero-coupon bond of maturity T to be a function of the expectation of future

short rates, which at time t are not known; this is given in (9.1):

P�t; T� � exp ÿ
Z T

t

r�s�ds

� �
: �9:1�

Expression (9.1) states that the price of a zero-coupon bond is equal to the discount

factor from time t to its maturity date, or the average of the discount factors under all

interest-rate scenarios, weighted by their probabilities. It can be shown that the T-maturity

forward rate at time t is given by

f �t; T� �
Et rT exp ÿ R T

t r�s�ds
� �h i

Et exp ÿ R T
t r�s�ds

� �h i �9:2�

which expresses the T-term forward rate in terms of the dynamics of the T-maturity short-

rate rT under all possible interest-rate scenarios, that is, along all possible random interest-

rate paths. The weightings are in terms of the probabilities of each interest-rate path

occurring and the discount factors from the period t to T that occur in each scenario. So

for instance consider an environment where there are only two possible interest-rate

scenarios, each with a probability of p(1) and p(2). Phoa (1998) states that the T-maturity

forward rate is given by the weighted average, shown in (9.3) where Df is the discount factor:

f �t; T� � p�1�Df1�t; T � � rT ;�1� � p�2�Df2�t; T � � rT ;�2�
p�1�Df1�t; T� � p�2�Df2�t; T � : �9:3�

The effect of weighting using discount factors is to make the lower level interest-rate

scenario more significant, because the discount factors are higher under these scenarios.

This means that a lower interest-rate scenario has more influence on the forward rate than

a higher-rate scenario, and this influence steadily increases as the forward rate term grows

in maturity, since the difference between the discount factors increases. This is an import-

ant result.

9.1.2 Long-dated forward rates
Following Phoa (1998), we can illustrate this with a hypothetical example. Consider a bino-

mial interest-rate environment under which there are the following interest-rate scenarios:

& the short-rate is at a constant level of 8.00%, with a probability of 70%;

& the short-rate is at a constant level of 4.00%, with a probability of 30%.

The expected future short-rate at any point in the future will be 8%, given the probabil-

ities, however the forward rate will be lower than 8%, because it is calculated by weighting

each interest-rate scenario by the relevant discount factors. This is illustrated in Figure 9.1.

The weight attached to the lower 4% interest-rate scenario increases with increasing

term-to-maturity, while the weight on the higher rate will diminish. Therefore the 30-year
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forward rate will be below 8% while the 100-year forward rate will be around half of the

short-rate for the most probable scenario. Put another way, over a long period only the

lowest interest-rate scenario is relevant, which is the theorem posited by Dybvig and

Marshall. This tendency for the forward rate curve to fall with very long maturities is as a

result of a convexity bias in the behaviour of the yield curve, which we consider later. This

effect influences zero-coupon yields, which also exhibit a tendency to gravitate towards the

lowest interest-rate scenario. Consider now another hypothetical example, where the cur-

rent short-rate is 6%, and that there are now three (and only three) possible interest-rate

scenarios, which are:

& that the short-rate increases from 6% to a long-term rate of 10%;

& that the short-rate increases from 6% to a long-term rate of 8%;

& that the short-rate decreases from 6% to a long-term rate of 4%.

The probabilities of each of these occurrences are 10%, 80% and 10% respectively,

that is the most likely scenario is a rise in the short-rate from 6% to 8%. For each scenario

we assume that the short-rate approaches the expected long-term level in exponential

fashion. The expected interest-rate scenario therefore is a rise from 6% to 8%. From

Figure 9.2 we see that the forward rate curve behaves differently to expected future short-

rate levels. The forward rates peak at around 12±14 years, and then steadily decline as the

term to maturity increases. The zero-coupon yield curve, which can be derived from the

forward yield curve, has a different shape and starts to decline from the 20-year term

period.

Figure 9.2 suggests that the unbiased expectations hypothesis which states that forward

rates are equal to the expected level of future short-term rates, is incorrect, and so it is not

valid to calculate par and zero-coupon yield curves using the expected short-rate curve.

Instead the forward rate curve should be used. Figure 9.3 illustrates the extent of the error

that might be made using the expected short-rate curve to calculate the zero-coupon yield

curve, which is magnified over longer terms to maturity.
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Figure 9.1: Forward rate calculation weighted by discount factors.
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From Figure 9.3 we see that to price a very long-dated bond off the yield of the 30-year

government bond would lead to errors. The unbiased expectations hypothesis suggests that

100-year bond yields are essentially identical to 30-year yields, however this is in fact

incorrect. The theoretical 100-year yield in fact will be approximately 20±25 basis points

lower. This reflects the convexity bias in longer-dated yields. In our illustration we used a

hypothetical scenario where only three possible interest-rate states were permitted. Dybvig

and Marshall showed that in a more realistic environment, with forward rates calculated

using a Monte Carlo simulation, similar observations would result. Therefore the observa-

tions have a practical relevance.

This is an important result for the pricing of longer-dated bonds. Certain corporate

bonds including those issued by Walt Disney, Coca-Cola and British Gas to name three

instances in recent years, have been very long-dated bonds, from 50 to 99 years' maturity.

The analysis above suggests that such bonds priced at a spread over the 30-year government
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bond are theoretically undervalued. While investor sentiment would appear to demand

a yield premium for buying such long-dated bonds, the theoretical credit-risk spread for a

100-year corporate bond is essentially the same as that for a 30-year corporate bond.

For instance if a 30-year corporate bond has a default probability of 1% each year, while

a 100-year corporate bond has a default probability of 1% for the first 30 years and a

subsequent default probability of 3% for the remainder of its life, the longer-dated bond

appears at first sight to hold considerably more credit risk. However it can be shown that

the yield premium an investor should demand for holding the longer-dated bond will not be

much more than 15±20 basis points. This is because the impact of future loss scenarios is

weighted by the discount factor that applies from today to the loss date; the influence of

each discount factor steadily diminishes over an increasing term to maturity.

9.2 Pricing a long bond

In a conventional positive yield curve environment it is common for the 30-year govern-

ment bond to yield say 10±20 basis points above the ten-year bond. This might indicate to

investors that a 100-year bond should yield approximately 20±25 basis points more than the

30-year bond. Is this accurate? As we noted in the previous section, such an assumption

would not be theoretically valid. Marshall and Dybvig have shown that such a yield spread

would indicate an undervaluation of the very long-dated bond, and that should such yields

be available an investor, unless he or she has extreme views on future interest rates, should

hold the 100-year bond.

This is intuitively apparent. In the first instance, long-dated forward rates have very little

influence on the prices of bonds, and therefore for there to be a yield spread of say 20 basis

points between 30 years and 40 years, forward rates would have to be very high. This reflects

the relationship between spot and forward rates, the former being an average of the latter to

the longest maturity. Similarly, expected future short-rates are assumed to be composed of

the market's expectation of these rates and a premium for interest-rate risk. For there to be

a high enough expectation such that there is a yield premium of 20 basis points between 30

and 100 years would require very high expectations about the future level of short-rates, or a

very high risk premium. We now consider this in greater detail.

9.2.1 The impact of forward rates on the long-bond yield
From elementary financial arithmetic we know that an investment of £1 at a continuously

compounded interest rate of r will have a value at time t given by eÿrt , so that the value of a

coupon C at this time is given by Ceÿrt .

This enables us to set the value of a bond with a coupon of C maturing at time T and

redemption value of M as (9.4):Z T

0

MCeÿrt ds �MeÿrT �9:4�

which can also be given as

MC

r
�1ÿ eÿrT � �MeÿrT : �9:5�

Chapter 9: Analysing the Long Bond Yield 157



We assume that the zero-coupon rate r term structure is flat until the time s and that

forward rates are flat at f. The value of £1 to be received at time t > s is given by:

eÿrsÿf �tÿs� �9:6�
while the price of a bond maturing at T is given by (9.7):

P �
Z t

0

MCeÿrt ds �
Z T

t

MCeÿrsÿf �tÿs�ds �Meÿrsÿ�Tÿt�f : �9:7�

Equation (9.7) can be integrated to give:

MC

r
�1ÿ eÿrt� �MC

f
eÿf �Tÿt� �Meÿrtÿf �Tÿt�: �9:8�

This can be illustrated with an example. Consider a situation where the zero-coupon

rates term structure is flat at 6% for 30 years and that forward rates are flat at f for terms

from 30 years to 100 years. This results in the price of a 30-year bond with a coupon of 6%

and a redemption value of £100 having a price of par, shown below:

P � 100 � 6

0:06
�1ÿ eÿ0:06�30� � 100eÿ0:06�30:

Now let us imagine that the yield on a 100-year government bond with a coupon of

6.20% is 6.20%. This fits investor expectations that the very long-dated bond should have a

yield premium of approximately 20 basis points. This would set the price of the 100-year

bond as:

P � 100 � 6:20

0:06
�1ÿ eÿ0:06�30� � eÿ0:06�30 6:20

f

� �
�1ÿ e70f � � eÿ0:06�30100eÿf�70

where the price of the bond is par. The forward rate given by the expression above must be

greater than 6.20%, and is higher because long-dated forward rates have very little influence

on the price of a coupon bond. The size of the coefficient eÿ0:06�30, in this instance, indicates

the extent of the impact of the forward rate on the price of the bond. In fact in a term

structure environment that is flat or only very slightly positive out to 30 years, the zero-

coupon term structure beyond this term is flat.

Let us look now at the T-period forward rate again as a function of the range of spot rates

from the time t today to point T in more detail than in Section 9.1. If P(t, T) is the price today

of a zero-coupon bond that has a redemption value of £1 at time T, then this price is given in

terms of the instantaneous structure of forward rates by (9.9):

P�t; T� � exp ÿ
Z T

t

f �t; s�ds

� �
�9:9�

where the forward rate f (t, T ) is given by:

f �t; T� � ÿ @ ln P�t; T�
@T

: �9:10�

However, the price of the zero-coupon bond is also given in terms of the spot rate as the

expression in (9.1), where Et is the expectation under the risk-free probability function.

Therefore forward rates are related to the expected level of the instantaneous spot rates, and
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if we differentiate the expression in (9.10) we obtain a result that states that the forward rate

is a weighted average of the range of spot rates in the period t to T. This is given in (9.11),

which we encountered earlier as (9.2):

f �t; T� �
exp ÿ R T

t r�s�ds
� �

Et exp ÿ R T
t r�s�ds

� �h i : �9:11�

In the spot-rate scenario where the expected future rate is high, the interest rate r(T ) will

exert very little influence, while it exerts more weight at lower levels. Therefore the forward

rate will be lower than the expected spot rate, and this is described below, where

Et r�T � j
Z T

t

r�s�ds

� �
is an increasing function in

R T
t r(s)ds.

Therefore we may write for long-term forward rates f (t, T ) � Et �r(T )�, where interest

rates are assumed to not be deterministic. This result has an important effect on the pricing

of very long-dated bonds. Since forward rates lie below the level of expected short-term

rates, for a very long-dated bond to trade at a yield of 6.20% means that the average level of

future short-rates over the life of the bond would have to be higher than 6.20%. If this is not

the case, a yield premium of 20±25 basis points between the long-bond and a very long-

dated bond would indicate an unrealistically low price for the latter instrument. And

crucially, for there to be a spread of this magnitude for up to say, 50 years beyond the

benchmark long bond, we would observe unrealistically high forward rates and an explod-

ing forward rate curve.

9.3 Further views on the long-dated bond yield

In the previous section we described a theorem from Dybvig, Ingersoll and Ross stating that

extremely long-dated bond yields cannot decline. This carries implications about the level

of interest-rate risk attached to the very long-dated yield. We present a summary of their

results here.

Assume that along all random interest-rate paths !, the short-rate gravitates towards a

long-term equilibrium level of r1! , which is dependent on the path !. A long-term level r can

result if the set of interest-rate paths ! for which r1! � r has a positive probability. Consider

then the lowest possible value r1 of the long-term equilibrium level r1! . The result from the

previous section, that very long-dated forward rates do not reflect the unbiased expect-

ations hypothesis but rather a disproportionate weighting of the lowest yields, implies that

long-dated rates are determined by r1. That is, as the maturity approaches infinity, both the

forward rate and the zero-coupon rate are essentially equal to the lowest possible long-term

interest rate r1. Over time a particular long-term interest-rate level r1! that was previously

possible may become impossible, so that r1 may rise over time. However a previously

unattainable level r1! will remain impossible, and if it is possible today it will have been

possible before. Therefore r1 cannot fall over time, which indicates that very long-dated

forward rates and zero-coupon rates cannot fall. This means that long-dated yields are

essentially given by the lowest interest-rate scenario, and will remain sticky at this level. It

also means that there is a limit to the extent to which long-dated yields will be affected by
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changes in the expectations of future interest rates. The yield on a 100-year bond is

essentially determined by the lowest yield scenario, and a fall in expected future short-term

rates will have very little impact indeed.

We can illustrate this with the same example as before. Consider now that there is a 50

basis point decline in the short-rate, and that the probabilities of the three interest-rate

scenarios are now:

& that there is a zero probability that the short-rate increases from 5.50% to a long-term

rate of 10%;

& that there is an 80% probability that the short-rate increases from 5.50% to a long-term

rate of 8%;

& that there is a 20% probability that the short-rate decreases from 5.50% to a long-term

rate of 4%.

The change in the short-rate will result in a 50 basis point decline in all the expected

future interest rates. However this will not result in a uniform fall in all bond yields. The

impact on the zero-coupon curve and the forward rate curve is shown in Figure 9.4.

From Figure 9.4 we observe that at the very short-end, yields fall by 50 basis points.

However the 100-year spot rate falls by only approximately 4 basis points, while the

100-year forward rate actually rises. This is because under the probabilities used in our scenario

the 6% scenario has a higher weight at these forward dates.

What are the practical implications of these results? We may conclude that if there is a

rally in the government bond market, very long-dated bond yields should be virtually

unaffected. More important though, the results indicate that any term structure model that

allows very long-dated yields to fall is inconsistent with the Dybvig±Ingersoll±Ross theorem,

and is therefore invalid because it would permit arbitrage. Such a model would also price

100-year bonds incorrectly (although it may well price 30-year bonds correctly). The

theorem is still consistent with the concept of mean reversion, and a term structure model

that assumes that long-term yields will revert to a constant long-term level will fit in with
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the theorem. Dybvig et al. state that the long-term level must be the `lowest possible level'

of the average level of interest rates, but calculating this level is problematic. The issues

involved in accurately pricing a very long-dated bond, and the fact that term structure

modelling out to this maturity is not yet consistently applied, may explain why, despite

there being no theoretical basis for it, the yields on 50-, 90- and 100-year corporate bonds

sometimes lie some way above the 30-year risk-free yield.

9.4 Analysing the convexity bias in long-bond yields

In theory the results implied by a discussion of convexity imply that if there are two fixed

income portfolios that have identical durations and yields, the portfolio with the higher

convexity will outperform the other under conditions of a parallel yield curve shift. In fact in

practice this will not be the case, as such portfolios will have lower yields, which reflects the

price paid for convexity in the market.1 We can observe this yield/convexity trade-off in

the government bond yield curve: in a positive sloping yield curve environment, the yield on

the longest-dated (usually 30-year) bond is almost always lower than the 15- or 20-year

bond yield. This is explained by the fact that the longer-dated bond has higher convexity

and that the value of this convexity is the difference in the yields. This convexity bias is

evident in other markets, and in Chapters 41 and 43 of Choudhry (2001) we review the

convexity bias that exists between the swap yield curve and the yield curve implied by

long-dated interest-rate futures contracts. For example in one study2 the ten-year interest-rate

swap rate was found to be significantly lower than the rate implied by the equivalent strip of

ten-year Eurodollar futures contracts. This reflects the fact that the swap instrument has

convexity while the futures position does not. Therefore it is theoretically possible to benefit

from a position where the trading book is short the swap (receiving fixed) and short the

futures strip, as the combined effect is to be long convexity.

9.4.1 Estimating the convexity bias
Phoa (1998) presents an approximation of the convexity bias as follows. Consider a con-

ventional fixed coupon bond, which has a yield at a future time t of r and a price at this time

of P(r). The convexity bias is estimated using

E�r� ÿ rfwd � �C=D��2t �9:12�
where

E�r� ÿ rfwd is the difference between the forward yield and the expected future yield

(which is the convexity adjustment to the bond yield)

C is the convexity divided by two

D is the duration of the forward bond position

� is the basis point volatility of bond yields.

The volatility value used can be estimated in two ways. We can estimate volatility

separately, and then use this to calculate what the approximate convexity adjustment

should be. Or we may observe the convexity bias directly and derive a volatility value from

1 For example, see Lacey and Nawalkha (1993).
2 See Burghardt and Hoskins (1995).
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this. This would require an examination of market swap rates and bond yields, and use

these to estimate the volatility implied by these rates.
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10 The Default Risk of Corporate
Bonds

In the companion volume to this book, part of the Fixed Income Markets Library, we looked

at the range of corporate bond instruments that are held by investors. Institutions are

interested in holding non-government bonds because of the higher yield that these bonds

offer, relative to government bonds. The existence of a credit default risk on such bonds

means that bondholders must ensure that the return is satisfactory and compensates them

for the risk of the bond portfolio. This can be done by measuring the risk premium

obtainable from the corporate bond, the total return that is expected from holding the

bond, and assessing whether this is sufficient to compensate for all the risks associated with

the bond, excluding the interest-rate risk. These risks must be identified and quantified, and

the higher the risk, the higher the risk premium should be. A common measure for the risk

premium is the option-adjusted spread (OAS). It is basically the spread of the corporate

bond over the equivalent-maturity risk-free bond. A bond's OAS measures the constant

spread that must be added to the current short-term interest rate to make the theoretical

price of the corporate bond, as calculated by the pricing model, identical to the observed

market price. This means that it is a quantification of the excess return of the bond over the

short-rate. There is no one measure of OAS however, and it means different things depend-

ing on what type of bond it is applied to. This means that if it is used to measure the yield

premium on a corporate bond that reflects a particular bond's credit risk, any specific

limitations of the measure must be accounted for. There are other measures that may be

considered however, in terms of the default risk of a bond, and these are considered in this

chapter. We also present a theoretical default spread model.

10.1 Corporate bond default spread risk

10.1.1 Spread risk
The general rule of corporate bonds is that they are priced at a spread to the government yield

curve. This price is a yield spread for conventional bonds or on an OAS basis for callable or

other option-embedded bonds. If an OAS calculation is undertaken in a consistent frame-

work, price changes that result in credit events will result in changes in the OAS. Therefore we

can speak in terms of a sensitivity measure for the change in value of a bond or portfolio in

terms of changes to a bond's OAS measure. One of these measures is the spread duration. The

spread duration of a bond is the sensitivity of its OAS to a change in yield of one basis point.

For a conventional bond, the spread duration is essentially its modified duration, because a

change in the OAS would have an identical effect on the price of such a bond as a similar

magnitude change in the yield on the equivalent government bond. For the same reason the

spread duration of a callable bond is essentially identical to its modified duration. However

the spread duration for an asset-backed security such as a mortgage-backed bond is not equal
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to its modified duration. This is because a change in the OAS will not have the same effect

necessarily as a similar change in government bond yields.

The effect of a change in OAS for mortgage-backed bonds can be explained thus. For

instance a rise in yields will lead to a rise in the level of mortgage rates, which will have the

effect of decreasing prepayment rates. This will change the expected cash flow profile of the

bond. However a change in the OAS of the bond will only have an effect on the bond's

expected cash flows if it also leads to a rise in the prevailing mortgage interest rate.

The spread duration of a bond can be applied to calculate the break-even spread change.

Remember that investors who are looking to outperform government bonds will set up

portfolios to include corporate bonds, whose yields are higher than those of government

bonds. However it is important for them to determine the extent to which yield spreads can

widen before the additional income from the higher-yield corporate bonds is offset by the

negative price effect of these bonds with regard to the price of government bonds. This

measure will indicate the extent of the risk profile of their portfolios. One approach is to

calculate break-even spreads for a holding period of up to one year using (10.1):

Break-even spread � Income excess

Spread duration
� Holding period� spread

Spread duration
: �10:1�

Example 10.1: Spread duration
An investor's corporate bond portfolio has an identical duration to a benchmark

portfolio of government bonds, and an OAS of 50 basis points. Assume that the portfolio

has a spread duration of five. During a 12-month holding period, the excess income

of the portfolio compared to government bonds is 0.25%. How much can the OAS

widen before the corporate bond portfolio begins to underperform the government

portfolio?

Break-even spread shift � 0:25=5 � 5 basis points:

Therefore if spreads widen by five basis points or more over the 12-month period, or

if the OAS of the portfolio widens beyond 55 basis points, the portfolio will underper-

form the government portfolio.

Note that this is an approximation that is valid for short-term holdings only.

10.1.2 Spread risk and government bond yields
The risk premium available on a corporate bond reflects the total risk exposure of the bond,

over and above the interest-rate risk which is expected to be identical in theory to the

interest-rate risk on an otherwise risk-free bond. This means that the discussion of spread

risk above implies that it is independent of interest-rate risk. In practice this is not so.

Observation shows that the yield spread of corporate bonds is positively correlated to the

outright government bond yield: when yields increase, the yield spread often decreases,

while when yields fall the yield spread usually increases. Empirically though this effect can

only be measured for specific issuers, and not for a class of identical credit-quality bonds.

This is because the group of same-rated bond issuers is constantly fluctuating, and measur-

ing the change in yield spread for a group of say, single-A rated borrowers will reflect
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changes to the group of issuers as some are re-rated, and others enter or leave the group. In

most OAS calculations the relationship between outright yield levels and corporate yield

spreads is not taken into account, resulting in an OAS spread of a corporate bond being

equal to its nominal spread over the government yield curve.

To assess the impact of changing yield spreads therefore, it is necessary to carry out a

simulation on the effect of different yield curve assumptions. For instance we may wish to

analyse one-year holding period returns on a portfolio of investment-grade corporate

bonds, under an assumption of widening yield spreads. This might be an analysis of the

effect on portfolio returns if the yield spread for triple-B rated bonds widened by 20 basis

points, in conjunction with a varying government bond yield. This requires an assessment

of a different number of scenarios, in order to capture this interest-rate uncertainty.

10.2 Default risk and default spreads

10.2.1 The theoretical default spread
We have stated that the yield premium required on a corporate bond accounts for the

default risk exposure of such a bond. The level of yield spread is determined by the expected

default loss of the bond, and assumes that investors can assess the level of the default risk.

This makes it possible to calculate the level of the theoretical default spread.

We set pt as the probability that a bond will default in year t, and is the probability of default

up to year t, while ry is the expected recovery rate on the bond should it default. The default

probability is assumed to fluctuate over time, while the recovery rate remains constant. There-

fore the probability that the bond will not have defaulted up to the beginning of year t is given by:

st �
Ytÿ1

��1

�1ÿ p� � �10:2�

while the probability that the bond will default in year t is given by:

p�t� � ptst : �10:3�
If the bond has a maturity of T, there are T � 1 scenarios, represented by default in years

1 to T or survival until maturity. The final scenario has a probability of

Q � sT�1 � 1ÿ
XT

��1

p���: �10:4�

Therefore using the assumed recovery rate, we may calculate the cash flows of the bond

under each of the possible scenarios. For any given yield r, we can then calculate the

present value of the bond's cash flows for each of these scenarios. These are denoted by

PV1, PV2, . . . , PVT and PVT�1. Let p(r) be the probability-weighted average for all the possible

scenarios, shown by (10.5):

p�r� �
XT

t�1

pr � PVt

 !
�Q � PVT�1: �10:5�

This means that p(r) is the expected value of the present value of the bond's cash flows,

that is, the expected yield gained by buying the bond at the price p(r) and holding it to

maturity is r. If our required yield is r, for example this is the yield on the equivalent-maturity
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government bond, then we are able to determine the coupon rate C for which p(r) is equal to

100. The default-risk spread that is required for a corporate bond means that C will be

greater than r. Therefore the theoretical default spread is C ÿ r basis points. If there is a zero

probability of default, then the default spread is zero and C � r.

Generally the theoretical default spread is almost exactly proportional to the default

probability, assuming a constant default probability. Generally however the default probability

is not constant over time, nor do we expect it to be. In Figure 10.1 we show the theoretical

default spread for triple-B rated bonds of various maturities, where the default probability rises

from 0.2% to 1% over time. The longer-dated bonds therefore have a higher annual default risk

and so their theoretical default spread is higher. Note that after around 20 years the expected

default probability is constant at 1%, so the required yield premium is also fairly constant.

For lower-rated and non-rated bonds, the observed effect is the opposite to that of an

investment-grade corporate. Over time the probability of default decreases, therefore the

theoretical default spread decreases over time. This means that the spread on a long-dated

bond will be lower than that of a short-dated bond, because if the issuer has not defaulted

on the long-dated bond in the first few years of its existence, it will then be viewed as a lower

risk credit, although the investor may well continue to earn the same yield spread.

Default probabilities are not known with certainty, and credit rating agencies suggest

that higher-risk bonds have more uncertain default probabilities. The agencies publish

default rates for each rating category (which are used in credit value-at-risk calculations),

but the default probability values assume wider spreads for lower-rated bonds. For example

a long-dated triple-B bond may have a default probability of between 0.5% and 2%, whereas

a medium-dated single-B rated bond may have default probabilities of between 5% and

15%. This uncertainty will influence the calculation of the theoretical default yield spread.

To estimate this, one approach involves the use of a probability distribution of the default

probability, and applying the analysis using a range of possible default probabilities, rather

than a single default probability. This results in a range of theoretical yield spreads. The

result of this approach, somewhat surprisingly, is that the greater the range of uncertainty

about the future default probability, the lower the theoretical default spread. This result has

a significant impact on the yield spreads of high-risk or `junk' bonds. The reason behind this

is that an assumption of lower default probabilities results in the generation of scenarios
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Figure 10.1: Theoretical default spread on BBB-rated corporate bond.
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with higher cash flows, and the scenarios generated by these lower default probability

assumptions carry a correspondingly higher weight. The default-adjusted yield being

earned under a given default assumption is essentially the coupon rate minus the loss rate,

where the loss rate is the product of the annual default probability and the recovery rate.

Therefore the assumption of a low default probability corresponds to a lower default-

adjusted yield, and has a higher weight in determining the theoretical default spread than

does a high default probability assumption. A greater level of uncertainty about the level of

the default probability means that more extreme high and low default probability assump-

tions are being used, and as the low assumptions carry greater weight in the calculation, the

theoretical default spread emerges as lower.

10.2.2 The default spread in relation to the outright government bond yield
In the previous section we noted that in practice there is a positive correlation between the

extent of the default yield spread and outright yield levels. We may wish to analyse the effect

of a correlation that results in a higher level of default in a lower yield environment, or a

recessionary environment when interest rates are lower. In fact the outcome will depend on

whether the default probability rate that is used is assumed to rise or fall over time. If the

default probability rises over time, as it does for an investment-grade bond, then the

theoretical yield spread has a negative correlation with the outright yield level, whereas

for a lower-rated bond or junk bond, where the default probability falls the further we move

into the future, the theoretical yield spread is positively correlated with the outright yield

level. This is illustrated in Figure 10.2.

Portfolio managers must also take account of a further relationship between default risk

and interest-rate risk. That is, if two corporate bonds have the same duration but one bond

has a higher default probability, it essentially has a `shorter' duration because there is a

greater chance that it will experience premature cash flows, in the event of default. This

means that an investor who holds bonds that carry an element of default risk should in

theory take this default risk into consideration when calculating the duration of his or her

portfolio. In practical terms this only has an effect with unrated or junk bonds, which have

default probabilities much greater than 1%. Figure 10.3 shows how the theoretical duration

of a bond decreases as its assumed default probability increases.
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11 Brady Bonds

In this final chapter we present a discussion on Brady bonds, which are more complex fixed

income instruments. Brady bonds are bonds that have been issued as part of a restructuring

of a country's commercial bank loans and other debt. Existing creditors tender their loans in

exchange for the new bonds, which are sovereign bonds. The name refers to Nicholas

Brady, chairman of the US Federal Reserve at the time the bonds were first introduced.

The Brady market is characterised by high yields and liquidity levels ranging from very

liquid to illiquid. Many Brady bonds are large size issues and trade in a liquid market. Due

to the features of a Brady bond, they are traded by investors taking a view on the country

risk, the yield spread to Treasuries or the volatility level.

There are a number of different types of bonds in existence, for example collateralised and

uncollateralised, fixed-rate and floating-rate and so on. Although most of the issues to date

have been long-dated bonds, short-term Brady bonds have also been issued. The bonds are

denominated in US dollars, therefore they yield a spread over Treasury bonds. This makes the

bonds very interesting to trade,1 as the yield on them reflects both the country credit risk as well

as the shape and expectation of the Treasury yield curve. This is considered later in the chapter.

Countries that have completed Brady plans are listed in Table 11.1. At the end of 1998

there was over $160 billion of total debt in existence.

11.1 Brady bond structure

Brady bonds were introduced in the wake of the Latin American debt crisis of 1982. As

countries threatened to default it was realised that the global banking system could be in

danger if there was large-scale default. Therefore the debt was renegotiated and repacked as

Brady bonds. The first step of the process is when the creditor banks negotiate with the

debtor country to establish the level of borrowing that the country can realistically afford to

service. This is sometimes undertaken in conjunction with the International Monetary

Fund. The difference between the amount that the country can afford to service, and the

actual level of its debt, is reconciled using one or more of the following:

& discount bonds, where the principal amount is cut;

& par bonds, where the debtor pays sub-market interest rates;

& a debt buy-back at an agreed discount rate.

There is an option available for creditors who do not wish to see the principal value of

the loans reduced or receive below-market rates, in which case they must agree to lend

additional funds in return for retaining the existing value of the obligation. Arrears in

interest are usually rescheduled into a separate tradable bond.

1 Perhaps `interesting' is the wrong word! But they are certainly exciting products.
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Argentina Ecuador Panama Venezuela

Ivory

Brazil Coast Peru Vietnam

Bulgaria Jordan Philippines

Costa Rica Mexico Poland

Dominican

Republic Nigeria Uruguay

Table 11.1: Countries that have issued Brady bonds.

Country Bond Bid Offer

Bangladesh 73.00 78.00

Cambodia Trade 18.00 22.00

Costa Rica Principal A 88.25 89.25

Costa Rica Principal B 85.25 86.25

Cuba

DEM

denominated 7.00 9.00

Cuba Yen 6.00 8.00

Guyana 20.00 30.00

Jamaica Tranche A 90.75 92.75

Jamaica Tranche B 86.50 87.75

Jordan Par bonds 67.75 68.75

Jordan Discount bonds 71.50 73.50

Jordan IA bonds 97.00 98.00

Laos Trade 12.00 15.00

Mongolia 10.00 15.00

Morocco

Restructured

loans 92.00 93.00

Nicaragua 9.00 12.00

Sudan

Restructured

loans 2.00 5.00

Surinam Trade 23.00 27.00

Vietnam PDI 3 53.80 54.30

Table 11.2: Exotic debt prices, US dollar denominated, February 2000. Source: IFR.
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Figure 11.1: Brady bond index. Source: JP Morgan (December 1991 � 100).
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The principal amount of par and discount bonds is fully collateralised using zero-

coupon US Treasury bonds. This provides comfort to creditors that the obligations will

ultimately be repaid. In many cases interest payments, usually for the first few years of the

issue, are also collateralised on a rolling basis; that is when the collateral backing a coupon

payment is not used, it rolls forward to back the next coupon payment. This collateral

arrangement therefore acts as a form of security for the investor in a Brady bond.

11.2 Types of Brady bond

The main type of Brady bond is the collateralised fixed-rate par bond or Par bond. These bonds

are received in exchange for debt that is tendered at the face value. They offer the debtor

permanent interest rate relief and protection from fluctuations in interest rates. The bonds

are long-dated, usually of 25 or 30 years' maturity, and are conventional bullet bonds. The princi-

pal is collateralised with specially-issued zero-coupon US Treasury bonds which are held at the

US Federal Reserve. There is also usually a rolling interest payment guarantee, collateralised

by high-quality financial instruments rated at double-A or better, which cover 12±24 months

of interest payments. In certain cases value recovery rights are attached to the bonds, which

grant bondholders rights to payments under a formula linked to a commodity price index.

Collateralised floating-rate discount bonds or Discount bonds are received in exchange for

eligible debt at a discount to face value, which results in permanent debt relief for the debtor

in the form of partial relief on the debt obligation. In return for this the creditor receives

higher interest payments, usually Libor plus 13±15%. When Mexico and Argentina issued

discount bonds the yield spread was 35%, while for Bulgaria and Poland the spread was 50%.

Again the bonds are long-dated, 25 or 30 years and have a single bullet payment at maturity.

The principal is collateralised with zero-coupon Treasury bonds, and there is usually a rolling

interest guarantee. Value recovery rights have also been attached to discount bonds.

Another type of Brady bond is the front-loaded interest reduction bond or Flirb. These bonds

are received in exchange for debt at face value. They pay below-market interest rates for the first

few years of their life, which is a temporary interest relief for the debtor. The principal is not

collateralised, although there may be a rolling interest guarantee. As there is no collateralisation

the bonds have a shorter average life, and amortise after an initial grace period of up to nine years.

Debt conversion bonds or new money bonds are received in exchange for debt at face

value. They are conditional upon the creditor providing additional new money equivalent to

a certain percentage of the amount of the eligible debt. Neither the principal nor the interest

payments are collateralised, so the average lives of the bonds are shorter than par or

discount bonds.

Interest arrears bonds are received in exchange for a creditor's claim on certain past due

interest payments which have not been paid. There is no collateral backing for the

bonds.2 The bonds are known by a number of names, including interest due and unpaid

or IDU bonds, past due interest bonds (PDI), or interest arrears bonds (IAB).3

The prices of selected Brady bonds on 5 April 2000 are given in Appendix 11.1.

2 The exception to this was in the case of bonds issued by Costa Rica.
3 In the case of Russia the bonds are known as interest arrears notes.
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11.3 Relative value

Since Brady bonds are (in most cases) collateralised instruments, we require additional

techniques when assessing their value, beyond the simple gross redemption yield measure.

Essentially a par bond has three elements: the principal, which is collateralised by US

Treasuries, the collateralised rolling interest guarantee, and the (risk-carrying) remaining bond

cash flows. The yield on a collateralised bond will be lower than that of a non-collateralised

bond because of the credit protection. The country-specific risk factor, which is in the form of

the spread to the Treasury yield, should in theory apply to the risk-carrying cash flows only.

This means that an investor will calculate the present value of both the principal and the

collateralised interest payments and subtract this from the price of the bond. This `stripped'

price is then used when calculating the yield-to-maturity of the non-collateralised cash flows,

and is known as the stripped yield. The stripped yield spread (as a spread to the Treasury

bond) is viewed as the market's assessment of the sovereign risk. This approach enables the

yields of collateralised and non-collateralised bonds to be compared. As we noted at the start

of this section, the yield sensitivity of a Brady bond will reflect both the country credit risk and

the Treasury yield curve. Separating a Brady bond's yield sensitivity to US interest rates and to

credit risk is therefore of some importance for the market maker. We consider this here.

For a US Treasury bond we are familiar with the price/yield formula, given here as (11.1):

P � C=2

�1� 1
2 r� �

C=2

�1� 1
2 r�2 �

C=2

�1� 1
2 r�3 � � � � �

C=2� 100

�1� 1
2 r�2n

: �11:1�

The most common Brady bond is the par bond, for which the principal is collateralised.

Given this security backing, the redemption payment can be taken as risk-free, which means

that in theory it should be discounted at the Treasury yield for that maturity, rather than at a

yield spread to the Treasury. Therefore the price/yield equation can be given as (11.2):

P � C=2

�1� 1
2 �r � s�� �

C=2

�1� 1
2 �r � s��2 � � � � �

C=2

�1� 1
2 �r � s��2n

� 100

�1� 1
2 rs�2n

�11:2�

where

r is the corresponding US Treasury yield

s is the bond credit spread over the Treasury yield

rs is the Treasury zero-coupon yield.

The s is the stripped spread.

We apply the same analysis when calculating interest-rate sensitivity for a Brady bond.

The duration D of a par bond is given by (11.3):

D � 1

P

C=2

�1� 1
2 �r � s�� �

1

2
� C=2

�1� 1
2 �r � s��2 �

2

2
� � � �

� C=2

�1� 1
2 �r � s��2n

� n� 100

�1� 1
2 rs�2n

� n� 1� 1
2 �y � s�

1� 1
2 rs

0BBBB@
1CCCCA: �11:3�

The final term in the expression (11.3) receives a greater weight, because it is risk-free

and therefore is discounted less heavily. This is the correct analysis; what it means is that a

change in the Treasury yield curve will have a significant impact on the bond yield, as it

affects all the bond's cash flows. However a change in the credit risk should have a smaller

impact, because it impacts only the coupon payments. This has the effect of raising the

duration of a par bond, compared to the duration calculation carried out using the
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conventional approach. Using this analysis, the yield sensitivity of a par bond, with respect

to changes in the Treasury yield, is given by (11.4):

�P=P

�y
� ÿ D

1� 1
2 �r � s� : �11:4�

The credit risk sensitivity is a function of changes in the credit quality of the bond, and

so it is not symmetrical with the bond's Treasury yield sensitivity. This is because the credit

risk yield premium is only applicable to the bond's coupon payments, so the sensitivity

measure will be lower. It is given by (11.5):

�P=P

�s
� ÿDÿ �A=P�

1� 1
2 r � s

�11:5�

where A � n � 100� 1� 1
2 (r � s)

(1� 1
2 rs)2n�1

.

The presence of the A/P term has the effect of reducing the impact of a change in the

yield premium on the price of the bond compared to a change in the Treasury yield.

Appendix

Appendix 11.1: Brady bond prices

Bond Price Bond Price

Argentina Par 69.78 Mexico Discount A 97.94

Discount 84.13 Par A 83.41

FRB 91.33 Par B 84.88

Brazil IDU 99.59 Nigeria Par 71.70

`C' 72.00 Panama PDI 83.73

Par 65.17 IRB 79.57

Discount 76.54 Peru PDI 65.85

EI 88.69 FLRB 60.73

DCB 71.79 Philippines FLB B 95.29

NM94 83.98 Par B 85.08

EXIT 68.92 Poland Discount 99.75

FLRB 76.17 RSTA 66.67

Bulgaria IAB 78.10 Par 62.17

Discount A 80.10 Russia IAN 27.88

FLB A 72.25 PRIN 25.51

Croatia FRN A 92.84 Venezuela FLB A 79.17

FRN B 84.88 FLB B 79.17

Ecuador PDI 26.29 DCB 77.88

Discount 41.07 Discount A 76.42

Par 36.67

Jordan Discount 78.18

Par 60.67

Table 11.3: Brady bond prices, 5 April 2000. Source: Bloomberg.
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